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1. INTRODUCTION

There exists an extensive literature on inequalities for special functions. In particular, many authors
published numerous interesting inequalities for Euler’s gamma function:

I'(x) :/ ettt (z>0),
0

its logarithmic derivative, known as digamma or psi function:

1N oo —t _ —xt
(1.1) P(z) = I‘((:f)) =—7 +/() %dt (x > 0; v = Euler’s constant),
and the polygamma functions:
o tn
(1.2) M (z) = (—1)”“/ e_xtl e_tdt (x>0; n=1,2,...).
0 —

We refer to the survey paper [24] and the references given therein. Bustoz & Ismail [15], Ismail,
Lorch & Muldoon [27], and other researchers proved that certain inequalities for these functions
follow from monotonicity and limit properties of functions, which involve T', 1, or (™. And,

remarkably, often such functions are not only decreasing or convex, but even completely monotonic.
1



2 SOME CLASSES OF COMPLETELY MONOTONIC FUNCTIONS, II

We recall that a function f : (0,00) — R is said to be completely monotonic, if f has derivatives of
all orders and satisfies

(1.3) (="M () >0 forall >0 and n=0,1,2,...

Dubourdieu [21] pointed out that if a non-constant function f is completely monotonic, then strict
inequality holds in (1.3). It is known (Bernstein’s Theorem) that f is completely monotonic if and
only if

fx) = /0 e,

where 1 is a nonnegative measure on [0, 00) such that the integral converges for all x > 0. See [44,
p. 161].

Completely monotonic functions appear naturally in various fields, like, for example, probability
theory and potential theory. The main properties of these functions are given in [44, Chapter IV].
We also refer to [5], where a detailed list of references on completely monotonic functions can be
found.

It is the aim of this paper to provide several new classes of completely monotonic functions. The
functions we study have in common that they are defined in terms of gamma, digamma, and
polygamma functions. In the next section we collect some lemmas. Our monotonicity theorems
are stated and proved in sections 3 and 4. And, finally, in section 5 we show that one of our
monotonicity results can be applied to establish a new Bonse-type inequality for prime numbers.

2. LEMMAS

The formulas given in Lemma 2.1 and Lemma 2.2 (as well as many more) can be found, for example,
in [1, Chapter 6], [7, Chapter 1], and [22, Chapter I].

Lemma 2.1. For all x > 0 we have

(2.1) logl'(x) = /OOO [(w et —

—t —xt

e '—e }dt
1—et

(2.2) Y(x) —logz = /000 e_ﬂ<1 ! >dt,

t 1—et
(2.3) Pz +1) =W (z) + (—1)n$ﬁ1 (n=0,1,...),
. 1
(2.4) ()™M (@) =n ) FET (n=1,2,..).
k=0
Lemma 2.2. We have for x — oo:
1 1
(2.5) logT'(z) ~ (x — 1/2) log:v—:z:+§log(27r)—l—m—l—...,
1 1
(2.6) P(x) ~logx — 57 1222 + ..
(2.7) (—1)yHgmgy ~ BV g,

" 2xntl
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The following monotonicity theorem is proved in [4].

Lemma 2.3. Let n be a natural number and ¢ be a real number. The function z — x¢[p™ (z)| is
strictly decreasing on (0,00) if and only if ¢ < n.

The first part of the next lemma is well-known. The second part can be proved by applying Leibniz’
rule and induction. And, a proof for the third part is given in [9, p. 66] and [12, p. 83].

Lemma 2.4. (i) The sum, the product, and the pointwise limit of completely monotonic functions
are also completely monotonic.

(ii) Let h : (0,00) — (0,00). If (—logh)" is completely monotonic, then h is also completely
monotonic.

(iii) Let f : (0,00) — R and g : (0,00) — (0,00). If f and ¢' are completely monotonic, then
x — f(g(x)) is also completely monotonic.

The following inequality for completely monotonic functions is due to Kimberling [30].

Lemma 2.5. Let f:[0,00) — (0,1] be continuous. If f is completely monotonic, then

(2.8) f@)fly) < flz+y) (z,y>0).

Let a,b € R and 0 < u,v € R. The family of Gini means is defined by

u® 4+ v%y\ 1/(a—b)
(2.9) Gap(u,v) = (m) (a#b)
and
B u®logu + v*logw
(2.10) Gaa(u,v) = exp( o )

For (a,b) = (1,0) we get the arithmetic, for (a,b) = (0,0) the geometric, and for (a,b) = (0,—1)
the harmonic means of u and v. In [18] the authors offer a solution of the comparison problem for
Gini means. For our purposes the following inequality is helpful.

Lemma 2.6. Let a,b,r, s be real numbers with
r+s<a-+b, min(r,s)<min(a,b), and min(a,b,r,s)>0.

Then we have for all x,y > 0:
Gr,s(xa y) < Ga,b(l'a y)

Further, we need a Petrovié-type inequality for the function 2 — 1/[e!/* —1].

Lemma 2.7. Let o(z) = 1/[e!/* — 1]. Then we have for all by, >0 (k =1,...,m):

(2.11) > o) - G(Z bk> + m; Lo,
k=1

k=1
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Proof. We denote the expression on the left-hand side of (2.11) by S, and establish S,, > 0 by
induction on m. We have S; = 0. The representation

47,1/ 3 —1/xz _n _ 1/z _ —k
x e’ —1]°e /o (x) =14 2z + (1 — 2x)e —E [T
P (k+1)!

implies that ¢’ is strictly increasing on (0,00). Let y > 0 be fixed. We define for x > 0:

Az)=0(z) +o(y) —o(x+y)+ 1

2
Then
N(z)=0o'(z) —d'(x+y) <0
and )
A() > oy) + 5 + Jim [o(s) — (s + )]
Since
Tim [o(s) — o(s + )]
.1 t/(1+ty)
= lim — g -

i =7~ ) o i) = 1} v

we obtain
1 1 ~ k-1
Ma)> o)+ 5 —v=gam kzz CESY R

This proves So > 0. Now, let S;; > 0. Then we get

St = S+ 0 (bms1) + a(i bk> . a(bm+1 + ibk) + % > S, > 0.
k=1 k=1

This completes the proof of Lemma 2.7. O

As usual, we denote by p,, the n-th prime number and by 7(n) the number of primes not exceeding
n. Further, 6 denotes Tchebyschef’s theta function defined by 6(p,) = > ;_;logps. The next
lemma is given in [35].

Lemma 2.8. For all integers n > 59 we have

log1 —-04
log pr+1 < logn + loglogn + ogloen = 0.2
logn

Proofs for the following inequalities can be found in [37] and [38].

Lemma 2.9. For all integers n > 20 we have

n(logn + loglogn — 3/2) < p, < n(logn + loglogn — 1/2).

Lemma 2.10. For all integers n > 3 we have
loglogn — 2.1454
logn

n(logn+loglogn—1+ ) < 0(pn),

and for all n > 126 we have

loglogn — 1.9185)

O(pp) < n(logn +loglogn — 1+
logn
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Lemma 2.11. For all integers n > 59 we have

) < m(n).

n (1 N
logn 2logn
The book [32] contains many more inequalities for 7w(n) and other arithmetical functions.

3. GAMMA FUNCTION

The generalized multinomial coefficient is defined for real numbers 71, ...,y with rp > —1 (k =
1,...,m)and 1 + ...+ 7y > —1 by

<r1+...—i—rm>_ L(ri+...4rm+1)
T

T1y.o s Tm (ri+1)--T(rpm+1)°
Further, we define for positive real numbers a1, ..., a,, and x:
sx+1/2
Alay,...,apm;x) = () DA akx+1/2 with s= kzlak

In [16] it is proved that for all integers k > 2 the sequence m — A(k — 1, 1; m)/(’j;n) is decreasing
for m = 1,2,.... Recently, Clark & Ismail [17] presented a substantial extension. They established
that the function

(3.1) J(al,...,am;x):A(al,...,am;x)/< > (ag >0;k=1,...,m)

is decreasing on (0, 00) with respect to x and converges to 1 as x — oco. We show that this result
can be generalized.

(a1 + ...+ am)z

A1Ty . -y G T

Theorem 3.1. The function x +— J(ay,...,am;x), as defined in (3.1), is completely monotonic.

Proof. From Lemma 2.4 (ii) we conclude that it suffices to show that

¢(z) = (—log J(x))’

m m
m—1
= —;aklb(ak:c—i- 1)+ stp(sx + 1) + o slogs—k;aklogak
is completely monotonic. In [17] it is proved that J is decreasing on (0,00), so that we obtain
¢(x) = —J'(x)/J(x) >0 for x > 0. Let n > 1 be an integer. Then we get for z > 0:

(—=1)"¢™ () Z 2 (aga + 1)| — "M (s2 + 1)] + (m = 1nt

+1
P 2z"
Using (1.2) and
1 o
(3.2) — = / e " dt (x> 0; r > 0),
0

we obtain
n 4(n) _ > —xztyn 1
(1) (@) = [ et [Z (ax/t) —U(Z ak/t>+7}d :
0 k=1
where o(z) = 1/[e!/* —1]. Applying Lemma 2.7 we conclude that (—1)"¢(™ (z) > 0. O



6 SOME CLASSES OF COMPLETELY MONOTONIC FUNCTIONS, II

In 1985, Kershaw & Laforgia [29] investigated the monotonicity of the function
(3.3) ga(z) =2°(T(1+1/2))" (a€R)

for a = 0 and a = 1. They proved that gy and 1/g; are decreasing on (0,00). We ask for all real
parameters a and b such that g, and 1/g, are completely monotonic. The final result depends on
the following concepts.

An important subclass of completely monotonic functions consists of the Stieltjes transforms defined
as the class of functions f : (0,00) — R of the form

flay=a+ [T 20,

where a > 0 and p is a nonnegative measure on [0,00) with [ du(t)/(1+t) < oo; see [9]. These
functions play a significant role in the theory of generalized gamma convolutions introduced by
Thorin, cf. [41], [42], [13] as well as in recent work [5], [10].

A Stieltjes transform as above obviously has a holomorphic extension to the cut plane A = C\
(—00,0] by the same formula, and for z = x + iy € A we find

ee du(t
Tm f(2) = — / _vault)
o (z+1)+y
so Im f(z) <0 for Imz > 0.
In the Addenda and Problems in [2, p. 127] it is stated that if a function F is holomorphic in the
cut plane A, and satisfies Im F'(z) < 0 for Imz > 0 and F(x) > 0 for x > 0, then F is a Stieltjes

transform. A proof is written out in [8]. This is closely related to the theory of Pick functions, see
[20], which are holomorphic functions F' in the upper half-plane with Im F'(z) > 0 for Im z > 0.

Theorem 3.2. Let g, be the function defined in (3.3). Then, g, is completely monotonic if and
only if a < 0. And, 1/gy is completely monotonic if and only if b > 1. Furthermore, gy and 1/g;
are Stieltjes transforms.

Proof. We have for x > 0:

(3.4 () = 2oy o)),

where

u(z) =xzlogl(1+1/x) — (1 + 1/x).
If g, is completely monotonic, then (3.4) and lim,_,o u(z) = 0 imply that a < 0.
Next, let a < 0. Since z +— z% is completely monotonic, we conclude from Lemma 2.4 (i) and the
identity g,(x) = 2%go(x) that it suffices to show that gy is completely monotonic. We prove below
the stronger result that it is a Stieltjes transform, but we prove first the complete monotonicity
directly. Differentiation gives

(—loggo(x))' = Ty v(z), say.
Using (2.3) and (2.4) we obtain
(35) /() = Lu(e),

where
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This implies that w is completely monotonic, so that Lemma 2.4 (i) and (3.5) yield that —v’ is also
completely monotonic. Since v(x) > lim;_,o v(t) = 0 for z > 0, we conclude from Lemma 2.4 (ii)
that gg is completely monotonic.

Next, let 1/g, be completely monotonic. Then we get for z > 0:

1 )/ 1
(a@) = zam @
Applying (2.5) and (2.6) we obtain lim,_,o u(x) = —1, which implies b > 1.
Conversely, if b > 1 the complete monotonicity of 1/g;, follows immediately from that of 1/g1, and
we shall establish the stronger result that gyo and 1/g; are Stieltjes transforms.

It is a classical result about Stieltjes transforms, that if ¢ is a Stieltjes transform not identically
zero, then 1/(xp(x)) is again a Stieltjes transform, see [8], [28], [36], so it is sufficient to prove that
go is a Stieltjes transform.

In [11] it is proved that
log " 1
no) = EERD e 6 (o0, 1]
z
is a Pick function with the integral representation

+/_1 ! LY M) de
. ot
o \E—2 241 ’

where
c=— —i—i 1—arctaunl = —0.30164
=—y 2 o) =0
and M : R — [0,00) is defined as M (t) =0 for ¢t > —1 and
E—1
M(t):T fOI' te[—k,—k+1), k:273,

Note that 1/2 < M(t) < 1 for t < —1. We also point out that h has a removable singularity for
z = 0 with value (1) = —v and for the derivative of h we find

o M(—t
b (z) = / ( )2dt,
1 (z+1)
which shows that h is increasing on (—1,00) with a completely monotonic derivative (on (0,00)).
We find

logT'(z + 1) /‘1 y .
Im——= = —— M (1) dt, = , y >0,
m B By (t) z=x+1, Y
and hence
logT’ 1 -1 -z
0<11117Og (Z+)</ () y2 2dt:/ 72y 2du<7r.
z oo (t—2)*+y e Uty

Therefore, also z — (I'(z + 1))/# is a Pick function because the sign of its imaginary part is

determined by
log’ 1
sin (Im 0g<+>> 7
z
which is non-negative. Since the transformation z — 1/z maps the upper half-plane into the lower

half-plane and vice versa, a Pick function composed with 1/z has negative imaginary part in the
upper half-plane, and it follows that (I'(1 + 1/z))* is a Stieltjes transform. O
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Remark. By a result going back to Hirsch [26], if ¢ is a Stieltjes transform not identically zero,
then 1/p(1/x) is again a Stieltjes transform. For a proof see also [8]. It follows by Theorem 3.2
that (I'(14 )"/ and (I'(1+2))"/*/x are Stieltjes transforms. Like above it is easy to prove that
z*(T(1 + 2))~Y* is completely monotonic if and only if a < 0 and (I'(1 + x))"/* /2% is completely
monotonic if and only if a > 1.

Inspired by Stirling’s formula, Muldoon [33] studied the monotonicity behaviour of the function

(3.6) Hyp(z) = [2%(e/x)"T(@)]" (a,b € R; b#0).

He proved in 1978: if a < 1/2 and b > 0, then H,; is completely monotonic. Moreover, he used
this theorem to present an interesting characterization of the gamma function via the notation of
complete monotonicity. In 1986, Ismail, Lorch & Muldoon [27] showed: if a > 1 and b = —1, then
H,} is completely monotonic. Our next theorem complements these results.

Theorem 3.3. Let H,; be the function defined in (3.6). Then, H,} is completely monotonic if
and only if either a <1/2 and b >0 ora>1 and b < 0.

Proof. First, we assume that H,; is completely monotonic. Then we get for x > 0:
(3.7) 2(log Hyp(2))' = bla + 2(u() — loga)] < 0.
From (2.3) and (2.6) we obtain
iﬂli%:c[q/}(x) —logz] = -1 and xlirgo z[p(x) — logz] = —1/2,
so that (3.7) gives that either a <1/2 and b > 0or a > 1 and b < 0.
To show that H, is completely monotonic we use Lemma 2.4 (ii). Differentiation yields for z > 0:
(—log Hop(z)) = —bla/z + ¢(z) —logx] = Tap(x), say.
Applying (2.2) and (3.2) we get for n > 0:

(0 = b [ e b

where
(1) =a+ 1 1

T
Let t > 0. For a > 1 we have

> m)= 110

pa - pl - t(et _ 1) Y
and for a < 1/2 we obtain
= k-1
—palt) > — t) = SR t_1)>0.
palt) > ~p1alt) (; S0 T ) /(e = 1)

This implies that 7,5, and H,; are completely monotonic. O

Many authors extensively investigated various inequalities and monotonicity properties of the ratio
I'(x +a)/T'(x + b) and related expressions. We define

(D(z +a+1))Y/(@+a)
(T(z + b + 1)) /@HD)

(3.8) Qap(r) = (0<a,beR).
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In 1989, Sandor [39] established that @1 is decreasing on (1,00). We now provide an extension of
this result.

Theorem 3.4. Let Qqp be defined in (3.8). If ¢ > 0 is a real number, then x — (Qqp(x))¢ is
completely monotonic if and only if a > b.

Proof. Let a > b > 0 and ¢ > 0. We define
n(z) = (—log (Qup(x))")".

Let n > 0 be an integer. Differentiation gives for x > 0:

1
(3.9) g(—l)”n(") (z) = (1) (@ +b) — (-1)"6™ (z + a),
where

1 1 1
6(z) = (; log I'(z + 1))/ = ;w(x +1)— = logT'(z 4+ 1).
Using (2.1) we get

where

Applying (3.2) we obtain

00 1 oo 1 !
_/ 67x(t+1)tdt _ / e*x(tJrl)tht = / 67xtt2dt.
0 2 0 2 0

Thus, we get for x > 0:

1 M
(—J)”XOQ(x)::Q”/‘e‘m%"+2du
0
which leads to
o) tn+2 1
(3.10) (=)D () = / . / e~ s 2 dsdt > 0.
o ¢ —1Jo

This implies that z — (—1)"6(™(z) is decreasing on (0, c0), so that (3.9) implies that 7 is completely
monotonic.
Next, we assume that (Qqp)¢ is completely monotonic. Then we get for z > 0:

(3.11) (log (Qup(x))?) = c[d(x + a) — 6(z + b)] < 0.
From (3.10) we conclude that 0 is strictly decreasing on (0,00), so that (3.11) gives a > b. O

Remark. The function log Q.5 (@ > b > 0) is completely monotonic. In fact, using the integral
representation of the Pick function h(z) = (1/z)logT'(z 4+ 1), we find with the notation above that

M@:W@=Am£f$ﬁ

is completely monotonic, and therefore

log Qap(z) = h(xz + a) — h(z +b)
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:/_: <t—;—a_t—i—b> M(t)dt:/loo (a+m+at)_(bb+x+t)M(—t)dt,

showing that log Q4 is completely monotonic for @ > b. From this formula we get another proof
that (Qq)¢ is completely monotonic for every ¢ > 0 because

x k

‘ o

(Qa,b(x))c = exp(c log Qa,b(x)) = (log Qa,b(w))k

k=0

o

!

is completely monotonic by Lemma 2.4 (i).

Corollary. Let a and b be real numbers with a > b > 0. Then we have for all x,y > 0:

A < Qa,b(w + y)

(3.12) " Qup(®)Qas(y)

< Vab,

with the best possible constants
(Co+1)1°

(3.13) Yo = (Fa v 117

and v, = 1.

Proof. Applying Theorem 3.4 and the asymptotic formula (2.5) it follows that Qqp is strictly de-
creasing on [0, 00) with lim, .o Qqp(x) = 1. Therefore, we obtain for z,y > 0:

C)a,b(:C + y) 1
Qa,b(x) Qa,b(f‘/)
This proves the right-hand side of (3.12) with v, = 1. And, since z — Qg 4(2)/Q4,5(0) satisfies the

assumption of Lemma 2.5, we conclude from (2.8) that the left-hand side of (3.12) is valid with A,
as given in (3.13). If 2 = 0, then equality holds in the first inequality of (3.12). Further, we have

Qa,b(m + y)

lim lim ————— =1

y—00 200 Qa,p(7)RQa,b(y)
Hence, the constant bounds in (3.13) are both best possible. O

< 1.

Remark. Since Q,p (a # b) is strictly monotonic on [0,00), we obtain: if a, b are integers with
a > b > 0, then the diophantine equation

(3‘14) ((k + a)!)(k+b)(n+a)(n+b)((n+ b)!)(n-i-a)(k-i-a)(k-i-b)
_ ((n + a)!)(n+b)(k+a)(k+b)((k + b)!)(k—i-a)(n—i-a)(n—i-b) (0 < k‘,n e Z)

has only the trivial solution k& = n. This extends a result due to Sandor [40], who studied the
equation (3.14) for the special case a = 1, b = 0.

In 1997, Merkle [31] proved that x — (T'(x))?/T'(2z) is log-convex on (0,00). By the duplication
formula of Legendre this statement is equivalent to I'(z)/T'(x + 1/2) being log-convex for x > 0.
However, the quotient I'(z) /T'(x 4+ a) is completely monotonic for a > 0 and in particular log-convex
on (0,00). By Lemma 2.4 (ii) it is enough to prove that ¥ (x 4+ a) — () is completely monotonic,
which follows from (1.1). See also Theorem 4.3 below.

The result of Merkle is also a special case of the following theorem.

Theorem 3.5. Let a, b, a, 3 be real numbers with a > b > 0. The function x +— (T'(az))*/(T'(bx))”
is completely monotonic if and only if a« <0 and aa = Fb.
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Proof. Let
_ (I(ax))* _ ,_

We suppose that y is completely monotonic. Then y is also log-convex; see [23]. Thus, z is non-
positive and increasing on (0,00). We have the representation

z(z) = aay(azx) — log (ax)] — b (bxr) — log(bx)] + aaloga — Bblog b + (cva — Bb) log x.
Applying (2.6) we get: if aa — b > 0, then lim, . 2(z) = oco. And, if aa — b < 0, then
limg o0 2(x) = —00. Hence, aa — b = 0. This leads to

z(x) = aa[tp(ax) — log (ax) — 1 (bx) + log(bx) + log (a/b)]
and lim, . z(x) = aalog (a/b) < 0. Thus, a < 0.
Conversely, let o < 0 and aa = (b. It suffices to show that —z is completely monotonic. Let
w(z) = Y(ar) —¢(bz) and k(z) =2"[p™(z)| (n € N).
Applying Lemma 2.3 we get for x > 0:
2"(—=1)"w™ (z) = k(bz) — k(az) > 0.
In particular, w is decreasing, so that we obtain

w(z) > tli}r&w(t) =log(a/b) >0 (x> 0).

Thus, w is completely monotonic. The identity —z(z) = —aaw(x) reveals that —z is also completely
monotonic. O

Remark. There do not exist real numbers «a, 8 (with a # 3) such that g, g(z) = I'(z®)/T'(2”) is
completely monotonic. We assume (for a contradiction) that ¢, g is completely monotonic. Since
q’aﬂ(l) = (8 — a)7, where v = 0.5772... denotes Euler’s constant, we get § < o. If § < 0 =« or
6 =0 < a, then q(’xﬂ attains positive values on (0,00). And, if 3 < 0 < «, then lim, .9 g, g(z) = 0.
Next, let > 0. From (log go5(z))" < 0 we obtain

B
0<2< nga%b(fﬂ )

—— (x large).
5T Tyae e
This contradicts lim, o 27~ (2?) /¢p(2*) = 0. And, if a < 0, then
B
x x small),
vam) =5 @ omel)
which is false since lim, . 2%~ %)(2P) /1) (2®) = oo.
Let
Iz 4 u)
(3.15) P, y(u,v;z) = T@+o) exp[(v — w)Y(x + Gap(u,v))] (a,beR; 0 <u,v€R),

where G p(u, v) denotes the family of Gini means defined in (2.9) and (2.10). Bustoz & Ismail [15]
proved that z — Pjo(s,1;2) (0 < s < 1) is completely monotonic. We determine all Gini means
such that the function given in (3.15) is completely monotonic.

Theorem 3.6. The function x — P, (u,v;x), as defined in (3.15), is completely monotonic for all
u,v € R with v >u > 0 if and only if a +b > 1 and min(a,b) > 0.
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Proof. Let P(x) = P, p(u,v; ). We may suppose that a > b. First, we assume that P is completely
monotonic for all u,v € R with v > u > 0. Then we get for z > 0:

Pl
0> P((;C)) = (x4 u) — (@ +v) + (v — W (@ + Gap(u,v)) = Agp(u, v;2), say.
We have
Agp( ;7) = 2A ( ;x) = 672/\ ( () —0
(l,b u’/l)’x u=v - 8“ a7b u? U’ X u—v - 6”2 (l,b u) U, X w— — .
This leads to
o3 30" (z + v) v (2 + v)
< A . G ) N PR C RO
0= Ou? ot 7) u=v 4v [ a=b+ 3" (x + v)}

The formulas (2.4) and (2.7) yield " < 0 and lim,_.o " (x) /9" (z) = 0, so that we obtain a+b > 1.
Next, let b < 0. Since P is decreasing on (0, 00) with lim,_,o, P(x) =1, we get

(3.16) P(z)>1 for >0 and v>u>0.

We have
¥ (@)

lir% Gop(u,v) =0 and lim = 0.
u—

x—0 xT
This leads to
lim lim P(z) = 0,

rz—0 u—0

which contradicts (3.16). Hence, b > 0.
Conversely, let a >b>0,a+b>1,v>u>0, and z > 0. From (1.1) and (1.2) we get

o0 1
(3.17) (~log P@)) = [ e 0w vithi,
0

where
Oup(u,v;t) = e — e — (v — u)t exp[—tGy p(u, v)].

Applying Lemma 2.6 with » = 1 and s = 0 we obtain for v > u > 0:

Gap(u,v) > Grpo(u,v) = Y ;_ v
Thus,
(3.18) Oup(u,v;t) > O10(u,v;t)
o —(utv)t2[ (v—u)t B (v—u)t
% [smh > 5 ] >0 (t>0).
From (3.17) and (3.18) we conclude that P is completely monotonic. O

Remark. In [15] it is proved that  +— 1/FPyo(s,1;2) (0 < s < 1) is strictly decreasing on (0, c0).
It remains an open problem to determine all real parameters a and b such that x — 1/P, ,(u, v; z)
is completely monotonic for all u,v € R with v > u > 0.
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4. DIGAMMA AND POLYGAMMA FUNCTIONS

The digamma function is strictly increasing from —oo to oo on (0,00), in contrast to \w(”)| =
(—1)”“1#(") (n € N) which is completely monotonic. However, as we prove now, under certain
conditions for the parameters aj and by, the linear combination Y ;" | a9 (bgx) is completely mono-
tonic.

Theorem 4.1. Let ap and by, (k =1,...,m) be real numbers such that a1y > ... > ay, and by > ... >
by, > 0. The function x — > ;* , app(bpx) is completely monotonic if and only if Y ;- ar = 0 and
> opey aglog by > 0.

Proof. Let x(z) = >_}", axp(bgx). First, we show: if >/, ar =0 and )", aglogby > 0, then x
is completely monotonic. Let n > 1 be an integer and = > 0. Then (1.2) leads to

(4.1) (D)™™ (@) = apbi (1) "™ (bpz) = — /OO e N " agn(t /by ) dt
k=1 0 k=1

where n(z) = x/[1 — e~*]. Since 1/ (z) = e7*(1 —e %) 2[e® — 1 — x| > 0 for 2 > 0, we conclude that
7 is increasing on (0, 00). Hence, we have a; > ... > a,, and n(t/b1) < ... <n(t/by,) (t > 0), so that
Tchebyschef’s inequality (see [25, p. 43]) yields

(4.2) > arn(t/by) < ;iak iakn(t/bk) =0 (t>0).

=
Il
—
£
Il
—
I
—_

k
From (4.1) and (4.2) we obtain (—1)"x(™(z) > 0 for n > 1 and = > 0. It remains to show that y
is non-negative. We have

Z ag[(brx) — log (brx)] + Z ay, log by.
k=1

From (2.6) we get lim,_.o x(z) = Zk:l ar log by, > 0. Since x is decreasing it follows that x(z) > 0
for x > 0.
Conversely, let x be completely monotonic. Then we obtain for x > 0:

(4.3) 0 < x(z Z ax[(bgz) — log (brx)] Z ay log by + Z aplogx
and
(4.4) oy (z) =) apbpry/ (bez) < 0

k=1

Using (2.6) we conclude from (4.3) that > ;" | ax > 0; and since lim, .o 2¢'(z) = 1, we get from
(4.4) that > ;" ;ar < 0. Thus, >}, ar = 0. Applying (2.6) again we obtain from (4.3) that
Z;an’l a log by, > 0. This completes the proof of Theorem 4.1. O

Our next theorem has been motivated by the asymptotic formulas (2.6) and (2.7). Let

(4.5) Aap(®) =(x+a) —log(x+b) (0<a,beR)
and
) (n—1)! ‘
(4.6) tap(z) =0 (x+a)| — (0<a,beR;neN).

(x +b)"
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We determine all parameters a and b such that these functions are completely monotonic.

Theorem 4.2. Let Ay and pqap be defined in (4.5) and (4.6), respectively.

(i) The function A, is completely monotonic if and only if a —b > 1/2. And, —\yp is completely
monotonic if and only if a —b < 0.

(ii) The function pqyp is completely monotonic if and only if a —b < 0. And, —pqyp is completely
monotonic if and only if a —b > 1/2.

Proof. Since the proofs of (i) and (ii) are very similar, we only establish the first part. Let A, be
completely monotonic. From )\;’b(x) < 0 we obtain for x > 0:
< 1
o< ——
~ Yz +a)
Using (2.7) we get limy_,o0 1/9'(t) —t = —1/2. Thus, b—a < —1/2.
Next, let a — b > 1/2. Differentiation gives for z > 0:

b— —(x +a).

(4.7) Nopla) = [ e At

0
where .

te™®
—bt
Agp(t) =e " — =
Since
A A 27t
ap(t) 2 Bga1y2(t) = = [Slnh 5 ﬂ >0 (t>0),

we conclude that —\/ , is completely monotonic. We have Ay p(x) > lim¢ o0 Mg p(t) = 0 for z > 0.
This implies that A, is also completely monotonic.

We assume that —A,; is completely monotonic. Then A
(4.7) yields Agp(t) <0 for all t > 0. This leads to

!/

o.p 1s also completely monotonic, so that

log (1 —e7%) —logt
b—a> 08 ( et ) ~log =4(t), say.
Since limy_, o, 0(¢) = 0, we get b —a > 0.
Conversely, let a — b < 0. Then we have for ¢t > 0:

—at

Aup(t) < Apalt) = [1—t—ef] <.

1—et
so that (4.7) implies that X/ , is completely monotonic. Since Agp(z) < limy_oo Agp(t) = 0 for
x > 0, we conclude that —\, 4 is also completely monotonic. O

We study now the complete monotonicity of certain differences of digamma and polygamma func-
tions.

Theorem 4.3. Let n > 0 be an integer and let «, a, b be real numbers with a,b > 0 and a # b.
The function x — (=1)"z*[™ (z 4+ a) — ™ (x + b)] is completely monotonic if and only if o <0
and a > b.

Proof. We define
(4.8) Wa(z) = (=1)"2" [ (2 + a) — ¢ (@ + b))
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First, we suppose that W, is completely monotonic. Since —t) and |1)(™| (n > 1) are strictly
decreasing on (0, 00), we conclude from W, (xz) > 0 for z > 0 that a > b. Next, let a > 0. Then,
W, (0) = 0, so that W/ (z) <0 < W,(z) (z > 0) implies W, = 0. This leads to a = b. Thus, we
have oo < 0.

Conversely, let a < 0 and a > b. Using (1.1) and (1.2) we obtain

00 . efbt _ efat
4.9 W = TN —————dt.
(49) o) = [ et =5
Thus, W)y is completely monotonic. Applying Lemma 2.4 (i) we conclude from Wy (z) = z*Wy(z)
that W, is also completely monotonic. O

Remarks. (1) A function u : (0,00) — R is called star-shaped, if

(4.10) u(ex) < eu(x) forall z>0 and €€ (0,1).
And, if
(4.11) u(z) +u(y) <u(z+y) forall z,y>0,

then w is said to be strictly superadditive. If (4.11) holds with ‘<’ instead of ‘<’, then u is called
superadditive. It is easy to show that a star-shaped function is also superadditive. Trimble, Wells
& Wright [43] investigated a subclass of completely monotonic functions. They proved: let

oa) = [ e o

0
where the integral converges for x > 0 and ¢ is a non-constant function, which is non-negative and
increasing on (0,00). Then 1/v is star-shaped and strictly superadditive.
Let W, be the function defined in (4.8). If n > 0, « < —1, a > b > 0, then (3.2), (4.9), and the
convolution theorem for Laplace transforms yield

W () = /0 e (t)r,

where
t Le bs e—as
t) = (g — )T d
o) = g || = s
is non-constant, non-negative, and increasing on (0,00). This implies that (4.10) and (4.11) hold
with u = 1/W,.

(2) The following companion of Theorem 4.3 is valid. The function
Fu(e) = (=)™ (1 +1/(1+2)) =" (1 - 1/(1+2))] (0<neZ)
is completely monotonic. To prove this we apply (1.1) and (1.2) to get the formula
o n t
Fy(x) =2 inh dt,
(z) /0 1o

which shows the assertion. In fact, using the power series expansion of sinh it is clear that
sinh(t/(xz + 1)) is a completely monotonic function of x for each ¢ > 0.

In 1999, Palumbo [34] published an elegant inequality for the polygamma functions. He proved that
P @)™ @+ y +2) = " @+ )M (@ +2) 2 0

holds for all integers n > 1 and all positive real numbers x, y, z. The following theorem provides an
extension of this result.
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Theorem 4.4. Let n be a natural number and let a1, as, b1, by be non-negative real numbers such
that max (a1, as) > max (b1, be). The function

(4.12) z — ™ (z + a)) ™ (2 + ag) — ™ (z + b)) Y™ (z + by)

is completely monotonic if and only if a1 4+ as < by + bo.

Proof. We assume that a1 > ao > 0, by > by > 0, and a1 > b;. Let K be the function defined in
(4.12). First, we prove: if a; + ag < by + ba, then K is completely monotonic. Using (1.2) and the
convolution theorem for Laplace transforms we get

1 o0 B t Sn(t_s)n
4.13 K(z) == at
49 D=3}, ) T
x[A(ar, az;8,t) — A(b1, by; s, t)|dsdt,

where
A(u,v; 87t) _ ef(tfs)ufsv + efsuf(tfs)v'

Let 0 < s < t. Partial differentiation yields

iA(bl, bo; s, t) = —se” (t9bi=sbz _ (p_ gyemsbi=(t=s)b2
Oby

Since by > a1 + as — by, we obtain

(4.14) A(b1,b2;s,t) < A(br, a1 + az — b1;s,t)

_ e(ZSft)blfs(aﬁrag) + €(t72s)b17(t75)(a1+a2) _ @(al, as; bl; S,t), say.

We have 2b; > a1 + ao, so that we get

0
8[)1@(@1’@27 155, )

— (25 — £)elt=2)brH (st (@ ta2) [ 2s—t2h—(arta)] _ 1] > (),
This leads to
(4.15) O(ay,a2;b1;8,t) < O(a1,az;ar;s,t) = A(ay,ag; s,t).
From (4.14) and (4.15) we obtain

A(ay,ag;s,t) — A(by,ba;s,t) >0 (0<s<t),

so that (4.13) implies that K is completely monotonic.
Next, let K be completely monotonic. We define 7,(z) = [ (z + a)| — (n — 1)!/(z + a)”. Then
we get

K (@) = T (2)70(2) = 7o, (2)7 (2)

Tay (‘73) Taso ($) oy (x) Tby (.CU)
Hn - 1)!<(:p ta) T ara) (@tbe) (@ bl)">
1 1
Hn = 1)!)2((55 + a1)™(x + ag)” B (x +by)"(x + bg)")'

Using the limit relations

r—00

1
lim 2" 7, (z) = in! (a > 0)

and

1 1
1‘ 2n+1 —
v <(x+a1)"(af+a2)” (x+b1)”(ﬂc+b2)”>

=n(by + b2 — a1 — ag),
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we obtain
0< lim 2™ K(2) = (n — D)!n!(by + by — a1 — az).
This leads to b; + by > a1 + as. O

Remark. Applying Lemma 2.4 (i) and (iii) we get for all integers n > 1: if a = 1, b € N, or
0<a<1,b=1,then z — | (2%)|® is completely monotonic. We ask for all positive integers n
and real numbers a, b such that this function is completely monotonic.

5. PRIME NUMBERS

If H,p denotes the function defined in (3.6), then we conclude from Theorem 3.3:
(log Hy,—1(x)) <0 and (log Hyjoq(z)) <0 (x> 0),

or, equivalently,

1 1
1 1 S— 1 - — .
(5.1) ogx . < Y(z) <logx 5 (x > 0)

Proofs for (5.1) are also given in [3], [6], and [19]. In [19] the authors provide a statistical application
of (5.1). We show that (5.1) plays a role in the proof of a new number theoretic inequality involving
the digamma function and prime numbers.

In 1907, Bonse [14] presented two inequalities, which compare the product of the first n primes with
powers of the (n 4 1)-th prime number:
(5.2) Prp1 <pip2---pn (n>4) and pii <pip2---pn (n>5).

Further inequalities of this type can be found in the monograph [32, p. 246]. It is natural to look
for refinements of (5.2) by replacing the exponents 2 and 3 by expressions which depend on n. The
following elegant sharpening of (5.2) was established by Panaitopol [35] in 2000:

(5.3) 7™ < pipa-pn (n>2).
It might be a bit surprising that the digamma function can be used to improve (5.3) for all n > 11.

Theorem 5.1. Let a be a real number. The inequality

(5.4) ngfa/w(n)) <pip2---Pn

holds for all integers n > 2 if and only if a > 1.

Proof. Inequality (5.4) is equivalent to
«

1
(5.5) 0< ~0(p) — (1 - 30

Here, 6 denotes the Tchebyschef function defined in section 2. Let a > 1 and n > 89. Applying the
second inequality of (5.1) and Lemmas 2.8 and 2.10 we obtain

loglogn — 2.1454

> loganrl = fa(n)v say.

(5.6) fa(n) > fi(n) >logn +loglogn — 1 + og
1 loglogn — 0.4
—(1—-——— (1 log 1 _—
( 1ogn—1/(2n)><0gn+ oglogn + logn )
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_ ng(logn) + 5000 logn + 8727
~ 5000(logn)(2nlogn —1)

where

g(x) = 2(10* log z — 17454) + 103(10log = — 4).
The function ¢ is strictly increasing on (0,00). Since g(logn) > g(log89) = 69.90..., we conclude
from (5.6) that fi(n) > 0 for n > 89. A direct calculation reveals that fi1(n) is positive for
n = 2,3,...,88, too. This implies that inequality (5.5) is valid for all real numbers o > 1 and all
integers n > 2.

Next, we assume that (5.4) holds for all n > 2. Then we obtain

0(pn) 0(pn)
. > l1—-———) > 11— —
(5.7) = w(n)( nlogp,hq) - w(n)< nlogpn>
= a(n)b(n)[e(n) — d(n)],
where
1 n
a(n) = M, b(n) = osn , ¢(n) =logp, —logn —loglogn, d(n)= m — logn — loglog n.
logn log pn, n
Using (5.1) and Lemmas 2.9 and 2.10 we get the limit relations
(5.8) lim a(n) =1, lim b(n)=1, lim ¢(n)=0, lim d(n)=—1.
From (5.7) and (5.8) we conclude that o > 1. O

Remark. Let

n
h(n) =7m(n) — ——.
(n) = () = 7
Applying the left-hand side of (5.1) and Lemma 2.11 we obtain for n > 59:
h(n) 1 1 1 (n—2)logn —1

> 0.

n logn  2(logn)2  logn—1/n - 2(logn)?(nlogn —1)
A simple calculation gives that h(n) > 0 is also true for n = 7,8 and n = 11,12, ..., 58. This implies
that (5.4) with @ = 1 improves inequality (5.3) for all n > 11.
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