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Let a be a finite set of symbols, and let at
denote the set of finite non-empty words with
letters from a. A substitution is a map

7‘Za—>(1jj

We write “w - v" when w,v € a and w is a
subword of wv.

Define
Xr = {(z;) € a? | Vi < j3n,a: ;5] 7" (a)}.
and equip with
o(zn) = (Tng1)

Focus Invariants of conjugacy and flow equiv-
alence.



We shall consider the substitutions

7(a) = accdadbb, 7(b) = acdcbadb,
7(c) = aacdedbb, 7(d) = accbdadb,

and
v(a) = accbbadd, v(b) = accdbabd,
v(c) = aacbbedd, v(d) = acbedabd,
throughout.

Indispensible properties: Primitive and aperi-
odic.

Dispensible properties: Proper, injective, of
constant length.



To a substitution 7 one associates the abelian-
ization

A, zlel . 7l
given by the |a| X |a|-matrix

(Ar)qp = # of occurrences of b in 7(a)

T heorem [Giordano/Putnam/Skau?/Durand/Host]
When 7 is aperiodic, primitive and proper*,

Gr = lim(glal A= 7lal Az )

defines an ordered group which is an invariant
of flow equivalence.

Origin Ko(C(X7) x5 Z)

*No loss of generality
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T heorem [Carlsen/Eilers]
Let + be a primitive, aperiodic, proper* and
injectivel substitution of constant length®.

T here exists a finitely generated abelian group
H- and a map

E,:zld — g,
such that

E- Id

defines an ordered group

AT — [AT O]

~

~ : NT Ar
Gr = “LQ(ZM D HTA—>Z|Cl| @ H - ).
which is an invariant of flow equivalence.

Corollary X and X, are not flow equivalent.

*No loss of generality
TNo loss of generality
IDispensible



Definition x € X, is right special if

I o0l T Ylnoo N T T Y

Definition x € X, is left special if

In LX) _son] = Y)—oon] N T k!

T heorem [Queffélec]
If 7 is a primitive and aperiodic substitution on
a, the number of orbit classes of special words
IS nonzero, but finite.



Define a bipartite graph with vertices

Vi {[w]l.orbit |z € XT_}
Vi = {[w]r.orbit | S X;l_}

and where each orbit class [x]orpit Yields an
edge

[x]_oo,_1]]l.orbit ° ° [x[O,oo[]r.orbit

but delete an edge if both its vertices have
valency one.

Observation The bipartite graph thus de-
fined is finite, and an invariant of flow equiva-
lence.



The configuration data graph of both r and v
IS




Definition

nr = #{[x]orpit |  is right special} € N

Enumerate one-sided representatives of the right
special orbits for = as

L1yeeesnr.

Definition

(PT)i — #{y c Xr | Y[0,00[ — CCZ} —1eN"

Answer

Hr = 7" [p+7Z
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Thus
Nr = Ny =
. 11
and
Hfr — H/U — Z
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When 7 is of constant length ¢, the right spe-
cial elements are all of the form

o 3E )R () TR (w) e (0) T2E (0) 3F (v) - - -

where w and v are unique if |w|, |[v| < £. Fix v;
representing the right orbit class x; and note
that if we enumerate the corresponding w as

wl,...,wmi7

then (pT)i =m; — 1.

Answer With this setup,

mz-—l

(BE)ip = Y [# of occurrences of b in w]
i=1
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With
7(a) = accdadbb, 7(b) = acdcbadb
7(c) = aacdedbb, 7(d) = accbdadb,
one gets
accd ® g ° dbb
aacd 0/
acdc  ® ; ° adb
acch 0/
a ° Ci ® cdcdb
\.
and thus

E-=[1021]-[1 021
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With
v(a) = accbbadd, v(b) = accdbabd
v(c) = aacbbedd, v(d) = acbedabd,
one gets
acchb @ Z ° dd
aacbb '/
accd ® ; ° abd
acbc 0/
a ° C; ® cbbcdd
\- chbadd
and thus

E-=[1022-[1021
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[Previous work by Barge/Diamond, related un-
published work by Barge/Diamond/Holton]

There are efficient algorithms for computing
nr-, pr and E;:

CONCERNING tau GIVEN BY:
[a->bcada, b->bdbca, c->bccda, d->bddcal

COMPUTING ND_tau:

(a,C) <-- da,+ - (a,C)
(b,d) <-- ca,+ —- (b,d)
(C,d) <-- a,—- —-— (C,d)

COMPUTING CONFIGURATION DATA [Pass to (tau) "2]
[0--0, 0--0, 2--2, 2--2, 4--4, 5--4, 6--6, 6--T7]

COMPUTING p-VECTOR AND E-MATRIX [Pass to (tau) 2]
Enumerating: [dabddcabcada, cabccdabcada, abcadal
p_tau: [1, 1, 1]

E_tau: [[2, 4, 4, 2], [2, 4, 2, 4], [3, 5, 5, 5]]

T his extends to all primitive and aperiodic sub-
stitutions as regards n; and p-.
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