RECENT RESULTS ABOUT MOMENT PROBLEMS^1

Christian Berg

Dept. of Mathematics, University of Copenhagen, Universitetsparken 5, DK 2100 Copenhagen Ø, Denmark

Abstract. We give a survey of the moment problem in one and several dimensions with focus on the question of determinacy and the relation to polynomial density. In addition the paper contains a new characterization of the measures of finite density index and an example of a rotation invariant determinate measure whos marginal distributions are indeterminate.

1. Introduction

The moment problem was introduced in a seminal paper by T.J. Stieltjes [28]. In this paper he also introduced the Stieltjes integral, which is necessary in the formulation of the problem: Given a sequence (s_n) of nonnegative numbers, find necessary and sufficient conditions in order that

s_n = ∫_∞ 0 t^ndσ(t), n = 0, 1, · · · (1.1) for a nonnegative measure σ on [0, ∞[.

He also discovered that the problem can have infinitely many solutions σ. In this case we say that the moment problem is indeterminate, otherwise it is called determinate. He showed that ∫_∞ 0 x^{n−log x} sin(2π log x) dx = 0 for n = 0, 1, · · · , (1.2)

which implies that all the densities on the half-line

d_λ(x) = x^{− log x} (1 + λ sin(2π log x)) , λ ∈ [−1, 1] (1.3)

have the same moments.

Typeset by AMS-TEX 1

In the fundamental work of Hamburger [19] the theory of the moment problem was extended from the half-line to the real line. The problem is now to characterize real sequences (s_n) which can be represented as

s_n = ∫_∞ −∞ t^ndμ(t), n = 0, 1, · · · , (1.4) where μ is considered in the class M^∗(R) of measures for which t^n is integrable for every n ≥ 0.

Shortly after Hamburger new treatments of the moment problem were given by M. Riesz [25] and Nevanlinna [23] using tools from functional analysis and function theory. An account of the history of the moment problem from Stieltjes to Nevanlinna can be found in a recent paper by Kjeldsen [22]. Nevanlinna gave a parametrization of the convex set of all the solutions to an indeterminate moment problem, and he exhibited a subfamily of solutions, which we now call N-extremal.

Hamburger discovered that there are moment sequences which admit a representation (1.1) for exactly one measure on [0, ∞[, but there are different measures μ ∈ M^∗(R) for which (1.4) holds. To be able to speak in an unambiguous way about such problems we say that a moment sequence or a measure on the half-line is determinate in the sense of Stieltjes, if there is only one measure on the half-line with the given moments, and it will be called indeterminate in the sense of Stieltjes, if there are infinitely many measures on the half-line with the given moments. We shall use the short notation det(S) and indet(S) for the two cases. A moment sequence of the type discovered by Hamburger is indeterminate but det(S). We denote by M^∗([0, ∞[) the set of measures σ ∈ M^∗(R) which are supported by [0, ∞[. We refer to [1],[17],[27] for information about moment problems and orthogonal polynomials.

2. The moment problem in euclidean space

We shall consider the set M^∗(R^k ) of nonnegative measures on R^k with moments of any order, i.e. for which ∫ |x^n|dμ(x) < ∞ for n ∈ N^k , where we use the multiindex notation x^n = x^{n1}_1 · · · x^{nk}_k . The moment sequence of μ ∈ M^∗(R^k ) is given by

s_n = s_n(μ) = ∫ x^n dμ(x), n ∈ N^k . (2.1)

For k > 1 there is no characterization of moment sequences, which is similar to the simple results of Stieltjes and Hamburger, see [3],[7],[18]. We denote by V_μ the

RECENT RESULTS ABOUT MOMENT PROBLEMS2 3

set of measures ν ∈ M^∗(R^k ) for which s_n(μ) = s_n(ν) for all n. Like before we say that μ is determinate if V_μ = {μ}, otherwise it is called indeterminate.

Let us consider the following example. For α > 0 we let μ_α have density exp(−||x||^α) with respect to Lebesgue measure. One can prove that μ_α is indeterminate for α < 1 and determinate for α ≥ 1. Using the formula (α < 1) ∫ R^k x^n exp(−||x||^α) [ cos sin ] (||x||^α tan απ 2 ) dx = 0, (2.2)

where cosinus is used when k is odd, and sinus is used when k is even, the indeterminacy of μ_α follows in the same way as (1.2) implies the indeterminacy expressed in (1.3).

We shall review the main results about the following problem: For which p ≥ 1 and μ ∈ M^∗(R^k ) is it true that the set of polynomials C [x_1 , . . . , x_k] is dense in L^p(μ)?

For μ ∈ M^∗(R^k ) we denote by marginal distributions the k one-dimensional measures π_j(μ), which are the image measures of μ under the projections π_j (x) = x_j , j = 1, . . . , k. 1^∘. If μ has compact support then C [x_1 , . . . , x_k] is dense in L^p(μ) for all p. (Weierstrass).

2^∘. If C [x_1 , . . . , x_k] is dense in L^p(μ) for some p > 2, then μ is determinate.

This was proved in [5] for k = 1 and in [18] for k > 1.

3^∘. Let ν ∈ V_μ. Then C [x_1 , . . . , x_k] is dense in L^1(ν) if and only if ν is an extreme point of the convex set V_μ. In particular C [x_1 , . . . , x_k] is dense in L^1(μ) if μ is determinate.

This was proved by Naimark, cf. [1], p. 46.

4^∘. If C [t] is dense in L^p with respect to each of the k marginal distributions of μ ∈ M^∗(R^k ), then C [x_1 , . . . , x_k] is dense in L^r(μ) for 1 ≤ r < p.

This was proved in [24], and was used to establish the following: If the marginal distributions of μ are determinate, then μ is determinate. The paper [24] also contains an example showing that the converse does not hold. An example of a rotation invariant determinate measure with indeterminate marginals will be given below.

5^∘. For μ ∈ M^∗(R^k ) define

λ_n = ∫ (x^n_1 + · · · + x^n_k ) dμ(x), n ≥ 0.

If ∑ λ^{−1/2n} 2n = ∞, then C [x_1 , . . . , x_k] is dense in L^p(μ) for any p ≥ 1, and μ is determinate.

The infinite series condition is due to Carleman, who (for k = 1) proved that the measure is determinate under this condition. A proof of the density result can be found in [6].

6^∘. Suppose k = 1. If μ is determinate, then C [t] is dense in L^2(μ). If μ is indeterminate and ν ∈ V_μ, then C [t] is dense in L^2(ν) if and only if ν is N-extremal.

This was proved by M. Riesz in [26]. It is natural to ask, if the result can be extended to dimension k > 1, and this was explicitly posed as the Challifour- Devinatz problem, cf. [20]. The problem was solved in the negative in 1990 by Thill and the author, see [10],[11],[4]. We shall discuss the solution in section 3 below.

7^∘. Suppose σ ∈ M^∗([0, ∞[) is det(S). Then C [t] is dense in L^2(σ).

This follows from 6^∘ since σ is either determinate, or indeterminate and Nextremal, cf. [10], Corollary 1.2.

8^∘. Suppose μ ∈ M^∗(R), a /∈ R \ supp(μ). Then μ is determinate if and only if C [t] is dense in L^2(μ + ε_a).

See [10], Corollary 1.5.

3. Rotation invariant moment problems

We denote by M^∗_{rot}(R^k ) the set of rotation invariant measures on R^k with moments of every order.

There is a one-to-one correspondence between μ ∈ M^∗_{rot}(R^k ) and σ ∈ M^∗([0, ∞[) given by σ = ψ(μ), where ψ(x) = ‖x‖^2. This means that ∫_∞ 0 f(t)d σ(t) = ∫ R^k f(‖x‖^2)d μ(x) (3.1)

for functions f on [0, ∞[. The inverse mapping is given by μ = j(σ ⊗ ω), where

j : [0, ∞[×Ω_k → R^k , j(t, ξ) = √ tξ . (3.2)

Here Ω_k denotes the unit sphere in R^k and ω denotes the normalized surface measure of Ω_k.

Using (3.2) we get ∫ x^ndμ(x) = ∫_∞ 0 t^{|n|/2}dσ(t) ∫ Ω_k

ξ^ndω(ξ) . (3.3)

It is clear that ∫ ξ^ndω(ξ) = 0 if at least one n_i is odd, and it is easy to see that ∫ Ω_k ξ^{2n}dω(ξ) = Γ(n_1 +^1_2 ) · · · Γ(n_k +^1_2 ) Γ(n_1 + · · · + n_k +^k_2 ) Γ( k 2 )π^{− k2} .

RECENT RESULTS ABOUT MOMENT PROBLEMS3 5

This shows that the non-trivial moments s_n(μ) (all n_i are even) are expressed by (3.3) in terms of the moments of the corresponding measure σ on [0, ∞ [.

The following two theorems about properties of μ ∈ M^∗_{rot}(R^k ) in terms of properties of the corresponding σ ∈ M^∗([0, ∞[) were derived by Thill and the author in [10].

Theorem 3.1. The measure μ is determinate on R^k if and only if σ is det(S).

Theorem 3.2. 1^∘. Assume k > 1. Then C [x_1 , . . . , x_k] is dense in L^2(μ) if and only if C [t] is dense in L^2(t^pd σ(t)) for p = 0, 1, . . . .

2^∘. Assume k = 1. Then C [x] is dense in L^2(μ) if and only if C [t] is dense in L^2(t^pd σ(t)) for p = 0, 1.

An explanation for the difference in nature between the results in dimension one and higher dimensions can be found in the theory of spherical harmonics. Let H_p(k) denote the space of homogeneous harmonic polynomials of degree p i R^k . Then dim H_p(k) > 0 for k = 1 if and only if p = 0, 1, but for k > 1 we have dim H_p(k) > 0 for p = 0, 1, . . . .

For k = 1 a rotation invariant measure on R^k is the same as a symmetric measure, and it is easy to prove Theorem 3.2 in this case. In fact, the mapping

T : L^2(σ) × L^2(td σ(t)) → L^2(μ)

given by T (f, g)(t) = f(t^2)+tg(t^2) is a unitary transformation between Hilbert spaces mapping C [t]×C [t] onto C [t], and the result follows. In particular, if (P_{0,n})_n and (P_{1,n})_n denote the orthonormal polynomials corresponding to σ and td σ(t) respectively, then the system {P_{0,n}(t^2), tP_{1,n}(t^2), n ≥ 0} is the orthonormal polynomials corresponding to μ.

A similar but more complicated method involving tensor products can be applied in dimension k > 1, cf. [4]. Here we shall contend ourselves with giving an orthonormal basis for C [x_1 , . . . , x_k] in L^2(μ) in terms of the orthonormal polynomial systems (P_{p,n})_n for the measures t^pd σ(t), p = 0, 1, . . . . We choose an orthonormal basis S_{p,j} of spherical harmonics from H_p(k), j = 1, . . . , dim H_p(k) with respect to the inner product in L^2(Ω_k, ω). Then the system of polynomials {P_{p,n}(‖x‖^2)S_{p,j} (x) | j = 1, . . . , dim H_p(k), p = 0, 1, . . . , n = 0, 1, . . . } is an orthonormal basis for C [x_1 , . . . , x_k] in L^2(μ).

In order to construct a measure μ ∈ M^∗_{rot}(R^k ) which is determinate and such that C [x_1 , . . . , x_k] is not dense in L^2(μ), we have to find σ ∈ M^∗([0, ∞[) which is det(S) and such that C [t] is not dense in L^2(t^pdσ(t) for p sufficiently big.

For each σ ∈ M^∗([0, ∞[) such that C [t] is dense in L^2(σ), there is a density index δ(σ) defined by

δ(σ) = sup{p ∈ N | C [t] is dense in L^2(t^pd σ(t))}, (3.4) cf. [11]. It turns out that any number 0, 1, . . . , ∞ can be the density index for some σ. If σ is indet(S) then δ(σ) ≤ 2, and if σ is det(S) then δ(σ) ≥ 2, and any number ≥ 2 is δ(σ) for some σ which is det(S). We return to this question in the next section, where we shall give a complete characterization of the measures of finite density index. Let us just mention that they are discrete, and their mass points are the zeros of certain entire functions of minimal exponential type. We therefore have the following:

Theorem 3.3. The determinate measures μ ∈ M^∗_{rot}(R^k ) for which C [x_1 , . . . , x_k] is not dense in L^2(μ) are given as

μ = ∞∑ n=0 α_nω^√_{rn} ,

where α_n > 0 and 0 ≤ r_0 < r_1 < · · · → ∞ are such that σ = ∑ α_nε_{rn} is det(S) of finite density index, and ω_r denotes the normalized uniform distribution on the sphere ‖x‖ = r.

In particular, C [x_1 , . . . , x_k] is dense in L^2(μ), if the rotation invariant measure has a density with respect to Lebesgue measure.

Also in the case of non-rotation invariant measures μ ∈ M^∗(R^k ) we can get information about denseness of C [x_1 , . . . , x_k] in various spaces from corresponding results about σ := ψ(μ), the image measure under ψ(x) = ‖x‖^2.

Theorem 3.4. Let μ ∈ M^∗(R^k ) where k > 1, define σ = ψ(μ) and let r ∈ [1, ∞[.

If C [t] is dense in L^r(t^{p r2} dσ(t)) for every integer p ≥ 0, then C [x_1 , . . . , x_k] is dense in L^r(μ).

If C [t] is dense in L^r(σ) for some r ∈ ]1, ∞[, then C [x_1 , . . . , x_k] is dense in L^r 0 (μ) for every r^′ ∈ [1, r[.

Theorem 3.4 can be applied to prove Theorem 3.1 in the following way: Assume that σ is det(S). For ν ∈ V_μ we see that ψ(ν) and σ have the same moments, hence ψ(ν) = σ. The polynomials are dense in L^2(σ), cf. 6^∘ in section 2, and it follows by Theorem 3.4 that C [x_1 , . . . , x_k] is dense in L^1(ν), so that ν is an extreme point of V_μ by 3^∘. The measure ν ∈ V_μ being arbitrary, this is only possible if μ is determinate.

It is more elementary to prove that if σ is indet(S), then μ is indeterminate, because if τ ∈ M^∗([0, ∞[) has the same moments as σ and is different form σ, then the corresponding rotation invariant measure is different from μ and has the same moments as μ.

As another application of Theorem 3.4 it should be noticed that C [x_1 , . . . , x_k] is dense in L^p(μ) for 1 ≤ p < 2 for the measures μ of Theorem 3.3. Furthermore, the orthogonal complement of C [x_1 , . . . , x_k] in L^2(μ) is of infinite dimension, [10].

RECENT RESULTS ABOUT MOMENT PROBLEMS4 7

4. Indeterminate Hamburger moment problems on the real line

Let (s_n) be an indeterminate Hamburger moment sequence and let V be the set of positive Borel measures μ on R satisfying ∫ x^ndμ(x) = s_n , n ≥ 0. It is well-known that V is a compact convex set in the weak topology from the duality with continuous functions vanishing at infinity. Let (P_n) be the corresponding orthonormal polynomials and let (Q_n) be the polynomials of the second kind given by Q_n(x) = ∫ P_n(x) − P_n(y) x − y dμ(y) , μ ∈ V . (4.1) It is well-known that the series ∑ |P_n(z)|^2, ∑ |Q_n(z)|^2 converge uniformly on compact subsets of C , which makes it possible to define four entire functions on C^2 A(u, v) = (v − u) ∞∑ n=0 Q_n(u)Q_n(v)

B(u, v) = −1 + (v − u) ∞∑ n=0 Q_n(u)P_n(v)

C(u, v) = 1 + (v − u) ∞∑ n=0 P_n(u)Q_n(v)

D(u, v) = (v − u) ∞∑ n=0 P_n(u)P_n(v) ,

(4.2)

where we follow [15]. Note that A(u, v) = −A(v, u) ; B(u, v) = −C(v, u) ; D(u, v) = −D(v, u) . (4.3) The functions verify the fundamental identity | | | A(u, v) C(u, v) B(u, v) D(u, v) | | | ≡ 1 , (4.4)

cf. [15]. If the first variable is put equal to zero we get the functions

A(z) = A(0, z) , B(z) = B(0, z) , C(z) = C(0, z) , D(z) = D(0, z) , (4.5)

which form the Nevanlinna matrix M(z) = ( A(z) C(z) B(z) D(z) ) (4.6)

for the indeterminate problem.

The above functions of two variables seem more natural than the functions in the Nevanlinna matrix because there is no reason why 0 should play a special role. On the other hand the functions A, B, C, D can be expressed in a simple way using the functions in the Nevanlinna matrix, cf. [15] A(u, v) = A(v)C(u) − A(u)C(v) B(u, v) = B(v)C(u) − A(u)D(v) D(u, v) = B(v)D(u) − B(u)D(v) . (4.7)

The set V of solutions μ to the indeterminate moment problem was parametrized by Nevanlinna in 1922 using the matrix (4.6), cf. [23]. The parameter space is the one-point compactification of the set P of Pick functions, which are holomorphic functions in the upper half-plane H with non-negative imaginary part. The Pick functions are given by the following representation φ(z) = az + b + ∫ tz + 1 t − z dσ(t) , (4.8)

where a ≥ 0 , b ∈ R, σ ∈ M_+ (R). Formula (4.8) gives a holomorphic extension of φ to C \ supp(σ) and in particular to the lower half-plane. Note that φ(z) = φ(z).

The Nevanlinna parametrization is the homeomorphism φ → ν_φ of P ∪{∞} onto V given by ∫ dν_φ(u) u − z = − A(z)φ(z) − C(z) B(z)φ(z) − D(z) , z ∈ C \ R , (4.9)

which expresses that the Stieltjes transform of any solution ν ∈ V is given by (4.9) for a unique φ ∈ P ∪ {∞}.

Riesz [26] characterized the solutions ν_t , t ∈ R ∪ {∞} as those μ ∈ V for which the set of polynomials C [x] is dense in L^2(μ). These measures are called N-extremal.

By (4.9) the Stieltjes transform of the N-extremal measure ν_t is the meromorphic function − A(z)t − C(z) B(z)t − D(z) ( = − A(z) B(z) if t = ∞ ) , (4.10)

which implies that ν_t is a discrete measure

ν_t = ∑ λ∈Λ_t c_λε_λ , (4.11)

where Λ_t is the zero set of the entire function Bt − D (B if t = ∞) and

c_λ = A(λ)t − C(λ) B^′(λ)t − D^′(λ) for λ ∈ Λ_t . (4.12)

RECENT RESULTS ABOUT MOMENT PROBLEMS5 9

The functions Bt − D are real entire functions with only real and simple zeros, and they are of minimal exponential type.

Let S denote the set of Stieltjes moment sequences. For (s_n) ∈ S all zeros of D are non-negative, and since D(0) = 0 they can be enumerated r_0 = 0 < r_1 < r_2 < · · · . Therefore ν_0 is a solution to the moment problem in M^∗([0, ∞[). If the problem is det(S), then ν_0 is the only solution in V supported by [0, ∞[. If the problem is indet(S), then there exists a constant α < 0 such that supp(ν_t) ⊆ [0, ∞[ for t ∈ [α, 0], and supp(ν_t)∩] − ∞, 0[≠ ∅ for t ∈ R ∪ {∞} \ [α, 0], cf. [11]. The density index of the N-extremal solutions has the following values:

Lemma 4.1. Let (s_n) ∈ S be an indeterminate Hamburger moment sequence.

(i) If (s_n) is indet(S) then

δ(ν_t) = 0 for t ∈ ]α, 0[ , δ(ν_α) = 1, δ(ν_0) = 2.

(ii) If (s_n) is det(S) then δ(ν_0) = 3 and tdν_0(t) is det(S).

If one of the mass points of an N-extremal measure is removed, the new measure becomes determinate ([1],[5]), and if further k masses are removed, we get a determinate measure μ of index of determinacy ind(μ) = k, a concept which has been introduced and studied in [8],[9]. For μ ∈ M^∗(R) the index of determinacy of μ with respect to a point z ∈ C is defined as

ind_z(μ) = sup{k ∈ N | |t − z|^{2k}μ is determinate}.

It was shown that if ind_z(μ) < ∞ for at least one point z then

ind_z(μ) = { k, for z ∉supp(μ) k + 1, for z ∈supp(μ),

and we define ind(μ) = k in this case. Otherwise ind_z(μ) = ∞ for all z ∈ C in the case of which we put ind(μ) = ∞.

In the opposite direction, if we add k new mass points to an N-extremal measure, it becomes k-canonical, meaning that it is indeterminate and the closure of the polynomials in L^2 has codimension k. This characterization of k-canonical measures was proved in [14].

Let us consider the following sets of measures

I = {ν_0 − ν_0({0})ε_0 | (s_n) ∈ S is indet(S)}, (4.13)

D = {ν_0 − ν_0({0})ε_0 | (s_n) ∈ S is indeterminate and det(S)}, (4.14)

where in both cases ν_0 is the N-extremal measure for the sequence (s_n) corresponding to the parameter value 0 in the Nevanlinna parametrization. The measures in I and D are determinate by the remark above, and they have no mass at zero.

The following result holds:

Theorem 4.2. (i) The class I consists of the measures σ ∈ M^∗([0, ∞[) which are determinate with δ(σ) = 2.

(ii) The class D consists of the measures σ ∈ M^∗([0, ∞[) which are determinate with δ(σ) = 3.

(iii) The measures σ ∈ M^∗([0, ∞[) with δ(σ) = 2 + j, j ≥ 0 are given as σ = αε_0 + t^{−j} dτ(t), α ≥ 0, τ ∈ I. (iv) σ ∈ M^∗([0, ∞[) is determinate and of finite density index if and only if it can be derived from a measure τ ∈ I ∪ D by removing finitely many mass points.

Proof. The properties (i)-(iii) are included in [10],[11].

If τ ∈ I ∪ D and Λ ⊂ supp(τ) has k points, then σ = τ − ∑ a∈Λ τ({a})ε_a

has the property that ind_0(σ) = k, i.e. t^{2j} dσ(t) is determinate for j = 0, 1, . . . , k but t^{2k+2}dσ(t) is indeterminate, cf. [8]. Therefore t^{2k+2}dσ(t) is N-extremal, and δ(t^{2k+2}dσ(t)) ∈ {0, 1} by Lemma 4.1 since there is no mass at the origin. This shows that δ(σ) ≤ 2k + 3.

Conversely, if σ is determinate with δ(σ) = j, where (2 ≤)j < ∞, then if k = [j/2] we have that t^{2k}dσ(t) is indeterminate, hence ind(σ) < k. If we add masses at ind(σ) + 1 different points from [0, ∞[\ supp(σ) we get an N-extremal measure. By a result of [5] we can always arrange it such that 0 belongs to the support of this N-extremal measure, and the result follows.

Example 4.3. We shall give an example of a determinate rotation invariant measure μ̃ in R^k , k > 1 for which the marginal distributions are indeterminate and for which C [x_1 , . . . , x_k] is dense in L^p(μ) for 1 ≤ p < 2, but not dense for p = 2.

Let ν_0 ∈ M^∗([0, ∞[) be indet(S) and N-extremal with α_0 := ν_0({0}) > 0. Then σ = ν_0 − α_0ε_0 ∈ I is determinate and in particular det(S). We know that σ = ∞∑ n=1 α_nε_{rn} ,

where 0 < r_1 < r_2 < · · · . The corresponding rotation invariant measure on R^k , k > 1 μ = ∞∑ n=1 α_nω^√_{rn} is determinate, but μ̃ = μ + α_0ε_0 is indeterminate. Furthermore C [x_1 , . . . , x_k] is dense in L^p(μ) for 1 ≤ p < 2, and not dense for p = 2. This follows from the

RECENT RESULTS ABOUT MOMENT PROBLEMS6 11

theorems 3.2 and 3.4 since δ(σ) = 2. The marginal distributions of μ̃ are all equal to τ̃ = τ + α_0ε_0 where τ is a measure on R with the following symmetric density with respect to Lebesgue measure

Γ(^k_2 ) √ πΓ(^{k−1}_2 ) ∞∑ n=1 r^{2−k}_n (r^2_n − t^2)^k

�3_2 1_{]−rn,rn[}(t). By the result of Petersen [24], cf. the remark after 4^∘, we see that τ̃ is indeterminate, but since it is non-discrete, it is not N-extremal. By removing the mass at the origin we get τ which is again indeterminate, for otherwise C [t] would be dense in L^2(τ̃) by the result of 8^∘.

5. Examples of N-extremal measures

As far as we know the first concrete measure recognized as being N-extremal is an orthogonality measure for the q-polynomials of Al-Salam and Carlitz [2], namely

β^{(a)} = (aq; q)_∞ ∞∑ n=0 a^nq^{n2} (aq; q)_n(q; q)_n ε_q�n , (5.1)

where 0 < q < 1, q < a < q^{−1} and

(z; q)_n =^nΠ_{k=1}(1 − zq^{k−1}) , z ∈ C , n = 0, 1, · · · , ∞ . (5.2)

The observation that β^{(a)} is N-extremal (when a ≤ 1) is due to Chihara [16]. For a different proof of this result see [12].

There is another explicit example of an N-extremal measure derived in a study by Valent [29] of birth and death processes with quartic rates. The D-function is particularly simple, viz. D(z) = 4 π √ z sin ( z^{14} 2 K_0 ) sinh ( z^{14} 2 K_0 ) = K^2_0 π z^∞Π_{n=1} ( 1 − z x_n ) , where x_n = (2πn/K_0)^4. Here K_0 is a constant from the theory of elliptic functions in the lemniscatic case corresponding to the modulus k = 1/ √ 2. The N-extremal measure supported by the zeros of D is

ν_0 = π K^2_0 ( δ_0 + 4 ∞∑ n=1 2nπ sinh(2nπ) ε_{xn} ) . (5.3.)

For a complete calculation of the functions A, B, C, D in the two cases see [13]. For still another example of N-extremal measures see [21].

References

1. N.I. Akhiezer, The classical moment problem, Oliver and Boyd, Edinburgh, 1965. 2. W.A. Al-Salam and L. Carlitz, Some orthogonal q-polynomials, Math. Nachr. 30, 47-61. 3. C. Berg, The multidimensional moment problem and semigroups (1987), In: Proceedings of symposia in applied mathematics. Vol. 37, 110–124. Amer. Math. Soc..

4. C. Berg, L2-approximation with respect to rotation invariant measures, Suppl. Rend. Circ.

Mat. Palermo Serie II 33 (1993), 211-217.

5. C. Berg and J.P.R. Christensen, Density questions in the classical theory of moments, Ann.

Inst. Fourier 31,3 (1981), 99–114.

6. C. Berg and J.P.R. Christensen, Exposants critiques dans le problème des moments, C. R.

Acad. Sci. (Paris), Série I 296 (1983), 661-663.

7. C. Berg, J.P.R. Christensen and C.U. Jensen, A remark on the multi-dimensional moment problem, Math. Ann. 243 (1979), 163–169.

8. C. Berg and A. Duran, The index of determinacy for measures and the l2-norm of orthonormal polynomials, Trans. Amer. Math. Soc. (to appear).

9. C. Berg and A.J. Duran, When does a discrete differential perturbation of a sequence of orthonormal polynomials belong to ℓ2?, J. Funct. Anal. (to appear).

10. C. Berg and M. Thill, Rotation invariant moment problems, Acta Math. 167 (1991), 207–227. 11. C. Berg and M. Thill, A density index for the Stieltjes moment problem, Orthogonal Polynomials and their applications., C. Brezinski, L. Gori and A. Ronveaux, vol. 9, IMACS Annals on computing and applied mathematics, 1991, pp. 185–188.

12. C. Berg and G. Valent, Nevanlinna extremal measures for some orthogonal polynomials related to birth and death processes, J. Comp. Appl. Math. (to appear).

13. C. Berg and G. Valent, The Nevanlinna parametrization for some indeterminate Stieltjes moment problems associated with birth and death processes, Methods and Applications of Analysis 1 (1994), 169-209.

14. H. Buchwalter and G. Cassier, Mesures canoniques dans le problème classique des moments, Ann. Inst. Fourier 34,2 (1984), 45-52.

15. H. Buchwalter and G. Cassier, La paramétrisation de Nevanlinna dans le problème des moments de Hamburger, Expo. Math. 2 (1984), 155–178.

16. T.S. Chihara, On indeterminate Hamburger moment problems, Pac. J. Math. 27 (1968), 475– 484.

17. T.S. Chihara, An introduction to orthogonal polynomials, Gordon and Breach, New York, 1978.

18. B. Fuglede, The multidimensional moment problem, Expo. Math 1 (1983), 47–65. 19. H. Hamburger, Über eine Erweiterung des Stieltjesschen Momentenproblems, Math. Ann. 81 (1920), 235–319; 82, 120-164; 168-187.

20. V.P. Havin et al.(editors), Linear and complex analysis problem book. 199 research problems, Lecture Notes in Mathematics 1043, Springer, Berlin - Heidelberg - New York, 1984.

21. M.E.H. Ismail and D.R. Masson, Q-Hermite polynomials, biorthogonal rational functions and Q-beta integrals, Trans. Amer. Math. Soc. 346 (1994), 63-116.

22. T.H. Kjeldsen, The early history of the moment problem, Historia Math. 20 (1993), 19-44. 23. R. Nevanlinna, Asymptotische Entwicklungen beschränkter Funktionen und das Stieltjessche Momentenproblem, Ann. Acad. Scient. Fennicae, (A) 18(5) (1922), 52 pp.

24. L.C. Petersen, On the relation between the multidimensional moment problem and the onedimensional moment problem, Math. Scand. 51 (1982), 361–366.

25. M. Riesz, Sur le problème des moment. Troisième Note, Arkiv för matematik, astronomi och fysik 17 (1923), N:o 16.

26. M. Riesz, Sur le problème des moments et le théorème de Parseval correspondant, Acta Litt.

Ac. Sci. Szeged 1 (1923), 209–225.

RECENT RESULTS ABOUT MOMENT PROBLEMS7 13

27. J. Shohat and J.D. Tamarkin, The Problem of Moments, revised edition, American Mathematical Society, Providence, 1950.

28. T.J. Stieltjes, Recherches sur les fractions continues, Annales de la Faculté des Sciences de Toulouse 8 (1894), 1-122; 9 (1895), 5-47.

29. G. Valent, Orthogonal polynomials for a quartic birth and death process, In: Proceedings of the Granada conference 1991, J. Comput. Appl. Math. 49 (1993), 281-288.