From discrete to absolutely continuous solutions of indeterminate moment problems

Christian Berg

September 9, 1998

Abstract

We consider well-known families of discrete solutions to indeterminate moment problems and show how they can be used in a simple way to generate absolutely continuous solutions to the same moment problems. The following cases are considered: log-normal, generalized Stieltjes -Wigert, q-Laguerre and discrete q-Hermite II.

1990 Mathematics Subject Classification: Primary 44A60, Secondary 33A65, 33D45.

1 Introduction

If (s_n)_{n≥0} is an indeterminate moment sequence, it is well-known that the set V of solutions to the corresponding moment problem contains discrete measures as well as absolutely continuous measures. Since V is convex, we can form convex combinations of known solutions to get new solutions, and since V is compact in the weak topology, also limits will lead to new solutions. In particular we have the following result:

Proposition 1.1 Let t → μ_t be a continuous mapping of an interval I into V . For any probability measure τ on I the vector integral κ = ∫ μ_tdτ(t) belongs to V .

We shall apply this result to various families (μ_t)_{t∈I} of discrete solutions, and show how this makes it possible to find absolutely continuous solutions.

As a general example we consider the N-extremal solutions (ν_t)_{t∈}R, determined by their Stieltjes transforms ∫ dν_t(x) x − z = − A(z)t − C(z) B(z)t − D(z) , z ∈ C \ R (1.1) cf. [1], where A, B, C, D are certain entire functions. It is well-known that

ν_t = ∑ λ∈Λt ρ(λ)ε_λ. (1.2)

where Λ_t ⊆ R is the discrete set of zeros of the entire function Bt − D, and ρ(x) = (_∞ ∑ k=0 p^2_k(x) )_{−1} (1.3)

with (p_k) being the orthonormal polynomials with respect to any of the measures in V . We denote by ε_λ the unit mass concentrated at the point λ.

Proposition 1.2 Let τ be the probability on R with a density given by the Poisson kernel for the upper half-plane τ = τ_{u,v} = 1 π v (u − t)^2 + v^2 dt , u ∈ R, v > 0. The solution κ = ∫ ν_tdτ(t) ∈ V is given by κ = v π 1 (uB(x) − D(x))^2 + v^2B^2(x) dx. (1.4) Proof Fix z in the upper half-plane. It is known that D(z)/B(z) lies in the lower half-plane, since B/D is a Pick function, cf. [1] or [9, p. 177]. The Möbius transformation w → − A(z)w − C(z) B(z)w − D(z) is holomorphic in C^∗ \ {D(z)/B(z)}, in particular harmonic and is reproduced by the Poisson integral. Therefore we have − A(z)(u + iv) − C(z) B(z)(u + iv) − D(z) = − ∫ A(z)t − C(z) B(z)t − D(z) dτ(t), which shows that ∫ dκ(x) x − z = − A(z)(u + iv) − C(z) B(z)(u + iv) − D(z) , Im(z) > 0. (1.5)

We find κ by the Perron-Stieltjes inversion procedure. According to this we consider the imaginary part of the right-hand side of (1.5) on the horizontal line z = x+iy, y > 0. As a function of x it converges for y → 0 to v (uB(x) − D(x))^2 + v^2B^2(x) , uniformly for x in compact subsets of R, and the formula (1.4) for κ follows. 2

Remark 1.3 The solution (1.4) corresponds in the Nevanlinna parametrization to the Pick function which is constant in the upper half-plane equal to u + iv. This was established in [8].

Remark 1.4 The set of solutions ∫ ν_tdτ(t), where τ is an arbitrary probability on R^∗ , is equal to the closed convex hull of the set of N-extremal solutions. This set is strictly smaller than V , since the set ex(V ) of extreme points of V is dense in V by a theorem of Glazman and Naiman, cf. [1, p.131].

In the rest of the paper we consider different indeterminate moment problems connected to q-special functions. In all of the cases considered: log-normal, generalized Stieltjes-Wigert, q-Laguerre and discrete q-Hermite II, there exists a family (μ_t)_{t>0} of discrete solutions with the periodicity property μ_{tq} = μ_t, t > 0. These families are known, and it is easy to establish that they are solutions to the moment problem in question, which is incidentally shown to be indeterminate.

In this paper we shall calculate the vector integrals 1 log(1/q)

∫_1 q μ_t dt t , (1.6)

which lead to absolutely continuous solutions of the moment problems. These solutions are not new, but are obtained here in an elementary way, and we want to underline the unifying point of view.

The families μ_t are given in the form σ_t/m(t), where m(t) is the total mass of σ_t. We shall also apply Proposition 1.1 with τ = 1 M m(t)φ(t)dt, where M = ∫_1 q m(t)φ(t)dt (1.7) and φ is a conveniently chosen positive function.

In this case we get κ = ∫_1 q μ_tdτ(t) = 1 M ∫_1 q σ_tφ(t)dt. (1.8) The q-Laguerre polynomials L^{(α)}n (x; q) constitute the most general of the examples considered in the sense that the other examples follow by specialization of the parameter α and simple transformations of the independent variable. For more precise statements see e.g. [18]. We have chosen to present each case in stead of starting with the most general example. Another reason for this is that we show how solutions to the strong log-normal moment problem can be used to form solutions to the generalized Stieltjes-Wigert problem.

The idea of changing an integral (1.6) to an integral over ]0, ∞[ using the periodicity μ_{tq} = μ_t has been exploited in [16] and is well-known in Fourier analysis. Concerning q-special functions we adopt the terminology from [13].

In Askey’s paper [2] it is pointed out that certain formulas of Ramanujan can be considered as q-extensions of the gamma and beta functions, and furthermore that some of these formulas can be interpreted as giving solutions to an indeterminate moment problem. The corresponding orthogonal polynomials are now called q- Laguerre polynomials, and they have been considered by a number of authors, see [3],[14],[17], [21]. Later Askey and Roy, cf. [5], evaluated the following integral ∫_∞ 0 t^c (−q^{a+c}t, −q^{b+1−c}/t; q)_∞ (−t, −q/t; q)_∞ dt t = Γ(c)Γ(1 − c) Γ_q(c)Γ_q(1 − c)

Γ_q(a)Γ_q(b) Γ_q(a + b)

, (1.9)

where Γ_q is Jackson’s q-extension of the gamma function

Γ_q(x) = (q; q)_∞ (q^x; q)_∞

(1 − q)^{1−x}. (1.10)

Other evaluations of the integral in (1.9) were given in [4],[13], [16]. Letting a, b tend to infinity leads to the formula ∫_∞ 0 t^c (−t, −q/t; q)_∞ dt t = (q; q)_∞

Γ(c)Γ(1 − c) Γ_q(c)Γ_q(1 − c)

(1 − q) = π sin(πc) (q^c, q^{1−c}; q)_∞ (q; q)_∞ , (1.11)

cf. [4].

2 The log-normal distribution

Stieltjes discovered that a weight function on an unbounded interval need not be uniquely determined by its moments, cf. [6, Letter 325], and in his monumental work [24] he showed that the log-normal distribution with density on ]0, ∞[

d_σ(x) = (2πσ^2)^{− 12} x^{−1} exp ( − (log x)^2 2σ^2 ) (2.1)

belongs to this category. For p ∈ R we have

s_p(d_σ) = ∫_∞ 0 x^pd_σ(x)dx = e^{12 p2σ2,} (2.2)

and in particular the moment sequence is given as

s_n(d_σ) = q^{− 12 n2} , n ≥ 0, (2.3) where 0 < q < 1 is defined by q = e^{−σ2} . Stieltjes showed that the moments (2.3) belong to an indeterminate moment problem by pointing out that all the densities (s ∈ [−1, 1]) d_σ(x) ( 1 + s sin( 2π σ^2 log x) )

have the same moments (2.3).

Chihara [10] and later Leipnik [19] gave the following family of discrete measures with the moments (2.3). For a > 0 define the discrete probability

λ_a = 1 L(a) ∞∑ k=−∞ a^kq^{12 k2} ε_{aq}k , (2.4)

where L(a) = ∞∑ k=−∞ a^kq^{12 k2} . (2.5)

It is easy to calculate the moments of λ_a using the translation invariance of ∑_∞ −∞. In fact

s_n(λ_a) = 1 L(a) ∞∑ k=−∞ a^kq^{12 k2} (aq^k)^n = q^{− 1}2^{n2} L(a) ∞∑ k=−∞ a^{k+n}q^{12 (k+n)2}

= q^{− 12 n2} .

The translation invariance also yields the formulas L(aq) = L(a) a √ q , λ_{aq} = λ_a , a > 0, (2.6)

which shows that the family (λ_a)_{a>0} is completely determined by the values a ∈ ]q, 1]. The value of the sum L(a) is known by Jacobi’s triple product identity, cf. [13] L(a) = (q, − √ q a, − √ q/a; q)_∞. (2.7)

In [3] Askey found another continuous weight function for the log-normal moments, namely ω(x) = 1 log(1/q)xL(x). (2.8)

We shall derive this density from the discrete family (λ_a) in (2.4) using Proposition 1.1.

Proposition 2.1 Let τ be the probability on ]q, 1] given as τ = da log(1/q)a . The vector integral κ = ∫ λ_adτ(a) is the measure with density (2.8).

Proof For any continuous and bounded function φ : ]0, ∞[ → C we have by definition of a vector integral ∫ φdκ = 1 log(1/q)

∫_1 q ( ∫ φdλ_a) da a = 1 log(1/q)

∫_1 q (_∞ ∑ k=−∞ a^kq^12^{k2} L(a) φ(aq^k) ) da a = 1 log(1/q) ∞∑ k=−∞ q^{12 k2}

∫_1 q a^kφ(aq^k) L(a) da a . Iterating the transformation formula (2.6) we get

L(aq^k) = a^{−k}q^{− 12 k2} L(a) , k ∈ Z. (2.9)

Substituting x = aq^k in the inner integral we get ∫ φdκ = 1 log(1/q) ∞∑ k=−∞ ∫_qk q^k+1 φ(x) L(x) dx x = 1 log(1/q) ∫_∞ 0 φ(x) L(x) dx x , which proves that κ has the density (2.8). 2

The density (2.8) has a one-parameter extension

ω_c(x) = x^{c−1} M_cL(xq^{−c}) , M_c = ∫_∞ 0 x^{c−1} L(xq^{−c}) dx, (2.10)

where c is a real number. Using the transformation formula (2.6) we see that

M_{c+1} = q^{c+ 12} M_c , ω_{c+1}(x) = ω_c(x), (2.11)

so it is enough to consider c ∈ [0, 1[.

Proposition 2.2 The measure ω_c(x)dx on ]0, ∞[ has the log-normal moments ∫_∞ 0 x^nω_c(x)dx = q^{− 12 n2} . (2.12)

Proof Using (2.9) we can write (2.4) as

λ_a = L(aq^{−c}) L(a) ∞∑ k=−∞ q^{kc} L(aq^{k−c}) ε_{aq}k , so the moment equation for λ_a reads ∞∑ k=−∞ (aq^k)^nq^{kc} L(aq^{k−c}) = q^{− 12 n2} L(a) L(aq^{−c}) . (2.13)

Multiplying this equation with a^{c−1} and integrating with respect to a over [q, 1] we get_∞ ∑ k=−∞ ∫_1 q (aq^k)^n(aq^k)^c L(aq^kq^{−c}) da a = q^{− 12 n2}

∫_1 q L(a)a^{c−1} L(aq^{−c}) da, hence ∫_∞ 0 t^nt^{c−1} L(tq^{−c}) dt = q^{− 12 n2} ∫_1 q L(t)t^{c−1} L(tq^{−c}) dt, and in particular for n = 0

M_c = ∫_∞ 0 t^{c−1} L(tq^{−c}) dt = ∫_1 q L(t)t^{c−1} L(tq^{−c}) dt. 2

Remark 2.3 In this way we do not get the value of M_c which follows from (1.11):

M_c = ∫_∞ 0 (tq^{c− 1}2 )^c L(tq^{− 1}2 ) dt t = q^{c(c− 12 )} ∫_∞ 0 t^c (q, −t, −q/t; q)_∞ dt t = q^{c(c− 12 )}

Γ(c)Γ(1 − c) Γ_q(c)Γ_q(1 − c) (1 − q). Remark 2.4 We see that the densities (2.10) fit into the scheme given in (1.8) with

σ_t = ∞∑ −∞ q^{kc} L(tq^{k−c}) ε_{tq}k , m(t) = L(t)/L(tq^{−c}) and φ(t) = t^{c−1}. 3 Generalized Stieltjes-Wigert

Wigert [25] studied the orthogonal polynomials for the log-normal distribution.

The generalized Stieltjes-Wigert moment problem (cf. [11], [12]) has the weight function on ]0, ∞[ w(x; p, q) = (p, −p √ q/x; q)_∞d_σ(x), (3.1)

where d_σ is the log-normal density (2.1) and 0 ≤ p < 1 is the additional parameter which for p = 0 gives the log-normal density. As before q = exp(−σ^2). The moments of w(x; p, q) are easy to calculate using the power series expansion of the q-exponential function, cf. [13] (−p √ q/x; q)_∞ = ∞∑ k=0 q^12^{k2} p^k (q; q)_k x^{−k}.

We want to emphasize that more is valid. Let ~V denote the of measures μ on ]0, ∞[, which solve the strong Stieltjes moment problem

s_n = ∫_∞ 0 x^ndμ(x) = q^{− 12 n2} , n ∈ Z. The calculations in section 2 show that d_σ, λ_a and ω_c(x) from (2.10) all belong to ~V .

Proposition 3.1 For arbitrary μ ∈ ~V the measure (p, −p √ q/x; q)_∞dμ(x) has the moments

s_n = (p; q)_nq^{− 12 n2} , n ≥ 0. (3.2)

Proof Since all the functions below are positive we find for n ∈ N_0 ∫_∞ 0 x^n(p, −p √ q/x; q)_∞dμ(x) = (p; q)_∞ ∞∑ k=0 q^12^{k2} p^k (q; q)_k ∫_∞ 0 x^{n−k}dμ(x)

= (p; q)_∞q^{− 12 n2} ∞∑ k=0 (pq^n)^k (q; q)_k = (p; q)_nq^{− 12 n2} ,

because 1 (z; q)_∞ = ∞∑ k=0 z^k (q; q)_k for |z| < 1. This also shows that the measure in question can integrate x^n for negative n as long as pq^n < 1. 2

Corollary 3.2 In addition to w(x; p, q) given by (3.1) the following measures have the moments (3.2): x^c M_c (p, −p √ q/x; q)_∞ (q, −q^12^{−c}x, −q^12^{+c}/x; q)_∞ dx x (3.3)

λ_{a,p} = 1 L(a, p) ∞∑ k=−∞ p^k(−a √ q/p; q)_kε_{aq}k , a > 0 (3.4) where L(a, p) = L(a) (p, −p √ q/a; q)_∞ . (3.5)

Proof Formula (3.3) is a direct consequence of Proposition 3.1 and (2.10). To see (3.4), we shall prove that for k ∈ Z (p, −p √ q/(aq^k); q)_∞a^kq^{12 k2} = (p, −p √ q/a; q)_∞p^k(−a √ q/p; q)_k, but this follows from the transformation formulas (I.2) and (I.5) in [13].

Remark 3.3 a) The evaluation of the moments of (3.3) is a special case of the Askey-Roy q-beta integral (1.9).

b) The measure λ_{a,p} has the periodicity λ_{aq,p} = λ_{a,p}, so it is enough to consider a ∈ ]q, 1]. The function (3.5) satisfies L(aq, p) = L(a, p) a √ q + p . c) The vector integral 1 log(1/q)

∫_1 q λ_{a,p} da a is equal to the measure (3.3) in the case c = 0.

4 q-Laguerre

We follow the normalization of the q-Laguerre polynomials given in [18], i.e. we remove the factor (1 − q) used by Moak in [21]. They belong to an indeterminate moment problem with moments

s_n(α; q) = q^{−αn−}(^{n+12} )(q^{α+1}; q)_n, (4.1)

when 0 < q < 1, α > −1, as pointed out by Askey in [2]. More information about this indeterminate moment problem can be found in [17]. In [21] one finds the following family (τ_c)_{c>0} of probabilities with moment sequence (4.1):

τ_c = 1 B(c) ∞∑ k=−∞ q^{k(α+1)} (−q^kc; q)_∞ ε_{cq}k , (4.2)

where B(c) = ∞∑ k=−∞ q^{k(α+1)} (−q^kc; q)_∞ has the transformation property B(cq) = q^{−(α+1)}B(c), and it follows that τ_{cq} = τ_c. The verification that τ_c has the moments (4.1) can be done using Ramanujan’s bilateral sum_1ψ_1, which also yields that B(c) = (−q^{α+1}c, −q^{−α}/c, q; q)_∞ (q^{α+1}, −q/c, −c; q)_∞ . (4.3)

Askey [2] pointed out that the density on ]0, ∞[ k_α t^α (−t; q)_∞ (4.4)

has the moments (4.1), and that this result follows from an integral given by Ramanujan in 1915. The constant k_α can be expressed via the Γ_q-function (1.10) and the ordinary Γ-function:

k_α = (1 − q)^{−α−1}

Γ_q(−α) Γ(−α)Γ(α + 1) = − sin(πα) π (q; q)_∞ (q^{−α}; q)_∞ . (4.5)

We want to point out that the density (4.4) can be constructed from the family (4.2) in the following way: The fact that (4.2) has the moments (4.1) can be expressed_∞ ∑ k=−∞ (cq^k)^n q^{k(α+1)} (−q^kc; q)_∞ = B(c)s_n(α; q). If we multiply this equation with c^α and integrate over [q, 1], we get ∞∑ k=−∞ ∫_1 q (cq^k)^n (cq^k)^α (−q^kc; q)_∞ d(cq^k) = s_n(α; q) ∞∑ k=−∞ ∫_1 c (cq^k)^α (−q^kc; q)_∞ d(cq^k), or ∫_∞ 0 t^n t^α (−t; q)_∞ dt = s_n(α; q) ∫_∞ 0 t^αdt (−t; q)_∞ . On the other hand the vector integral 1 log(1/q)

∫_1 q τ_c dc c yields another density with moments (4.1). Using the transformation formula for B(c) we get

τ_c = ∞∑ k=−∞ ε_{cq}k (−q^kc; q)_∞B(cq^k) and hence 1 log(1/q)

∫_1 q τ_c dc c = 1 log(1/q) ∫_∞ 0 ε_y (−y; q)_∞B(y) dy y . This shows that ω(y) = 1 log(1/q) (q^{α+1}, −q/y; q)_∞ y(−q^{α+1}y, −q^{−α}/y, q; q)_∞ (4.6)

has the moments (4.1). The result can be verified directly using the Askey-Roy q-beta-integral (1.9).

The generalized Stieltjes-Wigert moment problem and the q-Laguerre moment problem are closely related. If a measure μ has the moments s_n, then the image measure τ_a(μ) of μ under the transformation τ_a(x) = ax has the moments a^ns_n.

It follows that if μ is an arbitrary solution to the generalized Stieltjes-Wigert problem with p = q^{α+1}, α > −1 and if a = q^{−α− 1}2 , then τ_a(μ) is a solution to the q-Laguerre problem, and all solutions arise in this way. Applying this to the family (3.4) we get (4.2), and applied to (3.3) we get the following family of densities

q^{c(α+ 1}2^) M_c y^c (q^{α+1}, −q/y; q)_∞ (q, −q^{α+1−c}y, −q^{c−α}/y; q)_∞ dy y (4.7)

for the q-Laguerre problem. The family (4.7) is periodic in c with period 1. Putting c = 0 we get (4.6).

5 Discrete q-Hermite II

For 0 < q < 1 the discrete q-Hermite polynomials II are the orthogonal polynomials associated with the moment sequence

s_n = { 0 , n = 2m + 1 (q; q^2)q^{−m2} , n = 2m

(5.1)

where 0 < q < 1. The moments give rize to a symmetric indeterminate Hamburger moment problem. The orthogonal polynomials have appeared in another normalization in a study of a q-harmonic oscillator, cf. [15], [20], [22], [23]. The following family of discrete solutions to (5.1) is given in [18].

μ_c = 1 2A(c) ∞∑ k=−∞ q^k (−c^2q^{2k}; q^2)_∞ (ε_{cq}k + ε_{−cq}k ), (5.2) where A(c) = ∞∑ k=−∞ q^k (−c^2q^{2k}; q^2)_∞ = (−qc^2, −q/c^2, q^2; q^2)_∞ (−c^2, −q^2/c^2; q; q^2)_∞

. (5.3)

The paper [7] contains a proof that all the measures μ_c have the moments (5.1), based on the_1ψ_1-sum of Ramanujan. It is easily seen that A(cq) = 1 q A(c) , μ_{cq} = μ_c. (5.4)

In [7] it was proved that the lattice

Λ = {q^{k+ 12} | k ∈ Z} supports infinity many different solutions to (5.1), namely the convex combinations of the two measures

μ_+ = 1 A( √ q) ∞∑ k=−∞ q^{2k} (−q^{4k+1}; q^2)_∞

(ε_{q2k+} 1_2 + ε_{−q2k+} 1_2 )

μ_− = 1 A( √ q) ∞∑ k=−∞ q^{2k+1} (−q^{4k+3}; q^2)_∞

(ε_{q2k+} 3_2 + ε_{−q2k+} 3_2 )

concentrated on respectively the even and odd part of Λ.

Using the discrete family (μ_c)_{c∈ ]q,1]} we shall find two absolutely continuous solutions to (5.1).

Proposition 5.1 The moment problem (5.1) has the following symmetric solutions: 1 π (q^2; q^2)_∞ (q; q^2)_∞ 1 (−x^2; q^2)_∞

(5.5)

1 2 log(1/q)

(−q^2/x^2, q; q^2)_∞ |x|(−qx^2, −q/x^2, q^2; q^2)_∞ . (5.6)

Proof We have ∞∑ k=−∞ (cq^k)^{2n} (−c^2q^{2k}; q^2)_∞ q^k = A(c)(q; q^2)_nq^{−n2} , n ≥ 0,

which expresses that the 2n’th moment of μ_c is given by (5.1). Integrating this formula with respect to c over [q, 1] we get after the substitution x = cq^k ∫_∞ 0 x^{2n}dx (−x^2; q^2)_∞ = ∫_∞ 0 dx (−x^2; q^2)_∞

(q; q^2)_nq^{−n2}

which yields (5.5) except for the normalization ∫_∞ 0 dx (−x^2; q^2)_∞ = π 2 (q; q^2)_∞ (q^2, q^2)_∞ , which follows from Ramanujan’s integral, cf. (4.5) with α = −^1_2 .

If instead we consider the vector integral 1 log(1/q)

∫_1 q μ_c dc c we obtain (5.6). 2

Acknowledgment The author wishes to thank Erik Koelink for having drawn his attention to the family (4.7).

References

[1] N. I. Akhiezer, The classical moment problem, Oliver and Boyd, Edinburgh, 1965.

[2] R. Askey, Ramanujan’s extensions of the gamma and beta functions, Amer.

Math. Monthly 87 (1980), 346–359.

[3] R. Askey, Limits of some q-Laguerre polynomials, J. Approx. Theory 46 (1986), 213-216.

[4] R. Askey, Orthogonal polynomials and theta functions. In: Theta functions Bowdoin 1987, ed. L. Ehrenpreis, R. C. Gunning. Proc. Symp. Pure Math. 49-part 2 (1989), 299-321.

[5] R. Askey and R. Roy, More q-beta integrals, Rocky Mountain J. Math. 16 (1986), 365-372.

[6] B. Baillaud and H. Bourget, Correspondance d’Hermite et de Stieltjes I,II, Gauthier-Villars, Paris 1905.

[7] C. Berg, On some indeterminate moment problems for measures on a geometric progression, J. Comput. Appl. Math. (To appear).

[8] C. Berg and J. P. R. Christensen, Density questions in the classical theory of moments, Ann. Inst. Fourier 31,3 (1981), 99–114.

[9] C. Berg and G. Valent, The Nevanlinna parametrization for some indeterminate Stieltjes moment problems associated with birth and death processes, Methods and Applications of Analysis, 1 (1994), 169–209.

[10] T. S. Chihara, A characterization and a class of distribution functions for the Stieltjes-Wigert polynomials, Canad. Math. Bull. 13,4 (1970), 529–532.

[11] T. S. Chihara, An introduction to orthogonal polynomials, Gordon and Breach, New York-London-Paris, 1978.

[12] T. S. Chihara, On generalized Stieltjes-Wigert and related polynomials, J.

Comput. Appl. Math. 5 (1979), 291-297.

[13] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[14] W. Hahn, Über Orthogonalpolynome die q-differenzgleichungen genugen, Math. Nachr. 2 (1949), 4–34.

[15] R. Hinterding and J. Wess, q-deformed Hermite polynomials in q-quantum mechanics, Eur. Phys. J. C (1998).

[16] M. E. H. Ismail and M. Rahman, Some basic bilateral sums and integrals, Pac. J. Math. 170 (1995), 497-515.

[17] M. E. H. Ismail and M. Rahman, The q-Laguerre Polynomials and Related Moment Problems, J. Math. Anal. Appl. 218 (1998),155–174.

[18] R. Koekoek and R.F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and its q-analogue, Report 94-05, TU-Delft, 1994.

[19] R. Leipnik, The lognormal distribution and strong non-uniqueness of the moment problem, Theory Prob. Appl. 26 (1981), 850–852.

[20] A. Lorek, A. Ruffing, J. Wess, A q-deformation of the harmonic oscillator, Zeitschrift für Physik C 74 (1997), 369–377.

[21] D. S. Moak, The q-analogue of the Laguerre polynomials, J. Math. Anal. Appl.

81 (1981), 20–47.

[22] A. Ruffing, Quantensymmetrische Quantentheorie und Gittermodelle für Oszillatorwechselwirkungen, Dissertation der Fakultät für Physik der Ludwig- Maximilians-Universität München. München 1996.

[23] A. Ruffing, On Schrödinger-Hermite operators in lattice quantum mechanics, Submitted 1997.

[24] T. J. Stieltjes, Recherches sur les fractions continues, Annales de la Faculté des Sciences de Toulouse 8 (1894), 1–122; 9 (1895), 5-47.

[25] S. Wigert, Sur les polynômes orthogonaux et l’approximation des fonctions continues, Arkiv för matematik, astronomi och fysik 17, no 18, (1923).

Department of Mathematics, University of Copenhagen, Universitetsparken 5, DK-2100 Copenhagen Ø, Denmark.

e-mail berg@math.ku.dk