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Summary

The thesis is concerned to some mathematical problems on the structure
of atoms within the Born-Oppenheimer approximation: the existence and
nonexistence of ground states; the asymptotics of the ground state energy
of large atoms; and the asymptotics of the radius of large atoms.

In Paper I we provide a new upper bound on the maximum number
of electrons that a nucleus can bind. The bound is first proved for non-
relativistic atoms without magnetic field, but it can be also extended to
non-relativistic atoms in magnetic field and to pseudo-relativistic atoms.

In Paper II we consider large atoms confined to two dimensions. We
compute the ground state energy of the atoms up the the leading order and
the first correction. Moreover, we show that in two dimensions, the radius
of a neutral atom is unbounded when the nuclear charge tends to infinity,
which is contrary to the expected behavior of three-dimensional atoms.

In Paper III we consider the ground state energy of bosonic atoms,
namely the atoms with “bosonic electrons”. It is well-known that the leading
order of the ground state energy is determined by the Hartree model, and we
expect that the first correction is given by the Bogoliubov approximation.
We first formulate the general Bogoliubov theory as a variational model,
and then we study the Bogoliubov theory for bosonic atoms in details. The
comparison between the Bogoliubov ground state energy and the quantum
ground state energy up to the second order, however, is still heuristic, and
some further works are required to make everything rigorous.

Resumé

Denne athandling drejer sig om matematiske problemer vedrrende strukturen
af atomer i Born-Oppenheimer tilnsermelsen: Eksistens og ikke-eksistens
af grundtilstande; Asymptotik af grundtilstandsenergien for store atomer;
Asymptotik af atomradius af store atomer.

I artikel I giver vi en ny vre grnse padet maksimale antal elektroner en
kerne kan binde. Begrnsningen vises forst for ikke-relativistiske atomer uden
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magnetfelter, men kan udvides til ikke-relativistiske atomer i magnetfelter
og til pseudo-relativistiske atomer.

I artikel II studeres store atomer begraenset til to dimensioner. Vi bereg-
ner grundtilstandsenergien til ledende orden samt forste korrektion. Desuden
viser vi, at i to dimensioner er atomets radius ubegrnset nar kerneladnin-
gen gar mod uendelig, hvilket er i kontrast til den forventede opforsel af
tre-dimensionelle atomer.

I artikel IIT betragter vi grundtilstandsenergien af bosoniske atomer,
nemlig atomer med ”bosoniske elektroner”. Det er velkendt, at grundtil-
standsenergien til ledende orden er bestemt af Hartree-modellen og vi for-
venter, at den fgrste korrektion er givet ved Bogolubov tilnezermelsen. Vi
formulerer forst Bogolubovteori som en variationel model og studerer Bogol-
ubovteorien for bosoniske atomer i detaljer. Sammenligningen op til anden
orden mellem grundtilstandsenergien i Bogolubovteori og grundtilstandsen-
ergien i kvantemekanik er kun heuristisk og kraever yderligere arbejde for at
veere stringent.

Abstract

The thesis is concerned to some mathematical problems on the structure
of atoms. We provide a new upper bound on the maximum number of
electrons that a nucleus can bind, consider the ground state energy and the
radius of a large atom confined to two dimensions, and study the Bogoliubov
approximation for bosonic atoms.
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Chapter 1

Introduction

1 Born-Oppenheimer approximation

Let us consider an atom with an infinitely heavy nucleus of charge Z > 0
and N non-relativistic quantum electrons in R3. The nucleus is fixed at the
origin and the N-electron system is described by the Hamiltonian

(o 2)e 3y
e 277 |y | — @]

i=1 1<i<j<N "

An N-electron wave function ¥ is a normalized function in L?((R*)") which
is antisymmetric, namely

U(Z1,y ooy Tiy ooy Ty ey TN) = —U(X1, oo, Ty ooy Ty ooy TN)

for any z; € R3. Here L?((R?)") is a Hilbert space with the inner product

<\111,\I[2> = / ‘lll(l'l,...,ZEN)\IIQ(yly...,yN)dl'l...dZENdyl...dyN.

(R#)Y

The Hamiltonian Hy 7 consists of the electron kinetic operators and
the electron-nucleus and electron-electron Coulomb interactions. The anti-
symmetry of the wave function is the condition to take the Pauli exclusion
principle into account. Because the spin number plays no important role in
our analysis here, for simplicity we may take ¢ = 1 (spinless). The nuclear
charge Z is allowed to be any positive number, although it is an integer in
the physical case.

Here we choose the units such that all of the reduced Plancks constant,
the mass of the electron and (—1)x the charge of the electron are equal to
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1. The factor 1/2 in front of the kinetic operators —A; := —A,, can be
replaced by any positive constant, by changing the units.
The ground state energy of the N electrons is the bottom of the spectrum
of HN,Z;
E(N,Z) = infspec Hy z = ||\I]|i|nf X (U, Hy 7 V).
L2=

A ground state ¥y 7 is a wave function with the lowest energy, i.e.
(Unz, HyzV¥nNz) = E(N, Z).

By the standard variational calculation, we may see that Wy ; is a ground
state if and only if it is a solution to the Schrodinger equation

HynzVnyz = EnzVUnz.

Of our interests are the properties of the ground state energy and the
ground states (if exist) of Hy z. Among other things, there are three im-
portant questions which we shall discuss in details below: the existence (or
nonexistence) of ground states; the asymptotics of the ground state energy
of large atoms; and the asymptotics of the radius of large atoms.

2 Existence of ground states

It is well known that Hy 7 is bounded from below and its essential spectrum
is given by the HVZ Theorem (see e.g. Theorem 11.2 in [73] or Theorem 2.1
in [27] for a proof)

ess-spec Hy z = [E(N —1),00).

As a consequence, if F(N,Z) < E(N —1,7) then E(N,Z) is an isolated
eigenvalue of Hy » and hence there exists a ground state ¥y . In this case,
we say that the NV electrons can be bound and the wave function ¥y y is called
a bound state. Physically, the binding inequality F(N,Z) < E(N —1,7)
means that one cannot remove any electron without paying some positive
energy.

Zhislin (1960) [77] showed that the binding inequality E(N, Z) < E(N —
1, Z) occurs provided that N < Z+1. It is a very interesting open problem,
sometimes referred to as the ionization conjecture, that the maximum num-
ber N. = N.(Z) of electrons that can be bound is either Z + 1 or Z + 2 (see
[62, 63, [65], 67, 35]). Because N. > Z due to Zhislin’s Theorem, it remains
to find an upper bound on N..

Sigal (1982, 1984) [60, 6I] and Ruskai (1982) [54] were the first ones
proving that N, is not too large. In fact, Ruskai [54] showed that N, =

2



O(Z5/°) and Sigal [61] proved that N. < 187 and liminfy ,o N./Z < 2.
Then Lieb (1984) [32] proved that N, < 2Z + 1 for all Z > 0.

In fact, Lieb’s result is a slightly stronger, which says that if N > 27+ 1
then the Schrodinger equation

(HN,Z —E(N,Z))\I/ =0

has no solution. Because his proof is very simple and elegant, let us revisit
it below.

Proof of Lieb’s upper bound. Multiplying the Schrodinger equation
(Hyz — E(N,Z)¥ =0 (1.1)

by |zx|¥ and then integrating, one gets

(|on |V, (Hy-1,2 — E(N, 2))V) + - (Joy |V, —AnY)

< —Z+ Z e 2| > (1.2)

The first term in the right hand side of ([1.2)) is non-negative since

[\3|,_.

HN—I,Z > E(N_ 1aZ) > E(sz)

in the space of (N — 1) particles z1,...,xy_1. The second term is also non-
negative due to the inequality

Re (|z|f,—Af) > 0 for all f € H'(R?). (1.3)

Thus the third term in ((1.2)) must be non-positive. Using the antisym-
metry and the triangle inequality |z;| + |z;| > |x; — x;| we arrive at

1 |z + |25 N—l
> (W -7+ — E ) Uy -7+ —
0_< N,Z;( +N |$i_x' > + 5

1<i<j<N J|

The inequality is strict since the triangle inequality is strict almost every-
where. []

Lieb’s upper bound settles the conjecture for hydrogen but it is around
twice of the conjectured bound for large Z.

For large atoms, the asymptotic neutrality limyz_,o, N./Z = 1 was first
proved by Lieb, Sigal, Simon and Thirring (1988) [36]. Later, it was im-
proved to N, < Z + O(Z%'7) by Seco, Sigal and Solovej (1990) [57] and
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by Fefferman and Seco (1990) [I§]. The bound N, < Z + const, for some
Z-independent constant, is still unknown, although it holds true for some
important approximation models such as the Thomas-Fermi and related the-
ories [30, [§] and the Hartree-Fock theory [65, 67]. The Thomas-Fermi and
the Hartree-Fock theories will be recalled below.

The main result in Paper I is to improve Lieb’s upper bound for small
Z.

3 Ground state energy

To discuss about the ground state energy, let us for simplicity consider only
neutral atoms (N = Z). It was already known that

E(Z,7) =™ 773 4 SZ2 4 PS 258 4 o(2°73) (1.4)

where the leading (Thomas-Fermi [75] 20]) term was established in [37],
the second (Scott [56]) term was proved in [24], 59], and the third (Dirac-
Schwinger [12),55]) term was shown in [19]. In the following, we shall explain
heuristically these terms, and we will see that the asymptotic energy
is still correct with E(Z, Z) replaced by E(N, Z) for any N > Z.

Thomas-Fermi term

The Thomas-Fermi term of order Z7/? may be understood entirely from
semiclassics. The Thomas-Fermi theory involves two approximations. First,
the semiclassical approximation for the kinetic energy is (see [43, [37])

w

N
1 1 1 .
2 <\If 2 M> — 5 T(-290) % 5K [ lpula)] o with Ko = 2 (37"
1= R3

Here 7y is the one-body density matrix of ¥, which is an operator on L?(IR3)
with the kernel given by

yo(z,y) =N - U(x, 29, ..., xn, oN)V(Y, To, ..., TN, ON )dTo...dT N
R3(N—-1

and py(x) = yg(z,z). Note that 0 < vy < 1 and Tr(vg) = [ p = N.
In fact, Lieb and Thirring [43] showed the rigorous lower bound, for any
density matrix 0 <~ <1,

Tr(-49) 2 Rurke [ [py(o)'ds
R3
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with Rpr = 0.185 and they conjectured that we can take Ry = 1. Cur-
rently, the best constant is given by Dolbeault, Laptev and Loss [I3] that
we can take Ry = 0.672.

The second estimate we need in the Thomas-Fermi Theory is the approx-
imation between the electron-electron interaction and the self-electrostatic
energy

— |xi_$1| |x—y|
1<i<j<N R3XR3
Lieb and Oxford [29, [34] verified this approximation by the lower bound
1 4/3
U — U )>D — 1.68 dx.
1i<j<N ks

Put these above approximation together, we obtain the Thomas-Fermi
functional

KSC

E™(p,2) - 5/3d$ — Z/%d:ﬂ + D(p, p)
R3

and the Thomas-Fermi energy

E™(N,Z) = inf {ETF(Z, p):ip> O,/p = N} :

By the scaling p(x) = Z%p(Z"/3z) we obtain
E™(Z,7) = ™ 773 where ¢ = ETF(N = Z = 1).

This is the leading term in . The above scaling and the properties of the
Thomas-Fermi minimizer also suggest that almost of electrons are located
mainly at a distance of order Z~/3 from the nucleus and they are the source
of the leading term of the ground state energy.

Scott term

The Scott term of order Z? is a pure quantum correction coming from the
essentially finitely many inner most electrons at a distance of order Z~! from
the nucleus. To see it, let us assume that the Thomas-Fermi minimizer pL*
is a good approximation to the density py of the ground state (at least at the
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small distance) and arrive at the following estimate on the electron-electron
interaction

1
<\If, > m‘l’> ~ D(py, pv) = D(pw, p;").
1<i<j<N ™" J

Putting this into the Hamiltonian Hy 7 we get

1
<\I/, HN,Z\I/> ~ Tl"Lz(Rs) |:<—§A — V;F(ZL‘)) pq;:| ,

where

Z
Vi' (@) = = —pg * a7

||

If we allow pg to be any density matrix and take the infimum both sides,
we arive at the asymptotic estimate

p(2.2) =T [(-38 - V") | +ol22)

where Tr[H_] means the sum of all of negative eigenvalues of H.

Note that we may recover the leading term by the semiclassical approx-
imation

Tr [<—§A V(@ ) } //( (27p)* — V" ( )>dpdx—i—o(Z3)

= cTFZ7/3 +o(Z3).
Moreover, observe that the most singular part of the Thomas-Fermi potential
V¥ comes from the region near the origin, where V¥ ~ Z|z|™' if |z| €
O(|Z|™Y). By comparing (—1A — V;""(2)) to the hydrogen Hamiltonian

Hgyd = —%A — Z|z|™! in this region, ones can obtain the first correction to
the semiclassics (see [71], Theorem 16)

Tr K——A V(@ )} //( (2mp)* — V5 ( ))_dpdm+%Z2+o(Z2).

This explains the Scott term ¢®Z? = (1/2)Z? in the asymptotic energy (1.4)).
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Dirac-Schwinger term

Finally, to reach at the Dirac-Schwinger term ¢”5Z%/ in (1.4), we can not
simply replace the electron-electron interaction by the direct term D(py, py ),
but we have to also take the electron correlation into account. The Hartree-
Fock theory does this job by restricting the wave functions among the forms
U =u; Aug A ... Auy, where {u;}Y | is any orthonormal family in L?(R? x
{1,...,q}). Such a wave function is called a Slater determinant because it
can be rewritten as

U1EZI§ U1E22; Ce ulg,ZN;

1 U (21 Uo(29) ... U 2N

U(zy, .y 2y) = mdet '
CLN(Zl) UN<ZQ)"' UN(ZN)

It is straightforward to see that if W = uy A us A ... A uy then yg(z,y) =
N

> ui(z)u;(y) and the energy (¥, Hy W) is equal to
i=1
1 A 1 2
EHF(Z Vo) = Tr K——A - —) ’V\If} + D(pw, pw) — —/ Mdﬂ?dy-
2% 2 /) o=l
X

Thus the Hartree-Fock theory involves the one-body density matrices of the
wave functions while the Thomas-Fermi theory involves only the density
functionals. The Hartree-Fock energy is

E"(N,Z) = inf{(¥, Hy V)|V is a Slater determinant}
= inf{eM(Z,7): 0< v <1, Tr(y) = N}

where the second identity is due to Lieb’s variational principle [31]. Note
that by the definition, the Hartree-Fock energy is always an upper bound to
the quantum ground state energy.

It is widely believed by the chemists and physicists that the ground state
energy E(N, Z) can be approximated very precisely by (¥, Hy zV¥) when ¥
is the Slater determinant made up by the first N negative eigenfunctions of
(—3A — V7F), the Schrodinger operator with the Thomas-Fermi potential.
Starting by verifying this experience, Fefferman and Seco [19] showed that
the absolute ground state energy

E(Z) = i%fE(N, Z)=FE(N.2),2)
obeys the asymptotics
E(NA2),7) =" 273 4 S22 + PS253 4 o(2°/379). (1.5)

7



for some universal constant € > 0. In fact, is still slightly different from
because the neutral atom (N = Z) is replaced by the maximum neg-
ative ionization (N = N.(Z)). However, with the help from the knowledge
of the Hartree-Fock theory, we can obtain from as follows.

An implicit consequence of Fefferman and Seco’s approach is that the
Hartree-Fock ground state energy E'W(N.(Z), Z) agrees with the quantum
ground state energy E(N,(Z),Z) up to an error of order o(Z°?3). Bach [3]
generalized this result by proving that the same estimate is correct for all
N near Z, namely if Z — O(Z'/3) < N < Z + O(Z°7) then

0 < E"(N,Z) - E(N,Z) < o(Z°3#).

Note that N.(Z) < Z + O(Z>") |57, [18].

On the other hand, Solovej [67] showed that within the Hartree-Fock the-
ory, the maximum negative ionization and the ionization energy are bounded
by some universal constants, namely there exist C'; and C5 such that

E"(N,7Z)=E"(Z + Cy, 2)
for any N > Z + (' and
0<E"™(N-1,2) - E"(N,2) < C,y

for any N > Z. (In fact, it was just stated explicitly in [67] that 0 <
EW(Z —1,7)— E"(Z,Z) < Cy, but the approach in [67] indeed gives the
stronger bound as we stated above.)

Thus putting the above estimates together, we find that for any N > Z
one has

< |B(N,Z) - E"(N,2)| + |E"(N, Z) - E"™(N.(2), Z)|
+|E(NC(Z)7Z) _EHF(NC(Z)7Z)|
< O<Z5/375)+O(1)+O(Z5/375) :O(ZE)/B*E).

Therefore, ([1.5) implies that for any N > Z,
E(N,Z) = 773 £ S 72 4 PS03 4 (7539,

In the case N = Z we obtain (|1.4)).

In Paper II, we compute the ground state energy of a large atoms confined
in two dimensions; and in Paper III we consider the ground state energy of
bosonic atoms.



4 Radius of atom

It is an interesting fact from the periodic table that the neutral atoms in
the same group often have comparable radii, even if their nuclear charge are
very different. So people may conjecture that the radii of atoms are bounded
by some universal constant [62], 63, 65] [67].

To state the conjecture rigorously, let us assume that the Hamiltonian
Hyz 7 has a ground state ¥ ;. The radius Ry is the distance from the nucleus
to the outermost surface of the atom, such that outside the ball B(0, Rz)
the expectation number of electron is 1. Thus Ry satisfies

/||>R pw,(x)dr = 1. (1.6)

where py, is the density of the wave function ¥,. Note that both of the
wave function ¥, and the radius Rz maybe not unique. The conjecture is
that there exist universal constant 0 < ¢ < C' < oo (independent of Z) such
that

c<R;<C (1.7)

for all Z > 0 and for all Ry satisfying (1.6)).

As we discussed before, it is suggested from the Thomas-Fermi theory
that almost of electrons live in the distance of order Z~'/3 from the nucleus.
In fact, it is well-known that

[ lalow,(@)to = o270

for some universal constant Cy > 0 (see e.g. Lemma 2 in [48] for an explicit
constant). Consequently, we obtain the lower bound Ry > CZ~1/3.

By a more careful analysis in comparison with the Thomas-Fermi the-
ory, Seco, Sigal and Solovej [57] proved the improved lower bound Ry >
CyZ =521 Solovej [67] also showed the bound within the Hartree-Fock
theory. However, it is still an open problem to prove the universal bound in
the quantum theory.

In Paper II, we show that the conjecture fails in two dimensions. More
precisely, if a neutral atom is confined in two dimensions then its radius is
unbounded when the nuclear charge tends to infinity.



Chapter 2

Overview of the results

1 Overview of Paper I. New bounds on the
maximum ionization of atoms

In this paper we give an explicit upper bound to the maximum number of

electrons that a nucleus can bind. Because one of our constants depends on

the spin number (as we shall explain below), let us include the physical spin
g = 2 and consider the Hamiltonian

N 1 A 1
HN’Z:Z(?A”|@-|>+ 2 o

- — Z;
=1 1<i<j<N

N
on the antisymmetric space A (L?(R3) @ C?). We denote by FE(N, Z) the

=1

ground state energy of Hy z and we say that N electrons can be bound if
E(N,Z) < E(N—1,Z7). As discussed in the Introduction, by HVZ Theorem
the binding condition means that E(N, Z) is an isolated eigevalue of Hy 7.

Of our interest is the maximum number N, = N.(Z) of electrons that
can be bound. It is an interesting conjecture that N, is either N41 or N +2.
Note that the ionization conjecture only concerns fermions since for bosonic
atoms it was shown that limy_,., N./Z &~ 1.21 by Benguria and Lieb [7] and
Solovej [66] (the numerical value 1.21 is taken from [6]).

In spite of the asymptotic neutrality limyz_,., N./Z = 1 [306], 57, [1§],
Lieb’s upper bound N, < 27 + 1 [32] is still the best one for realistic atoms
(corresponding to the range 1 < Z < 118 in the current periodic table). The
purpose in our work is to find an improved upper bound for all Z > 0. As
in [32], we do not need the binding inequality; more precisely, that E(N, Z)
is an eigenvalue of Hy z is sufficient for our analysis. Our main result is the
following.

10



Theorem 1.1 (Bound on maximum ionization of non-relativistic atoms).
Let Z > 0 (not necessarily an integer). If E(N, Z) is an eigenvalue of Hy z
then either N =1 or

N <1227 + 323,

The factor 1.22 can be replaced by B~ with 8 being defined by .

Remark. (i) The bound 1.22Z + 3Z'/? is less than Lieb’s bound 27 + 1
when Z > 6.

(ii) It can be seen from our proof that the factor 3 in front of the second
term of order Z'3 in our bound is proportional to ¢*/* where ¢ is
the spin number. Therefore, our result only holds for fermions. For
bosonic atoms, one may take ¢ = N and hence our bound becomes
CZ, which is worse than Lieb’s one. In our proof, the Pauli exclusion
principle hides in the fact that we use the Lieb-Thirring inequality to
show that the average distance from the electrons to the nucleus of
charge 7 is at least of order Z~'/3. In contrast, the corresponding
distance in the bosonic atoms is of order Z~1.

(iii) Although Lieb’s method [32] can be generalized to molecules, we have
not yet been able to adapt our method to this case.

Let us discuss briefly the strategy of proof of Theorem [I.1} As the first
step, we modify Lieb’s proof in [32] by multiplying the Schrédinger equa-
tion (Hyz — E(N,Z))¥ = 0 by |zx|¥. Then employing the Lieb-Thirring
inequality to control error terms, we arrive at the bound

any(N —1) < Z(1+0.83 N~%/3),

where

Z || +|z;]2
X;—XT4
1<i<j<N i =]

(v - 1>§ 24

Roughly speaking, the number ay' yields an upper bound on N/Z. This
bound improves previous results since ayy is bigger than 1/2. To derive some
effective estimates on ay, we may think of ay as the lowest energy of N
classical particles acting on R? via the potential V (x,y) = fx”Ly' under some
normalizing condition. It is natural to believe that if N becomes large then
ay converges to the statistical limit

I/ ;|x+yy\ ) dp(y)

R3xR3

J |z[dp(z) [ dp(z)

R3 R3

an = inf
z1,...,e N ER3

[ = inf

: p a positive measure in R® . (2.1)

11



Results of this form in bounded domain have already appeared in [47]. In
our case, we can show the explicit estimate

(8 —3(8/6)/* N2/,

an >

N -1
with 3 being defined by (2.1). Thus we get
N[B—3(8/6)'*N?* < Z(1+0.83 N*/%).

This inequality gives an upper bound of N in terms of Z and 5. We can
show that § > 0.8218 and this lower bound ensures the inequality N <
1.22 Z +3 Z'/3 in Theorem [1.1] (here 1.22 ~ 1/0.8218).

Remark. We do not know the exact numerical value of 3, but if in the
variational definition we restrict p to radially symmetric measures in (2.1))
then we obtain the upper bound g < 0.8705. Therefore, the lower bound
£ > 0.8218 is already rather precise, although there is of course still room
for improvement.

Now we explain the lower bound g > 0.8218. We need to use the follow-
ing inequalities (see [48] Lemma 5)

//“yd ) dp(y)

R3 xR3

/ / (max{m, l + <min‘g:i|, ﬁ\}ﬁ) b 22

R3 xR3

//x Y dp ) dp(y)

R3 xR3

// ('x —ul+ gﬁ?ﬁﬂ”fﬁf) dp(x) dp(y). (2.3)

R3 xR3

and

Note that both of and will become identities if the measure p
is radially symmetric. The inequality follows from a key result of the
original proof of the asymptotic neutrality in [36] (Theorem 3.1), that for
any € > 0, if N large enough then for all {z;}, C R3

1 N(1-—
max Z _Ni-¢) > 0.
1<j<N |25 — @] ;]

1<i<Nij

12



The inequality ([2.3) is a consequence of the kernel expression

2x.y
|z =y

$2+y2
|z — 9

=|v—y|+

and the observation that 2x.y/|x — y| is a positive kernel.
Using a convex combination of (2.2)) and ({2.3), we arrive at

// |2+y dp(z) dply / Wi(z,y) dp(z) dp(y)

R3 xR3 R3 xR3

for any positive measure p on R and A € [0, 1], where

W) = A (il ) + <min|{lwl, leA}) )
G I
It turns out that
B> sup inf Wa@.9) o sa18

Ae[0,1] zveR? 2] + |y

Note that our method also applies to other models of atoms, such as the
non-relativistic atoms in magnetic fields and the relativistic atoms.

With the presence of a magnetic field, the atoms are described by the
Hamiltonian

al Z 1
_ (@)
HN’Z’A_Z(TA _W) - Z |z — 4]

x
i=1 v 1<i<j<N

N
acting on the fermionic space A\ (L*(R?*) @ C?). The kinetic operator is the
Pauli operator

Ty=|o-(=iV+ A®@)| = (—iV+ A@)? +0-B,

where A is the magnetic potential, B = curl(A) is the magnetic field and

o = (o',0% ¢%) are the Pauli matrices

b (01N 5 (0 =i\ 45 (1 0
“‘(10 =i o0 )7 o -1 )

For simplicity we shall always assume that A € L} (R3 R3), V- A €

L% (R®) and |B| € L¥?(R?) + L>®(R?). Under these assumptions, it is well

loc
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known that (—iV + A(x))? is essentially selfadjoint on L?*(R3) with core
C>(R3) [45], and |B| + Z/|x| is infinitesimally bounded with respect to
(—iV + A(x))? (see e.g. [58][46]). In particular, the ground state energy

E(N,Z,B) =inf spec Hy 7.4

is finite. We shall also assume that N — E(N, Z, B) is non-increasing (for
example, this is the case if B = (0,0, B) is a constant magnetic field [40]).
Note that the ground state energy depends on A only through B by gauge
invariance (see e.g. [35] p. 21).

Of our interest is the maximum number N, such that E(N,, Z, B) is an
eigenvalue of Hy z 4. Seiringer (2001) [58] showed that
1 E(N., Z,B) — E(N,, Z,B)

N, <2Z+1+4 -
SeeTiTy NZ(k —1)

(2.5)

for all £ > 1. In the homogeneous case, B = (0,0, B), his bound yields
N.<2Z + 1+ C 23+ CyZmin {(B/Z*)*°,1 + |In(B/Z*)?}.  (2.6)

This improves the earlier bound N, < 2Z+1+cB'? in [9] (where the Hamil-
tonian Hy z 4 is restricted to a small class of wavefunctions in the lowest
Landau band). In particular, in the semiclassical regime lim_,..(B/Z?) = 0,
Seiringer’s bound implies that

: Ne
limsup — < 2.

Z—00

In contrast, it was shown by Lieb, Solovej and Yngvason (1994) [40] that if
limy_ . (B/Z?) = oo, then

N,
liminf = > 2.
Z—y00
We can improve these bounds as follows.
Theorem 1.2 (Bounds on maximum ionization of atoms in magnetic fields).

Let Z > 0 and let B satisfy the assumption stated above. Then we have, for
every k > 1,

(2.7)

N, < (1.227 + 32'3) (1 L EWNe, Z,B) — E(Ne, k2, B))

N.Z2%(k —1)
If B=(0,0,B) is a constant magnetic field then
N. < (122 Z+32"3) x (1+11.8 27234

+ min {0.42 (B/Z%)* ,C(1+| 1n(B/Z3)|2)})

14



for some universal constant C (independent of Z and B). In particular, if
limy ,.o(B/Z3) =0 then

N,
liminf — < 1.22.
imin 7 =

Z—0

The number 1.22 in all bounds can be replaced by B~ with B being defined
by (2.1).

Remark. As shown in [46], one can make a slight improvement on our bounds
by using the Hardy-type inequality T4 > (dg/4)|z|~? instead of T4 > 0, for
some 0 < dg < 1. It allows us to include a factor (1 — dg) in front of the
term involved to E(N, Z,B) — E(N,kZ,B) in (2.7)).

Now we consider the pseudo-relativistic atoms, which are described by
the Hamiltonian

N
A 1
H%E::Ej(é‘%\/—Ay+al—a_w )4— > E——

i=1 3] 1<i<j<N 78 4]

N
acting on the fermionic space A(L?(R3) ® C?). Here a > 0 is the fine-
structure constant. It is well known that the ground state energy E*(N, Z) :=
inf spec Hy'y is finite if and only if Za < 2/7 (see e.g. [35]). The physical
value is a = €*/(hc) ~ 1/137 and hence Z < 87.22. However, in our math-
ematical setting we allow a and Z to be any positive numbers as long as
Za < 2/m.

As in the previous dicussions, we are also interested in the maximum
number N, such that the ground state energy E™(N., Z) is an eigenvalue
of Hf\?j,z- Note that Lieb’s bound N, < 27 + 1 still holds in this case. In
fact, due to a technical gap the original proof of Lieb in [32] works properly
only when Za < 1/2. However, it is posible to fill this gap to obtain the
bound up to Za < 2/7 [1I]. On the other hand, up to our knowledge,
no result about asymptotic behavior of N./Z is available for the pseudo-
relativistic model, although within pseudo-relativistic Hartree-Fock theory
it was recently shown by Dall’Acqua and Solovej (2010) [I0] that N. <
Z + const.

We have the following result.

Theorem 1.3 (Bound on maximum ionization of pseudo-relativistic atoms).
For every Z > 0 such that Za < k < 2/7 we have either N, = 1 or

N.< 1227 + C.Z"*
for some constant C\; depending only on k. The number 1.22 can be replaced

by B~ with B being defined by (2.1)).
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2 Overview of Paper 1I. Asymptotic for two-
dimensional atoms

In this joint work with Fabian Portmann and Jan Philip Solovej, we consider
atoms confined to two dimensions with particles interacting via the three-
dimensional Coulomb potential. The atom with a fixed nucleus of charge
Z > 0 and N non-relativistic quantum electrons of charge —1 is described
by the Hamiltonian

Yo Z 1
wee =3 (g3 ) Xt

, — Z;
=1 1<i<j<N

acting on the antisymmetric space /\Z]\i1 L?*(R?). Here for simplicity we shall
assume that electrons are spinless because the spin only complicates the
notation and our coefficients in an obvious way.

One possible approach to obtain the above Hamiltonian is to consider
a three-dimensional atom confined to a thin layer R? x (—a,a) in the limit
a — 0% (see [14], Section 3, for a detailed discussion on the hydrogen case).

To the best of our knowledge, there is no existing result on the ground
state energy and the ground states of the system, except for the case of
hydrogen [76], [52]. The purpose of this article is to give a rigorous analysis
for large Z-atom asymptotics.

Theorem 2.1 (Ground state energy). Fiz A > 0. When Z — oo and
N/Z — X, the ground state energy E(N,Z) of Hy 7 is

1 1
E(N,Z) = —522 InZ + (ETF()\) + §CH) 72+ o(Z%)

where E™Y(\) is the Thomas-Fermi energy (defined below) and ¢! = —31n(2)—
29 + 1 =~ —2.2339 with yg ~ 0.5772 being FEuler’s constant [16]. In
particular, X — ETY(X) is strictly convex and decreasing on (0,1] and
ETF(\) = ETF(1) if A > 1.

Remark. (i) The two-dimensional atom has two regions. The innermost
region of size Z~! contains a finite number of electrons and contributes
with Z2 to the total energy. The outer region from Z~! to order 1 has
a high density of electrons and can be understood semiclassically. It
contributes to the energy Z?In(Z) from the short distance divergence
and Z? from the bulk at distance 1.

(ii) By considering the hydrogen semiclassics we conjecture that the next
term of E(A\Z, Z) is of order Z3/2.
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Theorem 2.2 (Extensivity of neutral atoms). Assume that N/Z — 1 and
Uy 7z is a ground state of Hy z. Then, for any R > 0 there exists Cr > 0
such that

/ Py, ()dr > CrZ + o(Z).
|z|>R

Remark. If we define the radius Rz of a neutral atom (N = Z) by

[ e =1
lz|=Rz

then Theorem implies that limy_,,, Rz = co. In three dimensions, how-
ever, the radius is expected to be bounded independently of Z (see [57, 67]).

Our main tool to understand the ground state energy and the ground
states is the two-dimensional Thomas-Fermi (TF) theory below. In this
theory, the Z-ground state scales as Z pN/Z( x) and it suffices to introduce
only the Z-independent theory (the Z-dependent TF theory can be defined
from the TF theory below by scaling p — Zp). The three-dimensional TF
theory was studied in great mathematical detail by Lieb-Simon [37, [30] (see
also [33], Chap. 11 for the the simplest version of the TF theory).

Definition (Thomas-Fermi functional). For any nonnegative function p €
L} (R?) we define the TF functional as

e%) = [ (w0~ T+ am ol - 1) d o+ DG

For any A > 0 we define the TF energy as
ET(\) = inf {7 (p) p = 0, |pll s sy < A} 2.8)

Let us explain the terms in the TF functional. The term 7p? comes from
the semiclassics of the kinetic energy while — [ p(z)|z|~! and the direct term

// Y|z — y| tdody
2

stands for the Coulomb interactions. The appearance of (47) H|z|™t — 12
ensures that the TF functional is bounded from below,

ET(p) = / W(p(x)—%m)2dx+ / (wﬁ(ag)—%) dx

lz|<1 |z|>1

Vv

|
—

S

|
| Co
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Basic information about the TF theory is collected in the following the-
orem.

Theorem 2.3 (Thomas-Fermi theory). Let A > 0.

(i) (Ewistence) The variational problem (2.8) has a unique minimizer p;* .
Moreover, the functional X — ETY(X) is strictly convex, decreasing on

(0,1] and E™(\) = ET™(1) if A > 1.
(ii) (TF equation) The TF minimizer pi* satisfies the TF equation
2mpy " (z) = [V
where V¥ (x) is the TF potential defined by
Vit(@) = lz[ 7 = (oa" # |17 (@) —

Here p\¥ is a constant satisfying ps* > 0 if X < 1 and py* = 0 if
A>1.

(4ii) (TF minimizer) pi" is radially symmetric; [ pi* = min{\, 1} and

0 < |z|™t = 27plF < Clz|V2 for all x # 0.

Moreover, supp ps* is compact if and only if A < 1.

By using the standard strategy in three dimensions, we can show that
it ¥ is a ground state for Hy z with N ~ AZ then we have the density
approximations py & Zp," (in some appropriate sense) and the energy
approximation

E(N,Z)=Tr K—%A — Z|x|_1> w} + D(py, pw) + o(Z?)
= 2T |(-(22)"'A = V™) _| = 22 [iF(N/2) + D(p}")] + 0(Z2).

However, there are two important differences from the three-dimensional
case. First, recall that the TF theory has the Z-ground state Zpy/, ()

and pi" has unbounded support. Roughly speaking, the extensivity of the
TF ground state implies the extensivity of neutral atoms (in contrast, the
three-dimensional TF Z-ground state scales as Z2p™"(Z3z), i.e. its core
shrinks as Z~'/3). Second, the two-dimensional TF potential V,'¥(z) is not
in L? (R?) (it behaves like |z|~! near the origin). Consequently, one cannot

loc
write the semiclassics of Tr [—h?A — V] _ in the usual way because

(2m)~2 / / W22 — VTP (2] _dpda — —(87h2)"! / VT ()P de = —oc.
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In contrast, the three-dimensional semiclassical approximation leads to the
behavior

—(1572h%) ! /R 3 VT ()Y da

which is finite for the Coulomb singularity V™ (z) ~ |z|~! € LY/?(R?).

To deal with the singularity near the origin, we shall follow the strategy of
proving the Scott’s correction given by Solovej and Spitzer [71] (see also [70]),
that is to compare the semiclassics of TF-type potentials with hydrogen.
More precisely, in the region close to the origin we shall compare directly
with hydrogen, whereas in the exterior region we can employ the coherent
state approach. We do not use the new coherent state approach introduced
in [71], since the usual one [30] [74] is sufficient for our calculations. In
fact, we can prove the following semiclassical estimate for potentials with

Coulomb singularities in two dimensions.

Theorem 2.4 (Semiclassics for Coulomb singular potentials). Let V' €
L} (R*\{0}) be a real-valued potential such that 1g,>13Vy € L*(R?) and

[V (z) — &l|z| 7Y < Cla|™? for all |z] <6,
where Kk > 0,6 >0,1>60 >0 and C > 0 are universal constants. Then, as
h— 0",
T [-wA-V] = —(87rh2)_1/ (V@ = &[2]™ - 12) do
RQ
+r%(40%) 7 [In(267'A%) + M + o(h7?),

where ¢ = —31In(2) — 2yp + 1 ~ —2.2339 with vg ~ 0.5772 being Euler’s
constant [16].

The Thomas-Fermi potential V¥ (z) is a special case of the Coulomb
singular potential in Theorem [2.4] In fact, it satisfies that [Vi'¥], € L'(R?)
and

VIE (2) — |z 7Y < C(|z| 72 + 1) for all z # 0.

The following theorem will turn out to be the main ingredient to prove
Theorems and The parameter h will eventually be replaced by
(2Z)71/% in our application.

Theorem 2.5 (Semiclassics for Thomas-Fermi potential). When h — 07
one has

Te[-h2A - VIF]_ = —(smh)! /R (V@R = [lal ™ = 112) da
+(4r*) 7" [In(2R%) + "] + o(h7?).
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where ! = —31n(2) — 2y + 1 ~ —2.2339.
Moreover, there is a density matriz 7y, such that

Tr [(—h2A — V)] = Te [-2A — VIF] + o(h™2)

and

20 Tr(n) < [ AT, DI~ 1) = of0).

3 Overview of Paper III. Bogoliubov theory
and bosonic atoms

In this paper we formulate the Bogoliubov variational principle in the same
spirit of the generalized Hartree-Fock theory [5]. Our formulation bases on
the earlier discussions in [67, [69]. Then we analyze the Bogoliubov approx-
imation for bososnic atoms.

We start by introducing some conventional notations. Let h be a complex
separable Hilbert space with the inner product (.,.) and let F = F(h) :=
Dr_o by be the bosonic Fock space. We denote by a(f) and a*(f) the
usual annihilation and creation operators and denote by N := > % _, N1y,
the number particle operator on F.

Let J : b — b* be the anti-unitary defined by

J(z)(y) = (x,y)y, for all x,y € b.
We can define the generalized annihilation and creation operators

A(feJg) = alf)+a'(9),
A*(feJg) = a'(f)+alg), forall f,g€b.

It is straightforward to check the conjugate relation
A*(F)=A(JF) forall F € h ® h*
and the canonical commutation relation (CCR)

[A(Fl),A*(FQ)] = (Fl,SFg) for all Fl,FQ S b@ b*

10 0 J*
S:<0—1>"7:(J 0)'

20
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Definition (Bogoliubov transformations). A bosonic Bogoliubov transfor-
mation is a linear bounded isomorphism V : h @& h* — h @ bh* satisfying

JVJ =V and V'SV = S.

The Bogoliubov transformations form a subgroup of the isomorphisms
in h @ b* which preserve the conjugate relation and the canonical commu-
tation relation. We say that a Bogoliubov transformation V is unitarily
implementable if it is implemented by a unitary mapping Uy : F — F,
namely

A(VF) =UyA(F)U;y, for all F € h@ b, (2.9)

Because the Bogoliubov transformation V satisfies JVJ = V), it must
have the form

u v
V= ( JVJ JUJ* ) (2.10)

for some linear operators U : h — b, V : h* — h. It is well-known that
V is unitarily implementable if and only if it satisfies Shale’s condition [64]
Tr(VV*) < oo (see [5], Theorem 2.2 for the fermionic analogue, the Shale-
Stinespring condition).

We call a mapping p on B(F), the space of bounded operators on the
Fock space, is a state if p > 0 and Trp = 1. We can define the one-particle
density matriz (1-pdm for short) I' : h @ h* — h @ b* of a state p by

(Fl, FFQ) = p(A*<F2)A(F1)) for all Fl,Fg S b S5 b*
Note that if I is 1-pdm then I' > 0 and

_( a
b= ( JaJ 1+ JyJ* ) (2.11)

where v : h — h and « : h* — b are linear bounded operators defined by

(f,v9) = pla™(g)a(f)), (f,atg) = pla(g)a(f)) for all f,g € b.

Moreover, if I has the form then I' > 0 if and only if v > 0, o* = JaJ
and v > aJ(1 +~) ' J*a* (see [49], Lemma 1.1).

If a state p has the 1-pdm of the form then its particle number ex-
pectation is p(N') = Tr(7y). Of primary physical interest are the states with
finite particle number expectation. Note that any 1-dpm with finite par-
ticle number expectation can be diagonalized by a unitarily implementable
Bogoliubov transformation. The finite-dimensional case of the following the-
orem was already proved in [69] (Theorem 9.8). For the fermionic analogue,
see [5] (the proof of Theorem 2.3).
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Theorem 3.1 (Diagonalization 1-dpm’s by Bogoliubov transformations). If
[ has the form with I' > 0 and Tr(y) < oo then there is a Bogoliubov
unitarily implementable transformation V : hdh* — hBb* and a trace class
operator £ : h — b such that

sy € 0
= (e )

Similarly to generalized Hartree-Fock theory [5], of our particular interest
are the quasi-free states, which satisfy Wick’s Theorem, namely

PlA(FY)...A(Fyy—1)] = 0 for all m > 1
and
PLACEY) . A(Fon) = Y plA(Fo0) A(Fs@))-+-plA(Fo(am-1)) A(Fo(am))]

where P, is the set of pairings

Py,={0€ S, |c2j—1)<o(2j+1),j=1,...,m—1,
0(2j—1)<0o(2j), 7=1,...,m}.
It is obvious that a quasi-free state is determined completely from its
1-dpm. The crucial point is that among all states having the same 1-pdm

(with finite particle number), there exists a unique quasi-free state. See [5]
for fermionic analogue.

Theorem 3.2 (Quasi-free states and quasi-free pure states).

(i) Any operator T : h @ bh* — h @ b* of the form satisfying I' > 0
and Tr(y) < oo is the 1-pdm of a quasi-free state with finite particle
number expectation.

(i1) A pure state |¥) (V] with finite particle number expectation is a quasi-
free state if and only if ¥ = Uy, |0) for some Bogoliubov unitary map-

ping Uy as in .

Any operator T : h @& b* — b ® b* of the form satisfying I' > 0
and Tr(y) < oo is the 1-pdm of a quasi-free pure state if and only if
ST = -T.

One of the motivation of considering the quasi-free pure states is that
they minimize the quadratic Hamiltonians. For a positive semi-definite op-
erator A on h @ b* such that JAJ = A, the operator

Hy =) (F, AF) A (F)A(F),

2,j=1
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acting on F is called a quadratic Hamiltonian corresponding to A. Here
{F;}i>1 is an orthonormal basis for h @& h* (the sum is independent of the
choice of {F;}i>1).

We consider ground state energy of H 4,

E(H,) := inf{p(H,4)|p is a state with p(N) < oo} (2.12)

Theorem 3.3 (Minimizing quadratic Hamiltonians). Let A, H and E(H 4)
as above.

(i) We have E(H ) = inf{p(H 4)|p is a quasi-free pure state}.

(i1) If there is a unitarily implementable Bogoliubov transformation V4
such that Vi AV 4 is diagonal then there is a quasi-free pure state po
such that po(H) = E(H.). Moreover, if A is positive definite then pg
1S UNLque.

(i1i) If the variational problem has a minimizer then A is diago-
nalized by a unitarily implementable Bogoliubov transformation V4.
Moreover, if " is the 1-pdm of the minimizer then we have

Al = —AS1(_o00)[AS].
In particular, AI'S = ST A < 0.

Remark. If an operator W is not self-adjoint but U'WU is self-adjoint for
some invertible operator U then we can still define the projection 1(_q 0)[W]
by

Lcoo0) W] i= Ul(ooo)[UT'WUIU .

It is easy to check that the definition is independent on the choice of U. In
particular, we can define

Loe0)[AS] = (V)™ L (coe) [VAAS(VI) VA

where V4 AS (V%) ™! is self-adjoint.

The Bogoliubov variational states should include not only the quasi-
free states but also the coherent states, which correspond to the condensa-
tions. Recall that (see [69], or [49] for a proof) for every ¢ € b, there exists
(uniquely up to a complex phase) a coherent unitary (or a Weyl operator)

Uy : F — F such that
Usa(f)Up = a(f) + (f,6) for all f € b,
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A Bogoliubov variational state is a triple (v, a, ¢) € GB x b where

o
GB .= {(%a)ﬂ’%a = ( JZzJ |+ Jy e ) >0,Tr(y) < oo}

Given a Hamiltonian H : F — F, we can define the Bogoliubov energy
functional

gB(7> a, ¢) = Py (UZHqu)

where p., . is the quasi-free state with the 1-dpm I', ,. The Bogoliubov ground
state energy is

EP(X) = inf {E°(v, @, 9)[(7, @, ¢) € G x b, Te(7) + [|¢]]* = A}

where A stands for the total particle number of the system.

We now concentrate on the case of bosonic atoms. For a bosonic atom
we mean a system including a nucleus fixed at the origin in R? with nucleus
charge Z > 0 and N “bosonic electrons” with charge —1. The system is
described by the Hamiltonian

N

Z 1
Hyy, =S (a2 L
n Z( |x|)+1§;j§N |z — x|

=1

acting on the symmetric space Hy = ®s]\;m L?*(R3). The ground state energy
of the system is given by

E(N,Z) = inf{(¥, Hy 2 )|V € Hy, ||¥||z2 = 1}.

Due to the HVZ Theorem (see e.g. [35] Lemma 12.1), E(N, Z) < E(N —
1,Z) and if E(N,Z) < E(N —1,Z) then E(N, Z) is an isolated eigenvalue
of Hy 7. Unlike the asymptotic neutrality of fermionic atoms, in the bosonic
case the binding E(N,Z) < E(N — 1,7) holds for all 0 < N < N.(Z) with
limy oo No(Z)/Z = t. =~ 1.21 (see [7, 66, 6], 2]).

The leading term of the ground state energy E(N,Z) is given by the
Hartree theory [7]. In the Hartree theory, the ground state energy is

EY(N,Z) = inf{&%u, Z) : ||u||3: = N}

where

5H(u,Z)—/\vu(x)|2dx—/Z|“ / [@POE
J |z —y|

R3 R3 xR3
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By the scaling u(r) = Z*u;(Zz) we have
ENwu, 2) = Z2EM (uy, 1).
Therefore,
EY(N,Z) = Z*(N/Z,1) where e(t) = E™(t,1).

It is well-known (see [6l [30]) that e(¢) is convex, e(t)’ < 0 when ¢t < t. ~ 1.21
and ¢'(t) = 0 when t > t.. Moreover, for any 0 < ¢t < t. ~ 1.21, e(t) has
a unique minimizer ¢;, which is positive, radially-symmetric and it is the
unique solution to the nonlinear equation h;¢; = 0 where

1 1
ht:_A__+|¢t|2*m_e(t)'

|z
As a consequence, hy > 0. Moreover, since oes(hy) = [—€/(%), 0], there is a
gap A; > 0 if t < ¢, such that (hy — A;) P > 0 where P(jt =1— P, with P,
being the one-dimensional projection onto Span{¢;}.
By scaling back, we conclude that E(tZ, Z) has the unique minimizer
and the operator

1
hiz =—A— +‘¢tZ| * — — 7° e'(t)

Jz] |

satisfies hy z¢; 7z = 0 and (hyz — ZQAt)PL > 0 when t < t,.

Our aim is to investigate the first correctlon to the ground state energy
E(tZ,7). We shall analyze the Bogoliubov variational model for bosonic
atoms and compare to the full quantum theory. From the general discussion
on the Bogoliubov theory, we have the Bogoliubov variational problem

EB(N,Z) = inf {88(7,04, o, 2)|(v,a,¢) € GB, Tr(y) + ||8]]* = N}
(2.13)

where
EP(v,0,0,2) = Tr(—[A — Z!x| 1] )+D(pv,py + X (v, 7)+X(oz )

// ey R [[ 4 Ay

R3xR3 R3 xR3

Here we are using the notations 5 := v + |¢) (¢| and

i - [TE

]R3 xR3 R3 xR3

The properties of the Bogoliubov theory for bosonic atoms are the fol-
lowing.
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Theorem 3.4 (Existence of minimizers). Let the nucleus charge Z and the
electron number N be any positive numbers (not necessarily integers).

(i) If the binding inequality
EB(N,Z) < E®(N',Z) for all0 < N' < N
holds then EB(N,Z) has a minimizer.
(ii) The energy EB(N,Z) is strictly decreasing on N € [0, N.(Z)] with
N(Z) > Z for all Z and

lim inf ———=
Z—00

Ne(Z)
>t.~1.21.
Z
Theorem 3.5 (Bogoliubov ground state energy). If Z — oo and N/Z =
€ (0,t.) then
EB(N,Z) = Z3(t) + Z*u(t) + o(Z?)

where

('Yva)egB ’x — y’

R3xR3
(2.14)
The coefficient p(t) is finite and satisfies the lower bound
u(t) <t le(t) —€'(t) + a(t) <t 'e(t) —€'(t) <0,

where
Ai(t) =  min Tr[hy/] + Re / / (2,9) + o/ (2, y)|o(2) dn(y)

(7,0 )EGB v/ =0 |z — y|

R3 xR3

Note that if we restrict the Hamiltonian Hy z into the class of N-
particle product functions ¥, = v ® u ® ... ® u then by scaling u(x) =
(N — 1)"Y2Z2%uy(Zx) we have

Hiﬂfl (U, Hy zV,) = Z3e(t) + Z2[t te(t) — €' (t)] + o(Z?).
Because pu(t) < t~'e(t) —€'(t), the Bogoliubov ground state energy is strictly
lower than the lowest energy of the product wave functions at the second
oder.
We conjecture that the Bogoliubov theory determines the first correction
to the leading term of the quantum energy.
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Conjecture 3.6 (First correction to the leading energy). If Z — oo and
N/Z =t € (0,t.) then

E(N,Z) = E®(N,Z) 4+ o(Z?) = Z%(t) + Z*u(t) + o(Z?).

Now we give a heuristic discussion supporting the conjecture. While
the picture is rather clear, some technical work is still needed to make the
argument rigorous.

First at all, due to the variational principle, the Bogoliubov energy
EB(N, Z) is a rigorous upper bound to the quantum grand canonical en-

ergy
E&(N,Z) = inf{(V, P Hx,¥), ¥ € F,||¥]| = 1}.
N=0

On the other hand, if the conjecture on the convexity of function N
E(N,Z) (see [35], p. 229) is correct then E8(N,Z) = E(N, Z), and hence
EB(N, Z) is an upper bound to E(N, Z).

To see the lower bound, let us choose an orthonormal basis {u,}°, for
b with wo = ¢rz/||¢rz|| and represent the Hamiltonian Hy = @Y _, Hn,z
in the second quantization

1
o * - * *
Hyz = § P, n Gy O, + 9 E : Wi np.q O O, p g
m,n=>0 m,n,p,q=>0
where a,, = a(u,) and

R = (U, (—A — Z|LL‘|71)un)7 Winnpag = // Um(x)un(y)up(x)uq(y).

R3xR3 |5L‘ - y|

Assume that W is a ground state for E(N, Z). We shall denote by (Hyz),
the expectation (U, H,W). As in [4] we have the condensation Tr(Ptvyy) <
C where P is the one-dimensional projection onto wug. If we denote v =
Piyg Pt and a = PtagPt then (v,a) € G and Tr(y) < C. We now
consider the terms in H.

The leading term Z3e(t) of the ground state energy E(N, Z) comes from
the terms of full condensation

hoo (aga0)y + Woooo (a5a5a000)
> ZPe(t) — Z%/(t) Tr(y) + Z2[t te(t) — €' (t)] + o( Z?).

Because almost of particles live in the condensation ug, we may ignore
all terms in the two-body interaction with 0 or 1 operators a# (where a# is

either ag or ag). Moreover, we apply the Bogoliubov principle in which we
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replace any a# by vV Ng =~ vV N. A direct computation shows that the terms

with 1 and 3 operators a# should be canceled together, and the terms with

0 and 2 operator a# contribute the energy

Tr[(-A = Z)z| " + N|u 1% % . \*1) 7]
+Re | / 1(2y) + e )@ onn) gy

|z — |

R3xR3

Putting the above approximation together we arrive at the desired lower
bound

(Hz)y > Z°€(t)+Z°[t e(t) — €'(1)]
+ Tr[he,z7] + Re // iz, y) + Tx(x_,yy)ﬂ@(@gbt(y) +0(2°)
> 7% (t) + 22t te(t) — €(t) + fu(t)] + o(Z?)
> 73 (t) + Z%u(t) + o(Z?).

Note that this estimate also implies the identity pu(t) = t~te(t) — €/(t) +
f(t) (thus Z2(t) < 0 is the difference between the Bogoliubov energy and
the lowest energy of product functions).
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Chapter 3

Conclusions and perspectives

In this chapter, we describe some problems for future research, which are
related to the subject represented in the thesis.

Problem 1. The ionization conjecture.

A very interesting open problem is to understand the experimental fact
that a neutral atom can bind at most one or two extra electrons (see e.g.
[32]). Rigorously, if we denote by E(N,Z) the ground state energy of the
atoms with a fixed nucleus and N electrons, and denote by N, = N.(Z) the
largest number such that N, electrons can be bound, namely E(N., Z) <
E(N.—1,Z7), then the conjecture says that N, < Z + 2.

It is well-known that Z < N. < 2Z 4+ 1 [32] and N./Z — 1 as Z — o©
[36]. We proved that N, < 1.22 Z + 3 Z'/3, which improves Lieb’s upper
bound 27 + 1 when Z > 6 [4§]. In the next step, we expect to prove the
asymptotic neutrality N./Z — 1 for some other models, such as the non-
relativistic atoms with magnetic-fields and pseudo-relativistic atoms. The
further step, which may be very difficult, is to prove the universal bound
N. <N+ C.

Problem 2. Energy of 2-dimensional atoms.

In the joint work with F. Portmann and J.P. Solovej [50] we showed that
the ground state energy of a two-dimensional atom with the nuclear charge
Z and N electrons is given by

E(N,Z) = —%Z2 In(Z) 4 e(N) 22 + o(Z?)

when Z — oo and N/Z = A+ o(|In Z|™!). Unlike what ones expect on the
the usual 3-dimensional atoms, the 2-dimensional atom is extensive, which
in particular implies that the radius of the atom is unbounded when Z — oc.

By observing the spectrum of the hydrogen, we expect the next term
is of order Z%2. To understand this term, we need to improve the error of
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the semiclassical approximation for the Thomas-Fermi potential to o(h~2T1),
instead of o(h™?). However, the challenging point in two dimension is that
the TF potential is not in LZ_(R?) (it behaves like |z|~! near the origin).

Problem 3. The first correction to the energy of bosonic atoms.
We consider the Bogoliubov theory for bosonic atoms. In [49] we showed
that within the Bogoliubov approximation, the ground state energy of an
atom with a fixed nucleaus with charge Z and N = tZ non-relativistic
electrons is
EB(N,Z) = Z3(t) + Z*u(t) + o(Z?)

as Z — oo. The leading term is determined by the Hartree theory, which
is already known to be correct to the ground state energy E(N,Z) in the
full quantum theory [7]. The next step is to verify the conjecture that the
second term is also correct to the quantum theory, namely

E(N,Z) = E®(N,Z)+ o(Z?).

Problem 4. Bogoliubov ground state for two-component charged
Bose gases.

It is a remarkable fact that the matter made of two-component charged
bosons is not stable in the second kind. More precisely, the ground state
energy of the Hamiltonian

N
Hy=-33 ot 3 oo
i=1

— €
1<i<j<N

acting on the symmetric subspace of L2((R® x {£1})") is of order N7/°
(instead of N in fermionic matter).

The correct leading term —AZ7/5 was predicted by F. Dyson in 1967
and then proved Lieb and Solovej [39] (lower bound) and Solovej [68] (upper
bound) using the argument of the Bogoliubov approximation. We may put
the question on the existence of Bogoliubov ground states for this model.
Moreover, Groh [23] proved that if we allow the charged bosons have different
masses then the Bogoliubov approximation still gives the upper bound to
the ground state energy. It would be nice if ones can show the same thing
for the lower bound, and hence validate the Bogoliubov theory in this case.
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Abstract

We prove that the maximum number N, of non-relativistic electrons that
a nucleus of charge Z can bind is less than 1.22Z + 3Z'/3. This improves
Lieb’s upper bound N, < 2Z + 1 [Phys. Rev. A 29, 3018-3028 (1984)]
when Z > 6. Our method also applies to non-relativistic atoms in magnetic
field and to pseudo-relativistic atoms. We show that in these cases, under
appropriate conditions, limsup,_,. N./Z < 1.22.

AMS 2010 Subject Classification: 81V45

Key words: maximum ionization, Pauli operator, magnetic field, rela-
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1 Introduction

Let us consider an atom with a classical nucleus of charge Z and N non-relativistic
quantum electrons. The nucleus is fixed at the origin and the N-electron system
is described by the Hamiltonian

1 z 1
ma=3(n )+ 2 e

‘ — Z;
=1 1<i<j<N

N
acting on the antisymmetric space A (L?(R?) ® C?). The nuclear charge Z is
i=1
allowed to be any positive number, although it is an integer in the physical case.
The ground state energy of N electrons is the bottom of the spectrum of Hy 7,
E(N,Z)=infspec Hy 7z = inf (¢, Hpn zv).
[l 2=1
We say that N electrons can be bound if E(N,Z) < E(N — 1,Z), namely one
cannot remove any electron without paying some positive energy. Due to the
HVZ theorem (see e.g. [29], Theorem 11.2) which states that

ess spec Hy z = [E(N —1),00),
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one always has E(N) < E(N — 1). Moreover the binding inequality E(N, Z) <
E(N —1, Z) means that E(N, Z) is an isolated eigenvalue of Hy 7. Zhislin (1960)
[30] show that binding occurs provided that N < Z + 1.

Of our interest is the maximum number N, = N.(Z) of electrons that can be
bound. It is a long standing open problem, sometimes referred to as the ionization
conjecture (see e.g. [11, 26, 27, 13]), that N. < Z 4+ 1, or maybe N, < Z + 2.
Note that N, > Z due to Zhislin’s result. We now briefly present the status of
the conjecture, and we refer to [13] (Chap. 12) for a pedagogical introduction to
this problem.

It was first proved by Ruskai (1982) [20] and Sigal (1982, 1984) [23, 24] that
N, is not too large. In fact, Ruskai [20] showed that N. = O(Z%°) and Sigal [24]
showed that N, < 187 and liminfy_,o, N./Z < 2. Then Lieb (1984) [11] gave a
very simple and elegant proof that N. < 2Z +1 for all Z > 0. Lieb’s upper bound
settles the conjecture for hydrogen but it is around twice of the conjectured bound
for large Z.

For large atoms, the asymptotic neutrality limz_,o, N./Z = 1 was first proved
by Lieb, Sigal, Simon and Thirring (1988) [12]. Later, it was improved to N, <
Z 4+ O(Z°'7) by Seco, Sigal and Solovej (1990) [21] and by Fefferman and Seco
(1990) [8]. The bound N, < Z + const, for some Z-independent constant, is still
unknown, although it holds true for some important approximation models such
as Thomas-Fermi and related theories [9, 3] and Hartree-Fock theory [26, 27].

In spite of the asymptotic neutrality, Lieb’s upper bound N, < 2Z + 1 [11]
is still the best one for realistic atoms (corresponding to the range 1 < Z < 118
in the current periodic table). The purpose in this work is to find an improved
bound for all Z > 0. As in [11], we do not need the binding inequality; more
precisely, that E(N, Z) is an eigenvalue of Hy 7 is sufficient for our analysis. One
of our main result is the following.

Theorem 1 (Bound on maximum ionization of non-relativistic atoms). Let Z > 0
(not necessarily an integer). If E(N,Z) is an eigenvalue of Hy, ; then either
N=1or

N < 1.227 +32'3.

The factor 1.22 can be replaced by S~ with B being defined by (2).

Remark 1. The bound 1.227 + 3Z/3 is less than Lieb’s bound 27 + 1 when
Z > 0.

Remark 2. While Lieb’s result holds true for both of fermions and bosons, our
result only holds for fermions (in fact, our method works also for bosonic case but it
yields an estimate worse than Lieb’s one). Note that the ionization conjecture only
concerns fermions since for bosonic atoms it was shown that limy_,o N./Z ~ 1.21
by Benguria and Lieb [2] and Solovej [25] (the numerical value 1.21 is taken from
[1]). In our proof below, we use Pauli’s exclusion principle in Lemma 2. More
precisely, we use the fact that in a fermionic atom the average distance from the
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electrons to the nucleus of charge Z is (at least) of order Z71/3. In contrast, the
corresponding distance in the bosonic atoms is of order Z71.

Remark 3. Although Lieb’s method [11] can be generalized to molecules, we have
not yet been able to adapt our method to this case.

Our method also applies to other models such as non-relativistic atoms in
magnetic fields and relativistic atoms, and we shall discuss these extensions later.
In the rest of the introduction let us outline the proof of Theorem 1. As a first
step we get the following bound.

Lemma 1. If E(N, Z) is an eigenvalue of Hy, z then we have
an(N —1) < Z(140.83 N72/3),
where

> i 4z
R s —ay]
1<i<j<N

N
(N —1) ;Ixil

(1)

ay = inf
1,...,ey ER3

This result is shown by modifying Lieb’s proof: in [11] Lieb multiplied the
eigenvalue equation (Hy z—E(N, Z))¥y,z = 0 by |xN\@N7Z. We instead multiply
by x%vﬁj\ﬁ z and employ the Lieb-Thirring inequality to control error terms.

Roughly speaking, the number a;,l yields an upper bound on N/Z. This
bound improves previous results since ay is bigger than 1/2 (one can see that
ag =1/2 and ay > V5/4 =~ 0.559 when N > 3). Although we do not know the
exact value of ayy, it is possible to derive some effective estimates. We may think
of an as the lowest energy of N classical particles acting on R? via the potential
V(z,y) = f +y| , under some normalizing condition. It is natural to believe that
if N becomes large, then ay converges to the statistical limit

B = inf Xf 2o f e . p a positive measure in R3 3 . (2)

Results of this form in bounded domain have already appeared in [19]. Indeed,
we can show that an actually converges to § and provide an explicit estimate on
the convergence rate. Theorem 1 essentially follows by inserting the lower bound
on ay in Proposition 1 below into the inequality in Lemma 1.

Proposition 1. The sequence {an}3_, is increasing and for any N > 2 we have

N

B>ay > (5 —3(8/6)'/*N~27],
N-—-1

with B being defined by (2). Moreover, 3 € [0.8218,0.8705).
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Remark 4. We do not know the exact numerical value of 8, but our bound that
B € [0.82188,0.8705) is already rather precise. There is of course still room for
improvement.

The article is organized as follows. We shall prove Theorem 1 in Section 2.
Then we discuss some possible extensions of our method in Section 3. Proposition
1 is of independent interest and we defer its proof to Section 4.

Acknowledgments. I am grateful to Mathieu Lewin and Jan Philip Solovej
for very helpful discussions, and to Rupert L. Frank and Elliott H. Lieb for point-
ing out the lower bound (10) which improves the constants in Lemma 2 and
Theorem 1. This work was done when I was a visiting student at Département de
Mathématiques, Université de Cergy-Pontoise (France), and I wish to thank the
Department for the warm hospitality.

2 Proof of Theorem 1: the new bound

2.1 Lieb’s method

In order to make our argument transparent we start by quickly recalling the proof
of Lieb [11]. Assume that E(N,Z) is an eigenvalue of Hy z corresponding to
some normalized eigenfunction V. Multiplying the Schrodinger equation

(Hyz — E(N,Z))¥N,z =0 (3)
by |zn|¥ Nz and then integrating, one gets

0 = (|lan|¥nz,(HNz — E(N,Z))¥N,z)

1
= (lzan|¥YNz, (HNn-1,2 — E(N,2))¥nN,z) + 3 (len|¥Nz, —ANTU N 7)

N-1
|z N |

U -7 — | . 4

+< N,Z, + ;:1 i N,Z (4)

— oy
The first term in the right hand side of (4) is non-negative since Hy_1,z >
E(N —1,Z) > E(N, Z) (in the space of N — 1 particles x1,...,zx—1). The second
term is also non-negative due to the inequality

Re (|z|f, —Af) > 0 for all f € H'(R?). (5)

Thus the third term in (4) must be non-positive. Using the antisymmetry we
can rewrite it as

1 |i| + |z

Unz, | -2+ — L AL Unz ) <O0.

< 7 N 1<Z |zi — ] 7
<i<j<N
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It follows from the triangle inequality that
1 il + || 1
S T 2 6
N(N —-1) Z |zg — ;| — 2 (6)
1<i<j<N
Hence we obtain —ZN + w < 0, namely N < 2Z+1. The inequality is strict

since the triangle inequality is strict almost everywhere in (R?)". Note that the
lower bound 1/2 in (6) is sharp (when |z;| < |z;| if ¢ < j).

2.2 Proof of Lemma 1

Instead of multiplying the equation (3) by |zn |V y z, we now multiply by 2% ¥y z
and integrate. We obtain

1
0 = (2x¥Unz, (Hn-12 — Enz)VUnz) + 3 (23 VN 7, ATy 7)

2?2 + 22
+<\IJN,Z, —Zlxn| + Z —L Uy g

1<i<j<N |zi — a5
1

z 5 (2 YNz, —AUN 7) + (VN z, (= Z + an(N = 1)) [an |V z) -

Recall that oy is defined in (1). This implies that

1 _
an(N 1) £ Z = = (s3 ¥z, ~AUN2) (U2, [2n ] W 2) " (7)

As we will see, the main advantage of our method is that the number ay is
bigger than 1/2 when N > 3. However, we do not have an inequality similar to
(5) with |z| replaced by 2. In fact, for all f € H'(R3) applying the identity

1/2 Ve ? 1/2
Re(pf,—Af) = (¢ /", —A—‘Q(p' o /°f (8)
to ¢(z) = |z|? we find that

Re(a2f, ~Af) = (f, (el(~A)lal = 1)f) = =2 (1) o)

by Hardy’s inequality, —3/4 being the sharp constant.

Our observation is that we may still control the second term in the right hand
side of (7) since (¥y z, |zn|¥y z) "' is small (in comparison with Z) . In fact,
(Yn.z,|zN|¥N,z) can be understood as the average distance from N electrons to
the nucleus, which is well-known to be (at least) of order Z~1/3. We have the
following explicit bound.

Lemma 2. If U 7 is a ground state of Hy,z then

(Un.z, |lzn|¥Nz) > 0.553 Z N3,
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It follows from (9) and Lemma 2 that
1 _ _
§<x?V\IjN,Za_A\I’N,Z> <\IJN7z,|xN‘\I/N7z> 1 Z —0.68 ZN 2/3.

Substituting the latter estimate into (7) we obtain the inequality in Lemma 1.
We now provide the

Proof of Lemma 2. The following proof essentially follows from [13] ( p. 132).
Note that

1
Uz len | s) = — / l2lpwy 5 (2)dz
N R3 ’

where the density functional py N.Z of Wy 7 is defined by

Py ,(T) =N Z Z / U N z(x,01; 29, 09; ...; N, on )| Pd...dzy.

o1=1,2 UN=1,2R3(N_1)

By solving for the Bohr atom as in [10] (after eq. (40) p. 560) one has the
lower bound on the ground state energy

N

E(N,Z)> <\11N,Z,Z (—1A' z ) \IIN,Z> > —AZ>N'/? (10)

S\ 20

where A = (3'/3/2)22/3. Moreover, one has the Lieb-Thirring kinetic energy
inequality [16]

1 N

’C‘I’N,Z = 9 Z (¥, —A0) > K/p‘I’N,z($)5/3dx (11)
i=1 R3

where K = 272/3(3/10) (2/(5L))*? with L = (733/25)~1 ~ 0.0123 (this constant

L is taken from [7]). Since E(N, Z) = —Ky, , by the Virial theorem, we get from
(10) and (11) that

/pq,N,Z(x)wgdx < K7'AZN'3, (12)

R3

On the other hand, we have the following inequality introduced by Lieb ([10],

p.563)
[ewas| | [lapewas| = c, (@/ p(2)dz
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for any nonnegative measurable function ¢(z), the sharp constant C, being at-
tained with o(z) = (1 — |z|P)%/2. In particular, applying this inequality to
o(r) = puy ,(v) and p =1, we get

1/2

/ pun 5 (2)3da / @l , (@)dz > CLN1V/O (13)
3 R3

where €} = n~1/327135/355/671/311-3/2 ~ 0.4271. Combining (12) and (13) we
obtain the desired inequality. O

2.3 Proof of Theorem 1

Let us admit Proposition 1 for the moment and derive Theorem 1. Lemma 1 and
Proposition 1 together yield a lower bound of Z in terms of IV,

N(B—3(8/6)'/3N—2/3)
1+0.68 N—2/3

< Z. (14)

It is just an elementary calculation to translate (14) into an upper bound of N
in terms of Z. If Z < 5 then max{2,37'Z + 323} > 2Z +1 (since B < 0.8705),
and hence our bound follows from Lieb’s bound. If Z > 5, then Lieb’s bound
implies that N/Z < 2+ Z~! < 2.2. Thus the desired result follows from (14) and
the following technical lemma whose proof is provided in Appendix.

Lemma 3. For Z >0, N >0, N/Z < 2.2 and 8 > 0.8218 one has

1+0.68 N~2/3
51Z+3Z1/32min{N,Z +0.68 }

B — 3(,8/6)1/3]\772/3

3 Some possible extensions

3.1 Atoms in magnetic fields

In this section, we consider the ionization problem with the presence of a magnetic
field. The system is now described by the Hamiltonian

N (i) Z 1
3
Hnza= Z <TA - |$Z|> + Z [P

i=1 1<i<j<N

N
acting on the fermionic space A(L?(R?) ® C?). The kinetic operator is the Pauli
operator

Ta=lo-(—iV+A@))]> = (-iV+ Ax)? + 0 - B,
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where A is the magnetic potential, B = curl(A) is the magnetic field and o =

(o', 02,03) are the Pauli matrices

v (01N 4 (0 =i\ 5 (1 0
A(10) =0 ) -0 )

For simplicity we shall always assume that A € L} (R3,R3), V-4 € L (R?)
and |B| € L¥?(R3) + L*°(R3). Under these assumptions, it is well known that
(—iV + A(x))? is essentially selfadjoint on L?(R?) with core C°(R?) [17], and
|B| + Z/|x| is infinitesimally bounded with respect to (—iV + A(z))? (see e.g.
[22, 18]). In particular, the ground state energy

E(N,Z,B) = inf spec Hy 7,4

is finite. We shall also assume that N — E(N, Z, B) is non-increasing (for exam-
ple, this is the case if B = (0,0, B) is a constant magnetic field [14]). Note that
the ground state energy depends on A only through B by gauge invariance (see
e.g. [13] p. 21).

Of our interest is the maximum number N, such that E(N, Z, B) is an eigen-
value of Hy 7z 4. Seiringer [22] showed in 2001 that

1 E(N., Z,B) — E(N,,kZ,B)

N.<2Z+1+ = 1
SesT ity NZ(k —1) (15)
for all £ > 1. In the homogeneous case, B = (0,0, B), his bound yields

N, < 2Z + 1+ C1ZY3 + C3Z min {(3/23)2/5, 1+ 1n(B/Z3)|2} . (16)

In particular, in the semiclassical regime limy_,o,(B/Z3) = 0, Seiringer’s bound
implies that
N,
limsup — < 2.
Z—00
In contrast, it was shown by Lieb, Solovej and Yngvason (1994) [14] that if
limy ;00 (B/Z3) = 0o, then
Ne
liminf — > 2.
pint 5 >
We shall improve these bounds using the method in the previous section. Our
result in this section is as follows.

Theorem 2 (Bounds on maximum ionization of atoms in magnetic fields). Let
Z > 0 and let B satisfy the assumption stated above. Then we have, for every
k>1,

(17)

N, < (1.227 + 32/3) <1 , B(Ne, 2,B) — E(Ne, kZ, 5))

N.Z2(k — 1)
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If B= (0,0, B) is a constant magnetic field then
N, < (1.22 Z +32%3) «x (1+1L82‘W&%

+min {0.42 (B/2°)" . C(1+ [m(B/Z°))} )

for some universal constant C' (independent of Z and B).
In particular, if limyz_,o(B/Z%) = 0, then

liminf% < 1.22.
Z—oo 4
The number 1.22 in all bounds can be replaced by B! with 3 being defined by (2).

Proof. Assume that Uy 7 4 is a ground state of Hy, z 4. Following the proof of
Lemma 1, we have

an(N —1) < Z — (23 VN 2.4, Ta¥N 24) (YN 2.4, 2N VN 24) ", (18)

which is the analogue of (7).
We may assume that N > 717 4 3Z72/3 (otherwise we are done). In this
case the left hand side of (18) can be bound by

N

(19)

This estimate follows from the lower bound on apy in Proposition 1 and the
following technical lemma whose proof is provided in Appendix.

Lemma 4. For Z >0, Ne N, N > 3722 +3272/3 and 8 > 0.8218, one has
(8=3(8/6) PN (571 +3272%) > 1.

The second term in the right hand side of (18) can be bound in the same way
as in [22]. More precisely, using (8) with —A replaced by T4 ([18] Proposition
3.3, see also [4]) and T4 > 0, one has

<$?V\I/N,Z,A>TA\I/N,Z,A> = (Unza (Jen|Talzn] —1)¥N z.4) > —1. (20)

On the other hand, for every k > 1,

(Unzalon|¥nza) " < (Unzalon| Uy za)
(Un,z4, HN 2 AY N z.4) — (YN, 2,4, HN k2, AY N, Z,4)
NZ(k —1)
E(N,Z,B) — E(N,kZ,B)
= NZ(k — 1)

(21)

since Wy 7z 4 is a ground state of Hy, z 4. Then (17) follows by substituting (19),
(20) and (21) into (18).
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Now assume that B = (0,0, B) is a constant magnetic field. It follows from [15]
(Theorems 2.4, 2.5) that if N > Z/2, then the ground state energy E(N, Z, B) :=
E(N, Z,B) can be bounbed from below by

E(N,Z,B) > —NZ2 <18.7Z’2/3+

+min {0.95 (B/23)*° ,.C (1+ |In(B/Z%)) }) (22)

for some universal constant C' (independent of N, Z and B). (It is obtained
when applying (2.27), (2.26), (2.29) in [15] to the cases: B < Z*3, B > Z*/3,
B > 73, respectively.)

We can choose k = 2 in (17). Then the desired bound follows by using the
upper bound E(N, Z, B) < 0 and the lower bound on E(N,2Z, B) derived from
(22). O

Remark 5. We may also consider the Hamiltonian Hy 7 o on the bosonic space

N
® (L*(R3) ® C%), where q is a spin number. In this case the inequality (17) still
sym
holds true. Moreover, if B = (0,0, B) is a constant magnetic field, then using the

estimate [22] (p. 1948)
E(N,Z,B)=NZ*E(1,1,B/Z%) > —iNZQ min {1 +4B/Z* C|In(B/Z*)*}
we get from (17) that
N. < (B7'Z +32Y3) (1 + min {1 +4B/Z% Cs|In(B/Z%)*}) .
In particular, if limy_ o B/Z% =0, then our bound yields

limsup N./Z < 287! < 2.44.

Z—00
It slightly improves the bosonic bound in [22] which gives limsup,_, . N./Z < 2.5.

Remark 6. As shown in [18], one can make a slight improvement on our bounds
by using the Hardy-type inequality T > (dg/4)|x|~2 instead of T4 > 0 in (20),
for some 0 < dg < 1. It allows us to include a factor (1 —dp) in front of the term
involved to E(N,Z,B) — E(N,kZ,B) in (17).

3.2 Pseudo-relativistic atoms
In this section we consider the pseudo-relativistic Hamiltonian
N

S Sl (Rl e SN R I

lzil ) Sy v ]
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N

acting on the fermionic space A (L?(R3)®C?). Here a > 0 is the fine-structure con-
stant. Tt is well known that the ground state energy E™' (N, Z) := inf spec H ]r\?lz is
finite if and only if Za < 2/7 (see e.g. [13]). The physical value is a = 62/(716)
1/137 and hence Z < 87.22. However, we allow a to be any positive number.

As in the previous dicussions, we are also interested in the maximum number
N. such that the ground state energy E™!(N,, Z) is an eigenvalue of H%! ,. Note
that Lieb’s bound N, < 27 + 1 still holds in this case. In fact, due to a technlcal
gap the original proof of Lieb in [11] works properly only when Za < 1/2. How-
ever, it is posible to fill this gap to obtain the bound up to Za < 2/7 [6]. On the
other hand, up to our knowledge, no result about asymptotic behavior of N./Z
is available for the pseudo-relativistic model, although within pseudo-relativistic
Hartree-Fock theory it was recently shown by Dall’Acqua and Solovej (2010) [5]
that N, < Z + const.

Our result in this section is the following.

Theorem 3 (Bound on maximum ionization of pseudo-relativistic atoms). For
every Z > 0 such that Za < k < 2/m we have either N. =1 or

N, < 1.227 + C.ZY/3

for some constant C,, depending only on x. The number 1.22 can be replaced by

B~1 with B being defined by (2).

Proof. Assume that WS, is a ground state of H'¢,,. As an analogue of (7) we
get

ay(N-1)< Z— <x3V\1/§§IZ, V=Ay+a T —a hHuy, >

(U fenlRl,) . (23)

The left hand side of (23) can be bound by (19). Turning to the right hand
side of (23), we first show that for any function f : R — C smooth enough

Re <]az\2,ofl (\/ —A+a - ofl) f>L2(R3 » > —— (f f). (24)

It suffices to show L24) for a =1 (the general case follows by scaling). Using the
Fourier transform f(p f e~ 2™ f(r)dz and applying (8) to

(27p)°
(2mp)2+1+1

p(p) ==V (2mp)2+1-1=
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we find that
Re <|ZL'|2f, [\/—Ax +1- 1} f>

L2(R3 dx)
_ —2
= (M) ?Re(-Afi0f) | .

(2m) 2 <901/2f, (—Ap — ’2@ > w1/2f>

— (2m)2 <S01/2f»< A, — (V(2mp)2 +1+1) )@1/2]?>-

4p? ((27rp) +1)

Then it follows from Hardy’s inequality —A, > 1/(4p?) that

Re(|o*f, |V=Ae+T-1]7) , 0
<A 2/(2mp)> +1+1
_ f7
4((2mp

2+ (/@) + 1+ 1) >L2(ngdp)

> PRy =2t

The term (¥, |zx|®) " can be estimated similarly to (21), namely

E(N,Z)— E(N,kZ)
NZ(k—1)

(0, |lon| W) < (W, |on]| 1) <

for every k > 1 such that kZa < 2/m. It is well known that 0 > E(N,Z) >
—C,.Z"/3 provided that Za < k. In fact, it was shown by Sgrensen [28] that, at
the limit Z — oo (and Za = & fixed), the leading order of the ground-state energy
E(N, Z) is given by the Thomas-Fermi theory which is of order Z7/3. Thus we
can conclude that

(U, |z |®) ! < CZ272/3, (25)

The desired result follows from (24), (25), (23) and (19). O

4 Proof of Proposition 1: Analysis of ay
This section is devoted to the proof of Proposition 1. For the reader convenience,
we split the proof into several steps. Recall that ay and § are defined in (1) and

(2), respectively.

Step 1. The sequence ay is increasing in N and it converges to 5.
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Proof. The fact that ayy is increasing is shown as follows: for every z1,...,zxy € R?
we have

N
5 @il + e _ 3 1 3 jzi* + |y
i — ;] —\(N-2) | — ]

1<i<j<N i<jiztk,j#k

N
aN—1 Z |zi| | = anv_1(IN —1) Z |4,
k=1

itk

AV
1M

where we have used the definition of a_1. This implies that ay_1 < ay.

We shall show that ay converges to 5. We start with the upper bound ay < 5.
Let p be an arbitrary positive measure in R3. Multiplying p by some positive
constant, we may assume that p(R3) = 1. Then

// wa—i_y (z)dp(y) = /N(Nl—l) Z Ziwdp(:m) .dp(zN)

R3 xR3 R3N 1<i<j<N i

N
> | (}‘(,V(Dm) dp(a).. dplan) = ay [ laldp(z)
i= R3

R3N

Thus ay < g for all N > 2.

Let us prove a lower bound. For the reader’s convenience, we give now a simple
bound which is enough to get that a converges to 8. We will provide a better
lower bound in the next step.

Let {xl}f\il be N arbitrarily distinct points in R3. For our purpose we may
assume that ZZ]\; 1 lzil = N. For every i, let p; be the uniform measure on the
sphere |z — ;| = r; with the radius r; := r|z;| such that [u; = 1. Denote
dp(w) == 11, dpi(x).

Since [dp(z) = N and [ |z|dp(xz) > N (due to the convexity [ |z|dui(z) >

|z;|) we have
o [
!w—y!

R3xR3
On the other hand,

e - wl

R3xR3
2? dpi(z) dpy(y)
< (I47) //
Z [z —y|

2
9 x5 N
< O X p it
i#j J
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The first inequality follows from |z| < (1+7)|z;| for every x on the sphere |z —z;| =
r;, and the second inequality is due to Newton’s theorem (see, e.g. [13], p. 91).
Thus

Z - > (147)2N%3 —r~!N.
T

This implies that

an > [(1 +7)7?8—(rN)7'] forall r > 0. (26)

N —

We can choose, for example, 7 = N1/ to conclude that ay — 8. This ends the
proof of Step 1. O

We now improve the lower bound (26).

Step 2. We have the lower bound

an = w18 = 3(8/6) PN

N —
Proof. In fact, we shall prove that

N [1+1r2/3 1 N 22 1
ay > + 17/ ]>N[ r

Noi| 1+ " N ﬁ_?)ﬁ_rN} (27)

for all 7 € (0,1]. The desired result follows by choosing r = (48N/3)~'/3 which
maximizes the right hand side of (27).

The bound (27) is shown by following the same method as for (26), but with
more careful computations. We shall prove that (with the notation of the proof

of Step 1)
2
/\x|dp(m) =N <1 + 3> (28)
R3
and
€ dp ) 2 x2 N
<1+ . 29
[ =R ae 2] 2
R3xR3 7]

The identity (28) follows from a direct computation using the formula

/f(:v)dpl(x) = |812/f(1:i+7“iw)dw
R3 S2

2

1
= ’52//f(xi+m(cos@,sin@cosgp,sin@singp))sin(ﬁ)d@dg@
00
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for any integrable function f. Here the second identity comes from the spherical

coordinates w = (cos#,sinf cos p, sinfsin ), where § € [0,7) and ¢ € [0,27].

(Note that if 7 > 1, then the right hand side of (28) becomes Nr(1 4+ 1/(3r?)).)
Now we prove (29). Using Newton’s theorem we have

//x d’,i_y’ Y) _ Z//fU dﬂ;_;i’%()

R3 xR3 LIRS xR3
T d,u@ Qd.uz( )
< = Vij
- z]:// \x—x3| // JU—:UJ‘ T
7R3>< 3
< (1472 Z — |t Z Vij
|931 - $J|
where V;; = 0 and
Vij _ /2%,( xz) d,Uq . / 2215w dw
amal 19 et
R3
2 rizi(x; — xj) min{|z; — SCj’, ri}

— if 7 .
3 o — oy [(max{w — oy ) 7

Here we have used the formula

1 a min{|al,s}

dyo=————— " -~ €R3 > 0. 30
152\/ ot 5™ = " 37a] fmax{lal,sp2” “€F* (30)
SQ

Thus (29) would be valid if we can show that V;; + Vj; > 0. We distinguish
three cases.
Case 1: |z; — ;| > max{r;,r;}. We have

2rdmi(w; —x;)  275wi(@; — i)

Vit V., = -—Z _Z
A 3o lwi—zlP 3w -l

_ ey @ e - g)®

3 |a:,-—a:j\3 -

Case 2: |z; — zj| < min{r;,r;}. In this case

2xi(z; — ;) 2m5(xj — x4) 2 |z + |z T,
Vij+ Vy = —= -z == 1 <0.
ij + Vi = 3 T 3 Tj 3 r |l’1||l'j| B

Case 3: r; < |z; — x| < rj (the case rj < |z; — 25| < 7y is similar). We have

2riwi(r —x5)  2x(xj — )
Vii+ V= —= i
ij T Vi 3 |z — a3 3 T;

o1



It is obvious that Vj; < 0 since |z;| > |z;|. If V;; < 0 then we are done; if V;; > 0,
then using r; < |x; — x| we get

Vij < —gxl(x;z_ xj).

It turns out that V;; +Vj; > 0 as in Case 2. O
We now turn to direct bounds on .

Step 3. We have the bound 0.8218 < 8 < 0.8705.

Proof. The lower bound follows from the following estimate whose proof is pro-
vided in Appendix.

Lemma 5. For any positive measure p in R? we have

[ st o)

R3xR3

> max // (max{|$], ly|} + W) dp(z) dp(y),

R3xRR3

2 (ina] y]))?
/ <'$ v 3 maxllal, o]}

) dnta) dnts)

R3 xR3
Remark 7. If p is radially symmetric then in the inequality in Lemma 5 becomes
an equality.

It follows from Lemma 5 that for any positive measure p on R? and for any
A € [0, 1] we have

//x + 92 dp(x) dp(y) / Wi(z,y) dp(z) dp(y)

|z —y|
R3 xR3 R3 xR3

where

min{|z 2
Wate) o= A (max(el -+ SIS

(1 2 minde] )
a- (e FEEE ) @

It turns out that

B> sup inf M
Ae[0,1] z.weR3 x| + [y|

Thus the lower bound on ( follows from the following lemma whose proof is
provided in Appendix.
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Lemma 6. With Wy defined in (31) one has

sup inf M > 0.8218.

Ae[0,1] T-YER? 2| + [yl

(A numerical computation shows that the sharp lower bound in Lemma 6 is
approximately 0.8218066, attained with A ~ 0.843476.)

The upper bound on § is attained by choosing some explicit trial measure p.
By restricting p to radially symmetric measures we have

r2dm(r)dm(s
f f max{r, s}(

B < Brad := inf 02 : m is a positive measure on [0,00)
J rdm(r) fdm(r)
0 0
Choosing m(r) = r_3/21[1’9} (r)dr, dr being the Lebesgue measure, we get
115 1
Brad £ — — 3 ln( ) ~ 0.87045.
81
(A numerical computation shows that .9 ~ 0.8702.) O

For completeness, we show Lemma 5.

Proof of Lemma 5. We start by proving

S gy anty = [ (mactel oty + E2EBDY g a5 2

We first show that (32) follows from the following inequality: for any ¢ > 0, if
N large enough, then

2 2 i
T2+ x4 ming |;|, |,
S OO L Y (max{|xi|,mj|}+“”'f”’) (33)
|z; — ;] 1<iss i —
<i<j<N

for every {z;}.; C R3. In fact, we may assume that p(R%) = 1. For every & > 0,
taking N large enough and using (33) one has

// ijz‘ dp(z)dp(y)

R3 xRR3
2 2
- NN -1 ———L ) dp(a1)...d
/ N(N -1) Z |z; — ;] p(x1)...dp(zN)
R3N 1<i<j<N

> [ v = (max{\mi\,\xmW)dp@l)...dp(m

RN 1<i<j<N

= =9 [ (maxtiel o + ") o) oy

R3xR3

53



Since the latter inequality holds for every € > 0, the inequality (32) follows.
Now we show (33). This inequality follows from a key result of [12]. It was
shown in [12] (Theorem 3.1) that, for any € > 0, if N large enough, then

1 N(1-—
max | R EL (34)
1SSV | S i ) |1

for any {z;}¥, C R3. Since

max{|z;|, |z;|} + — - R
‘ i — &y ’ Z_xj|

I

we can deduce from (34) that

2 4 a2 (min{la, fo;[})?
7]

|z — ] |z — ]
Now take 1 > & > 0. For N large enough, employing (35) repeatedly, we can
assume that

2

1<i<j

|z — x| |z — ]

2 4 22 min{fzl, [2;1})"
g—u_s) <max{|$z’|a|ﬂc1|}+( pr >] ="

for every e N < j < N. It turns out that

2, .2 . 9
Ti + X min{|x;|, |z;
S| - (e oyl + SO0
1<i<j<N i — ;] |z — ;]
2, 2 , )
r; + X mindlz:|. |z
> Y| ) (maa oy + ST
1<isyeen L1~ 2l |wi — ]
5
> — Z max{ |z, |z;|} > —eN Z 12— Z |24
1<i<j<eN 1<i<eN 1<i<e N<j<N
: 2
€ mind |z;|, |z;
> Y (maxfle eyl + EEIEE LIS,
l—e < |z — x|
1<i<j<N

Thus (33), and hence (32), follows.
Next, we show that

] ez ff (ot SRR o 00

R3xR3 R3 xR3

This is equivalent to

(min{|z[, [y|})*
// |$*y| / max{|x| y[} dp(z) dp(y). (37)

R3xR3 R xR3
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In fact, if p is radially symmetric, then (36) becomes an equality due to (30). In
general case, let us introduce the positive, radially symmetric measure

pa)= [ o(Ra)dr
SO(3)

dR being the normalized Haar measure on the rotation group SO(3). Because of
the positive-definiteness of the operator with the kernel %’ we can employ the
convexity to get

// |;;yy| dp(x) dp(y) > // ;;ym dp(z) dp(y)

R3xR3 R3xR3
(min{]z|, [y[})* / (min{z, |y[})®
dp(x dp(x) dp(y).
/ max{|z[, [y[} max{|z[, [y|}
Thus (37) (and hence (36)) holds for all positive measure p. O

Appendix: Technical lemmas
In this appendix we provide the proofs of some technical lemmas.

Proof of Lemma 3. Let us denote £ := 3(5/6)'/3 for short. If the desired in-
equality fails then

0 < 14068 N25 (371 +3272/3)(8— BN"2/3)
+ BIN"23(N/Z — 71 +327%/3)
— N3 [0.68 —38(N/2)*® + B1(N/Z)| .

Thus the polynomial
h(zx) := 0.68 — 38x% + Bia°

satisfies that h(—o0) = —oo, h(0) = 0.68 > 0, h(3~'/3) < 0, h((N/2)'/3) >
0, h((2.2)/3) < 0 and h(4+00) = +oo (we can verify that h(87'/3) < 0 and
h((2.2)'/3) < 0 when B > 0.8218). However, it is impossible since h(z) has at
most three distinct roots. O

Proof of Lemma 4. Denote 5 := 3(6/6)1/3. Assume that the desired inequality
fails, namely

382723 < BINT3(371 + 32723, (38)

Replacing the term 8~! 4+ 3Z~2/3 in the right hand side of (38) we get

N _ [(38)°
ZZ<51> >4
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since 3 > 0.8218. Thus N > max{4Z, f~' + 3272/3} > 4.
On the other hand, (38) is equivalent to

1

Ny B 1

~ B 3B8(N/Z)%/3

Using 8 > 0.8218 and N/Z > 4 we have N < 4.5. It contradicts the fact that NV
must be an integer. O

Proof of Lemma 6. For any z,y € R3, denote a = max{|z|, |y|}, b = min{|z], |y|}
and ¢ = |z — y|. Using the inequality u? 4+ v? > 2uwv for u,v > 0, we find that

Wi(z,y) = A<a+lf>+(1—)\)<c+23f>
= A=Na+ <A’a+(1A)2?f) (Ab2 +(1=A) )
>

()\—)\’)a+< \/fx 11—\ +2\/17—>

for every 0 < M < A\. We may choose X such that

A= N = \/f)\’l— A) +2v/A(1 = A (39)

If A > 0.8 the solution to (39) is

2
v= (P2 e - L)

Thus, for every z,y € R3,

2
W) o oy = a— v = /\—< M—2m—\/§(1—»>‘

[ + [yl —

The desired lower bound comes from ¢(0.843) ~ 0.821804. (A numerical com-
putation shows that g(\) has a unique maximum at \g ~ 0.843476 and gmax ~
0.821807). ]
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Asymptotics for Two-dimensional Atoms

Phan Thanh Nam, Fabian Portmann and Jan Philip Solovej

Abstract

We prove that the ground state energy of an atom confined to two di-
mensions with an infinitely heavy nucleus of charge Z > 0 and N quantum
electrons of charge —1is E(N,Z) = —3Z%In Z + (E™" (\) + 2¢M) 22 + 0(Z2?)
when Z — oo and N/Z — ), where ETF()) is given by a Thomas-Fermi
type variational problem and c? ~ —2.2339 is an explicit constant. We also
show that the radius of a two-dimensional neutral atom is unbounded when
Z — o0, which is contrary to the expected behavior of three-dimensional
atoms.
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1 Introduction

We consider an atom confined to two dimensions. It has a fixed nucleus of charge
Z > 0 and N non-relativistic quantum electrons of charge —1. For simplicity
we shall assume that electrons are spinless because the spin only complicates the
notation and our coefficients in an obvious way. The system is described by the
Hamiltonian

I _iv: EENRE 3 b
M 27" Jail i — )]

i=1 1<i<j<N "

acting on the antisymmetric space /\fil L?(R?). Note that we are using the three-
dimensional Coulomb potential to describe the confined atom. The ground state
energy of the system is the bottom of the spectrum of Hy 7, denoted by

E(N,Z) =infspec Hyz = inf (¢, Hy 7).
19l 2=1

One possible approach to obtain the above Hamiltonian is to consider a three-
dimensional atom confined to a thin layer R? x (—a,a) in the limit a — 0% (see
[3], Section 3, for a detailed discussion on the hydrogen case).

To the best of our knowledge, there is no existing result on the ground state
energy and the ground states of the system, except for the case of hydrogen
[29, 19]. The purpose of this article is to give a rigorous analysis for large Z-atom
asymptotics and our main results are the following theorems.

Theorem 1 (Ground state energy). Fiz A > 0. When Z — oo and N/Z — A
one has

E(N,Z) = —%22 InZ + (ETF()\) + ;CH) Z? + o(Z%)

where ET¥(\) is the Thomas-Fermi energy (defined in Section 8) and c!' =
—3In(2) — 2yg + 1 = —2.2339 with yg ~ 0.5772 being Euler’s constant [4]. In
particular, X — ETY(\) is strictly convex and decreasing on (0,1] and ETF()\) =
ETF(1) if A > 1.

Remark. By considering the hydrogen semiclassics we conjecture that the next
term of E(\Z,Z) is of order Z 3/2 In contrast, the ground state energy in three
dimensions behaves as

E(Z,7Z) =" 773+ S22+ PSZP 4 o(2513),
where the leading (Thomas-Fermi [28, 6]) term was established in [15], the second

(Scott [21]) term was proved in [7, 23], and the third (Dirac-Schwinger [2, 20])
term was shown in [5].
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For three-dimensional atoms the leading term in the energy asymptotics of
order Z7/3 may be understood entirely from semiclassics. The contribution to
this term comes from the bulk of the electrons located mainly at a distance of
order Z71/3 from the nucleus. The term of order Z2, the Scott term, is a pure
quantum correction coming from the essentially finitely many inner most electrons
at a distance of order Z~! from the nucleus.

In the two-dimensional case the situation is more complicated. The leading
term of order Z21In(Z) is semiclassical and comes from the fact that the semiclas-
sical integral is logarithmically divergent, but has a natural cut-off at a distance
of order Z~! from the nucleus. The term of order Z2 has two contributions. One
part is semiclassical and comes essentially from electrons at distances of order 1
from the nucleus and another part, which corresponds to the three-dimensional
Scott correction, coming from the essentially finitely many inner most electrons
at a distance of order Z~! from the nucleus.

Thus the two-dimensional atom has two regions. The innermost region of size
Z~! contains a finite number of electrons and contributes with Z2 to the total
energy. The outer region from Z~! to order 1 has a high density of electrons and
can be understood semiclassically. It contributes to the energy with both Z2 In(Z)
from the short distance divergence and with Z? from the bulk at distance 1.

Theorem 2 (Extensivity of neutral atoms). Assume that N/Z — 1 and VY z is
a ground state of Hy 7. Then, for any R > 0 there exists Cr > 0 such that

/ Puy ,(T)dr > CRZ + o(Z).
|z[>R

Remark. If we define the radius Rz of a neutral atom (N = Z) by

/ plPZ’Z(a:)dx =1
|z|>Rz

then Theorem 2 implies that limyz_.,, Rz = co. In three dimensions, however, the
radius is expected to be bounded independently of Z (see [22, 24]).

Our main tool to understand the ground state energy and the ground states
is the Thomas-Fermi (TF) theory introduced in Section 3. In this theory, the Z-
ground state scales as Z P%?z (x) and the absolute ground state p{¥ (when N = Z)
has unbounded support. Roughly speaking, the extensivity of the TF ground state
implies the extensivity of neutral atoms (in contrast, the three-dimensional TF
Z-ground state scales as Z2p™F (ZY/3¢), i.e. its core shrinks as Z~/3).

The challenging point of the two-dimensional TF theory is that the TF poten-
tial VTF () is notin L7 (R?) (it behaves like |z|~! near the origin). Consequently,
one cannot write the semiclassics of Tr [—h2A — VTF] _ in the usual way because

m)? [ 1 =V @) dpe = ~sntt) [ V@ = o
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This property complicates matters in the semiclassical approximation. In con-
trast, the three-dimensional semiclassical approximation leads to the behavior
—(15m2h3) 71 [os [VTF(x)]i/ ®da which is finite for the Coulomb singularity VI¥(z) ~
27! € L2 (R?).

We shall follow the strategy of proving the Scott’s correction given by Solovej
and Spitzer [26] (see also [25]), that is to compare the semiclassics of TF-type
potentials with hydrogen. More precisely, in the region close to the origin we shall
compare directly with hydrogen, whereas in the exterior region we can employ
the coherent state approach. We do not use the new coherent state approach
introduced in [26], since the usual one [9, 27] is sufficient for our calculations. In
fact, we prove the following semiclassical estimate for potentials with Coulomb
singularities.

Theorem 3 (Semiclassics for Coulomb singular potentials). Let V € LZ (R*\{0})
be a real-valued potential such that 1{,>13Vy € L?(R?) and

|V (z) — klz| 71| < C|x]70 for all |z| <6,
where kK > 0,0 > 0,1 >0 >0 and C > 0 are universal constants. Then, as
h— 0T,
Tr [-h*A-V]_ = —(87rh2)1/ ([V(@)]3 = &[]z~ = 1]3) dx
RQ
+r%(4n?)~1 [ln(2ﬁ;_1h2) + CH] + o(h™?),

where ' = —31n(2) — 2y +1 ~ —2.2339 with vg ~ 0.5772 being Euler’s constant
[4]-

The article is organized as follows. In Section 2 we give a brief summary
of the existing results concerning atoms confined to two dimensions. Section 3
contains basic information on the TF theory. The most technical part of the
article is in Section 4, where we show the semiclassics for the TF potential. The
main theorems are proved in Section 5. Some technical proofs are deferred to the
Appendix.

2 Preliminaries

2.1 Spectral Properties

For completeness, we start by collecting some basic properties of the spectrum of
Hy 7, whose proofs can essentially be adapted from the usual three-dimensional
case (see the Appendix).

Theorem 4 (Spectrum of Hy 7). Let Hy, z be the operator defined above.
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(i) (HVZ Theorem) The essential spectrum of Hy z is
essspec Hy 7z = [E(N —1,7),00).

Consequently, for non-vanishing binding energy E(N —1) — E(N) =:¢ > 0,
the operator Hy 7 has (at least) one ground state. Moreover, in this case
any ground state Yy 7z of Hy,z has exponential decay as

4z
quN,Z(l‘) < Clx| ve= 2g=2V2elal for |x| large
where the density py, , is defined as in Section 2.2.

(13) (Zhislin’s Theorem) If N < Z+1 then the binding condition E(N) < E(N —
1) is satisfied, and hence Hn z has a ground state.

(ii7) (Asymptotic neutrality) The largest number N = N.(Z) of electrons such
that Hy,z has a ground state is finite and satisfies limz_,oo No(Z)/Z = 1.

In particular, the spectrum of hydrogen (N = 1) is explicitly known [29] (see
also [19] for a review).

Theorem 5 (Hydrogen spectrum). All negative eigenvalues of the operator —%A—
|z|~1 in L?(R?) are
1

2(n+1/2)%’
with multiplicity 2n + 1, where n =10,1,2, ...

E,=—

The following consequence will be useful in our estimates. The proof can be
found in the Appendix.

Lemma 6 (Hydrogen semiclassics). When p — 07 we have
1 1
Tr|——A —|z| 7! ==
SA 2T+ =3

In(p) —3In(2) — 2vg + 1] + o(1). (1)

By scaling, for pn > 0 fived and h — 0T,
Tr [-h?A — |27t + p]_ = (4h%) 7' [In(2h?) + In(u) + '] + o(h™2), (2)

where ! = —31n(2) —2yp +1 ~ —2.2339 with yg ~ 0.5772 being Buler’s constant

[4]-

2.2 Useful Inequalities

For the readers’ convenience, we recall some usual notations. We shall denote
by L?(R?) the Hilbert space with the inner product (f,g) = g2 f( x)dx. An
operator v on L%(R?) is called a (one-body) density matriz if 0 § ’y § 1 and
Tr(y) < oo. Its density is py(x) := y(x,x), where y(x,y) is the kernel of v. More
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precisely, if + is written in the spectral decomposition v = >, ¢; |u;) (u;| then
Y(z,y) = 3 tiui(@)u;(y) and py(z) := Y, tilui(z)[*. For example, the density
matrix vy of a (normalized) wave function ¥ € AN | L?(R?) is

yo(z,y) =N U(z,zo,...,2N)V(y, 22, ..., 2N )dx2...dT N,
R2(N—1)

which satisfies 0 < vy < 1 and Tr(yg) = N. Moreover, its density is

pu(x) = pyy () = N U (x, 29, ..., 2N ) |*ds...dz ).
R2(N-1)
The following theorem regarding the spectrum of Schrodinger operators is
important for our analysis (see e.g. [12] for a proof). The analogue in three
dimensions was first proved by Lieb and Thirring [17].

Theorem 7 (Lieb-Thirring inequalities). There exists a finite constant L1 > 0
such that for any real-valued potential V with V. € L*(R?) one has

Tr[-A - V]_ > ~Lis /RQ VZE(z)dz, (3)

where ay := max{a,0} and a_ := min{a,0}. Hence Tr[—A — V|_ is the sum of
all negative eigenvalues of —A —V in L%(R?).

Equivalently, there exists a finite constant Ko > 0 such that for any density
matriz vy one has

Tr[-An] > K, /R ). (4)

Note that in general there is no upper bound on Tr1_, q(—=A — V), the
number of negative eigenvalues of —A — V, in term of [V for any a > 0.
However, we shall only need some localized versions of this bound. The proof
of the following lemma can be found in the Appendix. The estimate in (ii) is
useful to treat the Coulomb singularity in the region close to the origin (recall
that |z|~t ¢ L2 _(R?)).

loc

Lemma 8. Let V : R? = R and let 0 < ¢(x) < 1 supported in a subset Q C R?
with finite measure |Q|. Let 0 <~ < 1 be an operator on L*(R?) such that

Tr[(—h2A = V)¢y¢] <0 for some 1/2 > h > 0.

(i) IfVy € L2 (R?) then ¢y¢ is trace class and there exists a universal constant

C > 0 (independent of V', v and h) such that for any o € [0, 1],
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(i) If V(z) < Co(|z|~1 + 1) then ¢y¢ is trace class and there exists a constant
C > 0 dependent only on Cy (but independent of V, ¢, Q, v and h) such
that for any o € [0, 1],

/RQ pols(@)de < Ch™* (|Inh| + Q) Q'

We shall approximate the ground state energy E(N, Z) by one-body densities.
For the lower bound, we need the following inequality to control the electron-
electron repulsion energy. The three-dimensional analogue of this bound was first
proved by Lieb [10] and was then improved by Lieb and Oxford [13]. The two-
dimensional version below was taken from [16].

Theorem 9 (Lieb-Oxford inequality). For any (normalized) wave function ¥ €
AN L2(R?) it holds that

1
v,y —— v ZD(PW)CLO//%/Z,

1<i<j<N i — ]
with Cro = 192(27)Y/2, where the direct term D(py) is defined as in Section 2.3.

For the upper bound, we shall need the next result [11].

Theorem 10 (Lieb’s variational principle). For Z > 0, N € N and any density
matriz v with Tr(vy) < N, one has

E(N,Z) < Tr K—;A — Z\x|—1> v} + D(py) — ;/ dedy,

where the direct term D(py) is defined as in Section 2.3.

2.3 Coulomb Potential

Here we study the Coulomb potential f | .|~! of some function f. Associated to
this potential is the Coulomb energy of two functions,

D(f,g) = % // dedy.

R2xRR2

That D(f,g) is well-defined at least in L*/3(R?) is due to the Hardy-Littlewood-
Sobolev inequality (see [12], Theorem 4.3)

D(If|;191) < Cirrs I fll sz llgll as for all f,g € LY3(R?).

Moreover, |z—y|~! is a strictly positive kernel since the 2D Fourier transform of
|. |71 is itself up to a constant (see [12] Theorem 5.9). Therefore, D(f) := D(f, f)
is always nonnegative and (f, g) — D(f, g) is a positive inner product in L*3(R?).
These observations allow us to formulate the following theorem.
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Theorem 11 (Coulomb norm). There exists Cyrg such that
0 < D(f) < Cuis |7 for all f € L*3(R*)\{0}.

Consequently, f +— \/D(f) is a norm in L*/3(R?).

In three dimensions, the Coulomb potential p * | .|~ of a radially symmetric
function p is represented beautifully by Newton’s Theorem (see [12], Theorem
9.7). In two dimensions, however, we do not have such a representation since
|.|7! is not the fundamental solution to the two-dimensional Laplace operator.
Therefore, the following bounds will be useful in our context and their proofs can
be found in the Appendix. The lower bound is similar to Newton’s Theorem in
three dimensions, but the upper bounds are more involved. We do not claim that
they are optimal but they are sufficient for our purposes.

Lemma 12 (Coulomb potential bound). Assume that p is radially symmetric,
0 < p(z) < 2r|z])~! and [ p=X. We have the following bounds on the potential

px|. ]_1.
(i) (Lower bound) For all x € R?\{0},

ol 1Yz p(y)
(.17 >2R/Qmax{$|,|y,}dy.

(ii) (Upper bound) For all z € R?\{0},
(0|17 (@) < 2V V2 3.

Moreover, for any § > 0 there exists R = R(p,d) > 0 and a universal
constant Cy > 0 such that for any |x| > R,
A+0 In(|z|)

(] @ <20 1o / p(y)dy.
|z| | Jajey2z 222

3 Thomas-Fermi Theory

In this section, we introduce the two-dimensional Thomas-Fermi (TF) theory
which will turn out to be the main tool to understand the ground state energy
and ground states. The three-dimensional TF theory was studied in great math-
ematical detail by Lieb-Simon [15, 9]. In fact, the simplest version of TF theory
(see [12], Chap. 11) is sufficient for our discussion here.

Definition 13 (Thomas-Fermi functional). For any nonnegative function p €
L'(R?) we define the TF functional as

ETF () = R/ (7o) = 25 4 (m) il = 112 ) i+ Do)
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For any A > 0 we define the TF energy as
ETF(\) = inf {EF(p)]p > 0, |l 11 rey < A} (5)

Remark. (i) The term 7mp? comes from the semiclassics of the kinetic energy
while — [ p(z)|2z|! and the direct term D(p) = 3 [[ p(z)p(y)|z — y| ' dzdy
stand for the Coulomb interactions.

(ii) The appearance of (4m)~![|z|~' — 1]2 ensures that the TF functional is
bounded from below. In fact,

£ () = /W(p(m)—2ﬂ_1|m|>2dx+ / (Wp2(as)—p|(;|)> da

|z|<1 |z|>1

+D(p) -3
s

(iii) If pEF is the ground state of the above TF theory then Z pEF is expected to
approximate the density py, , of a ground state ¥ 7 of Hy, 7z with N = A\Z
(in some appropriate sense). In other words, the Z-dependent TF theory
can be defined from the above TF theory by the scaling p — Zp.

Basic information about the TF theory is collected in the following theorem.
Theorem 14 (Thomas-Fermi theory). Let A > 0.

(i) (Ewistence) The variational problem (5) has a unique minimizer pi*. More-
over, the functional X — ETY()) is strictly convex, decreasing on (0,1] and
ET™(\) = ETF(1) if A > 1.

(i4) (TF equation) pi¥ satisfies the TF equation
2mpy " (x) = [Jo| ™ = (pA" * [ 7 (@) — i ],
with some constant ,LL)\F >0 A<1 and ,uTF =0 A>1.
(i4i) (TF minimizer) pi® is radially symmetric; [ pi¥ = min{\, 1} and
0 < ||~ = 2mptF < Cla|™Y2 for all 2 # 0.
Moreover, supp pEF is compact if and only if A < 1.

Remark. Henceforth we shall always denote by C' some finite positive constant
depending only on A > 0 (the total mass in the TF theory). Two C’s in the same
line may refer to two different constants.
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Proof. (i-ii) Formula (6) implies that p — ETF(p) is strictly convex. Therefore,
the existence and uniqueness of the TF minimizer, and the TF equation follow
from standard variational methods similarly to the three-dimensional TF theory
(see [12], Theorems 11.12 and 11.13). The property of u)" is a consequence of
the TF equation and is shown in Lemma 15 below.

That ETF()) is decreasing follows from the definition. When A > 1, ETF(\) =
ETF(1) since pi¥ = pI¥ (by (iii)). When A € (0,1], the TF energy is also strict
convex because the unique minimizer satisfies [ pi* = X (by (iii)) and the TF
functional is strict convex.

(iii) Since the TF functional is rotation invariant and the minimizer is unique,
it must be radially symmetric. The inequality 0 < |z|~' — 27mp}F < C|z|71/2
follows from the TF equation and the following estimate in Lemma 12,

(6™ * || (@) < 22N V2 4 3.

We defer the proof that [ pIF = min{\, 1} and property of supp p}:F to Lemma 15.
O

3.1 Thomas-Fermi Equation

Lemma 15 (TF equation). Assume that p is a nonnegative, radially symmetric,
integrable solution to the TF equation

2mp() = [Jo L = (o< ]| ) () — ., (©)
for some constant u > 0.
(¢) If >0 then [ p <1 and supp p is compact.

(ii) If p =0 then [p=1 and

/ p(z)dz > e V" for all r > 0.
|z|>r

Proof. Denote [ p=:A> 0. For 7 > 0 we shall write p(r) instead of p(x)]|y=-
1. We start by proving A < 1. Since p is nonnegative and radially symmetric,
we have by Lemma 12

(o] = [ O —

Rz max{|z], y[}

Hence, the TF equation (6) yields

2mp(x)|z] < [1 - /R2 Mdy - ,u\w|] N for all  # 0. (7)
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For any ¢ € (0,\), we can find R, > 0 such that f‘x|>RE p =¢e. When |z| > R.,

using
[z p(y) /
— e —dy > ply) =A—c¢
/RQ max{|x\, |y|} |y‘§Rs

we can deduce from (7) that
2rp(z)|z| <[1—A+e—plz|]l+ <[1—A+e—puR:]4 forall |z| > R..

Since f|a:\>Rg p = € > 0, there exists |z| > R. such that p(xz) > 0. Therefore, it
follows from the latter estimate that

1—XA+e—puR: >0 forall e e (0,N). (8)

For any p > 0, (8) implies that A < 1.
2. If g > 0 then (8) yields

limsup R. < Rg := (1 — ).
e—0
Since flﬂ:\ZRE p = ¢ and limsup,_,o R. < Ry, we get fImIZRo p=0. Thus suppp C
{lz| < Ro} and A < 1 (because Ry > 0).

3. From now on we assume that u = 0. We shall prove that A = 1. Suppose
that A < 1 — 3¢ for some € > 0. Because p is nonnegative, radially symmetric and
p(x) < (2m|xz])~! (due to the TF equation (6)), by Lemma 12 we can find R > 0
and C7 > 0 such that

1 - 25 hl
|:!| 3zl /22yl =|x]/2

(px|.1 7)) < ply)dy for all |¢| > R.  (9)

||

Define €1 := ¢/C; and

€1
A:=<r>R: dy < ——— .
{ B 3r/2>|y|>r/2 Plu)dy < ln(r_l)}

If |x] € A, then (9) gives (p* |.|71)(z) < (1 —¢)]x|7!, and the TF equation (6)
with p = 0 gives

1 €
2mple) = | = orlel D) =5
] + ozl
Taking the integral of the previous inequality over {z € R?: |z| € A} one has
00 > 27r/p > 21 / p(x)dx > / Edr = 2meL(A)

|z]
R2 |z|e A |z|eA

where £! is the one-dimensional Lebesgue measure. Thus A has finite measure,
and consequently we can choose a sequence {R,}>2; C R\A such that 3R <

n=1
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3R, < Ry41 < 4R, for all n > 1. Because R,, > R and R,, ¢ A we have, by the
definition of A,

€1
for all n > 1.
p(y)dy > (R, or all n >
3Rn/22|y|>Rn/2

Taking the sum over all n € N and using R, 1 > 3R,, we find that
o) -
> dy >
o> [p> z / o= 3 s
R2 =13R,, /2>|y|>Ru /2 n=

On the other hand, since R,,11 < 4R,, we get R, < 4"Ry < [4(1 + Ry)]"™ for all
n > 1. Therefore,

[e.9]

> 1 €1
> =
nzl (R, nzl A1+ R))

The last two inequalities yield a contradiction.

4. Finally, we show the lower bound on f‘ 2|>r

p. With p = 0 and A = 1,
inequality (7) becomes

2mp(z)|x| < / <1 - ||:yU||) p(y)dy for all x # 0. (10)
Denote o .
g(r) = / (1 - ‘;’) p(y)dy = 27T/ (s — 1) p(s)ds.
ly|=r T

Then ¢(0) =1, g(4+00) = 0 and
g(r)= —27r/p(s)ds <0, ¢"(r)=2mp(r) forall r> 0.

Thus (10) can be rewritten as
rg”(r) < g(r) for all r > 0.
Note that go(r) := e~2V7 satisfies go(0) = 1, go(+00) = 0 and

" —2/1
rgo(r) — go(r) = 2\[6 > 0.
Therefore, h(x) := g(z) — go(z) satisfies that h(0) = h(+oo) = 0 and rh"(r) <
h(r). If the set U := {r > 0 : h(r) < 0} is not empty, then h is a strict concave
function on this open set. By the maximum principle and h(0) = h(4+00) = 0,
we can argue to get a contradiction. Thus h(r) > 0 for all » > 0. This yields

Jiapor P(x)dT > g(r) > go(r) = e72V7. O
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4 Semiclassics for the TF Potential
In this section, we consider the semiclassics for the TF potential
V(@) =l ™t = (03" # | 7D (@) — k"

From the TF equation and the properties of the TF minimizer (see Theorem 14)
we have [V,IF], € LY(R?) and

VI () — 2| < C(Jz] "2 + 1) for all & # 0.

The following theorem will turn out to be the main ingredient to prove The-

orems 1 and 2. The parameter h will eventually be replaced by (22)~/? in our
application.
Theorem 16 (Semiclassics for TF potential). When h — 0% one has
B i B I (U - e P
+(4h?) 7! [In(2h?) + ] + o(h72). (11)
where ' = —31n(2) — 2y + 1 ~ —2.2339.
Moreover, there is a density matriz vy, such that
Tr [(—h2A = V)] = Tr [=h?A = VIF] 4+ o(h72) (12)
and
2 T(n) < [ I, D()p,, ~ p1T) = o(1) (13)

Note that (11) is a special case of Theorem 3. In this section, we shall prove
(11) in detail. The proof of Theorem 3 is provided in the next section.

As in [26] we shall prove the semiclassical approximation (11) by comparing
with the hydrogen. In fact, because of the hydrogen semiclassics (2), the approx-
imation (11) is equivalent to

Tr [-h*A = VIF] = Tr [-R%A — [zt + 1]

— (3mh?) ! /R (VIR = [l = 1) de+o(h™D).  (14)

4.1 Localization

To treat the singularity of the TF potential we shall distinguish between three
regions. In the interior region (close to the origin), we shall compare directly with
hydrogen; while in the exterior region (not too close and not too far from the
origin) we can employ the usual semiclassical techniques; and finally, the region
very far from the origin has negligible contribution.
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Definition 17 (Partition of unity). Let ¢ be a nonnegative, smooth function
(with bounded derivatives) such that ¢(x) = 1if |x| <1 and ¢(x) =0 if || > 2.
Choose 7 := h'/2, A := |Inh| and denote

Oi(x) = @(x/r),
@2((1}) = (1
y(a) = (1-¢2(x/A)">.

Then Y2 ®2 = 1, supp ®; C {|z| < 2r}, supp @y C {r < |z| < 2A}, supp 3 C
{2 > A},

The localization cost is controlled by the following lemma.

Lemma 18 (Localization). Let V be either ViI¥ or (||t —1). When A = |Inh|
and r = h'/%2 — 0% one has

Tr[-h*A-V]_ = > Te[@i(—h*A—V)®;]_ +o(h?)
i=1,2

Note that in the sum on the right-hand side the contribution of region supp ®3
does not appear.

Proof. 1. To prove the lower bound, using the IMS formula

—A = Z(ID A —u)®; with u —ZW(I)\ < Cr 21 <ony

i=1
one has
3
Tr[-h*A = V]_ =) Tr[®i(—h*A =V = Ch2r 2152201 84 -
=1

The term involving ®3 has negligible contribution. Indeed, since supp ®3 C {|z| >
A}, it follows from the Lieb-Thirring inequality (3) that

Tr[®@3(—h*A = V = Ch*r 1y, <on}) ®3]—
Tr[=h*A = 1ap=ap (Vi + CR* ™1z cany))-

> —Ligh™? / - [Vi(2) + Ch*r 1y, 1<ony]?dz = o(h72).

v

Here note that limp o f\a:|>A VE = 0since 1{j;>13 V4 € L*(R?) and h*r—* fl$|<2/\ —
0 because A = |Inh.
Moreover, for 1 = 1,2, if we denote

Vi = 1(_oo0) (Bi(—h*A =V — Ch>r?)®;)
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then Tr(®;v;®;) < Ch™2(|Inh| + A?) by Lemma 8 (ii). Therefore,

O;(—h*A =V — Ch*r=2)®;]_

O;(—h*A =V — Ch*r=?) B

i (—h?A = V)®;y] — Ch?r 2 Tr(®;y; ;)
O (—h?A = V)®;]_ + o(h72).

Tr
= Tr
= Tr
>

2. To show the upper bound, we choose

7(1) = 1(—oo,O]( ( hQA V Z i P

Since 0 < ’y(i) <1(i=1,2) and Z-:l 2 <I>2 <1 we have 0 < 4 < 1. Thus,

Te[~h?A = V]- < Te[(=h2A = VO] = 37 Tu[@y(—h*A - V)&
1=1,2

4.2 Hydrogen Comparison in Interior Region

In the interior region, we shall compare the semiclassics of the TF potential di-
rectly with hydrogen. Note that

st [ VR o) — (ol - 1208 (0| < O ol
because |V'F — |z[ 71| < O(|z|~'/2+1) and supp ®; C {|z| < 2r}. This inequality

is the semiclassial version of the following bound.

Lemma 19 (Hydrogen comparison in interior region). When r = h'/? — 0 we
have

Tr [®1 (—h2A = VIT) @1 — Tr [®1 (—h2A — |z| ' + 1) @1]_ = o(h7?).

Proof. The lower and upper bounds can be proved in the same way. We prove for
example the upper bound. If we denote

A = L(—00,0] (@4 (—h2A — |zt + 1) @]
then by Lemma 8 (ii),
Tr[®1yM®,] < Crh~?|Inh|'/2. (15)

By using |V,I¥(2) — |z|7' + 1] < C(|z|7/2 +1) < Cr~Y/2 for x € supp &1 we get
Tr (@4 (—h2A — 2|7+ 1) @] _

T [Cbl ( — |z|” 1y ) @17(1)}
Tr [®1 (—h V) @1y1] — Cr72 Ta (@4 (V)

r (@1 (—h W) @1]_ +o(h7?).

ALY,
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4.3 Semiclassics in Exterior Region

In the exterior region, the standard semiclassiccal technique of using coherent
states [9, 27] (see also [12, 24]) is available.

Definition 20 (Coherent states). Let g be a radially symmetric, smooth function
such that 0 < g(z) <1, g(z) = 0if |z| > 1 and [g, g*(z)dz = 1. For s > 0 (small),
denote gs(x) = s~'g(z/s) and

s up = |fsup) (fsup| where fg, p(z) = eP?g.(z —u) for all u,p € R2
From the coherent identity,
(2m) 2 / / I, pdpdu =1 on L*(R?), (16)
R2xR2

it is straightforward to see that for any density matrix « and for any potential V'
satisfying V. € L}(R?),

Tr [-h*Ay] = (2m)7? // Tr [—h*All, , ] dpdu

= (2m)2 / / B2p? Tt [y ]dpdu — || V] [22h2s~> Te(7),
(17)

T(-Vegdn] = (2m)2 / / TY[(—V % g2)L, 0yl dpdu

= (2n)72 / / —V (u) Tr[ILs 4 py]dpdu. (18)

Motivated by (18), it is useful to have some estimate for (V — V x g2). The proof
of the following lemma can be found in the Appendix.

Lemma 21. If V is either V'Y or (|z|~' — 1) and A = |Inh|, r = h'/2, s = h2/3
then

/ V =V« g?[2(x)dx < ChY*.

r<|z|<2A

Lemma 22 (Semiclassics in exterior region). Let V be either VI or (|z|71 —1).
When A = |Inh| and r = h'/? = 0 one has

Tr [©5 (—h*A V) ®y] = —(87h?)~* / V2E(2)®3(z)dx + o(h™?).

Proof. 1. To prove the lower bound, we choose the density matrix

Y2 = 1(_0070] [(1)2 (—hQA - V) q)g] .
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Taking s = h*/? and using identities (17) and (18) we can write

Tr [ (—h*A = V) ®s] = Tr[(—h*A —V) ®yya®s]
= (2m)72 / / [A?p? — V (u)] Tr Ly, 272 Po] dpdu
+ Tr [(V * gz -V - Ch23_2) Q)Q’yg@g] . (19)

2. To bound the second term of the right-hand side of (19), we can apply
Holder’s inequality, Lemma 8 (i) with € := supp®y C {r < |z| < 2A} and
Lemma 21 to get

Tr [(V * gz -V - Ch2872) (I)Q’)/Q(I)Q]

> - HV * 93 - VHLQ(Q) Hp¢272<1>2”L2(]R2) - Ch28_2 Tr[q)TYQ(I)ﬂ
> —Ch7?||Vxg? - VHLZ(Q) Vil 2y — Cs™? Vil p20) Q2
> —Ch72h3|Inh|Y? — Cs72|Inh|V2A = o(h72). (20)

For the first term of the right-hand side of (19), because
0 < Tr [T, p®272®2] < Tr [,,0,93] = (3 % g7) (u)

we obtain

(2m)~2 / / [R?p? — V(u)] Tr [ 4, 272 P2 dpdu

>~ [[ 1% - VW] (@« ) u)dpdu
= () [ VW)@ g (u)du
= —(87Th2)1/Vf(u)®§(u)du+o(h2). (21)

Here the last estimate follows from

[ Ve - a3 2w

< Csr! / Vi (u)’du < Csr™"[Inr| = o(h™2), (22)
|z|=r/2

where we have used |®3 — ®3 x g2|(z) < Csr 'y >r/2y when |2] > r > s
Replacing (20) and (21) into (19) we get the lower bound in the lemma.
3. To show the upper bound, we choose

7@ = (2m)7? //Hs’u,p dpdu, M := {(u,p) : R*p? —V(u) < 0}.
M
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Using the coherent identity (16) and the IMS formula, it is straightforward to
compute that

Tr [@2 (~h?A = V) @3] < Tr |0 (—h?A = V) 072 |

= (277)_2/ <fs,u,p(x)‘ (I)2($) (_hQAx - V(:L’)) (I)Q(:L‘) |fs,u,p(l‘)>L2(R27dg;) dpdu

h2 h?
= (2m)” // ’”}—95%2 A—*A(Qs‘I’z)

+h2|V (g5 ®2)| — (95®2)?V |*) dpdu
— (2n) / / (1292 (83  g2)(u) + b R/ 1V (gas) () P — ((2V') # g2) ()] dpdu

— _(3rh2)"! / V2 ()02 (u)du + (87h%) ! / (V2(® % g2) — V23] du +
(4! / / V. (0)|V (95 2) () P

+(4rh?) 7! / PV [Vy — (Vi g2)] du. (23)

4. Finally we verify that the last three terms of the right-hand side of (23)
are of o(h™2). The second term was already treated by (22). Using

/R2 IV (gs®2) (z)[Pdz < C(r™ 4 572) 14, j2<juj<3}-
we can bound the third term as

/ / Vi (0)|V (g5®s) () Pddu < C(r—2 + 572) / Vi (w)du = o(h=2).

7/2<|z|<3A
To estimate the last term, we introduce a universal constant Ay > 0 such that
V(z) > 0 when |z| < 2A¢ (such Ag exists since |V (z) — |z|7' < C(|z|~Y2 + 1)).
Using V4 (u) = V(u) and (Vi *g2)(u) = (V *g2)(u) when |u| < Ag, and Lemma 21
we get

[RSV[IVE = Vixg2ldu < Vg2 [V *65 = V|20
|’U,‘<A0 ( )

< C|Inh|Y2pY8 = (1)

where Q = supp®2 C {r < |u| < A}. On the other hand, because |V (u)| < C
when |u| > Ag and V; € L'(R?),

/| VIV = Vi gl < Vi g7 = Vi ) = 0l1),
u|>Ao

Thus the last term of the right-hand side of (23) is also of o(h~2). This completes
the proof. O

Lemmas 18, 19 and 22 together yield (14), which is equivalent to (11).
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4.4 Trial Density Matrix

The last step in proving Theorem 16 is to construct a trial density matrix.
Lemma 23. There exists a density matriz v, satisfying (12) and (13).

Proof. Recall that we always choose A = |Inh|, r = h'/? and s = h?/3.
1. From the proof of Lemmas 18, 19 and 22, if we choose the density matrices

YW= Lo [B1 (ZRPA — a7 1) @],

7(2) = (271')_2 // Hs,u,pdpduv
h2p2—VIF (u)<0

YO = 2170y + 29y Py
then
Tr[—h2A — VP = Te[(—h2A — VTP )y O] 4 o(h72). (24)

2. Using the coherent identity (16) and the TF equation p; ¥ = (27)~1[V,IF],
we can compute explicitly that

Py (x) = e (z,z) = (2n) 2 // s p(x, x) dpdu

R2p2 -V IF (u)<0
= (@4rh?) (T4 x g2) () = (20%) (A" % g3) (2).
Therefore,
2h%p ) = 2h%pg, e, + P3pA" * g2 (25)

Since [ pi¥ * g2 = [ pi¥ and Tr[®;7M @] < Crh~2|In k|2 (see (15)), we have

29 [ oo (@)de < [ ¥ @+ Crltan 2 (26)
On the other hand, we can write from (25) that
2h%p 0 — Py =202 pg e, + PH(0N" % g2 —pAT) 4 (1 - @3)py".
Since pi¥ € L3(R?), we have pi¥ % g2 — pi¥ and (®2 — 1)p}¥ converge to 0 in
L4/3(R2) Moreover, using Lemma 8 we have 2h? Po141e, — 0 in L*3(R?). Thus

2h2p7(0> —pif - 0in L*3(R?). Since the Coulomb norm is dominated by the
L*3-norm (see Theorem 11), we then also have

D(2h°p ) — pa") — 0. (27)
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3. Finally, we choose £ such that |Inh|=! > £ > r|Inh|Y/2 (e.g. £ =r'/? =

h'/4) and define

= (1= 0y

Then using (26) and ¢ > r|1n h|'/? we have
202 Te() < (1= 01+ Crlwhl2) [ 3 < [ G

for h small enough. Moreover, since |Inh|~! > ¢, the inequalities (24) and (27)
still hold true with (9 replaced by ~s. O

5 Proofs of the Main Theorems

5.1 Ground State Energy

Having the semiclassics in Theorem 16, the proof of Theorem 1 is standard (see

[9])-

Proof of Theorem 1. 1. We first prove the lower bound. Taking any (normalized)
wave function ¥ € /\f\i 1 L?(R?), we need to show that

1
(U, Hy 70) > —522 InZ + ETF(\)Z2 + o(Z?).

Starting with the Lieb-Oxford inequality (Theorem 9)

we want to bound fp‘?l,/Q. It of course suffices to assume that (¥, Hy z¥) < 0.
Using the Lieb-Thirring inequality (4), the hydrogen spectrum in Theorem 5 and
Tr(yy) = N < CZ we arrive at

0>4(V, Hyz¥) > Tr[-Ave]+ Tr[(-A —4Z)z|7") o]

> Kg/ p%(z)dz — CZ*|1In Z|
R2

By Holder’s inequality and [ pg = N < C'Z again we conclude

1/2 1/2
/ p?&,/Q(x)dac < </ p%,(x)da:) (/ p\p(:z:)daz) < CZ3%mz|'/2.
R2 R2 R2

Thus the Lieb-Oxford inequality gives

v

1
(U, Hy 7 ¥) Tr [(—QA — Zyx\l) w] + D(pyy) — CZ%% In z|\/?

= ZTr [(-22)7'A = WV\) ye] = 2% (1" (N/Z) + D(py")]
+22D(Z  pyy — piF) — C 232 In 2|12, (28)
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For the lower bound, we can ignore the nonnegative term D(Z~! Py — p:\FF) > 0.
With the semiclassics of the TF potential in Theorem 16 and h? = (2Z)~!, one
has

Tr [(-(22)'A = Vi) ] > Tr [-(22) A = V]
1 1

> _§Z1HZ +Z [—(4%)_1 / (VEE(@)3 = (o~ = 1%) dz + §CH +0(2).

Together with N/Z — A, we obtain from (28) that
1
(U, Hy z0) > —522 InZ + e(\)Z? + o(Z?)
where
1

() i= —(am) [ (V@R = (ol ! - 1) d = A= DT+ 5N
By the TF equation 2mpit = [V\IF] | we have
D A B A T T i R o P s L B R )
Replacing this identity and uIF)\ = ,uEF i pEF into the definition of e(\), we see
that e(\) = ETF(X\) + " /2. Thus we get the lower bound on the ground state
energy.

2. To show the upper bound, because \ — ETF()\) is continuous, it suffices to
show that for any 0 < A\’ < X fixed, one has

1
E(N,Z) < 7522 InZ + ETY(X)Z2% 4 o(Z?).

Using Lieb’s variational principle (see Theorem 10) we want to find a density
matrix vy such that Tr(y) < N and

o K;A - le|‘1> v] +D(p,) < %ZQ InZ + E™F(X)Z* + o(2%).

This condition can be rewritten, using the same calculation of proving the lower
bound (see (28)), as

Tr[(—(22)7'A - V?F) v +ZD(Z  py — par)
< Tr[—(22)7'A - VIF] 4 o(2). (29)

According to Theorem 16 with h? = (2Z)~!, we can find a trial density matrix v
satisfying (29) such that Tr(y) < Z [ piF < NZ. Since N/Z — X > X, one has
Tr(y) < NZ < N for Z large enough and it ends the proof. O
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5.2 Extensivity of Neutral Atoms

Proof of Theorem 2. Let 6r be a smooth function such that Or(x) =0 if |z| < R
and Ogr(x) = 1 if || > 2R. From the proof of Theorem 16 and Theorem 1, we
have, with v := vy, , and h? = (22)1,

Tr[(—h2A — ViT)qy) = Te[-h2A — VTV + o(h™2).
Using the localization as in Lemma 18 and the semiclassics of Lemma 22 we get
Tr[0r(—h2A — Vi')0ry] < Tr[0p(—h2A — VTF)0R] - + o(h™2)
— (37 [ VTR @) (a)de +oh ). (30)

On the other hand, since V' < |z|™t < R™! in supp 0,
Tr[0r(—h2A — Vi'¥)0ry] > —R I Tr[fgy0g] = —R~! /Gé(x)pv(x)dx. (31)
Putting (30) and (31) together we arrive at

[ o @ide = Biswi) ™ [ VIR @) @)d + o)
Replacing h? = (2Z)~!, we can conclude that
/ p~y(z)dx > /9%(30)/)7(3:)6&6 > CrZ +0(2)
|z[>R

where

Crei= Riam)™" [ (V™3 (@)6h0)de = R IR

Note that Cg > 0 because supp p; " is unbounded (see Theorem 14). O

5.3 Semiclassics for Coulomb Singular Potentials

Proof of Theorem 3. We shall show how to adapt the proof of (11) in the previous
section to the general case. We however leave some details to the readers. By
scaling we can assume x = 1.

1. The main difficulty of the general case is that we do not have the estimate
in Lemma 21 in the exterior region. Therefore, we need a more complicated
localization. Let 7 = kY2 s = h?/3 and let g, be as in Definition 20. For any
€ > 0 small, denote

W(e, h) = / \V]de/ Vi — Vi * g?2da
e<|z|<e~! e<|z|<e~!
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Because V € L2 (R*\{0}), for any £ > 0 fixed we have W (e,h) — 0 as h — 0.
Therefore, we can choose ¢ = &(h) such that e(h) > |Inh|~!, ¢(h) — 0 and
W(e(h),h) — 0 as h — 0. Let ¢ as in Definition 17 and define

By () o(x/r),

‘132(35) = (1—@*(@/r)p(z/e),
D3(z) = (1—@*(x/e)p(xe/2),
Dy(z) = (1—*(ze/2))%

Then Z?Zl &)? =1, supp®; C {|z| < 2r}, supp Py C {r < |z| < 2¢}, supp P3 C
fe <o <=1}, and supp®, C {Jz] > (20)1).
2. Following the proof of Lemma 18 we can show that

3
Te[—h?A = V- = Tr[@(—h?A = V)®;]_ + o(h72). (32)
=1

Note that the assumptions 1¢,>13Vy € L?(R?) and |Inh| > ™! — oo is sufficient

to bound the contribution of the region supp Dy by the Lieb-Thirring inequality
(3). To control the localization cost in the region supp 53, we may use Lemma 8
(i) instead of Lemma 8 (ii).

3. Because |V (z) — 2| + 1| < C(|z|? + 1) < Cr~? for x € supp @1, we can
follow the proof of Lemma 19 to get

Te [y (~h2A = V) &1] = Tr @ (~h?A— o]+ 1) By +o(h7?).  (33)

4. Adapting the coherent state approach in the proof of Lemma 22, we can
show that

Tr [53 (—h2A - V) &)3] = —(8nh?)7 / V2(2)®2(z)dz + o(h™2).  (34)

To obtain the lower bound it suffices to consider Trﬁ)g (—th — V+) &33}_ and
then use the assumption W(e(h),h) — 0 instead of Lemma 21 in (20). When
proving the upper bound, the assumption W(e(h),h) — 0 is again enough to
estimate the last term of (23).

5. In the intermediate region supp @, C {r < |z| < 2¢}, we have

Vi(@) i= Jo| ! + Cla ™ = V(@) > ol - Cla|~ = Va(a) 2 0.
We start with the lower bound
Tr [ (~h2A = V) By| = Tr By (~h2A — 17) B
Using the coherent state approach as in the proof of Lemma 22, we can show that

Tr [52 (—h2A - V) 62} = / Vi2(2)B(z)2da + o(h™2).
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To do that, we just need to replace Lemma 21 by the following estimate

/ Vi — Vi % g2|2de < Cs?|Inr|.
r<|z|<2e

Moreover, since supp ®; C {r < |z| < 2¢} with e = e(h) — 0 and |V — Vi| <
C|z|7%, we have

/‘/12(33)&52(.%)2d$ = /V2(a:)(f>2(:c)2da: +o(h72).
Therefore, we arrive at
Tr [52 (—h2A —V) 52} > /Vf(x)&>2(x)2dx +o(h™2).
Similarly, again using the coherent state approach we get the reverse inequality

Tr [ (—h2A = V) By| < Tr By (~h2A—12) By

_ / Vo2(2) B (2)2dz + o(h2) = / V2(2)Bs(2)2dz + o(h~2).
Thus we obtain the semiclassics
T [By (120 - V) 8] = / V2(2)®s(x)2dz + o(h~2). (35)

6. The desired semiclassics follows from (32), (33), (34) and (35). O

A Appendix

In this appendix we provide several technical proofs.

Proof of Theorem 4. (i) The HVZ Theorem indeed holds for all dimension d > 2
(see e.g. [8] Theorem 2.1 for a short proof). The decay property is essentially
taken from [18] where the only change is of solving equation (3.8) in [18]. In
fact, the two-dimensional solution wy(r) (with r» = |z|) is obtained by scaling the
three-dimensional solution ws3(r) in [18] as w2 = W3|asie, 2542057 /2.

(ii) The proof of Zhislin’s Theorem is standard and there is no difference
between two and three dimensions. The idea is that by induction we can use
the ground state Hy z to construct a (NN + 1)-particle wave function with strictly
lower energy whereas N < Z. It should be mentioned that some certain decay of
the ground state is necessary to control the localization error when we consider
the cut-off wave function in a compact set.

(iii) The asymptotic neutrality follows from the original proof in three dimen-
sions of Lieb, Sigal, Simon and Thirring [14]. The key point of their proof is the
construction of a partition of unity. But a partition of unity in three dimensions
obviously yields a partition of unity in two dimensions, hence this part of the
proof can be adopted. Note that the Pauli exclusion principle enters when solving
the hydrogen atom. ]
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Proof of Lemma 6. For any m € N, one has

Tr [—;A — |zt + 2(m+11/2)2] _

m 1 1

! (m+1)2
- _;n+1/2+2(m+1/2)2‘

Using Euler’s approximation

m

1
nz:% i In(m) +2n(2) + v + 0o(1)m—soo
we get
N |‘_1+; = —In(m) — 21n(2) +1+(1)
. > T 2(m+1/2)2 __ n(m n TE B O(1)m—oo

which implies (1). Moreover, (2) follows from (1) by scaling x — (2h?)~'z, namely

1
Tr [—hQA — |z|7t + pl_ = (2h%) "1 Tr [_QA — |z| 7 4 2h2p

O]

Proof of Lemma 8. (i) For any constant a > 0, using the Lieb-Thirring inequality
(3) we have

0 > T[(~h*A = V)dye]
> Tr[(—(h?/2)A + a)¢yg] + Tr[(—(h?/2)A = (a + V3).10)$79)
> Tr[(—(h*/2)A + a)¢py¢] — 4L12h™||a + Vi |[T2 -

Choosing a = 1 and using Tr[—Ag¢y¢] > 0 and (1+Vy) € L?(Q) we get Tr[pye] <
0o, namely ¢y¢ is trace class. On the other hand, choosing a = 0 and using the
Lieb-Thirring inequality (4) to estimate Tr[—A¢y¢], we arrive at

2 —4 2
L, Phrolade < Ch= IVl

Because supp pg,¢ C €1, the above estimate and Holder’s inequality yield the
desired bound on [ p32, for any o € [0,1].

(ii) We can use the same idea of the above proof. The only adaption we need
in this case is to use both of the Lieb-Thirring inequality (3) and the hydrogen
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semiclassics (2) to bound Tr[(—(h?/2)A — (a+ V4 ).1q)dy#]. More precisely, since
V < Col|lz|~! + 1), we have

Tr[(—(h*/2)A = (a + Vi) da)¢vd] > Tr[(—(h?/4)A = Colz| ™" + 1)¢yg)
+ Tr[(—(h*/4)A = (Co + a + 1).1)$7¢)]
—~Ch™3|Inh| — C(a+ 1)*h2Q.

v

O]

Proof of Lemma 12. 1. The lower bound follows from the radial symmetry of p
and the fact that A(|z|™!) = |z|73 > 0 pointwise for all x # 0.
In fact, since p is radially symmetric we can write

el 1@ = [ | [ mgte | was | (S/ el 0L

lyl<lz| \Sy ly[>|z|

where dz; and dzy are normalized Lebesgue measure on the circles S, := {z €
R?: |z| = |z|} and Sy := {z € R?: |2| = |y|}.

If |z| > |y| then using the subharmonic property of the mapping z + |z — z|~!
in the open set {z € R?: |2| < |x|} we get

1 1
[tz
fr =zl = fal
Sy

Together with the similar inequality for |y| > |z|, we obtain the desired lower
bound on p x| .|7L.
2. Because p(z) < (2r|z|)~! and [ p= A, for any £ > 1,

ol @) = [Pays [ [ s

|z —yl
R2 lo—yl<lzl/2  Jo—yl>|el/2ly<slel  |ylSla]
(2m)~! / (2m)~tdy / p(y)dy
< g+ L/ Sy g
/ (|z]/2)|z — y| lyl(|=|/2) (k—1)|x]
lo—y|<lz|/2 ly|<xlal R2
< 1425+ —.
(k—1)z|

Optimizing the latter estimate over x > 1 yields the first upper bound on px|.|™!.
3. We now prove the second upper bound on (p * |.|~!)(x) for |z| large. We
start by decomposing R? into three subsets

Q = {y6R21’$—y’2|w’/2}7
% = {ye®: el |yl < Jel 2},
Qs = {yeR®:|z—y| <|z|/2,||z| - |y|| > |=[*}.

84



Fix € > 0 small. For |z| large enough,

/ py) &y = / py) dy + / py) dy
|z -yl |z -yl |z -yl
h lyl<|z['/2 |z —y|>[x|/2,ly|>|z|1/2
Jr / p(y) A+ 2
< et dy < : (36)
2] — |=[!/2 (lz1/2) |z
ly|>z|/2
Moreover, since p(y) < (27|y|)~*,
1 1
/ p(y) dy < / dy + / ——dy
|z —y] 2rlyl|z —y] 2rlyllz -yl
Q2 lz—y|<e lz—y|=e,[|z]—yl|<|z|~2
< / ! dy + / ! d
= Y o oY
2r(|z| —e).Jx —y| (27|yl)e
lz—y|<e ] =yl | <]z ~2
€ 2 2e
= —F — < —, 37
o< P < o e

Next, using the polar integral in
Q3 C {y e R*: 3Jz[/2 > |y| > |2l/2, [[x| - |yl > |=[7*}

we have, with notation s := min{|z|, 7} /max{|z|,r},

2
r(y) p(r)r
(Z |z — y’dy = / / max{|z|,7}y/1 + s2 — 2s cos(@)dedr‘(?)g)

3lz|2r>glel |r—|e||>]|=2 0

The singularity of the integral w.r.t. 6 (at s — 17) is controlled by the following
technical lemma (we shall prove later).

Lemma 24 (Upper bound on elliptic integral). There exists a finite constant
C > 0 such that

2w
do
/ <C(1+|In(l —s)|) forall0<s<1.
) V/1+ 52 —2scos(0)
Note that if |r — |z|| > |z|~2 and |z| > 1 then
_ —2 ) -3

ol + J2[ 72 14 273 7

Using (38) and Lemma 24 we get, for |z| large enough,

/ PY) 4, < ¢, 2D / p(y)dy (39)
Q3

|z =y ]
8le|/22]y| 2 |e|/2
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for some universal constant C.
Putting (36), (37) and (39) together, we conclude that for any € > 0 there
exists R = R(e, p) such that for any |z| > R,

4 1
A+ 4de e n(|z)

(=l ™) (@) < =7 o

p(y)dy.
3|z|/2>[y|>|x| /2

O]

For completeness we provide the proof of the upper bound on the elliptic
integral.

Proof of Lemma 24. We just need to consider the singularity when s — 17. Write
1+ 5% —2scos(20) = (14 5)? — 25(1 4+ cos(h)) = (1 + s)? — 4scos?(0/2).

Denoting k? = 4s/(1+ s)? and making a change of variable (6 + 7 — 26), we need
to show that

w/2

/\/W /\/1—t2 — k2t2)

when k — 17. This upper bound follows from the identity
dt _ L (LR
-t —kt) vk \1-vVk)’

Remark. The function K (k) is the complete elliptic integral of the first kind. Its
asymptotic behavior at & — 17 is well known. It is (see [1], eq. (17.3.26), p. 591)

K (k) := < C|In(1 — k)|

o _

O

K(k) = %| (1 — k)| + ;ln(Q) +o(Lp-.

Proof of Lemma 21. Recall that we are working on the region 2A > |z| > r > s.
We start with the triangle inequality

V=V <|[. [T =7 g2+ o 7 = oA x| gl (40)

(If V(x) = |2|~' — 1 then the term invloved pi " disappears.)
When |z| > r > s > |y| using

|27 = |z = y| 7| < Osla| 2

one has

R /\|x1 Y Py < Cslal 2. (41)

86



Moreover,

TF*||1 TF*|.|1

Px « 93| (@
// (=) flol ™ =y =21 1\95 )dyd (12)
We divide the integral into two domains. If |y| > r/2 then using
Iyl ™" — |y — 27| < Csly| 7> < Csr~Hy| ™

and (pi¥ * |. |71 (x) < C(Jz|/2 4+ 1) (see Lemma 12) we obtain

/m V) |yl =y — 2|7 g2 (2)dyd=
ly|>r/2
< Csr (piF « | ™H(2) < CsrYa| V2 (43)

If |y| < r/2 then using
pr (@ —y) <Cllz =yl +1) < O]~ +1)

and |

ly|<2r ly|~tdy < Cr we obtain

// px (@ —y) |yl =y — 2|7 g2 (z)dydz

ly|<6/2

Clla) ™+ 1) / / (g™ + Jy — 2 7) g2(2)dydz
ly|<r/2,ly—z|<2r
< C’r(]w\fl +1) (44)

IN

Replacing (43) and (44) into (42) we arrive at

lpaF |7t

— p;F * | \_1 * gg‘ (x) < C(sr‘l\x]_l/Q + 7“\:(:|_1 +7) when |z| > 7.
From the latter inequality and (41) we can deduce from (40) that
|V *gg —Vi(z) < C(s]x\_Q + sr_1|ac]_1/2 + r\x]_l +r) when |z| > r.

Taking the square integral of the previous inequality over {r < |z| < 2A} we get
(with A = |Inh|, r = h'/2, s = h?/3)

/ V =V ¢2)2(z)de < C(s*r 2A + 7| In(A/r)| + 2A%) < ChY/4,
<Ja|<2A
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Bogoliubov theory and bosonic atoms
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Abstract

We formulate the Bogoliubov variational principle in a mathematical
framework similar to the generalized Hartree-Fock theory. Then we analyze
the Bogoliubov theory for bosonic atoms in details. We discuss heuristically
why the Bogoliubov energy should give the first correction to the leading
energy of large bosonic atoms.
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1 Bogoliubov theory

In this section we formulate the Bogoliubov variational principle in the same spirit
of the generalized Hartree-Fock theory [4]. Our formulation bases on the earlier
discussions in [18, 19].
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1.1 One-body density matrices

We start by introducing some conventional notations. Let §h be a complex separa-
ble Hilbert space with the inner product (.,.) which is linear in the second variable

and anti-linear in the first. Let hy := ®g,mh be the symmetric tensor product

space of N particles and let F = F(h) := @J_, b~ be the bosonic Fock space.

Let B(F) be the space of linear bounded operators on F. Any quantum me-
chanical state (state for short) p : B(F) — C is identified with a positive semi-
definite trace class operator P on F with Tr(P) = 1 in such a way that

p(B) = Tr(BP) for all B € B(F).

For example, a pure state is a state corresponding to the one-dimensional projec-
tion |U) (¥| of a unit vector ¥ € F, and a Gibbs state is a state corresponding to
Tr(exp(—H))™ ! exp(—H) for some Hamiltonian H : F — F such that exp(—H)
is trace class.

The dual space h* can be identified to b by the anti-unitary J : b — bh*,

J($)(y) = (‘T)y)hv for all T,y € h

It is convenient to introduce the generalized annihilation and creation operators
on h @ bh* by

A(foJg) = alf)+a*(g),
A*(feJg) = a*(f)+alg), forall f,geh

where a(f) and a*(f) are the usual annihilation and creation operators. Note

that if we denote
10 0 J*

then we have the conjugate relation and the canonical commutation relation (CCR)
A*(F1> = A(jFl) 5 [A(Fl),A*(FQ)] = (Fl,SFQ) for all Fl,FQ S [] 37, h*

where [X,Y] = XY - Y X.
Now we can define the one-particle density matriz (1-pdm for short) T : h @
h* — b P bh* of a state p by
(Fl,FFQ) = p(A*(FQ)A(Fl)) for all Fl,FQ S h D f]*

Such a 1-pdm may be also written as

_ v Q@
11_<Joz<] 1+J7J*> ()

where v : h — h and a : h* — b are linear bounded operators defined by

(f,79) = pla*(g)a(f)), (f,aJg) = pla(g)a(f)) for all f,g € b.
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It is obvious that any 1-pdm is positive semi-definite. The following lemma ex-
presses the condition I' > 0 in terms of v and «. Its proof is provided in the
Appendix.

Lemma 1.1. Let T be of the form (1). ThenT > 0 if and only if v > 0, o* = JauJ
and

v >aJ(14~)" e (2)

Remark. The fermionic analogue of the inequality (2) is aa™ < (1 — ) [4]. We
do not know if (2) can be reduced to aa* < (1 + ) or not.

Of primary physical interest are the states with finite particle number expec-
tation. Recall the particle number operator

N = Z N1y, = Za*(un)a(un)
N=0 n

for any orthonormal basis {u,}2%, for h. It is straightforward to see that if a
state p has the 1-pdm of the form (1) then

p(N) = Tr(v).

Hence p has finite particle number expectation if and only if v is trace class.

1.2 Bogoliubov transformations

Definition (Bogoliubov transformations). A bosonic Bogoliubov transformation
is a linear bounded isomorphism V : h & h* — h @ h* satisfying

JVI =V and V'SV =S.

These conditions ensure that the Bogoliubov transformations preserve the con-
jugate relation and the canonical commutation relation, namely

A*<VF1) = A(VjFl) and [A(VF1>,A*(VFQ)] = (Fl,SFg), VFl,FQ c h@ []*

The Bogoliubov transformations form a subgroup of the isomorphisms in h &
h*; in particular, if V is a Bogoliubov transformation then V~! and V* are also
Bogoliubov transformations. Note that any mapping V satisfying 7V 7 = V must
have the form

V= < Jx[iJ JgJ* ) )

for some linear operators U : h — b, V : h* — b.
We say that a Bogoliubov transformation V is unitarily implementable if it is
implemented by a unitary mapping Uy : F — F, namely

A(VF) =UyA(F)Uy, for all F € h @ h*. (4)
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The following result determines whenever a Bogoliubov transformation is unitarily
implementable. This result is well-known and we provide its proof in the Appendix
for the reader’s convenience. For the fermionic analogue, see [4] (Theorem 2.2) .

Theorem 1.2 (Unitarily implementable Bogoliubov transformations). A Bogoli-
ubov transformation V : h&bh* — hDb* of the form (3) is unitarily implementable
if and only if the Shale-Stinespring condition Try(VV™*) < oo holds.

Unlike to the fermionic case [4], the bosonic Bogoliubov transformations are
not unitary mappings on h @ h*. However, we can still use the Bogoliubov trans-
formations to diagonalize some certain operators on h @ h*. Of our particular
interest is the diagonalization of the 1-pdm’s.

Theorem 1.3 (Diagonalization 1-dpm’s by Bogoliubov transformations). If T’
has the form (1) with T' > 0 and Tr(y) < oo then for an arbitrary orthonormal
basis {un} for b, there is a unitarily implementable Bogolubov transformation
V:bhabh* = hdbh* diagonalizing ' in in the basis uy B0, ug B0, ..., 0P Juy,
0® Jug, ..., namely

A1
A9 0

VTP = Y , (5)

0 14+ Ao

Remark. The finite-dimensional case is Theorem 9.8 in [19]. See [4] (the proof of
Theorem 2.3) for the fermionic analogue.

To prove Theorem 1.3, we start with a simple diagonalization lemma. This is
a generalization to infinity dimensions of Lemma 9.6 in [19)].

Lemma 1.4. Let A be a positive definite operator on h ®b* such that JAT = A
and SA admits an eigenbasis on h ®h*. Then for any orthonormal basis u1,us, ...
for b, there exists a Bogoliubov transformation V such that the operator V* AV has
eigenvectors of the form {u, ® 0} U{0® Ju,}.

Remark. In this result the Bogoliubov transformation V needs not be unitarily
implementable.

Proof. 1. Let {u;} be an orthonormal basis for h. We shall define the Bogoliubov
transformation V by

V(u; ®0) =v;, V0D Ju;) = v,
where {v;} U {v;} is an eigenbasis of SA such that

(i) (Ui,S’Uj) = 51']', (5@,55J) = _5ij and (’Uz',ng) = 0 for all i,j = 1,2, e
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(i) Jv; =7v; forall j =1,2,...

2. Let v be a normalized eigenvector of SA with eigenvalue A;. Using Av; =
A1Sv; we find that
(’Ul, .AUl) = )\1(1]1, Svl).

Since A is positive definite and § is Hermitian, both of A\; and (v, Sv1) must be
real and non-zero. Therefore, we can normalized v in such a way that (vi,Svy) €
{£1}.

Defining v1 = Jv; and using JAJ = A we have that

SAv = ST Avy = —JSAv; = =T Mv1 = —Mvm41,

where we have used that A\; is real and that 7S = —S7. Thus v; is an eigenvector
of SA with the eigenvalue Ay = —\;.
Since A1 # 0, A1 and A\; must be different. On the other hand,

X (v1,801) = (vi, A1) = (Av, T1) = M (01, SB1).
Thus (v1,S8v1) = 0. Moreover, since
(01,801) = (Jv1,8Tv1) = (Jvi, =T Sv1) = —(Sv1,v1) = —(v1, Sv1),

by interchanging v; and v7 if necessary we can assume that (v;,Sv;) = 1 and
(v1,S801) = —1.
3. Let V = Span{vy, 01} and W = (SV)*+ = S(V1). We shall show that

hbobh* =V

Indeed, if a € VNW then a € V = Span{vi,v1} and (a, Sv) =0 for allv € V.
Because (vy,Sv1) = 1, (v1,8701) = —1 and (v1,S8v1) = 0, we must have a = 0.
Thus VNW = {0}.

On the other hand, if a € (V@ W)+ c VENW then Sa € S(VHNS(WH) =
W NV = {0}, and hence a = 0. Therefore, (V @& W)+ = {0}.

Moreover, since V' is finite dimensional and W is closed, the direct sum space
V @& W is a closed subspace of h ® h*. Thus h e h* =V o W.

4. We prove that SA maps W into itself. Indeed, using V= SAV we have
W1SV = S(SAV) = AV. Since A is symmetric, we get AW LV, and hence
SAW LSV. Thus SAW C (SV)+ =W.

Because SA admits an eigenbasis on h ® h* =V & W and SA leaves V and
W invariant, SA also admits an eigenbasis on W. We then can restrict SA on W
and conclude the desired result by an induction argument. O

Next, we show that I' 4 %8 satisfies all assumptions on A in Lemma 1.4.

Lemma 1.5. Let T’ be of the form (1) with T > 0 and Tr(y) < oo and let
ry =TI+ %S. Then 'y is positive definite on b & §*; moreover, J1'1J =T'1 and
ST’y admits an eigenbasis on h @ h*.
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Proof. 1. It is straightforward to check that JI'1J = I'y. We now prove that I'y
is positive definite.
First at all, it follows from I' > 0 that

(fodg, T +S)fdJg) =(9®Jf,T(gdJf)) =0,
namely I' + S > 0. Thus
1
2

Next, we check that I'; is injective. Assume that there exists ¢ € Ker(I'1)\{0}.
Then since J and I'y commute, we have J¢ € Ker(I'1)\{0}. Because J leaves
the subspace Span{y, 7} C Ker(I'y) invariant, J must have a non-trivial fixed
point in this subspace. Thus there exists f € h\{0} such that I'1(f @& Jf) = 0.
Using this equation we find that

(f@JUNHTf@IA)) = (ff)+E 0+ —t(f, 2y +1)f)
E—D2fvh)+E =t fIIP <0

for some t < 1 and near 1 sufficiently. However, it is contrary to I' > 0. Thus I'y
must be injective.

F1:F+%S: '+ ((T+S8)>o0.

/ 2, the unique positive

/

To see that I'1 is positive definite we can introduce F}
semi-definite square root Fi/ % on hebh*. Since I'y is injective, Fi ? is also injective,
and hence

(p,Th1) = Hfi/gsz > 0 for all ¢ # 0.

2. We show that SI'; has an eigenbasis on h @ h*. Although ST'; is not a
Hermitian, we may associate it with the Hermitian C = F}/ 2SF}/ 2,
We can see that C' has an orthonormal eigenbasis for h & h*. Indeed, it is

straightforward to see that

9 n1/2 1/2 _ (1/2 vy —o 11 L1y2
o = s one[( 2 5 )b

1/2 y - 172 1
= F1/ <—Oé* J,YJ* >F1/ +§F1

2 v« 2, L[~y « 1
i (—a* J%]*)Fl +2<a* JvJ*>+4I'

Because v is trace class, aa* is also trace class due to inequality (2). Thus (C? —
il) is a self-adjoint Hilbert-Schmidt operator, and hence it has an orthonormal
eigenbasis on hdh*. Therefore, C? has an orthonormal eigenbasis. Note that if ¢ is
an eigenvector of C? then Cp is also an eigenvector of C? with the same eigenvalue.
Because C' maps the subspace Span{y, Cy} into itself, we can diagonalize to
obtain an orthonormal eigenbasis of C' on this subspace. By induction, we get an
orthonormal eigenbasis of C on h @ h*.
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Now note that if ¢ is an eigenvector of C' then SF%/ 2<p is an eigenvector of
ST’y with the same eigenvalue since

ST (ST %p) = STY(T)/25T) %) = STV (Cy).

Moreover, because both of S and F}/ % are injective, SF}/ 2 maps a basis on h @ bh*

to another basis. In particular, SF}/ 2 maps an eigenbasis of C' to an eigenbasis of
STy O

Now we can prove Theorem 1.3 similarly to Theorem 2.3 in [4]).

Proof of Theorem 1.3. 1. Apply Lemma 1.4 with A =T := I‘+%S, we can find a
Bogoliubov transformation V on h @ h* such that, with respect to the orthonormal
basis {u, ® 0} U{0® Juy,},

M+ 3
)\2—1—% 0

V 1V )\1_1_% ’

0 )\2"‘%

which is equivalent to (5).

We claim that in (5) we must have A\, > 0 and ) A, < oo. It follows from
(5) and V*I'V > 0 that A, > 0. In order to prove the boundedness ) A, < 00
we note that

(v +1) —ac® yoa — aJyJ*
LS(Ir+5) = < a*y — JyJ*'o* afa— Jy(y+1)J*

is a self-adjoint trace class operator. Using the diagonal form

VTS(T +S)V = [V TV|S[VHT + S)V]
)\1()\1 + 1)
Aa(A1+1) 0

-1 ()\1 -+ 1)
0 —A2(A1 +1)

we conclude that ) An(A, + 1) < 0o, which is equivalent to ), A, < oc.

2. Finally we show that the Bogoliubov transformation V constructed above
is unitarily implementable. Assume V has the form (3). Then by Theorem 1.2, it
suffices to prove that V'V* is a trace class operator on §.
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It follows from the representation (5) that the upper left block of V*I'V is a
positive semi-definite trace class operator on . By direct computation, we can
see that the upper left block of

S\ VvV JUrT* o 14 JyJ* JVJ JUJ* )’

UNU + TV U + U aJVI+ JVVI + JVAV I

is

Because v is trace class, we have U*yU and J*V*~yVJ are trace class. Thus
JV* U + U adJVJ + J*V*V ] is trace class.
Moreover, using the Cauchy-Schwarz inequality

| Te(XY + Y*X*)| < 2(Tr(X X)) V2(Te(YY™*)) /2
we find that
oo > Tr[U*aJVJ+ JV*I*a*U + J*V*VJ]

= Te[(U*a])(VJ) + (V) (U*a)*] + Te(VV)
> —ATe(Urac*U)YV2(Te(VV)NY? + Te(VVF).

Note that Tr(U*aa*U*) < oo because aa™* is trace class. Thus Tr(VV*) < co. O

1.3 Quasi-free states and quadratic Hamiltonians

Definition (Quasi-free states). A quasi-free state p is a state satisfying Wick’s
Theorem, namely

plA(F1)...A(Fopm—1)] =0 for all m > 1 (6)
and

p[A(Fl)A(F2m)] = Z p[A(FU(l))A(FO'(2))]IOI:A(FO'(QTTL—I))A(FO'(QW’L)IF)

o€Pom

where Py, is the set of pairings

Py ={0€ Sy |0(2j—1)<o(2j+1),j=1,...,m—1,
o(2j—1)<o0(2§), j=1,...,m}.
A crucial point is that we have one-to-one correspondence between the set of
quasi-free states with finite particle numbers and the set of 1-pdm’s. If a quasi-

free state is a pure state, namely a one-dimensional projection on the Fock space,
we call it a quasi-free pure state.

Theorem 1.6 (Quasi-free states and quasi-free pure states).
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(i) Any operator T : h @ b* — bh @ b* of the form (1) satisfying T' > 0 and
Tr(y) < oo is the 1-pdm of a quasi-free state with finite particle number
expectation.

(ii) A pure state | V) (V| with finite particle number expectation is a quasi-free
state if and only if ¥ = Uy |0) for some Bogoliubov unitary mapping Uy as
in (4).
Moreover, any operator T' : h @ bh* — b @ h* of the form (1) satisfying
I' >0 and Tr(y) < oo is the 1-pdm of a quasi-free pure state if and only if
I'sT =-T.

Remark. The characterization of quasi-free pure states were already proved in [19]
(with a different proof). For the fermionic analogues see [4] (Theorem 2.3 and
Theorem 2.6).

Proof. (i) Note that the set of quasi-free states is invariant under Bogoliubov
unitary mappings. Indeed, if the Bogoliubov transformation V is implemented by
the unitary mapping Uy : F — F as in (4) and I' is the 1-pdm of a quasi-free
state p then V*I'V is the 1-pdm of the quasi-free state py«ry defined by

py<ry(B) := p(UyBUy) for all B € B(F).

Therefore, due to the diagonalization result in Theorem 1.3, it remains to show
that any operator of the form

_( € 0
F_(o 1+J§J*)’

where £ is a positive semi-definite trace class operator on b, is indeed the 1-pdm
of some quasi-free state.

Because £ is trace class, it admits an orthogonal eigenbasis {u;}:°, for b cor-
responding to eigenvalues {\;}3°,. Let I = {i € N|\; > 0}. Then we may choose
e; € (0,00) such that

(1 —exp(—e;)) L =14 N, i€l (8)
Denote a; = a(u;) for short. Let
G =Tlpexp [— Z eia;‘ai] 9)
el

where Il is the orthogonal projection onto the subspace Ker[}_, 4 a7 a;]. Similarly
to the fermionic case (see Theorem 2.3 in [4]), it is straightforward to check that
[ is the 1-pdm of the state p = Tr[G]~'G and that p is a quasi-free state. For the
reader’s convenience we provide this part of the proof in the Appendix.
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(ii) If ¥ = Uy |0) for some Bogoliubov unitary mapping Uy then using U}, =
Uy-1 and (4) we have A(V~'F) = U;,A(F)Uy. Therefore,

(U] A(F)A(F,).. A(F,) W) = (0] Uy A(F1) UyUy A(F2)Uy... Uy A(F,) Uy [0)
= (0JAV'F)AV IR)...AVTIE,)|0).

It is then obvious that the state |¥) (U] satisfies equations (6)-(7) in Wick’s The-
orem, and hence it is a quasi-free state.

Reversely, suppose that the pure state |¥) (U] is a quasi-free state with finite
particle number expectation. Then by the first statement in Theorem 1.6,

) (¥] = Tr[G] T UvGU,

for some Bogoliubov unitary mapping Uy and for some G given by (9). On the
other hand, the only rank-one operator G of the form (9) is the vacuum projection
|0) (0] (namely & = 0). Thus, up to a complex phase, ¥ is equal to Uy, |0).

Now we consider the 1-dpm’s of quasi-free pure states. Suppose that ¥ is a
quasi-free pure state with finite particle number expectation and its 1-dpm is I.
Due to Theorem 1.6, there is a unitarily implementable Bogoliubov transformation

V such that
« (00
)

The identity I'ST" = —I" follows from

VTSIV = (VTY)(V*SY) L(V'TV)

(0 0)oa (0O
0 0 )
()

Reversely, let T' : hdh* — h@dh* be of the form (1) such that T' > 0, Tr(y) < co
and I'ST" = —I'. Then by Theorem 1.6, I" is the 1-dpm of a quasi-free state and
there is a unitarily implementable Bogoliubov transformation V such that

N S 0
v (5,0 )

for some positive semi-definite trace class operator £ on . The identity I'ST = —T"
implies that

(5 e )o (6 wser )= (0 1)
0 14 JEJ* 0 14 JEJ* 0 1+JeJ* )-

The only solution to this equation is £ = 0. Therefore, I' is the 1-dpm of a
quasi-free pure state with finite particle number expectation. ]

100



One of the main motivation of considering the quasi-free pure states is that
they minimize the quadratic Hamiltonians.

Definition (Quadratic Hamiltonian). Let A be a positive semi-definite operator
on h @ bh* and JAJ = A. The operator

Hy= > (F, AF)A*(F)A(F)),
i,j=1

acting on F is called a quadratic Hamiltonian corresponding to A. Here {F;};>1 is
an orthonormal basis for h @ h* (the sum is independent of the choice of {F;}i>1).

Remark. (i) Alternatively, we can describe H 4 by
(U, Hq¥) = Tr[Al'y]| for all normalized vector ¥ € F,
where I'y is the 1-pdm of the pure state |¥) (¥|.

(ii) The condition JAJ = A is just a conventional assumption since if this
condition does not holds then we can consider A’ = %(A + JAJ) which
satisfies that 7 A'J = A’ and, formally,

1
HA/:HA+§T‘F[AS].

This formal formula makes sense when, for example, A is trace class.

(ii) As we shall see below, that A > 0 is the necessary and sufficient condition
such that H 4 is bounded from below. Moreover, in this case H 4 > 0.

We are interested in the ground state energy of H 4,
E(Hy) := inf{p(H4)|p is a state with p(N) < oo} (10)

Theorem 1.7 (Minimizing quadratic Hamiltonians). Let A, H4 and E(H4) as
above.

(i) We have E(H4) = inf{p(H4)|p is a quasi-free pure state}.

(ii) If there is a wunitarily implementable Bogoliubov transformation V4 such
that V3 AV 4 is diagonal then there is a quasi-free pure state py such that
po(Ha) = E(H4). Moreover, if A is positive definite then py is unique.

(ii3) If the variational problem (10) has a minimizer then A is diagonalized by
a unitarily implementable Bogoliubov transformation V4. Moreover, if I' is
the 1-pdm of the minimizer then we have

AT = —AS1(_ o 0)[AS].

In particular, AI'S = ST A < 0.
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Remark. (i) The above statements (i) and (ii) already appeared in [19] in the
finite-dimensional case (in this case A is always diagonalizable by Lemma
1.4).

(ii) If the operator W is not self-adjoint but U~'WU is self-adjoint for some
invertible operator U then we can still define the projection 1(_ o)[W] by

Lcoo0) W] = Ul oy [UT'WUJU .

It is easy to check that the definition is independent of the choice of U. In
particular, we can define

L 000 [AS] = (V) ™ (Co00) VAAS (Vi) VA
where V5 AS(V%) 7! is self-adjoint.

Proof. (i) We show that for any state p with finite number particle expectation,
there is a quasi-free pure state p such that p(H4) < p(H.).
By Theorem 1.3, there is a unitarily implementable Bogoliubov transformation

V such that
_ § 0 .
F_V< 0 14+ JEJ* v

where £ : h — h is a positive semi-definite trace class operator. Thus
p(HA) = T AT] = Tx |[veav (& O .
0 14JEJ*
Because V* AV commutes with 7, it has the block form
* . a b
VIAY = ( JbJ JaJ* >

where 0 <a:h—bhand b: h* — h. Thus

o) =15 (s o ) (5 12 s )] = 2log 4 T > i

By Theorem 1.6, there is a quasi-free pure state p whose 1-pdm is

0 0)\..
V<01>v.

It follows from the above discussion that p(H4) < p(H.4).

(ii) Assume that A is diagonalized by the unitarily implementable Bogoliubov
transformation V4, namely

L(d 0
A_VA<0 JdJ*>VA
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where d : h — b is positive semi-definite. For any state p we have

p(Hy) = Tr[Al] = Tr [( g JC?J* > VAFV;‘]

where I' is the 1-pdm of p. We may write V4I'y V7 in the block form

. [ a
ValVa = < o 1+J7J*>

where 0 <~v:h — hand o : h* — . Thus

p(HA) = Tr [( . ) ( U )] — 2 Ty{dn] + Tr[d] > Te[d]

Denote by pg the quasi-free pure state having the 1-dpm

v;l(g g)Vj‘1:SVZ(8 ?)VAS.

Then po(H 4) = Tr[d] and hence pg is a ground state of H 4.
Moreover, if A is positive definite then Tr[d7y| > 0 unless v = 0. Therefore, pg
is the unique ground state of H 4 among the quasi-free states.

(iii) Assume that problem (10) has a minimizer and I' is the 1-dpm of the
minimizer.

1. We first prove that AS and ST commute. Let a be an arbitrary trace class
operator on h @ h* such that a = a* = JaJ. It is straightforward to check that
exp(ic HS) is a Bogoliubov unitarily implementable transformation for any ¢ € R.
Similarly to the variational argument for Hartree-Fock-Bogoliubov theory in [12]
(p. 284), we consider the trial states

T, := exp(—ieSa)l exp(icaS) =T + ¢[iTaS — iSal'] + O(?), € € R.

Since € = 0 minimizes the functional € — Tr[A(T'c — I')] we find that

0= dile Tr[A(T. — T')] = Tr[aB] with B := iSAI' —i['AS.

Note that B=B* = 7B/J.
Now let b be any trace class operator on hdh*. Since a := b+b*+TbJ +Tb* T
satisfies that a = a* = JaJ, we have

0 = Tr[aB] = 4R Tr[bB).

By changing b a complex phase, we conclude that Tr[bB] = 0 for any trace class
operator b. This implies that B = 0. Thus AST = I'AS, namely [AS,ST] = 0.
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2. Now let Vr be the unitarily implementable Bogoliubov transformation such

that
R A I
Ve = < 0 1+ JEJ*

for some trace class operator £ > 0 on . Thus the operator V. STV = SViI'Vr
leaves the spaces h © 0 and 0 @ h* invariant . Since V. LASVr commutes with
Vr LST'Vr, it also leaves the spaces h @ 0 and 0 @ h* invariant. Moreover, since
Vr L ASVr commutes with 7, it must have the form

_ d 0
vrlAst(O g )

Using V[ 1— SViS we then conclude that

. (d 0
SViSASVLS = ( 0 T >

where d > 0 since A > 0. Thus the unitarily implementable Bogoliubov transfor-
mation V4 := SVrS diagonalizes A.
3. Finally we prove that AT' = —AS1(_ ¢)[AS]. Denote

Py ~ =~/ =~/
Vit =( 2. 2 ) aaviirohy = . 5.
(@) JvJ () Jv'J

for any 1-dpm I"". We find that
0 < Tr[AT -D)] =Tr [(V3AV)V (T = D)(Vi) ]
_onlfd o ¥ -5 & —a
- o Jdr @ —a)y JH -7)J*
= 2Tr[dy] — 2 Tr[d7].

Because this inequality holds true for any positive semi-definite trace class oper-
ator 3/ on b, we conclude that Tr(d¥y) = 0. By writing

Te[dy) = Te[(d"/251/2) a"/ 2312
we obtain d'/23/2 = 0, and hence d5 = 0. This also implies that d& = 0 since

(@d)"(@d) = d(@)"ad < d(1 + |Fl()7d = 0.

(8 J(?J*) - (g Jc?J* ) < (57)* 1+aﬁj>
= (ViAV)VL TV =VaAr(viy)

Thus
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It can be rewritten as
_ *\—1 0 0 *
ar= (o i ) Vi (11)

Moreover, since d > 0 we find that

(0 sir ) = (o e )| (5 e )] 9
0 JdJ* 0 JdJj* ) =00 —JdJ*
= —(V3AVA) L (ooy) [SVAAVA]S
= —ViAVAL o) [(SVA) T (AS)SVA] S
= —VIAVA(SVA) T (C000)(AS)SVAS
= —V;ASl(_OQO)(AS)(Vj)_l.
Thus (11) can be rewritten as
AT = —SAL (L 0)[AS].
Moreover, it follows from (11) that

1.4 Bogoliubov variational theory

The Bogoliubov variational states should include not only the quasi-free states
(like the Hartree-Fock theory) but also the coherent states, which correspond to
the condensation. To describe the formulation precisely we need the following
result (see [19], Theorem 13.1).

Theorem 1.8. For every ¢ € b there exists (uniquely up to a complex phase) a
coherent unitary Uy : F — F such that

Ua(f)Us = a(f) + (£, @) for all €.

Proof. We can proceed similarly the proof of Theorem 1.2 (see the Appendix) by
translating the orthonormal basis

[Ty s ooy Mgy ) = (nill...niM!)_l/Q a* (wiy, )" .a” (g, )™ |0)
to

U¢|n¢1,...,niM>
= (nil!---niM!>_1/2 [a’*(uijw) + ((bv uiM)]niIM'“[a‘*(uil) + (¢? uil)]nil U¢ ’0>

with the new vacuum

s 10) = exp | 5 1017 exp [-a"(@)] 0.

105



Remark. (i) The condensate vector ¢ € h needs not be normalized. Any pure
state |¥) (¥| with ¥ = Uy |0) € F for some ¢ € b is called a coherent state.

(ii) For generalized annihilation operators we get
UGZA(F)Ug = A(F) + (F, ¢ © Jp)gap- for all ' € h @ h*.

Now we can describe the Bogoliubov variational states. Denote

(87

The Bogoliubov variational state py 4 associated with (v, o, ¢) € GBe x b is
defined by
Pry,0,6(B) = py,a(U;BUy) for all B € B(F),

where p, . is the quasi-free state with the 1-pdm I'; . In particular, the particle
number expectation of the Bogoliubov variational state py 4 is

PrapN) = Tr(y) + [|¢]]*.

For a given Hamiltonian H : 7 — F and A > 0 we can define the Bogoliubov
ground state energy

EB()‘) = inf {P%a,p(H)K% a,¢) € G" x b, Tr(y) + H¢H2 = /\}

where p, o ,(H) is the Bogoliubov energy functional and X\ stands for the total
particle number of the system.

Remark. (i) Due to the variational principle, the Bogoliubov ground state en-
ergy Eﬁ (M) is always an upper bound to the quantum grand canonical energy

EE(\) = inf{(V,HU) : ¥ € F,|[¥|| = 1, (¥, NT) = A}

(ii) If N € N then the grand canonical energy E8(N) is always a lower bound
to the canonical energy

N
E(N) = inf{(,H¥) : ¥ € (X), ||| = 1}.

sym

Moreover, if E(N) is convex w.r.t. N then E$(N) = E(N) for all N.
Example 1.9 (A toy model). Let h = R and the Hamiltonian
H=a"(1)a*(1)a(1)a(1).

A straightforward computation shows that for N € N then the quantum energy
is

E3(N)=E(N)=N?-N
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and the Bogoliubov energy is

EP(N) = e [a:2+x(4)\—2\/)\(1+>\))+2)\2+>\(1+)\)}

—  inf [N2+2NA VML) + X+ 200/ 1+A}

0<SASN
= N2_-N+O(N*?) as N - .

Of our particular interest is the Bogoliubov variational theory for interacting
Bose gases which we shall describe briefly below.
Let h = L?(Q) for some measure space {2 with the inner product

(u,v) :/Qu(ac)v(a:)da:.

In this case the mapping J : h — h* is simply the complex conjugate, i.e. Ju(x) =
m. Therefore, for simplicity we shall use notation ¥ = J~vJ* and @ = JaJ.

The Hamiltonian consists of a one-body kinetic operator T, which is a self-
adjoint operator on b, and a two-body potential operator W which is the multi-
plication operator corresponding to the funtion W(x,y) : Q x Q — R satisfying
W(z,y) = W(y,x). The grand canonical Hamiltonian H : 7 — F can be repre-
sented in the second quantization as

H:@ZT—i—ZWij

1<i<j<N

1
= Z (U, Tun)pan,an + 3 Z (Um @ Up, Wty @ Ug) by, Gy, Gplq

m7n m’n7p7q

where ay, := a(u,) and {u,}>2; is an orthonormal basis for b (the sum is inde-
pendent of the choice of {u,}).

To represent the Bogoliubov energy functional explicitly in terms of (v, «, @),
it is convenient to introduce the integral kernel o(z,y) of the Hilbert-Schmidt
operator which satisfies

(af)(@) = /Q a(z,y) f(y)dy for all f € T3(Q).

Similarly, we have the kernel v(z,y) of v and the density functional is formally
defined by p,(x) := y(x,x). More precisely, because 7 is a positive semi-definite
trace class operator, we have the spectral decomposition v = >, ¢; |u;) (u;| and
then we can define y(x,y) := 3., tiui(z)u;(y) and py(z) = 3, ti|ui(z)|>. Note
that [ p(z)dz = Tr(vy).

Using the coherent transformations

U;aanb =an + (um (;5)
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and Wick’s Theorem we find that

Prae() = Tr(T7) + D( py,py)+X(% 7) + X(a, @)
+Re [[ [2e)5@io) + ale, )50 Wiz,y)dady
Qx0
where 7 := v + |¢) (¢], p5(x) = ) and
D(f,g9) = //f W (x,y)dzdy,
Qx0
X(v,y) = ;//v(x,y)v’(:v,y)W(x,y)dwdy-
Qx0

Here are some specific examples with respect to three cases: W > 0, W
changes sign, and W < 0.

Example 1.10 (Bosonic atoms). In this case we have
1

A
0 Wiz, y) = —-
] |z —y|

We shall investigate the Bogoliubov theory for bosonic atoms in details in the next
sections. In particular, we can show that the Bogoliubov ground state energy
and the full quantum mechanics energy agree up to the leading order, and we
conjecture that they even agree up to the second order.

h=L*R?, T=-A-

Example 1.11 (Two-component Bose gases). This is the case when

ee’

|z =yl

It is already known that the Bogoliubov theory is also correct to the full quantum
theory up to the leading order. More precisely, for large N, the correct leading
term —AN7/5 was predicted by Dyson [7] using the Bogoliubov principle and then
it was mathematically established by Lieb-Solovej [14] (lower bound) and Solovej
[18] (upper bound).

h=L*R>x {£1}), T = —A,, W(z,e,y,¢) =

Example 1.12 (Bosonic stars). The system now corresponds to

h=L*R%), T=v-A+m?—m, W(z,y)=——

e -yl

where m > 0 is the neutron mass and x = Gm? > 0. Up to the leading order,
the ground state energy is approximated by the Hartree model [15]. Because the
Hartree ground state energy is strictly concave, replacing the canonical setting by
the grand canonical setting would make the energy much lower. Therefore, it is
easy to see that the Bogoliubov ground state energy is much lower than the one
of the full quantum model, although by adapting the ideas in [10] we can show
that the Bogoliubov variational model still has minimizers.
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2 Bosonic atoms

2.1 Introduction

For a bosonic atom we mean a system including a nucleus fixed at the origin in
R3 with nucleus charge Z > 0 and N “bosonic electrons” with charge —1. The
system is described by the Hamiltonian

N

Z 1
ma=(-a-f) s 2 mea

i=1 1<i<j<N 7

N 2
sym L

acting on the symmetric space Hy = & (R?). The ground state energy of

the system is given by
E(N, Z) = inf{(\I/,HN,Z\I’H\If € Hy, H\I’HLQ = 1}.

In fact, the ground state energy F(N,Z) does not change if we replace the sym-
metric subspace H by the full N-particle space ®" L2(R3) = L2(R3N) (see, e.g.,
[13] p. 59-60). For usual atoms (with fermionic electrons), the Hamiltonian Hy z

N

acts on the anti-symmetric subspace A (L?(R?) ® C?) instead. For simplicity, we
i=1

only consider the spinless electrons because the spin number play no role in the

mathematical analysis here.

We recall some well-known fact about the full quantum problem. Due to
the HVZ Theorem (see e.g. [13] Lemma 12.1), E(N,Z) < E(N — 1,Z) and if
E(N,Z) < E(N —1,Z) then E(N,Z) is an isolated eigenvalue of Hy z. Unlike
the asymptotic neutrality of fermionic atoms, in the bosonic case, the binding
E(N,Z) < E(N —1,Z) holds for all 0 < N < N.(Z) with limyz_,o N.(2)/Z =
te ~ 1.21 (see [6, 17, 5, 1]).

The leading term of the ground state energy F(N, Z) is given by the Hartree
theory [6]. In the Hartree theory, the ground state energy is

EY(N,Z) = inf{€8(u, Z) : |Ju|2: = N}

where

T N & 1. T A L
M0.2) = 19 e [P [ ST

R3 R3 R3 xR3
By the scaling u(z) = Z?ui(Zz) we have
EXu, 7) = 72368 (uq,1).

Therefore,
EY(N, Z) = Z3¢(N/Z,1) where e(t) = E%(t,1).
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It is well-known (see e.g. [5, 11]) that e(t) is convex, e(t)’ < 0 when t < t. ~ 1.21
and €'(t) = 0 when ¢ > t.. Moreover, for any 0 < ¢t < t. ~ 1.21, e(t) has a unique
minimizer ¢;, which is positive, radially-symmetric and it is the unique solution
to the nonlinear equation hi¢; = 0 where
he=—A = g
|| |z
As a consequence, hy > 0. Moreover, since oess(hi) = [—€'(t),0], there is a gap
A; > 0 if t < t. such that (hy — Ay) Pt > 0 where qut =1 — P; with P; being the
one-dimensional projection onto Span{¢;}.
By scaling back, we conclude that EH(tZ, Z) has the unique minimizer and
the operator

—€(t).

1 2/
‘ | 2 % 2] Z2€'(t)
satisfies hy z¢r z = 0 and (hyz — ZzAt)PL > 0 when ¢t < t..

Our aim is to investigate the first correctlon to the ground state energy
E(tZ,Z). We shall analyze the Bogoliubov variational model for bosonic atoms
and compare to the full quantum theory. From the general discussion on the
Bogoliubov theory, we have the Bogoliubov variational problem

hi,z = —A —

EP(N, Z) = inf {€°(v, @, 6, Z)|(v, @, ¢) € G x LA(R?), Tx(v) + [[¢]|* = N}
(12)

where

EP(v,0,0,Z) = Tr(—[A - Z|z|” ])+D(pmp7)+X77)+X(a a)

[/ xy d@HJ{/y ’x_ ()ddy

R3 xRR3

Here we are using the notations 7 := v + |¢) (¢| and
// @) d dy, X (7, // )dzz:dy.
x—m u—m

R3 xR3 IR{3 xR3

The properties of the Bogoliubov theory for bosonic atoms are the following,
which will be proved in the next subsections.

Theorem 2.1 (Existence of minimizers). Let the nucleus charge Z and the elec-
tron number N be any positive numbers (not necessarily integers).

(i) If the binding inequality
EB(N,Z) < EB(N',Z) for all0 < N' < N

holds then EB(N,Z) has a minimizer.
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(ii) The energy EB(N, Z) is strictly decreasing on N € [0, N.(Z)] with N.(Z) >
Z for all Z and
Ne(Z)
Z

liminf —~% > t,. ~ 1.21.

Z—00

Theorem 2.2 (Bogoliubov ground state energy). If Z — oo and N/Z =t € (0, t.)
then
EB(N,Z) = Z3(t) + Z%u(t) + o(Z?)

where

M(t) — inf Tr[ht*y] +Re // [7<x7y) + a(xvy)]¢t(w)¢t(y) dady
(7,0)€GP , |z =y
R3xR3
The coefficient u(t) is finite and satisfies the lower bound
pt) <t le(t) — €' (t) +f(t) <t te(t) —€(t) <0
where
(7,0 EGB /=0 \33 - y!

R3 xR3

Remark. (i) If we restrict the Hamiltonian Hy 7z into the class of N-particle
product functions ¥, = v ® u ® ... ® u then by scaling u(z) = (N —
1)~127%uy(Zx) we have

NZ3 NZ3 /N -1
nf (U, Hy,0,) — inf Hyo 1) —
inL, (T Hiv.z¥) N =1 lulomi_1y/z & D) N—1€< Z )

= Z3(t)+ Z2[t e(t) — € (t)] + o(Z?).
Because u(t) < t~te(t)—e€(t), the Bogoliubov ground state energy is strictly

lower than the lowest energy of the product wave functions at the second
oder.

(ii) We believe, but do not have a rigorous proof, that the identity p(t) =
t~te(t) — €/(t) + f1(t) holds and a minimizing sequence of u(t) is given by

=\ 1 )\
Todl/) \Taal| 77> @ - uqﬁtu H@H

with A\ — oo, where (7/,a’) is a minimizer for ji(¢t). In fact, the upper
bound u(t) > tte(t) — €'(t) + ji(t) follows from the heuristic discussion on
comparison between Bogoliubov energy and quantum energy below.

+d
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We conjecture that the Bogoliubov theory determines the first correction to
the quantum energy F(N, Z).

Conjecture 2.3 (First correction to the leading energy). If Z — 0o and N/Z =
€ (0,t.) then

E(N,Z) = EB(N, Z) 4 o(Z%) = Z3e(t) + Z*u(t) + o(Z?).

A heuristic discussion supporting the conjecture is made in the last subsection
of the article. While the picture is rather clear, some technical work is still needed
to make the argument rigorous.

2.2 Existence of Bogoliubov minimizers

To prove the first claim of Theorem 2.1, we shall follow the extending variational
argument (see e.g. [12], Theorem 11.12). Before studying the variational prob-
lem EB(N,Z) in (12), we start by considering the extended problem with the
constraint Tr(y) < N, namely

EB(<N,Z) =inf {8 (v, 0,0, 2)|(v, o, 0) € G5, Tx(y) +||¢|* < N}.  (13)

Lemma 2.4 (Extended problem). The ground state energy EB(N,Z) is finite
and decreasing on N. Moreover, the extended variational problem EB(SN, Z) in
(13) always has a minimizer.

Proof. 1. By simply ignoring the non-negative two-body interaction and using
the hydrogen bound, we have

VA

EB(r,0,6,7) > Ta [( A ) ﬂ > om(-an) - TN s o ()

2. Next, we prove that EB(N’, Z) > EB(N, Z) for N’ < N. For any trial state
(v,a, ¢) with (y,a) € GB and Trvy + ||¢]|> = N’, choose g € C>°(R3) such that
Tr(vy) + ||¢||* + ||g]|* = N and consider

Ve =7+ 19e) (9|

where g.(z) = £3/2g(ex). Then (v.,a) € GB and Tr(v:) + ||¢||> = N. Moreover,
since |Vg:| — 0 in L?(R?) and |g.|> — 0 in LP(R3) for any p > 1, a simple
calculation shows that

(767 7¢7 )_>gZB('77047¢,Z) as ¢ — 0.

This ensures that EB(N’, Z) > EB(N', Z).

3. To show that EB(<N,Z) has a minimizer, let us take a minimizing se-
quence (Y, o, n) for EB(<N, Z). The lower bound (14) ensures that Tr(—A~,)
is bounded. Consequently, all of |[vn(2, y)|| g1 (rsxra) lon (@, Y)l g1/2(rs cra) and
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|onll 71 (r3) are bounded. By passing to a subsequence if necessary, we may assume
that v, = v,an — v, dn — ¢ weakly in the corresponding Hilbert spaces, and
their kernels converge pointwisely. It is straightforward to check that (v,a) € GB
and by Fatou’s lemma, Tr(y) + ||¢]|?> < N.

Fatou’lemma also implies that

liminf Tr(—A~) > Tr(—A~).

n—o0

The two-body interaction part of E2 (7, an, ¢n, Z) can be rewritten as

/ W ’Vnaan7¢n)
-yl

where

W (Y Qs Bn) = oy () e () + [ (2, 9) |2+ Jon (2, 1) + dn(@) ()]
+ 7 @)W + P (W) [6(2)|* + 2Re(yn (2, ) bn (2) b (y ))} >0

Therefore, we may use Fatou’lemma again to obtain

. . W '}’naan;¢n W
lim inf
nooo J) Jo—yl T — yl

Finally, because ,/p-,, — /p in H! (R?) we have the convergence

/ p%(x>dx — / pA’(x) dxr as n — oo.
RS

J e o

Therefore, we have
lim inf £B (v, an, dn, Z2) > EB (v, , ¢, Z)
n—oo

and hence (v, a, ¢) is a minimizer for EB(<N, Z). O
We now prove the existence of minimizers for the original problem EB(N, 72).

Proof of Theorem 2.1. 1. If EB(N,Z) < EB(N',Z) for all 0 < N’ < N then
any minimizer (v, a, ¢) for the extended problem EB(<N, Z) must satisfy Tr(y) +
|¢]|> = N, and hence it is a minimizer for EB(N, Z).

2. That E(N,Z) is strictly decreasing on N € [0, Z] follows by the same
argument as in [8]. Assume that EB(N, Z) = EB(N’, Z) for some 0 < N’ < N <
Z. Let (v,a,¢) be a minimizer for EB(<N’,Z). For any ¢ € H'(R3), let us
consider the trial state (ve, «, ¢) with

Ye =7 +elp) (o], e >0.
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For £ > 0 small we have Tr~. + ||¢|| < N and hence

EP(ve,a,¢,2) > EP(N,Z) = EP(N', Z) = E%(v, o, ¢, Z).

Therefore,
d Z|o(x)|?
0< 2| a2 = (a0 [ 2 d on(s, ol
€ le—o ||
R3
+2Re X(7, |¢) (). (15)

On the other hand, let us replace ¢ by ¢ (z) := L=3/%¢(x/L) where ¢ €
H'(R3) such that ¢ is radially-symmetric and ¢1(x) = 0 if |z| < 1 and 1 (x) > 0
if |x| > 1. Then for large L one has

(pr,—Apr) = L7*(p, A901 O(L™?),
2 2
|z
R3
Moreover, by Newton’s theorem,

D(P%|SOL|2):/ ( )|90L( )|2 N/L /’801

max{lal, lyl} "

R3 xR

and by Hélder’s inequality,

V(@ y)er@)er(y) ;- dy
|z —y

2Re X(7, ) (pLl) =
R3xR3
1/2

< // Y(z,y)|dzdy / or(@ x‘_|<§’L2 )l dxdy =o(L7h).

|>L,|ly|>L

Thus if we replace ¢ in (15) by ¢, then we obtain

0<O(L™%)—(Z-N)L /"“ dz + o(L ™)

|z

which is a contradiction to the assumption N’ < Z. Thus N — EB(N,Z) is
strictly decreasing when 0 < N < Z.
3. Now we show that EB(Z, N) is strictly decreasing on N € [Z, N.(Z)] with

liminf N.(Z)/Z > t. =~ 1.21
Z—00

We shall need some properties of the Bogoliubov ground state in Lemma 2.7,
which is derived in the next section.

114



Take a large number Z and assume that N +— EB(N,Z) is not strictly de-
creasing on Z < t'Z for a fixed value ¢’ < t.. Then there exists N =tZ € [Z,t'Z]
and § > 0 such that EB(N, Z) = EB(N + 6, Z) and EB(N, Z) has a ground state
(7, a, ). Because

EP(v,0,0,Z) = E®(N,Z) = EP(N +6,2) < E%(v, 0, V1 + £¢, Z)

for € > 0 small, we have

0 < i SB('y,a,\/l—i-ab,Z)

de e=0

- (e (2= G o)+

+// v(m,fij)gi(y)‘cb(y) +Re// a(x,g;)qi(:;:)’qm.

Because

£2(1,0,6) = B(N,2) < BN.2) < v | (-2 = ) 3] + Dior. o)

//’Y(x!ya?—yl e // Ix—yl y)go'
(o (-

= (¢, he,z0) +2D(p5 — |or.21%, 101%) + €' (1) 229l |*.

we get

Thus

o
IN

On the other hand, using the estimates in Lemma 2.7 we have

<¢7 ht,Z(b) 0(22)7
CMZ2gll? < €O Z(tZ + o(Z)) = te' () 2° + o(Z7),

Dips — 012 |67) < \/Dlo5 — 160212 05— 160.22) 7/ Dl0.212, 161, 212)
= 0o(Z°?).

Therefore,

0 < (¢, he,z0) +2D(p5 — |¢r,2I°, |0]*) + €' () Z|0|* < te' (1) Z° + o(Z°).

However, it is a contradiction because te’(t) < 0 when 1 <t <t/ < . O
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2.3 Analysis of quadratic forms

We consider the minimization problem p(t) of the quadratic form in Theorem 2.2.
Recall that

t):= inf ,a) and pu(t) := inf "o
p(t) (re)egh q (v, @) p(t) (47 ') eGP A1 gy=0 (', a’)

where

(v, 0) = | Trh] + Re // b(@,y) + (@ @) eny) o

. |z — y

Lemma 2.5 (Analysis of the quadratic form ¢(vy,a)). For any 0 < t < t. we
have
—o0 < p(t) <t te(t) —€(t) + filt).

Moreover, the minimization problem [i(t) has a minimizer (v',’) and p(t) < 0.

Proof. 1. Because ¢(v, @) is a quadratic form of (v, «), for considering the ground
state energy we may restrict (v,«) into the class of quasi-free pure state, i.e.
aa® = y(1+ 7). Since v > 0 is trace class and ol = o, we can write

Y(z,y) = Z )‘nun(x)mv a(r,y) = — Z VAR (14 An)un(@)un(y),

where A\, > 0 and {u,}, is an orthonormal family on L?(R3). Then
Qt('% Ol) = Z[An(uny htun) + An]
n

with

_ Un (@) un (y) ¢t (x) 4t (y) B o un (%) un(y)¢e(x) e (y)
o SO i [

2. We may assume that A, (up, bt zu,) + Ay, < 0 for all n; otherwise, if
An(Un, he, zup) + Ay < 0 then

at(v, ) > g (7', a)

where
Y=y = A |un) (un], o = a+ VA (1 + A\p) Juy) (W) -
We have the gap (un, hyttn) > Ay||PLuy||? for all n. Moreover, |Re(D (@, u))| <
D(u,u) for all functions u we have

> 2D(updt, Undr) max {—; —m} . (16)
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Thus it follows from the assumption A, (un, bt zun) + Ap < 0 that
A2\ || PRy || < 41D (un s, ungy)|? for all n. (17)
On the other hand, observe that
[|Prun|[? + [|PYum])? = 2 = ||Pun)? — || Pum||? > 1 for all m # n.

Therefore, there exists (at most) an element i such that ||Ptu,||> > 1/2 for all
n # ig. As a consequence, (17) implies that

D A S16A72 ) [D(undr, ungy)® < 44,7 //W )P 1oy |M@§G

_ |2
n#io n#ig RiR3 |.CU y|

3. Using hy > 0 and (16) we have

Qt(77 CB) 2 Aio + Z An 2 _D(uio¢t7 uio(;st) - Z 2\/ED(un¢tvun¢t)

n#ig n#io
1/2 1/2
> —D(uigdr tigd) =2 | D An > 1D (undr, undy)|?
nFio n#io
1/2
> // |¢ (2 \¢t2 y) 2 _on;t // |¢ (2 \<Z5t2 y)?
|z -y |z -y
2 —

4. To see the upper bound on p(t) let us consider the trial state

IRERYE? - ><
=\ 1
7 r|¢>t|\><|¢t|r s a= VAN T T

where (7/,a’) € GB such that 7/¢; = 0. One has
pt) < alr.0) =2 (A= VAT FN) D(urér, urdr) + au(v's ).

+ao

Taking the infimum over all (7', a’) and letting A — oo we obtain
p(t) < =t D (|l [@e]?) + fa(t) =t e(t) — €' (t) + a(t).

5. Now we consider fi(t). The above argument shows that if {(v],a,)}02
is a minimizing sequence for fi(t) then Tr(v)) is bounded. Therefore, it follows
from the standard compactness argument that f(¢) has a minimizer. To see that

f(t) <0, let us consider
v = Nu) (u —V/ N1+ XN)|u) (u

117



where u is a normalized real-valued function in L?(R3) such that (u,¢;) = 0
Because D(u¢¢, u¢) > 0 we have

at) < (v, o) = N(u, hyu) + 2 <)\’ — VN1 + X)) t 1D (ugy, udy) < 0
for some \' > 0 small enough. O

Remark. The analysis here works out for a more general setting. For example, if
h is a positive semi-definite operator on L?(2) with inf gess(h) > 0 and W is a
positive semi-definite Hilbert-Schmidt operator on L?(2) with a real-valued kernel
W (z,y) then

( iI)lng Tr[hvy] 4+ Re // (v(z,y) + alz,y))W(z,y)dzdy | > —oc.
v,)€
R3xR3

By scaling ¢y z(x) = Z*¢i(Zx), v(x) = 2%+ (Zx, Zy), a(x) = Z3o/(Zx, Zy)
we have

inf ca) = inf 72 o) = 2%t
(%a)engt,z(v ) g (v, o) u(t)

where

(Y (,y) + & (2, y)) bt z(x) b,z (y)
|z —y|

ar.z(v, &) = Trlhy z79'] + dzdy.

R3xR3
To prove Theorem 2.2, we need to consider some perturbation form of ¢, 7.

Lemma 2.6 (Analysis of pertubative quadratic forms). Let ¢ € L?(R3) such that
18] < |lezll, |IVo]| < CZ32 and ||P+¢|| < C where P+ =1~ P with P being
the one-dimensional projection onto ¢1z. Then for Z large we have

inf QtZ(’Ya 7¢) ||P¢H2 Z2lu’(t) - 022_1/10
(v)eg® = l¢ezl?
where
Qtz(% 7¢) TT htZ'V // // (y)
u—m u—m
R3xR3

Proof. 1. We first consider the case when Tr+y is small. Assume that Try <
ZY27¢ wheree = 1 /10. In the integral involved with ~, we use the decomposition

o(2)p(y) = Po(z)Pd(y) + Po(x)Po(y) + PLo(2)p(y).
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Observe that all terms involved with PL¢ have negligible contribution. For ex-
ample,

/™ W DLW | < iy o vl < 22

|z —yl
SXR?’
Thus
//%wy //%xyPé )¢>(y)_CZH
m—m |z —y|
R3xR3 R3xR3

Together with the similar bound on the integral involved with «, we arrive at

2 P 2
q,z(7, @) > (1—|’1|[;T’|2| >Tr[ht,z’y]+ I ¢||QQtZ('77 a)—CzZ**

P9l
||¢2, 212

2. Now we consider the case when Tr~ is large. Assume Tr~y > Z1/27¢
Following the proof of Lemma 2.5, we may assume that

y=M \u1> <ZL1‘ +’)/,Oé = —\//\1(1 + )\1) |u1> (’lTl‘ +d

where ||uq|| = 1 and (v, @) is the 1-pdm of a pure quasi-free state such that
Y b

Z2u(t) — CZ* =,

Try' < C, M||Prui|]? < C and y'uy = 0 = 'uy.
Because \; = Try — Try/ > ZY/27¢ — C and A ||Pruy||?> < C, we have
1Pl |2 < Cz- 12+,

As a consequence,

Te(Py') = D AnllPunl” < Teo/ 3 [[Punl[® < Teo/ || P |[* < 27127,

ntl ntl
3. We shall compare ¢ z(7, o, ¢) with ¢ z(7”, &) where
v = MP u1) (| P + P/ P,

/M1 + M\)P |uy) (@g| P+ Pta' Pt

It is easy to see that (7", o) € GB.
We first consider the terms involved with u;. We have

//U1 |1}—y| \/TMRe//ul ()o(x)b(y)

Iz —
R3 xR3 R3 xR3

> (- VAL ay) [[ B men),

R3 xR3
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Then we use the decomposition

ur(z)ur(y) = Pui(x)Pui(y) + Pui(z)PLui(y) + Prur(z)ur(y),
d(@)p(y) = Po@)Poly) + Po(x)Pé(y) + PLo(x)o(y).

Note that all terms involved with either P~u; or PL¢ have negligible contribution.
For example, we have

< 2| Pui|P||PH4|IIV Pl < €272,

/ Puy () Puy (y) P () ¢(y)
|z —yl

-y
Thus
uy (z)ur (y)o( (2)ur(y)(z)d(y)
b [ B - AT A Re [
R3 xR3 R3 xR3

> (= VM F ) / / ul(x)uf;y_)qb(fwy)
R3xR3 Y

> (}\1 - Al(l +)\1)) / Pul(x)Pufm(y_)‘Zﬁ)(x)Pgﬁ(y) . 02271/4+5/2. (18)
R3 xRR3

Next, consider the terms involved with (7, ’). In the integral,

/ 7 (2, 9)$(2)$(y)
JJ [z =yl
R3xR3
we use the decomposition
’7/ — PL’}//PL—I—PL’}/P—{—P’}/,
p(z)p(y) = Po(x)Po(y) + PLo(x)Po(y) + PLo(z)d(y).

Observe that all terms involved with either P+’ or P1¢ have negligible contribu-
tion. For example, we have

|/ EDIPEDPA < oy oy 2ol ool

< 2[Te(y)]V2[Tr(P)]?||Po||.|V Py
< Oz 1/3te/a
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< 2ATe(PH(Y) PO PV P

‘ / (PLy/PL)(z,y) PLo(@)d(y)

|z —y|
< ©z372
Thus
// // PL /PL .17 y)P¢( ) ¢(y) o 022—1/84-5/4. (19)
m—m [z =yl
R3 xR3
Similarly we have
// // (P’ PL)(z,y)Po(z) Po(y) C 7> 1/8+</4, (20)
Iw - yl |z —y]

R3 xRR3

Putting (18), (19), (20) together and using the fact hyz > 0 and hy zP = 0,
we obtain

a,z(7, ., ) > H d)” 2th(’y ;o) — CZ21/8+e/2 > I ¢|| 2Z2 (t)— C72-1/8+e/4
JrewAl ¢zl
4. In summary, from Case 1 and Case 2 we have in any case
a,z(v, o, ) > |H¢ ¢|||’2Z2 (t) — Cmax{22—8’22—1/8+5/4}.
Z

Choosing € = 1/10 we obtain

inf g z(v,0,¢) > il Z2u(t) — C 2>,
(v.@)€gB = |tz 2

2.4 Bogoliubov ground state energy

We are now ready to give the proof of Theorem 2.2.
Proof. Upper bound. Fix € > 0 small. Choose (1, atc) € G such that
@ (Ve are) < pult) + e

Choosing

7:'-/) = ZS’Yt,E(Zx7Zy)7
7y) = Zsat,s(zwvzy)v

p(r) = ZQQ%—Tr(%,E)/Z(Zx)
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we have Tr(v) + ||¢]|> = tZ and

5B(% a0, Z) = ZgEgzl(QSt—Tr(%,g)/Z) +7z° [Qt(%a, Oét,a) + 6/(75) TT(’Vt,a)]
+Z [D(pryies Py ) + X (Ve ve) + X (e, )]
Z3e(t — Tr(vie)/Z) + Z°[u(t) + €' (t) Tr(y0)] + ZC-
Z% [e(t) = (Tr(ve)/Z)e (t) + o(Z71) Tr e
+22 [u(t) + & + Tr(y0)€ ()] + ZC-
= Z3e(t)+ Z*(u(t) + e + 0(1)C.).
Thus
EB(N,Z) < Z3e(t) + Z*(u(t) + ¢ + 0(1)C.).

Because € > 0 can be chosen as small as we want, we can conclude that
EB(N,Z) < Z3e(t) + Z?u(t) + o(Z?).

Lower bound. It suffices to consider (v, a,¢) such that £B(v,a, ¢, Z) <
Z3e(t), and hence Tr[—~A7] < CZ3. We shall denote by P the one-dimensional
projection onto the Hartree ground state ¢, 7 and pPt=1-P.

In the expression of £8(v, a, ¢, Z), if we ignore the non-negative terms X (7, ),
X (o, ) and estimate the direct term by

D(p5,p5) = 2D(ps,|¢rz|”) — D( % |ée,2%) + D(p5 — o212 p5 — |61,2]7)
> 2D(ps,|d,z|*) — D( % 16e,21%)
= 2D(p,|dt,z|°) + Ze(t) — 2% (t) Tr(7)

then we arrive at

E8(voa,0,2) > Z3e( +Tr<htzv>+

// |:L‘—y| 20 | pe // |m_y| 9()o0) (21)

R3xR3

By the same argument of the proof of Lemma 2.5 we have

el + [ B2 *R// = S

R3xR3

Putting this bound together with the gap Tr[h; 23] > A;Z2 Tr(P+75) into (21), and
comparing with the upper bound £B(v, a, ¢, Z) < Z3e(t) we obtain ||[P1¢|| < C.
We are now able to apply Lemma 2.6 to conclude from (21) that

P
B(1,0,6,.2) 2 2lt) + (6. huzo) + 100 220y - o220,
Because || Po||* < > — tZ, we obtain the desired lower bound. O
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From the above proof of the lower bound, we also obtain the following esti-
mates on the ground state, which will be useful in the proof of the binding up to
the critical number t.Z.

Lemma 2.7 (Properties of Bogoliubov minimizers). If (v, «, ¢) is a minimizer
for EB(N,Z) (or more generally, if E®(vy,a,¢,2) = Z3e(t) + Z2u(t) + o(Z?))
then Tr(P13) < C, (¢, ht z¢) = o(Z?) and

D(p5 — |p.z1* p5 — |61,2]°) = o(Z?).

In particular, it follows from (¢, hy z6) = o(Z2) that |P||* = tZ + o(Z). Here P
is the one-dimensional projection onto the Hartree ground state ¢; z.

2.5 Comparison to quantum energy: a heuristic discussion

Let us discuss on the comparison between the Bogoliubov ground state energy
EB(N, Z) and the quantum energy E(N, Z) in Conjecture 2.3.

First at all, due to the variational principle, the Bogoliubov energy EB(N, Z)
is a rigorous upper bound to the quantum grand canonical energy

E&(N, Z) = inf{(U, @ Hn2¥), ¥ € F,||[¥| = 1}.
N=0

It is believed that the ground state energy E(N,Z) is a convex function on N
(see [13], p. 229), which is equivalent to E8(N,Z) = E(N, Z). If this conjecture
is correct then the Bogoliubov energy EB(N, Z) is also an upper bound to the
canonical energy F(N, 7).

In the following, we shall argue heuristically why the Bogoliubov energy EB(N, Z)
is a lower bound to E(N, Z) (up to an error o(Z?)). Some further work is required
to make the argument rigorous.

Choosing an orthonormal basis {u, }5> for b with uy = ¢ z/||¢¢ z||, we can
represent the Hamiltonian Hy = @3_, Hy,z in the second quantization

1
_ * * *
Hz = E P n G O + ) E Winn,p,qQm Qn Apaq
m,n>0 m,n,p,q=>0
where a,, = a(u,) and

R L e

Assume that ¥ is a ground state for E(N,Z). We shall denote by (Hz)y the
expectation (U, H,W).

Step 1. As in [3] we have the condensation Tr(Pt+yy) < C where P is the
one-dimensional projection onto ug. Let us denote ¥ = Pryg P, a = PrayPt,
No = ajag and Ny = (Np)g. Then (v,a) € GB and N — Ny = Tr(y) < C.
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Step 2. The leading term Z3e(t) of the ground state energy E(N, Z) comes
from the terms of full condensation, namely hooagao and Wogpoagagaoag. Similarly
to the computation to the energy of product functions, we have

v Vv

hoo (agao) g + Woooo (agagaoao) g

(uo, (A = Z|z|7") wo) No + ((NG)y, = No)D(luol?, uo|*)
{(ug, (A = Z|z|"") up) No + (N§ — No)D(|uo|?, |uol*)
NoZ3 Nog—1
No—1° ( Z )
Z3e(t) — Z%€ (t) Tr(y) + Z2[t te(t) — €/ (t)] + o(Z?). (22)

As a consequence, the expectation of the rest of the Hamiltonian H; should be
of order O(Z?).

Step 3. Because almost of particles live in the condensation ug, we may hope
to eliminate all terms Wy, ,, p 4ar,arapaq in the two-body interaction which have

only 0 or 1 operator a# (where a# is either ag or ag).

Step 4. Now we apply the Bogoliubov principle in which we replace any aj

#

by v No ~ v/N. We can see that the terms with 1 and 3 operators a# should be
canceled together. In fact,

%

Z (hom{agam) g + Wooom (apagaoam)y )

m>1

Z (h0m<a8am>\p + Wooom <a(*)am>\p)

m>1

S (it (=2 = Zla| ™"+ Nluo| + 1.1 7) o) (afam)y = 0

m2>1

Z (um, Z2e/(t)u0> (agam)g = 0.

m>1

Here we use the fact that ug is the ground state for the Hartree mean-field operator

It remains the terms with precisely 0 or 2 operators aff,

hiz=—A—Zlz| " 4 |prz?* || — Z2%€(t)

#

S™ (hn{@ian)y + Wonoon{a5uajaioan) o)

m,n>1
~ Z (hann(@man) g + N Winoon (ap,an) )
m,n>1
= Tr[(-A—Zlz|"" + Nlug|* = || ) 7] (23)
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and

> (Winono(aimaiaoan) g + Re[Winnoo(ai,ara0a0) )

m,n>1

> (NWinono (@ an)y + N Re[Winnoo(a5,a5) 1)

m,n>1

Q

(v(x,y) + alz,y)) btz (x)dr, 2 (y)

= Re
|z — yl

R3xR3

dxdy. (24)

Step 5. Putting the approximations (22), (23) and (24) together we obtain
the desired lower bound

(Hz)y > Z°¢(t)+Z°[t7 e(t) - 6’(75)]

+ Tr[he z7v] + Re // @y +T$I_yy)’]¢t( )iy) + 0o(Z?).

R3 xR3
Because (7, ) € G and ¢, 7 = 0 one has

(2, y) + a(z,y)]ot,z(x) Pt z(y)

P > Z2u(t).

Z2[t7e(t) — €' (t)] + Tr[he 2] + Re //

R3 xR3

Thus we arrive at the desired lower bound

(Hyz)y > Z3€ (t) + Z2u(t) + o(Z?).

Appendix
Proof of Lemma 1.1. 1t is obvious that I' > 0 if and only if v > 0, o* = JaJ and

(fodgTfeJg) = (f,vf)+(9,(1+7)g) +2Re(atf,g) >0, Vf,g €b.

Using a simple scaling ¢ = tg, t € C, we can see that the latter inequality is
equivalent to

(f, 7 )9, (L +7)g) = [(ad f,9)|%, Vf,g €.
Replacing ¢ by (1 +7)~!g, we can rewrite the latter inequality as

(fAP)g, X +7) 7 g) = (e f,(L+7) " 9)l, Vf,g €. (25)

Note that (2) follows from (25) by choosing g = aJf. Reversely, we can
see that (2) implies (25) by using the Cauchy-Schwarz inequality for the positive
definite quadratic form Q(u,v) = (u, (1 +v)"'v), i.e.

(£, 1) (g, (147)"1g) = (@ £, 14N " ad )(g, (147)"g) = |(@ ] £, (1 +7) " 9) [

O]
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Proof of Theorem 1.2. The proof below follows [19] Theorem 9.5 (sufficiency) and
[16] Theorem 6.1 (necessity).

Sufficiency. Assume that VV* is trace class on h. We shall construct the
unitary Uy.

1. Let {u;}i>1 be an orthonormal basis for h. Recall that an orthonormal
basis for F2'(h) is given by

[Ty s ooy My ) = (nill...niM!)_l/Q a*(wiy, )" .a® (ug )" |0)

where n; run over 0, 1,2, ... such that there are only finite n; > 0.

We start by constructing the new vacuum |0),, = Uy, |0) which is characterized
by

A(V(u; ®0)) |0),, = 0.
for all ¢ = 1,2, ..., namely
AV(u; ®0)) = A(Uu; & JVJu;) = a(Uu;) + a*(V Juy;)

are the new annihilation operators.

2. The first step is to choose an convenient basis {u;}. From V*SY = S =
VSV* we have

UUu*=1+VV*, UU=1+JV*VJ

and C = C* where C = U*VJ. Since U*U — 1 is trace class, U*U has an
orthonormal eigenbasis on f. On the other hand, because U*U commutes with
the conjugate linear map C' = U*J*V and C*C is trace class on b, we can find an
orthonormal basis {u;};>1 for h consisting of eigenvectors of U*U such that they
are also eigenvectors of C.

Denote i; := ||Uug|| > 1 and f; := p; *Uu;. Then {f;};>1 is an orthonormal
basis for h. Since

for all j # i, we must have VJu; € Span{f;}. Note that if we change u;’s by
complex phases then it still holds that (u;, Cu;) = 0 for all i # j (although w;’s
maybe no longer eigenvectors of C'). Therefore, we can change u;’s by complex
phases to obtain V' Ju; = v; f; for some v; > 0. Thus there is an orthonormal basis
{fi}i>1 for b such that the new annihilation operators are

AV(u; ®0)) = wia(fi) +via™(fi), i=1,2, ...

where p; > 1, v, >0, 2 —v?=1and >,_, v? = Tr(VV*) < c0.

3. This representation allows us to construct the new vacuum |0),, explicitly

M o0
= him TT = (VA S (22 ) )™
oy = g 10— /") [2( ) = ]|o>
= [T @/ exp [— > ja*(ff] 0).
j=1 i=1 “Hi
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It is straightforward to check that |0),, is well defined and is annihilated by the
new annihilation operators A(V(u; ® 0)). Having the new vacuum |0),,, we can
define |14y, ..., niy,), = Ulngg, ..., 4y, ) by

Ry vees gy = (Mg Loy, ) TV 2A* (W (g, @ 0))"inr . A*(V(wyy, @ 0))"1 [0)y, -

4. Finally we need to prove that the new vectors [n,, ..., nj,,),, indeed form a
basis for F. The trick is to use the formula

0 =TT~ (/o)) exp [Z ;%a:m)?] 0y
j=1 =1 “Hi
and express the old basis vectors |n;,, ..., n;,,) in terms of the new ones. Since the
new vectors |n;,, ..., n;,,),, span all of the old basis vectors |n,, ..., n;,,), the new
ones also span the whole Fock space F.

Necessity. Assume that there exists a normalized vector |0),, € F such that
A(V(u®0))|0),, = 0 for all u € h. We shall prove that V'V* must be trace class
on b.

5. Let [0),, = @y_o ¥Yn where Uy € ®é\}{m h. Then the condition A(V (u &
0)) [0}y, = 0 is equivalent to

a(Uu)¥; =0 and a(Uu)¥nio+a*(VJu)¥y =0 forallueh, N=0,1,2,..(26)

Since UU* = 1+ VV* > 1 we have Ker(U*) = {0}, and hence Ran(U) = b.
Therefore, it follows from a(Uu)¥; = 0 for all u € h that ¥y = 0. Then, by
induction using (26) we obtain ¥; = U3 = U5 = ... = 0.

If ¥y = 0 then the same argument deduces Wy = ¥y = ¥, = ... = 0 which
contradicts with |0),, # 0. Thus ¥y € C\{0} and from (26) with N = 0 we have

a(Uu)¥q 4+ VoV Ju =0 for all u € b. (27)
6. Introducing the conjugate linear map H : h — b defined by

(Hept,p2) = (Y2, 01 @ @) for all p1,p2 € b.

A straightforward computation shows that Tr(H*H) = ||¥5®>. Moreover using
(27) and the symmetry of WUy we have

(=WoVJp1,p2) = (a(Up1)¥a,p2) = (V2,a™(Up1)p2,)
= V2(U2,Upr ® 2) = V2(HU g1, p2)

for all @1, 2 € h. This means —VoVJ = HU. Because U is bounded and H*H
is trace class on b, we conclude that

VV* =20, ?HUU*H*

is trace class on b. ]
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The rest part of proof of Theorem 1.6. We now prove that I' is the 1-pdm of the
state p = Tr[G]71G. Recall that F has the orthonormal basis

In1,na, ... = (n1lnal..) " V(@)™ (a3)"2... |0)

where |0) is the vacuum and nj,ns... run over 0, 1,2, ... such that there are only
finite n; > 0. A straightforward computation shows that

TI'(G) = Z (nl,ng,...\G|n1,n2,...>
n;=0,1,2,...
= Z (n1!na!.. O|H a;" exp[—Aiaja;](a;)") |0)
n;=0,1,...;5€l el
o0 E Nk
- Y o|H( N AL
n;=0,1,...;5€I i€l k=0 ’
0 k k(.1
= Y. (mnal. 0|H< o (ku) (m-)) 0)
nj=0,1,...;5€I i€l \k=0 ’
1
_ —Ain; _
B Z He n_Hl—e_Ai<oo
n;=0,1,...;5€l 1 el

since ) cr e~ < 0o. Thus p is well-defined.

We check that I is indeed the 1-pdm of p. Note that |n1,ng, ...) and G |n1, ne, ...)
have the same number of particle u; for any ¢ = 1,2, .... By the same way of de-
termining Tr(G) we find that Tr(a;a;G) = 0 and

Tr(a;a;G) = 6;5 Tr(a;a;G)

= o | I a+w (Z(ni!)‘l<0|a?"aé‘aieXp(—cz-a}‘az-)(aE‘)”" ro>)
kel ki n;i=0
> _ nox L (—¢ a;a; .
= oy | IT a+m) (wa 1<ora/aiaz-z()f,)<i>zro>)
kel ki n;=0 r=0 )
0 +1n|
= o5 | II +x) (Z OIZ ( )10>>
ke ki ni=0
e e}
= 05| JI a+x) (Z eXP(—Cmi)ni>=5ij>\i]__[(1+)\k)
kel ki ni=0 kel
in which we have used
= d d 1
2 elemine = =g 2 o) = e
exp(—c;)




From the above computations we find that
pla;a;) = (TI'(G))_l Tr(a;a;G) = 0 = (u;, aJuy)

and
plaja;) = (Tr(G)) ™' Tr(aja;G) = dijhi = (s, Yuy)

for any ¢, 7. Thus I' is indeed the 1-pdm of p.

3. Finally, we check that p is a quasi-free state. One way to do it is to consider
p as a limit of appropriate Gibbs states, see [4] (eq. (2b.34)). In the following, we
shall give a more direct approach by mimicking the proof of Wick’s Theorem in
[9].

It suffices to prove (6)-(7) when A(F;) is either a creation or annihilation
operator, which we denote by ¢;. Our aim is to show that

T G
Trlcicacsey...c G = r[Tc:[ch]'I‘r[c?)a;...ckG} (28)
Tr[c1c3G] Tr[er e, G
7Tr[G] Tr[0204...ckG] + ...+ 7Tr[G] T‘I‘[CQCg...CkflG]

and the result follows immediately by a simple induction. By the same way of
computating Tr[G] we may check that

Tr[c1c2G]
W = f(a1)ler, e (29)
where [c1, c2] = c1ca — cacq € {0,—1,1} and
(1—e M) Vife =ay, jel,
R R AR e
! lifep=aj, j¢1,
0 ifer=aj, j¢l
Thus (28) is equivalent to

Trlcicacses...c,G) = f(er)[er, ea] Tr[escy...cx G (31)
+f(e1)[er, es)Tr[eacq...ck Gl + ... + f(c1)[er, cg] Tr[eacs...cx—1G].

We can prove (31) as follows. From the identity
€10203C...Cp, = [c1, Calescy...cp + ... + cacy...cp—1[c1, ck] + cacseq...cpcq
we deduce that

Tr[c1cacsey...c;G] = Trl[er, co)esca...cx G (32)
+...+Tr [CQC4...Ck_1 [Cl, Ck]G] + Tr [6203C4...Ck61G] .
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We first consider when ¢; is either a; or aj with j € I. In this case it is
straightforward to see that ¢;G = e*%¢;G where (+) if ¢; = aj and (-) if ¢1 = a;.
This implies that

Tr [cacsey...cpc1G| = e Ty [cacsey...cxGey] = TNy [creacsey...c G . (33)

Substituting (33) into (33) we conclude that

Tr [c1cac3¢4...1G] F}:ELTI [c3cy...cr.G]
[c1, c3] [e1, ck]
mTr [cacq...c,G] + ... + mTr [cacy...cp—1G]

which is precisely the desired identity (31).
If ¢y = a; for some j ¢ I then

Tr[CQC3C4...CkCIG] =0

since a;G' = 0 and (31) follows from (33).
Finally if ¢; = a] for some j ¢ I then

TT[CICQC3C4...CkG] = TI‘[CQCgC4...CkG61] =0

since Gaj = 0 and we obtain (31). O
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