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1. INTRODUCTION

A deformation quantization of a Poisson manifold (M, {-,-}) is an
associative product x on C°°(M)[[A]],

fxg=fg+hPi(f.g)+1P(f.g)+...,
x being h linear, P; bidifferential and

[f:9] = ih{f, g} + O(R)
This notion was first introduced in [BFF*78].

The question of existence and classification of deformation quanti-
zations on general Poisson manifolds was solved in 1997 by Kontsevich
in [Kon97].

The simpler case of existence of deformation quantizations of the
canonical Poisson structure on symplectic manifolds was solved already
in [WL83]. A simple geometric construction of deformation quantiza-
tions of symplectic manifolds were given by Fedosov in [Fed94]. The
advantage of Fedosovs construction compared to the ones in [Kon97]
and [WL83] is, that it is easy to handle and also suitable generaliz-
able. The general most setting of the Fedosov construction is probably
given in [NTO1], where deformation quantizations of symplectic Lie al-
gebroids is done. Also the classification of deformation quantizations

becomes amenable in view of the Fedosov construction. In the case of
1
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symplectic manifolds this was done in [NT95a] and the classification of
deformation quantizations on a symplectic manifold (M, w) is given by
the points (characteristic classes) 6 in the space
Y H(M, C[H]).
ih
One of the main examples of deformation quantizations of symplectic
manifolds are those coming from asymptotic calculus of pseudodifferen-
tial operators on manifolds, see for example [NT96]. If we consider the
asymptotic calculus of pseudodifferential operators on a manifold M,
we will get a deformation quantization of the cotangent bundle 7™M
of M, where T*M is equiped with the canonical symplectic structure.
This example gives the connection to index theory. On a deforma-
tion quantization of any symplectic 2n dimensional manifold there is a
canonical trace, unique up to multiplication by a scalar, of the form

Tr(a) = n!éﬁ)n (/M aw” + om)) | (1.1)

By an appropriate choice of the representation of the quantisation, i.e.
after applying a linear isomorphism of C*°(M)[[A]] of the form

f— f+hDi(f)+...

one can assure that 7T'r has the form

Tr(a) = n!(;h)" /M““’n’

which fixes it uniquely.

In most proofs of the Atiyah-Singer index theorem and related “lo-
cal” index theorems, one of the main difficulty is to compute the trace
of a certain operator on a Hilbert space, usually L?(M) as above. In
order to compute this trace a scaling A € R, of the operator is intro-
duced and the asymptotic expansion of the trace as A — 0 becomes
computable, or at least the constant term in the expansion. The com-
putations coming out of this is computations like 1.1. This is why,
computing the canonical trace on deformation quantizations is called
algebraic index theory. Actually computing the trace on deformation
quantizations, in a way that will be described now, implies the Atiyah-
Singer index theorem, according to [NT96].

Many elements, not all, on which computing the trace is interesting,
are first components in classes in cyclic periodic homology. The cyclic
periodic homology or rather cohohmology was invented by Connes in
[Con85]. Tt is the noncommutative analog of De Rahm cohomology and
was already at the beginning intimately connected to index theory. A
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complex computing the cyclic periodic homology of a unital algebra A
over a field k is given by

ccrer (A) _ HA ® A®2i; C’C’ﬁg(z‘l) _ HA ® A®2i+1

even

where A = A/k -1 and the differential
cerer (A) &5 oorer(A)

even
is given by

b(a0®...®an) =
n—1

ro(—DFag ® ... ® apapi ® ... @ an + (—1)"a,00 R a1 @ ... ® ay_q

and

Blag® ... ® ay) :Z(—l)kl(}@ak@ak“...®an®a0...ak,1
k=0
If for example p € M, (A) is a projection, a class in HC?S (A), the
Chern character of p, is given by the formula

tr(p+ %(p —1/2) © p®**),

k>1
where
tr: M,(A)®F — A%k
is the map given by
(Mi®a)®...0 (M ®ag) — Tr(M;...My)a; ® ... ® ag

Therefore tr(p) can be regarded as the first component of a class in
cyclic periodic homology.
Evaluating T'r on the first component gives a morphism of complexes

Tr: CCP (A" — C[[h, Y], (1.2)

where A" is the algebra of compactly supported elements (C°(M)[[[A]])
in a deformation quantization A", and C[[h, A~!] is considered as a
complex concentrated at degree zero with the trivial boundary map.
Computing trace on elements, that are first component of a class in
cyclic periodic homology, is therefore the same as computing 1.2 at the
level of homology.
In [NT95a] it is proven that

Tr() ~ (—1)" / ATM) ()

M
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where ~ means, that the two side define the same morphism at the
level of homology. Here 6 is the characteristic class of the deformation
and i is the map CCPer (A" — Q*(M) given by

1
[L(a0®...®ak) = E&Oddlddka C~I,Z = Qa; mod h
This settles the problem of computing the trace at the level of ho-
mology for deformation quantizations of symplectic manifold.

1.1. Content of the thesis. Below I propose a definition of deforma-
tion quantization of endomorphism bundles over a symplectic manifold.
The motivation is clear: Deformation quantizations of the trivial line
bundle is the algebraic analog of pseudodifferential operators in line
bundles and therefore deformation quantization of an endomorphism
bundle End(E), E vector bundle over M, should be the algebraic ana-
log of pseudodifferential operators in any vector bundle having End(E)
as endomorphism bundle.

The definition proposed consist in requiring a product * on I'( End(E))[[A]],
so the algebra (T'(End(E))[[A]], *) is locally isomorphic to My (W,,), Wi,
being the Weyl algebra, the canonical deformation quantization of the
standard symplectic structure on R?",

It turns out, that the Fedosov construction also works in this case,
i.e. let My(A") be the algebra of jets at zero of elements in My (W,).
There is associated to (M,w, End(E)) an algebra bundle W with fiber
My (A"). Put g = Der(My(A")). There is a short exact sequence

1
0= +CllH] —§—g5—0

of Lie algebras. The Fedosov construction then consist, for a given
0 € =+ H2(M, C[[H]))

in constructing a flat connection V in W with values in g, such that
kerV ~ T'(End(E))[[h]] linearly and V admits a lift V to a connection
with values in g and curvature . The product on I'(W) induces a
product on kerV = I'(End(FE))[[h]]. This product gives a deformation
quantization of End(F) and 6 will be an isomorphism invariant of the
deformation quantization.

This construction is done in section 3. In this section it is also shown
the following.

Theorem 1. A deformation quantization of End(E) is isomorphic to
the flat sections of a Fedosov connection, and the isomorphism classes
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of deformation quantizations of End(E) are classified by the points in
w

— + H*(M, C[[r]]).

ih

The principle, that a deformation quantization comes as flat sec-

tions in a certain infinite dimensional vector bundle, is not special to
deformation quantizations. In section 2 it is shown, that sections of

['(End(FE)) are flat sections in an algebra bundle with fibre My (C[[Z1, . ..

The reason for redoing this construction for End(FE) is, that it is no-
tationally simpler, and, hopefully, clarifies the construction. Therefore
in section 3 only the differences in the construction for End(E) and
deformation quantizations of endomorpism bundles are spelled out.

Like in the scalar case there are canonical traces on deformation
quantizations of endomorphism bundles. The rest of the thesis is de-
voted to index theory for these traces. The methods used for this,
are the methods developed by Nest and Tsygan in [NT95a], [NT95b],
[BNT99] and [NTO01]. This method is based on the following.

(1) The action of 61(14), the reduced cyclic complex, on CCP"(A):

T (A) x CCPr(A) =5 CCPer (A)

(2) The construction of a special class, the fundamental class, in
61\(14%), A" being the deformation quantization of End(FE); or
rather the construction of a class in C*(M, 62(14%)), the Cech
complex with values in the presheaf V' — Ui(A%W).

(3) Computations in Lie algebra cohomology in order to identify

the fundamental class at the level of cohomology.

The fundamental class U is lives in 6;1_1(]\/[ N(Wh)). Its role is, that
it relates T'r to i when evaluated at classes that are scalar mod h. It
has the effect that

Tr(U-a)= (—1)"/,u(a), a € CCP" Whye).

Here, as before, the subscript “c” denotes the ideal of compactly sup-
ported elements in the deformation algebra in question.
The following plays the major role.

Theorem 2. The class U has a, in cohomology, unique extension to

a class, also denoted U, in C*(M, éi(A%)) On classes of the form
ag® ... Qa, € CCP (A} ), a; scalar mod h, the following holds.

Tr(U-a) = (—1)”//1(a) mod h



It is not difficult to see, that this implies for general classes ag®...®
ap € CCPr (Al ) that

Tr(U-ap®...Qa;) = (—1)"/ch(End(E))_lch(V)(d()@. ..®ax) mod h

where ch(End(FE)) is the usual Chern character of End(F) as a vector
bundle, V is a connection in End(E) and

/ tr(age "V V (@;)e Y - V(ag)e Y )dty - - - dip_y,
Ay

the J.L.O. cocycle associated to V.

To finish the index theory, the fundamental class has to be identified.
This is done via Lie algebra cohomology. There is the Gelfand-Fuks
morphism of complexes

C* (g, su(N) + u(n); Cr(My (A"))) — C*(M,Q"(M, T (My(AM))),

the latter complex being quasi isomorphic to C*(M, éi\(A%)) As in

the case of My(W,), there is fundamental class U € Ui(MN(Ah))
extending uniquely in cohomology to a class in Lie algebra cohomol-
ogy, also denoted U. It turns out, that GF(U) is equivalent to U €

C*(M, éi(A%)) via the quasi isomorphism between C*(M, Ui\(A%))
and C*(M, Q*(M, Ui(MN(Ah)))). Hence the question of computing or
identifying U, is now a question of computations in
" —A

C* (g, su(N) +u(n); C,(My(A"))).
It turns out to be useful to work with the differnential graded alge-
bra My(A™)[n], where n is a formal variable, 72 = 0 and the dif-
ferential is given by 8%. The reason for doing this is to include the
identity operation on CCP"(My(AM), i.e. the action of O, (My(A"))

on CCP"(My(A")) extends to an action of Ui(MN(Ah) [n]) also on
CCPer(My(A"). With this action, the classes n**1) = kln@k+! he-
comes the identity operations. The main technical theorem of this
thesis, theorem 6.0.3, states the following

Theorem 3. U s equivalent to

> (A-e’chyyy "

m>0

in C*(g,su(N)+u(n); Ui(MN(Ah) [n])), i.e. defines the same cohomol-
oqy class.
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Here A is the Lie algebraic A coming from u(n), ch is the Lie algebraic
Chern character coming from su(N) and 6 is the Lie algebraic class of
deformation. Using the Gelfand-Fuks map, the index theorem follows.

Acknowledgements. 1 would like to thank Boris Tsygan for helpful
conversations and Paulo Almeida and Nuno Martins for having hosted
me for two month at the [.S.T. in Lisbon.

2. SECTIONS OF ENDOMORPHISM BUNDLES AS FLAT SECTIONS IN A
PROFINITE BUNDLE

Let O, = C|[#1, ... ,2,]] and MN(0,) = My ® Q,,, where My is the
N x N complex matrices. We give My (0,,) a grading by

deg(b@il):l, bEMN

Furthermore we give My (0,,) the I-adic topology, where I is the ideal
generated by elements of degree > 1.

Definition 2.0.1. Let G be the group of continuous automorphisms of
My (Qy)with the following property:

An automorphism belongs to G, if the induced automorphism on the
centre Q,, is an automorphism induced by an automorphism on
R[[Z1,. .. ,&n]].

Lemma 2.0.2. An automorphism in G is the composition of an auto-
morphism induced by an automorphism of R[[Z1, ... ,&,]|] and an inner
automorphism.

Proof. Given an automorphism ® € G let ¢ be the induced auto-
morphism on @,. Considering x = ® o (¢ ® id)~! we have, that y is
an O,-module map.

For A € My(C) we have

X(A) = Dy(A) + higher order terms , Do(A) € My

Since Dy is an automorphism of My, it is inner and hence extends to
My(0,). Let x1 = x o Dy

x1(A)=A+ Z 2;D;(A) + higher order terms
Each D; are derivations of My and hence given by commutators by
elements B; € My. Therefore

X1 © exp(z ad(z;B;))(A) = A+ terms of order > 2

i
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Continuing by induction we get a sequence of elements Cj, € My (Q,,),
deg(Cy) = k, with
(x o exp(ad(Cp)) o...oexp(ad(Cy))(A) = A+ terms of order >k + 1
Since the product

exp(ad(Cy)) o...oexp(ad(Cy)) o ...

converge, we see, by the Hausdorff-Campbel formula, that x is inner.

JFrom lemma 2.0.2 follows

Proposition 2.0.3. The Lie-group G has
W? x (gly(0,)/centre)

as Lie-algebra, where W is the Lie-algebra of formal vector fields van-
ishing in zero.

We note that Der(My(0,)) is larger than W? x (gl(Q,,)/centre),
namely

W, x (gly(0,,)/centre)
where W,, are all formal vector fields on R".
Lemma 2.0.4. Let X be a contractible open subset of R, let Aut(M,,)
be the automorphism group of M, and let Der(M,) be the derivations
of M,. Any smooth maps @1 : X — Aut(M,) and vy : X — Der(M,)
lifts to smooth maps ¢1 : X — Gl,, and ¢y : X — M,,.

Proof. First the case of p;:
Let {e;;} be the standard matrix units. The families
z — p1(z)(ei)

of projections over X give rise to a family of line bundles {l;} over X

by
li = (p1()(ew))(R™)

Since X is contractible, these line bundles are trivial. Let v; be a
smooth nowhere vanishing section of /; and let

vi(z) = (p1(z)(€n))(v1(z))
Put
(P1(@))(es) = vil)
where e; is the vector (aq,...,a,) € R" with a; =0, j #i and a; = 1.

We have ¢, : X — Gl,, is smooth and
P1(2)A(P1(2) 7" = pi(2)(A), A€M,



since

(@1(2)es(@1(x) oe(x) = @1(x)ejen = @1(x)eidje = djrvi(w)

and

p1(z)(ei;)on(z) = (@1(x)(ei;)) (o1(x) (ex))vi (2)
= ki1 (x)(en)(v1(x)) = Opjvi(x)
In the case of pq, let ¢ : X x R — Aut(M,,) be defined by

p(x,1) = exp(tpz(z)).
This is clearly smooth and hence by the first part of the lemma we get
a smooth lifting of p to p : X x R — Gl,,.

Defining
P2(a) = o (#)(a,0)

the lemma follows.

In view of lemma 2.0.4 the proof of lemma 2.0.2 gives some more

Lemma 2.0.5. A smooth family of elements in G over a contractible
open subset X of R¥ lifts to a smooth family over X of elements in the
group of invertible elements in M, (O,).

2.1. Jets. Let A be an algebra bundle over a manifold M. In this case
we let
I, ={a €T'(A)]a(m) =0}
Given this, we define
JmA =1limT(A)/I},
k
Denote by J,, the quotient map from I'(A) into J,,A. In the following
we are only interested in the case where A = End(FE), E a vector
bundle. Note that J,,A ~ My(Q,) by choosing a trivialization; and
that any other trivialization leads to an automorphism of My(Q,,) in
G.

If we are given a smooth path of automorphisms ®; € G, we can,
according to lemma 2.0.5, write it as ®; = ;0 x4, where ¢, is a smooth
path the automorphisms induced by automorphisms of R[[Z1,. .. , Z,]]
and x; is a smooth path of inner automorphisms of My (Q,,). It is well
known, that ¢, lifts to a smooth path of local diffeomorphisms ®, of
R™ preserving zero and since Yy, lifts to a smooth path of invertible
elements in My (0,,), it lifts, by the Borel lemma, to a smooth path of
invertible elements in My (C>(U)), where U is an open subset of R”
containing zero. We thus get
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Proposition 2.1.1. Any smooth path of automorphism in G lifts to a
smooth path of local bundle automorphism of My(C*°(R™)) preserving
zero.

2.2. The frame bundle. For a manifold M with a vector bundle F
we define the following

Definition 2.2.1. The frame bundle My is given by
Mg = {(m,®)|m € M,®: My(0,) > J,,End(E)}

We note, that Mg is a profinite manifold and in fact a principal
bundle over M with fibre G.

Proposition 2.2.2. For all (m,®) € My there is an isomorphism
w: T(m@)ME — Der(My(0,,))
satisfying
w(A*)=A A e W x (gly(0,)/centre)
o'w=adplw forped
dw + Lw,w] =0

where A* is the fundamental vector field corresponding to A.
In other words, w is a flat connection Mg with values in Der(My(Qy,)).

Proof. Let us suppose, we are given a path in ME, so y(t) € Mg
with 4(0) = v, v(0) = (m, ®) and ~(t) = (my, ®;). This lifts to a path
of trivializations 5 = (my, ®;), ®; : My(C>(U)) — T'(End(E)), that
maps 0 to my.

Define w(v) to be the derivation

Jo(a) — Jy (%(&D_l o (ft(a))) , a € My(C>=(U))

This does not depend on the choice of v or the lifting to 4 and will be
an isomorphism.

The first identity follows, since w is the canonical one form on the
fibres of Mg.
For the second identity we have to compute w(p.(v)), ¢ € G , but

sl = (e = 2o (67 087 0 i) ) ) = adle ot

The third identity is equivalent to
w(w ™ MX),w ') =[X,Y],  X,Y € Der(My(0,))
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This will be a consequence of the first identity, because the statement
is obvious for X,Y of the form a%i € Der(My(0y,)) and for XY €
WO x (gly(0,)/centre) it follows because w is the canonical one form
on the fibres of M . Hence it suffices to check the case when X is of
the form 8%i and Y € W2 x (gly(Q,,)/centre). Therfore let o, be the

one parameter group for Y on G. We have

W([w™(X), w0 (Y)]) = w(limi—o 3 ((pe)ew ™ (X) —w (X))
= lim g { (ad(p; )(X) = X) = [X, Y]

The proposition follows from this.

Given Mg, we define the jet bundle of End(E) by
JE = ME Xa MN(@n)

The flat connection on Mg gives a flat connection in JFE in the
following way: Choose a trivialization of JE;; — U x My(0y,). This

corresponds to a lift 0 : U — ME‘U of the projection P : Mg — M. In
this trivialization the connection V is given by V = d — o*(w), where
w is the connection described in proposition 2.1.1.

Proposition 2.2.3. The complex (2*(M,JE),V) is acyclic and the
cohomology is isomorphic to I'(End(E))

Proof. There is an obvious map j from I'(End(E)) into JE given by
j(y) = ((m, @), 27 (J7)), 7 € D(End(E)).

It is clearly injective and the image of j belongs to the kernel of V.
To see this, choose a trivialization in the sense of a local bundle map
O . My(C*(U)) — I'(End(FE)), U open subset of R". We will also
denote the induced map from U to M by ®. From this trivialization
we get a special trivialization of Mg by letting ®, denote the map
My(0y,) = J,(Mn(C*(U))) — Jow (L (End(E))) induced from ¢ and
then

UxG3(u,g) = (®(u), gb,)
Using this trivialization, we get a local bundle isomorphism
c*(U)® My(0,) — JE
and in this trivialization it is not difficult to see, that
0
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If v € My(C*(U)) we have that j(v) is just given by the Taylor
expansion in each point, i.e.

‘ oMl
00 =30 57

where I runs through all multi indices. Hence j(v) € Ker(V).

A computation in (Q*(U, My(0,,)), V), where V is as in 2.1, gives,
that (Q*(U, My (0,,)), V) is acyclic and the cohomology is j(My(C*(U)).
We have thus seen, that (*(M, JE), V) is locally acyclic and the
cohomology is locally isomorphic to ['(End(E)). Since we also have
seen, that I'(End(FE)) is globally contained in KerV, i.e. the coho-
mology of (2*(M, JE), V) is a module over I'( End(E)), the statement

follows.

3. DEFORMATION QUANTIZATION OF ENDOMORPHISM BUNDLES

We start with looking at R?" with the standard symplectic struc-
ture. We will denote the coordinates by x1,...,2,,&,...,&,. On
C>(R?")[[h]] we consider the Weyl quantization given by the product

ih
(f * g)(l’,f) = exp (5 Z(arkank - aﬁkayk)> f(x,ﬁ)g(y, 77)|(m=y,£=n)

k=1

We will denote the Weyl quantization by W,,.

Since the definition of the product in the Weyl quantization of two
functions f, g only uses derivatives of f, g, the Weyl quantization makes
sense over any open subset U of R**. We will in this case talk about
the Weyl quantization over U.

Let (M,w) be a symplectic manifold and let F be a vector bundle
over M.

Definition 3.0.4. A deformation quantization of End(FE) is a h-linear
associative product * on T'(End(E))[[h]], continuous in the h-adic topol-
oqy and

f*g=fg+hB(f,9)+...

where f,g € T'(End(E)) and the B; are bidifferential expressions. Fur-
thermore we require, that (I'(End(E))[[A]], *) is locally isomorphic to
My(W,), where W, is the Weyl algebra on some open subset of R*".

Locally isomorphic in this case means that we are given a local bun-
dle isomorphism ® : My(C*(U))[[A]] — T(End(E))[[A]]|y over a lo-
cal symplectomorphism, such that the product *', induced by *, on
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My(C=(U))[[R]] is isomorphic to Myx(W,) in the sense, that there
exist differential operators {D;}, such that

o (My(CONIA, ) — My (W)
gien by
pla)=a+hD;i(a)+..., a€ My(C®U))
s an isomorhism of algebras.

We want to do the same construction for deformation quantizations
as we did for endomorphism bundles. We therfore need the infinites-
imal version of My(W,). This is just given by considering Oy, [[A]],
0s, = C[[#1, ... , Tn, .. ,én]], with the same product as in the Weyl
quantization. With this product we denote the algebra by A" The
infinitesimal structure of My (W, ) will then be My (A").

Definition 3.0.5. A formal symplectomorphism of Qsy, is a continuous
automorphism of Qs, induced from an automorphism on

R[[i’l, e ,fi'n,éla cee 7571]]

that preserves the formal standard Poison bracket {-,-} on Qay,.

Let G be the subgroup of automorphisms of My (A") given by:

® € G if ® is h linear, continuous, mod h ® is an automorphism ®
of Mn(Qy,) and @y induces a formal symplectomorphism on Q.

Let ® € GG and let ¢ be the induced symplectomorphism on Q,,. In
this case we will say, that ® is a automorphism over ¢.

Lemma 3.0.6. Any automorphism of My(A") over the identity sym-
plectomorphism is inner.

Proof. Let ® be such an automorphism. Since, mod A, it is an
automorphism over the identity, it is inner mod h, and we can hence
assume that ® is the identity mod A. In other words

®(a) =a+ hDi(a)+ ..., a€ My(0y,)

Since ® is an automorphism, D is a derivation My (Qy,) and hence on
the form X +[A, -], where X is a formal vector field and A € My (0s,).
If we assume that a,b € O,,, we have, since ® is an automorphism,
that
{a, D1(b)} +{D1(a),b} = Di1({a, b})
which means, that X is a formal hamiltonian vector field. Therefore
there exist an element x € s, such that D;(a) = {z,a}. We hence
have
® o exp(—ad(x + A)) = id mod h*
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Continuing in this way, the result follows.

Since it is well known from [NT95al, that the Lie algebra of G, in
the case where N = 1, is given by

Cllrl]

90:{%&161@, a real mod h, ae@l"'wgh--.)Qmodh}/ .

and that any element of G is of the form exp(g), g € go.
We therefore see, that the Lie algebra gg of G for arbitrary N is
given by

g = {%w\beMN(M), a€ A" areal mod

. Cllh
a € (2?1,... 7517--->2 mod h}/%
To this Lie algebra we can add the derivations 0, . .. ,851, .... With

these derivations added we call the Lie algebra g.
Let us suppose that we are given a deformation quantization A% of
End(E). We define

Iy, = {a € Ala(m) = 0}

and we let I, denote the n-power of the ideal [,,, in the undeformed
product. The jet of A% in m is defined by

JmAly = lim AR /I¥,
k

Since the value of the product in A% in a point only depends on the
derivatives in that point, the product descents to J,, A%.

If we choose a trivialization of A% around m, we get an isomorphism
Jn AL = My (A") and another trivialization will give an automorphism

of My(A") in G.
As in the case of End(E) we do the following

Definition 3.0.7. The frame bundle MA% s given by
My = {(m,®)|m € M, ®: My(A") = J,, AL}
As before, M An is a principal bundle with fibre G.
Proposition 3.0.8. For all (m,®) € ]\;IA% there exist an isomorphism

w T(m7q>)MAré — g
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satisfying
W(A*) =A Ae do
Vrw=adplw peqG
dw + 3w,w] =0

where A is the fundamental vector field corresponding to A.
In other words w is a flat connection with values in g.

Proof. The same as the case of endomorphism bundles.

As in the case of endomorphism bundles, we get a flat connection V
in the bundle

JAl = My xg My(A")

Proposition 3.0.9. The complex (Q*(M, JAL), V) is acyclic and KerV =
Al

Proof. The same as the case of endomorphism bundles.

One sees, that a maximal compact subgroup of G is H = U(n) X
SU(N). The U(n)-component comes from a maximal compact sub-
group of Sp(2n) and the SU(N) comes from the maximal compact
subgroup of the action of Gly on My(C).

Since H is a maximal compact subgroup of G, we can reduce the
bundle M 4» to a H bundle P, which is easily seen to be a reduction of
the principal bundle consisting of dual symplectic frames and frames
of End(E). We thus see, that JAL is in fact isomorphic to P xj A"
We will denote this bundle by W.

We introduce a grading on A" in which 2, ... ,:&n,él, e ,én has
degree 1 and h has degree 2. This also gives a grading on My (A").
Furthermore we see, that the action of U(n) on A" preserves the grading
and we hence get a grading on W.

We note, that we have an extension of Lie algebras

1 -
0— ﬁiR+CHhH —g—g—0 (3.1)
where

- ia
§= {E +blac A" arealmod h, be MN(Ah)}
with bracket given by commutators. Since H acts semisimple on g, we
get a H-equivariant lift of the quotient map g — g. We can therefore
lift the connection V to a connection V taking values in g, meaning a
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collection of local g-oneforms {A4;}, i being labels of trivializations of
W satisfying

Ai = gijdgsi + 9i A} ;i
where g;; are the transition functions.

This connection however, is not flat, but because of the extension
3.1, the curvature dA; + 1[A4;, A;] is in Q*(M, iR+ C[[A]]). Clearly the
associated cohomology class is independent of the choice of lifting of
V. By checking the definition of V, one sees, that the ,—li component of

V2 is =, where w is the symplectic structure.

So we have for each deformation quantization of End(E) a connec-
tion V in W, such that KerV is isomorphic to the deformation quan-
tization and the lifting of V to a g-valued connection gives an element
in
=+ (M. C[[n])
th
Proposition 3.0.10. Let A}, and Al ; be deformation quantizations
with characteristic classes 0y and 0y. Then Al p ~ A% o if and only if

The proof of the above proposition relies on the following

Lemma 3.0.11. Let I, : TM — T*M be the bundle isomorphism
induced by w. Since T*M C W, 1, induces an element A in Q' (M, W).

Put

A W
Aq4=—€eQM,—
1 he ( ’h)

The complex
(Q (M, W), AdA_1)
is acyclic and the cohomology is isomorphic to T'(End(E))[[A]].

Proof. From lemma 3.12 in [NTO01] we know, in the case of a trivial
bundle F, that is (2*(M, W,), Ad(A_,)) is acyclic and the cohomology
is isomorphic to C*°(M)][[A]]. Since

(' (M, W), Ad(A_4)) =
(" (M, W), Ad(A_1)) @y T(End(E)) ]
and T'(End(E)) is projective over C*°(M)[[h]], the result follows.

. Proo[( of proposition). Let V; and Vs be the two connections with
V2 = V2 = . Note that we can actually assume, that V2 = V3 in
« 4+ Q*(M,Cl[[h]]). We have

@1—@2:R0+R1+..., RZEQl<M,W2)
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From the equality of the curvatures we get [A_1, Ry] = 0 and hence by
lemma 3.0.11 we have an element g; € I'(W!), such that (g1, A_1] = Ry.
Therefore considering the connection Vs = ad(exp g1)Va we have

Vi—Vao=R|+..., R Q' (MW)

Continuing by induction we get an element g € Inv(I'(W)) conjugating
V; into Vs, and hence the deformations will be isomorphic.
Let us now assume, that A} ; and A} ;, are isomorphic. This induces

an isomorphism between My —and My, — compatible with the con-
nections on M Al and M An L - In particular we get an automorphism

of W mapping V; to V3, and we hence get, that A}, and Al ; have
the same characteristic class.

Theorem 3.0.12. The deformation quantizations of an endomorphism
bundle are classified by the affine space

w
— + H*(M, C[[h]})
th

Proof. We only need to prove, that for a class 6 € £ +Q*(M, C[[h]]),
we have a deformation quantization with characteristic class . To do
this we start with a connection in P and thus get a H-connection V in

W. We have that
V4 ALY+ A = = 42V, AL] +[V,V]

One checks, that [A_;, [V, A_]] = 0 and according to lemma 3.0.11
we get an element Ay € Q'(M, W) such that [A_;, Ag] = [V, A_y]. If
we put Vo=V + A_; + Ay we have

[Vo, Vo] — 0 = 0 mod Q*(M, W)

Let us assume, that we have constructed V,, with V2 — 6§ = 0 mod
Q%(M,W="). By the Bianchi identity we have [V, [V,, V,]] = 0 and
therfore have [A_1, ([V,, V] — 0),] = 0, where ([V,,, V,] — ), is the
n-th component of [V, V,] — 6. As before, we get an element A,, with
[A_1, A, = ([V, V] = 0),, and considering V11 = V,, + A,, we have
(Vi1 Viri] — 0 = 0 mod Q*(M, Wi=ntl),

We can thus for each class 6 in £ + Q*(M, C[[h]]) construct a con-
nection Vp with values in g and curvature 6. We therefore only need
to check, that the complex (2*(M,W), V) is acyclic, the kernel is
isomorphic to T'(End(E)[[h]] and the product induced by the product
on W gives a deformation quantization of End(E). These results how-
ever, follows from the proof of the proposition 3.0.10, since we locally
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conjugate Vr to a connection on the form

d— (0, @ dz; + O, ® d&;)

i=1

4. LIE ALGEBRA COHOMOLOGY

Definition 4.0.13. A differential graded Lie algebra (g,d) over a com-
mutative unital ring k is a (Z/27 or Z) graded k-module g with a
bracket operation [-,-] : ¢/ x g' — g7 and a differential 0 : g' — g !
satisfying :
g1, 92] = [0g1., g2) + (—1)l9"l[gy, Dgo]
91, 92] = —(=1)l1192][g5, g,]
(91, (g2, gs]] + (=1)loellor¥19D g5 [y, o]
4(—1)lollgzl+l9sD g, [gs, g1]] = O

where | - | is the degree.
A g module L* is a complex L* with an action of g, i.e. we have a
map g° x 7 — L satisfying
9192l — (—1)|g1”g2‘9291l = (91, 92)l
and
A (gl) = (D)l + (—=1)9g(B1-1)
Given a differential graded Lie algebra g, we can define differential
graded Lie algebra gle| as follows

glef =g+ eg el =1
[91, €92) = €[g1, 92]
[6917 692] =0

(g1 + €92) = Oyg1 + g2 — €0,492

Also one can construct the enveloping algebra by

Ulg) =T(g)/(91 ® g2 — (—=1)91192lgy @ g1 = [g1, go])

where T'(g) is the tensor algebra. Furthermore U(g) has a differen-
tial induced by the differential on g by the graded Leibniz rule and a
grading.

We note that (U(g[e]), 0) is a g module. Let b denote a Lie subalgebra
of g. For a g module L.* module we define

C*(g,h; L") = Homyg) (U(gle]) @upig) k, L)
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This will have a differential induced by the differential on U(gle]) and
the differential on IL*. The homology of this complex will be denoted
by H*(g,b;L").

We are now going to give a construction of classes in C*(g, h;L*) in
special cases. First we assume, that IL* is homotopically constant in
the following sense

Definition 4.0.14. A g-module IL* is called homotopically constant if
there exist operations

g L* — L1
satisfying
[av Lg] =1L, [87 Lg] =0
[Lgl7 ng] = Ug1,92] [[’917 ng] =0

where we have denoted the action of g by L.
In other words, we have an action of the differential graded algebra

Ulgle]) on L*.

If we furthermore assume, that there is a h-equivariant projection
V : g — b of the embedding h — g, we get the usual Chern-Weil
homomorphism, i.e. a map of complexes

CW : C*(hle], ;L") — C*(g, h; L*)

given in the following way:

For an element g; A go define R(g1Ag2) = [V(91), V(92)]—V([91, 92])-
Taking cup product gives R™ : A>"g — A"eh. By composition this gives
a map

¢ : C*(hle], h; L) — C*(g, L")

There are operations A" on IL* given by

GN NGy — lgy—Vgy =" Lgn—Vgnl

where [ € L*. Finally we set
CW(a) = Z A" U (a)

where U is the cup product. One checks that this gives a morphism of
complexes.

Next we will give a construction of classes in C*(h[e], h; L*) for special
cases of IL*. To this end we need the following
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Definition 4.0.15. A g-module IL* is called very homotopically con-
stant if IL* is homotopically constant and we have operations
Ly:L* — Lx+!
D S
satisfying
[0,1g) = Lg— 15 [0, Lg] =Ly [tg.19]=0 [tg,4]=0

[Lglv L] = tg1,95] [Lglv LQQ] =0 [Ly, LQQ] = Lig, o) [LQQa LQQ] =0

in other words, we have an action of the differential graded algebra

Ulgle,n]) = U(gle][n]) on L*.

We now assume, that L* is a very homotopically constant h-module.
We denote by L, elements [ € L* with Lyl = 0 and Lyl = 0. We
note that this is a complex. We get a morphism of complexes Lip —
C*(Ble], b L) by:

Lig 21— (hyoehy =y on, )

4.1. Examples. We are going to give some examples of relative classes
in Lie algebra cohomology.

Example 1 Consider the extension 3.1 and choose a h-equivariant
lift V : g — g of the quotient map g — g, h being u(n) + su(N). We
then define the class 6 in C*(g, h; +C[h]) by

0(91,92) = V([g1, 92]) — [Vg1, Vgal (4.1)

We want to show, that ¢ actually comes from a sort of Chern-Weil
map. Let k: § — g denote the quotient map and let h = k~1(f), i.e.

= b+ +R-+C[l]

Note that C*(g, h;L*) and C*(g, 6;]L*) are quasi isomorphic, when L*
is a g module. We have a Chern-Weil homomorphism
CW : C*(ble), h;L*) — C*(g,h; L")

as before. A Choice of a b equivariant split V' : § — b is given by
V'=V"ok+id—Vok, where V" : g — b is a h-equivariant splitting
of the embedding h — g. Let 6 be defined on h to be the projection
on R 4 C[[h]]. It is now easy to see, that CW (0) is, under the quasi
isomorphism between C*(g, ;L*) and C*(g, h;L*), the same as the 0
we defined in the start of this example.

Example 2 Some other classes in C*(g, h), we need, are also coming
from a Chern-Weil construction. We consider an h-equivariant splitting
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V' of the embedding h — g. Composed with the the projection u(n)+
su(N) — su(N) we get an b equivariant map V : g — su(N). Using
this we therefore get a Chern-Weil homomorphism

CW : C*(su(N)[e], su(N)) — C*(g,su(N))

It is clear, that this homomorphism in fact maps into C*(g,h). We
therefore get the usual classes, for example the usual chern character
ch, which is

1 n
exp(R) = Z ETT(R )
where
R(g1792> = [Vgh ng] - V[ghgﬂ

Here T'r denotes the usual non normalized trace on su(N). This class
is off course the Chern Weil map on the symmetric polynomium ch on
su(N) given by

1 1
chha,. ) = — ) L7 (hoy -+ o)
: UGSn ’

Since C*(su(N)[e], su(N)) embeds in C*(h[e], ), the Chern Weil con-
struction given in this example is just a particular case of the Chern
Weil homomorphism

CW : C*(ble],h) — C*(g,b)
Example 3 We can off course do the construction we did in example
2 for u(n) instead of su(/N) and therfore get a Chern-Weil homomor-
phism
C*(u(n)e], u(n)) — C*(g,b)
that again also can be viewed as the composition

C* (u(n)[e], u(n)) — C*(b[e].h) — C*(g. )

We will in particular be interested in the A in this setting, that is the
symmetric polynomium coming from

h— det (%)

5. CYCLIC HOMOLOGY

We consider a differential graded unital algebra (A, J) over a com-
mutative ring k containing @, i.e. an algebra A, A = §, A", A"A™ C
Artm o5 A — A*Land 0(ab) = 0(a)b + (—1)!%ad(b).

Define an operator 7 on A2+ by

T(ap® ...®a,) = (—1)(‘a"|+1)Z?gol(‘ai‘+1)an Rag® ... R ap_1
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and consider the complex
8 on(A) [ Im(1 - 1) B e (A) I (1 — 1) &2
where C"*1(A) is elements on the form ay®. ..®a;, with k+Z |az~| =n,

n—1

blag® ... ®ay,) = Z(_l)’”zﬁo leilgy @ ... @ g1 Q... R ay
k=0

+(=1)lanH) Zicnllo el o0 @ - @ ay

5(0,0 ®an Z 11(‘“i‘+1)a0® ®5(ak) ®®an
k=0

The complex is denoted C2(A), the homology is the cyclic homology
of A and is denoted by HC,(A).
The reduced cyclic homology is given by the homology of the complex
LT A Im(1 =) EL T A/ Im(1 — ) &2
where C" (A) comes from considering A®* instead of A®*, where A =
Alk - 1.
The reduced cyclic homology of A is denoted by HC,(A).

It is well known, see [Lod98] and [BNT99], that there is an exact
sequence

. HC,(k) — HC,(A) — H—CN(A) — HC,_1(k) —
(5.1)

We will briefly give a construction, due to Brodzki, of the connecting
morphism HC,(A) — HC,._1(k) at the level of complexes, see [Bro93]
and [BNT99]; i.e. a morphism of complexes

Br:C(A) = CX (k)
given the connecting homomorphism at the level of homology. Let
l:A— k be a k-linear map with /(1) = 1. Put
pla) = 1U(6(a)) acA
pla; ®az) = Iay)l(ag) — l(a1az) a1 @ ay € A®?
p = 0on A®™ m >3

and define Br : Ui(A) — C2 (k) by:

On U;\nﬂ,

BT(CLO R...® am) — ZZO<_1)Zk<i(|ak|+1)ZkZi(‘ak|+1)(p R...Q p>

(4;®...0a Ry @...Q0a;_1)(n+ 1) 192+
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—\ .
On C,,, Br is zero.

We now consider the differential graded algebra k[n], where 7 has
degree one, n* = 0 and differential given by 9,. For a differential
graded algebra A we define A[n] to be A ® k[n|, where ® is the tensor
product of differential graded algebras. It is not difficult to see, that
HC,.(A[n]) = 0 and we therfore have

Proposition 5.0.1. The morphism
—A
Br: C(Aln]) — G2y (k)
18 a quast isomorphism.

Since it is not standard, we mention, that the reduced cyclic homol-
ogy is Morita invariant, at least in the case of algebras and matrices
over these algebras. To see this, let A be an algebra, and let [ : A — k
be a map, that is needed in the construction of Br. Let tr denote
the normalized trace tr : M,(A) — A. We now have a commutative
diagram

Br

— HO(Mx(4) — TC (My(4) % HCMk) —
| tr L tr H

Br

—  HC*(A) —  HC(4) =B HC (k) —

where Br : HC" (My(A)) — HC* (k) is induced by [ o tr. According
to [Lod98|, tr : HC*(M,(A)) — HC*(A) is an isomorphism. The

result therefore follows from 5.1.

5.1. Operations on the periodic complex. For the periodic cyclic
complex we consider [, A® A®". We give this a Z/2Z grading by

|a0®...®an\:n—|—2|ai\ mod 2

On this we consider the differential b + B + § where b and 4 are given
as before and

Blap® ... ® ay)
— Z?:0<_1>Zj§i(|aj|+l)Zj2i+l(|aj|+1)1 R, .. a4, Dy R ... R a1

We will denote this complex by CCP"(A).
The main feature about cyclic periodic homology, that we are going
to need, is the following; see [NT98] for complete formulas

Theorem 5.1.1. There is a morphism of complexes

T (Aln]) ® CCPT(A) — CCPer(A)

satisfying the following
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o nIn®" . q=aqa forae CCP(A)
e The component in A of (by ® ...®b,) - (ag® ... ® ay,), where
b ®...Q0b, € U;\(A), is zero when m # n and equal to
1

> ﬁ<_1)i("71)a0 [biv1,a1] ++ [bn, an—i][b1, @n—it1] - - [bi, @]

)

when m = n.

The framework underlying theorem 5.1.1 also gives other operations
on CCP"(A), see [NT98] for details. Let (C*(A, A),b) be the Hochshild
cohomological complex, i.e. C*(A, A) = Homy(A®*, A) and

bw(ala ®, an+1) = (_1)na190(a’27 cee 7a'n+1)

+ 2?21(—1>n+j¢<a17 ey O Ay e A1) — (a1, )G

Given two elements p € C"(A, A), ¢ € C™(A, A), define

wot(a, ... anim-1)
= ijo(—l)("*l)jcp(al, e @ V(A1 e Q) )
Set
o, 9] = ot — (1) o,
With this bracket and with a suitable defined grading, C*(A, A) actu-

ally becomes a differential graded Lie algebra.
For ¢ € C"(A, A) one can construct operations

L, : CCP(A) — CCY7L 1 (A)
I,: CCrr(A) — CCY(A)
such that
(Lo Ly] = Ligy) Lo Lyl = Lipy) [B+0b, 1] = Iy + Ly

6. THE FUNDAMENTAL CLASS

We consider the reduced cyclic homology complex of My (A")[R™1].
According to lemma 5.1.1. in [BNT99] and Morita invariance of re-
duced cyclic homology, the homology is given in the following way

HCi(My(AM[A™Y]) =C[[A,h7Y, i=1,3,...,2n—1
HC{(My(AM[A™Y]) =0 otherwise
A concrete generator for the homology in dimension 2n — 1 is given
by
1
Yo = gntny D (W) ® .. ® Uogan)

S

Where (’Ul, .. ,U2n) - ('2%17&:17' .. 7'%77/7&:”)'
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Let b denote the inverse image of f under the map g — g. Note that
Up is invariant under the action of h and therefore, by the result on
HC.(My(AMA™1])), extends uniquely in homology to a class

U € C*(hld, b; O (Mn (A"[R71)))

We want to work with the differential graded algebra My (A"A~1])[n]
instead of My (A?A~]). In the complex

T (My (A" )

we define n® = kly®*+1. We note, that the complex ' (My (A"A1]))
is homotopically constant as a module over the commutator Lie algebra
of My (A"A™1]) by putting

(aO ®...® ap)

= Z Pop>i |a‘p+1)(|g|+1)a R..0;R9R ... Ay

Using these operations, we define classes

n € C*(Be], b T2 (M (A"[h~']) )
by
(h1€, RN h,pe) — Uhyn " .thnn(k)

since n(® is a class in Ui(MN(Ah[hfl])hw.
We have

Lemma 6.0.2. One has

m>0

in H*(§[e], b; Cr (M (AME1]) [n]).

Proof. Tt is well known from [BNT99], that there is a splitting prin-
ciple, i.e. the inclusion morphism

H*((5)[d], (b); Tr(My (AP [1])) —
H* (3, + su(N))[e], (3, + su(IN)); T (M (AP TR])[1]))

where 0,, = 9, +A~'C[[h]] and 0, is n x n diagonal matrices, is injective.
Therefore, we only have to identify the two classes in

H (3 + su(N)[e], (3 + su(N); C2(Mx (AR [n])).
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We next note, that we can factor the classes at stake in the following
way: Write
My(A"[R7Y]) = AR © . @ AR @ My (AT)[A7]

where A" is the formal Weyl algebra in one variable. We can write U =
Uy x...xU; xUj, where U, is the extension of the fundamental class in

C*(01[€], 01; Uj(Aﬁ[h_l, n])) and U] is the extension of the fundamental
class in

C* (31 + su(IN))[e), 31 + su(N); T (M (AR [1]))

We thus need to identify U; and Uj.
In the first case we can represent U; by

U= i((m)*lé ® &)@t (6.1)

where ¢; is the first Chern class. A
Recall from the definition of AZ[A~Y], that this is C[[,£]][[h, h™!]

with a product *. Given an element f € A?[h~!], we can regard f as

a function in the variables &, ¢ with values in C[[h, h~!]. Hence given
f € APh71], we can define I(f) = f(0,0). With this [ we get, according
to section 5, a quasi isomorphism of complexes

Br: C,(A"[h™, ) — CX(C[n,h7))
One checks, that this gives a morphism of complexes
C* @il 21 CL(ALA ) 25 C*(@ale), 013 C(Cll A7)

and therefore a quasi isomorphism of complexes.
A computation now gives

[e.e]

Br(Uy) =Y 1MA;,

m=0

where 10" = m!(m+1)119@™+1) and A is given in example 3 in section
4. On the other hand we have Br(n™) = 10"~V where 5™ is the class

edy, ... ,Gdk—>Ld1-'-LdkT](m), d; € 0q

Since Br is a quasi isomorphism, we have
o
- E [m] -1
Uy = n AQm
m=0

in H* (0[], 00; C2(AT[R T, ]))-
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We note, that we have a morphism of complexes
C* (31 + su(N))[e], 81 + su(N); T (My (A"[A1))))
Tr |
C* (01 + su(N))[e], 1 + su(N); T (AMR]))

where in the bottom row su(N) acts trivially and 7' denotes the mor-
phism of complexes

T (My(ADATY]) — CL(ARRY)

induced by the normalized trace T'r.

In the top row we have the class U7, that in homology is the unique
extension of the fundamental class. In the bottom row we have a class
U’, given by the same formula as in 6.1. Also this is, in homology, a
unique extension of the fundamental class. Therefore Tr(U) = U’ in

H* (01 + su(N)[¢] 31 + su(N); O (A"[n1)))
We further note, that there are morphisms of complexes
C*((B1 + su(N)) [¢], By + su(N); T2 (M (A"3~1]) n]))
Tr |
C* (31 + su(N))[d], 31 + su(N); T (AR [n]))
Br |
C*((01 +5u(N))[€], 01 + su(N); C(C[[h, k™))
where Br is the Brodzki map as before. We thus have
r(Tr(U7) =Y Agi1t™
m<0

Note that
Br(Tr(n™)) = 10 (ech)y,

where # is given in example 1 in section 4 and ch is given in example
2 in section 4.
Since Br o T'r is a quasi isomophism we get

e}

U= Y (A ezt

m=0

in (31 + su(N)[e], 31 + su(N); O (M (AL A )n))).

The lemma now follows, since A is multiplicative.
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It is well known, see [BNT99], that the restriction homomorphism
C*(&le). b: T2 (M (A" [n])) — C*(Ble], b O (Mo (A [~ ]) )

is a quasi isomorphism. But in C*(gle], G;Ui(MN(Ah[h*I])[n])) there
are two classes, that under the restriction homomorphism maps to nl™,
namely CW (ni™) and the class

(916, -+ s Gp€) = Lgyp - 'Lgpnn(m) (6.2)

Therefore CW (n™) and 6.2 are equivalent in

* ([~ it -

C*(gle], b; (M (AMR™1]) [0]))
Considering the restriction homomorphism
wrr 1 = =2 _ e T = _
C*(ale], b; CL (M (AMRT])[n])) — C*(8, b; O (M (A"R7]) 1))
[l

we get, that in the righthand side, CW (n is equivalent to n(™.

For g-modules IL* we have, that C*(g,h;L*) is quasi isomorphic to
C*(g, h;L*). We hence get

Theorem 6.0.3. Let U be an extension of Uy to a class in

. —A _
C*(g, b; CL(Mn (AR ) [n]))
Then we have the following equality
U= Z(fl e ch)y) - (m)
m>0

in H*(g, b; O (My (A1) 1))

7. THE GELFAND-FUKS CONSTRUCTION

We now consider a g-module L*, where g is as in section 3. Given a
deformation quantization A% we can consider the bundle
Man Xg L*

and also consider the differential forms with values in this bundle. We
will denote this by Q*(M,LL*). Furthermore we get a flat connection
V induced from the connection on M an . Using this connection and

the differential on L*, we get a complex Q(M,L*). The Gelfand-Fuks
construction gives a morphism of complexes

GF : C*(g,h; L") — Q" (M, L")
defined in the following way:
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Choose U(N) x SU(N) trivializations of MA% Xg L*. In a given
trivialization we write V = d + A, where A is the connection one form.
Given vector fields X1, ..., X, and [ € C*(g, h; L*) we define

GF()(X1,... . X,) =1(X1,...X,)

If we look at the examples of classes in C*(g, h;L*) we constructed
in section 4 we see, that for § € C*(g, b; $C[[1]]) we get, that GF(0) is
the characteristic class of the deformation quantization. In the case of
A we see, that GF(A) is the A class of TM and the case of ch this is
just the Chern character of End(E).

The main example we are going to look at, is the case where LL* is

Ui(MN(Ah) [771]). We note that

Lemma 7.0.4. Let A% be a deformation quantization over R**. The
complex (Q*(RQ”,Ui(MN(Ah))),V) is acyclic and the cohomology is
jets on the diagonal of elements in ai\(MN(Wn))

Proof. We can assume, that V is on the form d — ). (0, ® dx; +
8& ® d&;). We have a short exact sequence of complexes

0— (Q*(RWCH/A’ MN<AH)®k)7 V) - (Q* (R2kn7 MN(Ah>®k)7 v) ﬂ
(R, My (A")%F), V) — 0
where ¢ : R*™ — R?" is the map onto the diagonal 6. From the
associated long exact sequence we see, that (Q*(R?*, My (A")®*) V) is
acyclic and that the cohomology is jets on the diagonal of elements

of My(W,)®*. By considering the following short exact sequence of
complexes

0— ((R?* 1 ® My(AM @ ... @ My(A") +
+My(AM) ® ... @ My(AM) ®1),V)
— (2 (R, My (A")%4), V) — (2 (R*, My (A7) ), V) — 0

we see, that (Q*(R%*, MN(AFL)@C), V) is acyclic and that the cohomol-
ok

ogy is jets on the diagonal of elements in My (W,,)
Let us suppose, we have an element a in Q*(M, MN(AR)®k/Im(1—7'))
with V(a) = 0. We can then lift a to an element a € Q* (R, My (Aﬁ)®k),
where V(a) € Q*(R?, Im(1 — 7)). However b = 1 Ly (@) is also a
lift of @ and V(b) = S2F 1 7'V (@) = 0. The lemma follows from this.
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8. TRACES ON DEFORMATION QUANTIZATIONS AND INDEX
THEORY

We consider a deformation quantization A? of an endomorphism
bundle End(FE) over a symplectic manifold M of dimension n. Let
A%yc be the algebra of elements in A% with compact support. This
algebra has a canonical C[[h, h™!] valued trace defined in the following
way:

Let (V;, ®;) be a cover of M and ®;' : My(W,) — A% local iso-
morphisms over V;. Let py, be a partition of unity with respect to the
covering. For an element a € A}, , we define

Tr(a) = Z / mtr(@(pi *a))wg

where wy, is the standard symplectic form on R?*. That this is inde-
pendent of the choices made and a trace, hinges on the following two
propositions

Proposition 8.0.5. Let E be the trivial line bundle. The T'r 1s a trace
and independent of the choices made.

Proof. See [Fed96].

Proposition 8.0.6. Let W,, be the Weyl algebra over some contractible
open subset U of R?*". Any automorphism over the identity map of
Mn(W,) is inner.

Proof. More or less the same as lemma 3.0.6, see also lemma 2.0.4.

We consider the trace as a functional on CCP*" (A} ) and we want
to compute the trace at the level of homology. To this end we consider
the following:

Given an element bin C', (A%L[h~1, 5]), we define v, (b) in ccr,.(AL.)
in the following way

xrr(b)(a) = Tr(b- a)

where - means the action of ' (AL[A~1,7]) on CCrer(Al [h1]), see
theorem 5.1.1. We will now extend this to elements in C*(M, Ui(A% (A= n)),

the Cech complex with values in the presheaf V — ai\(AgW[h_l, nl).
This is done in the following
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Proposition 8.0.7. Let {by,. v,} € C’*(M,@i(A%[hil,n])) and a €
ccrer(Al [hY). Define

XTT'({bVO---Vp})(a) = Z TT(IPVO [B +0, IPVI] ce [B +0, ]Pvp]a)

Vo Vi

This gives a morphism of complexes
C* (M. T (A [ n]) © CCP (A 1) — Cllh 7]
Proof. See [NT95al.

8.1. The fundamental class in the Cech complex. Recall that
we have the canonical coordinates z1,...,%,, &1, .., & on R, We
will also use this notation for the associated coordinate functions and
consider these coordinate functions as elements in W,,.
We can consider the fundamental class Uy in éi\(M NOW,)[h71]) given
by
1

U= — o1 oo
O on(in)" U; (001 @+ ® V)
where (vy,...,v2,) = (1, ... ,Tn, &1, -, &)

By the same argument as in the section on the fundamental class in
Lie-algebra cohomology, this class extends uniquely in cohomology to

a class U in C*(M, Ui(A%[h_l])). In order to connect this class to the
fundamental class defined in Lie algebra cohomology we introduce the
complex

C* (M, Q" (M, T (M (A1)

According to lemma 7.0.4 this is quasi isomorphic to C*(M, U;\(A% [R71)).
Furthermore we have the Gelfand-Fuks morphism

GF : C*(g,b; O (My (ATRTY))) — C°(M, (M, T, (My (A[A1])))

Because of uniquenes we get, that in cohomology we have GF(U) = U.
Because of theorem 6.0.3 we therefore get

Theorem 8.1.1. In the complex C*(M, U;\(A% [, n])) the two classes
U and

Z(A . 66 . Ch)2_111L . n(m)

m<0

are equivalent.

With this we are now in position to prove
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Theorem 8.1.2. We have that x1,(U)(a¢® ... ® ay) has no singular-
ities in h and

xrr(U)(ag ® ... @ ay) = /ch_l(End(E))ch(V)(do ®...®a,) mod h

Here a; is a; mod h and ch(V) is the J.L.O. cocycle associated to V
(see also [Gor99]), i.e.

/ tr(age V'V (a)e Y V(ag)e Y )dt - - - diy_y
A

where tr is the normalized trace on End(E).
We therefore have, according to theorem 8.1.1, that

Tr(a0®...®ak-69):/A-ch(V)(d0®...®dk) mod h

Proof. Because of Morita equivalence it is enough to look at the case
where @; is scalar for all . We have that

Xre(U) (a0 ® ... ®ar) = > xer(Uo) Iy (a0 @ ... @ ag)) + . ..

and it is not difficult to see, that ... is zero modulo A. The explicit
formula for xr,(Up) gives

1 L -
ZXTT(UO)(IpVQ(aO X...Q0 agn)) = ﬁ /aodéh .. 'da2n mod A
Vo )

The result follows from this.
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