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Most classification results by K-theoretic invariants apply to classes
of C'*-algebras 2l enjoying at least one of the following properties:

@ 2 is simple
@ 2l is stably finite with real rank zero

@ 2 is purely infinite

Leitmotif

The classification theory for graph C*-algebras applies in some
cases satisfying none of these properties.
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Artin monoids

C*-algebras of orthogonal or commuting isometries

o T=CHS|S*S=1)
SrS; =1
5159 = 595, >

S185 = 815,

0 & =C*(51,5 | S8 =1,8:8, = 0)
&&-Lﬁ&-&ﬁ&_0>

S9S5 = S35, 5555 = S5

e T RT =C* <Sl,52

° C* <S1752753




Encoding by graphs

We think of finite, simple, undirected graphs with no self-loops
[ = (I T'Y) as irreflexive and symmetric relations in TV

Right-angled Artin-Tits monoid

At = {ouhoe | 000w = 0oy if (v,w) € T

Definition (Crisp—Laca 2002)

The C*-algebra associated to the Artin-Tits monoid of I is

SuSw = SwSv (v,w) € I't
C*(Af) =C* <{3v}v6V sysh, = shs,  (v,w) €Tt > :
$isw =O0pw-1 (v,w) ¢ T!




o T=C*(Af)withD; = e

o T®T =C*(Af)) withTy = e —e
0 & =C*Af )withT3= e e

° C*(Aa) withTy= e e—e




Definition
For I' = (T9,T'!) we let

P = (1'% (I x 19\ (T* U {(v,v) | v € T°}).

We call T’ co-irreducible when I'°P is irreducible., and for
non-co-irreducible graphs consider co-irreducible components:

I'=T1%Ty*k.-- %I,



Artin monoids

Graphs (cont'd)

Examples

K T'-simplex

X is multiplicative over co-irreducible components.



Structure results [Crisp-Laca, Ivanov, Cuntz-Echterhoff-Li]

o C*(Af) = C*(Af) ® C*(Af) ® - -- ® C*(Af: ) when

=TI *%Iy%x--- %I,

o K< C*(Af) with

Ko(K) — Ko(C*(A4Y))

72— 7

x(T)

@ When I' is co-irreducible we have

C(S') when [Tg| =1
a Kirchberg algebra when |T'g| > 1

A;/Kg{




Artin monoids

Obstructions for isomorphism

Suppose C*(A{f) ~ C*(A,) with T' co-irreducible. Then also I is
co-irreducible, and

x(T) = x(I).

Further,
ITo| =1 =Ty =1

Question

| A

Are these the only obstructions? What happens in the
non-co-irreducible case?

A\







Quantum lens spaces

The Vaksman-Soibelman odd quantum sphere C(S2"~1) is the

universal C*-algebra for generators z1, ..., z, subject to
Zjz; = Qzi%j 1<
* * . .
2z = qziZ; i #£ ]
* _ * 2 *
ziz = zz +(1—¢°) g 2 2]
7>1

n
L = g 22y
i=1




Quantum lens spaces

Let n and r be given, set § = ¢2™/" and note that

defines Ay, € Aut C(S?"1) when (m;,r) =1 for all i.

Definition [Hong-Szymanski 2002]

Given r, n, and m € N™. The quantum lens space C(Ly(r;m)) is
the fixed point space
C(Sgn_l)Am




Quantum lens spaces

Structure [Hong-Szymanski]

o C(Ly(r;m)) has a decomposition series
0=Tp<J1<4T2<---T, = C(Lq(r;m))

with 3;/3;_1 = C(SY) ® K for i <n and J,,/J,,—1 =~ C(S1).
o C(Ly(r;m)) is stably finite (in fact type I) of real rank 1.
o Prim(C(Ly(r;m))) = [1;n] x S* with the order topology on
[1;n] ={1,2,...,n}.
o Ko(C(Ly(r;m))) = Z & G with |G| = r"~1




Quantum lens spaces

Obstructions for isomorphism

Suppose 7,7/, n,n’ and m € N*, m/ € N are given with
C(Lg(r;m)) >~ C(Lg(r";m’)). Then r =1" and n =n'.

| A

Question

Are these the only obstructions? Is it possible that
C(Lg(r;m)) =~ C(Lg(r;1)) irrespective of m?

A




Classification of graph C*-algebras

Definition

A graph is a tuple (EY, E',r, s) with

T,S:E1—>EO

and E° and E! countable sets.

We think of e € E' as an edge from s(e) to 7(e) and often
represent graphs visually

.ﬁ./_\.%.
~~—

or by an adjacency matrix

Ap =

coc g o
O = = O
_ O = O
o O O O



Classification of graph C*-algebras

Singular and regular vertices

Let E be a graph and v € E°.
e v is a sink if [s~1({v})| =0

e v is an infinite emitter if |s~!({v})| = oo

v is singular if v is a sink or an infinite emitter. v is regular if it is
not singular.




Classification of graph C*-algebras

Graph algebras

Definition
The graph C*-algebra C*(FE) is given as the universal C*-algebra
generated by mutually orthogonal projections {p, : v € E°} and
partial isometries {s. : e € E'} with mutually orthogonal ranges
subject to the Cuntz-Krieger relations

Q sgse = Pr(e)

(2] 5682 < Ps(e)

Q p, = Zs(e):v sesy for every regular v

C*(E) is unital precisely when E has finitely many vertices.



Classification of graph C*-algebras

Observation

Yz (Pv) = Do Yz(Se) = 25e
induces a gauge action T — Aut(C*(F))

Theorem

| A\

Gauge invariant ideals are induced by hereditary and saturated
sets of vertices V :

o sle)eV=r(e)ecV

o r(s7t(v)) CV = Jv €V oru is singular]
and when there are no breaking vertices, all such ideals arise this
way.

N




Classification of graph C*-algebras

The gauge simple case

Theorem

If a graph C*-algebra has no non-trivial gauge invariant ideals, it is
either

B 2 simple AF algebra;
B 2 Kirchberg algebra; or
] C(T) @ K(H) for some Hilbert space H.

It is easy to tell from the graph which case occurs: The first case
occurs when the graph has no cycles; the second when one vertex
supports several cycles.






Classification of graph C*-algebras

Filtered K-theory

Definition
Let 2 be a C*-algebra with only finitely many gauge invariant
ideals. The collection of all sequences

with gauge invariant J<J <R <2 is called the filtered K-theory of
2 and denoted FK7(2l). Equipping all Ky-groups with order we
arrive at the ordered, filtered K-theory FK"+ ().

FKY*(C*(E)) is readily computable when |E°| < cc.



Classification of graph C*-algebras

Working conjecture [E-Restorff-Ruiz 2010]

FK7*(—) is a complete invariant, up to stable isomorphism, for
graph C*-algebras of real rank zero (i.e., with no [] subquotients)
and finitely many ideals.

No counterexamples are known, not even allowing for []
subquotients.



Classification of graph C™-algebras

General graph C*-algebras

Status of working conjecture:

([ Tml m [O0wmie0/woemO]

S| W N

Xx: Elliott, Kirchberg, Kohler, Meyer, Phillips, Rgrdam.
Y: Arklint, Bentmann, Restorff, Ruiz, Sgrensen, Tomforde.



Classification of graph C™-algebras

Unital graph C*-algebras

Status of working conjecture:

[ ml m TOwmieO/wCw/mO]

S| W N

Xx: Kirchberg, Kohler, Phillips, Rgrdam.
Y: Arklint, Bentmann, Restorff, Ruiz, Sgrensen, Tomforde.



Classification of graph C™-algebras

Remove a regular source, as

*—> @ 0O ~> @ o
S — y

Reduce a configuration with a transitional regular vertex, as

— =\ — =\
[ ] *——=0 ~> @ [ ]
~— ~—

or
O—/——— % ——> 0 ~» 00— @

A




Classification of graph C™-algebras

Insplit at regular vertex

[ ] O ~~» @ —> %k ——>0

v

Outsplit at any vertex (at most one group of edges infinite)

e

[ o ——> %




Classification of graph C™-algebras

“Cuntz splice” on a vertex supporting two(cy)cles

—=\ —=A\ A ]
(] * > @ * [ ] [ ]
~—— ~—— ~—— ~——




Classification of graph C*-algebras

Definition
E ~j; F when there is a finite sequence of moves of type

(5).(R).(0).(1).(C).

and their inverses, leading from E to F'.

Theorem (E-Restorff-Ruiz-Sgrensen)

Let C*(E) and C*(F') be unital graph algebras with real rank
zero. Then the following are equivalent

(i) C*(B) ® K ~ C*(F) @ K
(il) E ~p F
(i) FKVH(C*(E)) = FKY+(C*(F))




Classification of graph C*-algebras

Theorem (E-Ruiz-Sgrensen)

Let E and F' be finite graphs with heredity of negative
temperatures. Then the following are equivalent

(i) C*(B) ® K ~ C*(F) ® K
(i) E ~p F
(i) FKVH(C*(E)) ~ FKY+(C*(F))

() O ) L) ()

: o —>0 —>0 :.—>Q4>.

Example (E-Ruiz-Sgrensen)
E oy F, yet




Closing cold cases

Theorem [Hong-Szymanski]

C(Ly(r;m)) is a graph algebra given by a graph with an n x n
adjacency matrix on the form

1 r « * *
1 r * *
Arm = -
1 ro ok
1 r
L 1_




Closing cold cases

Hence we are in the resolved unital case n/[] In fact, we can do
better:

Theorem (E-Ruiz-Sgrensen)

The following are equivalent
o C(Ly(r;m)) = C(Ly(rsm'))
o C(Ly(rim)) ®K = C(Ly(r;m)) ® K
@ There exist integer matrices U,V on the form

(1 % % - %]
1 = *

1 %

. 1_

so that

Ul-Apn)V=>1-A )




C(Lg(r; (1,1,1,1))) >~ C(Ly(r; (1,—1,1,1)) if and only if 3|r

Set
¢(r) =min{n € N|3m € N" : C(Ly(r;m)) 2 C(Ly(r;1))}

then computer experiments give

| r | 2]3]4]5]6]7[8]9]10][11]12]13]
lo(r) oo [4]6]6]4]8][6]4]6[12] 4 [14]

Theorem (Jensen-Klausen-Rasmussen)

@(r) =min{2n: 2n > a > 2,a | r}




Closing cold cases

Observation

K-theory shows that not every C*(A;") is a graph algebra.

Theorem (E, Katsura, Restorff, Ruiz, Tomforde, West)

Suppose C*(E) is simple. Then in any extension

0 K A C*(E) —> 0

2 is isomorphic to a graph algebra.

Thus we are in the resolved 2/jjj/Jl] case when I is co-irreducible.

Theorem (E-Li-Ruiz)

Suppose I', T are both co-irreducible with |T'y|, || > 1. Then

C*(Af) = C*(Af) <= x(T) = x(I")




Closing cold cases
The general case

When I' =T'y 'y % - - - xI',,, define

t(I) = #{i | [Ta| =1}
Ni(T') = #{i | x(Ts) = k}

Theorem (E-Li-Ruiz)
For general graphs T',T' we have

O () = C* (A7)

precisely when
Q (') =¢(I)
@ Ni(T') + N_g(T') = Np(T") + N_(I") for all k
Q No(T) >0 0rd ;oo Ne(T) =D 400 Ni(T') mod 2
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