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Abstract

The present thesis consists of two unrelated research projects and is therefore divided

into two parts. The �rst part is based on the paper [27]. The second part is based on

the paper [22], which is joint with Alexander S. Kechris.

Part I. For a Polish space X it is well-known that the Cantor-Bendixson rank

provides a co-analytic rank on Fℵ0
(X) if and only if X is σ-compact. We construct a

family of co-analytic ranks on Fℵ0(X) for any Polish space X. We study the behaviour

of this family and compare the ranks to the Cantor-Bendixson rank. The main results

are characterizations of the compact and σ-compact Polish spaces in terms of this

behaviour.

Part II.We develop a co-induction operation for invariant random subgroups. We

use this operation to construct new examples of continuum size families of non-atomic,

weakly mixing invariant random subgroups of certain kinds of wreath products, HNN

extensions and free products with normal amalgamation. Moreover, by use of small

cancellation theory together with our operation, we construct a new continuum size

family of non-atomic invariant random subgroups of F2 which are all invariant and

weakly mixing with respect to the action of Aut(F2). Finally, by studying continuity

properties of our operation, we obtain results concerning the continuity of the co-

induction operation for weak equivalence classes of measure preserving group actions.

Resumé

Denne afhandling består af to urelaterede forskningsprojekter og er derfor opdelt i to

dele. Den første del er baseret på artiklen [27]. Den anden del er baseret på artiklen

[22], som er lavet i samarbejde med Alexander S. Kechris.

Del I. For et Polsk rum X er det velkendt at Cantor-Bendixson-rangen udgør

en ko-analytisk rang på Fℵ0(X) hvis og kun hvis X er σ-kompakt. Vi konstruerer

en familie af ko-analytiske rangfunktioner på Fℵ0
(X) for ethvert Polsk rum X. Vi

undersøger hvordan denne familie opfører sig og sammenligner disse rangfunktioner

med Cantor-Bendixson-rangen. Hovedresultaterne er karakteriseringer af de kompakte

og σ-kompakte Poliske rum ud fra denne opførsel.

Del II. Vi udvikler en ko-induktionsoperation for invariante tilfældige under-

grupper. Vi bruger denne operation til at konstruere nye eksempler på familier med

kontinuum mange ikke-atomiske, svagt blandede invariante tilfældige undergrupper af

nogle typer af kranseprodukter, HNN-udvidelser og frie produkter med normal amal-

gamation. Endvidere, ved brug af lille annulleringsteori sammen med vores operation,

konstruerer vi en ny familie med kontinuum mange ikke-atomiske invariante tilfældige

undergrupper af F2, som alle er invariante og svagt blandede i forhold til virkningen af

Aut(F2). Til sidst, ved at studere kontinuitetsegenskaber ved vores operation, opnår

vi resultater angående kontinuiteten af ko-induktionsoperationen for svage ækviva-

lensklasser af målbevarende gruppevirkninger.
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Introduction

The present thesis consists of two unrelated parts, which are both based on a
corresponding research project. The title of the �rst part is Cantor-Bendixson
type ranks. It is based on the paper [27] and is concerned with the study of
co-analytic sets in classical descriptive set theory. The title of the second part
is Co-induction and invariant random subgroups. It is based on the paper [22],
which is joint with Alexander S. Kechris, and concerns the study of invariant
random subgroups and their connection to measure preserving group actions.
This subject lies on the borderline of group theory, ergodic theory and de-
scriptive set theory. Below we will brie�y introduce each of these subjects and
present the results of this thesis.

Descriptive set theory and co-analytic sets

Descriptive set theory is the study of de�nable subsets of separable completely
metrizable topological spaces. Such topological spaces are said to be Polish
and they include R, all separable Banach spaces and ωω, where the latter
is equipped with the product topology induced by the discrete topology on
ω = {0, 1, . . .}. By de�nable subsets we mean subsets that can be described
in terms of the topology. We stratify these sets into hierarchies according to
the complexity of their description and study the properties of the sets in each
level.

The systematic study of sets in descriptive set theory goes back to the
work of Borel, Baire and Lebesgue at the beginning of the 20th century.
Since then it has developed extensively and many regularity properties such as
Lebesgue measurability, the Baire property and the perfect set property have
been proven to hold for subsets of su�ciently low complexity. For example,
all of these three properties hold for the Borel sets.

For each Polish space we can use trans�nite recursion to construct the
Borel sets by starting with the open sets and then recursively closing under
the operations of complements and countable unions. We can stratify the Borel
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Introduction

sets into the Borel hierarchy, where the complexity of a Borel set is determined
by its �rst appearance in this construction. Thus the open and the closed sets
are the simplest.

In the 1910s Suslin discovered that the projection of a Borel set in the
plane is not necessarily Borel, thereby pointing out a mistake of Lebesgue in
the paper [23] from 1905. This gave rise to a class of sets more complicated
than the Borel sets, namely the projective sets. This is the class of sets which
is obtained from the Borel sets by recursively closing under the operations of
continuous images and complements. Once again, these sets can be strati�ed
into a hierarchy. At the lowest level of the projective hierarchy we have the
analytic and the co-analytic sets, which can be de�ned as the continuous im-
ages of Borel sets and their complements, respectively.

We will be focusing on the class of co-analytic sets. A classical example
of a co-analytic set is the following: Let Tree(ω) denote the set of trees on ω.
The subset WF ⊆ Tree(ω) consisting of all well-founded trees is co-analytic.
In fact, if A ⊆ X is a co-analytic subset of a Polish space X, then there is a
Borel map f : X → Tree(ω) such that x ∈ A if and only if f(x) ∈ WF. So
in many cases we can pass from general co-analytic sets to this speci�c set in
order to obtain results.

A key property of co-analytic sets is that they admit a co-analytic rank into
ω1. Given a set A, a rank into ω1 is a map ϕ : A → ω1. If A is a co-analytic
subset of a Polish space X, we say that ϕ is a co-analytic rank if the initial
segment

Aϕα = {x ∈ A | ϕ(x) ≤ α}

is Borel in X in a uniform manner for all α < ω1. This ensures that any
co-analytic set A is an increasing union of ω1 Borel sets.

The main result concerning co-analytic ranks is the Boundedness Theorem.
It states that if ϕ : A → ω1 is a co-analytic rank on a co-analytic subset A of
a Polish space X, then A is Borel in X if and only if

sup {ϕ(x) | x ∈ A} < ω1.

Moreover, if B ⊆ A is analytic in X, then sup {ϕ(x) | x ∈ B} < ω1.
The �rst part of the theorem highlights how these ranks provide a powerful

tool for proving that certain subsets are not Borel. For example, in [34] co-
analytic ranks are used to prove that, in a certain parametrization of countable
groups, the subset of elementary amenable groups is not Borel while the subset
of amenable groups is. This result thereby gives a non-constructive existence
proof of an amenable group that is not elementary amenable.

2



Introduction

The second part of the theorem ensures a uniformity of the co-analytic
ranks that a �xed co-analytic set A admits. Indeed, it implies that if ϕ,ψ : A→
ω1 are both co-analytic ranks, then there exists a function f : ω1 → ω1 such
that ϕ(x) ≤ f(ψ(x)) for all x ∈ A. Therefore all co-analytic ranks on A

agree on which subsets are bounded and which subsets are not, and so each
co-analytic subset of a Polish space admits a natural σ-ideal of bounded sets.

Even though it is known that any co-analytic set admits a co-analytic
rank and therefore also the aforementioned σ-ideal, the proof does not provide
a concrete rank for a given co-analytic set. In fact, to obtain this result it
su�ces to construct a co-analytic rank on WF. For a given co-analytic set it
is therefore of interest to �nd explicit co-analytic ranks in order to determine
the structure of the co-analytic set in terms of the σ-ideal of bounded sets.
Many examples of co-analytic ranks for speci�c co-analytic sets are collected
in [19].

Cantor-Bendixson type ranks

In this part of the thesis we will consider the E�ros Borel space F (X) consisting
of all closed subsets of a Polish space X, and the co-analytic subset Fℵ0(X)

consisting of the countable closed subsets. It is known that Fℵ0(X) is co-
analytic and not Borel when X is uncountable.

A natural rank on this co-analytic set is the Cantor-Bendixson rank, which
assigns to each F ∈ Fℵ0(X) the length of the trans�nite process of removing
isolated points. However, the Cantor-Bendixson rank is only co-analytic when
the underlying Polish space is σ-compact. In fact, as mentioned in [19], no
explicit co-analytic rank on Fℵ0(X) for a general Polish space X seems to be
known.

In the speci�c case of ωω, there is a natural correspondence between F (ωω)

and Tree(ω). Recall that a tree T ∈ Tree(ω) is a set of �nite sequences of num-
bers in ω which is closed under initial segments. One then associates to each
F ∈ F (ωω) the tree TF consisting of all �nite initial segments of the elements
of F . Moreover, on Tree(ω) there is a Cantor-Bendixson-like rank, which as-
signs to each tree the length of the trans�nite process of removing isolated
branches of the tree. We obtain a co-analytic rank on Fℵ0(ωω) by assigning to
each F ∈ Fℵ0(ωω) the rank of TF .

Our �rst goal is to generalize the construction used in the case of ωω to
a general Polish space X. The key step in this generalization is to de�ne a
correspondence between F (X) and certain subsets of ω2. This is done by �xing
a complete compatible metric d on X and a countable dense sequence (xi)i in
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X. We then identify each F ∈ F (X) with the set

AF =
{

(i, j) ∈ ω2 | F ∩ Bd(xi, 2
−j−1)

}
.

It turns out that this correspondence shares many of the properties of the
correspondence between F (ωω) and Tree(ω). So, since we can de�ne a Cantor-
Bendixson-like rank on the subsets of ω2, we obtain a co-analytic rank on
Fℵ0(X) by assigning to each F ∈ F (X) the rank of AF .

A presentation P = (X, d, (xi)i) of a Polish space X is a Polish space
X equipped with a �xed choice of a complete compatible metric d and a
countable dense sequence (xi)i. Our construction provides a co-analytic rank
ϕP : Fℵ0(X) → ω1 for each presentation P of a Polish space X. Hence for a
�xed Polish space X we obtain a potentially huge family

{ϕP | P is a presentation of X}

of co-analytic ranks on Fℵ0(X).

The second objective is to investigate how this family of co-analytic ranks
behaves. We prove results stating how the chosen presentation a�ects the
ranks one obtains, and how the ranks relate to the Cantor-Bendixson rank on
Fℵ0(X). The main results characterizes the compact and σ-compact Polish
spaces in terms of the behaviour of the ranks.

We will prove that a Polish space X is compact if and only if the family of
ranks is uniformly bounded by the Cantor-Bendixson rank, in the sense that
there is a function f : ω1 → ω1 such that

ϕP(F ) ≤ f(|F |CB)

for all F ∈ Fℵ0(X) and all presentations P of X. Moreover, we will compute
a single function f : ω1 → ω1 satisfying the above inequality for any compact
Polish space X.

We obtain that a Polish space X is σ-compact if and only if some (equiv-
alently every) rank in the family (ϕP)P, where P varies over all presentations
of X, is bounded by the Cantor-Bendixson rank. This means that for some
(equivalently every) presentation P of X there is a function fP : ω1 → ω1 such
that

ϕP(F ) ≤ fP(|F |CB)

for all F ∈ Fℵ0(X). Also in this case, we will for a presentation P of a σ-
compact Polish space X compute a speci�c function fP : ω1 → ω1 satisfying
the above inequality.
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Let us brie�y give an overview of the content contained in this part of the
thesis.

Chapter 1. This preliminary chapter contains the various notions and
basic results needed for the rest of this part of the thesis. In the �rst section
we brie�y review some basic results and notions related to Polish spaces, Polish
metric spaces and standard Borel spaces, which we assume the reader to be
familiar with throughout the rest of this thesis. This includes an introduction
to the E�ros Borel space F (X) of a Polish space X. In the second section
we will introduce the descriptive set-theoretic trees. We will see how these
trees are closely related to the closed subsets of certain product spaces. In
particular, we will establish the correspondence between F (ωω) and Tree(ω).
In the third section we de�ne the analytic and co-analytic sets. We will see
that Fℵ0(X) is in fact a co-analytic subset of F (X) and that is is not Borel
when X is uncountable. The fourth section concerns co-analytic ranks. We
will among other things discuss the Boundedness Theorem and give a proof of
the fact that any co-analytic subset admits a co-analytic rank. In the �fth and
�nal section we will discuss the Cantor-Bendixson rank on F (X) for a Polish
space X. We will argue that it is co-analytic on Fℵ0(X) if and only if X is
σ-compact. Moreover, we will show how to use the correspondence between
F (ωω) and Tree(ω) to construct a co-analytic rank on Fℵ0(ωω).

Chapter 2. The main goal of this chapter is to obtain the aforementioned
rank ϕP : Fℵ0(X) → ω1 for each presentation P of a Polish space X. In the
�rst section we will give the precise construction of these ranks. In the second
section we will provide various properties of this construction and we will see
that it does in fact generalize the well-known construction for ωω. In the
third and �nal section we investigate the extent to which the rank depends
on the chosen metric and on the dense sequence, respectively. We will �rst
isolate classes of Polish metric spaces for which the construction is completely
independent of the dense sequence. In general, changes can occur when varying
the dense sequence, but we will recover a bound on how much. Afterwards we
will see that there is no bound on the changes that may occur when varying
the complete metric.

Chapter 3. In this chapter we will compare the ranks that we have con-
structed to the Cantor-Bendixson rank. In particular, we will prove the char-
acterizations of the compact and σ-compact Polish spaces that we described
above.

Chapter 4. This chapter serves as a discussion of some questions related to
the subject of this part of the thesis. In the �rst section we will discuss certain
invariance properties one can hope for in a co-analytic rank ϕ : Fℵ0(X) → ω1

for a Polish space X. We propose a problem of �nding a co-analytic rank
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ϕ : Fℵ0(X) → ω1 with nicer invariance properties than the ones we construct
here. The second section concerns the phenomenon of uniform boundedness
that we show for the family (ϕp)P, where P varies over all presentations of a
compact Polish space X. We will ask several questions towards understanding
if this behaviour holds more generally and, in particular, if it occurs in other
cases.

Invariant random subgroups

The study of invariant random subgroups has been an active area of research
in recent years.

For a countable group Γ we consider the compact Polish space Sub(Γ) ⊆
{0, 1}Γ consisting of all subgroups of Γ. A Borel probability measure on Sub(Γ)

which is invariant under the natural conjugacy action of Γ on Sub(Γ) is called
an invariant random subgroup. The space of invariant random subgroups
of Γ is denoted IRS(Γ) and is a closed convex subspace of the space of all
Borel probability measures on Sub(Γ). In particular, it is a compact Polish
space in the weak∗-topology. The study of invariant random subgroups usually
concentrates on the ergodic invariant random subgroups, as these constitute
the extreme points in IRS(Γ). A notion of invariant random subgroups has also
been examined for locally compact groups, where one considers the conjugation
action on the space of closed subgroups, but here we will limit our attention
to countable groups.

It easy to construct simple examples of invariant random subgroups. For
each �nite index subgroup the uniform measure on the conjugacy class is an
invariant random subgroup. Also, the Dirac measure concentrated at a nor-
mal subgroup is an example of an invariant random subgroup. It is a general
phenomenon that the invariant random subgroups tend to behave like normal
subgroups, rather than arbitrary subgroups. For example, Kersten's theorem
and Margulis' normal subgroup theorem have been extended to invariant ran-
dom subgroups in [2] and [28], respectively. The latter result implies that any
ergodic invariant random subgroup of a lattice in a higher rank simple real Lie
group, such as SLn(Z) for n ≥ 3, is either induced by the trivial subgroup or
by a �nite index subgroup, as above.

Another more interesting way to obtain invariant random subgroups of a
countable group Γ is by use of measure preserving actions. Let (X,µ) be a
non-atomic standard probability space, i.e., a probability space isomorphic to
([0, 1], λ), where λ denotes the Lebesgue measure. For each measure preserv-
ing action Γya(X,µ) we have an equivariant Borel map staba : X → Sub(Γ)

given by staba(x) = {γ ∈ Γ | γ ·a x = x}. Hence if we let type(a) denote the
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pushforward of µ through staba, then type(a) ∈ IRS(Γ). In fact, it is shown
in [2] that all invariant random subgroups of Γ arise in this way. Therefore
the study of invariant random subgroups is naturally connected to the study
of measure preserving actions.

The term �invariant random subgroup� was introduced in [2]. However,
the objects have been studied earlier and the paper [28] is usually considered
to be the �rst on the subject. Throughout the past decade many applications
and connections of invariant random subgroups to di�erent areas have been
established.

There has also been an interest in studying the structure of the ergodic in-
variant random subgroups of di�erent classes of groups. As the atomic ergodic
invariant random subgroups are exactly the ones induced by a subgroup with
only �nitely many conjugates, the focus has been to determine the structure of
the non-atomic, ergodic invariant random subgroups. It turns out that some
groups have only a few, while others admit lots of them. Examples of the
�rst kind include SLn(Z) for n ≥ 3, as discussed above. These groups have
no non-atomic, ergodic invariant random subgroups. By the results in [30],
[13] and [26], the same holds for certain inductive limits of �nite alternating
groups, the simple Higman-Thompson groups and the groups PSLm(k), where
k is an in�nite �eld and m ≥ 2, respectively. In the opposite direction, many
classes of groups have been proven to admit continuum many non-atomic, er-
godic invariant random subgroups. By the results in [17], [33], [3] and [8],
these classes include certain wreath products, the group of �nitely supported
permutations of ω, every weakly branch group and every group containing a
non-abelian free group as a normal subgroup, respectively.

Co-induction and invariant random subgroups

In this part of the thesis we develop a co-induction operation for invariant
random subgroups.

Classically, co-induction is an operation which transforms a measure pre-
serving action of a countable group into a measure preserving action of a bigger
countable group. To be more precise, let A(Γ, X, µ) denote the Polish space of
all measure preserving actions of a countable group Γ on a non-atomic standard
probability space (X,µ). Then co-induction is an operation

cind∆
Γ : A(Γ, X, µ)→ A(∆, X∆/Γ, µ∆/Γ)

for each pair of countable groups Γ ≤ ∆. Co-induction is a quite useful tool.
For example, the operation was one of the key ingredients in extending the
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result that F2 has continuum many free, ergodic, measure preserving and pair-
wise orbit inequivalent actions to the result that this holds for any countable
group containing a copy of F2 (see [18]). A few years later Epstein general-
ized the co-induction construction to pairs of countable groups Γ and ∆ that
have free measure preserving actions Γya(X,µ) and ∆yb(X,µ) such that
the induced orbit equivalence relations satisfy Ea ⊆ Eb. This construction
together with the result of [16] allowed Epstein to prove that any countable
non-amenable group induces continuum many free, ergodic, measure preserv-
ing and pairwise orbit inequivalent actions (see [15]).

The objective here is to de�ne an operation CIND∆
Γ : IRS(Γ) → IRS(∆)

such that the diagram

A(∆, X, µ) IRS(∆)

A(Γ, X, µ) IRS(Γ)

cind∆
Γ

type

type

CIND∆
Γ

commutes, for every pair of countable groups Γ ≤ ∆.

It turns out that the co-induction operation CIND∆
Γ : IRS(Γ) → IRS(∆)

provides an elemental method for constructing continuum many non-atomic,
weakly mixing invariant random subgroups of certain classes of countable
groups. For example, CIND∆

Γ (θ) is weakly mixing for any θ ∈ IRS(Γ) when-
ever [∆ : Γ] = ∞. Note that weakly mixing is the strongest mixing property
one can hope to achieve for a non-atomic invariant random subgroup. Indeed,
by the result in [31], if θ ∈ IRS(Γ) satis�es that the restriction of the conjugacy
action Γy(Sub(Γ), θ) to any in�nite subgroup of Γ is ergodic, then there is a
�nite normal subgroup Λ ≤ Γ such that θ(Sub(Λ)) = 1.

We apply our co-induction operation to construct new examples of contin-
uum size families of non-atomic, weakly mixing invariant random subgroups
for the following classes of groups:

(1) All wreath products H oG, where G and H are countable groups with G
in�nite and H non-trivial.

(2) All HNN extensions G = 〈H, t | (∀ ∈ A) t−1at = ϕ(a)〉, where H is
a countable group, A ≤ H and ϕ : A → H is an embedding such that
〈〈A ∪ ϕ(A)〉〉 6= H.
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(3) All free products with amalgamation G∗AH, where G and H are count-
able groups satisfying that A ≤ G,H is a shared normal subgroup with
G/A non-trivial and H/A in�nite.

We point out that for some of the aforementioned classes of groups, other
examples of such families are already known. In [17] they use a di�erent
technique, involving what they call intersectional invariant random subgroups,
to construct such families for the groups in class (1) and for the non-abelian
free groups. In [8] they obtain such families for the groups contained in class
(3) by use of completely di�erent techniques, including Pontryagin duality and
a deep result of Adian in combinatorial group theory. In contrast, our approach
is quite elemental.

In fact, in [8] it is shown that the non-abelian free groups admit contin-
uum many non-atomic, weakly mixing invariant random subgroups that are
moreover invariant under the action of the full automorphism group. Invariant
random subgroups that are invariant under the action of the full automorphism
group are called characteristic random subgroups. We will show how to use our
method, together with small cancellation theory, to obtain continuum many
non-atomic, characteristic random subgroups of F2 that are weakly mixing
with respect to the action of the full automorphism group.

The original motivation for this project came from a di�erent problem.
Inspired by the classical notion for unitary representations, the notions of
weak containment and weak equivalence for measure preserving actions were
introduced in [20]. Roughly speaking, for a, b ∈ A(Γ, X, µ) we say that a is
weakly contained in b, and write a � b, if the action a can be approximated
by the action b. If a � b and b � a, we say that a and b are weakly equivalent.
We denote by A˜(Γ, X, µ) the set of weak equivalence classes and equip it with
the compact Polish topology introduced in [1].

It is known that the classical co-induction operation descends to a well-
de�ned operation

cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(Γ, X∆/Γ, µ∆/Γ)

for countable groups Γ ≤ ∆. In [10] it was asked whether this operation is
continuous. We will answer this question negatively. More precisely, we show
that if Γ ≤ ∆ are both amenable and the normal core of Γ in ∆ is non-trivial,
then the operation is continuous if and only if [∆ : Γ] < ∞. Moreover, if
we remove the amenability assumption, we obtain that the operation is not
continuous if [∆ : Γ] = ∞. A negative answer to the continuity question
was simultaneously obtained via completely di�erent methods in [4], where
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examples of two non-amenable groups Γ ≤ ∆, for which the operation is not
continuous and [∆ : Γ] = 2, are given.

Our method for obtaining these results relies heavily on the correspon-
dence between A(Γ, X, µ) and IRS(Γ) for a countable group Γ. The surjective
map type: A(Γ, X, µ) → IRS(Γ) descends to a well-de�ned continuous map
type˜ : A˜(Γ, X, µ) → IRS(Γ), which is moreover a homeomorphism when Γ is
amenable (see [32]). Using this, we can for pairs of countable groups Γ ≤ ∆

settle some questions concerning the continuity of cind˜ ∆
Γ by considering the

continuity properties of CIND∆
Γ instead.

Let us end this introduction by giving a brief overview of the content
contained in this part of the thesis.

Chapter 5. This preliminary chapter serves as an introduction to the
various notions and results that we need in the following chapters. In the
�rst section we introduce several notions related to measure preserving group
actions. Moreover, we will de�ne the Polish space A(Γ, X, µ) of all measure
preserving actions of a �xed countable group Γ on a non-atomic standard
probability space (X,µ). In the second section we will formally de�ne the
relations of weak containment and weak equivalence of measure preserving
actions with the goal of obtaining the compact Polish space A˜(Γ, X, µ). In
the third and �nal section we will introduce the notion of an invariant random
subgroup. We will examine the natural compact Polish topology on IRS(Γ)

and establish the connection between A˜(Γ, X, µ) and IRS(Γ). Finally, we will
discuss the notion of a characteristic random subgroup.

Chapter 6. The main goal of this chapter is to develop the co-induction
operation CIND∆

Γ : IRS(Γ) → IRS(∆) for pairs of countable groups Γ ≤ ∆.
In the �rst section we will consider the classical co-induction operation for
measure preserving actions. We will give the de�nition and present various
properties of this operation that will become useful in the following. In the
second section we will obtain the co-induction operation for invariant random
subgroups. The third section is devoted to the study of continuity properties of
both cind˜ ∆

Γ and CIND∆
Γ . In the fourth and �nal section we investigate various

properties of the co-induced invariant random subgroups. We will focus on
the case where [∆ : Γ] = ∞. In this case, the co-induced invariant random
subgroups will always be weakly mixing and we can characterize when they will
be non-atomic. As a by-product, we also obtain a complete characterization
of when a co-induced measure preserving action is free.

Chapter 7. In this chapter we will apply the co-induction operation on
invariant random subgroups to construct continuum size families consisting of
non-atomic, weakly mixing invariant random subgroups for the three classes

10
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of groups described above. In the �rst section we isolate a su�cient criterion
for a pair of countable groups Γ ≤ ∆ that allows us to use our co-induction
operation to construct such families for ∆. In the second section we apply
this criterion to construct examples of these families for the types of wreath
products and HNN extensions described in (1) and (2), respectively. In the
third and fourth section we will apply the co-induction operation to construct
such families for the non-abelian free groups and more generally for the class
of free products with normal amalgamation described in (3) above.

Chapter 8. In this chapter we will use our co-induction operation together
with small cancellation theory to construct a continuum size family of non-
atomic characteristic random subgroups of F2 that are weakly mixing with
respect to the action of Aut(F2). In the �rst section we will brie�y introduce
the small cancellation theory needed for our purposes. We also prove the main
result of this chapter, which will be the main ingredient in the construction of
the aforementioned family. The construction is done in the second section.

Chapter 9. This chapter contains a discussion of some questions related
to the subject of this part of the thesis. In the �rst section we will examine the
question of which groups do admit a continuum sized family of non-atomic, er-
godic invariant random subgroups. We will also discuss another operation from
IRS(Γ) to IRS(∆) that one can de�ne for pairs of countable groups Γ ≤ ∆,
and how it might be used to come up with new examples of groups with these
continuum size families. In the second section we will consider the multiplica-
tion operation on A˜(Γ, X, µ) and discuss its continuity properties for di�erent
countable groups Γ. Continuity of this operation is closely related to conti-
nuity of the co-induction operation cind˜ ∆

Γ : A˜(Γ, X, µ)→ A˜(Γ, X∆/Γ, µ∆/Γ) in
the case where Γ ≤ ∆ with [∆ : Γ] < ∞, and in this case we have not yet
completely settled when the co-induction operation is continuous.
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Part I

Cantor-Bendixson type ranks

This part constitutes an amended version of the paper

Vibeke Quorning. Cantor-Bendixson type ranks. Preprint, 2018.
arXiv:1806.03206

Parts of the article have been altered and rewritten to �t the format of the
thesis. In particular, more preliminary theory has been added, some comments
and explanations have been expanded and Chapter 4 is new.
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Chapter 1

Studying co-analytic sets

In this part of the thesis we will study the E�ros Borel space F (X) consisting
of all closed subsets of a Polish space X, and the co-analytic subset Fℵ0(X)

consisting of the countable closed subsets. We will in this preliminary chapter
introduce the various notions and basic results needed for the rest of this part
of the thesis.

In the �rst section we will brie�y summarize the standard results and no-
tions related to Polish spaces, Polish metric spaces and standard Borel spaces,
which we assume the reader to be familiar with throughout the rest of this
thesis. This includes a short introduction to the E�ros Borel space F (X) of a
Polish space X. In the second section we will introduce a very important com-
binatorial tool in descriptive set theory, namely the descriptive set-theoretic
trees. These trees are closely related to the closed subsets of certain product
spaces. We will in the next chapter generalize the concept of trees and use the
generalization in our study of F (X) for a general Polish space X. In the third
section we de�ne the analytic and co-analytic sets. We will provide examples
and state various properties of these classes of sets. In particular, we will see
that Fℵ0(X) is a co-analytic subset of F (X) for any Polish space X. We will
also see that it is not Borel when X is uncountable. The fourth section con-
cerns ranks and in particular the co-analytic ranks. As we will see, these are
important tools in the study of co-analytic sets. In the �fth and �nal section
we will discuss a particular rank, namely the Cantor-Bendixson rank, which
plays a huge role in this part of the thesis. In particular, we will show that
the Cantor-Bendixson rank is a co-analytic rank on Fℵ0(X) if and only if X is
σ-compact.

A more thorough introduction to these subjects, and proofs of most results
contained in this chapter, can be found in [19].
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1. Studying co-analytic sets

1.1 Polish spaces

In this section we will review the basic notions and properties concerning Polish
spaces, Polish metric spaces and standard Borel spaces that we will need later
on.

De�nition 1.1.1. A Polish space is a completely metrizable separable topo-
logical space.

Clearly, all countable discrete topological spaces are Polish. Moreover, any
countable product of Polish spaces is Polish in the product topology. In par-
ticular, the space ωω, where ω = {0, 1, 2, . . .} is considered as a discrete Polish
space, is Polish in the product topology. We also have that a subspace of a
Polish space is Polish if and only if it is a countable intersection of open sets
(see [19, Theorem 3.11]). Such a subset is said to be Gδ.

A subspace of a Polish space X is called perfect in X if it is closed and does
not contain any isolated points. Note that if such a set is non-empty, then it
is uncountable.

Theorem 1.1.2 (Cantor-Bendixson). Let X be a Polish space. Then there is

a unique perfect subset P ⊆ X such that X \ P is countable.

For a proof of this theorem, the reader is referred to [19, Theorem 6.4]. The
proof shows that P consists of the points in X for which every neighbourhood
is uncountable. In particular, X \ P is the union of all countable open sets.
Thus we obtain that a Polish space X decomposes uniquely as X = P t C,
where P is perfect in X and C is countable and open. Moreover, any perfect
subset P0 in X will satisfy P0 ⊆ P .

De�nition 1.1.3. Let X be Polish. The perfect subset P ⊆ X such that
X \ P is countable is called the perfect kernel of X.

Note that a Polish space is countable if and only if the perfect kernel is
empty.

A Polish space is called σ-compact if it is a countable union of compact
subsets. All discrete Polish spaces are σ-compact. A key example of a Polish
space that is not σ-compact is ωω. In fact, it turns out that having ωω as a
closed subset is the only obstruction for a Polish space to be σ-compact. A
proof of the following theorem can be found in [19, Theorem 7.10].
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1.1. Polish spaces

Theorem 1.1.4 (Hurewicz). Let X be a Polish space. Then X is not σ-

compact if and only if X contains a closed subspace homeomorphic to ωω.

In many cases, the theorem above allows us to pass to ωω when working
with Polish spaces that are not σ-compact. We will see several examples of this.

Sometimes we are interested in �xing a speci�c complete compatible metric
on a Polish space.

De�nition 1.1.5. A Polish metric space is a Polish space equipped with a
complete compatible metric.

It is easily seen that if (X, d) is a Polish metric space and Y ⊆ X, then
(Y, d|Y ) is a Polish metric space if and only if Y is closed.

Next let (X, d) and (Y, δ) be Polish metric spaces. A map f : X → Y is
called isometric if δ(f(x), f(y)) = d(x, y) for all x, y ∈ X. If f is also bijective,
we say that f is an isometry and call (X, d) and (Y, d) isomorphic. Clearly,
any isometric map is injective and we will therefore also call such a map an
isometric embedding.

We have the following example of a Polish metric space which is universal
in the sense that any Polish metric space is isomorphic to a closed subspace.

Example 1.1.6 (Urysohn's universal metric space). An Urysohn space is a
Polish metric space (X, d) that satis�es the following extension property: If
(A, δ) is a �nite metric space, A0 ⊆ A and f : A0 → X is an isometric embed-
ding, then there is an isometric embedding f̃ : A → X such that f̃(a) = f(a)

for all a ∈ A0. A construction of an Urysohn space, as well as proofs of the
next couple of statements, can be found in [25]. By using a back-and-forth ar-
gument to construct an isometry between countable dense subsets, we obtain
that any two Urysohn spaces are isomorphic. Moreover, we can use the exten-
sion property of an Urysohn space to construct an isometric embedding of any
Polish metric space. We will denote by (U, dU) the unique (up to isometry)
Urysohn space.

From now on we will for a Polish metric space (X, d), x ∈ X and r > 0

denote by Bd(x, r) and Bd(x, r) the open and closed ball around x with radius
r with respect to d.

Instead of �xing a metric on a Polish space and thereby ensuring more
structure, we can also go in the other direction and ignore some information.
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1. Studying co-analytic sets

De�nition 1.1.7. A standard Borel space is a measurable space (X, S) for
which there is some Polish topology on X such that S is the corresponding
Borel σ-algebra. The sets in S are called Borel.

In other words, a standard Borel space is a Polish space equipped with its
Borel σ-algebra, where one ignores the underlying topology. We will usually
suppress the σ-algebra and denote a standard Borel space by X.

We are often only interested in the properties of subsets of Polish spaces
that can be completely determined by the Borel structure. In such cases, and
especially if there is a nice and simple description of the Borel structure, it is
useful to consider a Polish space as a standard Borel space instead.

Given a standard Borel space X, there is no way to recover a speci�c un-
derlying Polish topology. In fact, if B ⊆ X is Borel, then there is a Polish
topology on X that induces the Borel structure and in which B is clopen, i.e.,
closed and open (see [19, Theorem 13.1]). Note that this also implies that if
(X, S) is a standard Borel space and B ∈ S, then (B, S|B) is a standard Borel
space.

Let X,Y be standard Borel spaces. A map f : X → Y is said to be Borel
if f−1(B) is Borel in X for any B ⊆ Y Borel. We say that f is a Borel

isomorphism if f is bijective and both f and f−1 are Borel. In general, a map
f : X → Y is Borel if and only if graph(f) ⊆ X×Y is Borel (see [19, Theorem
12.14]). Thus any bijective Borel map is a Borel isomorphism. It turns out,
as the following theorem states, that there is only one uncountable standard
Borel space up to Borel isomorphism. A proof can be found in [19, Theorem
15.6].

Theorem 1.1.8. Let X, Y be uncountable standard Borel spaces. Then there

exists a Borel isomorphism f : X → Y .

Even though all uncountable standard Borel spaces are isomorphic, they
appear naturally in many situations. One of the most important examples is
the following.

Example 1.1.9 (The E�ros Borel space). Let X be a Polish space and let
F (X) denote the set of all closed subsets of X. We equip F (X) with the Borel
structure generated by the sets

{F ∈ F (X) | F ∩ U 6= ∅} ,

where U ⊆ X varies over all open subsets. This turns F (X) into a standard
Borel space (see [19, Theorem 12.6]). The space F (X) is called the E�ros

Borel space of X.
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1.2. Trees and closed sets

Note that the E�ros Borel space F (U), where U is the Urysohn space,
is a neat parametrization of all Polish (metric) spaces. It provides a useful
framework for studying de�nable subclasses of these spaces.

Remark 1.1.10. In the case where X is compact, there is a natural Polish
topology on F (X) which induces the Borel structure, namely the Vietoris

topology. A subbasis for this topology is given by the collection of sets

{F ∈ F (X) | F ⊆ U} and {F ∈ F (X) | F ∩ U 6= ∅} ,

where U varies over all open subsets of X (see [19, Theorem 4.26]).

The Borel structure on F (X) is not always intuitive, as even simple op-
erations need not be Borel. For example, the map (F0, F1) 7→ F0 ∩ F1 from
F (X)×F (X) to F (X) is not in general Borel (see [19, Theorem 27.6]). How-
ever, a handy property of the Borel structure is the following selection theorem,
for which a proof can be found in [19, Theorem 12.13].

Theorem 1.1.11 (Kuratowski-Ryll-Nardzewski). Let X be Polish. There is

a sequence of Borel functions dn : F (X) → X for n ∈ N such that for each

F ∈ F (X) \ {∅} the set

{dn(F ) | n ∈ N} ⊆ F

is dense.

This means that we can choose a dense subset of every non-empty F ∈
F (X) in a Borel manner.

1.2 Trees and closed sets

In this section we will introduce a very important tool in descriptive set theory,
namely descriptive set-theoretic trees. As we will see, these trees are closely
related to the closed subsets of certain product spaces and they allow us to
study the closed subsets of such spaces in a combinatorial manner.

To de�ne these set-theoretic trees, we need to �x some terminology. Let A
be a non-empty and countable set. We will mainly be interested in the case
where A = ω or A = {0, 1}, and we will use the notation 2 = {0, 1}. For all
n ∈ ω and any sequence s ∈ An, we use the enumeration s = (s0, s1 . . . , sn−1).
Moreover, we use A0 to denote the set {∅} and call ∅ the empty sequence. We
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1. Studying co-analytic sets

also let an denote the constant sequence (a, a, . . . , a) ∈ An for any a ∈ A and
n ∈ ω. Now consider the set

A<ω =
⋃
n∈ω

An

consisting of all �nite sequences with elements in A. For any s ∈ A<ω, we let
ln(s) denote the length of s, hence ln(s) = n if and only if s ∈ An. If s ∈ A<ω

and m ≤ ln(s), the restriction s|m is given by

s|m = (s0, s1, . . . , sm−1).

For sequences s, t ∈ A<ω we say that s is an initial segment of t, and write
s ⊆ t, if there is m ≤ ln(t) such that t|m = s. If s, t ∈ A<ω and s ⊆ t or
t ⊆ s, we say that s and t are compatible. Otherwise we say that s and t

are incompatible and write s ⊥ t. We can also consider the concatenation of
s, t ∈ A<ω, which is de�ned to be the sequence

sat = (s0, s1, . . . , sn−1, t0, t1, . . . , tm−1),

where s = (s0, s1, . . . , sn−1) and t = (t0, t1, . . . , tm−1). We write saa instead
of sa(a) if s ∈ A<ω and a ∈ A.

De�nition 1.2.1. A tree on a non-empty countable set A is a subset T ⊆ A<ω

such that if t ∈ A<ω, s ∈ T and t ⊆ s, then t ∈ T . A tree T on A is said to be
pruned if for any s ∈ T there is a ∈ A such that saa ∈ T .

We denote by Tree(A) and PTree(A) the set of trees on A and the set of
pruned trees on A, respectively.

Next let A be a non-empty countable set and consider the product space
Aω, which consist of all the in�nite sequences with elements in A. In particular,
for each a ∈ A we have aω = (a, a, a, . . .) ∈ Aω. If x ∈ Aω and m ∈ ω we
de�ne the restriction x|m to be

x|m = (x0, x1, . . . , xm−1).

For x ∈ Aω and s ∈ A<ω we say that s is an initial segment of x, and write
s ⊆ x, if there is m ∈ ω such that s = x|m. We also de�ne the concatenation
of s with x to be the element sax ∈ Aω given by sax(i) = s(i) if i < ln(s) and
sax(i) = x(i− ln(s)) if i ≥ ln(s).

Now equip A with the discrete topology and Aω with the induced product
topology. Then Aω is Polish and the collection of sets

Ns = {x ∈ Aω | s ⊆ x} ,
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where s ∈ A<ω, constitutes a basis of clopen sets for the topology. Note that
s ⊆ t if and only if Nt ⊆ Ns, and s ⊥ t if and only if Ns ∩ Nt = ∅ for any
s, t ∈ A<ω. There is also a natural complete compatible ultra-metric dAω on
Aω given by

dAω(x, y) =

{
3−1 · 2−min{n∈ω|x(n)6=y(n)} if x 6= y

0 if x = y
.

Recall that if d is a metric on a set X, then d is said to be an ultra-metric if
d(x, y) ≤ max {d(x, z), d(y, z)} for all x, y, z ∈ X. In this case, if y ∈ Bd(x, r)

for some x, y ∈ X and r > 0, then Bd(x, r) = Bd(y, r). In other words, every
point in a ball is a center of the ball. For the metric dAω de�ned above, note
that we have

BdAω (x, 2−n−1) = BdAω (x, 2−n−1) = Nx|n

for any x ∈ Aω and n ∈ ω.

We have the following correspondence between the closed subsets of Aω

and the pruned trees on A.

Proposition 1.2.2. Let A be a non-empty countable set. The map T 7→ [T ]

from PTree(A) to F (Aω), where

[T ] = {x ∈ Aω | (∀n ∈ ω) x|n ∈ T}

for all T ∈ PTree(A), is a bijection. The inverse is the map F 7→ TF , where

TF =
{
s ∈ A<ω | Ns ∩ F 6= ∅

}
for any closed F ∈ F (Aω).

Proof. For T ∈ PTree(A) and s ∈ A<ω we have

s ∈ T[T ] ⇐⇒ Ns ∩ [T ] 6= ∅ ⇐⇒ s ∈ T.

Moreover, for F ∈ F (Aω) and x ∈ Aω it holds that

x ∈ [TF ] ⇐⇒ (∀n ∈ ω) Nx|n ∩ F 6= ∅ ⇐⇒ x ∈ F.

We can therefore conclude that the map T 7→ [T ] from PTree(A) to F (Aω) is
bijective with inverse F 7→ TF , as wanted.

We may view each T ∈ Tree(A) as an element in the Polish space 2(A<ω)

via its characteristic function. It is straightforward to check that with this
identi�cation Tree(A) is a closed subset and PTree(A) is Gδ. Thus both spaces
are Polish in the subspace topology. From now on we will always view these
sets as Polish spaces equipped with this topology.
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1. Studying co-analytic sets

Remark 1.2.3. The map T 7→ [T ] from PTree(A) to F (A) given in Proposi-
tion 1.2.2 is a Borel isomorphism. Indeed, we have [T ] ∩Ns 6= ∅ if and only if
s ∈ T for any T ∈ PTree(A) and s ∈ A<ω.

Many properties of the closed sets can be translated to properties of the
corresponding pruned trees.

De�nition 1.2.4. A tree T on a non-empty countable set A is called perfect

if for any s ∈ T there are u, v ∈ T such that s ⊆ u, v and u ⊥ v.

Any perfect tree is pruned. Moreover, the following result characterizes
the perfect (closed) subsets via their induced trees.

Proposition 1.2.5. Let A be a non-empty countable set and F ∈ F (Aω).

Then F is perfect if and only if TF is perfect.

Proof. Assume �rst that F is perfect and let s ∈ TF . Then there are x, y ∈
Ns ∩ F with x 6= y and hence there must be u, v ∈ TF such that s ⊆ u, v and
u ⊥ v. Conversely, assume that TF is perfect and let s ∈ TF . It su�ces to
prove that there are x, y ∈ Ns ∩ F with x 6= y. Since TF is perfect, there are
u, v ∈ TF such that s ⊆ u, v and u ⊥ v. Now, since TF is pruned, this implies
that there must be x, y ∈ Ns ∩ F with x 6= y, as wanted.

We also want to mention the following two easily obtained results concern-
ing compactness. Below we say that a tree T on a non-empty countable set
A is �nitely splitting if for every s ∈ T there are at most �nitely many a ∈ A
such that saa ∈ T .

Proposition 1.2.6. Let A be a non-empty countable set and F ∈ F (Aω).

Then F is compact if and only if TF is �nitely splitting.

Proposition 1.2.7 (König's Lemma). Let T be a �nitely splitting tree on a

non-empty countable set A. Then [T ] 6= ∅ if and only if T is in�nite.

In the next section, we will be interested in closed subsets of Aω ×Bω for
some non-empty countable sets A and B. In this case, we still have a con-
venient correspondence between these closed subsets and the pruned trees on
A×B. Indeed, we can identify Aω ×Bω with (A×B)ω and hence, by Propo-
sition 1.2.2, the closed subsets of Aω ×Bω correspond to the pruned trees on
A × B. In the following we will consider any tree T on A × B as a subset of
A<ω × B<ω, where (s, t) ∈ T implies ln(s) = ln(t), instead of as a subset of
(A×B)<ω.
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Later on, we will also use subsets of the �nite sequences as index sets in
our constructions and proofs. Let A be a non-empty countable set. For k ∈ ω
we let

A≤k =
⋃
n≤k

An and A<k =
⋃
n<k

An,

i.e., the sets of �nite sequences of length at most k and of length less than k,
respectively.

1.3 Analytic and co-analytic sets

In this section we introduce the classes of analytic and co-analytic sets. We
will see di�erent examples and various properties of these classes of sets.

De�nition 1.3.1. Let X be Polish. A subset A ⊆ X is called analytic if there
is a Polish space Y and a continuous map f : Y → X such that f(Y ) = A. We
denote by Σ1

1 the class of all analytic sets.

The theorem below ensures that any analytic set is a continuous image of
ωω. A proof can be found in [19, Theorem 7.9].

Theorem 1.3.2. Let X be a Polish space. There is a continuous surjection

f : ωω → X.

Clearly, the class of analytic sets is closed under continuous images. It
is also closed under countable unions and countable intersections (see [19,
Proposition 14.4]). This in particular implies that all Borel sets are analytic.
The next theorem states that, for an uncountable Polish space, the family of
analytic subsets is strictly larger than the family of Borel subsets. For a proof
consult [19, Theorem 14.2].

Theorem 1.3.3 (Souslin). Let X be an uncountable Polish space. There exists

an analytic subset A ⊆ X that is not Borel.

We also have the following result stating that Borel images and pre-images
of analytic sets are analytic. A proof can be found in [19, Proposition 14.4].

Proposition 1.3.4. Let X, Y be Polish and f : X → Y Borel. If A ⊆ X and

B ⊆ Y are both analytic, then f(A) and f−1(B) are both analytic.

The proposition above ensures that the analytic sets can be characterized
as Borel images of Borel sets. It is therefore natural to say that a subset of
a standard Borel space is analytic if it is analytic with respect to some (or
equivalently any) Polish topology on X that induces the Borel structure. Note
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1. Studying co-analytic sets

that if X is a standard Borel space, then A ⊆ X is analytic if and only if there
is a standard Borel space Y and a Borel map f : Y → X such that f(Y ) = A.

De�nition 1.3.5. Let X be a Polish space. A subset A ⊆ X is called co-

analytic if X \ A is analytic. We denote by Π1
1 the class of all co-analytic

sets.

We will also call a subset of a standard Borel space co-analytic if the com-
plement is analytic. Note that it follows directly from the analogous results
for analytic sets that the class of co-analytic sets is closed under countable
unions, countable intersections and Borel pre-images. Moreover, the class of
co-analytic sets includes the Borel sets as well. In fact, by the following theo-
rem, the Borel sets are exactly the sets that are both analytic and co-analytic.
A proof can be found in [19, Theorem 14.11].

Theorem 1.3.6 (Souslin's Theorem). Let X be a Polish space and B ⊆ X.

Then B is Borel if and only if B is both analytic and co-analytic.

It is the following example of a co-analytic set that we are going to study
in this part of the thesis.

Example 1.3.7. Let X be a Polish space and �x a countable basis (Un)n for
the topology on X. Consider the E�ros Borel space F (X) and the subset

Fℵ0(X) = {F ∈ F (X) | F is countable} .

We will argue that Fℵ0(X) is co-analytic by arguing that the complement

F (X) \ Fℵ0(X) = {F ∈ F (X) | F is uncountable}

is analytic. Note that, by Theorem 1.1.2, we have F ∈ F (X) is uncountable if
and only if there is P ∈ F (X) such that P ⊆ F and P is non-empty perfect.
Moreover, the sets

{(F, P ) ∈ F (X)× F (X) | P ⊆ F}

and
{(F, P ) ∈ F (X)× F (X) | P is non-empty and perfect}

are both Borel. Indeed, the �rst set is Borel since P ⊆ F if and only if for
all n ∈ ω we have P ∩ Un = ∅ or F ∩ Un 6= ∅. The second set is Borel since
P ∈ F (X) is perfect if and only if for all n ∈ ω either Un ∩ F = ∅ or there is
i, j ∈ ω such that Ui, Uj ⊆ Un, Ui ∩ Uj = ∅, Ui ∩ P 6= ∅ and Uj ∩ P 6= ∅. So
F (X) \ Fℵ0(X) is analytic, being the projection of the intersection of the sets
above. Hence we conclude that Fℵ0(X) is co-analytic, as wanted.
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1.3. Analytic and co-analytic sets

Next we will give another example of an analytic and a co-analytic set.
These examples are very important in the general study of these classes of
sets, as we will see afterwards.

Example 1.3.8. Recall that Tree(ω) denotes the Polish space of all trees on
ω. Consider the subsets WF and IF of Tree(ω) given by

WF = {T ∈ Tree(ω) | [T ] = ∅} and IF = {T ∈ Tree(ω) | [T ] 6= ∅} .

A tree T ∈ WF is called well-founded and a tree T ∈ IF is called ill-founded.
Note that

IF = ProjTree(ω)

(⋂
n∈ω
{(T, x) ∈ Tree(ω)× ωω | x|n ∈ T}

)

and

{(T, x) ∈ Tree(ω)× ωω | x|n ∈ T} =
⋃
s∈ωn

({T ∈ Tree(ω) | s ∈ T} ×Ns)

is open for all n ∈ ω. Hence we conclude that IF is analytic and therefore also
that WF is co-analytic.

De�nition 1.3.9. Let X be a standard Borel space and A ⊆ X. We say that
A is Σ1

1-complete (resp. Π1
1-complete) if A is analytic (resp. co-analytic) and

for any standard Borel space Y and analytic (resp. co-analytic) B ⊆ Y we
have a Borel map f : Y → X such that f−1(A) = B.

Note that any Σ1
1-complete or Π1

1-complete set can be thought of as a
maximally complicated set within its class. Indeed, if we are in the setting of
De�nition 1.3.9, then

x ∈ B ⇐⇒ f(x) ∈ A.

Thus the problem of deciding whether x ∈ B reduces to deciding whether
f(x) ∈ A.

We should also point out that, by Theoren 1.3.3, a Σ1
1-complete or Π1

1-
complete set cannot be Borel.

The goal for the rest of this section is to prove that IF is Σ1
1-complete and

hence also that WF is Π1
1-complete. Note that, by Theorem 1.1.8, it is enough

to ensure that De�nition 1.3.9 holds for Y = ωω, and so the analytic subsets
of ωω play a crucial role. We are therefore very interested in the following
characterization of analytic subsets and in particular the remark following it.

25



1. Studying co-analytic sets

Proposition 1.3.10. Let X be Polish and A ⊆ X. Then A is analytic if and

only if there is closed F ⊆ X × ωω such that A = ProjX(F ).

Proof. The left implication is clearly true. To prove the right implication,
assume that A is analytic. Fix a continuous map f : ωω → X such that
f(ωω) = A. Then the closed set

F = {(x, y) ∈ X × ωω | x = f(y)}

satis�es ProjX(F ) = A.

Remark 1.3.11. If A ⊆ ωω is analytic, then the previous proposition and
Proposition 1.2.2 ensure that there exists a pruned tree T on ω × ω such that
A = Projωω([T ]). Thus, when working with analytic subsets of ωω, we can
apply the combinatorial tools of trees.

Using this remark, we can prove the following theorem.

Theorem 1.3.12. The set IF is Σ1
1-complete and the set WF is Π1

1-complete.

Proof. It su�ces to prove that IF is Σ1
1-complete. Let A ⊆ ωω be analytic.

Then there is a pruned tree T on ω × ω such that

A = Projωω([T ]).

Now for each x ∈ ωω let

T (x) =
{
s ∈ ω<ω | (x|ln(s), s) ∈ T

}
.

Note that T (x) ∈ Tree(ω) for all x ∈ ωω and let f : ωω → Tree(ω) be given by
f(x) = T (x). It is easily seen that f is continuous, as

f−1 ({S ∈ Tree(ω) | s ∈ S}) = {x ∈ ωω | s ∈ T (x)}

=
⋃

t∈ωln(s),(t,s)∈T

Nt.

Hence, since x ∈ A if and only if T (x) ∈ IF, we conclude that IF is Σ1
1-

complete.

1.4 Co-analytic ranks

We will here introduce the notion of a co-analytic rank, which is a very im-
portant tool in the study of co-analytic sets. They can, for example, be used
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1.4. Co-analytic ranks

to settle whether a given co-analytic set is Borel.

Let ORD denote the class of ordinals and let ω1 ∈ ORD denote the �rst
uncountable ordinal. A rank on a set S is a map ϕ : S → ORD. We let
αϕ = sup {ϕ(x) | x ∈ S} and if ϕ(S) = αϕ the rank is called regular. Each
rank ϕ : S → ORD induces a prewellordering ≤ϕ on S given by

x ≤ϕ y ⇐⇒ ϕ(x) ≤ ϕ(y).

For the class of co-analytic sets certain ranks are of special interest, as these
ensure that this prewellordering has nice de�nability properties.

De�nition 1.4.1. Let X be a Polish space and A ⊆ X a co-analytic set.
A rank ϕ : A → ORD is said to be co-analytic if there exist binary relations

R
Π1

1
ϕ , R

Σ1
1

ϕ ⊆ X ×X such that RΠ1
1

ϕ is co-analytic, RΣ1
1

ϕ is analytic and for any
y ∈ A we have

xR
Π1

1
ϕ y ⇐⇒ xR

Σ1
1

ϕ y ⇐⇒ (x ∈ A) ∧ (x ≤ϕ y)

for all x ∈ X.

In other words, a rank is co-analytic if the induced prewellordering on A
extends to both an analytic and a co-analytic relation on X, which preserve
the initial segments of A. This implies in particular that for each α < αϕ we
have

Aϕα = {x ∈ A | ϕ(x) ≤ α}

is Borel in X. Indeed, since ϕ is a co-analytic rank, we have that Aϕα is both
analytic and co-analytic. Hence, by Theorem 1.3.6, we obtain that Aϕα is Borel.

Remark 1.4.2. Let A be co-analytic subset of a Polish space X and let

ϕ : A → ORD be a rank. If there exist analytic relations RΣ1
1

ϕ , Q
Σ1

1
ϕ ⊆ X ×X

such that for any y ∈ A we have

xR
Σ1

1
ϕ y ⇐⇒ (x ∈ A) ∧ (x ≤ϕ y) and xQ

Σ1
1

ϕ y ⇐⇒ (x ∈ A) ∧ (x <ϕ y)

for all x ∈ X, then ϕ is co-analytic. Indeed, de�ne RΠ1
1

ϕ ⊆ X ×X by

xR
Π1

1
ϕ y ⇐⇒ x ∈ A ∧ ¬(yQ

Σ1
1

ϕ x)

for all x, y ∈ X. Then RΠ1
1

ϕ is co-analytic and for y ∈ A we have

xR
Π1

1
ϕ y ⇐⇒ (x ∈ A) ∧ (x ≤ϕ y)

for any x ∈ X.
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1. Studying co-analytic sets

The main interest in these co-analytic ranks comes from the Boundedness
Theorem for co-analytic ranks. A proof can be found in [19, Theorem 35.23].

Theorem 1.4.3 (The Boundedness Theorem). Let X be Polish, A ⊆ X a

co-analytic set and ϕ : A→ ω1 a co-analytic rank. Then the following hold:

(1) A is Borel if and only if αϕ < ω1.

(2) If B ⊆ A is analytic, then sup {ϕ(x) | x ∈ B} < ω1.

Remark 1.4.4. It follows directly from this theorem that if ϕ,ψ : A→ ω1 are
both co-analytic ranks, then there exists f : ω1 → ω1 such that ϕ(x) ≤ f(ψ(x))

for all x ∈ A. Indeed, put

f(α) = sup {ϕ(x) | ψ(x) ≤ α}

for all α < ω1.

Note that the remark above ensures that if ϕ,ψ : A → ω1 are both co-
analytic ranks on a co-analytic set A, then

sup {ϕ(x) | x ∈ C} < ω1 ⇐⇒ sup {ψ(x) | x ∈ C} < ω1

for any subset C ⊆ A. We call a subset B ⊆ A bounded if

sup {ϕ(x) | x ∈ B} < ω1

for some (or equivalently any) co-analytic rank ϕ : A → ω1. It is straightfor-
ward to check that the collection of bounded subsets of A forms a σ-ideal.

De�nition 1.4.5. Let A be a co-analytic set and I some index set. Moreover,
let ψ,ϕ, ϕi : A→ ω1 be co-analytic ranks for each i ∈ I.

(1) If f : ω1 → ω1 satis�es ϕ(x) ≤ f(ψ(x)) for all x ∈ A, we say that ϕ is
bounded by ψ via f .

(2) If there is a function f : ω1 → ω1 such that ϕi(x) ≤ f(ψ(x)) for all x ∈ A
and all i ∈ I, we say that the family (ϕi)i∈I is uniformly bounded by ψ
via f .

Next we will show that any co-analytic set admits a co-analytic rank into
ω1. To do so, we will �rst argue that it is enough to show that a Π1

1-complete
set admits such a rank.
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1.4. Co-analytic ranks

Proposition 1.4.6. Let X and Y be Polish spaces. Assume that A ⊆ X and

B ⊆ Y are co-analytic and that f : X → Y is Borel with f−1(B) = A. If

ϕ : B → ω1 is a co-analytic rank, then ψ : A→ ω1 given by ψ(x) = ϕ(f(x)) is

a co-analytic rank.

Proof. Assume that RΠ1
1

ϕ , R
Σ1

1
ϕ ⊆ Y ×Y are such that RΠ1

1
ϕ is co-analytic, RΣ1

1
ϕ

is analytic and for any y ∈ B we have

xR
Π1

1
ϕ y ⇐⇒ xR

Σ1
1

ϕ y ⇐⇒ (x ∈ B) ∧ (x ≤ϕ y)

for all x ∈ Y . Let RΠ1
1

ψ , R
Σ1

1
ψ ⊆ X ×X be given by

xR
Π1

1
ψ y ⇐⇒ f(x)R

Π1
1

ϕ f(y) and xR
Σ1

1
ψ y ⇐⇒ f(x)R

Σ1
1

ϕ f(y)

for all x, y ∈ X. Then RΠ1
1

ψ is co-analytic and RΣ1
1

ψ is analytic. Moreover, if
y ∈ A, then

xR
Π1

1
ψ y ⇐⇒ xR

Σ1
1

ψ y ⇐⇒ (x ∈ A) ∧ (x ≤ϕ y)

for all x ∈ X.

We are now ready to prove that any co-analytic set admits a co-analytic
rank into ω1.

Theorem 1.4.7. Let X be Polish and A ⊆ X a co-analytic set. There exists

a co-analytic rank ϕ : A→ ω1.

Proof. It su�ces to prove that some Π1
1-complete set admits a co-analytic

rank. We will here use the set of well-founded trees WF considered in Example
1.3.8.

De�ne the rank ρ : WF→ ω1 by

ρ(T ) = sup {ρT (s) + 1 | s ∈ T} ,

where ρT : T → ω1 is de�ned recursively such that ρT (s) = 0 if s ∈ T is
terminal, i.e., has no extension within T , and

ρT (s) = sup
{
ρT (saa) + 1

∣∣∣ a ∈ ω and saa ∈ T
}

if s ∈ T is not terminal. To prove that ρ is co-analytic, we will de�ne analytic

relations RΣ1
1

ρ , Q
Σ1

1
ρ ⊆ Tree(ω)× Tree(ω) as in Remark 1.4.2.

Let S, T ∈ Tree(ω). An element f ∈ (ω<ω)ω
<ω

is called a strictly monotone

map from S to T if for all s, t ∈ S we have f(s) ∈ T and s ( t =⇒ f(s) ( f(t).
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1. Studying co-analytic sets

Claim: Let S, T ∈ Tree(ω) be such that T ∈ WF. Then there is a strictly
monotone map from S to T if and only if S ∈WF and ρ(S) ≤ ρ(T ).

Proof of Claim: For the right implication, assume that f ∈ (ω<ω)ω
<ω

is a
strictly monotone map from S to T . Then it is easy to see that S ∈ WF.
Moreover, an easy induction argument shows that ρS(s) ≤ ρT (f(s)) for any
s ∈ S, and hence we obtain that ρ(S) ≤ ρ(T ).

For the left implication, assume that S ∈ WF and that ρ(S) ≤ ρ(T ).
We will now recursively construct a strictly monotone map f ∈ (ω<ω)ω

<ω

from S to T such that for any s ∈ S we have ρS(s) ≤ ρT (f(s)). First, let
f(∅) = ∅ and f(u) = ∅ for any u /∈ S. Now assume that we have de�ned
f(s) ∈ T such that ρS(s) ≤ ρT (f(s)) for some s ∈ S. Then if a ∈ ω such that
saa ∈ S, we let f(saa) = f(s)ab for some b ∈ ω such that f(s)ab ∈ T and
ρS(saa) ≤ ρT (f(s)ab). Note that such b exists since ρS(s) ≤ ρT (f(s)). �

Now de�ne RΣ1
1

ρ ⊆ Tree(ω) × Tree(ω) by SRΣ1
1

ρ T if and only if there is a
strictly monotone map from S to T . It follows directly from the claim that if
T ∈WF, then

SR
Σ1

1
ρ T ⇐⇒ S ∈WF∧ S ≤ρ T

for any S ∈ Tree(ω). Moreover, the sets⋂
s∈ω<ω

{
(f, S, T ) ∈ (ω<ω)ω

<ω × Tree(ω)2 | s /∈ S ∨ f(s) ∈ T
}

and ⋂
(s,t)∈C

{
(f, S, T ) ∈ (ω<ω)ω

<ω × Tree(ω)2 | s /∈ S ∨ t /∈ S ∨ f(s) ( f(t)
}
,

where C = {(s, t) ∈ (ω<ω)2 | s ( t}, are both Borel. Thus, as RΣ1
1

ρ is the

projection of the intersection of these sets, we conclude that RΣ1
1

ρ is analytic.

Next note that if S, T ∈ Tree(ω) and T ∈WF, then we have S ∈WF and
ρ(S) < ρ(T ) if and only if there is a strictly monotone map f ∈ (ω<ω)ω

<ω

from S to T such that f(∅) 6= ∅. Indeed, if S ∈WF and ρ(S) < ρ(T ) there is
t ∈ T \{∅} such that ρS(∅) ≤ ρT (t). So, in the recursive de�nition in the proof
of the claim, we simply let f(∅) = t and then continue as before. Conversely,
if there is such f ∈ (ω<ω)ω

<ω
, then we have ρS(∅) ≤ ρT (f(∅)) < ρT (∅). Thus

ρ(S) < ρ(T ).

Finally, de�ne QΣ1
1

ρ ⊆ Tree(ω) × Tree(ω) by SQΣ1
1

ρ T if and only if there
is a strictly monotone map f ∈ (ω<ω)ω

<ω
from S to T such that f(∅) 6= ∅.
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1.5. The Cantor-Bendixson rank

We have, by similar arguments as before, that QΣ1
1

ρ is analytic. Moreover if
T ∈WF, then

SQ
Σ1

1
ρ T ⇐⇒ S ∈WF∧ S <ρ T

for any S ∈ Tree(ω).

Note that the proof of Theorem 1.4.7 does not provide a concrete co-
analytic rank ϕ : A→ ω1 for a given co-analytic subset A of a Polish space X.
However, one way to obtain an explicit co-analytic rank from the proof above
is to determine a speci�c Borel map f : X → Tree(ω) such that f−1(WF) = A.

1.5 The Cantor-Bendixson rank

In this section we will examine the Cantor-Bendixson rank, which is a natu-
ral rank to consider on F (X) for a Polish space X. We will see that it is a
co-analytic rank on Fℵ0(X) if and only if X is σ-compact. Finally, we will
consider a related rank that one can associate to the trees on ω and then show
how one uses the correspondence between F (ωω) and Tree(ω) to obtain a co-
analytic rank on Fℵ0(ωω).

First we will discuss a general way to obtain explicit ranks on F (X) for
a Polish space X that are co-analytic when restricted to certain co-analytic
subsets of F (X).

Let X be Polish. A derivative on F (X) is a map D : F (X) → F (X)

satisfying D(F ) ⊆ F and F0 ⊆ F1 =⇒ D(F0) ⊆ D(F1) for all F, F0, F1 ∈
F (X). Whenever we have such a derivative, we de�ne the iterated derivatives
of F ∈ F (X) as follows:

D0(F ) = F, Dα+1(F ) = D(Dα(F )) and Dλ(F ) =
⋂
β<λ

Dβ(F ),

where α, λ ∈ ORD and λ is a limit ordinal. The least α ∈ ORD satisfying
Dα(F ) = Dα+1(F ) is denoted by |F |D. Moreover, we let D∞(F ) = D|F |D(F ).
Note that we obtain an induced rank F 7→ |F |D from F (X) to ORD.

Next we will see an example of a rank that is obtained this way and will
become useful in Section 3.2.

Example 1.5.1. Let X be a Polish space and let K(X) denote the set of all
compact subsets of X. Fix a countable basis (Un)n for X and consider the
map DK : F (X)→ F (X) given by

DK(F ) =
{
x ∈ F | (∀n ∈ ω) x /∈ Un ∨ Un ∩ F ∈ K(X)

}
.
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1. Studying co-analytic sets

Note that DK does not depend on the chosen basis. Furthermore, DK removes
the points in F that have a pre-compact neighbourhood in F . So we must have
|F |DK < ω1 for all F ∈ F (X). Moreover, D∞K (F ) = ∅ if and only if F is σ-
compact. Hence the rank F 7→ |F |DK from F (X) to ω1 measures how far from
locally compact a σ-compact closed subset is.

Later, we will use the following notation. For any Polish space X and
α < ω1, we let Xα = Dα

K(X) and |X|K = |X|DK . Then X is σ-compact if and
only if X|X|K = ∅.

The theorem below provides a su�cient criterion for when a rank induced
by a Borel derivative is co-analytic on a certain co-analytic subset. For a proof
see [19, Theorem 34.10].

Theorem 1.5.2. Let X be a σ-compact Polish space. Assume D : F (X) →
F (X) is a Borel derivative. Then

ΩD = {F ∈ F (X) | D∞(F ) = ∅}

is a co-analytic set and the rank ϕD : ΩD → ORD given by ϕD(F ) = |F |D is

co-analytic.

Let us now consider a very important application of Theorem 1.5.2. In the
example below, we will for a Polish space X introduce the Cantor-Bendixson
rank on F (X) and use the aforementioned theorem to prove that it is co-
analytic on Fℵ0(X) when X is σ-compact.

Example 1.5.3 (The Cantor-Bendixson rank). Let X be a Polish space and
consider the derivative DCB : F (X)→ F (X) given by

DCB(F ) = {x ∈ F | x is not isolated in F} .

Note that |F |DCB
< ω1 for any F ∈ F (X), since X has a countable basis.

Moreover, D∞
CB

(F ) must be the perfect kernel of F and hence

D∞CB(F ) = ∅ ⇐⇒ F ∈ Fℵ0(X)

for any F ∈ F (X). To see that DCB is Borel, �x by Theorem 1.1.11 a Borel
map dn : F (X)→ X for each n ∈ ω such that

{dn(F ) | n ∈ ω} ⊆ F

is dense for all F ∈ F (X) \ {∅}. Furthermore, let (Un)n be a countable basis
for X. Then for any open U ⊆ X, we have DCB(F ) ∩ U = ∅ if and only if
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1.5. The Cantor-Bendixson rank

either F = ∅ or for all n ∈ ω there exists m ∈ ω such that for all k ∈ ω we
have

dn(F ) /∈ U ∨ (dn(F ) ∈ Um ∧ (dn(F ) = dk(F ) ∨ dk(F ) /∈ Um)) .

Therefore we conclude that DCB is Borel and hence it follows by Theorem 1.5.2
that F 7→ |F |DCB

from Fℵ0(X) to ω1 is co-analytic when X is σ-compact.

To ease the notation, we will from now on for any F ∈ F (X) and α < ω1

let Fα = Dα
CB

(F ) and |F |CB = |F |DCB
.

Remark 1.5.4. Let X and Y be Polish spaces. If F0 ∈ F (X) and F1 ∈ F (Y )

are homeomorphic, then |F0|CB = |F1|CB.

We saw in Example 1.5.3 that the Cantor-Bendixson rank F 7→ |F |CB from
Fℵ0(X) to ω1 is co-analytic for any σ-compact Polish space X. Next we will
argue that this is not the case when X is not σ-compact. To do so, we prove
the following proposition.

Proposition 1.5.5. Let X be a Polish space. If X is not σ-compact, then the

set

{F ∈ Fℵ0(X) | |F |CB ≤ 1}

is not Borel.

Proof. First note that it su�ces to prove that the set

{F ∈ Fℵ0(ωω) | |F |CB ≤ 1}

is not Borel. Indeed, if X is not σ-compact, then by Theorem 1.1.4 there
exists a closed subset N ⊆ X and a homeomorphism f : ωω → N . Now the
map f : F (ωω)→ F (X) given by f(F ) = f(F ) is Borel and

f
−1

({F ∈ Fℵ0(X) | |F |CB ≤ 1}) = {F ∈ Fℵ0(ωω) | |F |CB ≤ 1} .

Thus if {F ∈ Fℵ0(X) | |F |CB ≤ 1} is Borel, so is {F ∈ Fℵ0(ωω) | |F |CB ≤ 1}.
To prove that {F ∈ Fℵ0(ωω) | |F |CB ≤ 1} is not Borel, we will de�ne a

Borel map g : Tree(ω)→ F (ωω) such that

g−1 ({F ∈ Fℵ0(ωω) | |F |CB ≤ 1}) = WF .

For each T ∈ Tree(ω) let T̃ ∈ PTree(ω) be given by

T̃ =
{
sa0n, sa1n | n ∈ ω, s ∈ T

}
.

33



1. Studying co-analytic sets

It is easy to check that the map T 7→ T̃ is Borel. So, by Remark 1.2.3, we can
conclude that g : Tree(ω)→ F (ωω) given by g(T ) = [T̃ ] is Borel as well. Fur-
thermore, it is straightforward to check that g(T ) ∈ {F ∈ Fℵ0(X) | |F |CB ≤ 1}
if and only if T ∈WF. Hence we conclude that {F ∈ Fℵ0(ωω) | |F |CB ≤ 1} is
not Borel.

Remark 1.5.6. The beginning of the proof of Proposition 1.5.5 shows the
following fact: If a Polish space X is not σ-compact, then there is an injective
Borel map h : F (ωω) → F (X) such that h(F ) is homeomorphic to F for any
F ∈ F (ωω). In particular, by Proposition 1.4.6, if ϕ : Fℵ0(X) → ω1 is a
co-analytic rank, then so is ψ : Fℵ0(ωω)→ ω1 given by ψ(F ) = ϕ(h(F )).

Since all initial segments of co-analytic ranks are Borel, we can now con-
clude the following.

Corollary 1.5.7. Let X be Polish. Then X is σ-compact if and only if the

Cantor-Bendixson rank F 7→ |F |CB from Fℵ0(X) to ω1 is co-analytic.

We end this section by giving an example of how one may obtain a co-
analytic rank on Fℵ0(ωω). The construction heavily relies on the correspon-
dence between F (ωω) and PTree(ω) described in Proposition 1.2.2.

Example 1.5.8. We will here construct a co-analytic rank on Fℵ0(ωω). First
we are going to construct a Borel derivative on F (ω<ω). Note that ω<ω is a
σ-compact Polish space when equipped with the discrete topology. Moreover,
F (ω<ω) is just the powerset of ω<ω. Let Dωω : F (ω<ω) → F (ω<ω) be given
by

Dωω(A) = {s ∈ A | (∃u, v ∈ A) s ⊆ u, v ∧ u ⊥ v}
for any A ⊆ ω<ω. Then Dωω is clearly a Borel derivative. Indeed, for s ∈ ω<ω

we have{
A ∈ F (ω<ω) | s ∈ A

}
=

⋃
(u,v)∈Ss

{
A ∈ F (ω<ω) | u, v, s ∈ A

}
,

where Ss = {(u, v) ∈ ω<ω × ω<ω | s ⊆ u, v ∧ u ⊥ v}. Thus, by Theorem 1.5.2,
we obtain a co-analytic rank A 7→ |A|Dωω from ΩDωω to ω1, where

ΩDωω =
{
A ∈ F (ω<ω) | D∞ωω(A) = ∅

}
.

Next note that for any F ∈ F (ωω) we have D∞ωω(TF ) 6= ∅ if and only if TF
contains a perfect subtree. Furthermore, by Proposition 1.2.5, TF contains a
perfect subtree if and only if F contains a perfect subset. The latter happens
if and only if F /∈ Fℵ0(ωω). Hence, by Proposition 1.4.6 and Remark 1.2.3,
we conclude that F 7→ |TF |Dωω from Fℵ0(ωω) to ω1 is a co-analytic rank, as
wanted.
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Chapter 2

Constructing co-analytic ranks

on Fℵ0(X)

In the previous chapter we discussed a natural rank on the co-analytic set
Fℵ0(X) for a Polish space X, namely the Cantor-Bendixson rank. We saw
that this rank is co-analytic if and only if X is σ-compact. It remains to �nd
an explicit co-analytic rank on Fℵ0(X) in the case where X is not σ-compact.

The main goal of this chapter is to obtain a family of concrete co-analytic
ranks on Fℵ0(X) for a general Polish space X by generalizing the idea of
Example 1.5.8. The key step is to generalize the well-known correspondence
between F (ωω) and PTree(ω). For each �xed complete compatible metric d
on X and dense sequence (xi)i in X we construct a de�nable correspondence
between F (X) and certain subsets of ω2, where each F ∈ F (X) is encoded by
the set {

(i, j) ∈ ω2 | F ∩ Bd(xi, 2
−j−1) 6= ∅

}
.

Then, as in Example 1.5.8, we can obtain a co-analytic rank on Fℵ0(X) by
de�ning an appropriate Borel derivative on F (ω2). Doing this for each com-
plete compatible metric and dense sequence, we obtain a potentially huge
family of co-analytic ranks.

In the �rst section we will give the precise construction of the ranks de-
scribed above. In the second section we will provide various properties of
the construction. In particular, we will see that the results concerning the
correspondence between F (ωω) and PTree(ω) from Section 1.2 have natural
generalizations to this setting. In the third and �nal section we investigate
the extent to which the rank depends on the chosen metric and on the dense
sequence. We will �rst isolate classes of Polish metric spaces for which the con-
struction is completely independent of the dense sequence. In general, changes
can occur when varying the dense sequence, but we obtain a bound on how

35



2. Constructing co-analytic ranks on Fℵ0(X)

much. Afterwards we will see that there is no bound on the changes that may
occur when varying the complete metric.

The results of this chapter have all been obtained by the author in [27]
except Proposition 2.2.2 and Proposition 2.2.5, which have been added for the
purpose of this exposition.

2.1 The construction

In this section we provide the main construction of this part of the thesis,
namely a construction of a family of concrete co-analytic ranks on Fℵ0(X) for
any Polish space X.

De�nition 2.1.1. A presentation of a Polish space X is a triple (X, d, x),
where d is a complete compatible metric on X and x = (xn)n is a dense
sequence in X.

The following presentation of ωω is going to be useful for us.

Example 2.1.2. Consider the natural complete compatible ultra-metric dωω

on ωω given by

dωω(x, y) =

{
3−1 · 2−min{n∈ω|x(n)6=y(n)} if x 6= y

0 if x = y

for all x, y ∈ ωω. Let z denote an enumeration of the countable dense subset{
sa0ω | s ∈ ω<ω

}
⊆ ωω and put Pωω = (ωω, dωω , z). We will refer to Pωω as

the standard presentation of ωω.

Next letX be a Polish space. We will for each presentation ofX construct a
co-analytic rank on Fℵ0(X). Fix towards this end a presentation P = (X, d, x)

of X. For each n = (n(0), n(1)) ∈ ω2 let

BP(n) = Bd(xn(0), 2
−n(1)−1) and BP(n) = Bd(xn(0), 2

−n(1)−1).

Moreover, de�ne the binary relations ≺P and fP on ω2 by

n ≺P m ⇐⇒ n(1) < m(1) and BP(m) ⊆ BP(n)

nfP m ⇐⇒ BP(n) ∩ BP(m) = ∅

for all n,m ∈ ω2.
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2.1. The construction

De�nition 2.1.3. A subset A ⊆ ω2 is called P-closed if for any n ∈ A and
m ∈ ω2 with m ≺P n we have that m ∈ A. We say that A ⊆ ω2 is P-pruned if
for all n ∈ A there is m ∈ A satisfying that n ≺P m. Finally, A ⊆ ω2 is said to
be P-perfect if for all n ∈ A there are u, v ∈ A such that n ≺P u, v and ufP v.

Let CP(ω2) and PCP(ω2) denote the set of all P-closed subsets of ω2 and
the set of all P-closed and P-pruned subsets ω2, respectively. When viewed
as subsets of 2ω

2
it is straightforward to check that CP(ω2) is closed and that

PCP(ω2) is Gδ. Hence they are both Polish in the induced subspace topology.
Now we will see how to establish a de�nable correspondence between F (X)

and PCP(ω2). For F ∈ F (X) we let

AP
F =

{
n ∈ ω2 | BP(n) ∩ F 6= ∅

}
.

It is easily seen that AP
F is P-closed and P-pruned for all F ∈ F (X) and that

the map F 7→ AP
F from F (X) to PCP(ω2) is Borel. For the other direction,

consider the set

[ω2]P =
{

(ni)i ∈ (ω2)ω | (∀i ∈ ω) ni ≺P ni+1

}
.

A sequence (ni)i ∈ [ω2]P is called P-compatible. Note that [ω2]P ⊆ (ω2)ω is
closed and hence Polish. Since d is a complete metric, we obtain a surjective
continuous map πP : [ω2]P → X given by

πP((ni)i) = x ⇐⇒
⋂
i∈ω

BP(ni) = {x} .

For any A ⊆ ω2 we let

[A]P =
{

(ni)i ∈ [ω2]P | (∀i ∈ ω) ni ∈ A
}

and put FP
A = πP([A]P). If A is P-closed, then FP

A is closed in X. Indeed, if
(xi)i ∈ FP

A and x ∈ X such that xi → x as i→∞, then any n ∈ ω2 satisfying
x ∈ BP(n) will also satisfy n ∈ A. Hence x ∈ πP([A]P).

The following proposition is now straightforward to prove by use of the
same arguments as in the proofs of Proposition 1.2.2 and Proposition 1.2.5.

Proposition 2.1.4. Let P = (X, d, x) be a presentation of a Polish space X.

Then the following hold:

(1) The map F 7→ AP
F is a Borel isomorphism from F (X) to PCP(ω2) with

inverse A 7→ FP
A.

(2) For any F ∈ F (X) it holds that F is perfect if and only if AP
F is P-perfect.
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2. Constructing co-analytic ranks on Fℵ0(X)

To �nish the construction we will de�ne a derivative on F (ω2) and use the
correspondence given in the previous proposition to obtain a rank on F (X)

which is co-analytic when restricted to Fℵ0(X). Note that F (ω2) is just the
powerset of ω2.

De�ne DP : F (ω2)→ F (ω2) by

DP(A) = {n ∈ A | (∃u, v ∈ A) n ≺P u, v and ufP v} .

It is clear that DP(A) ⊆ A and that B ⊆ A implies DP(B) ⊆ DP(A) for all
A,B ∈ F (ω2), hence DP is a derivative on F (ω2). Thus for each A ∈ P (ω2)

there is a least ordinal α < ω1 such that Dα
P(A) = Dα+1

P (A). We let |A|P
denote this least ordinal.

It remains to prove the following theorem.

Theorem 2.1.5. Let P = (X, d, x) be a presentation of a Polish space X. The

map ϕP : Fℵ0(X)→ ω1 given by F 7→ |AP
F |P is a co-analytic rank.

Proof. First, since DP is continuous, it follows by Theorem 1.5.2 that the set

ΩP =
{
A ∈ F (ω2) | D|A|PP (A) = ∅

}
is co-analytic and that the map A 7→ |A|P from ΩP to ω1 is a co-analytic
rank. By the de�nition of DP, we have that Dα

P(A) is P-closed for all α < ω1.

Moreover, D|A|PP (A) is the largest P-perfect subset of A, in the sense that it
contains any P-perfect subset of A. Therefore, by Proposition 2.1.4, we must
have that πP

(
[D
|A|P
P (AP

F )]P

)
is the perfect kernel of F for any F ∈ F (X). So

for any F ∈ F (X) it holds that

F ∈ Fℵ0(X) ⇐⇒ AP
F ∈ ΩP.

Hence, since the map F 7→ AP
F from F (X) to P (ω2) is Borel, we may conclude

that ϕP is a co-analytic rank on Fℵ0(X).

Since every Polish space X admits many presentations, we obtain a poten-
tially huge family

{ϕP | P is a presentation of X}

of co-analytic ranks on Fℵ0(X). In the rest of this part of the thesis we will
study the behaviour of this family for di�erent classes of Polish spaces.
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2.2. Properties of the construction

2.2 Properties of the construction

In this section we will for a presentation P of a Polish space X investigate the
basic properties of the correspondence between F (X) and PCP(ω2) described
in Proposition 2.1.4. Our main focus will be to recover the results from Sec-
tion 1.2 concerning the correspondence between F (ωω) and PTree(ω). We
end the section by proving that there is a presentation P of ωω such that
ϕP : Fℵ0(ωω)→ ω1 is the rank obtained in Example 1.5.8.

One of the basic properties of the standard correspondence between F (ωω)

and PTree(ω) is that every point x ∈ ωω is encoded by a unique branch in
ω<ω. Indeed, the branch {x|n | n ∈ ω} satis�es that for every s ∈ ω<ω such
that x ∈ Ns there is n ∈ ω with x|n = s. In the more general setting this is
no longer the case. In particular, for a presentation P of a Polish space, we
do not necessarily have that ¬(n ≺P m) and ¬(m ≺P n) imply n fP m for
all n,m ∈ ω2. The next result states that even though we can have multiple
P-compatible sequences that encode the same element, they will be �removed�
at the same stage when applying the derivative DP.

Proposition 2.2.1. Let P be a presentation of a Polish space X and let F ∈
F (X). If (mi)i, (ni)i ∈ [AP

F ]P satisfy πP((mi)i) = πP((ni)i), then

(ni)i ∈ [Dα
P(AP

F )]P ⇐⇒ (mi)i ∈ [Dα
P(AP

F )]P

for all α < ω1.

Proof. For any P-closed A ⊆ ω2, we have x ∈ πP([A]P) if and only if for any
m ∈ ω2 with x ∈ BP(m) we have m ∈ A.

Next we will prove an analogue of Proposition 1.2.6. The result relates
compactness of a Polish space X to a �nitely splitting behaviour of ω2 with
respect to any presentation P of X.

Proposition 2.2.2. Let P = (X, d, x) be a presentation of a Polish space X.

Then X is compact if and only if there is a sequence (Ni)i ∈ ω such that for

all i ∈ ω we have

(1) Ni ≤ Ni+1.

(2) If S ⊆ ω×{i} satis�es that n 6= m implies nfPm for all n,m ∈ S, then
S contains at most Ni elements.
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2. Constructing co-analytic ranks on Fℵ0(X)

Proof. First assume that X is compact. For each i ∈ ω we let Ni ∈ ω be least
such that there is x0, . . . , xNi−1 ∈ X with⋃

j<Ni

Bd(xj , 2
−i−1) = X.

Then it is straightforward to check that the sequence (Ni)i ∈ ω satis�es (1)

and (2).
Conversely, assume that the sequence (Ni)i ∈ ω satis�es (1) and (2). To

prove that X is compact, let (yj)j ∈ X be a sequence. We will now recursively
construct a sequence (Ci)i of in�nite subsets of ω such that Ci+1 ⊆ Ci and if
j, l ∈ Ci, then d(yj , yl) < 3 · 2−i for all i ∈ ω.

First let S0 ⊆ ω × {0} be maximal such that for all n,m ∈ S0 we have
n 6= m implies nfPm. Then S0 contains at most N0 elements. For each j ∈ ω,
choose k0

j ∈ ω such that yj ∈ BP((k0
j , 0)). Then there must be n0 ∈ S0 and an

in�nite subset C0 ⊆ ω such that

BP((k0
j , 0)) ∩ BP(n0) 6= ∅

for any j ∈ C0. So for any j, l ∈ C0 we have d(yj , yl) ≤ 3.
Next assume that we have constructed Ci for some i ∈ ω. Let Si+1 ⊆

ω × {i+ 1} be maximal such that n 6= m implies n fP m for all n,m ∈ Si+1.
Note that Si+1 contains at most Ni+1 elements, and for each j ∈ Ci choose
ki+1
j ∈ ω such that yj ∈ BP((ki+1

j , i+1)). Once again there must be ni+1 ∈ Si+1

and in�nite Ci+1 ⊆ Ci such that

BP((ki+1
j , i+ 1)) ∩ BP(ni+1) 6= ∅

for any j ∈ Ci+1. So for all j, l ∈ Ci+1 we must have d(yj , yl) ≤ 3 · 2−i−1, as
wanted. It is now easily seen that the completeness of d implies that there are
y ∈ X and a subsequence (yjk)k ⊆ (yj)j such that yjk → y as k → ∞. We
may therefore conclude that X is compact.

We also have the following analogue of Proposition 1.2.7 which will be
useful in Chapter 3.

Lemma 2.2.3. Let X be a compact Polish space, P = (X, d, x) a presentation

of X and let A ⊆ ω2 be P-closed. Then [A]P 6= ∅ if and only if there is

(nk)k ∈ A such that nk(1)→∞ as k →∞.

Proof. The right implication is clear. To prove the left implication, assume
that there is (nk)k ∈ A such that nk(1) → ∞ as k → ∞ and let zk ∈ BP(nk)

for all k ∈ ω. Then, by compactness of X, there is z ∈ X and a subsequence
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2.3. Dependence on presentation

(zki)i ⊆ (zk)k such that zki → z as i→∞. To prove z ∈ [A]P, assume that z ∈
BP(m) for some m ∈ ω2. Then there is ε > 0 and N ∈ ω such that Bd(z, ε) ⊆
BP(m) and zki ∈ Bd(z, ε/3) for all i ≥ N . Moreover, as diamd(BP(nk)) → 0

when k → ∞, we may choose M ≥ N such that diamd(BP(nkj )) < ε/3 for
all j ≥ M . Then m ≺ nkj for any j ≥ M and hence, since A is P-closed, we
conclude that m ∈ A.

Remark 2.2.4. The argument in the proof of Lemma 2.2.3 can also be used
to prove the following statement: Let P be a presentation of any Polish space
X, F ∈ Fℵ0(X) and n ∈ AP

F be such that BP(n) ∩ F is compact. Assume
(nk)k ∈ AP

F satis�es that n ≺P nk for each k ∈ ω and that nk(1) → ∞ as
k →∞. Then there exists x ∈ BP(n) ∩ F such that for any U ⊆ X open with
x ∈ U there is N ∈ ω such that BP(nk) ⊆ U for all k ≥ N .

The last result of this section is that the rank we obtain using the standard
presentation Pωω of ωω is the same as the rank constructed in Example 1.5.8.

Proposition 2.2.5. We have that ϕPωω (F ) = |TF |Dωω for any F ∈ Fℵ0(ωω).

Proof. Let F ∈ Fℵ0(ωω). We will show by induction on α < ω1 that for all
s ∈ ω<ω and n ∈ ω2 with BPωω (n) = Ns we have

s ∈ Dα
ωω(TF ) ⇐⇒ n ∈ Dα

Pωω
(APωω

F ).

Both the induction start and the limit case are straightforward to handle.
We will brie�y argue for the successor case.

Assume that the statement holds for some α < ω1. Let s ∈ Dα+1
ωω (TF )

and n ∈ ω2 be such that Ns = BPωω (n). There must be u, v ∈ Dα
ωω(TF ) such

that s ⊆ u, v and u ⊥ v. If we let m, k ∈ ω2 satisfy that BPωω (m) = Nu and
BPωω (k) = Nv, then k,m ∈ Dα

Pωω
(APωω

F ), n ≺Pωω m, k and m fPωω k. Hence,

since Dα
Pωω

(APωω
F ) is P-closed, we obtain that n ∈ Dα+1

pωω
(APωω

F ), as wanted.
The converse direction is proven similarly.

2.3 Dependence on presentation

In Section 2.1 we constructed a co-analytic rank ϕP : Fℵ0(X) → ω1 for each
presentation P = (X, d, x) of a Polish space X. In this section we look into
the extent to which the rank depends on the chosen presentation. We divide
this investigation in two parts.

First we consider the variations that occur when varying the dense sequence
while holding the metric �xed. We isolate classes of Polish metric spaces for
which the construction is completely independent of the dense sequence, and
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2. Constructing co-analytic ranks on Fℵ0(X)

a class for which the ranks agree up to one step. In general, the ranks can
change more signi�cantly, but we will recover a bound on this change.

Afterwards we consider the variations that occur when varying the metric
while �xing the dense sequence. It is clear that even a small change in the
chosen metric can a�ect the induced rank. We will see that even for the dis-
crete countable Polish space there exist presentations for which the rank of the
whole space varies arbitrarily. We will also �nd a bound for the variation in
the case where the two metrics are equivalent (in the strong sense).

The following simple lemma o�ers a useful tool to compare the ranks in-
duced by these presentations.

Lemma 2.3.1. Let P = (X, d, x) and S = (Y, δ, y) be presentations of the

Polish spaces X and Y , respectively. If A ⊆ ω2 and ψ : A→ ω2 satis�es

n ≺P m =⇒ ψ(n) ≺S ψ(m) and nfP m =⇒ ψ(n) fS ψ(m)

for all n,m ∈ A, then |A|P ≤ |ψ(A)|S.

Proof. Let A ⊆ ω2 and ψ : A → ω2 be as above. We will show by induction
on α < ω1 that ψ

(
Dα

P(A)
)
⊆ Dα

S (ψ(A)).
The induction start is clear. For the successor case, assume that the inclu-

sion holds for some α < ω1 and let n ∈ Dα+1
P (A). Then there are u, v ∈ Dα

P(A)

such that n ≺P u, v and u fP v. So we obtain ψ(u), ψ(v) ∈ Dα
S (ψ(A)),

ψ(n) ≺S ψ(u), ψ(v) and ψ(u) fS ψ(v), hence n ∈ Dα+1
S (ψ(A)). Finally, if

the inclusion holds for all β < λ for some limit ordinal λ < ω1, then we have

ψ(Dλ
P(A)) ⊆

⋂
β<λ

ψ
(
Dβ

P(A)
)
⊆ Dλ

S (ψ(A)).

Therefore we conclude that the inclusion holds for all α < ω1 and hence that
|A|P ≤ |ψ(A)|S, as wanted.

Note that |A|P = |ψ(A)|S if we have bi-implications instead of implications
in the lemma above.

2.3.1 Change of dense sequence

We will now investigate what happens when we change the dense sequence and
keep the metric �xed. More precisely, we will for a Polish metric space (X, d)

consider the variation among the ranks of the form ϕP, where P = (X, d, x)

for some dense sequence x in X. We will refer to this family of ranks as the
family of induced ranks of the Polish metric space (X, d). Our �rst objective
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2.3. Dependence on presentation

is to isolate two classes of Polish metric spaces for which the induced ranks
does not depend on the chosen sequence. Thus for these spaces the family
of induced ranks is a singleton. The �rst result states that this holds for all
Polish ultra-metric spaces, that is, all Polish metric spaces (X, d), where d is
an ultra-metric.

Proposition 2.3.2. Let (X, d) be a Polish ultra-metric space. Then any pair

of presentations P = (X, d, x) and S = (X, d, y) satis�es ϕP = ϕS.

Proof. Fix presentations P = (X, d, x) and S = (X, d, y) of X. Since d is an
ultrametric, we have

{BP((i, j)) | i ∈ ω} = {BS((i, j)) | i ∈ ω}

for each j ∈ ω. Therefore we can choose f : ω → ω such that BP((i, j)) =

BS((f(i), j)) for all i ∈ ω, and de�ne ψ : ω2 → ω2 by ψ(n) = (f(n(0)), n(1)).
Note that n ≺P m ⇐⇒ ψ(n) ≺S ψ(m) and nfPm ⇐⇒ ψ(n)fSψ(m) for all
n,m ∈ ω2. Now let F ∈ Fℵ0(X) and note that ψ(AP

F ) ⊆ AS
F . Hence it follows

by Lemma 2.3.1 that ϕP(F ) ≤ ϕS(F ). By symmetry we conclude ϕP = ϕS, as
wanted.

The next result implies that for the class of compact Polish spaces the
induced rank only depends on the chosen metric. Below we say that a metric
is proper if all the closed balls are compact. Moreover, a Polish metric space
(X, d) is called proper if d is a proper metric. We will now show that for all
proper Polish metric spaces, the rank is independent of the choice of dense
sequence.

Theorem 2.3.3. Let (X, d) be a proper Polish metric space. Then any pair

of presentations P = (X, d, x) and S = (X, d, y) satis�es ϕP = ϕS.

Proof. Let F ∈ Fℵ0(X). First we prove by induction on α < ω1 that if
n ∈ Dα

P(AP
F ) and ε > 0 , then there is m ∈ Dα

S (AS
F ) such that

BS(m) ⊆ Bd(xn(0), 2
−n(1)−1 + ε)

and m(1) ≥ n(1).
For α = 0 the statement is easily seen to be true. For the successor case,

assume the statement holds for some α < ω1. Moreover, let n ∈ Dα+1
P (AP

F )

and ε > 0 be given. Then there are u, v ∈ Dα
P(AP

F ) such that n ≺P u, v and
ufP v. The compactness of BP(n) implies that there exists ρ > 0 such that

Bd(xu(0), 2
−u(1)−1 + ρ),Bd(xv(0), 2

−v(1)−1 + ρ) ⊆ Bd(xn(0), 2
−n(1)−1 − ρ)
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and

Bd(xu(0), 2
−u(1)−1 + ρ) ∩ Bd(xv(0), 2

−v(1)−1 + ρ) = ∅.

By the induction hypothesis there are ṽ, ũ ∈ Dα
S (AS

F ) such that

BS(ũ) ⊆ Bd(xu(0), 2
−u(1)−1 + ρ), BS(ṽ) ⊆ Bd(xv(0), 2

−v(1)−1 + ρ),

ũ(1) ≥ u(1) and ṽ(1) ≥ v(1). Now choose m ∈ ω2 such that d(xn(0), ym(0)) <

min {ε, ρ} and m(1) = n(1). Then m ≺S ũ, ṽ and ũ fS ṽ. Therefore m ∈
Dα+1

S (AS
F ), as wanted.

Finally, assume that the statement holds for all β < λ for some limit
ordinal λ < ω1. Let n ∈ Dλ

P(AP
F ) and let ε > 0 be given. Now choose

(βk)k ∈ λ such that
⋃
k∈ω βk = λ. Then there exists (nk)k ∈ AP

F such that
n ≺P nk, nk ∈ Dβk

P (AP
F ) and nk(1) → ∞ as k → ∞. Therefore we may let

z ∈ BP(n) ∩ F satisfy the statement of Remark 2.2.4. Now choose m ∈ ω2

such that m(1) ≥ n(1), 2−m(1)−1 < ε/2 and z ∈ BS(m). Then there is N ∈ ω
such that BP(nk) ⊆ BS(m) for all k ≥ N . By use of compactness of BS(m) and
the induction hypothesis as above, we deduce that there exists mk ∈ Dβk

S (AS
F )

with m ≺S mk for all k ≥ N . This implies that m ∈ Dλ(AS
F ), as wanted.

We have now established that if for some α < ω1 we have n ∈ Dα
P(AP

F ),
then there is m ∈ Dα

S (AS
F ). Therefore Dα

S (AS
F ) = ∅ implies Dα

P(AP
F ) = ∅ for

all α < ω1. By symmetry we conclude that ϕP = ϕS.

We will now isolate the two most important properties of the Polish metric
space that we used in the proof above. We will prove that when these properties
hold for a Polish metric space, then the induced ranks are almost independent
of the dense sequence.

Proposition 2.3.4. Let (X, d) be a Polish metric space. Suppose that for all

x, y ∈ X and ε, ξ > 0 we have

(1) Bd(x, ε) ⊆ Bd(y, ξ) implies that there exists ρ > 0 such that

Bd(x, ε+ ρ) ⊆ Bd(y, ξ − ρ).

(2) Bd(x, ε) ∩ Bd(y, ξ) = ∅ implies that there exists ρ > 0 such that

Bd(x, ε+ ρ) ∩ Bd(y, ξ + ρ) = ∅.

Then for any pair of presentations P = (X, d, x) and S = (X, d, y) we have

ϕP(F ) ≤ ϕS(F ) + 1 for all F ∈ Fℵ0(X).
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Proof. Let F ∈ Fℵ0(X). We prove by induction on α < ω1 that for all
n ∈ Dα+1

P (AP
F ) and all ε > 0 there is m ∈ Dα

S (AS
F ) such that BS(m) ⊆

Bd(xn(0), 2
−n(1)−1 + ε) and m(1) ≥ n(1).

The induction start and the successor case are done exactly as in the proof
of Theorem 2.3.3 and are therefore left to the leader. Assume now that the
statement holds for all β < λ for some limit λ < ω1. Let n ∈ Dλ+1

P (AP
F ) and

ε > 0 be given. Then there is ñ ∈ Dλ
P(AP

F ) with n ≺P ñ, and therefore also
0 < ρ < ε such that

Bd(xñ(0), 2
−ñ(1)−1 + ρ) ⊆ Bd(xn(0), 2

−n(1)−1 − ρ).

Then, since ñ ∈ Dβ+1
P (AP

F ) for all β < λ, it follows by the induction hypothesis
that there is mβ ∈ Dβ

S (AS
F ) with mβ(1) ≥ ñ(1) and

BS(mβ) ⊆ Bd(xñ(0), 2
−ñ(1)−1 + ρ) ⊆ Bd(xn(0), 2

−n(1)−1 − ρ)

for all β < ω1. Now choose m ∈ ω2 such that d(xn(0), ym(0)) < min {ε, ρ} and
m(1) = n(1). Then one easily checks that m ≺S mβ for all β < ω1. Hence we
must have m ∈ Dλ

S (AS
F ), as wanted.

Now we may conclude that the statement holds for all α < ω1. In partic-
ular, we obtain that ϕP(F ) ≤ ϕS(F ) + 1.

Remark 2.3.5. The conditions of the previous proposition hold for all sep-
arable Banach spaces and the Urysohn space (U, dU), which we discussed in
Example 1.1.6.

The example below shows that the conclusion of Proposition 2.3.4 is opti-
mal.

Example 2.3.6. Let H be the real in�nite dimensional separable Hilbert
space. Denote by (ei)i an orthonormal basis and by d the metric induced by
the inner product. Consider the presentations P = (H, d, x) and S = (H, d, y),
where x is an enumeration of the dense subset

D =

∑
i≤n

λiei | n ∈ ω, λi ∈ Q


and y is an enumeration of D \ {0}. For each i ∈ ω let

Fi ⊆
{
λei | λ ∈

[
1

2
− 1

2i+1
,
1

2

)}
be �nite with ϕS(Fi), ϕP(Fi) ≥ i. Then put F =

⋃
i∈ω Fi. We must have

ϕS(F ) ≤ ϕP(F ) and Dω+1
P (AP

F ) = ∅. Moreover, n ∈ Dω
P(AP

F ) if and only
if xn(0) = 0 and n(1) = 0. Therefore we conclude that ϕS(F ) = ω and
ϕP(F ) = ω + 1.
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2. Constructing co-analytic ranks on Fℵ0(X)

Now we will consider how much the induced ranks can vary for general
Polish metric spaces.

Theorem 2.3.7. There exist a Polish metric space (X, d) together with pre-

sentations P = (X, d, x) and S = (X, d, y) such that

ϕP(F ) = ω + 1 and ϕS(F ) = 2

for some F ∈ Fℵ0(X).

Proof. First we construct a Polish space Xk, presentations Pk = (Xk, dk, xk),
Sk = (Xk, dk, yk) of Xk and Fk ∈ Fℵ0(Xk) such that ϕPk(F ) = 2 + k and
ϕSk(F ) = 2 for each 2 ≤ k < ω.

Fix 2 ≤ k < ω. Put

Yk =
{
wi | i ∈ [0, 2−3]

}
∪ {zl | l ≥ k}

and de�ne for each m ≤ k a complete metric δkm on Yk by

δkm(wi, wj) = 2−m−1|i− j|, δkm(zl, wi) = 2−m−1(1− 2−l − i)

and

δkm(zl, zn) =

{
0 if l = n

2−k−1 if l 6= n

for all i, j ∈ [0, 2−3] and l, n ≥ k. Note that δkm induce the same Polish topology
on Yk for all m ≤ k.

Next for s ∈ 2≤k let Y s
k = {ys | y ∈ Yk} denote a copy of Yk and let

Fk =
{
ft | t ∈ 2k+1

}
. Put

Xk =

 ⊔
s∈2≤k

Y s
k

 t Fk.
De�ne a complete metric dk on Xk by letting

(1) dk|Y sk = δk
ln(s) for all s ∈ 2≤k.

(2) dk(ws0, w
saj
0 ) = 2−ln(s)−2 + 1

k+12−k−3 for all s ∈ 2<k and j ∈ 2.

(3) dk(zsl , z
saj
l ) = 2−ln(s)−l−2 + 1

k+12−k−l−1 for all s ∈ 2<k, j ∈ 2 and l ≥ k.

(4) dk(ws0, fsaj) = 2−k−1 − 2−k−3 for all s ∈ 2k and j ∈ 2.
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2.3. Dependence on presentation

That dk is indeed a metric on Xk follows from the fact that for each s ∈ 2<k,
j ∈ 2, n ∈ ω and l ≥ k both of the squares

ws0
2−ln(s)−1(1−2−l)

2−ln(s)−2+ 1
k+1

2−k−3

zsl

2−ln(s)−l−2+ 1
k+1

2−k−l−1

ws
aj

0
2−ln(s)−2(1−2−l)

zs
aj
l

and

zsl
2−k−1

2−ln(s)−l−2+ 1
k+1

2−k−l−1

zsl+n

2−ln(s)−l−n−2+ 1
k+1

2−k−l−n−1

zs
aj
l 2−k−1

zs
aj
l+n

satisfy the triangle inequality.
Now let

vk =
{
wsi , z

s
l | i ∈ [0, 2−3] ∩Q, l ≥ k, s ∈ 2≤k

}
∪ Fk

and
uk =

{
wsi , z

s
l | i ∈ (0, 2−3] ∩Q, l ≥ k, s ∈ 2≤k

}
∪ Fk,

and note that both vk and uk are countable dense in Xk. Put

Pk = (Xk, dk, vk) and Sk = (Xk, dk, uk).

We will �rst argue that ϕPk(Fk) = 2 + k. It is clear that ϕPk(Fk) ≤ 2 + k,
as Fk contains 2k+1 elements. Moreover, it is straightforward to check that

Bdk(ws0, 2
ln(s)−1) = Bdk(ws0, 2

ln(s)−1) =

 ⊔
t∈2≤k, s⊆t

Y t
k

t{ft | t ∈ 2k+1, s ⊆ t
}

for all s ∈ 2≤k. Therefore we have

Bdk(ws
a0

0 , 2ln(s)−2),Bdk(ws
a1

0 , 2ln(s)−2) ⊆ Bdk(ws0, 2
ln(s)−1)

and
Bdk(ws

a0
0 , 2ln(s)−2) ∩ Bdk(ws

a1
0 , 2ln(s)−2) = ∅

for all s ∈ 2<k. Since it also holds that

fsa0, fsa1 ∈ Bdk(ws0, 2
ln(s)−1)
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2. Constructing co-analytic ranks on Fℵ0(X)

for all s ∈ 2k, we obtain ϕPk(Fk) = k + 2.
We will now argue that ϕSk(Fk) = 2. In this case it is clear that ϕSk(Fk) ≥

2, as fsa0, fsa1 ∈ Fk with dk(fsa0, fsa1) < 2−1 for all s ∈ 2k. Moreover, it is
straightforward to check that if x ∈ Xk \

{
ws0 | s ∈ 2≤k

}
, t ∈ 2k and m ∈ ω

such that
fta0, fta1 ∈ Bdk(x, 2−m−1),

then for all s ∈ 2≤k there is Ns ∈ ω such that

zsl ∈ Bdk(x, 2−m−1)

for all l ≥ Ns. Hence if x, y ∈ uk and n,m ∈ ω satisfy that there are s, t ∈ 2k

such that

fsa0, fsa1 ∈ Bdk(x, 2−n−1) and fta0, fta1 ∈ Bdk(y, 2−m−1),

then Bdk(x, 2−n−1) ∩ Bdk(y, 2−m−1) 6= ∅. We can therefore conclude that
ϕSk(Fk) = 2.

Finally, let

X = [0, 1]t

 ⊔
2≤k<ω

Xk

 , F =
⊔

2≤k<ω
Fk, x = ([0, 1] ∩Q)t

 ⊔
2≤k<ω

vk


and

y = ((0, 1] ∩Q) t

 ⊔
2≤k<ω

uk

 .

Moreover, de�ne a complete metric d on X by letting

(1) d|Xk = 2−1dk for all 2 ≤ k < ω.

(2) d(i, j) = |i− j| for all i, j ∈ [0, 1].

(3) d(0, w∅,k0 ) = 2−2 for all 2 ≤ k < ω. Here w∅,k0 denotes the element
w∅0 ∈ Xk.

Put
S = (X, d, x) and P = (X, d, y).

Since
Bd(w

∅,k
0 , 2−2) ⊆ Bd(0, 2

−1)

and Bdk(w∅,k0 , 2−1) = Bd(w
∅,k
0 , 2−2) ∩ Xk for all 2 ≤ k < ω, we must have

ϕP(F ) = ω + 1. Moreover, if 2 ≤ k < ω, m ∈ ω and y ∈ Xk satisfy that there
is t ∈ 2k such that

fta0, fta1 ∈ Bd(y, 2−m−1),
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2.3. Dependence on presentation

then
Bd(y, 2

−m−1) \ Bd(r, 2
−1) 6= ∅

for any r > 0. Therefore we can conclude that ϕS(F ) = 2.

Our last result gives a bound on the variation one can obtain within the
family of induced ranks of a Polish metric space.

Theorem 2.3.8. Let P = (X, d, x) and S = (X, d, y) be presentations of X.

Then

ϕP(F ) ≤ ωϕS(F ) + 2

for all F ∈ Fℵ0(X).

Proof. We will prove by induction on α < ω1 that if n ∈ Dωα+1
P (AP

F ) with
n(1) > 0 and ε > 0, then there is m ∈ D1+α

S (AS
F ) such that d(xn(0), ym(0)) < ε

and m(1) = n(1) − 1. Note that this is su�cient, since if ϕS(F ) = α0 for
some α0 < ω1, then Dα0

S (AS
F ) = ∅ and hence Dωα0+1

P (AP
F ) ⊆ ω × {0}. So

ϕP(F ) ≤ ωα0 + 2, as desired.
For α = 0 the statement above is easily seen to be true. Assume that the

statement holds for some α < ω1. Let ε > 0 and n ∈ D
ω(α+1)+1
P (AP

F ) with

n(1) > 0. Then there are u, v ∈ D
ω(α+1)
P (AP

F ) with n ≺P u, v and u fP v.
Therefore for each k ∈ ω there exist nuk , n

v
k ∈ D

ωα+1
P (AP

F ) such that u ≺P n
u
k ,

v ≺P n
v
k and nuk(1), nvk(1) > n(1) + k + 1. Next, as d is complete and u fP v,

one of the following three cases holds:

(1) There is k ∈ ω such that d(xnuk(0), xnvk(0)) > 2−k.

(2) There are k0, k1 ∈ ω such that d(xnuk0
(0), xnuk1

(0)) > 2−min{k0,k1}.

(3) There are k0, k1 ∈ ω such that d(xnvk0
(0), xnvk1

(0)) > 2−min{k0,k1}.

If we are in the �rst case, it follows by the induction hypothesis that there exist
m0,m1 ∈ D1+α

S (AS
F ) with m0(1),m1(1) ≥ n(1) + k + 1, d(xnuk(0), ym0(0)) <

2−n
u
k(1)−1 and d(xnvk(0), ym1(0)) < 2−n

v
k(1)−1. It is easy to check that m0 fSm1.

Moreover, if we choose m ∈ ω2 with d(xn(0), ym(0)) < 2−n(1)−2 and m(1) =

n(1) − 1, we get m ≺S m0,m1. Therefore m ∈ D1+α+1
S (AS

F ), as wanted. The
second and third case are handled analogously.

Finally, assume that the statement holds for all β < λ for some limit
ordinal λ < ω1. Let ε > 0 and n ∈ Dωλ+1

P (AP
F ) be given. Then there is

ñβ ∈ Dωβ+1
P (AP

F ) for all β < λ such that n ≺P ñβ and ñβ(1) > n(1) + 1. Thus
for each β < λ there is mβ ∈ D1+β

S (AS
F ) with

d(xñβ(0), ymβ(0)) < 2−ñβ(1)−1
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2. Constructing co-analytic ranks on Fℵ0(X)

andmβ(1) = ñβ(1)−1. Now choose anym ∈ ω2 with d(xn(0), ym(0)) < 2−n(1)−2

and m(1) = n(1)− 1. Then m ≺S mβ for all β < λ and hence m ∈ D1+λ
S (AS

F ),
as wanted.

2.3.2 Change of metric

Now we will investigate what happens when we change the complete metric
while keeping the dense sequence �xed. It is clear, as we will also see, that
the rank depends heavily on the chosen metric. Let us begin with two easy
observations.

First, if P = (X, d, x) is a presentation of a Polish space X, then the metric
db given by

db(x, y) = min {d(x, y), 1}

for all x, y ∈ X satis�es diamdb(X) < ∞. Moreover, the presentation S =

(X, db, x) will satisfy ϕP = ϕS. Thus all the ranks we obtain using our con-
struction are induced by presentations with bounded metrics.

Secondly, if for some k ∈ ω we have presentations P = (X, d, x) and S =

(X, 2−kd, x) of a Polish space X, then

ϕP(F ) ≤ ϕS(F ) ≤ ϕP(F ) + k

for all F ∈ Fℵ0(X).

The �rst result of this section generalizes the second observation. It pro-
vides a bound on the change that may occur when passing to an equivalent
metric. Here we say that two compatible metrics d, δ on a Polish space X are
equivalent if there exists N > 0 such that

1

N
d(x, y) ≤ δ(x, y) ≤ Nd(x, y)

for all x, y ∈ X.

Proposition 2.3.9. Let P = (X, d, x) and S = (X, δ, x) be presentations of a

Polish space X such that d and δ are equivalent. Then

ϕP(F ) ≤ ω(ϕS(F ) + 1)

for all F ∈ Fℵ0(X).

Proof. First, since d and δ are equivalent, we may �x l ∈ ω such that

2−ld(x, y) ≤ δ(x, y) ≤ 2ld(x, y)
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2.3. Dependence on presentation

for all x, y ∈ X.
By a similar argument as the one in the proof of Theorem 2.3.8, one can

prove the following: For all α < ω1 it holds that if n ∈ Dωα+1
P (AP

F ) with
n(1) > l, then ñ = (n(0), n(1)− l − 1) ∈ D1+α

S (AS
F ).

This completes the proof, since if ϕS(F ) = α0 for some α0 < ω1, then
Dα0

S (AS
F ) = ∅ and hence Dωα0+1

P (AP
F ) ⊆ ω × {0, . . . , l}. Therefore we obtain

D
ω(α0+1)
P (AP

F ) = ∅, as wanted.

Our goal for the rest of this section is to prove that there is no bound on
the change in general. The idea is to begin with the standard presentation
Pωω of ωω and a certain closed subset F ∈ Fℵ0(ωω) such that Pωω(F ) = 2.
Then for each α < ω1 we will construct a new presentation Pα of ωω such
that ϕPα(F ) = α. To obtain these Pα for α < ω1, we will make use of the
construction in the following de�nition.

De�nition 2.3.10. Let P = (X, d, x) be a presentation of a Polish space X
and let f : X → X be a homeomorphism. The induced presentation of X is
the presentation

Pf = (X, df , y),

where df (x, y) = d(f(x), f(y)) for all x, y ∈ X and yi = f−1(xi) for all i ∈ ω.

It is clear that the ranks ϕP and ϕPf must be closely related. The precise
connection is described in the proposition below.

Proposition 2.3.11. Let P be a presentation of a Polish space X and f : X →
X a homeomorphism. Then ϕPf (F ) = ϕP(f(F )) for all F ∈ Fℵ0(X).

Proof. This follows directly from Lemma 2.3.1 and the fact that

x ∈ BPf (n) ⇐⇒ f(x) ∈ BP(n)

for all x ∈ X and n ∈ ω2.

We have the following natural way to obtain homeomorphisms of ωω. Con-
sider two subsets A = {si ∈ ω<ω | i ∈ ω} and B = {ti ∈ ω<ω | i ∈ ω}. If A and
B satisfy that ln(si) = ln(ti), si ⊥ sj , ti ⊥ tj and si ⊥ tj for all i, j ∈ ω with
i 6= j, we say that they are compatible sets of initial segments. In this case, we
de�ne the map fA,B : ωω → ωω given by

fA,B(x) =


tai z if (∃i ∈ ω)(∃z ∈ ωω) x = sai z

sai z if (∃i ∈ ω)(∃z ∈ ωω) x = tai z

x otherwise

.

It is straightforward to check that fA,B is a homeomorphism. We call fA,B the
induced switch map.
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2. Constructing co-analytic ranks on Fℵ0(X)

Theorem 2.3.12. There is F ∈ Fℵ0(ωω) and for each 2 ≤ α < ω1 a presen-

tation Pα of ωω such that

ϕPωω (F ) = 2 and ϕPα(F ) = α

for all 2 ≤ α < ω1.

Proof. First let F = {nω | n ∈ ω} and note that ϕPωω (F ) = 2. We will now
recursively construct compatible sets of initial segments Aα and Bα such that
the induced switch map fα satis�es ϕPωω (fα(F )) = α for all 2 ≤ α < ω1.

For α = 2, we let A2 = {si ∈ ω<ω | i ∈ ω} and B2 = {ti ∈ ω<ω | i ∈ ω} ,
where si = ti = (i) for all i ∈ ω. Clearly, A2 and B2 are compatible sets of
initial segments.

Now assume that we have built the compatible sets of initial segments
Aα = {si ∈ ω<ω | i ∈ ω} and Bα = {ti ∈ ω<ω | i ∈ ω} for some α < ω1. Then
put

Aα+1 = {s̃i ∈ ω<ω | i ∈ ω},

where s̃2i and s̃2i+1 are obtained from si by replacing any occurrence of n in
si(0)asi with 2n and 2n+ 1, respectively, for all n ∈ ω. Also put

Bα+1 = {t̃i ∈ ω<ω | i ∈ ω},

where t̃2i = (0)at̃02i and t̃2i+1 = (1)at̃02i+1, and t̃
0
2i and t̃

0
2i+1 are obtained from

ti by replacing any occurrence of n in ti with 2n and 2n+ 1, respectively, for
all n ∈ ω. It is straightforward to check that if Aα and Bα are compatible sets
of initial segments, then Aα+1 and Bα+1 are compatible as well.

Next let λ < ω1 be a limit ordinal and assume that we have constructed
compatible sets of initial segments

Aβ =
{
sβk ∈ ω

<ω | k ∈ ω
}

and Bβ =
{
tβk ∈ ω

<ω | k ∈ ω
}

for all β < λ. Then let (βi)i < λ be an increasing sequence such that
⋃
i∈ω βi =

λ and �x an enumeration (pi)i of the prime numbers. Then put

Aλ = {s̃i,k ∈ ω<ω | i, k ∈ ω},

where s̃i,k is obtained from sβik by replacing any occurrence of n in sβik (0)asβik
with pn+1

i for all n ∈ ω. Also put

Bλ = {t̃i,k ∈ ω<ω | i, k ∈ ω},

where t̃i,k = (pi)
at̃0i,k and t̃

0
i,k is obtained from tβik by replacing any occurrence

of n in tβik by pn+1
i for all n ∈ ω. Again, it is easy to check that Aλ and Bλ

are compatible sets of initial segments.
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Finally, the construction of Aα and Bα for 2 ≤ α < ω1 ensures that a
straightforward induction argument shows that ϕPωω (fα(F )) = α. So if we let
Pα = P(Pωω )fα

for each 2 ≤ α < ω1, then ϕPα(F ) = α for all 2 ≤ α < ω1, as
wanted.

Note that if d is an ultra-metric on a Polish space X and f : X → X

is a homeomorphism, then df is also an ultra-metric. Hence it follows from
Proposition 2.3.2 that Theorem 2.3.12 also holds if we moreover want the pre-
sentations Pωω and Pα to have the same dense sequence for all 2 ≤ α < ω1.

Before we end this section, we will point out two direct consequences of
Theorem 2.3.12 that will turn out to be useful in the next chapter.

Corollary 2.3.13. For each α < ω1 there is a discrete F ∈ Fℵ0(ωω) with

ϕPωω (F ) = α.

Proof. Let F and fα be as in the proof of Theorem 2.3.12 for each 2 ≤ α < ω1.
Then fα(F ) ∈ Fℵ0(ωω) is discrete and satis�es ϕP(fα(F )) = α. Moreover,
ϕP(∅) = 0 and ϕP({x}) = 1 for all x ∈ ωω.

Corollary 2.3.14. For each 1 ≤ α < ω1 there is a presentation Pα =

(ω, dα, ω) of the discrete Polish space ω such that ϕPα(ω) = α.

Proof. For each 2 ≤ α < ω1 let F and fα be as in the proof of Theorem 2.3.12
and �x a homeomorphism gα : ω → fα(F ). Let dα denote the metric on ω

given by dα(i, j) = ρ(gα(i), gα(j)) for all i, j ∈ ω and put Pα = (ω, dα, ω)

for all 2 ≤ α < ω1. Then we must have ϕPα(ω) = α. It is clear that the
presentation P1 = (ω, d1, ω), where d1(i, j) = 1 for all i, j ∈ ω with i 6= j,
satis�es ϕP(ω) = 1.
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Chapter 3

The relation to the

Cantor-Bendixson rank

In this chapter we will compare the Cantor-Bendixson rank to the ranks that
we constructed in Chapter 2. The main results of this chapter are characteri-
zations of the compact Polish spaces and the σ-compact Polish spaces in terms
of how the family of ranks

{ϕP | P is a presentation of X}

behaves in relation to the Cantor-Bendixson rank for a given Polish space X.
In the �rst section we will prove that a Polish space is compact if and only

if the family of ranks is uniformly bounded by the Cantor-Bendixson rank.
Moreover, if a Polish space X is compact, we will compute a speci�c function
f : ω1 → ω1 such that

ϕP(F ) ≤ f(|F |CB)

for all F ∈ Fℵ0(X) and all presentations P of X. In fact, we obtain one
function that works for all compact Polish spaces. In the second section we
will prove that a Polish space is σ-compact if and only if some (equivalently
every) rank in the family is bounded by the Cantor-Bendixson rank. Also in
this case we will for a presentation P of a σ-compact Polish space X compute
a speci�c function fP : ω1 → ω1 such that

ϕP(F ) ≤ fP(|F |CB)

for all F ∈ Fℵ0(X). Here the functions depend on the chosen presentation and
hence also on the σ-compact Polish space in question.

Unless otherwise speci�cally stated, all results in this chapter have been
obtained by the author in [27].
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3. The relation to the Cantor-Bendixson rank

First we will argue that the ranks constructed in Chapter 2 re�ne the
Cantor-Bendixson rank. Recall from Example 1.5.3 that for any Polish space
X and F ∈ F (X) we let |F |CB denote the Cantor-Bendixson rank of F , and
for all α < ω1 we let Fα denote the iterated Cantor-Bendixson derivative of
F .

Proposition 3.0.1. Let P be a presentation of a Polish space X and let F ∈
F (X). Then AP

Fα ⊆ Dα
P(AP

F ) for all α < ω1. In particular, Fα ⊆ FP
Dα

P
(AP
F )

for

all α < ω1.

Proof. The result is proven by induction on α < ω1. The induction start
is trivial. Assume therefore that AP

Fα ⊆ Dα
P(AP

F ) for some α < ω1 and let
n ∈ AP

Fα+1 . Then BP(n)∩Fα+1 6= ∅ and hence there must be x, y ∈ BP(n)∩Fα

with x 6= y. This implies that we can �nd k, l ∈ AP
Fα ⊆ Dα

P(AP
F ) such that

n ≺P k, l and k fP l. Therefore we conclude that n ∈ Dα+1
P (AP

F ).

Next assume AP
Fβ
⊆ Dβ

P(AP
F ) for all β < λ for some limit ordinal λ < ω1

and let n ∈ AP
Fλ

. Then AP
Fλ
⊆ AP

Fβ
⊆ Dβ

P(AP
F ) for all β < λ and hence we

obtain that n ∈ Dλ
P(AP

F ), as desired.

From this proposition we easily get the following corollary.

Corollary 3.0.2. Let P be any presentation of a Polish space X. For all

F ∈ Fℵ0(X) we have |F |CB ≤ ϕP(F ).

3.1 A characterization of compact spaces

In this section we will characterize the compact Polish spaces in terms of how
the ranks constructed in Chapter 2 relate to the Cantor-Bendixson rank. More
precisely, we will prove the following theorem.

Theorem 3.1.1. Let X be a Polish space. The following are equivalent:

(1) X is compact.

(2) The family (ϕP)P, where P varies over all presentations of X, is uni-

formly bounded by the Cantor-Bendixson rank.

(3) For any presentation P of X we have ϕP(F ) < ω|F |CB for all F ∈
Fℵ0(X).

The theorem above implies that for a compact Polish space there is a
uniformity of the family of induced ranks. We will discuss this phenomenon
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further in Section 4.2.

It is clear that (3) =⇒ (2) in Theorem 3.1.1. Below we will show the
implications (2) =⇒ (1) and (1) =⇒ (3).

We will begin with the latter. The goal is to prove that if X is compact
and P is a presentation of X, then ϕP(F ) < ω|F |CB for all F ∈ Fℵ0(X). In
order to obtain strict inequality we will prove that ϕP(F ) is a successor for any
F ∈ Fℵ0(X). Note that this is also the case for the Cantor-Bendixson rank.

Proposition 3.1.2. Let P be a presentation of a compact Polish space X. If

F ∈ Fℵ0(X) is non-empty and α < ω1 is least such that [Dα
P(AP

F )]P = ∅, then
α is a successor.

Proof. First, since F is non-empty, we have α > 0. Now assume for a con-
tradiction that [Dβ

P(AP
F )]P 6= ∅ for all β < λ and [Dλ

P(AP
F )]P = ∅ for some

limit ordinal λ < ω1. Fix (βi)i < λ such that βi ≤ βi+1 for all i ∈ ω and⋃
i∈ω βi = λ. For each i ∈ ω choose xi ∈ πP([Dβi

P (AP
F )]P). By compactness

of X, there is x ∈ X and a subsequence (xik)k ⊆ (xi)i such that xik → x as
k →∞. So, since πp([D

βi
P (AP

F )]P) is closed and

πP([D
βi+1

P (AP
F )]P) ⊆ πP([Dβi

P (AP
F )]P)

for all i ∈ ω, we get that x ∈ πP([Dβi
P (AP

F )]P) for all i ∈ ω. Thus, by Proposi-
tion 2.2.1, we obtain x ∈ πP([Dλ

P(AP
F )]P), which contradicts that [Dλ

P(AP
F )]P =

∅.

Proposition 3.1.3. Let P be a presentation of a compact Polish space X and

assume that [Dβ
P(AP

F )]P = ∅ for some β < ω1. Then there is k ∈ ω such that

Dβ+k
P (AP

F ) = ∅.

Proof. Suppose for a contradiction that this is not the case. Then for each
k ∈ ω there is nk ∈ Dβ

P(AP
F ) with nk(1) ≥ k. Thus, by Lemma 2.2.3, we

obtain [Dβ
P(AP

F )]P 6= ∅, which is a contradiction.

Combining Proposition 3.1.2 and Proposition 3.1.3 we get that ϕP(F ) is
a successor for any F ∈ Fℵ0(X) whenever P is a presentation of a compact
Polish space X.

Corollary 3.1.4. Let P be a presentation of a compact Polish space X. For

all F ∈ Fℵ0(X) there is β < ω1 such that ϕP(F ) = β + 1.

The following lemma will be crucial in the proof of (1) =⇒ (3) in Theorem
3.1.1.
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3. The relation to the Cantor-Bendixson rank

Lemma 3.1.5. Let P a presentation of a Polish space X. If we have F ∈
Fℵ0(X), α < ω1 and n ∈ Dωα

P (AP
F ) such that BP(n) ∩ F is compact, then there

is x ∈ BP(n) ∩ F such that x ∈ Fα.

Proof. The statement is trivial for α = 0. Assume that the statement is true
for some α < ω1 and that n ∈ Dω(α+1)

P (AP
F ). For each k ∈ ω there must be

mk ∈ Dωα+k
P (AP

F ) such that n ≺P mk. We will now recursively construct a
sequence (xk)k ∈ F ∩ BP(n) such that xk ∈ Fα for all k ∈ ω and xi 6= xj
whenever i 6= j. First, since m0 ∈ Dωα(AF ), it follows by the induction
hypothesis that there is

x0 ∈ BP(m0) ∩ F ⊆ BP(n) ∩ F

with x0 ∈ Fα. Now assume we have constructed x0, . . . , xk−1 for some k > 0

satisfying the above. Then, asmk ∈ Dωα+k(AF ), there is (ls)s∈2≤k ∈ Dωα
P (AP

F )

such that l∅ = mk, ls ≺P lsa0, lsa1 and lsa0 fP lsa1 for all s ∈ 2<k. Next, since
k < 2k, there must be s ∈ 2k such that xi /∈ BP(ls) for all i < k. Moreover, as
ls ∈ Dωα

P (AP
F ), it follows by the induction hypothesis that there is

xk ∈ BP(ls) ∩ F ⊆ BP(n) ∩ F

with xk ∈ Fα. By the choice of ls, we ensure that xk 6= xi for all i < k.
Continuing this way we obtain a sequence (xk)k ∈ BP(n) ∩ F satisfying the
above. By compactness of X, it follows that there is x ∈ BP(n) ∩ F with
x ∈ Fα+1.

To �nish the proof, let λ < ω1 be a limit ordinal and assume that the
statement is true for all β < λ. Moreover, let n ∈ Dωλ

P (ApF ) and �x (βi)i <

λ with βi ≤ βi+1 for all i ∈ ω and
⋃
i∈ω βi = λ. Then, by the induction

hypothesis, we may for each i ∈ ω choose xi ∈ BP(n) ∩ F with xi ∈ F βi . Since
X is compact, there are x ∈ BP(n) ∩ F and a subsequence (xik)k ⊆ (xi)i such
that xki → x as k →∞. Thus x ∈ F βik for all k ∈ ω and hence x ∈ F λ.

We will next, by use of Corollary 3.1.4 and Lemma 3.1.5, conclude the
proof of (1) =⇒ (3) in Theorem 3.1.1.

Theorem 3.1.6. Let P be a presentation of a compact Polish space X. Then

ϕP(F ) < ω|F |CB for all F ∈ Fℵ0(X).

Proof. Let F ∈ Fℵ0(X). If |F |CB = α, then Fα = ∅ and hence, by Lemma
3.1.5, we must have Dωα

P (AP
F ) = ∅. Therefore, since ϕP(F ) is a successor by

Corollary 3.1.4, we obtain ϕP(F ) < ωα.
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Now we turn to the proof of (2) =⇒ (1) in Theorem 3.1.1. Our strategy
is to �x a non-compact Polish space X and a discrete closed in�nite subset
F ∈ Fℵ0(X). Then given α < ω1 we will construct a presentation Pα of X such
that ϕPα(F ) ≥ α. To construct this presentation we will need the following
extension theorem for complete metrics due to Hausdor� and Bacon (see [5,
Theorem 3.2]).

Theorem 3.1.7 (Hausdor�-Bacon). Let X be a completely metrizable space,

K ⊆ X a closed subset and dk a complete metric on K. Then there exists a

complete compatible metric d on X such that d|K = dK .

Theorem 3.1.8. Let X be a non-compact Polish space and F ∈ Fℵ0(X) an

in�nite discrete subset. For each α < ω1 there is a presentation Pα of X such

that ϕPα(F ) ≥ α.

Proof. Let α < ω1 be given and �x an enumeration F = {yi | i ∈ ω}. More-
over, by Corollary 2.3.14, we can �x an ultra-metric dF on F that induces
the discrete topology and such that the presentation S = (F, dF , F ) satis�es
ϕS(F ) > 3α. Using the presentation S of F , we will construct a presentation
P of X that satis�es ϕP(F ) ≥ α. Let x be a countable dense sequence such
that x2k = yk for all k ∈ ω. By applying Theorem 3.1.7, let d be a complete
metric on X that extends dF . Then put P = (X, d, x). It now su�ces to prove
that ϕS(F ) ≤ 3ϕP(F ) + 1.

For all l, k, i, j ∈ ω the triangle inequality implies that

BS(l, k + 1) ≺S BS(i, j) =⇒ BP(2l, k) ≺P BP(2i, j)

and
BS(l, k) fS BS(i, j) =⇒ BP(2l, k + 1) fP BP(2i, j + 1).

In the following we will for any n ∈ ω2 with n(1) > 0 let ñ = (2n(0), n(1)−1).
We will prove by induction on β < ω1 that if n ∈ D3β

S (AS
F ) and n(1) > 0, then

ñ ∈ Dβ
P(AP

F ). This is immediate for β = 0 and, by the induction hypothesis,
when β is a limit ordinal. We will therefore concentrate on the successor case.
Assume that the statement holds for some β < ω1 and that n ∈ D3β+3

S (AS
F )

with n(1) > 0. Then there exists (ns)s∈2≤3 ∈ D3β
S (AS

F ) satisfying n = n∅,
ns ≺S nsa0, nsa1 and nsa0 fS nsa1 for all s ∈ 2<3. Since dF is an ultra-
metric, it follows from the above implications that there are s, t ∈ 23 such that
ñs fP ñt and ñ ≺P ñs, ñt. Therefore, by the induction hypothesis, we must
have ñ ∈ Dβ+1

P (AP
F ), as wanted.

Putting together Theorem 3.1.6 and Theorem 3.1.8, we have �nalized the
proof of Theorem 3.1.1, which was the goal of this section.
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3. The relation to the Cantor-Bendixson rank

3.2 A characterization of σ-compact spaces

In this section we characterize the σ-compact Polish spaces in terms of how
the family of ranks constructed in Chapter 2 relates to the Cantor-Bendixson
rank. More precisely, we will prove the following theorem, where | · |K denotes
the rank from Example 1.5.1.

Theorem 3.2.1. Let X be a Polish space. The following are equivalent:

(1) X is σ-compact.

(2) For some presentation P of X there exists f : ω1 → ω1 such that ϕP(F ) ≤
f(|F |CB) for all F ∈ Fℵ0(X).

(3) For each presentation P of X there exist ordinals αP, βP < ω1 such that

ϕP(F ) ≤ (ω|F |CB + αP)|X|K + βP

for all F ∈ Fℵ0(X).

It is clear that (3) =⇒ (2), hence it su�ces to prove (2) =⇒ (1) and
(1) =⇒ (3). First we will see that (2) =⇒ (1) can be obtained as a
consequence of Theorem 1.4.3 and Corollary 2.3.13.

Proposition 3.2.2. Let P be a presentation of some Polish space X. If there

is f : ω1 → ω1 such that ϕP(F ) ≤ f(|F |CB) for all F ∈ Fℵ0(X), then X is

σ-compact.

Proof. Assume that there is f : ω1 → ω1 such that ϕP(F ) ≤ f(|F |CB) for
all F ∈ Fℵ0(X). Then there is α0 ∈ ω1 such that ϕP(F ) ≤ α0 whenever
F ∈ Fℵ0(X) is discrete. Now assume towards a contradiction that X is not σ-
compact. Then, by Remark 1.5.6, we obtain a co-analytic rank ψ : Fℵ0(ωω)→
ω1 for which ψ(F ) ≤ α0 for all discrete F ∈ Fℵ0(ωω). Therefore, by Theorem
1.4.3, all co-analytic ranks on Fℵ0(ωω) are bounded on the discrete subsets.
This contradicts Corollary 2.3.13.

Next we will prove the implication (1) =⇒ (3) of Theorem 3.2.1. The
proof uses that for each σ-compact Polish space X we obtain the iterated
derivatives Xα for α < |X|K . Moreover, if we let Oα = Xα \Xα+1, then Oα is
open and locally compact in Xα for each α < |X|K and

X =
⊔

α<|X|K

Oα.
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The idea is then to deal with each of these pieces one at a time, as we know
that any point x ∈ Oα will have a pre-compact neighbourhood in Xα and, by
Lemma 3.1.5, we know how to deal with balls contained in such neighbour-
hoods.

Theorem 3.2.3. Let P be a presentation of a σ-compact Polish space X. Then

there are αP, βP < ω1 such that

ϕP(F ) ≤ (ω|F |CB + αP)|X|K + βP

for all F ∈ Fℵ0(X).

Proof. Let λ = |X|K . For each β < λ de�ne the subsets

A0
β =

{
n ∈ ω2 | BP(n) ∩Xβ 6= ∅,BP(n) ∩Xβ+1 = ∅,BP(n) ∩Xβ ∈ K(X)

}
A1
β =

{
n ∈ ω2 | BP(n) ∩Xβ 6= ∅,BP(n) ∩Xβ+1 = ∅,BP(n) ∩Xβ /∈ K(X)

}
and put C = ω2\(

⋃
β<λ(A0

β∪A1
β)). For i, j ∈ {0, 1} and β, β′ < λ the following

observations hold:

(1) If i 6= j or β 6= β′, then Aiβ ∩A
j
β′ = ∅.

(2) If n ∈ A0
β and m ∈ ω2 satisfy n ≺P m, then m ∈ A0

γ or m ∈ A1
γ′ for some

γ ≤ β or γ′ < β.

(3) If n ∈ A1
β and m ∈ ω2 satisfy n ≺P m, then m ∈ A0

γ or m ∈ A1
γ for some

γ ≤ β.

(4) We have [A1
β]P = [C]P = ∅.

It is straightforward to check that observation (1), (2) and (3) hold. Obser-
vation (4) holds since if [A1

β]P 6= ∅ for some β < λ, then there would be
x ∈ Xβ \ Xβ+1 without a pre-compact neighbourhood in Xβ . Moreover, if
[C]P 6= ∅, then there would be a point x ∈ X such that x /∈ Xβ for any β < λ.

From observation (4) it follows that we may choose αP, βP < ω1 such that
|C|P ≤ βP and |A1

β|P ≤ αP for all β < λ. Note that if λ is a successor, then
C = ∅ and hence we may choose βP = 0.

Now �x F ∈ Fℵ0(X). We will argue that

ϕP(F ) ≤ (ω|F |CB + αP)λ+ βP

by proving the following two claims.

Claim 1: Let β < λ. If n ∈ Dωα
P (A0

β ∩ AP
F ) for some 1 ≤ α < ω1, then there

is x ∈ BP(n) ∩Xβ ∩ Fα.
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3. The relation to the Cantor-Bendixson rank

Proof of Claim 1: We prove this claim by induction on 1 ≤ α < ω1. First
assume that n ∈ Dω

P(A0
β ∩ AP

F ). Then there are (mi)i ∈ A0
β ∩ AF and

(xi)i, (yi)i ∈ X such that for all i, j ∈ ω we have

(a) n ≺P mi and mi(1) ≥ n(1) + i.

(b) xi ∈ BP(mi) ∩Xβ and yi ∈ BP(mi) ∩ F .

(c) xi 6= xj and yi 6= yj whenever i 6= j.

Since BP(n) ∩Xβ is compact by de�nition of A0
β , there must exist some x ∈

BP(n) ∩Xβ and a subsequence (xij )j ⊆ (xi)i such that xij → x as j → ∞.
Now, since xi, yi ∈ BP(mi) for all i ∈ ω and diam(BP(mi)) → 0 as i → ∞,
we must have yij → x as j → ∞, as well. Therefore, as (yij )j ∈ F and F is
closed, we obtain that x ∈ F 1, as desired.

The proof of the successor and the limit case can now be done as in the
proof of Lemma 3.1.5. �

Let β < λ. It is a consequence of observation (2) and (3) that an easy
induction argument on η < ω1 shows that

n ∈ A0
β ∩D

η
P

AP
F \ (

⋃
γ<β

(A0
γ ∪A1

γ))

 =⇒ n ∈ Dη
P(AP

F ∩A0
β)

and

n ∈ A1
β ∩D

η
P

AP
F \ (A0

β ∪
⋃
γ<β

(A0
γ ∪A1

γ))

 =⇒ n ∈ Dη
P(AP

F ∩A1
β)

for all η < ω1. Using these implications we will obtain the next claim.

Claim 2: We have

D
(ω|F |CB+αP)β
P (AP

F ) ⊆ AP
F \

⋃
γ<β

(A0
γ ∪A1

γ)

and

D
(ω|F |CB+αP)β+ω|F |CB
P (AP

F ) ⊆ AP
F \ (A0

β ∪
⋃
γ<β

(A0
γ ∪A1

γ))

for all β < λ.
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Proof of Claim 2: First we consider the case β = 0. The �rst inclusion is
trivial. For the second inclusion, note that if n ∈ Dω|F |CB

P (AP
F ), then it follows

by Claim 1 that n /∈ A0
0.

Next assume that the inclusions hold for some β < λ. To prove that the
�rst inclusion holds for β + 1, note that

D
(ω|F |CB+αP)(β+1)
P (AP

F ) = DαP

P

(
D

(ω|F |CB+αP)β+ω|F |CB
P (AP

F )
)

⊆ DαP

P

AP
F \ (A0

β ∪
⋃
γ<β

(A0
γ ∪A1

γ))

 .

By the implications above and the fact that DαP

P (AP
F ∩A1

β) = ∅, we conclude

D
(ω|F |CB+αP)(β+1)
P (AP

F ) ⊆ AP
F \

⋃
γ≤β

(A0
γ ∪A1

γ),

as wanted.
For the second inclusion, we then obtain

D
(ω|F |CB+αP)(β+1)+ω|F |CB
P (AP

F ) ⊆ Dω|F |CB
P

AP
F \

⋃
γ≤β

(A0
γ ∪A1

γ)

 .

By use of the implications above and the fact that Dω|F |CB
P (AP

F ∩ A0
β+1) = ∅,

we conclude

D
(ω|F |CB+αP)(β+1)+ω|F |CB
P (AP

F ) ⊆ AP
F \ (A0

β+1 ∪
⋃
γ≤β

(A0
γ ∪A1

γ)),

as wanted.
Finally, assume that the claim holds for all β < ξ for some limit ξ < ω1.

Then we have

D
(ω|F |CB+αP)ξ
P (AP

F ) =
⋂
β<ξ

D
(ω|F |CB+αP)β
P (AP

F )

⊆
⋂
β<ξ

AP
F \ (

⋃
γ<β

(A0
γ ∪A1

γ)


= AP

F \
⋃
γ<ξ

(A0
γ ∪A1

γ),

as wanted.
Now for the second inclusion, we have

D
(ω|F |CB+αP)ξ+ω|F |CB
P (AP

F ) ⊆ Dω|F |CB
P

AP
F \ (

⋃
γ<ξ

(A0
γ ∪A1

γ)

 .
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As before, we use the implications above and the fact that Dω|F |CB
P (AP

F ∩A0
ξ) =

∅, to obtain that

D
(ω|F |CB+αP)ξ+ω|F |CB
P (AP

F ) ⊆ AF \ (A0
ξ ∪

⋃
γ<ξ

(A0
γ ∪A1

γ).

Thus we conclude that the inclusions hold for all β < λ. �

To �nish the proof, note that Claim 2 implies D(ω|F |CB+αP)λ
P (AP

F ) ⊆ C and

therefore that D(ω|F |CB+αP)λ+βP
P (AP

F ) = ∅, as wanted.

Putting together Proposition 3.2.2 and Theorem 3.2.3, we have �nalized
the proof of Theorem 3.2.1, which was the goal of this section.
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Chapter 4

Related questions

This chapter contains a discussion of some questions related to the subject of
this part of the thesis.

In the �rst section we will discuss certain invariance properties one can
hope for in a co-analytic rank ϕ : Fℵ0(X) → ω1. We will argue that a Polish
space X is σ-compact if and only if there is a co-analytic rank ϕ : Fℵ0(X)→ ω1

such that ϕ(F0) = ϕ(F1) whenever F0 and F1 are homeomorphic. Afterwards
we will see that for each Polish metric space (X, d) there is a co-analytic rank
ϕ : Fℵ0(X) → ω1 such that ϕ(F0) = ϕ(F1) whenever (F0, d|F0

) and (F1, d|F1
)

are isomorphic. The proof is not constructive, so it leaves open the problem
of �nding a concrete co-analytic rank with this property. The second section
concerns the phenomenon of uniformly bounded families of ranks. We have
seen that the family {ϕP | P is a presentation of X} is uniformly bounded by
the Cantor-Bendixson rank if X is a compact Polish space. We will ask several
questions towards understanding if this behaviour holds more generally and,
in particular, if it occurs in other cases.

The results in Section 4.1 are all well-known or direct consequences of
well-known results.

4.1 Invariant ranks on Fℵ0(X)

In this section we will discuss which invariance properties one can obtain for a
co-analytic rank ϕ : Fℵ0(X) → ω1 for a general Polish space X. Let us begin
by making this notion of invariance more precise.

Let X be a set, A ⊆ X and E an equivalence relation on X. Then A is
said to be E-invariant if x ∈ A and xEy imply y ∈ A for all x, y ∈ X. For
co-analytic ranks we have the following de�nition of invariance.
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De�nition 4.1.1. Let X be a Polish space and E an equivalence relation on
X. Moreover, let A ⊆ X be co-analytic and E-invariant. A co-analytic rank
ϕ : A→ ω1 is called E-invariant if

xEy =⇒ ϕ(x)Eϕ(y)

for all x, y ∈ A.

The next result, due to Solovay, states that if the equivalence relation E
in the de�nition above is analytic, then there exists an E-invariant co-analytic
rank ϕ : A → ω1. For a sketch of the proof, the reader is referred to the hint
of [19, Exercise 34.6].

Theorem 4.1.2 (Solovay). Let X be a Polish space and E an analytic equiv-

alence relation on X. If A ⊆ X is co-analytic and E-invariant, then there

exists an E-invariant co-analytic rank ϕ : A→ ω1.

First let X be a Polish space and consider the equivalence relation ∼h on
F (X) given by F0 ∼h F1 if and only if there is homeomorphism f : F0 → F1. It
is clear that Fℵ0(X) is a ∼h-invariant subset. We will now brie�y argue that for
any Polish space X there exists a ∼h-invariant co-analytic rank ϕ : Fℵ0(X)→
ω1 if and only if X is σ-compact. By Corollary 1.5.7 and Remark 1.5.4, the
Cantor-Bendixson rank is a ∼h-invariant co-analytic rank on Fℵ0(X) when X
is σ-compact. Below we prove the opposite implication.

Proposition 4.1.3. Let X be a Polish space. If there exists a ∼h-invariant
co-analytic rank ϕ : Fℵ0(X)→ ω1, then X is σ-compact.

Proof. Assume for contradiction that X is not σ-compact and that such a
rank exists. Then, by Remark 1.5.6, we obtain a ∼h-invariant co-analytic
rank ϕ : Fℵ0(ωω) → ω1. In particular, there is α0 < ω1 such that ϕ(F ) ≤ α0

for all discrete F ∈ Fℵ0(X). However, this contradicts Corollary 2.3.13 and
Remark 1.4.4.

Combining Proposition 4.1.3 and Theorem 4.1.2, we may conclude that ∼h
is not an analytic equivalence relation on F (X) when X is not σ-compact.

Next let X be a Polish space and consider the equivalence relation ∼i on
F (X) given by F0 ∼i F1 if and only if (F0, d|F0

) and (F1, d|F1
) are isomorphic.

Once again, it is clear that Fℵ0(X) is ∼i-invariant. We will now, by applying
Theorem 4.1.2, argue that for any Polish metric space (X, d), there exists a
∼i-invariant co-analytic rank ϕ : Fℵ0(X)→ ω1.
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Proposition 4.1.4. For any Polish metric space (X, d) there exists a ∼i-
invariant co-analytic rank ϕ : Fℵ0(X)→ ω1.

Proof. It su�ces to prove that ∼i is analytic. First, by Theorem 1.1.11, �x for
each n ∈ ω a Borel map ρn : F (X)→ X such that

{ρn(F ) | n ∈ ω} ⊆ F

is dense for all non-empty F ∈ F (X). Now de�ne the Borel map ψ : F (X) \
{∅} → Rω×ω given by

ψ(F )(i, j) = d(ρi(F ), ρj(F ))

for all i, j ∈ ω and F ∈ F (X). Then for each F ∈ F (X)\{∅} the element ψ(F )

satis�es that the completion of ω equipped with the pseudo metric δ(i, j) =

ψ(F )(i, j) is isomorphic to (F, d|F ). An element in Rω×ω which represents a
pseudo metric on ω is called a code for a Polish metric space. It is shown in
[11, Lemma 4] that the equivalence relation of coding the same Polish metric
space (up to isometry) is an analytic equivalence relation. Thus ∼i must be
analytic as well.

Now we know that for any Polish metric space (X, d) there is a ∼i-invariant
co-analytic rank ϕ : Fℵ0(X) → ω1. However, this result relies entirely on
Theorem 4.1.2, and the proof of this theorem is not constructive. Indeed,
as in the proof of Theorem 1.4.7, it is enough to prove the result for some
Π1

1-complete set such as WF. So this leaves us with the following problem.

Problem 4.1.5. For a general Polish metric space (X, d) �nd a concrete ∼i-
invariant co-analytic rank ϕ : Fℵ0(X)→ ω1.

If X is σ-compact, then the Cantor-Bendixson rank has this property.
It is also easy to deduce that if (X, d) is an ultra-metric Polish space, then
for any dense sequence x in X, the presentation P = (X, d, x) satis�es that
ϕP : Fℵ0(X)→ ω1 is co-analytic and ∼i-invariant.

In general, we can for a Polish metric space (X, d) use the ranks constructed
in Chapter 2 to obtain a rank ϕ : Fℵ0(X)→ ω1 such that

F0 ∼i F1 =⇒ ϕ(F0) = ϕ(F1)

for all F0, F1 ∈ Fℵ0(X). Indeed, �x a Polish metric space (X, d) and let
PF = (F, d|F , F ) for each F ∈ Fℵ0(X). Then put ϕ(F ) = ϕPF (F ) for all
F ∈ Fℵ0(X). However, it seems unlikely that this rank is co-analytic in general.
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4.2 Uniformly bounded families of ranks

In Chapter 4 we saw that the family of induced ranks ϕP : Fℵ0(X)→ ω1, where
P varies over all presentations of some Polish space X, is uniformly bounded
by the Cantor-Bendixson rank if and only if X is compact. In this section we
will discuss questions related to this behaviour. A natural question to ask is
if this phenomenon holds more generally.

Question 4.2.1. Let X be a compact Polish space. Is the family of all regular

co-analytic ranks on Fℵ0(X) uniformly bounded by the Cantor-Bendixson rank?

It is clear that the assumption of regularity of the ranks is necessary.
Indeed, we can easily construct a counterexample if the assumption is re-
moved. For each α < ω1 consider the rank ψα : Fℵ0(X) → ω1 given by
ψα(F ) = α+ |F |CB. It will be co-analytic, as it induces the same prewellorder-
ing as the Cantor-Bendixson rank. It is also clear that the family {ψα | α < ω1}
is not uniformly bounded by the Cantor-Bendixson rank.

Unless one has an idea to construct a counterexample to Question 4.2.1,
the question seems hard to tackle. The following question might be easier to
begin with.

Question 4.2.2. Let X be a compact Polish space and for each i ∈ I let

Di : F (X)→ F (X) be a Borel derivative such that

{F ∈ F (X) | D∞i (F ) = ∅} = Fℵ0(X).

Under what circumstances is the family of induced co-analytic ranks (ϕDi)i∈I
uniformly bounded by the Cantor-Bendixson rank?

If the answer to Question 4.2.1 is positive, it will suggest that for a com-
pact Polish space X, the co-analytic subset Fℵ0(X) has a very rigid structure
of the co-analytic ranks it admits.

Generally, it would be interesting to investigate when this phenomenon
occurs and to �nd other examples of such families.

De�nition 4.2.3. Let A be a co-analytic subset of a Polish space X and let
I be some index set. A family of co-analytic ranks ϕi : A → ω1 for i ∈ I is
said to be uniformly bounded if there is a co-analytic rank ψ : A → ω1 and a
function f : ω1 → ω1 such that ϕi(x) ≤ f(ψ(x)) for all x ∈ A and i ∈ I.

Clearly, all countable families are uniformly bounded. Indeed, if ϕn : A→
ω1 is a co-analytic rank for each n ∈ ω, then it follows by Remark 1.4.4 that for
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every n ∈ ω there is fn : ω1 → ω1 such that ϕn(x) ≤ fn(ϕ0(x)) for all x ∈ A.
Hence f : ω1 → ω1 de�ned by f(α) = sup {fn(α) | n ∈ ω} will satisfy that
ϕn(x) ≤ f(ϕ0(x)) for all x ∈ A and n ∈ ω. We are therefore only interested
in examples of uncountable uniformly bounded families of ranks.

Problem 4.2.4. Find examples of uncountable families of co-analytic ranks

that are uniformly bounded.

Finally, we should point out that it is not the case that the family (ϕP)P,
where P varies over all presentations of a Polish spaceX, is countable whenever
X is compact.

Proposition 4.2.5. The family {ϕP | P is a presentation of 2ω} is uncount-

able.

Before we begin the proof, let us �x some notation. Let P2ω = (2ω, d2ω , z),
where z is some countable dense sequence in 2ω and

d2ω(x, y) =

{
3−1 · 2−min{n∈ω|x(n)6=y(n)} if x 6= y

0 if x = y
.

Moreover, if A = {si ∈ 2<ω | i ∈ I} and B = {ti ∈ 2<ω | i ∈ I} satisfy ln(si) =

ln(ti), si ⊥ sj , ti ⊥ tj and si ⊥ tj for all i, j ∈ I with i 6= j, we say that
A and B are compatible sets of initial segments. In this case, we de�ne a
homeomorphism fA,B : 2ω → 2ω given by

fA,B(x) =


tai z if (∃i ∈ I)(∃z ∈ ωω) x = sai z

sai z if (∃i ∈ I)(∃z ∈ ωω) x = tai z

x otherwise

and call fA,B the induced switch map.

Proof of Proposition 4.2.5. First we will for each 3 ≤ n < ω recursively con-
struct F 0

n ∈ Fℵ0(2ω) with ϕP2ω
(F 0

n) = n and elements sun, t
u
n ∈ 2<ω for each

u ∈ 2n−3 such that

A0
n =

{
sun ∈ 2<ω | u ∈ 2n−3

}
and B0

n =
{
tun ∈ 2<ω | u ∈ 2n−3

}
are compatible sets of initial seqments and such that the induced switch map
fn : 2ω → 2ω satis�es ϕP2ω

(fn(F 0
n)) = n− 1.

Let F 0
3 =

{
0ω, 0a1ω, 1ω, (1, 1)a0ω

}
. Moreover, put s∅3 = (0, 1) and t∅3 =

(1, 0). Then it is immediate that ϕP2ω
(F 0

3 ) = 3 and ϕP2ω
(f3(F 0

3 )) = 2.
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Now assume that we have carried out the construction for some 3 ≤ n < ω.
Then let

F 0
n+1 =

{
0ax | x ∈ F 0

n

}
∪
{

1ax | x ∈ F 0
n

}
and for each u ∈ 2n−3 put

su
a0
n+1 = 0asun, su

a1
n+1 = 1asun, tu

a0
n+1 = 0atun and tu

a1
n+1 = 1atun.

It is straightforward to check that ϕP2ω
(F 0

n) = n and that ϕP2ω
(fn(F 0

n)) =

n− 1. This �nishes our recursive construction.
Next for each 3 ≤ n < ω and u ∈ 2n−3, we put Fn =

{
1na0ax | x ∈ F 0

n

}
,

s̃un = 1na0asun and t̃un = 1na0atun. Note that

An =
{
s̃un | u ∈ 2n−3

}
and Bn =

{
ũun | u ∈ 2n−3

}
are still compatible sets of initial segments and that their induced switch map
f̃n : 2ω → 2ω still satis�es ϕP2ω

(Fn) = n and ϕP2ω
(f̃n(Fn)) = n − 1 for all

3 ≤ n < ω. Hence for each y ∈ 2ω we have that

Ay =
⋃

n∈ω,y(n)=1

{
s̃un | u ∈ 2n−3

}
and By =

⋃
n∈ω,y(n)=1

{
t̃un | u ∈ 2n−3

}
are compatible sets of initial segments. Furthermore, if we let fy : 2ω → 2ω be
the induced switch map, then

ϕP2ω
(fy(Fn)) = n ⇐⇒ y(n) = 0.

So if we let Py = (P2ω)fy for all y ∈ 2ω, it follows by Proposition 2.3.11 that
ϕPy 6= ϕPx for all x, y ∈ 2ω with x 6= y.
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Part II

Co-induction and invariant

random subgroups

This part constitutes an amended version of the paper

Alexander S. Kechris and Vibeke Quorning. Co-induction and in-
variant random subgroups. Preprint, 2018. arXiv:1806.08590

Parts of the article have been altered and rewritten to �t the format of the
thesis. In particular, more preliminary theory has been added, some comments
and explanations have been expanded and Chapter 9 is new.
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Chapter 5

Actions and invariant random

subgroups

In this part of the thesis we will be concerned with invariant random subgroups
and their connection to the measure preserving group actions. We will in this
preliminary chapter introduce the various notions and results that we need for
this part of the thesis. We assume the reader to be familiar with the basic
notions discussed in Section 1.1.

In the �rst section we introduce notions related to measure preserving
groups actions. In particular, we will discuss various properties that such ac-
tions can have and de�ne the Polish space of all measure preserving actions of
a �xed countable group. In the second section we will de�ne the relations of
weak containment and weak equivalence of measure preserving group actions,
with the goal of obtaining a compact Polish space of weak equivalence classes.
In the third and �nal section we will introduce the main notion of this part of
the thesis, namely the notion of an invariant random subgroup. We will see
that the set of invariant random subgroups of a �xed countable group admits
a natural compact Polish topology. Furthermore, we will establish the connec-
tion between the weak equivalence classes of the measure preserving actions
and the invariant random subgroups of a �xed countable group. Finally, we
will discuss the notion of a characteristic random subgroup, which is a special
kind of well-behaved invariant random subgroup.

Most of the results in this chapter are standard. Proposition 5.1.6 and
Lemma 5.3.5 can also be found in [22]. For a more thorough introduction to
the subjects of this chapter, the reader is referred to [20] and [10].
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5. Actions and invariant random subgroups

5.1 Measure preserving group actions

In this section we will focus on measure preserving group actions. We will
brie�y discuss properties of such actions and de�ne the Polish space of mea-
sure preserving actions of a �xed countable group.

First let us specify the underlying measure spaces that we are interested
in.

De�nition 5.1.1. Let X be a standard Borel space. A Borel measure µ on
X is a measure on the Borel sets of X. A Borel measure is called atomic if
µ({x}) > 0 for some x ∈ X.

If X is a standard Borel space and x ∈ X, then the Dirac measure concen-
trated at x is the measure given by

δx(B) =

{
1 if x ∈ B
0 if x /∈ B

for any B ⊆ X Borel. Clearly, every Dirac measure is atomic.

De�nition 5.1.2. A standard probability space is a probability space (X,µ),
where X is a standard Borel space and µ is a Borel probability measure. If µ
is non-atomic, we say that (X,µ) is a non-atomic standard probability space.

If (X,µ) is a standard probability space, Y is a standard Borel space and
f : X → Y is Borel, then the pushforward of µ through f is the Borel proba-
bility measure ν on Y given by

ν(B) = µ(f−1(B))

for all B ⊆ Y Borel. It is easily seen that (Y, ν) is non-atomic if (X,µ) is
non-atomic.

Let (X,µ) and (Y, ν) be standard probability spaces. A Borel map f : X →
Y is called measure preserving if µ(f−1(B)) = ν(B) for all Borel B ⊆ Y . Note
that if f is a measure preserving Borel isomorphism, then f−1 is measure
preserving. In this case, we say that f is a measure isomorphism and call
(X,µ) and (Y, ν) isomorphic.

Recall that any two uncountable standard Borel spaces are Borel isomor-
phic. The next theorem states that there is only one (up to isomorphism)
non-atomic Borel probability measure to put on such spaces. A proof can be
found in [19, Theorem 7.41].

74



5.1. Measure preserving group actions

Theorem 5.1.3. Any non-atomic standard probability space is isomorphic to

([0, 1], λ), where λ is the Lebesgue measure.

Note that if (Xn, µn)n is a sequence of standard probability spaces, then
X = Πn∈ωXn is a standard Borel space when equipped with the product
Borel structure. Moreover, there exists a unique Borel probability measure
µ = Πn∈ωµn on X satisfying that µ (Πn∈ωBn) = Πn∈ωµn(Bn) for all sequences
(Bn)n of Borel subsets of X with Bn 6= X for only �nitely many n ∈ ω. Thus
we obtain that (X,µ) is a standard probability space. The same holds for �nite
products of standard probability spaces. If (Y, ν) is a standard probability
space and n ∈ ω∪{ω}, we will use (Y n, νn) to denote the standard probability
space (Πi<nY,Πi<nν). If (Y, ν) is non-atomic, so is (Y n, νn).

De�nition 5.1.4. Let ΓyaX be a Borel action of a countable group Γ on a
standard Borel space X. A Borel probability measure µ on X is said to be
invariant if µ(γ ·aB) = µ(B) for all γ ∈ Γ and B ⊆ X Borel. If µ is invariant,
we say that Γya(X,µ) is measure preserving.

In other words, an action Γya(X,µ) is measure preserving if the map
x 7→ γ ·a x from X to X is measure preserving for all γ ∈ Γ.

A measure preserving action Γya(X,µ) is called free if µ(Fixa(γ)) = 0 for
all γ ∈ Γ \ {e}, where

Fixa(γ) = {x ∈ X | γ ·a x = x} .

As we will see in Section 5.3, the non-free measure preserving actions will be
of great importance to us.

Two key properties of measure preserving actions are of special interest to
us.

De�nition 5.1.5. Let ΓyaX be a Borel action of a countable group Γ on a
standard probability space X.

An invariant Borel probability measure µ on X is said to be ergodic if any
Borel set A ⊆ X which satis�es µ(A4 (γ ·a A)) = 0 for all γ ∈ Γ also must
satisfy µ(A) ∈ {0, 1}. If µ is ergodic, we say that the action Γya(X,µ) is
ergodic.

An invariant Borel probability measure µ on X is said to be weakly mixing

if the action Γya2
(X2, µ2) given by γ ·a2

(x, y) = (γ ·a x, γ ·a y) is ergodic. If
µ is weakly mixing, we say that the action Γya(X,µ) is weakly mixing.
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5. Actions and invariant random subgroups

Note that every weakly mixing action Γya(X,µ) must be ergodic. Indeed,
if A ⊆ X is Borel and µ(A4(γ ·a A)) = 0 for all γ ∈ Γ, then

µ2 ((A×A)4((γ ·a A)× (γ ·a A))) = 0

for all γ ∈ Γ. Hence, by ergodicity of a2, we obtain µ(A)2 = µ2(A×A) ∈ {0, 1}.

Proposition 5.1.6. Let Γya(X,µ) be weakly mixing and assume that µ is

atomic. Then there is x ∈ X such that µ = δx.

Proof. Let x ∈ X satisfy µ({x}) > 0. Then the orbit of x satis�es

card({γ ·a x | γ ∈ Γ}) = n

for some n ≥ 1 and, by ergodicity of a, we must have µ({γ ·a x}) = 1
n for all

γ ∈ Γ. Moreover, as the set
{

(γ ·a x, γ ·a x) ∈ X2 | γ ∈ Γ
}
is invariant under

the diagonal action a2 and a is weakly mixing, we obtain that

µ2({(γ ·a x, γ ·a x)}) =
1

n

for all γ ∈ Γ. Since we also have

µ2({(γ ·a x, γ ·a x)}) =
1

n2

for all γ ∈ Γ, we conclude that n = 1 and therefore that µ = δx, as desired.

In other words, if a measure is weakly mixing with respect to some Borel
action of a countable group, then it is either a Dirac measure or non-atomic.
This simpli�es the process of checking if a weakly mixing measure is non-
atomic.

We will now construct the Polish space of measure preserving actions of
a �xed countable group. For the remainder of this part, we will assume that
(X,µ) is a non-atomic standard probability space.

The measure algebra of µ, denoted by MALGµ, is the algebra consisting
of the Borel subsets of X considered modulo µ-null sets. This algebra can be
equipped with a Polish topology induced by the complete metric dµ given by

dµ(A,B) = µ(A4B)

for all A,B ∈ MALGµ.
Let Aut(X,µ) denote the group of measure isomorphisms of (X,µ), where

we identify two isomorphisms if they agree almost everywhere. There are two
natural topologies on Aut(X,µ) which turn it into a topological group.
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The weak topology on Aut(X,µ) is the topology generated by the maps
ϕA : Aut(X,µ) → MALGµ given by ϕA(T ) = T (A), where A varies over all
elements in MALGµ. A left invariant metric dw on Aut(X,µ) inducing this
topology is given by

dw(T, S) =
∑
n∈ω

2−n−1µ(T (An)4S(An)),

where (An)n ∈ MALGµ is a dense sequence.
The uniform topology on Aut(X,µ) is de�ned by the two-sided invariant

complete metric du on Aut(X,µ) given by

du(S, T ) = µ ({x ∈ X | S(x) 6= T (x)}) .

It is clear that the uniform topology is �ner than the weak topology. More-
over, Aut(X,µ) is a Polish group when equipped with the weak topology, while
the uniform topology is not separable (see [20, Section 1]). Recall that a Polish
group is a topological group whose topology is Polish.

Now �x a countable group Γ. Each measure preserving action Γya(X,µ)

can be represented by a group homomorphism ha : Γ → Aut(X,µ) given by
ha(γ)(x) = γ ·a x. We can therefore identify the space of measure preserv-
ing actions A(Γ, X, µ) with the subset of Aut(X,µ)Γ consisting of all group
homomorphisms. Both the uniform and the weak topology on Aut(X,µ) sat-
is�es that A(Γ, X, µ) is closed in the induced product topology on Aut(X,µ)Γ.
Hence A(Γ, X, µ) is Polish in the topology induced by the weak topology on
Aut(X,µ) and completely metrizable in the topology induced by the uniform
topology on Aut(X,µ). If nothing is speci�ed, we will assume that A(Γ, X, µ)

is equipped with the weak topology. Later we will use the notation γa instead
of ha(γ) for each a ∈ A(Γ, X, µ) and γ ∈ Γ.

In the next section we will consider a binary relation on A(Γ, X, µ) for a
countable group Γ, namely the relation of weak containment, which is going to
play an important role for us. In the end of this section we will brie�y discuss
a more classical relation, of which weak containment is a generalization.

De�nition 5.1.7. Let Γ be a countable group and a, b ∈ A(Γ, X, µ). We say
that a is a factor of b, and write a v b, if there is a measure preserving map
f : X → X such that f(γ ·b x) = γ ·a f(x) for all γ ∈ Γ and almost all x ∈ X.
The map f is called a factor map from b to a. If f is moreover a measure
isomorphism, we say that a and b are isomorphic and call f an isomorphism

of a and b.

We have that both ergodicity and weak mixing are passed on to factors.
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5. Actions and invariant random subgroups

Proposition 5.1.8. Let Γ be a countable group and a, b ∈ A(Γ, X, µ). If a v b
and b is ergodic (resp. weakly mixing), then a is ergodic (resp. weakly mixing).

Proof. First assume b is ergodic and that a v b. Let f : X → X be a factor
map from b to a and let A ⊆ X be Borel such that µ ((γ ·a A)4A) = 0 for all
γ ∈ Γ. Then put B = f−1(A) and note that we must have µ((γ ·b B)4B) = 0

for all γ ∈ Γ. Hence, by ergodicity of b, we obtain µ(A) = µ(B) ∈ {0, 1}, as
wanted.

Now assume that b is weakly mixing and that a v b. Then it is easy to
check that also a2 v b2. Hence it follows from the �rst part that a2 is ergodic
and therefore that a is weakly mixing.

5.2 The space of weak equivalence classes

We will here introduce the notions of weak containment and weak equivalence
of measure preserving group actions. Moreover, we will see how to equip the
set of weak equivalence classes with a compact Polish topology.

The notion of weak containment of actions is motivated by the analogous
notion for unitary representations and is de�ned as follows: Let Γ be a �xed
countable group and let a, b ∈ A(Γ, X, µ). We say that a is weakly contained

in b if for all A0, . . . , An−1 ∈ MALGµ, F ⊆ Γ �nite and ε > 0 there are
B0, . . . , Bn−1 ∈ MALGµ such that

|µ(γa(Ai) ∩Aj)− µ(γb(Bi) ∩Bj)| < ε

for all i, j < n and γ ∈ F . If a is weakly contained in b, we write a � b. If
a � b and b � a, we say that a and b are weakly equivalent and write a ' b.
It is easily seen that if a, b ∈ A(Γ, X, µ) and a v b, then a � b. The converse
does not hold in general (see [10, Section 6]).

Another way to characterize weak containment is as follows: Fix an enu-
meration Γ = {γi | i ∈ ω} and let Pk denote the set of all Borel partitions
of X into k pieces for each k > 1. For each a ∈ A(Γ, X, µ), n, k > 1 and
P = (A0, . . . , Ak−1) ∈ Pk we let MP

n,k(a) ∈ [0, 1]n×k×k be given by

MP
n,k(a)(m, i, j) = µ(γam(Ai) ∩Aj)

for m < n and i, j < k. Put

Cn,k(a) =
{
MP
n,k(a) | P ∈ Pk

}
,
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that is, the closure of the set {MP
n,k(a) | P ∈ Pk} in [0, 1]n×k×k. Then it is

straightforward to check that we have

a � b ⇐⇒ (∀n, k > 1)(Cn,k(a) ⊆ Cn,k(b))
a ' b ⇐⇒ (∀n, k > 1)(Cn,k(a) = Cn,k(b))

for all a, b ∈ A(Γ, X, µ).

Now consider the set of weak equivalence classes A˜(Γ, X, µ) for a �xed
countable group Γ. For each action a ∈ A(Γ, X, µ) we let a˜ ∈ A˜(Γ, X, µ)

denote its weak equivalence class. By the above, the map ι : A˜(Γ, X, µ) →∏
n,k>1 F ([0, 1]n×k×k) given by

ι(a˜) = (Cn,k(a))n,k>1

is an injection.

Recall that F ([0, 1]n×k×k) denotes the E�ros Borel space of [0, 1]n×k×k.
It follows by Remark 1.1.10 that F ([0, 1]n×k×k) is a compact Polish space
when equipped with the Vietoris topology. We obtain a complete metric that
induces this topology as follows: Fix a complete metric d on [0, 1]n×k×k with
diamd([0, 1]n×k×k) = 1 and let

δn,k(K,L) = max
x∈K

inf
y∈L

d(x, y)

for all K,L ∈ F ([0, 1]n×k×k). Then

dn,k(K,L) =


0 if L = K = ∅
1 if (L = ∅ ∨K = ∅) ∧K 6= L

max {δn,k(K,L), δn,k(L,K)} if K,L 6= ∅

is a complete metric on F ([0, 1]n×k×k) that induces the Vietoris topology.

It is proven in [1, Theorem 4] that the image ι(A˜(Γ, X, µ)) is a closed
subset of

∏
n,k>1 F ([0, 1]n×k×k). Therefore, by transferring back the subspace

topology, we obtain a compact Polish topology on A˜(Γ, X, µ). Moreover, the
metric d˜ on A˜(Γ, X, µ) given by

d˜(a˜, b˜) =
∑
n,k>1

2−n−kdn,k(Cn,k(a), Cn,k(b))

is complete and induces the topology on A˜(Γ, X, µ). We will for the remainder
of this part assume that A˜(Γ, X, µ) is equipped with this topology.
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5.3 Invariant random subgroups

We will now introduce the notion of an invariant random subgroup and estab-
lish a connection between the space of these and the space of weak equivalence
classes of measure preserving actions of the group. Afterwards we will con-
sider a special kind of invariant random subgroups, namely the characteristic
random subgroups.

Fix a countable group Γ and let Sub(Γ) denote the set of all subgroups of
Γ. We can identify each Λ ∈ Sub(Γ) with its characteristic function in {0, 1}Γ.
It is easily checked that with this identi�cation Sub(Γ) is a closed subset and
hence a compact Polish space in the subspace topology. Moreover, if we for
each �nite F ⊆ Γ let

NΓ
F = {Λ ∈ Γ | F ⊆ Λ} and MΓ

F = {Λ ∈ Γ | F ∩ Λ = ∅} ,

then the collection of sets

VF,K = NΓ
F ∩MΓ

K ,

where F,K ⊆ Γ are �nite, constitutes a basis of clopen sets for this topology.
Now consider the conjugation action Γyc Sub(Γ) given by γ ·cΛ = γΛγ−1.

It is easily seen to be continuous and the �xed points are exactly the normal
subgroups of Γ.

De�nition 5.3.1. Let Γ be a countable group. An invariant random subgroup

of Γ is a conjugation invariant Borel probability measure on Sub(Γ). We denote
by IRS(Γ) the set of all invariant random subgroups of Γ.

For any normal subgroup Λ ≤ Γ the Dirac measure δΛ is an invariant
random subgroup. An invariant random subgroup can therefore be seen as
a random version of a normal subgroup. We also have the following more
interesting source of examples.

Example 5.3.2. Let Γ be a countable group and a ∈ A(Γ, X, µ). Consider
the map staba : X → Sub(Γ) given by

staba(x) = {γ ∈ Γ | γ ·a x = x} .

It is straightforward to verify that this map is Borel and that it satis�es that

staba(γ ·a x) = γ (staba(x)) γ−1 = γ ·c staba(x)

for all x ∈ X and γ ∈ Γ. Therefore we obtain that the pushforward of µ via
this map, which we denote by type(a), is an invariant random subgroup of Γ.
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The example above allows us to construct invariant random subgroups by
use of measure preserving actions. In fact, by the result below, every invariant
random subgroup arises this way. A proof can be found in [2, Proposition 13].

Proposition 5.3.3. Let Γ be a countable group and θ ∈ IRS(Γ). There exists

a ∈ A(Γ, X, µ) such that type(a) = θ.

Let Γ be a countable group. We say that an invariant random subgroup
θ ∈ IRS(Γ) is ergodic (resp. weakly mixing) if the action Γyc(Sub(Γ), θ) is
ergodic (resp. weakly mixing). Note that the action Γyc(Sub(Γ), type(a)) is
a factor of Γya(X,µ) for any a ∈ A(Γ, X, µ). Hence if a is ergodic (resp.
weakly mixing), so is type(a). The converse does not hold in general. For
example, a ∈ A(Γ, X, µ) can be a free non-ergodic action, but type(a) = δ{eΓ}
is weakly mixing.

We will now discuss the surjective map type: A(Γ, X, µ) → IRS(Γ) given
by a 7→ type(a). Note that all free measure preserving actions a ∈ A(Γ, X, µ)

satisfy that type(a) = δ{e}. We are therefore mainly interested in the non-free
actions.

The next result describes how the map type interacts with the relation of
weak equivalence. The �rst part of the result below is proved in [1, Section 4].
A proof of the second part is found in [9, Proposition 5.1].

Theorem 5.3.4. Let Γ be a countable group and a, b ∈ A(Γ, X, µ).

(1) If a ' b, then type(a) = type(b).

(2) If Γ is amenable and type(a) = type(b), then a ' b.

The previous theorem ensures that the map type˜ : A˜(Γ, X, µ) → IRS(Γ)

given by type˜ (a˜) = type(a) is well-de�ned and, moreover, that type˜ is a bijec-
tion when Γ is amenable. This clearly fails in the case of non-amenable groups,
as these have several weakly inequivalent free actions (see [32, Remark 4.3]).

Now we move on to consider the natural topology on IRS(Γ) for a �xed
countable group Γ. First consider the space P (Sub(Γ)) consisting of all Borel
probability measures on Sub(Γ). We have that P (Sub(Γ)) is a compact Polish
space in the topology generated by the maps µ 7→

∫
fdµ, where f : Sub(Γ)→

R is a continuous function (see [19, Theorem 17.22]).
We will next obtain a useful description of this topology. The collection of

positive basic sets

NΓ
F = {Λ ∈ Sub(Γ) | F ⊆ Λ} ,
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5. Actions and invariant random subgroups

where F ⊆ Γ �nite, constitutes a family of clopen subsets which generates the
Borel structure of Sub(Γ) and is closed under �nite intersections. Therefore it
follows from the π-λ Theorem (see [19, Theorem 10.1]) that if µ, ν ∈ P (Sub(Γ))

satisfy µ(NΓ
F ) = ν(NΓ

F ) for all �nite F ⊆ Γ, then µ = ν. This fact together
with the compactness of P (Sub(Γ) yields the following useful lemma.

Lemma 5.3.5. Let Γ be a countable group and (µn)n, µ ∈ P (Sub(Γ)). Then

µn → µ as n → ∞ if and only if µn(NΓ
F ) → µ(NΓ

F ) as n → ∞ for all �nite

F ⊆ Γ.

Proof. The right implication follows directly from The Portmanteau Theorem
(see [19, Theorem 17.20]). For the left implication, assume that µn 9 µ as
n → ∞. By compactness, there is a subsequence (µni)i and ν ∈ P (Sub(Γ))

such that ν 6= µ and µni → ν as i → ∞. Since ν 6= µ, there exists �nite
F ⊆ Γ such that ν(NΓ

F ) 6= µ(NΓ
F ). Hence µni(N

Γ
F ) 9 µ(NΓ

F ) when n→∞, as
wanted.

Next let Γ be a countable group and consider the action ΓyP (Sub(Γ))

given by (γ · µ)(B) = µ(γ−1 ·c B) for all Borel B ⊆ Sub(Γ). This action is
clearly continuous and hence we obtain that IRS(Γ) is closed in P (Sub(Γ)).
Therefore IRS(Γ) is a compact Polish space in the subspace topology.

It turns out that the topology on IRS(Γ) behaves nicely with respect to
the map type˜ : A˜(Γ, X, µ)→ IRS(Γ). A proof of the following theorem can be
found in [32, Theorem 5.2].

Theorem 5.3.6. Let Γ be a countable group. The map type˜ : A˜(Γ, X, µ) →
IRS(Γ) is continuous. In particular, it is a homeomorphism if Γ is amenable.

If we let FR˜ (Γ, X, µ) = type˜ −1(δ{e}), we obtain that FR˜ (Γ, X, µ) is a closed
subspace of A˜(Γ, X, µ). Note that FR˜ (Γ, X, µ) is the space consisting of all
the weak equivalence classes of the free actions of Γ.

5.3.1 Characteristic random subgroups

In the last part of this section we will introduce the notion of a characteristic
random subgroup, which is a particularly neat invariant random subgroup.

Let Γ be a countable group and let Aut(Γ) denote the group of automor-
phisms of Γ. We have a natural action Aut(Γ)ySub(Γ) given by ϕ ·Λ = ϕ(Λ).
Next let Inn(Γ) ⊆ Aut(Γ) denote the subgroup of inner automorphisms, i.e.,
the automorphisms given by γ0 7→ γγ0γ

−1 for some γ ∈ Γ. Then an invariant
random subgroup is a Borel probability measure on Sub(Γ) which is invariant
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5.3. Invariant random subgroups

under the action of Inn(Γ)ySub(Γ). We will now consider the Borel proba-
bility measures that are invariant under the action of the full automorphism
group.

De�nition 5.3.7. Let Γ be a countable group. A characteristic random sub-

group of Γ is an automorphism invariant Borel probability measure on Sub(Γ).
We denote by CRS(Γ) the set of all characteristic random subgroups of Γ.

For any countable group Γ we have CRS(Γ) ⊆ IRS(Γ). Since Aut(Γ)

acts on Sub(Γ) by homeomorphisms, we also obtain that CRS(Γ) is closed in
P (Sub(Γ)) and hence compact Polish in the subspace topology.

We may naturally view Aut(Γ) as a subspace of ΓΓ. It is straightforward
to check that Aut(Γ) ⊆ ΓΓ is Gδ and that Aut(Γ) is a topological group when
equipped with the subspace topology. Hence Aut(Γ) is a Polish group and it is
easily seen that the action Aut(Γ)y Sub(Γ) is continuous. By use of Lemma
5.3.5, we also obtain the following result.

Proposition 5.3.8. Let Γ be a countable group. Then Aut(Γ)yβP (Sub(Γ))

given by

(ϕ ·β µ)(B) = µ(ϕ−1(B))

for all B ⊆ X Borel is continuous.

Proof. Assume (ϕi)i, ϕ ∈ Aut(Γ) and (µi)i, µ ∈ P (Sub(Γ)) satisfy that ϕi → ϕ

and µi → µ as i→∞. Let F ⊆ Γ be �nite. Since ϕi → ϕ as i→∞, there is
N ∈ ω such that ϕ−1

i (F ) = ϕ−1(F ) for all i ≥ N . Therefore, as

(ϕi ·β µi)(NΓ
F ) = µi(N

Γ
ϕ−1
i (F )

) and (ϕ ·β µ)(NΓ
F ) = µ(NΓ

ϕ−1(F )),

we must have

(ϕi ·β µi)(NΓ
F )→ (ϕ ·β µ)(NΓ

F )

when i→∞. Hence, by Lemma 5.3.5, we conclude that Aut(Γ)yβP (Sub(Γ))

is continuous.

The following corollary is a direct consequence of the previous proposition.

Corollary 5.3.9. Let Γ be a countable group and let ∆ ≤ Aut(Γ) be a dense

subgroup. If θ ∈ P (Sub(Γ)) is invariant under the action of ∆, then θ ∈
CRS(Γ).

Proof. For each θ ∈ P (Sub(Γ)) it follows by Proposition 5.3.8 that the set{
ϕ ∈ Aut(Γ) | ϕ ·β θ = θ

}
is closed in Aut(Γ).
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5. Actions and invariant random subgroups

In other words, in order to obtain characteristic random subgroups, it is
enough to ensure that a Borel probability measure on Sub(Γ) is invariant under
the action of some countable dense subgroup of Aut(Γ).
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Chapter 6

Co-induction of invariant

random subgroups

The main goal of this chapter is to develop a co-induction operation for in-
variant random subgroups. To be more speci�c, if Γ ≤ ∆ are countable
groups, then there is a well-known co-induction operation cind∆

Γ : A(Γ, X, µ)→
A(∆, X∆/Γ, µ∆/Γ). It turns out that this operation descends to a well-de�ned
operation

cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ).

We will then construct a co-induction operation CIND∆
Γ : IRS(Γ) → IRS(∆)

such that the diagram

A˜(∆, X, µ) IRS(∆)

A˜(Γ, X, µ) IRS(Γ)

cind˜∆
Γ

type˜

type˜
CIND∆

Γ

commutes. This operation is going to be the foundation of the rest of this part
of the thesis, where we will apply it to obtain various families of well-behaved
invariant random subgroups.

In the �rst section we will examine the classical co-induction operation for
measure preserving group actions. We will give the de�nition, and present
various properties of this operation that will become useful in the following.
In the second section we will obtain the co-induction operation for invariant
random subgroups that we described above. The third section is devoted
to the study of continuity properties of both cind˜ ∆

Γ and CIND∆
Γ for pairs of

countable groups Γ ≤ ∆. We will obtain a complete characterization of when
CIND∆

Γ is continuous. Moreover, we will see that neither cind˜ ∆
Γ nor CIND∆

Γ is

85



6. Co-induction of invariant random subgroups

continuous when [∆ : Γ] = ∞. In the fourth and �nal section we investigate
properties of the co-induced invariant random subgroups. We will focus on
the case where [∆ : Γ] = ∞. In this case, the co-induced invariant random
subgroups will always be weakly mixing and we can characterize when they will
be non-atomic. As a by-product we also obtain a complete characterization of
when a co-induced action is free.

Unless speci�cally stated otherwise, all results in this chapter have been
obtained in joint work with Alexander S. Kechris and can also be found in
[22].

6.1 Co-induction of actions

We will here review the co-induction operation for actions, which is an op-
eration that transforms an action of a subgroup into an action of the bigger
group. We will consider various properties of this operation. In particular, we
will establish that it descends to an operation on the weak equivalence classes
of measure preserving group actions.

Let Γ ≤ ∆ be countable groups. Fix a transversal T ⊆ ∆ for the left cosets
in ∆/Γ, that is, a set of representatives for the left cosets. We have a natural
action σT : ∆× T → T given by

σT (δ, t) = t̃ ⇐⇒ t̃Γ = δtΓ,

and a cocycle ρT : ∆× T → Γ for this action given by

ρT (δ, t) = σT (δ, t)−1δt.

Now for a ∈ A(Γ, X, µ) we obtain the co-induced action aT ∈ A(∆, XT , µT )

given by

(δ ·aT f)(t) = ρT (δ−1, t)−1 ·a f(σT (δ−1, t))

for all t ∈ T . By considering the natural bijection ιS : ∆/Γ→ T , we may view
the co-induced action aT ∈ A(∆, X∆/Γ, µ∆/Γ) by letting

(δ ·aT f)(δ0Γ) = ρ(δ−1, ιT (δ0Γ))−1 ·a f(δ−1δ0Γ)

for all δ0 ∈ ∆.

We will now prove that the co-induced action is independent (up to isom-
etry) of the choice of transversal.
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6.1. Co-induction of actions

Proposition 6.1.1. Let Γ ≤ ∆ be countable groups. If T, S ⊆ ∆ are transver-

sals for the left cosets in ∆/Γ and a ∈ A(Γ, X, µ), then the actions aT , aS ∈
A(∆, X∆/Γ, µ∆/Γ) are isomorphic.

Proof. First consider the map ι : ∆/Γ→ Γ given by

ι(δ0Γ) = ιS(δ0Γ)−1ιT (δ0Γ)

and note that

ρS(δ, ιS(δ0Γ)) = ι(δδ0Γ)ρT (δ, ιT (δ0Γ))ι(δ0Γ)−1

for all δ, δ0 ∈ ∆. So ϕ : X∆/Γ → X∆/Γ given by ϕ(f)(δ0Γ) = ι(δ0Γ) ·a f(δ0Γ)

will satisfy
ϕ(δ ·aT f)(δ0Γ) = δ ·aS ϕ(f)(δ0Γ)

for all f ∈ X∆/Γ and δ, δ0 ∈ ∆. It is therefore easily seen that ϕ is an
isomorphism of aT and aS .

In light of Proposition 6.1.1, we will for each a ∈ A(Γ, X, µ) let cind∆
Γ (a) ∈

A(∆, X∆/Γ, µ∆/Γ) denote the co-induced action with respect to some transver-
sal. Note that a is a factor of cind∆

Γ (a)|Γ via the map f 7→ f(Γ) from X∆/Γ to
X, hence a � cind∆

Γ (a)|Γ. We also have the following �chain rule�.

Proposition 6.1.2. Let Λ ≤ Γ ≤ ∆ be countable groups and a ∈ A(Λ, X, µ).

The actions cind∆
Γ

(
cindΓ

Λ(a)
)
and cind∆

Λ (a) are isomorphic.

Proof. Let T ⊆ ∆ and S ⊆ Γ be transversals for the left cosets in ∆/Γ and
Γ/Λ, respectively. Then it is easily seen that TS = {ts | t ∈ T, s ∈ S} is a
transversal for the left cosets in ∆/Λ. One may check that

σTS(δ, ts) = σT (δ, t)σS(ρT (δ, t), s)

and hence that
ρTS(δ, ts) = ρS(ρT (δ, t), s)

for all s ∈ S, t ∈ T and δ ∈ ∆.
Next consider the map ϕ : (XS)T → XTS given by ϕ(f)(ts) = (f(t))(s)

for all t ∈ T and s ∈ S. Since

ϕ(δ ·(aS)T f)(ts) =
(

(δ ·(aS)T f)(t)
)

(s)

=
(
ρT (δ−1, t)−1 ·aS f(σT (δ−1, t))

)
(s)

= ρS(ρT (δ−1, t), s)−1 ·a
(
f(σT (δ−1, t))

)
(σS(ρT (δ−1, t), s))

= ρTS(δ−1, ts)−1 ·a ϕ(f)(σTS(δ−1, ts))

= (δ ·aTS ϕ(f)) (ts)
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6. Co-induction of invariant random subgroups

for all f ∈ (XS)T and δ ∈ ∆, we conclude that cind∆
Γ

(
cindΓ

Λ(a)
)
and cind∆

Λ (a)

are isomorphic, as wanted.

The next result, due to Ioana, characterizes when the co-induced action is
weakly mixing. For a proof see [18, Lemma 2.2.].

Proposition 6.1.3 (Ioana). Let Γ ≤ ∆ be countable groups and a ∈ A(Γ, X, µ).

(1) If [∆ : Γ] =∞, then cind∆
Γ (a) is weakly mixing.

(2) If [∆ : Γ] <∞, then cind∆
Γ (a) is weakly mixing if and only if a is weakly

mixing.

(3) The action cind∆
Γ (a)|Γ is weakly mixing if and only if a is weakly mixing.

Finally, we have the following result, due to Kechris, which ensures that
the co-induction operation is invariant under weak equivalence. The proof can
be found in [21, Proposition A.1].

Proposition 6.1.4 (Kechris). Let Γ ≤ ∆ be countable groups and a, b ∈
A(Γ, X, µ). If a � b, then we have cind∆

Γ (a) � cind∆
Γ (b).

Since any pair of isomorphic actions are weakly equivalent, it follows by
Proposition 6.1.1 and Proposition 6.1.4 that the map

cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ)

given by cind˜ ∆
Γ (a˜) = cind∆

Γ (a)

˜
is well-de�ned. In Section 6.3 we will address

the question of continuity of this map.

6.2 A co-induction operation on invariant random

subgroups

In this section we will use the connection between measure preserving actions
and invariant random subgroups to obtain a co-induction operation for invari-
ant random subgroups.

In the following, whenever we have countable groups Γ ≤ ∆, the normal

core of Γ in ∆ is the subgroup core∆(Γ) ≤ Γ given by

core∆(Γ) =
⋂
δ∈∆

δΓδ−1.

Clearly, core∆(Γ) is normal in ∆ and it is straightforward to prove that
core∆(Γ) =

⋂
t∈T tΓt

−1 for any transversal T ⊆ ∆ for the left cosets in ∆/Γ.
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6.2. A co-induction operation on invariant random subgroups

Theorem 6.2.1. Let Γ ≤ ∆ be countable groups and T ⊆ ∆ a transversal for

the left cosets in ∆/Γ. There exists a co-induction operation

CIND∆
Γ : IRS(Γ)→ IRS(∆)

such that

CIND∆
Γ (θ)(N∆

F ) =

{
0 if F * core∆(Γ)∏
t∈T θ(N

Γ
t−1Ft) if F ⊆ core∆(Γ)

and CIND∆
Γ (type(a)) = type(cind∆

Γ (a)) for all a ∈ A(Γ, X, µ).

Proof. Let θ ∈ IRS(Γ) and �x a ∈ A(Γ, X, µ) such that type(a) = θ. We will
show that type(cind∆

Γ (a)) ∈ IRS(∆) satis�es

type(cind∆
Γ (a))(N∆

F ) =

{
0 if F * core∆(Γ)∏
t∈T θ(N

Γ
t−1Ft) if F ⊆ core∆(Γ)

.

First we will prove the following claim.

Claim: We have that type(cind∆
Γ (a))(Sub (core∆(Γ))) = 1 and

type(cind∆
Γ (a))| Sub(core∆(Γ)) = type(cind∆

Γ (a)| core∆(Γ)).

Proof of Claim: Let σ : ∆× T → T and ρ : ∆× T → Γ be given by

σ(δ, t) = t̃ ⇐⇒ δtΓ = t̃Γ

and

ρ(δ, t) = σ(δ, t)−1δt.

Note that σ(δ, ·) : T → T is the identity if and only if δ ∈ core∆(Γ) for all δ ∈ ∆.
Now recall that for each a ∈ A(Γ, X, µ) the co-induced action aT = cind∆

Γ (a)

is given by

(δ ·aT f)(t) = ρ(δ−1, t)−1 ·a f(σ(δ−1, t))

for all t ∈ T , δ ∈ ∆ and f ∈ XT . Hence if δ ·aT f = f , then(
f(t), f(σ(δ−1, t))

)
∈ Ea

for all t ∈ T . Here Ea denotes the orbit equivalence relation induced by the
action a. This implies that

µT (FixaT (δ)) = µT
({
f ∈ XT | δ ·aT f = f

})
= 0
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for all δ ∈ ∆ \ core∆(Γ). Therefore, since

XT \ stab−1
aT

(Sub(core∆(Γ))) =
⋃

δ∈∆\core∆(Γ)

FixaT (δ),

we obtain type(cind∆
Γ (a))(Sub(core∆(Γ))) = 1. Moreover,

stabaT (f) ∈ Sub(core∆(Γ)) ⇐⇒ stabaT (f) = stabaT | core∆(Γ)(f)

for all f ∈ XT . Hence type(cind∆
Γ (a))| Sub(core∆(Γ)) = type(cind∆

Γ (a)| core∆(Γ)),
as wanted. �

Next note that cind∆
Γ (a)| core∆(Γ) = Πt∈Tat, where at ∈ A(core∆(Γ), X, µ)

is given by γ ·at x = t−1γt ·a x for each t ∈ T . Hence it follows from the claim
that

type(cind∆
Γ (a))(N∆

F ) =

{
0 if F * core∆(Γ)

type(
∏
t∈T at)(N

core∆(Γ)
F ) if F ⊆ core∆(Γ)

.

Therefore, as

type(
∏
t∈T

at)(N
core∆(Γ)
F ) =

∏
t∈T

type(a)(NΓ
t−1Ft) =

∏
t∈T

θ(NΓ
t−1Ft),

the conclusion follows.

Note that it follows by the invariance of θ that if T, S ⊆ ∆ are both
transversals for the left cosets ∆/Γ, then∏

t∈T
θ(Nt−1Ft) =

∏
s∈S

θ(Ns−1Fs).

So CIND∆
Γ (θ) does not depend on the chosen transversal.

An easy consequence of the previous theorem is that the type of the co-
induced action only depends on the type of the action.

Corollary 6.2.2. Let Γ ≤ ∆ be countable groups and a, b ∈ A(Γ, X, µ). If

type(a) = type(b), then type(cind∆
Γ (a)) = type(cind∆

Γ (b)).

Remark 6.2.3. If Γ ≤ ∆ are countable groups and θ ∈ IRS(Γ), we may
also view CIND∆

Γ (θ) as an element of IRS(Γ), since CIND∆
Γ (θ) is supported

on core∆(Γ) ≤ Γ. Moreover, any group Γ is contained in a countable group
∆ in such a way that for densely many ϕ ∈ Aut(Γ) there is δ ∈ ∆ such
that ϕ(γ) = δγδ−1 for all γ ∈ Γ. So we can use the co-induction operation
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CIND∆
Γ to transform invariant random subgroups of Γ into characteristic ran-

dom subgroups of Γ. In the case where Γ is centerless, we may simply identify
Γ with the subgroup of inner automorphisms in Aut(Γ). We will show how
this strategy can be applied to construct characteristic random subgroups of
F2 in Chapter 8.

Let Γ ≤ ∆ be countable groups. For each θ ∈ IRS(Γ) we can also obtain
CIND∆

Γ (θ) ∈ IRS(∆) in the following alternative way: Fix a transversal T for
the left cosets in ∆/Γ and θ ∈ IRS(Γ). View θ as a probability Borel measure
on Sub(∆) and for each t ∈ T de�ne the Borel probability measure θt on
Sub(∆) to be the pushforward of θ through the map Λ 7→ tΛt−1 from Sub(∆)

to Sub(∆). Then
θt(N

∆
F ) = θ(N∆

t−1Ft)

for all �nite F ⊆ ∆ and
θ∞ =

∏
t∈T

θt

is a Borel probability measure on Sub(∆)T . Moreover, we have an action
∆ya Sub(∆)T given by

δ ·a (Λt)t∈T = (δΛσT (δ−1,t)δ
−1)t∈T ,

where σT : ∆ × T → T is given by σT (δ, t) = t̃ if and only if δtΓ = t̃Γ. Next
note that θ∞ is invariant under a and that I : Sub(∆)T → Sub(∆) given by

I((Λt)t∈T ) =
⋂
t∈T

Λt

is a Borel map. In fact, we have

I (δ ·a (Λt)t∈T ) =
⋂
t∈T

δΛtδ
−1 = δI ((Λt)t∈T ) δ−1

for all (Λt)t∈T ∈ Sub(∆)T and δ ∈ ∆. So if we let θ∗ denote the pushforward
of θ∞ through I, we obtain that θ∗ ∈ IRS(∆). To see that θ∗ = CIND∆

Γ (θ),
note that

θ∗(N∆
F ) =

∏
t∈T

θt(N
∆
F ) =

{
0 if F * core∆(Γ)∏
t∈T θ(N

Γ
t−1Ft) if F ⊆ core∆(Γ)

for all F ⊆ ∆ �nite.

Remark 6.2.4. The action ∆ya(Sub(∆)T , θ∞) is weakly mixing when [∆ :

Γ] = ∞. Indeed, let b ∈ A(Γ, X, µ) satisfy that type(b) = θ and consider the
map F : X∆/Γ → Sub(∆)T given by

F ((xtΓ)t∈T ) = (t stabb(xtΓ) t−1)t∈T .
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It is straightforward to check that F is a factor map from cind∆
Γ (b) to a.

Therefore, since cind∆
Γ (b) is weakly mixing when [∆ : Γ] =∞, we obtain that

the same holds for a. From this we may also conclude that CIND∆
Γ (θ) is weakly

mixing when [∆ : Γ] = ∞. We will also provide a short proof of this fact in
Section 6.4 without appealing to this alternative construction.

Remark 6.2.5. One can also de�ne J : Sub(∆)T → Sub(∆) by

J((Λt)t∈T ) = 〈Λt | t ∈ T 〉,

where 〈Λt | t ∈ T 〉 denotes the subgroup generated by
⋃
t∈T Λt. Then

J (δ ·a (Λt)t∈T ) = δJ ((Λt)t∈T ) δ−1

for all (Λt)t∈T ∈ Sub(∆)T and δ ∈ ∆. So if we let θ∗∗ denote the pushforward
of θ∞ by J , then θ∗∗ ∈ IRS(∆) and θ∗∗ is weakly mixing when [∆: Γ] = ∞.
We will discuss this operation a bit further in Section 9.1.

6.3 Continuity of co-induction

In this section we will consider continuity properties of the co-induction opera-
tions cind˜ ∆

Γ : A˜(Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ) and CIND∆
Γ : IRS(Γ)→ IRS(∆)

for pairs of countable groups Γ ≤ ∆.

On the level of invariant random subgroups, we have the following complete
characterization of when the co-induction operation is continuous.

Proposition 6.3.1. Let Γ ≤ ∆ be countable groups. The co-induction opera-

tion CIND∆
Γ : IRS(Γ)→ IRS(∆) is continuous if and only if either [∆: Γ] <∞

or core∆(Γ) = {eΓ}.

Proof. It is easily seen that if core∆(Γ) = {eΓ}, then CIND∆
Γ (θ) = δ{eΓ} for any

θ ∈ IRS(Γ). Therefore in this case, the co-induction operation is continuous.
If [∆ : Γ] < ∞, then the operation is continuous because the product in the
description of CIND∆

Γ given in Theorem 6.2.1 is �nite.
Conversely, assume [∆ : Γ] = ∞ and core∆(Γ) 6= {eΓ}. For each n ∈ ω

let θn = 2−nδ{e} + (1 − 2−n)δΓ and note that θn → δΓ as n → ∞ in IRS(Γ).
However,

CIND∆
Γ (θn)(N∆

F ) =
∏
t∈T

θn(NΓ
t−1Ft) = 0

for any {eΓ} ( F ⊆ core∆(Γ) �nite, while

CIND∆
Γ (θ)(N∆

F ) =
∏
t∈T

δΓ(NΓ
t−1Ft) = 1
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6.3. Continuity of co-induction

for all F ⊆ core∆(Γ) �nite. Hence in this case, CIND∆
Γ is not continuous.

Next, since type˜ : A˜(Γ, X, µ) → IRS(Γ) is a homeomorphism when Γ is a
countable amenable group, we obtain the following corollary.

Corollary 6.3.2. Let Γ ≤ ∆ be countable groups and assume that ∆ is

amenable. The co-induction operation cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ)

is continuous if and only if either [∆ : Γ] <∞ or core∆(Γ) = {e}.

Next we will prove that the right implication of Corollary 6.3.2 holds in
general. Below we will for a countable group Γ let iΓ ∈ A(Γ, X, µ) denote the
trivial action, that is, the action given by γ ·iΓ x = x.

Proposition 6.3.3. Let Γ ≤ ∆ be countable groups. If [∆ : Γ] = ∞ and

core∆(Γ) 6= {e}, then cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(∆, X, µ) is not continuous.

Proof. Consider a sequence of actions (an)n ∈ A(Γ, X, µ) for which there exists
a sequence of Borel sets (Bn)n ⊆ X such that µ(Bn) = 2−n, an|Γ×Bn is free
and an|Γ×(X\Bn) is trivial for all n ∈ ω. Then, since

|µ(A ∩ C)− µ((γ ·an A) ∩ C)| < 2−n

for all γ ∈ Γ and A,C ⊆ X Borel, we must have an˜ → iΓ˜ as n → ∞ in
A˜(Γ, X, µ). Moreover,

type(an) = 2−nδ{e} + (1− 2−n)δΓ

for all n ∈ ω and hence it follows, as in the proof of Proposition 6.3.1, that
type(cind∆

Γ (an)) 9 type(cind∆
Γ (iΓ)) when n→∞ in IRS(∆). So cind˜ ∆

Γ cannot
be continuous.

Let Γ be a countable group. For each a ∈ A(Γ, X, µ) and n ∈ ω ∪ {ω} we
let an ∈ A(Γ, Xn, µn) be given by

(γ ·an f)(i) = γ ·a f(i)

for all i < n. Then the operation a˜ 7→ an˜ from A˜(Γ, X, µ) to A˜(Γ, Xn, µn)

is well-de�ned by [10, Proposition 3.28]. Moreover, by arguments similar to
those above, we obtain the following result.

Proposition 6.3.4. Let Γ be a countable group. The map a˜ 7→ aω˜ from

A˜(Γ, X, µ) to A˜(Γ, Xω, µω) is not continuous when Γ 6= {eΓ}.
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6. Co-induction of invariant random subgroups

Proof. Let (an)n ∈ A(Γ, X, µ) and (Bn)n ⊆ X be as in the proof of Proposition
6.3.3. Assume towards a contradiction that the map is continuous and that
Γ 6= {eΓ}. Then type(aωn)→ type(iωΓ) as n→∞ in IRS(Γ). However,

type(aωn)({Γ}) = µ

({∏
m∈ω

(X \Bn)

})
= 0

for all n ∈ ω, while type(iωΓ)({Γ}) = 1.

Remark 6.3.5. For each pair of countable groups Γ ≤ ∆ with a �xed transver-
sal T for the left cosets in ∆/Γ there is a connection between the continuity of
the map a˜ 7→ cind˜ ∆

Γ (a˜) from A˜(Γ, X, µ) to A˜(∆, XT , µT ) and the continuity of
the map a˜ 7→ aT˜ from A˜(Γ, X, µ) to A˜(Γ, XT , µT ). Indeed, it follows by [10,
Proposition 3.27 and Proposition 10.10] that the restriction operation b 7→ b|Γ
from A(∆, XT , µT ) to A(Γ, XT , µT ) descends to a well-de�ned continuous op-
eration b˜ 7→ b|Γ˜ from A˜(∆, XT , µT ) to A˜(Γ, XT , µT ). Moreover, if tγt−1 = γ

for all t ∈ T and γ ∈ Γ, then

cind∆
Γ (a)|Γ = aT

for all a ∈ A(Γ, X, µ). Hence in such cases, if a˜ 7→ cind˜ ∆
Γ (a˜) is continuous,

then so is a˜ 7→ an˜.

Remark 6.3.6. Our methods for proving the results in this section provide
no information about the continuity properties of the restricted map

cind˜ ∆
Γ : FR˜ (Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ)

for general pairs of countable groups Γ ≤ ∆. Nor do we know what happens
with the operation cind˜ ∆

Γ : A˜(Γ, X, µ) → A˜(∆, X, µ) in the case where [∆ :

Γ] <∞ and the groups are non-amenable.

It is shown in [4, Theorem 1.2], by completely di�erent methods, that the
operation a˜ 7→ a2˜ from A˜(Γ, X, µ) to A˜(Γ, X2, µ2) is not continuous when Γ is
a non-abelian free group. As a corollary, the map

cind˜ Γ×(Z/2Z)
Γ : A˜(Γ, X, µ)→ A˜(Γ× (Z/2Z), X2, µ2)

is not continuous when Γ is a non-abelian free group. Moreover, both of these
continuity results hold if we restrict the maps to the space FR˜ (Γ, X, µ). In
particular, this shows that the map cind˜ ∆

Γ : A˜(Γ, X, µ)→ A˜(∆, X∆/Γ, µ∆/Γ) is
not necessarily continuous when Γ ≤ ∆ are countable groups with [∆ : Γ] <∞.
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6.4. Properties of the co-induced invariant random subgroups

6.4 Properties of the co-induced invariant random

subgroups

In this section we have collected a series of useful results concerning the prop-
erties of the co-induced invariant random subgroups.

The �rst result ensures that a co-induced invariant random subgroup is
weakly mixing when Γ ≤ ∆ are countable groups with [∆ : Γ] =∞.

Proposition 6.4.1. Let Γ ≤ ∆ be countable groups with [∆ : Γ] = ∞. Then

cind∆
Γ (θ) ∈ IRS(∆) is weakly mixing for any θ ∈ IRS(Γ).

Proof. Let θ ∈ IRS(Γ) and a ∈ A(Γ, X, µ) be such that type(a) = θ. Then
cind∆

Γ (a) is weakly mixing by Lemma 6.1.3 and hence, by Theorem 6.2.1, so
is CIND∆

Γ (θ).

The previous proposition highlights why the co-induction operation is use-
ful if one is interested in obtaining weakly mixing invariant random subgroups.

Next we will provide a characterization of when the co-induced invariant
random subgroup is non-atomic in the in�nite index case. Below we will for
a countable group Γ and γ ∈ Γ write NΓ

γ instead of NΓ
{γ}. Moreover, for each

θ ∈ IRS(Γ) we let
ker(θ) =

{
γ ∈ Γ | θ(NΓ

γ ) = 1
}
.

Note that ker(θ) is a normal subgroup of Γ. Moreover, for any normal Λ ∈
Sub(Γ) we have ker(δΛ) = Λ. For the co-induced measure we have the following
result concerning the kernel.

Proposition 6.4.2. Let Γ ≤ ∆ be countable groups. Then

ker(CIND∆
Γ (θ)) = core∆(ker(θ))

for any θ ∈ IRS(Γ).

Proof. Fix a transversal T for the left cosets in ∆/Γ and let θ ∈ IRS(Γ). Then
for δ ∈ ∆ we have

δ ∈ ker(CIND∆
Γ (θ)) ⇐⇒ δ ∈ core∆(Γ) ∧ (∀t ∈ T ) θ(NΓ

t−1δt) = 1

⇐⇒ (∀t ∈ T ) δ ∈ t ker(θ)t−1

⇐⇒ δ ∈ core∆(ker(θ)),

as wanted.
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6. Co-induction of invariant random subgroups

The proposition above ensures that if CIND∆
Γ (θ) is a Dirac measure, then

CIND∆
Γ (θ) = δcore∆(ker(θ)). By use of this fact we easily obtain the following

result.

Proposition 6.4.3. Let Γ ≤ ∆ be countable groups with [∆ : Γ] =∞ and θ ∈
IRS(Γ). If T ⊆ ∆ is a transversal for the left cosets in ∆/Γ, then CIND∆

Γ (θ)

is non-atomic if and only if there is γ ∈ core∆(Γ) \ core∆(ker(θ)) such that∑
t∈T

(
1− θ(NΓ

t−1γt)
)
<∞

and θ(NΓ
t−1γt) > 0 for all t ∈ T .

Proof. First note that CIND∆
Γ (θ) is weakly mixing by Proposition 6.4.1. Hence

it follows by Proposition 5.1.6 and Proposition 6.4.2 that CIND∆
Γ (θ) is non-

atomic if and only if CIND∆
Γ (θ) 6= δcore∆(ker(θ)). The latter is easily seen to be

equivalent to the statement in the proposition.

It follows by Theorem 6.2.1 that if Γ ≤ ∆ are countable groups and
a ∈ A(Γ, X, µ), then cind∆

Γ (a) is free if and only if CIND∆
Γ (type(a)) = δ{eΓ}.

Moreover, note that for any γ ∈ Γ we have

type(a)(NΓ
γ ) = µ(Fixa(γ)).

Therefore by similar argumentation as in the proof of Proposition 6.4.3, we
obtain the following characterization of when the co-induced action is free.

Proposition 6.4.4. Let Γ ≤ ∆ be countable groups, a ∈ A(Γ, X, µ) and let

T ⊆ ∆ be a transversal for the left cosets in ∆/Γ. Then cind∆
Γ (a) is not free

if and only if for some γ ∈ core∆(Γ) \ {eΓ} we have∑
t∈T

(
1− µ(Fixa(t

−1γt))
)
<∞

and µ
(
Fixa(t

−1γt)
)
> 0 for all t ∈ T .

Note that for any γ ∈ Γ we have 1 − µ(Fixa(γ)) = du(γa, 1), where
1 ∈ Aut(X,µ) denotes the identity map and du refers to the metric inducing
the uniform topology on Aut(X,µ). Hence if [∆ : Γ] =∞ and the co-induced
action is non-free, then the conjugates of some γ ∈ core∆(Γ) \ {eΓ} under the
transversal T must uniformly converge very fast to the identity in Aut(X,µ).

We end this section with a short discussion of cases where the image of
the co-induction operation is minimal. It is clear that if Γ ≤ ∆ are countable
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groups and Λ ≤ ∆ is normal with Λ ⊆ Γ, then δΛ ∈ IRS(Γ) will satisfy that
CIND∆

Γ (δΛ) = δΛ. Thus all Dirac measures in IRS(∆) with support in Sub(Γ)

are contained in the image of the co-induction operation. In some cases these
are the only ones.

Proposition 6.4.5. Let ∆ be a countable group. If Z ≤ ∆ with [∆ : Z] =∞,

then any θ ∈ A(Z, X, µ) satis�es CIND∆
Γ (θ) = δcore∆(ker(θ)).

Proof. Let n ∈ ω be such that nZ = core∆(Z). For each t ∈ T and m ∈ nZ
we have t−1mt = ±m. So, since θ(NZ

m) = θ(NZ
−m), we obtain

CIND∆
Γ (θ)

(
N∆
m

)
= 1 ⇐⇒ m ∈ ker(θ)

and
CIND∆

Γ (θ)
(
N∆
m

)
= 0 ⇐⇒ m /∈ ker(θ),

as wanted.

Note that if every co-induced invariant random subgroup is a Dirac mea-
sure, then every co-induced action will have almost everywhere �xed stabilizers.
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Chapter 7

New constructions of

non-atomic, weakly mixing

invariant random subgroups

In this chapter we will apply the co-induction operation for invariant random
subgroups that we developed in the previous chapter to construct new exam-
ples of continuum size families of non-atomic, weakly mixing invariant random
subgroups for several classes of groups.

In the �rst section we isolate a su�cient criterion for a pair of countable
groups Γ ≤ ∆ that allows us to use the co-induction operation to construct
such families for ∆. In the second section we apply this criterion to construct
examples of these families for some classes of wreath products and HNN exten-
sions. In the third and fourth section, we will apply the co-induction operation
to construct such families for the non-abelian free groups and, more generally,
for certain free products of groups with normal amalgamation.

We should point out that for many of these classes of groups, other exam-
ples of such families have already been constructed. In [8] they use a completely
di�erent technique (including Pontryagin duality and a deep result of Adian in
combinatorial group theory) to obtain continuum size families of non-atomic,
weakly mixing characteristic random subgroups for the non-abelian free groups
Thus these provide examples of such families for any group containing a non-
abelian free group as a normal subgroup. In [17] they obtain constructions of
continuum size families of non-atomic weakly mixing invariant random sub-
groups for the same class of wreath products as we will consider here and for
the non-abelian free groups. Their method is again di�erent and involves what
they call intersectional invariant random subgroups. Other results concerning
invariant random subgroups of the lamplighter groups can be found in [7].

99
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subgroups

The results and constructions in this chapter have all been obtained in
joint work with Alexander S. Kechris and can also be found in [22].

7.1 A su�cient criterion

The goal of this section is to provide a su�cient criterion for an in�nite index
subgroup to generate continuum many non-atomic, weakly mixing co-induced
invariant random subgroups of the bigger group.

For a countable group Γ and a subset S ⊆ Γ we let 〈S〉Γ denote the sub-
group generated by S in Γ and 〈〈S〉〉Γ denote the normal subgroup generated
by S in Γ.

Proposition 7.1.1. Let Γ ≤ ∆ be countable groups with [∆ : Γ] = ∞ and

consider the statements:

(1) There exists a transversal T = {ti | i ∈ ω} for the left cosets in ∆/Γ and

γ0 ∈ core∆(Γ) such that the chain of normal subgroups (Γk,T,γ0)k∈ω given

by

Γk,T,γ0 = 〈〈t−1
i γ0ti | i ≥ k〉〉Γ

is not constant.

(2) There exists a continuum size family (θi)i∈I ∈ IRS(Γ) such that the

elements in the family
(
CIND∆

Γ (θi)
)
i∈I ∈ IRS(∆) are all non-atomic,

weakly mixing and satisfy that CIND∆
Γ (θi) 6= CIND∆

Γ (θj) for all i, j ∈ I
with i 6= j.

(3) There exists θ ∈ IRS(Γ) such that CIND∆
Γ (θ) ∈ IRS(∆) is non-atomic.

(4) There exists θ ∈ IRS(Γ) such that CIND∆
Γ (θ) ∈ IRS(∆) is not a Dirac

measure.

(5) For any transversal T = {ti | i ∈ ω} for the left cosets in ∆/Γ there is

γ0 ∈ core∆(Γ) such that the chain of subgroups (Γk,T,γ0)k∈ω given by

Γk,T,γ0 = 〈t−1
i γ0ti | i ≥ k〉Γ

is not constant.

It holds that (1) =⇒ (2) =⇒ (3) =⇒ (4) =⇒ (5).
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Proof. It is clear that (2) =⇒ (3) =⇒ (4). Below we will prove (1) =⇒ (2)

and (4) =⇒ (5).

For the implication (1) =⇒ (2), assume (1) holds for T and γ0. We will
�rst construct one θ ∈ IRS(Γ) such that CIND∆

Γ (θ) is non-atomic and weakly
mixing. Afterwards we will argue how to obtain continuum many. Let

θ =
∑
k∈ω

2−k−1δΓk,T,γ0
.

Then the non-constant assumption on the sequence (Γk,T,γ0)k∈ω ensures that
γ0 /∈ core∆(ker(θ)), as for some j, k ∈ ω with j ≤ k we have t−1

j γ0tj /∈ Γk,T,γ0 .
Moreover, it follows directly by the de�nition of θ that θ(NΓ

t−1
i γ0ti

) > 0 for all

i ∈ ω and that ∑
i∈ω

(
1− θ(NΓ

t−1
i γ0ti

)
)
<∞.

The assumptions of Proposition 6.4.3 are therefore satis�ed and hence we ob-
tain that CIND∆

Γ (θ) is non-atomic. Since [∆: Γ] = ∞, it will also be weakly
mixing by Proposition 6.4.1.

To construct continuum many of these, let N ∈ ω be least such that
ΓN+1,T,γ0 ( ΓN,T,γ0 and let

λ =
∑

k≤N+1

2−k−1.

Next �x S ⊆ {0, . . . , N} such that for all k ∈ ω we have t−1
k γ0tk /∈ ΓN+1,T,γ0

if and only if k ∈ S. For each r ∈ (0, λ) put

θr = rδΓ0,T,γ0
+ (λ− r)δΓN+1,T,γ0

+
∑

N+1<k

2−k−1δΓk,T,γ0

and note that
θr(N

Γ
t−1
k γ0tk

) = r

for all k ∈ S, while
θr(N

Γ
t−1
k γ0tk

) = θ(NΓ
t−1
k γ0tk

)

for all k /∈ S. Hence, by the description of the co-induction operation given in
Theorem 6.2.1, we obtain that

CIND∆
Γ (θr)

(
N∆
γ0

)
=
∏
k∈ω

θr(N
Γ
t−1
k γ0tk

) = r|S|
∏

k∈ω\S

θ(NΓ
t−1
k γ0tk

)

for all r ∈ (0, λ). We can therefore conclude that
(
CIND∆

Γ (θr)
)
r∈(0,λ)

is a con-
tinuum size family of non-atomic, weakly mixing invariant random subgroups

101



7. New constructions of non-atomic, weakly mixing invariant random
subgroups

of ∆, as wanted.

For the implication (4) =⇒ (5), assume that θ ∈ IRS(Γ) satis�es that
CIND∆

Γ (θ) is not a Dirac measure. Moreover, let T = {ti | i ∈ ω} be a transver-
sal for ∆/Γ. Then

CIND∆
Γ (θ)

(
N∆
F

)
=
∏
t∈T

θ(NΓ
t−1Ft)

for all �nite F ⊆ core∆(Γ). Since CIND∆
Γ (θ) is not a Dirac measure, there

exists γ0 ∈ core∆(Γ) such that CIND∆
Γ (θ)

(
N∆
γ0

)
∈ (0, 1). So if we let b ∈

A(Γ, X, µ) satisfy that type(b) = θ, then µ(Fixb(t−1
m γ0tm)) = λm < 1 for some

m ∈ ω and ∑
i∈ω

(
1− µ

(
Fixb(t

−1
i γ0ti)

))
<∞.

By convergence of the series, it follows that there is some N ∈ ω such that

µ
({
x ∈ X | (∀γ ∈ ΓN,T,γ0)γ ·b x = x

})
> λm.

We can therefore conclude that t−1
m γ0tm /∈ ΓN,T,γ0 , as wanted.

Note that if Γ in Proposition 7.1.1 is abelian, then all the statements are
equivalent. Moreover, the invariant random subgroups constructed in the proof
of (1) =⇒ (2) are not weakly mixing when restricted to Γ.

Remark 7.1.2. In general, if Γ ≤ ∆ is a normal subgroup, then T is a
transversal for the left cosets in ∆/Γ if and only if T−1 =

{
t−1 | t ∈ T

}
is a

transversal, as well. Therefore in this case, the statement

(1') There exists a transversal R for the left cosets in ∆/Γ and γ0 ∈ Γ such

that the chain of normal subgroups (Λk,R,γ0)k∈ω given by

Λk,R,γ0 = 〈〈riγ0r
−1
i | i ≥ k〉〉Γ

is not constant.

is equivalent to condition (1) in Propostition 7.1.1.

7.2 Wreath products and HNN extensions

We will in this section show how to apply the criterion in Proposition 7.1.1 to
obtain continuum size families of non-atomic, weakly mixing invariant random
subgroups for certain wreath products and HNN extensions.
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First we consider wreath products. Let G and H be countable groups and
consider the action Gyα ⊕G H given by g ·α f(g0) = f(g−1g0). The wreath

product of G by H is the semidirect product (⊕GH) oα G, which is denoted
by H oG.

Construction 7.2.1 (Wreath products). We will here construct continuum
many non-atomic, weakly mixing invariant random subgroups for wreath prod-
ucts of the form H o G, where G and H are countable groups such that G is
in�nite and H is non-trivial.

Let Γ = ⊕GH and ∆ = H o G. Then Γ ≤ ∆ is normal and G ⊆ ∆ is a
transversal for the left cosets ∆/Γ. Fix an enumeration G = {gi | i ∈ ω} and
let h0 ∈ H \ {eH}. De�ne γ0 ∈ Γ by

γ0(gi) =

{
eH if i 6= 0

h0 if i = 0
.

Now since
(
Γk,G,γ0

)
k∈ω is not constant, the proof of (1) =⇒ (2) in Proposition

7.1.1 provides a construction of continuum many non-atomic, weakly mixing
invariant random subgroups of H oG. •

Let Ω is a countable set and G a countable group with an action GyαΩ.
Consider the induced action Gyα ⊕Ω H given by (g ·α f)(w) = f(g−1 ·α w).
The semidirect product (⊕ΩH)oαG is called a generalized wreath product and
we denote such a wreath product by H oΩ G. Arguments similar to those in
Construction 7.2.1 also work for H oΩG when the action GyαΩ has an in�nite
orbit with �nite stabilizers.

Next we will consider HNN extensions over �small� subgroups. Let H be a
countable group, A ≤ H a subgroup and ϕ : A→ H an embedding. The HNN
extension of H relative to A and ϕ is the group

G = 〈H, t | (∀a ∈ A) t−1at = ϕ(a)〉,

i.e., the quotient of the free productH∗〈t〉 by 〈〈t−1atϕ(a)−1 | a ∈ A〉〉H∗〈t〉. We
will in our construction use the following theorem, which identi�es an HNN
extension with a semidirect product. A proof can be found in [6, Theorem
17.1].

Theorem 7.2.2. Consider the HNN extension

G = 〈H, t | (∀a ∈ A) t−1at = ϕ(a)〉,

103



7. New constructions of non-atomic, weakly mixing invariant random
subgroups

where H is a countable group, A ≤ H and ϕ : A → H is an embedding. Let

Hn = {hn | h ∈ H} for each n ∈ Z be a copy of H and put

F = 〈∗n∈ZHn | (∀j ∈ Z)(∀a ∈ A) aj+1 = ϕ(a)j〉.

Then G ∼= F oψ Z, where

ψ(h1
i1h

2
i2 · · ·h

k
ik

) = h1
i1+1h

2
i2+1 · · ·hkik+1

for all h1, . . . , hk ∈ H and i1, . . . , ik ∈ Z.

We will now show how to use this decomposition of an HNN extension to
obtain a continuum size family of non-atomic, weakly mixing invariant random
subgroups of certain HNN extensions.

Construction 7.2.3 (HNN extensions). We will here construct continuum
many non-atomic, weakly mixing invariant normal subgroups for HNN exten-
sions of the form G = 〈H, t | (∀a ∈ A) t−1at = ϕ(a)〉, where H is a countable
group, A ≤ H and ϕ : A→ H is an embedding such that 〈〈A∪ϕ(A)〉〉H 6= H.

Let F and ψ be as in Theorem 7.2.2 so that G ∼= F oψ Z. Put Γ = F

and ∆ = F oψ Z. Then Z ⊆ ∆ is a transversal for the left cosets in ∆/Γ.
Now let Λ = 〈〈A ∪ ϕ(A)〉〉H and consider for each i ∈ Z the homomorphism
fi : Hi → H/Λ given by fi(hi) = eΛ if i 6= 0 and f0(h0) = hΛ for all h ∈ H.
Then let f : Γ → H/Λ be the homomorphism induced by (fi)i∈Z. For a �xed
x ∈ H \ Λ we must have f(x0) 6= e, while f(xi) = e for all i 6= 0. This implies
that

x0 /∈ 〈〈ψi(x0) | i ∈ Z \ {0}〉〉Γ = 〈〈xi | i ∈ Z \ {0}〉〉Γ

and hence, using the proof of (1) =⇒ (2) in Proposition 7.1.1, we construct
continuum many non-atomic, weakly mixing invariant random subgroups of
G. •

The previous construction covers the case where ϕ is an automorphism of
a non-trivial normal subgroup of H. We also have the following application.

Corollary 7.2.4. If n,m ∈ Z \ {0} are not relatively prime, then there are

continuum many non-atomic, weakly mixing invariant random subgroups of

BS(n,m) = 〈x, t | txnt−1 = xm〉.

Proof. We have that BS(n,m) is the HNN extension of Z with respect to the
isomorphism ϕ : nZ → mZ given by ϕ(n) = m. So, since 〈〈nZ ∪ mZ〉〉Z =

gcd(n,m)Z, it follows by Construction 7.2.3 that there are continuum many
non-atomic, weakly mixing invariant random subgroups of BS(n,m).
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7.3. Non-abelian free groups

7.3 Non-abelian free groups

We will in this section turn our attention towards the non-abelian free groups.
First we will use the co-induction operation to construct continuum many non-
atomic, weakly mixing invariant random subgroups of F∞. Afterwards we will
present a di�erent construction that works for all non-abelian free groups.

Let F be a free non-abelian group. A set S ⊆ F is called a basis of F if F
is freely generated by S.

The idea in the �rst construction is to consider various semidirect products
of the form F∞ oϕ Z, where ϕ is induced by a permutation of some basis of
F∞. For each such semidirect product, we apply the co-induction operation
on a certain invariant random subgroup of F∞ to obtain a non-atomic, weakly
mixing invariant random subgroup of F∞ oϕ Z with support in F∞. We will
moreover ensure that the restriction to F∞ is weakly mixing and thereby obtain
a non-atomic, weakly mixing invariant random subgroup of F∞.

Since we need the co-induced invariant random subgroups to be weakly
mixing with respect to the action of F∞, we cannot just apply Proposition
7.1.1 as we did in the previous section.

Construction 7.3.1 (F∞). We will here construct continuum many non-
atomic, weakly mixing invariant random subgroups of F∞.

Fix a basis F∞ = 〈b, ak | k ∈ ω〉. Let (Bk)k ⊆ X be a sequence of Borel
sets such that for each k, i, j ∈ ω we have µ(Bk) = 2−k−1 and Bj ∩ Bi = ∅ if
i 6= j. For each k ∈ ω put

Ak = X \

⋃
k<j

Bj


and �x a free action F∞yαkBk. Then de�ne α ∈ A(F∞, X, µ) by ak ·α x = x

if x ∈ Ak and ak ·α x = ak ·αj x if x ∈ Bj for some j > k. Finally, let b act as
a weakly mixing transformation on X to ensure that α is weakly mixing.

Next let S ⊆ ω be in�nite and let πS : ω → ω be a permutation which is
transitive on S and �xes every element of ω \ S. De�ne ϕS : Z → Aut(F∞)

by ϕz(b) = b and ϕz(ak) = aπzS(k) for all z ∈ Z and k ∈ ω. Consider ∆S =

F∞ oϕS Z and let

θS = type
(

cind∆S
Γ (α)|F∞

)
=
(

CIND∆S
Γ (type(α))

)
|Sub(F∞)

∈ IRS(F∞).
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Note that θS is weakly mixing by Proposition 6.1.3 and that θS is non-atomic,
since

θS(N∆S
ak

) =
∏
k∈S

µ(Fixα(ak)) ∈ (0, 1) ⇐⇒ k ∈ S

for all k ∈ ω. Moreover, this implies that whenever S, T ⊆ ω are in�nite
with S 6= T we have θS 6= θT . Hence the family {θS | S ⊆ ω in�nite} consti-
tutes a continuum size family of non-atomic, weakly mixing invariant random
subgroups of F∞. •

In the next construction we consider Fn for some n ∈ ω ∪ {ω} with n ≥ 2

and a certain copy of F∞ inside Fn. The idea is to construct a continuum size
family of invariant random subgroups of F∞ such that the co-induced invariant
random subgroups constitute a family of non-atomic, weakly mixing invariant
random subgroups of Fn. We will moreover ensure that the obtained invariant
random subgroups are weakly mixing when restricted to this copy of F∞ as
well.

Construction 7.3.2 (Non-abelian free groups). Let n ∈ ω∪{∞} with n ≥ 2.
We will here construct continuum many non-atomic, weakly mixing invariant
random subgroups of Fn.

Fix a basis Fn = 〈ai | i < n〉 and consider the surjective group homomor-
phism ϕ : Fn → Z given by ϕ(a0) = 1 and ϕ(ai) = 0 for 0 < i < n. Then let
Γ = ker(ϕ) and note that

Γ = 〈a−k0 aia
k
0 | k ∈ Z, 0 < i < n〉.

The set
{
a−k0 aia

k
0 | k ∈ Z, 0 < i < n

}
freely generates Γ as a copy of F∞ inside

Fn. Moreover, the set T =
{
ak0 | k ∈ Z

}
constitutes a transversal for the left

cosets in Fn/Γ.
Now for each λ ∈ (0, 1) let (T λk )k∈Z ∈ Aut(X,µ) satisfy that the action

induced by 〈T λ−1, T
λ
0 , T

λ
1 〉 is weakly mixing and

µ(Fix(T λk )) =


3−1 if |k| < 2

λ if |k| = 2

1− 2−k−1 if |k| > 2

for each k ∈ Z. One way to choose T λ−1, T
λ
0 , T

λ
1 is to decompose X as X =

X−1 tX0 tX1 such that µ(X−1) = µ(X0) = µ(X1) = 3−1 and then let Tj be
weakly mixing when restricted to X \Xj and trivial on Xj for j ∈ {−1, 0, 1}.
Next de�ne an action αλ ∈ A(Γ, X, µ) by letting a−k0 a1a

k
0 ·αλ x = T λk (x) and

a−k0 aia
k
0 ·αλ x = x for all 1 < i < n and k ∈ Z. Then put θλ = type(αλ)
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7.4. Free products with normal amalgamation

and note that all conditions of Proposition 6.4.3 are satis�ed with respect to
a1 ∈ Γ. Hence CIND∆

Γ (θλ) is non-atomic. Finally, since [Fn : Γ] =∞ and

CINDFn
Γ (θλ)(NFn

a1
) =

∏
k∈Z

θλ(NΓ
a−k0 a1ak0

) = λ23−3
∏

k∈Z\{−2,...,2}

(1− 2−k−1)

for each λ ∈ (0, 1), the family (CINDFn
Γ (θλ))λ∈(0,1) constitutes a continuum

size family of non-atomic, weakly mixing invariant random subgroups of Fn.
In fact, since each aλ ∈ A(Γ, X, µ) is weakly mixing, it follows by Proposition
6.1.3 that each CINDFn

Γ (θλ)| Sub(Γ) ∈ IRS(Γ) is weakly mixing as well. •

Note that if in Construction 7.3.2 we did not care that CINDFn
Γ (θλ)| Sub(Γ) ∈

IRS(Γ) is weakly mixing for each λ ∈ (0, 1), one could just omit the require-
ment that the action induced by 〈T λ−1, T

λ
0 , T

λ
1 〉 is weakly mixing.

Using an action similar to the one in Construction 7.3.2, we obtain the
following algebraic fact.

Corollary 7.3.3. Let s, w1, w2, . . . ∈ F∞ satisfy w−1
i swi 6= w−1

j swj for all

i, j ∈ ω with i 6= j. Then the set{
w−1
n swn | n ∈ ω

}
does not extend to a basis of F∞.

Proof. Assume towards a contradiction that we may extend the set to a basis
of F∞. Then we would have that

{
w−1
n swn | n ∈ ω

}
generates a copy F∞ of

F∞ as a subgroup of F∞. So let a ∈ A(F∞, X, µ) be an action such that
du((w−1

n swn)a, 1) 6= 0 for all n ∈ ω and

du((w−1
n swn)a, 1)→ 0

as n→∞ in Aut(X,µ). Now, since the set extends to a basis, we may extend
a to an action b ∈ A(F∞, X, µ). Hence we obtain that

du((w−1
n swn)a, 1) = du((w−1

n swn)b, 1) = du((w−1
n )bsbwbn, 1) = du(sb, 1)

for all n ∈ ω, which contradicts the convergence above.

7.4 Free products with normal amalgamation

In this section we will use the co-induction operation to give constructions of
non-atomic, weakly mixing invariant random subgroups of certain free prod-
ucts of groups with normal amalgamation.
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Recall that if G and H are countable groups and A ≤ G,H is a shared
subgroup, then we may form the group

G ∗A H = 〈G ∗H | (∀a ∈ A) aG = aH〉,

where aG ∈ G and aH ∈ H denote the copies of an element a ∈ A in the
groups G and H, respectively. Note that G ∗A H is the quotient of the free
product G ∗H by 〈〈aGa−1

H | a ∈ A〉〉G∗H . Groups of this form are called free

products with amalgamation.

First we will consider free products without amalgamation and afterwards
argue how this construction generalizes to some free products of groups with
normal amalgamation.

Construction 7.4.1 (Free products). We will here construct continuum many
non-atomic, weakly mixing invariant random subgroups of G ∗ H, where G
and H are non-trivial countable groups with H in�nite. The invariant random
subgroups will have support in

Γ = 〈[g, h] | g ∈ G, h ∈ H〉

and we can ensure that these invariant random subgroups are weakly mixing
when restricted to Γ as well.

Let ∆ = G∗H. Consider the natural group homomorphism ϕ : ∆→ G×H
and put Γ = kerϕ. Then Γ is freely generated by the commutators

Γ = 〈[g, h] | g ∈ G \ {eG} , h ∈ H \ {eH}〉,

where [g, h] = ghg−1h−1. Moreover, T = {gh | g ∈ G, h ∈ H} is a transversal
for the left cosets in ∆/Γ. Now �x g0 ∈ G \ {eG} and h0 ∈ H \ {eH}. For
each λ ∈ (0, 1) let aλ ∈ A(Γ, X, µ) satisfy that µ(Fixaλ([g0, h0])) = λ and
µ(Fixaλ([g, h])) = 1 for all g ∈ G \ {eG, g0} and h ∈ H \ {eH , h0}. Put
θλ = type(aλ) and note that

CIND∆
Γ (θλ)

(
N∆

[g0,h0]

)
=
∏
gh∈T

θλ

(
NΓ
h−1g−1[g0,h0]gh

)
.

We have

h−1g−1[g0, h0]gh = [h−1, g−1g0][g−1g0, h
−1h0][h−1h0, g

−1][g−1, h−1]

for all g ∈ G and h ∈ H. So [g0, h0] or its inverse is in the word of

h−1g−1[g0, h0]gh

108



7.4. Free products with normal amalgamation

if and only if

(g, h) ∈
{

(eG, h
−1
0 ), (eG, eH), (g−1

0 , eH), (g−1
0 , h−1

0 )
}
.

Therefore CIND∆
Γ (θλ)

(
N∆

[g0,h0]

)
= λ4 and so

(
CIND∆

Γ (θλ)
)
λ∈(0,1)

constitutes
a continuum size family of non-atomic, weakly mixing invariant random sub-
groups of ∆.

To ensure that the co-induced invariant random subgroups are weakly mix-
ing when restricted to Γ, let h1, h2, h3 ∈ H \{eH} satisfy that h0, h1, h2, h3 are
distinct and that hjh0 6= hi, hjh

−1
0 6= hi for all i, j ∈ {0, 1, 2, 3}. Then modify

aλ such that the action of

〈[g0, h1], [g0, h2], [g0, h3]〉

is weakly mixing and satis�es µ(Fixaλ([g0, hi])) = 1/3 for 1 ≤ i ≤ 3. Note that
the constrains on h0, h1, h2, h3 ensure that at most one of [g0, hi] satis�es that
it or its inverse is in the word

[h−1, g−1g0][g−1g0, h
−1h0][h−1h0, g

−1][g−1, h−1]

when g ∈ G and h ∈ H. Moreover, as with [g0, h0], each will appear exactly
four times. So we have

CIND∆
Γ (θλ)

(
N∆

[g0,h0]

)
= λ43−12.

Once again,
(
CIND∆

Γ (θλ)
)
λ∈(0,1)

constitutes a continuum size family of non-
atomic, weakly mixing invariant random subgroups of ∆. These will now also
be weakly mixing when restricted to Γ by Proposition 6.1.3. •

In order to generalize Construction 7.4.1 to some free products with normal
amalgamation, we note the following well-known simple fact.

Proposition 7.4.2. Let ∆ and Γ be countable groups and ϕ : ∆→ Γ a surjec-

tive group homomorphism. There is an embedding Ψ: IRS(Γ)→ IRS(∆) such

that if θ ∈ IRS(Γ) is ergodic, weakly mixing or non-atomic, then so is Ψ(θ).

Proof. First note that the map Φ: Sub(Γ)→ Sub(∆) given by Φ(Λ) = ϕ−1(Λ)

is a continuous injection with image

Φ(Sub(Γ)) = {Λ ∈ Sub(∆) | ker(ϕ) ⊆ Λ} .

Therefore Φ(Sub(Γ)) ⊆ Sub(∆) is closed and Φ: Sub(Γ) → Φ(Sub(Γ)) is a
homeomorphism.
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Next let θ ∈ IRS(Γ) and let θ∗ denote the pushforward of θ through Φ.
Then

θ∗(N∆
F ) = θ(NΓ

ϕ(F ))

for any �nite F ⊆ ∆. Hence θ∗ ∈ IRS(∆) and θ∗ is supported on Φ(Sub(Γ)).
Moreover, the map Ψ: IRS(Γ)→ IRS(∆) given by Ψ(θ) = θ∗ is injective and
continuous by Proposition 5.3.5. Therefore Ψ(IRS(Γ)) ⊆ IRS(∆) is closed and
Ψ: IRS(Γ) → Ψ(IRS(Γ)) is a homeomorphism. It is now straightforward to
check that if θ is ergodic, weakly mixing or non-atomic, then so is Ψ(θ).

Note that it follows by Proposition 7.4.2 that for any countable group Γ

there is an embedding ι : IRS(Γ)→ IRS(F∞).

Remark 7.4.3. Assume we are in the setting of Proposition 7.4.2 and its
proof. If θ ∈ IRS(Γ) and a ∈ A(Γ, X, µ) satisfy type(a) = θ, then the action
b ∈ A(∆, X, µ) given by δ ·b x = ϕ(δ) ·a x will satisfy type(b) = Ψ(θ).

We can now apply Proposition 7.4.2 to obtain the following two construc-
tions.

Construction 7.4.4 (Free products with normal amalgamation). We will
here construct continuum many non-atomic, weakly mixing invariant random
subgroups of G ∗A H, where G and H are countable groups, A ≤ G,H is a
shared normal subgroup such that G/A is non-trivial and H/A is in�nite.

First note that we have a natural surjective group homomorphism ϕ : G∗A
H → G/A ∗H/A. Hence it follows by Proposition 7.4.2 that there is an em-
bedding Ψ: IRS(G/A ∗ H/A) → IRS(G ∗A H) such that Ψ(θ) is non-atomic
and weakly mixing if θ is non-atomic and weakly mixing. Now let (νλ)λ∈(0,1)

denote the continuum size family of non-atomic, weakly mixing invariant ran-
dom subgroups of G/A∗H/A obtained by Construction 7.4.1. Then the family
(Ψ(θλ))λ∈(0,1) constitutes a continuum size family of non-atomic, weakly mix-
ing invariant random subgroups of G ∗A H. •

Construction 7.4.5 (Countable free products). We will here construct con-
tinuum many non-atomic, weakly mixing invariant random subgroups of the
countable free products of the form ∗i∈ωHi, where (Hi)i is a sequence of count-
able groups with H0 in�nite and H1 non-trivial.

This is done exactly as in Construction 7.4.4 by considering the natural
surjective group homomorphism ϕ : ∗i∈ω Hi → H0 ∗H1. •
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Chapter 8

Characteristic random

subgroups of F2

In this chapter we will use the co-induction operation to construct continuum
many non-atomic characteristic random subgroups of F2. Moreover, these
characteristic random subgroups will be weakly mixing with respect to the
action of Aut(F2). Other examples of such families are already known. As al-
ready mentioned, in [8] they obtain continuum size families of non-atomic char-
acteristic random subgroups on the non-abelian free groups that are weakly
mixing with respect to the usual conjugation action of the group itself. Their
construction uses Pontryagin duality and a deep result of Adian in combinato-
rial group theory, whereas the construction we present here is very elemental.

Our idea is to identify F2 with the normal subgroup of inner automor-
phisms Inn(F2) ≤ Aut(F2). Note that the action Aut(F2)ySub(F2) given by
ϕ · Λ = ϕ(Λ) corresponds to the conjugation action Aut(F2)ySub(Inn(F2)).
Therefore in order to obtain a continuum size family of non-atomic character-
istic random subgroups of F2 that are each weakly mixing with respect to the
action of Aut(F2), it su�ces to ensure that Condition (1') in Remark 7.1.2 is
satis�ed for the pair Inn(F2) ≤ Aut(F2). To do so, we will use small cancella-
tion theory, which is a useful tool to show that a given element of a non-abelian
free group does not lie in a speci�c normal subgroup.

In the �rst section we will brie�y introduce the small cancellation theory
needed for our purposes. We will then prove the main result of this chapter,
which will allow us to conclude that Condition (1') in Remark 7.1.2 is satis�ed.
In the second section we will construct a continuum size family of non-atomic
characteristic invariant random subgroups of F2 that are weakly mixing with
respect to the action of Aut(F2). This will be an easy consequence of the main
result from the �rst section.
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All results and constructions in this chapter, except Theorem 8.1.2, have
been obtained in joint work with Alexander S. Kechris and can also be found
in [22].

8.1 Small cancellation theory

We will here present a few notions and a result from small cancellation theory.
Afterwards we will state and prove the main theorem of this chapter.

We will below consider the non-abelian free groups. So let n ∈ ω∪{∞} with
n ≥ 2 and choose a basis Fn = 〈ai | i < n〉. We will now �x some terminology.
A word is a product s0s1 · · · sk−1, where sj ∈

{
ai, a

−1
i | i < n

}
for all j < k.

We say that a word s0s1 · · · sk−1 is reduced if sj 6= s−1
j+1 for all j < k − 1, and

a reduced word s0s1 · · · sk−1 is called cyclically reduced if s0 6= s−1
k−1. We think

of an element x ∈ Fn as represented by the unique reduced word s0s1 · · · sk−1

such that x = s0s1 · · · sk−1. In particular, when we talk about a word or an
element of Fn, we mean the reduced word that represents it. Moreover, we will
denote by |x| the length of this word. For a subset S ⊆ Fn we let S̃ denote
the set of all cyclically reduced cyclic conjugates of the words in S and their
inverses.

De�nition 8.1.1. Let n ∈ ω ∪ {∞} be such that n ≥ 2. A subset S ⊆ Fn
satis�es the C ′(1/6) cancellation property if whenever u ∈ Fn is an initial
segment of x, y ∈ S̃ with x 6= y, then |u| < 1

6 min {|x|, |y|} .

The next theorem highlights why this property is of interest to us. A proof
can be found in [24, Theorem 4.5 in Chapter V].

Theorem 8.1.2. Let n ∈ ω ∪ {∞} be such that n ≥ 2. If S ⊆ Fn satis�es the

C ′(1/6) cancellation property and z ∈ 〈〈S〉〉 \ S̃ is a cyclically reduced word,

then there is x ∈ S̃ such that |x| < |z|.

The previous theorem states that if we consider the normal subgroup 〈〈S〉〉
of Fn induced by a set S of words satisfying the C ′(1/6) cancellation property,
then any cyclically reduced x ∈ 〈〈S〉〉, which is not a cyclic conjugate of an
element in S, must be longer than the shortest element in S̃.

The goal for the rest of this section is to prove the following theorem.

Theorem 8.1.3. Fix a basis F2 = 〈a, b〉 and let w = aba2b2 · · · anbn for some

n > 101. Then there is a transversal T for the left cosets in Aut(F2)/ Inn(F2)
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such that the set

{η(w) | η ∈ T}

satis�es the C ′(1/6) cancellation property.

Fix a basis F2 = 〈a, b〉 and consider the automorphisms χ, ξ, ϕ, ψ, τ ∈
Aut(F2) given by

χ(a) = a, χ(b) = b−1, ξ(a) = a−1, ξ(b) = b, τ(a) = b,

τ(b) = a, ϕ(a) = ab, ϕ(b) = b, ψ(a) = a and ψ(b) = ba.

Let Fr+(ϕ,ψ) denote the set of automorphisms generated by using only ϕ and
ψ (and not ϕ−1, ψ−1). Then it follows by [12, Section 3] that

T = {ρ, ρτ, ξσ, ξστ, ρξ, ρτξ, ξσξ, ξστξ, ρχ, ρτχ, ξσχ,
ξστχ, ρξχ, ρτξχ, ξσξχ, ξστξχ | σ, ρ ∈ Fr+(ϕ,ψ), σ 6= 1}

is a transversal for the left cosets in Aut(F2)/ Inn(F2). Note that 1 ∈ Fr+(ϕ,ψ)

denotes the identity map. Consider also the word

w = aba2b2a3b3 · · · anbn

for some �xed n > 101. The rest of this section constitutes a proof of the fact
that the family

{η(w) | η ∈ T}

satis�es the C ′(1/6) cancellation property. This is done by a case-by-case
analysis.

Put

w0 = w = aba2b2 · · · anbn

w1 = ξχ(w) = a−1b−1a−2b−2 · · · a−nb−n

w2 = ξ(w) = a−1ba−2b2 · · · a−nbn

w3 = χ(w) = ab−1a2b−2 · · · anb−n

w4 = τw = bab2a2 · · · bnan

w5 = τξχ(w) = b−1a−1b−2a−2 · · · b−na−n

w6 = τξ(w) = b−1ab−2a2 · · · b−nan

w7 = τχ(w) = ba−1b2a−2 · · · bna−n.

and let vi = w−1
i for all 0 ≤ i ≤ 7. Below we will use the following termi-

nology. For two words x, y ∈ F2 a cancellation of x and y is a string u ∈ F2
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which appears in the reduced cycles of both x and y. We say that u is a bad

cancellation of x and y if

|u| ≥ 1/6 min {‖x‖, ‖y‖} .

Here ‖ · ‖ denotes the length of the induced cyclically reduced word. We call a
cancellation maximal if it cannot be extended. The goal is then to prove that
there is no bad cancellation between any pair of words in the set

B = {ρ(wi), ξσ(wi), ρ(vi), ξσ(vi) | σ, ρ ∈ Fr+(ϕ,ψ), σ 6= 1, 0 ≤ i ≤ 7} .

Let

B0 = {ρ(wi), ρ(vi) | ρ ∈ Fr+(ϕ,ψ), 0 ≤ i ≤ 7}
B1 = {ξσ(wi), ξσ(vi) | σ ∈ Fr+(ϕ,ψ) \ {1} , 0 ≤ i ≤ 7} .

Then it su�ces to prove that there is no bad cancellation among the words in
B0, and then prove that there cannot be any bad cancellation between a word
from B0 and a word from B1.

Before we do this, we will prove two lemmas upon which most of the
remaining arguments are based.

To state the �rst lemma, we will for a word x ∈ F2 let x ∈ F2 denote
the word obtained from x by switching every negative power of a and b to be
positive.

Lemma 8.1.4. Let x, y ∈ F2, ρ ∈ Fr+(ϕ,ψ) and let q be a cancellation of

ρ(x) and ρ(y). Assume N ∈ ω satis�es that for any cancellation c of x and y

the total number of a's and the total number of b's in c are both less than N .

Then

|q| ≤ (N + 2) (|ρ(a)|+ |ρ(b)|) .

Proof. First let S ∈ {ϕ,ψ} and u ∈ {a, b} be such that u = a ⇐⇒ S = ψ.
Assume that q is a maximal cancellation of S(x) and S(y). By checking the
preimages of all possible neighbourhoods of q in the reduced cycle induced by
S(x) and S(y), one �nds that there is a maximal cancellation c of x and y

such that q is equal to one of the strings:

S(c), uS(c), S(c)u−1 or uS(c)u−1.

Next for ρ ∈ Fr+(ϕ,ψ) we let S0, . . . , SN ∈ {ϕ,ψ} and u0, . . . , uN ∈ {a, b}
be such that ρ = SN · · ·S0 and ui = a ⇐⇒ Si = ψ for all 0 ≤ i ≤ N . Observe
that

ρ(ab) = abuNSN (uN−1)(SNSN−1)(uN−2) · · · (SN · · ·S1)(u0)
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and |ρ(ab)| = |ρ(a)|+ |ρ(b)|. Now let q be a maximal cancellation of ρ(x) and
ρ(y). Then, by repeating the argument above, there is a maximal cancellation
c of x and y such that

|q| ≤ |uN |+
N∑
j=1

|(SN · · ·Sj)(uj−1)|+ |ρ(c)|+
N∑
j=1

|(SN · · ·Sj)(u−1
j−1)|+ |u−1

N |

≤ 2|ρ(ab)|+ |ρ(c)|
≤ (N + 2) (|ρ(a)|+ |ρ(b)|) ,

as wanted.

Note that the proof above also shows that if C is the set of cancellations
between x and y, then for any cancellation q of ρ(x) and ρ(y) we have

|q| ≤ max { |ρ(c)| | c ∈ C}+ 2(|ρ(a)|+ |ρ(b)|).

The previous lemma provides a tool to bound the length of a cancellation
between two words in B0 from above. The next lemma bounds the length of
a word in B0 from below. We will in the following call x ∈ F2 positive if x
consists only of positive powers of a and b. Similarly, we say x ∈ F2 is negative
if x consists only of negative powers of a and b. It is clear that if x is either
positive or negative, then |x| = ‖x‖.

Lemma 8.1.5. Let ρ ∈ Fr+(ϕ,ψ) and z ∈ {w0, v0, . . . , w7, v7}. Then

‖ρ(z)‖ ≥
(
n(n− 1)

2
− 2n

)
(|ρ(a)|+ |ρ(b)|) .

Proof. It is enough to consider w0, . . . , w7. If z ∈ {w0, w1, w4, w5}, then

‖ρ(z)‖ =
n(n− 1)

2
(|ρ(a)|+ |ρ(b)|) ,

since there is no cancellation.
For the remaining cases, we will begin with some observations. Assume

p, p+, p− ∈ F2 satisfy that p = p+p− is reduced, p+ is positive and p− is nega-
tive. Moreover, let S ∈ {ϕ,ψ} and u ∈ {a, b} be such that u = a ⇐⇒ S = ψ.
Then S(p) = S(p+)S(p−). If both p+ and p− are non-trivial, then S(p+) will
end with u and S(p−) will begin with u−1. Thus uu−1 will be removed in
the product. Since p+p− is reduced, there will not be any other reduction in
S(p+)S(p−). Note also that S(p+) is positive and S(p−) is negative. Lastly,
note that if instead p = p−p+ is reduced, then S(p) = S(p−)S(p+) is also
reduced.
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Now let x ∈ F2 be neither positive nor negative and let ρ ∈ Fr+(ϕ,ψ).
Fix S0 . . . , SN ∈ {ϕ,ψ} and u0, . . . , uN ∈ {a, b} such that ρ = SN · · ·S0 and
ui = a ⇐⇒ Si = ψ for all 0 ≤ i ≤ N .

First assume that Sj · · ·S0(x) is neither positive nor negative for all 0 ≤
j < N . Then for each 0 ≤ i ≤ N we �x ki ≥ 1 together with positive
p1

(i,+), . . . p
ki
(i,+) ∈ F2 \ {eF2} and negative p1

(i,−), . . . , p
ki
(i,−) ∈ F2 \ {eF2} such

that for each 0 ≤ i < N there is a cyclically reduced cyclic conjugate of x and
of Si · · ·S0(x) of the form

p1
(0,+)p

1
(0,−)p

2
(0,+)p

2
(0,−) · · · p

k0

(0,+)p
k0

(0,−)

and
p1

(i+1,+)p
1
(i+1,−)p

2
(i+1,+)p

2
(i+1,−) · · · p

ki+1

(i+1,+)p
ki+1

(i+1,−),

respectively. Then k0 ≥ k1 ≥ · · · ≥ kN and hence, by the observations above,
we have

‖ρ(x)‖ = |ρ(x)| − 2kN |uN | −
N−1∑
i=0

2ki|SN · · ·Si+1(ui)|

≥ |ρ(x)| − 2k0 (|ρ(a)|+ |ρ(b)|) .

Next assume that 0 ≤ j < N is least such that Sj · · ·S0(x) is either positive
or negative. Then, as before, we may for each 0 ≤ i ≤ j chose li ≥ 1 together
with positive q1

(i,+), . . . q
li
(i,+) ∈ F2 \ {eF2} and negative q1

(i,−), . . . , q
li
(i,−) ∈ F2 \

{eF2} such that for each 0 ≤ i < j there is a cyclically reduced cyclic conjugate
of x and of Si · · ·S0(x) of the form

q1
(0,+)q

1
(0,−)q

2
(0,+)q

2
(0,−) · · · q

l0
(0,+)q

l0
(0,−)

and
q1

(i+1,+)q
1
(i+1,−)q

2
(i+1,+)q

2
(i+1,−) · · · q

li+1

(i+1,+)q
li+1

(i+1,−),

respectively. Then l0 ≥ l1 ≥ · · · ≥ lj and hence, by the observations above, we
have

‖ρ(x)‖ = |ρ(x)| −
j∑
i=0

2li|SN · · ·Si+1(ui)|

≥ |ρ(x)| − 2l0 (|ρ(a)|+ |ρ(b)|) .

Finally, note that for any z ∈ {w2, w3, w6, w7} we can chose k0, l0 = n in
the argument above. Thus, as

|ρ(z)| = n(n− 1)

2
(|ρ(a)|+ |ρ(b)|) ,
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8.1. Small cancellation theory

we obtain

‖ρ(z)‖ ≥
(
n(n− 1)

2
− 2n

)
(|ρ(a)|+ |ρ(b)|) ,

as desired.

Note that

8n <
1

6

(
n(n− 1)

2
− 2n

)
,

since n > 101. We will use this repeatedly below to conclude that there is no
bad cancellation in the various cases.

We will now begin to argue that there is no bad cancellation between two
words from B0. The following decomposition will be useful. Form ∈ {1, . . . , n}
let

wm0 = ambm wm1 = a−mb−m wm3 = amb−m

wm4 = bmam wm5 = b−ma−m wm7 = bma−m.

Moreover, for m ∈ {1, . . . , n− 1} put

wm2 = bma−m−1 wn2 = bna−1 wm6 = amb−m−1 wn6 = anb−1.

Then for i ∈ {0, . . . , 7} we have, up to cyclic permutation, that

wi = w1
iw

2
i · · ·wni ,

and that
ρ(w1

i )ρ(w2
i ) · · · ρ(wni )

is a reduced word whenever each factor is reduced for all ρ ∈ Fr+(ϕ,ψ). How-
ever, the latter is not necessarily cyclically reduced. If for some k ≥ 1 we have
ρ = ϕk or ρ = ψk or i ∈ {0, 1, 3, 4, 5, 7}, then

ρ(w1
i )ρ(w2

i ) · · · ρ(wni )

is cyclically reduced. If i ∈ {2, 6} and ρ /∈
{
ϕk, ψk | k ∈ ω

}
, then any pos-

sible reduction in the induced cycle of ρ(w1
i )ρ(w2

i ) · · · ρ(wni ) is contained in
ρ(wni )ρ(w1

i ).

For the remaining part of this section, let x, y ∈ {w0, v0, . . . , w7, v7} be
�xed.

Claim 1: If ρ ∈ Fr+(ϕ,ψ) and x 6= y, then there is no bad cancellation
between ρ(x) and ρ(y).
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Proof of Claim 1: It is easy to check that N = 2n− 2 satis�es the assumption
of Lemma 8.1.4, since x 6= y. Hence any cancellation q between ρ(x) and ρ(y)

satis�es
|q| ≤ 2n (|ρ(a)|+ |ρ(b)|) .

Therefore, by Lemma 8.1.5, there cannot be any bad cancellation between ρ(x)

and ρ(y). �

In the following, we let

Aϕ = {ϕρ | ρ ∈ Fr+(ϕ,ψ)} and Aψ = {ψρ | ρ ∈ Fr+(ϕ,ψ)} .

Note that Fr+(ϕ,ψ) \ {1} = Aϕ tAψ.

Claim 2: If ρ, σ, η ∈ Fr+(ϕ,ψ) with ρ = ησ and σ 6= 1, then there is no bad
cancellation between ρ(x) and η(y).

Proof of Claim 2: Note that either σ ∈ Aϕ or σ ∈ Aψ. Assume that we are
in the �rst case. Then the only powers of a occurring in σ(x) are a and a−1.
Hence any cancellation between σ(x) and y is a substring of the cycle induced
by y that only contains these powers. Therefore it is easily seen that N = n+1

satis�es the assumptions of Lemma 8.1.4 and hence any cancellation q between
ρ(x) and η(y) satis�es

|q| ≤ (n+ 3) (|η(a)|+ |η(b)|) .

Moreover, by Lemma 8.1.5, it holds that

‖ρ(x)‖, ‖η(y)‖ ≥
(
n(n− 1)

2
− 2n

)
(|η(a)|+ |η(b)|),

since |ρ(a)| + |ρ(b)| ≥ |η(a)| + |η(b)|. Therefore there is no bad cancellation
between ρ(x) and η(y). A similar argument applies if σ ∈ Aψ. �

Now we will take care of the case where ρ1, ρ2 ∈ Fr+(ϕ,ψ) are distinct, but
none of them extends the other.

Claim 3: If ρ1, ρ2, σ1, σ2, η1, η2 ∈ Fr+(ϕ,ψ) satisfy

σ1 ∈ Aϕ, σ2 ∈ Aψ, ρ1 = η1σ1 and ρ2 = η2σ2,

then there is no bad cancellation between ρ1(x) and ρ2(y).

Proof of Claim 3: First note that σ1(x) will only contain a and a−1 as powers
of a, while σ2(y) will only contain b and b−1 as powers of b.
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8.1. Small cancellation theory

We claim that for each i ∈ {0, . . . , 7} and m ∈ {3, . . . , n− 1} we have
that σ1(wmi ) contains the string bl or b−l for some l ≥ 2. Indeed, σ1 is of
one of the forms ϕk, σ0

1ψϕ
k, ϕψk or σ0

1ϕψ
k for some k ≥ 1 and σ0

1 ∈ Aϕ.
By straightforward calculations, the statement is clearly true for σ1 = ϕk or
σ1 = ϕψk. To see that the statement also holds in the remaining cases, one
may consider ϕψk(wmi ) and ψϕk(wmi ), and then use the fact that σ0

1(a) = aub

and σ0
1(b) = bzb or σ0

1(b) = b for some positive u, z ∈ F2.
Similarly, for each i ∈ {0, . . . , 7} and m ∈ {3, . . . , n− 1} we have that

σ2(wmi ) contains the string al or a−l for some l ≥ 2.
Now let i, j ∈ {0, . . . , 7} satisfy that x ∈ {wi, vi} and y ∈ {wj , vj}. Then

any cancellation q between σ1(x) and σ2(y) is contained in either

σ1(wn−1
i )σ1(wni )σ1(w1

i )σ1(w2
i )σ1(w3

i ),

σ1(wmi )σ1(wm+1
i )

or in one of their inverses for some m ∈ {3, . . . , n− 2}. Therefore, by Lemma
8.1.4, we have

|q| ≤ 3n(|ρ1(a)|+ |ρ1(b)|)

and hence, by Lemma 8.1.5, we obtain |q| < 1
6‖ρ1(x)‖.

Similarly, any cancellation q between σ1(x) and σ2(y) is contained in either

σ2(wn−1
j )σ2(wnj )σ2(w1

j )σ2(w2
j )σ2(w3

j ),

σ2(wmj )σ2(wm+1
j )

or in one of their inverses for some m ∈ {3, . . . , n− 2}. Therefore, by Lemma
8.1.4 and Lemma 8.1.5, we also have |q| < 1

6‖ρ2(y)‖. Hence there cannot be
any bad cancellation between ρ1(x) and ρ2(y). �

Putting together Claim 1, Claim 2 and Claim 3 we may conclude that
there is no bad cancellation between two words in B0, i.e., that B0 satis�es
the C ′(1/6) cancellation property.

We will now prove that there is no bad cancellation between a word from
B0 and a word from B1. To do so, let A0

ϕ =
{
ϕk | k ≥ 1

}
, A0

ψ =
{
ψk | k ≥ 1

}
and

A1 =
{
ηϕψk, ηψϕk | k ≥ 1, η ∈ Fr+(ϕ,ψ)

}
.

Then Fr+(ϕ,ψ) \ {1} = A0
ϕ t A0

ψ t A1. We will still consider �xed x, y ∈
{w0, v0, . . . , w7, v7}. Let also i, j ∈ {0, . . . , 7} be �xed such that x ∈ {wi, vi}
and y ∈ {wj , vj}.
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Claim 4: If ρ, σ ∈ Fr+(ϕ,ψ) with ρ = 1 and σ 6= 1, then there is no bad
cancellation between ρ(x) and ξσ(y).

Proof of Claim 4: This follows by the same arguments as the ones used in the
beginning of the proof of Claim 2. �

Claim 5: If (ρ, σ) ∈ Aϕ × Aψ or (ρ, σ) ∈ Aψ × Aϕ, then there is no bad
cancellation between ρ(x) and ξσ(y).

Proof of Claim 5: This follows by arguments similar to those in the beginning
of the proof of Claim 3. �

Claim 4 ensures that we may assume that both ρ, ψ ∈ A0
ϕ t A0

ψ t A1.
Moreover, by Claim 5, there is no bad cancellation between ρ(x) and ξσ(y) in
the case where ρ ∈ A0

ϕ and σ ∈ A0
ψ or in the case where ρ ∈ A0

ψ and σ ∈ A0
ϕ.

Through the next three claims, we prove that there is no bad cancellation
within each of these sets.

Claim 6: If k, l ≥ 1, then there is no bad cancellation between ϕk(x) and
ξϕl(y).

Proof of Claim 6: Consider ϕt(u) and ξϕt(z) for u, z ∈ {w0, v0, . . . , w7, v7}
and t ≥ 1. Within each of these words either all the powers of a are positive
or all the powers of a are negative. Below we have put these observations into
a table. Here + and − refer to the sign of the occurring powers of a.

w0 w1 w2 w3 w4 w5 w6 w7

ϕk + − − + + − + −
ξϕl − + + − − + − +

v0 v1 v2 v3 v4 v5 v6 v7

ϕk − + + − − + − +

ξϕl + − − + + − + −

It is easily seen that if the signs of the powers of a do not match, then there
is no bad cancellation between ϕk(z) and ξϕl(u) for the corresponding u, z ∈
{w0, v0, . . . , w7, v7}. Assume therefore that the sign of the powers of a in
ϕk(x) and the sign of the powers of a in ξϕl(y) match. Then the signs of
the powers of a in x and y do not match. We assume that the powers of a
in x are negative and that the powers of a in y are positive. The other case
is handled similarly. If x = wi, then the string (ϕk(a−1))2 = (b−ka−1)2 is
contained in ϕk(wmi ) for all m ∈ {3, . . . , n− 1}. If x = vi, then the string
(b−ka−1)2 is contained in ϕk(wmi )−1 for all m ∈ {3, . . . , n− 1}. Similarly,
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if y = wj , then the string (ξϕl(a))2 = (a−1bl)2 is contained in ξϕl(wmj ) for
all m ∈ {3, . . . , n− 1}. If y = vj , then the string (a−1bl)2 is contained in
ξϕl(wmj )−1 for all m ∈ {3, . . . , n− 1}. Moreover, the string (b−ka−1)2 does
not appear in ξϕl(y) and the string (a−1bl)2 does not appear in ϕk(x). Any
cancellation q between ϕk(x) and ξϕl(y) is therefore contained in either

ϕk(wn−1
i )ϕk(wni )ϕk(w1

i )ϕ
k(w2

i )ϕ
k(w3

i ),

ϕk(wmi )ϕk(wm+1
i )

or in one of their inverses for some m ∈ {3, . . . , n− 2}. Similarly, q is also
contained in either

ξϕl(wn−1
j )ξϕl(wnj )ξϕl(w1

j )ξϕ
l(w2

j )ξϕ
l(w3

j ),

ξϕl(wmj )ξϕl(wm+1
j )

or in one of their inverses for some m ∈ {3, . . . , n− 2}. Therefore, by Lemma
8.1.4, we have

|q| ≤ 3nmin
{
|ϕk(a)|+ |ϕk(b)|, |ξϕl(a)|+ |ξϕl(b)|

}
and hence, by Lemma 8.1.5, there is no bad cancellation between ϕk(x) and
ξϕl(y). �

Claim 7: If k, l ≥ 1, then there is no bad cancellation between ψk(x) and
ξψl(y).

Proof of Claim 7: First consider the sign of the powers of b occurring in ψk(u)

and ξψl(z) for u, z ∈ {w0, v0, . . . , w7, v7}.

w0 w1 w2 w3 w4 w5 w6 w7

ψk + − + − + − − +

ξψl + − + − + − − +

v0 v1 v2 v3 v4 v5 v6 v7

ψk − + − + − + + −
ξψl − + − + − + + −

It is easily seen that if the sign in two cells does not match, then there is
no bad cancellation between ψk(u) and ξψl(z) for the corresponding u, z ∈
{w0, v0, . . . , w7, v7}. In the case where the signs of the powers of b are the
same, one may use a similar argument as the one in Claim 7. Assume �rst that
the signs of b are both positive. If x = wi, then the string (bak)2 is contained
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in ψk(wmi ) for all m ∈ {3, . . . , n− 1}. If x = vi, then the string (bak)2 is
contained in ψk(wmi )−1 for all m ∈ {3, . . . , n− 1}. Similarly, if y = wj , then
the string (ba−l)2 is contained in ξψl(wmj ) for allm ∈ {3, . . . , n− 1}. If y = vj ,
then the string (ba−l)2 is contained in ξψl(wmj )−1 for all m ∈ {3, . . . , n− 1}.
Moreover, the string (bak)2 will not be contained in ξψl(y), while the string
(ba−l)2 will not be contained in ψk(x). Thus one may deduce, as in the proof of
Claim 6, that there cannot be any bad cancellation between ψk(x) and ξψl(y)

in this case. In the case where the powers of b are both negative a similar
argument will apply. �

Claim 8: If ρ, σ ∈ A1, then there is no bad cancellation between ρ(x) and
ξσ(y).

Proof of Claim 8: First let k ≥ 1. By considering the form of ψϕk(z) and
ϕψk(z) for the words z ∈ {w0, v0, . . . , w7, v7}, one �nds that for every η ∈
Fr+(ϕ,ψ) the words ηψϕk(z) and ηϕψk(z) will contain at most one occurrence
of one of the strings

ab−ta, a−1bta−1, ba−tb or b−1atb−1

for some t ≥ 1. Moreover, for all r ∈ {0, . . . , 7} and m ∈ {2, . . . , n− 1} the
words ηϕψk(wmr ) and ηψϕk(wmr ) contain at least one of the strings

abta, a−1b−ta−1, batb or b−1a−tb−1

for some t ≥ 1. This is again straightforward to check by considering the form
of ψϕk(wmr ) and ϕψk(wmr ).

The above implies that ρ(x) contains at most one of the strings

ab−ta, a−1bta−1, ba−tb or b−1atb−1

for some t ≥ 1. Moreover, for all m ∈ {2, . . . , n− 1} the word ρ(wmi ) contains
at least one of the strings

abta, a−1b−ta−1, batb or b−1a−tb−1

for some t ≥ 1.
Conversely, the above also implies that ξσ(y) contains at most one of the

strings
abta, a−1b−ta−1, batb or b−1a−tb−1

for some t ≥ 1. Moreover, for allm ∈ {2, . . . , n− 1} the word ξσ(wmj ) contains
at least one of the strings

ab−ta, a−1bta−1, ba−tb or b−1atb−1
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for some t ≥ 1.
Therefore, by making considerations and use of Lemma 8.1.4 and Lemma

8.1.5 as in the proofs of the previous claims, we may conclude that there cannot
be any bad cancellation between ρ(x) and ξσ(y). �

Finally, we will prove that there is no bad cancellation between ρ(x) and
ξσ(y) if ρ ∈ A1 and σ ∈ A0

ϕ ∪A0
ψ.

Claim 9: If ρ ∈ A1 and σ ∈ A0
ϕ ∪ A0

ψ, then there is no bad cancellation
between ρ(x) and ξσ(y).

Proof of Claim 9: From earlier results it is enough to consider the case where
ρ, σ ∈ Aϕ or ρ, σ ∈ Aψ. Assume that we are in the �rst case and let l, k ≥ 1 be
such that σ = ϕk and ρ = ϕlη for some η ∈ Aψ. Then the only possible powers
of b occurring in ρ(x) are b, b−1, bl, b−l, bl+1, b−l−1. Hence if q is a cancellation
between ρ(x) and σ(y), then there is m ∈ {1, 2, . . . , n− 7} or t ∈ {0, . . . , 6}
such that q is contained in either

σ(wmj )σ(wm+1
j ) · · ·σ(wm+7

j ),

σ(wn−tj )σ(wn−t+1
j ) · · ·σ(wnj )σ(w1

j )σ(w2
j ) · · ·σ(w8−t−1

j )

or in one of their inverses. Therefore, by Lemma 8.1.4, we obtain

|q| ≤ 8n(|σ(a)|+ |σ(b)|)

and hence, by Lemma 8.1.5, we have |q| < 1
6‖σ(y)‖.

To see that |q| < 1
6‖ρ(x)‖, assume �rst that l ≥ k. Then, by Lemma 8.1.5

and the fact that |ρ(a)|+ |ρ(b)| ≥ |σ(a)|+ |σ(b)|, we have

‖ρ(x)‖ ≥
(
n(n− 1)

2
− 2n

)
(|ρ(a)|+ |ρ(b)|)

≥
(
n(n− 1)

2
− 2n

)
(|σ(a)|+ |σ(b)|)

> 6|q|,

as wanted. Next assume that l < k. Then each of bl and b−l occurs at most
once in σ(y). However, by the arguments in Claim 3, we have that for all
m ∈ {3, . . . , n− 1} there is t ≥ 2 such that at or a−t occur in η(wmi ). Hence
bl or b−l occur in ρ(wmi ) for all m ∈ {3, . . . , n− 1}. Therefore q is contained
in either

ρ(wn−3
i )ρ(wn−2

i )ρ(wn−1
i )ρ(wni )ρ(w1

i )ρ(w2
i )ρ(w3

i )ρ(w4
i )ρ(w5

i ),
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ρ(wm−1
i )ρ(wmi )ρ(wm+1

i )ρ(wm+1
i )

or in one of their inverses for some m ∈ {4, . . . , n− 3}. Thus we obtain

|q| ≤ 5n (|ρ(a)|+ |ρ(b)|)

and hence, by Lemma 8.1.5, we get |q| < 1
6‖ρ(x)‖.

We may therefore conclude that there is no bad cancellation between ρ(x)

and ξσ(y). If ρ, σ ∈ Aψ a similar argument works. �

Putting all the claims together we �nally have a proof of Theorem 8.1.3,
which was the goal of this section.

8.2 Application to characteristic invariant

subgroups

In this section we apply Theorem 8.1.3 to ensure that Criterion (1') of Remark
7.1.2 is satis�ed for the pair Inn(F2) ≤ Aut(F2). We use this to construct a
continuum size family of non-atomic characteristic random subgroups of F2

that are all weakly mixing with respect to the action of Aut(F2).

Construction 8.2.1 (Characteristic random subgroups of F2.). We will here
construct continuum many non-atomic characteristic random subgroups of F2.
These characteristic random subgroups will moreover be weakly mixing with
respect to the action of Aut(F2).

Fix a basis F2 = 〈a, b〉 and let w = aba2b2 · · · anbn for some n > 101.
Moreover, by Theorem 8.1.3, we may choose a transversal T for the left cosets
in Aut(F2)/ Inn(F2) such that the set

{η(w) | η ∈ T}

satis�es the C ′(1/6) cancellation property. Next �x an enumeration T =

{ηi | i ∈ ω} such that η0 is the identity. Then, since it follows by Lemma
8.1.5 that ‖ηi(w)‖ ≥ |η0(w)| for all i ≥ 1, we must have

η0(w) /∈ 〈〈ηi(w) | i ≥ 1〉〉F2

by Theorem 8.1.2. This ensures that Condition (1') of Remark 7.1.2 is satis�ed
for w and T . Hence it follows by Proposition 7.1.1 that we may construct a
continuum size family of non-atomic invariant random subgroups of Inn(F2)

which are moreover invariant and weakly mixing with respect to the conjuga-
tion action of Aut(F2). By use of the natural identi�cation of F2 with Inn(F2),
we obtain continuum many characteristic random subgroups of F2 which are
weakly mixing with respect to the natural action of Aut(F2). •
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The method for constructing characteristic random subgroups of F2 pre-
sented above is rather elemental. We end this section by discussing the possi-
bility of generalizing the idea behind the construction to a general non-abelian
free group.

Let n ∈ ω∪{∞} with n ≥ 2 and �x a basis Fn = 〈ai | i < n〉. For all z ∈ Fn
and i, j < n with i 6= j consider the automorphisms ρz, ϕi, ψi,j ∈ Aut(Fn) given
by ρz(x) = zxz−1,

ϕi(ak) =

{
ak if k 6= i

a−1
k if k = i

and

ϕi,j(ak) =

{
ak if k 6= i

akaj if k = i
.

Moreover, let

Autf (Fn) = 〈ρz, ϕi, ψi,j | z ∈ Fn, i, j < n, i 6= j〉.

It follows by [24, Proposition 4.1 in Chapter 1] that Autf (Fn) = Aut(Fn) if
n ∈ ω, and that Autf (F∞) is dense in Aut(F∞). Hence in order to obtain
continuum many non-atomic characteristic random subgroups on Fn that are
weakly mixing with respect to the action of Autf (Fn), it su�ces to �nd x ∈ Fn
and a transversal T for the left cosets in Autf (Fn)/ Inn(Fn) such that

(1) {η(x) | η ∈ T} satis�es the C ′(1/6) cancellation property.

(2) ‖η(x)‖ ≥ |x| for all η 6= 1.

Indeed, if (1) and (2) are satis�ed, then the argument in Construction 8.2.1
works.
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Chapter 9

Related questions

This chapter contains a discussion of some questions related to the subject of
this part of the thesis. We have seen several examples of classes of countable
groups that admit a continuum size family of non-atomic, ergodic invariant
random subgroups. In the �rst section we will examine the question of which
groups admit such a family. First we brie�y review some well-known results
concerning this question. Afterwards we discuss the operation mentioned in
Remark 6.2.5 and the possibilities for it to be used to come up with new
examples of groups with such continuum size families. In the second section we
will consider the multiplication operation ×˜ : A˜(Γ, X, µ)2 → A˜(Γ, X2, µ2) and
discuss its continuity properties for di�erent countable groups Γ. As we have
already hinted at in Remark 6.3.5, the continuity of this operation is closely
related to the continuity of the co-induction operation cind˜ ∆

Γ : A˜(Γ, X, µ) →
A˜(Γ, X∆/Γ, µ∆/Γ) in the case where Γ ≤ ∆ are countable groups with [∆ :

Γ] <∞, and in this case we have not completely settled when the co-induction
operation is continuous.

9.1 Groups with many invariant random subgroups

In the past decade it has been of great interest to study the structure of the
ergodic invariant random subgroups of various classes of groups. As every
atomic, ergodic invariant random subgroup is induced by a subgroup with
only �nitely many conjugates, it is natural to focus on the non-atomic, er-
godic invariant random subgroups. We will �rst discuss the question of which
groups admit continuum many such invariant random subgroups and after-
wards discuss a possible strategy for obtaining new examples of groups with
this property.
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9. Related questions

We have seen several examples of classes of groups that admit continuum
many non-atomic, ergodic invariant random subgroups, namely certain classes
of wreath products, HNN extensions and free products with normal amalgama-
tion. Other such examples include the group of �nitely supported permutations
of ω, every weakly branch group and every group containing a non-abelian free
group as a normal subgroup (see [33], [3] and [8], respectively).

Conversely, there are also groups with no non-atomic ergodic invariant ran-
dom subgroups. These include lattices in simple higher rank Lie groups, the
simple Higman-Thompson groups, certain inductive limits of �nite alternating
groups and the groups PSLm(k), where k is an in�nite �eld and m ≥ 2 (see
[28], [13], [30] and [26], respectively). Finally, for certain limits of �nite sym-
metric and alternating groups there are only countably many ergodic invariant
random subgroups and these have all been classi�ed (see [29], [30] and [14]).

In light of the above, it seems natural to ask the following question.

Question 9.1.1. Which groups admit a continuum size family of non-atomic,

ergodic invariant random subgroups?

Note that in Proposition 7.1.1 we isolate the following algebraic condition
on a countable group, which ensures that the group admits continuum many
non-atomic, ergodic invariant random subgroups.

Proposition 9.1.2. Let ∆ be a countable group. If there exists a subgroup

Γ ≤ ∆ with [∆ : Γ] = ∞ together with a transversal T = {ti | i ∈ ω} for the

left cosets in ∆/Γ and γ0 ∈ core∆(Γ) such that the chain of normal subgroups

(Γk,T,γ0)k∈ω given by

Γk,T,γ0 = 〈〈t−1
i γ0ti | i ≥ k〉〉Γ

is not constant, then ∆ admits continuum many non-atomic, weakly mixing

invariant random subgroups.

In Remark 6.2.5 we point out another operation one can consider in order
to construct weakly mixing invariant random subgroups of a countable group.
Recall the construction below.

Assume that Γ ≤ ∆ are countable groups and �x a transversal T for the
left cosets in ∆/Γ. Now �x θ ∈ IRS(Γ) and view θ as a probability Borel
measure on Sub(∆). For each t ∈ T de�ne the probability Borel measure θt on
Sub(∆) to be the pushforward of θ through the map Λ 7→ tΛt−1 from Sub(∆)

to Sub(∆). Then

θt(N
∆
F ) = θ(N∆

t−1Ft),
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9.2. Continuity of multiplication of weak equivalence classes

for all �nite F ⊆ ∆ and
θ∞ =

∏
t∈T

θt

is a probability Borel measure on Sub(∆)T . Moreover, we have a measure
preserving action ∆ya(Sub(∆)T , θ∞) given by

δ ·a (Λt)t∈T = (δΛδ−1·tδ
−1)t∈T .

Now consider J : Sub(∆)T → Sub(∆) given by

J((Λt)t∈T ) = 〈Λt : t ∈ T 〉.

and let θ∗∗ denote the pushforward of θ∞ through J . Then θ∗∗ ∈ IRS(∆) and
θ∗∗ is weakly mixing when [∆: Γ] =∞.

In order to be able to use this operation to construct new families of non-
atomic, weakly mixing invariant random subgroups, one has to answer the
following question.

Question 9.1.3. When is θ∗∗ non-atomic?

Assume that [∆ : Γ] = ∞. Then θ∗∗ is non-atomic if and only if there is
δ ∈ ∆ such that θ∗∗(N∆

δ ) ∈ (0, 1). As it is clear that

θ∗∗(N∆
δ ) ≥ θt(N∆

δ )

for any t ∈ T and δ ∈ ∆, it is easy to ensure that θ∗∗(N∆
δ ) > 0. The harder

part is to get the other inequality to hold at the same time. This is the op-
posite to the situation of the co-induction operation, where it is quite easy to
ensure CIND∆

Γ (θ)(N∆
δ ) < 1, but one has to cook up special circumstances in

order to ensure that we also have CIND∆
Γ (θ)(N∆

δ ) > 0. Therefore it seems
that a su�cient criterion for non-atomicity of θ∗∗ will be quite di�erent from
the characterization for non-atomicity of the co-induced invariant random sub-
group given in Proposition 6.4.3.

9.2 Continuity of multiplication of weak

equivalence classes

We will here discuss another interesting project related to the content of this
part of the thesis, namely the project of deciding for which countable groups
Γ the multiplication operation on A˜(Γ, X, µ) is continuous.
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9. Related questions

Fix a countable group Γ. Given actions a, b ∈ A(Γ, X, µ), we de�ne the
product action a× b ∈ A(Γ, X2, µ2) to be given by

γ ·a×b (x, y) = (γ ·a x, γ ·b y).

It is easily seen that if a0 ' a1 and b0 ' b1, then

a0 × b0 ' a1 × b1

for all a0, a1, b0, b1 ∈ A˜(Γ, X, µ). Therefore multiplication descends to a well-
de�ned operation ×˜ : A˜(Γ, X, µ)2 → A˜(Γ, X2, µ2) given by

a˜×˜b˜= a× b
˜

.

We may view a× b
˜

∈ A˜(Γ, X, µ) for any a˜, b˜ ∈ A˜(Γ, X, µ), since (X2, µ2) is
isomorphic to (X,µ). Hence ×˜ can be seen as an operation on A˜(Γ, X, µ) and,
with this identi�cation, it is straightforward to check that (A˜(Γ, X, µ),×˜) is an
abelian semigroup. The main question to consider here is when (A˜(Γ, X, µ),×˜)

is in fact a topological semigroup.

Question 9.2.1. For which countable groups Γ is the multiplication operation

on A˜(Γ, X, µ) continuous?

In [10, Problem 10.36] it was �rst asked if the multiplication operation is
continuous in general. The authors, together with Tamuz, proved that if Γ is an
amenable group, then the multiplication operation is continuous (see [10, The-
orem 10.37]). The proof relies on the correspondence between A˜(Γ, X, µ) and
IRS(Γ), so it did not give any insight to the general case. Recently, Bernshteyn
showed that the operation may be discontinuous (see [4]). More precisely, he
proves that if Γ is isomorphic to a Zariski dense subgroup of SLd(Z) for some
d ≥ 2, for example if Γ is a non-abelian free group, then the multiplication op-
eration is not continuous, even when restricted to FR˜ (Γ, X, µ). As Bernshteyn
mentions, it is tempting to conjecture that the operation is continuous if and
only if the group is amenable. However, a natural �rst step is to ask if the
operation is discontinuous for any countable group containing a non-abelian
free group.

In Section 6.3 we investigated the continuity properties of the co-induction
operation cind˜ ∆

Γ : A˜(Γ, X, µ) → A˜(∆, X∆/Γ, µ∆/Γ) for countable groups Γ ≤
∆. In the case where [∆ : Γ] = ∞, we settled that this operation is never
continuous unless core∆(Γ) = {eΓ}. In the case where [∆ : Γ] <∞, we found
that the operation is continuous when ∆ is amenable. If 1 < [∆ : Γ] <∞ and
∆ is not amenable, then our methods provide no information.
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9.2. Continuity of multiplication of weak equivalence classes

Question 9.2.2. For which pairs of countable groups Γ ≤ ∆ with ∆ non-

amenable, core∆(Γ) 6= {eΓ} and 1 < [∆ : Γ] <∞ is the operation

cind˜ ∆
Γ : A˜(Γ, X, µ)→ A˜(∆, X, µ)

continuous?

As we discussed in Remark 6.3.5, the previous question is closely related
to Question 9.2.1. Moreover, as mentioned in Remark 6.3.6, the result in [4]
implies that for any non-abelian free group Γ the map

cind˜ Γ×(Z/2Z)
Γ : A˜(Γ, X, µ)→ A˜(Γ× (Z/2Z), X2, µ2)

is not continuous. So, in contrast to the case where ∆ is amenable, the oper-
ation does not need to be continuous when [∆ : Γ] <∞.
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