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Sobolev spaces of negative order.
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1. Introduction

The systematic theory of selfadjoint extensions of a symmetric operator in a Hilbert
space H, or more generally, adjoint pairs of extensions of a given dual pair of operators
in H, has its origin in fundamental works of Krein [42], Vishik [58] and Birman [18].
There have been several lines of development since then. For one thing, there are the
early works of Grubb [29-31] completing and extending the theories and giving an im-
plementation for results for boundary value problems for elliptic PDEs. Another line
has been the development by, among others, Kochubei [40], Gorbachuk and Gorbachuk
28], Derkach and Malamud [23], Malamud and Mogilevskii [47], where the tendency
has been to incorporate the problems into studies of relations (generalizing operators),
with applications to (operator valued) ODEs; keywords in this development are boundary
triples, Weyl-Titchmarsh m-functions. More recently this has been applied to PDEs (e.g.,
Amrein and Pearson [9], Behrndt and coauthors [11-14,16], Brown, Marletta, Naboko,
and Wood [21], Kopachevskil and Krein [41], Malamud [46], Ryzhov [53]). Further ref-
erences are given in Brown, Grubb and Wood [20], where a connection between the two

lines of development is worked out.
One of the interesting aims is to establish Krein resolvent formulas, linking the resol-

vent of a general operator with the resolvent of a fixed reference operator by expressing
the difference in terms of operators connected to boundary conditions, encoding spectral
information.

In the applications to elliptic PDEs, Krein-type resolvent formulas are by now well-
established in the case of operators with smooth coefficients on smooth domains, but
there remain challenging questions about the validity in nonsmooth cases, and their
applications.

One difficulty in implementing the extension theory in nonsmooth cases lies in the
fact that one needs mapping properties of direct and inverse operators not only in the
most usual Sobolev spaces, but also in spaces of low order, even of negative order over
the boundary. Another difficulty is to arrive at a theory where ellipticity considerations
are still applicable, in the way that the operators are defined from principal symbols
plus lower-order error terms. This is important for regularity questions, as well as for
questions of spectral estimates.

Gesztesy and Mitrea have addressed the extension problem for the Laplacian on
Lipschitz domains, showing Krein-type resolvent formulas in [24-26] involving Robin
problems under the hypothesis that the boundary is of Hélder class C 3+¢. More re-
cently, they have described the selfadjoint realizations of the Laplacian in [27] (based on
the abstract theory of [29]), under a more general hypothesis of quasi-convexity, which
includes convex domains and necessitates nonstandard boundary value spaces. Posili-
cano and Raimondi gave in [51] an analysis of selfadjoint realizations of second-order
problems on C''!'-domains. Grubb treated nonselfadjoint realizations on C'''-domains
in [34], including Neumann-type boundary conditions

xu = Cyou, (1.1)
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with C a differential operator of order 1, where the other mentioned works mainly treat
cases (1.1) with C of order < 1 or nonlocal. ([34] can be considered as a pilot project for
the present paper.) It should also be mentioned that Behrndt and Micheler [15] recently
have shown how a parametrization of the selfadjoint realizations of the Laplace operator
on a Lipschitz domain can be obtained by use of the theory of quasi-boundary triples
due to Behrndt et al. (cf. e.g. [12]). Compared with our results less regularity of the
boundary is needed in the analysis. But the results are restricted to the Laplacian, while
in the following we work with general second order elliptic operators. Moreover, in order
to deal with Lipschitz boundary, where the usual results on elliptic regularity might fail,
Behrndt and Micheler work with suitable more abstractly defined function spaces. In the
case that the boundary is of class C 37¢ for some £ > 0, their function spaces coincide
with the classical ones, which we use in the following, cf. [15, Theorem 4.10] and the
discussion below.

Our aim in this paper is to set up a construction of general extensions and resolvents
that works in Ly Sobolev spaces when the regularity of (2 is in a scale of function

spaces larger than (J__,C 3te , the coefficients of the elliptic operator A in another

e>0
larger scale, yet allowir>1g the use of pseudodifferential calculi that can take ellipticity
of boundary conditions into account and give precise information on the principal parts
of the operators. We here choose to work with operators having coefficients in scales of
Sobolev spaces and their generalizations to Besov and Bessel-potential spaces, since this
allows rather precise multiplication properties, and convenient trace mapping results;
then Holder space properties can be read off using the well-known embedding theorems.
The resulting hypothesis on 92 is that it can be parametrized by functions in the
Besov space BE,Z for some p > 2(n — 1). We note that this assumption is equivalent

3
2

the scaling exponent of the highest order parts of the norms under dilations of functions.

3
to 5 — "le > 1, where % — ”le is the regularity number of the Besov space B, ,, which is

It is the most relevant number for Sobolev embeddings, estimates of nonlinearities and

3
applications to nonlinear partial differential equations. We note that (locally) By, is

inbetween C'T7 and C2+¢ for 7 = % — ”le > 0 and any € > 0. But the regularity

3
number of B, is the same as the one of C*7 and can be much smaller than 3

The theory of pseudodifferential boundary value problems (originating in B20utet de
Monvel [19] and further developed e.g. in the book of Grubb [33]; introductory material
is given in [35]) is well-established for operators with C'*°-coefficients on C*>° domains. It
has been extended to nonsmooth cases by Abels [2], along the lines of the extension of
pseudodifferential operators on open sets in Kumano-Go and Nagase [44|, Marshall [49],
Taylor [55,56]. These results have been applied to studies of the Stokes operator in Abels
3] and Abels and Terasawa [5], which in particular imply optimal regularity results for
the instationary Stokes system, cf. Abels [4]. For applications to quasi-linear differential
equations and free boundary value problems non-smooth coefficients are essential, cf. e.g.
Abels [1] and Abels and Terasawa [6]. The present paper builds on [2] and ideas of [5]
and develops additional material.
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Our final results will be formulated for operators acting between Ly Sobolev spaces,
but along the way we also need L,-based variants with p # 2 for the operator- and
domain-coefficients. Here the integral exponent will be called p when we describe the
domain {2 and its boundary X' = 0f2, and ¢ when we describe the given partial differential
operators A and boundary operators and their rules of calculus. There is then an optimal
choice of how to link p and ¢, together with the dimension and the smoothness parameters
of the spaces where the operators act; this is expressed in Assumption 2.18.

The results in the paper have been applied in Grubb [36] to show spectral asymptotic
estimates for the boundary term in Krein formulas established here.

We originally intended to include 2m-order operators A with m > 1, but the coeffi-
cients in Green’s formula needed an extra, lengthy development of symbol classes that
made us postpone this to a future publication.

Plan of the paper. In Section 2, we recall the facts on Besov and Bessel-potential func-
tion spaces that we shall need, define the domains with boundary in these smoothness
classes, and establish a useful diffeomorphism property. Nonsmooth pseudodifferential
operators are recalled, with mapping- and composition-properties, and Green’s formula
for second-order nonsmooth elliptic operators A on appropriate nonsmooth domains is
established. Appendix A gives further information on pseudodifferential boundary oper-
ators (1)dbo’s) with nonsmooth coefficients, extending some results of [2] to S classes.
Section 3 recalls the abstract extension theory of [29,31,20]. In Section 4 we use the ¥»dbo
calculus to construct the resolvent (A, — A)~! and Poisson solution operator K Q\ for the
Dirichlet problem in the nonsmooth situation, by localization and parameter-dependent
estimates. The construction shows that the principal part of the resolvent belongs to
the class of non-smooth pseudodifferential boundary operators, which is essential for
the subsequent analysis. Section 5 gives an extension of Green’s formula to low-order
spaces, and provides an analysis of K;\ and the associated Dirichlet-to-Neumann oper-
ator Pﬂ;\’x = XK:Y\, needed for the interpretation of the abstract theory. In particular it
is shown that the operators coincide with operators of the pseudodifferential calculi up
to lower order operators, which is one of the central results of the paper. Finally, the
interpretation is worked out in Section 6, leading to a full validity of the characterization
of the closed realizations of A in terms of boundary conditions, and including Krein-type
resolvent formulas for all closed realizations A. Section 7 gives a special analysis of the
Neumann-type boundary conditions (1.1) entering in the theory, showing in particular
that regularity of solutions holds when C' — P is elliptic.

2. Basics on function spaces and operators on nonsmooth domains
2.1. Function spaces on nonsmooth domains

For convenience we here recall the definitions and properties of function spaces that
will be used throughout this paper. Proofs can be found e.g. in Triebel [57] and Bergh



H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100 4041

and Lofstrom [17]. All spaces are Banach spaces, some Lo-based spaces are also Hilbert
spaces.

The usual multi-index notation for differential operators with 0 = 9, = (91,...,0,),
8]' = 8%. = 8/81'3‘, and D = Dm = (Dl,...,Dn), Dj = ij = —i@/@xj, will be
employed.

For the spaces defined over R™, the Fourier transform F is used to define operators
such as p(Dy)u = F~1(p(&€)Fu) (also called Op(p)u), for suitable functions p(§). In
particular, with (¢) = (1 + [£]?)Y/2, (D,)® stands for (1 — A)*/2. S(R™) denotes the
Schwartz space of smooth, rapidly decreasing functions and S’(R™) its dual space, the
space of tempered distributions.

Function spaces. The Bessel potential space in R™ of order s € R is defined for 1 < p < oo
by

H(R") = {f € S'"(R"): (Dy)*f € L,(R™)},

normed by || f|lzs®n) = [[(D2)*fllz,®n). For s = m, a non-negative integer, Hy"(R")
equals the space of L,(R™)-functions with derivatives up to order m in L,(R"), also
denoted W(R"). In the case p = 2, we omit the lower index and simply write H*(R")
instead of H5(R™). We denote the sesquilinear duality pairing of u € H?*(R"™) with
ve H*(R") by (u,v)s,—s (linear in u, conjugate linear in v).

To describe the regularity, both of domains and of operator-coefficients, we shall also
need Besov spaces B,  (R"), where s € R, 1 < p, ¢ < oo. These are defined by B, ,(R") =
{ € S'RM: 1f]l3; ey < o}, where

Q=

||f||B§7q(R”) = (Z;)Qqu‘koj(Dm)inp(Rn)) if q < o0,
j=

1.f1

B (R) = SUD 2|0 (Do) £l (gny-

Here, ¢;, j € Ny, is a partition of unity on R™ such that supp ¢o C {{ € R™: [{| < 2} and
supp; C {€ e R™: 2771 L |¢] < 2711} if j € N, chosen such that ¢; (&) = p1(2177¢) for
all j e N, £ € R".

The parameter s indicates the smoothness of the functions. The second parameter
p is called the integration exponent. The third parameter ¢ is called the summation
exponent; it measures smoothness on a finer scale than s, which can be seen by the
following simple relations:

B;l(R”) — B: (R") = B (R") < B;,yOO(R”) if 1<q <q2<o0, (2.1)

P,q1 P,q2

By (R") = B}, (R"), (2.2)

where s € R, ¢ > 0, and 1 < p < oo are arbitrary. (The sign — indicates continu-
ous embedding.) The embeddings follow directly from the definition and the fact that
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lq, (No) — €4, (Np) if 1 < ¢1 < g2 < 0. Here, ¢,(Np) is the space of sequences (ax)ren,
such that (3 po, |ak|q)% < oo in the case ¢ < oo and supyey, |ax| < oo if ¢ = oo,
provided with the hereby defined norm.

We recall that for p = ¢ and s € Ry \ N, By (R") equals the Sobolev—Slobodetskii
space W7 (R™), whereas for s € Ny, it is H,(R") that equals W;(R"). (In the following,
the H- and B-notation will be used for clarity; these scales of spaces have the best
interpolation properties.) In the case p = 2, all three spaces coincide, for general s:

H*(R") = H3(R") = B, (R") = W; (R"). (2.3)

The spaces B3, . (R"), also denoted C*(R") when s > 0 (Holder-Zygmund spaces),
play a special role. For s € Ry \ N, B (R") = C*(R") can be identified with the
Holder space C*7(R™), defined for k + o = s, k € Ny and o € (0, 1], and also denoted
C*(R™) when o € (0,1). For s = k € N, there are sharp inclusions

Cy (R™) — C*MH(R™) — CF(R™);

here, CF(R™) is the usual space of bounded continuous functions with bounded contin-
uous derivatives up to order k.

At this point, let us recall some interpolation results: Denoting the real and complex
interpolation functors by (.,.)s,q and (.,.)(g], respectively, we have that if s, s; € R with
S0 # $1, 1 < p,qo,q1,7 <00, and s = (1 —0)sg + sy, 0 € (0,1), then

(Bpiuo (R"), Byly, (R")), . = By, (R™). (2.4)
If additionally % = 1}3;09 + pil for some 1 < pg,p1 < oo and % = 1(1;09 + (%, then
(B;(()),(IO (Rn) ? B;iyfh (Rn) ) (6] = B;),q (Rn)’ (2'5)

cf. [17, Theorem 6.4.5] or [57, Section 2.4.1 Theorem]|. Using the same notation, we have
in particular for the Bessel potential spaces
(0 (R"), Hp* (R™))

0,r - B;ﬂ“ (Rn)’

(HSS (Rn)7H;11 (Rn))[a] = H, (R") (2.6)

(cf. [17, Theorem 6.4.5]).

General embedding properties. For any 1 < p < oo, we have the following embeddings
between Besov spaces and Bessel potential spaces:

Bste (R") — H, (R") — B’ ¢ (R”) foralle >0, 1 <q1,¢q2 <00, s €R,

P,q1 P,q2
B} min(2.p) (R") — H; (R") — By max(2.p) (R™) forall s € R, (2.7)

cf. e.g. [17, Theorem 6.4.4].
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There are the following Sobolev embeddings for Bessel potential spaces:

HSL(R™) <> H(R™) if 83 > s0, 51 — pﬁl > 50— pﬁo, (2.8)

H(R") — C*(R") ifa=s— % >0, (2.9)

provided that 1 < p; < pp < 00, 1 < p < co. In particular, H;(R") < L,(R") for s > 0.
For the Besov spaces a Sobolev-type embedding is given by

B;i,q(Rn) — B;qu(]Rn) if s1 > s and s1 — p% > 50 — ]9207 (2.10)

for any 1 < ¢ < oco. In particular, combining this with (2.1), we get
Bt (R") = B3 (R") < B (R") =C>(R") (2.11)

p1,9

whenever sop = s; — 7+ > 0. In the opposite direction, we have from (2.1) and (2.2)
C*(R™) = BS, o (R") — BL 5 (R") (2.12)

when a > 0, 0 < ¢ < a. We also note that

Hy) (R") U By, (R") — Hyo (R") N By, (R™) (2.13)
if 1 <pp <pyg < oo and sy — pﬂl > sg — 1%; this can be found in [57, Section 2.8.1,

Eq. (17)].

Function spaces over subsets of R™. The Bessel potential and Besov spaces are defined on
a domain 2 C R” with C%!-boundary (see Definition 2.4 below) simply by restriction:

H3Q) = {f € D) [ = fla, £ € H(E)},
By ,(92)={f€D'(Q): f=Flo f €By,(R")}, (2.14)

for s € R and 1 < p,q < oo. Here f'|o € D'(£2) is defined by (f'|o,¥)p/(2)p02) =
(f, 0)D@®n), Dy for all o € CF°(£2), embedded in C§°(R™) by extension by zero. The
spaces are equipped with the quotient norms, e.g.,

I.f]

B3a(2) = inf IS (2.15)

f1eBy ((Bn):fr|o=f""" 11 Bpqa(R")’

In particular, H}T(Q) is for m € Ny and 1 < p < oo equal to the usual Sobolev space
W (§2) of Ly(§2)-functions with derivatives up to order m in L, ({2). We recall that there
is an extension operator E which is a bounded linear operator Eq: W (£2) — W (R"),
for all m € No, 1 < p < oo, and satisfies Epf|o = f for all f € W "(£2). This holds
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when (2 is merely a Lipschitz domain, cf. e.g. Stein [54, Chapter VI, Section 3.2] and
trivially carries over to H"({2) for 1 < p < co. Moreover, in view of the fact that H,(2)
is a retract of H;(R™), one has that all interpolation and Sobolev embedding results for
H;(R") are inherited by the spaces on 2.

We shall also need the spaces

H§(02) = {ue H*(R"): suppu C 2}.

Here, Hj((2) identifies in a natural way with the dual space of H™*({2), for all s € R,

cf. [50, Theorem 3.30]. For s integer > 0, H{({2) equals the closure of C5°(2) in H*(12)
and is usually denoted H(§2) (see also [50, Theorem 3.33)).

Traces. Next, let us recall the well-known trace theorems: The trace map 7 from R’}
to R"~ !, defined on smooth functions with bounded support, extends by continuity to
continuous maps for s > %, l<p<oo,1<qg<o0,

S

ot HS(RY) — Bpp” (R,

~v0: BS ,(R?) — Bpg” (R,

T =

All of these maps are surjective and have continuous right inverses.

Vector-valued Besov and Bessel potential spaces. In the following let X be a Banach
space. Then L,(R™; X), 1 < p < oo, is defined as the space of strongly measurable
functions f:R"” — X with

1L, ey = ( [ls@I dx)p <

Rn

and Lo (R™; X) is the space of all strongly measurable and essentially bounded functions.
Similarly, ¢,(No; X), 1 < p < 00, denotes the X-valued variant of £, (Np).

Furthermore, let S(R™; X) be the space of smooth rapidly decreasing functions
f:R™ - X and let S'(R™; X) := L(S(R™), X) denote the space of tempered X-valued
distributions. Then the X-valued variants of the Bessel potential and Besov spaces of
order s € R are defined as

Hy(R™; X) :={feS' (R X): (D;)°f € L,(R;X)} ifl<p<oo,
B (R X) :={f €S'(R"; X): (2Sf¢j(Dx)f)jeNO € 0q(No; L, (R™; X)) },

where 1 < p,q < co. Here, p(D,)f € S'(R™; X) is defined by

<p(D:c)f, ¢> = <f,]_9(Dm)g0> for all ¢ € S(R”).
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We will also make use of the Banach space
BUC(]R”; X) = {f € Lo (]R”; X): f is uniformly Continuous}

with the supremum norm.

The properties of the function spaces discussed above for the scalar case, carry over
to the vector-valued case. For details, we refer to e.g. [10,38] (for the Bochner integral
and its properties) and to [8] (for vector-valued function spaces).

In the following we will use some special anisotropic Sobolev spaces.

Definition 2.1. Let I = (0,00) or R, and let 2 = R"~! x I, with coordinates (z', z,,). For
k € Ng, 1 <p < oo, set

W (2) = {f € Loa(I; L,(R"™Y)): 05 f € Lo(I; L,(R™Y)), |af < K}

Lemma 2.2. One has for k > 1 that

k . k*% n—1
W) (£2) = BUC(I; B, 5* (R"1)). (2.16)
Here, the trace mapping u — u|y, —o is surjective from VV(k2 p)(Q) to BSE%(R”_l).
Namely, when g(x') € B;;%(R”_l), then G(x', z,) = (e~ A%ng)(a') is in W&p) (R%) with

G(2',0) = g(a') (where e~ A% is the semigroup generated by —A = —(D,/)). G(z',z,)
extends to a function G € W(kz ) (R™).

Proof. First of all,
W (£2) = Lo (I; HY (R*1)) 0 H*(I; L, (R* ).
To obtain
Ly (I;HE(R™™Y)) N H* (I; L, (R ™)) — BUC(I; BS,;% (R*1))

one can apply [17, Corollary 3.12.3] with n; = %, pj =2, =0,1, a result from Lions’
trace method of real interpolation, to obtain

Ulg,—0 € (Lp(R™1), HY (R*71)) , = B]’j;§ (R™1), (2.17)

1— 5,
for every u € I/V("“2 p)(Q); the identity follows from (2.6). Next, this is combined with the
strong continuity of the translations (t,u)(z) = (2/, zn+h), h = 0, in Ly(I; HE (R"1))N
H*(I; L,(R™"™1)) as in the proof of [8, Chapter 111, Theorem 4.10.2].

For the last assertion, let A* = (D,/)*, s € R; here A = A!. Then

HE(R™) = {f € L(R™): (Da)'f € L(R™)} = D(4Y)
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for all k£ € Ny, 1 < p < 00, as explained in [17, Theorem 6.2.3]. Now when g is given, let
G(z' ) = (e~ A%ng)(a') for x,, > 0. Since

W(kQ,p) (Ri) = m H7 (O,QQ;HZ’)C—J' <]Rn—1))7

0<j<k

we have by [22, Corollary 3.5.6, Theorem 3.4.2] that A*G € L?(0,00; L,(R""1)), so
n k_% n— n— n—

G € W, (RY). Here, we use that B,,*(R"™") = (L,(R" '), HY(R"™1));_ 1 o, as

noted above in (2.17). G(2’,z,) is extended to a function in Wk . (R™) by a standard

(2,p)
“reflection” in x,, = 0, as explained e.g. in [45, Theorem I 2.2]. O

By use of this lemma we derive the following product estimate, which is essential for
the low boundary regularity that we shall allow:

Lemma 2.3. Let I, (2 and I/V(k2 p)(Q) be as in Definition 2.1. Then for every k € N and
2 < p < oo such that k — % — ”le > 0 there is some C},, > 0 such that

1 f9llzr ) < Crpll fllzre@llgllwe (o),

(2,p)

for all f € H*(02), g € W}

(2,p)

(2). Moreover, if k=1 and T = 1 — "le, then

12,9l acey < Coll Lo lgllwe, (o (2.18)

uniformly with respect to f € H'(82), g € W}

(2,p)(9)'

Proof. First of all

W) (2) = BUC(I; BE5? (R™) © Lao(€2)

D)

by (2.16); the second embedding follows from (2.11) since k — 3 — ”le > 0. Furthermore,

H*(Q) < BUC(I; H*~% (R"™')) — BUC(I; L,(R""Y)), for % =

1
o

N~

Here we apply (2.16) with p = 2 for the first embedding, and for the second embedding

> 0 is equivalent to k — % — "T_l > —"T_l. Next

n—1

we use (2.8), noting that k — § — >

we observe that for all |a| < k
o — «
i = Y (5)ortsota e 219
0SB,

Since f € Loo(I; Ly) and 0S¢ € Lao(I; Ly), where %—i—% = %, we have f0%g € Lo(S2). For
the other terms where |3| < |a| < k, we note that
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_1_
00 f € Lo(I; HF 1B RY)), 9Pg e Loo(I; By o P (®™Y). (2:20)
One has in general
vl Lo@nry < Carnaellull s e 0l o n 1y (2:21)

provided that M, M’ € Ny and M + M’ — W’le > (. This estimate easily follows from
the Sobolev-type embedding theorems: If M’ — "le > e > 0, then from (2.11) we have

By (R"1) < C5(R"™!) < Loo(R™™) and the statement is trivial. If M’ — 221 < 0,

then (2.13) implies B)Y (R"~1) < L, (R"™!) with £ =1 — M7 and M+ M’ — =1 > 0
implies by (2.8) that HM(R"™") «— Ly(R"™!) with 5 = L + 7. If M' — "21 =0, one
can choose some p < p such that M + M’ — ”T;l > (0 and apply the preceding case. The

estimate is also a consequence of Hanouzet [37, Théoreme 3].

Using (2.21) for products of functions as in (2.20), we obtain altogether that
02=Pfolg € Ly(R" 1) for all 0 < B < a, |a] < k.

Finally, if k£ = 1, then we have that

HY"7(Q) < BUC(I; H:~"(R"™Y)) < BUC(I; L, (R 1)), =

N —
=N

S|

Therefore

12,9 L2(2) S Lo i) 102, 9l Lar,L,) < Cllf L= (@) llgllwe,  (2)s

(2,p)

which proves the last statement. O

Domains with nonsmooth boundary. For the following, let n > 2, let M be a positive
integer, and let 1 < p,q < oo be such that M — % — "le > 0.

Definition 2.4. Let {2 be an open subset of R”. We say that {2 has a boundary of class

_1
B;],\?q ? in the following three cases:
1° 2 = R7, where

R? = {:1: eR™ z, > ’7(3}/)}

for a function v € sz,\j[q_% (R,

2° 042 is compact, and each x € 9f2 has an open neighborhood U satisfying: For a
suitable choice of coordinates on R™, there is a function v(z') € BI],\,{;% (R™~1) such that
UNR=UNRY and UNON =UnNIRT.

3° For a large ball Br = {x € R": || < R}, {2\ Bg equals R \ Bg. The points
x € Bri1 N OS2 have the property described in 2°.

There are similar definitions with other function spaces.
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In the second case, one can cover 0f2 by a finite set of such coordinate neighbor-
hoods U. Note that exterior domains are allowed. The third case is included in order
to show a simple case with noncompact boundary where a finite system of coordinate
neighborhoods suffices (namely finitely many U’s covering 02 N Bry1 and a trivial one
covering 02 \ Bg), to describe the smoothness structure. More general such cases can
be defined as the “admissible manifolds” in [33].

We shall work under the following general hypothesis:

Assumption 2.5. n > 2, M € N, 2 < p < oo, with

7':=M—§—n_1
2 p

> 0. (2.22)

Moreover, {2 is an open subset of R"™ with boundary 02 of regularity Bé\é_ , as in
Definition 2.4.

Remark 2.6. Under Assumption 2.5, it follows from (2.11) that 02 is Holder continuous
with exponent 1+ 7 (if 7 ¢ N). In the converse direction, if 92 is Holder continuous

_1
with exponent M — £ + s for some € > 0, then in view of (2.12), 012 € Bi\iZ . This in

turn implies 0f2 € B 3 for every 1 < p < oo if {2 is of type 2° or 3° in Definition 2.4,
since L*(U) — LP(U) for every 1 < p < oo when U is bounded. In other words,

1

onecM-itt — a0eBYT — apecM i =M

if {2 is of type 2° or 3° and 7 ¢ N.

When U and V are subsets of R, and F: V' — U is a bijection, we denote the pull-back
mapping by F*:

(F*u)(z) = u(F(z)) forxz eV, (F~ 1) (y) =v(F(y)) foryeUl,

when v is a function on U, v is a function on V. The gradient Vu = (9;u)}_; is viewed
as a column vector.

Proposition 2.7. Under Assumption 2.5, let v € B;\é_%(R”_l), and let R? = {z € R" :
z, > y(x')}. Then there is a C'-diffeomorphism F,:R™ — R"™ with VF, € c' (R
Jor ' <7, 7' €(0,3) (¢f (2.22)), such that F\(R) = RY and F}: H*(R") — H*(R")
as well as FJ: H*(RY) — H*(R"}) for all 0 < s < M.

Proof. We begin by defining I'(z’, x,,) as the lifting of v(x") by the construction described
in the last statement in Lemma 2.2; then I" € Wé" )(R"). In particular, this implies that
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VI € Ly(RyH)Y (R )" nHM (R, L,(R*1))"

< BUC(R; By * (R"1))" < BUC(R; C2 (R"1))"

_3
in view of (2.16); we here use that Bﬁé (R — CT(R™) — CP(R™1) since 7 =

M-3- ”Tfl > 0. Hence I" € C}}(R™). Moreover, we have from (2.10)

VI e H' (R, HY 2(R™Y)" — 7 (R; HY 2 (R"1))"

Due to (2.8), we have Hé\/[_2(]R”_1) — B%_Q(R”_l) and using VI' € BUC(R;

B, (RO, (2.4) yields

Ve O (B BTV (R)" o 07 (B O (V)

where 7/ = 7if 0 < 7 < % and 7 € (0, %) is arbitrary otherwise. Here one uses the

general estimate

17) = &)l < ClF® = ]I O = F)]%

1-6 0 0/2
< CHf”BUC’(R;Xo)Hf”(;%(R;Xl)H - 3| /

for all t,s € R, where X = (X, X1)g,1. Thus VI € cr (R™)™. Note that similarly

WhHR™) < 7 (R™). (2.23)

Now we define, for some A > 0,

0
', A1,

n

Fle) =t (F( )> = (Fre(@)s
Then 0,, Fy n(z) = 1+ A0y, I')(2', Ax,,). Hence, if A is sufficiently small, F., ,(2',") :
R — R is strictly increasing and surjective for every =’ € R"~1. Therefore F,: R™ — R"
is a C'-diffeomorphism with F,(R}) = RZ, and VF, = (9,,F, &)} ,—; (the transposed
functional matrix) is in C7 (R")".

Next let u € H*(£2),0 < k < M, 2 = R" or 2 = RZ. We prove F(u) € H*(02)
by mathematical induction. If k& = 0, then the statement is true since [, is a

Cl-diffeomorphism. For v € H!(2),
Oz, (u(Fy(x))) = (Vu) (Fy(x)) - 0, Fy(x) (2.24)

where (Vu)(F,(x)) € Ly(£2)™ by the argument for k = 0 and 9., F,(x) € CP(£2)". Next
we assume that the statement is true for some 1 < k < M. Then for u € H*t1(1),

we have (Vu)(F,(z)) € H*(£2)" by the assumption, and 9,, F,(z) € Wé/[p_)l(ﬂ)" —
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W(k2 pk)(_())" for some 2 < pp < oo with k — ”p—_kl
that 0., (uw(Fy(z))) € H*(R?Y) for all j = 1,...,n, which implies the statement for
k 4+ 1 < M. This proves the statement for integer 0 < k < M. For real 0 < s < M the

statement follows by interpolation. 0O

— % > 0. Therefore Lemma 2.3 implies

For the case M = 2, we specify the result in the following corollary. We use the
notation C': D = szzl cjkdjr = tr(CT D) for the “scalar product” of square matrices
C = (¢jk)} =y and D = (dj1);_,. 9*u stands for the Hessian (0, 0z, )"y, and e; is

the j-th coordinate vector written as a column.

3
Corollary 2.8. Let vy € B;’Q(R”_l), with 2 < p < o0, % — ”le >0, and let RY, and F, be
as in Proposition 2.7. Then for every j,k=1,...,n,
FiVu=&(z)VF]u, (2.25)

F;awj Oppu = Pj () : ang*u + Ru,
where ®(z) = (VFE,(z))~! € W(127p) (Ri)”2 and @, 1(z) = P(z)Tejel ®(z), and

R: H>""(RZ) — L2 (R7)

n—1

. _ 1
is a bounded operator for T = 3 o

Proof. The chain rule (2.24) gives that V(u(F,(z))) = (VF,)(x)(Vu)(Fy(x)), which
implies the first line in (2.25). In particular,

* T T *
FF0,,u=e; FI(Vu) = e; PF u,y
where e;f@ is the j-th row (¢;1 ... ;) in @. Repeated use gives
F10;0ku = e?@(:c)VFw*aku = e?@(a:)V(ekT@(a:)VF;‘u)

81 81

=(pin )| G k) | FRu
On On

l,m=1

= Z ©i1Pkm A Om F u + Z ©j1(x) (O1km () Om Fu

l,m=1 l,m=1
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for all u € H2(]RZ). Here (¢j1¢km )’ m=1 equals the matrix dTejeld = &, ), for each j, k.
This shows the second line in (2.25), where R is estimated by use of (2.18):

| 21(2) (Brorm () Om Fu

) < CHamF’;kuHHl—T(Ri) < C/Hu”H?_T(Rz)- U

‘LQ(M;
Remark 2.9. Now we can choose a covering of {2 by a system of open sets Uy, ...,Uy
with coordinate mappings such that the U; for j =1,...,J form a covering of 02, and
Uy C £2. Here in case 2° of Definition 2.4, we can assume that for each 1 < j < J, U; is
bounded, U; N 2 = U; NR’ for some ~; € B;)\’/‘[Q_%(R”_l) (modulo a rotation), and the
diffeomorphism F; = F,, in R" mapping R"} to R% defined by Proposition 2.7 is such
that Fj_1 carries 2N U; over to V; = {(¢¥,yn): maxp<y Y| < a;, 0 < y, < a;} and
XNU; over to {(V', yn): maxg<p |y < a;, yn, = 0}. In case 3° of Definition 2.4, the open
sets Uy, ...,Uy_1 are of this kind, and the set U; equals {(2/,z,): |z| > R, z, > —1},
with F; being the identity (v, = 0). We shall denote Fj|orn = Fjo, for j=1,...,J.

We also introduce n;,¢;,p; € C*°(R"), j =0,...,J, as non-negative functions sup-
ported in U; such that ¢y, ..., ¢ is a partition of unity on 2, and

Y; =1 on suppyj, n; =1 on suppvyy, forall j=0,...,J.

It is accounted for in [50] in the case of a Lipschitz boundary (and it also follows in
our case by use of the fact that F, defined in Proposition 2.7 is a C'-diffeomorphism),
that the surface measure do on IR’ satisfies

do = /4;(1;’) dz’,  where H(,I/) = \/1 + ‘Vw/’y(x’)f;

[N

here k € BIJ)\’/[Z_ (R™~1). We define

H*(0R?) = {u € Ly(892): Fioue H*(R" ')}, when s >0,

provided with the inherited Hilbert space norm [|ul| frs(arn) = [|F5 gul| rs(rn-1). Further-
more, we put as in [50], for s > 0,

lull -+ ey = [|KF5 0ul| 5o o1y

for u € Ly(ORY), and define H™*(0RY) as the completion of Ly(JRY) with respect to
this norm. Then

|(u, 0) 1y 0m) |

[ull -+ (orn) = sup
O ™ opvemorn) [Vl (ors)

for all u € Lo(ORY). Here H™*(ORY) is naturally identified with the dual of H*(OR%)
(more precisely, we hereby mean the space of conjugate linear continuous functionals as
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in [45], also called the antidual space) in such a way that the sesquilinear duality, denoted
(u, 'U)H—s(aRz),Hs(aR:ryz) or (u,v)_g s for short, coincides with the La-scalar product when
u € L2(ORY). We also Write (u,v)_s,s as (v,u)s —s.

Moreover, for —M + 3 < s < 0 we define F. o**: H*(R"~1) — H*(9R”) by

( 7_3 v 90>Hs(aRn) H-2(oR) = (v, an*yoap)Hs(Rnfl)’Hﬂ(Rnil) for all ¢ € H~*(dR%),

consistently with the definition of F;’é’*v for v € Ly(R™1). Here F{é’*v € H*(0RY),
the dual space of H~*(JR%), since

”’"€ OSOHH s(Rn—1) X CH H M- Q(Rn 1)“ 'y,OSDHH s(Rn—1) =X C ||§0||H s(ORZ)

for all p € H=*(ORY), because of 0 < —s < M — 3 and (2.31) below. To incorporate the
factor x, we also introduce the modified pull-back mappings

ﬁ;"o(u) = KFJ o(u) for all u € H*(ORY), (2.26)
ﬁv_é*( )=F, 0¥ (kv) forallv e H® (R™1), (2.27)

foral 0 <s< M — % whereby

o), go)_S’S = (u, F;é’*(cp))_sjs for allu € H—*(0RY), ¢ € H*(R"'),

(F o7 (v),0)_, .= (v, Flo(e) _ ., forallve H*(R™), o € H*(ORD),

Then we have altogether:

Lemma 2.10. Under the assumptions above, we have the mapping properties

s o HO(OR?) — H*(R™™Y),  Foo":H*(R"™') — H*(0R")
3 _ 1
'&f M+ 5 <s < M — 5,
H*(ORZ) — H*(R"™Y),  FE g*:H*(R"') — H*(9R?)
if — M + % s<M— g,

continuously, and ﬁw_é is the adjoint of F7 , F.o L s the adjoint of ﬁ;‘o

Now one can define H*(9f2) using suitable partitions of unity, when 02 is of class

_1
B;V; 2 as in 2° and 3° of Definition 2.4; cf. Remark 2.9.
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Theorem 2.11. Let 2 C R™ be as in Definition 2.4. For every s € (3, M], there is a
continuous linear mapping o such that you = ulon for all u € H*(£2) N C(2) and
Yo: H*(£2) — H*~2(d12) is bounded. Moreover, there is a continuous right inverse of

Yo: H(2) — H5~2(912).

Proof. In the case {2 = R’, the statement can be reduced to the well-known correspond-
ing fact in the case of {2 = R} using F’, established in Proposition 2.7. With the aid of
suitable partitions of unity, the general cases can be reduced to the case 2 =RT. O

We note that Gauf}’s formula

/ div f(z) dz = — / i f(z)do(z) (2.28)

2 o1

is valid for any f € C'(£2)" with compact support if {2 is a Lipschitz domain. Here
n = (ni,...,n,) denotes the interior normal of 9f2. A proof can be found e.g. in [50,
Theorem 3.34]. Because of [50, Theorems 3.29 and 3.38], (2.28) also holds true for any
feH ()"

2.2. Pointwise multiplication and inversion
First of all, we recall the following product estimates: For every r > 0, |s| < r, and

1 < p < g < oo such that % + % <landr— % > 0 there is some constant C, s 4 > 0
such that

1£gllms ) < Crspall fllag@nlgllms @y, f € Hg(R"), g € Hy(R"), (2:29)

cf. e.g. Johnsen [39, Theorems 6.1 and 6.4].
Moreover, due to Hanouzet [37, Théoreme 3| we have

I fgll; < Crsppiaa sy, lols;, (2.30)

p,max(q1,92)

for all f € B
r> 2 and
b1

(R™), g € B:_ (R™) provided that 1 < p < p; < 00, 1 < q1,¢2 < o0,

1,91 P,q2

1 1
—r+n(—+——1> <s <
P1 p +

see also [39, Theorem 6.6]. In particular, this implies

1fgllzrs@ny < Csrpll fll By )19 1o ) (2.31)

for all f € By ,(R"),g € H*(R"), provided that 2 < p < oo, r — 7 >0and —r <s<r.
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Concerning pointwise inversion, let X = B, (R") with s > %, 1 < p,g < o0or
X = Hy(R") with s > 2,1 <p < co. Then G(f) € X for all G € C*(R) and f € X.
This implies that f~1 € X for all f € X such that |f| > co > 0. We refer to Runst [52]
for an overview, further results, and references.

2.3. Pseudodifferential operators with nonsmooth coefficients

Let X be a Banach space such that X < L. (R"™).

Definition 2.12. For every m € R the symbol space X ST5(R™ x R™), n € N, is the set of
all p: R"™ x R™ — C such that for every a € NJ* there is some C, > 0 satisfying

108P(., &) ¢ < Caf&)™ 11 for all £ € R™.

The space X ST (R™ xR™) is the set of all p € X ST (R™ xR"), which are classical symbols
in the sense that there are p; € XS'I'?O_Q (R™ x R™), 7 € Ny that are homogeneous with
respect to || > 1 and satisfy

N-—1
pji(z, &) € XSy M (R* x R")  for all N € N.
7=0

_1
In order to define pseudodifferential operators on 0f2 with sz)\’/‘; ?-regularity, we recall:

Theorem 2.13. Let p € HySTh(R™ x R™) for some 2 < g < oo andr > 2. Then
p(x, Dy): H*t™(R™) — H*(R™)  forall —r <s<r
is a bounded linear operator.

The theorem follows from [49, Theorem 2.2]. We note that, if p(z,§) = 3=, < @a(®)E*
for some a,, € Hy (R™), then p(z, D, ) is a differential operator with coefficients in H, (R")
and the statement in the theorem easily follows from the product estimate (2.29) pro-
vided that [s| <7, 2<g<ooandr> ¢

Let us recall the so-called symbol- smoothing: For every p € C"ST(R" x R"™) and
0 < 6 < 1 there is a decomposition

p=p+p’, where p* € S75(R" x R"), p* € C"S7"7 " (R* x R").  (2.32)
We refer to [55, end of Section 1.3] for a proof. The definition of C’TST&_”; (R™ x R™) is

given in Appendix A.
In order to estimate the remainder term p®(x, D,) we will use:
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Proposition 2.14. Let p € C"ST%(R" x R"), m € R, 6 € [0,1], r > 0. Then
p(z,Dy): H*T™(R™) — H*(R")
for all s € R with —r(1 —4§) < s <r.

We refer to [48, Theorem 2.1] for a proof.

_1

Now let 0f2 be again of class B]])\/fz 2, where M — % — "le > (0. Then we can define a
pseudodifferential operator P on 92 of order m’ € R and with coefficients in Hy (R*1)
for 2 < q<ooandr>— as

J
Pu = Z ijjtol’*pj (:1:’, Dx/)F;Ogoju, (2.33)

j=1
where the p; € HIST(R"™! x R"™1), and Fj0:V; — U; C 042, j = 1,...,J, where
V; € R™ 1 are local charts forming an atlas of 9f2. Moreover, ¢;, j = 1,...,J is a
partition of unity on 942 such that supp ¢; C Uj;, and the functions v; satlsfy ¢g =1on

supp ¢; and have supp; C U;. Here we assume that at least ¢;,1; € B (3!2)
For later purposes we also define the modified pseudodifferential operator

PU—Z% 50 pi (', Do) Ff g, (2.34)

where p; are as above and F ]701’* = ﬁ;ﬂ ,10’*. For these operators we have the following
slightly different continuity results:

_1
Corollary 2.15. Let 0f2 be of class B;)\f[z 2 M — % — ”le > 0,2 < p < oo, and let

pj € IiTZ]IS’{’f(;(]R”_1 x R"™1) for some 2 < ¢ < oo and r > "T_l, j=1,...,J. Then with P

as in (2.33) we have for every s € R such that —r < s <r, s,s+m’ € [-M + %, M — %],
P: H*t™ (002) — H*(002)

is a well-defined linear and bounded operator. Moreover, for every s € R such that

—r<s<r,s€-M+3M-3], s+m' €[-M+ 3 M- 1] and P as in (2.34) we
have:

P: H*t™ (002) — H*(002)
1s a well-defined linear and bounded operator.

Proof. The proof follows immediately from Theorem 2.13 and Lemma 2.10 and local
charts. O
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In particular, we can define differential operators with Hg-coeflicients in the manner
above.

Remark 2.16. We will not address the question of invariance under coordinate transfor-
mation of nonsmooth pseudodifferential operators. Therefore we will also not show that
the definition (2.33) does not depend in an essential way on the choice of the charts and
the cut-off functions ¢;, ;.

We recall from [49, Corollary 3.4]:

Theorem 2.17. Let p; € H;"ng(R” XxR™), m; €eR, j=1,2,2< g < o0 and r > %.
Thenforevery0<7'<1with7<r—%

p1(z, Dy)p2(x, D) — (p1p2)(x, Dy): HSTMatm2=7 (]R") — H* (R”)
is a bounded operator provided that
S,s+mq € (—r +T,7]. (2.35)

Note here that if the p;(z, D,) are differential operators, then Theorem 2.17 can be
proved by elementary but lengthy estimates using Sobolev embeddings. As one conse-
quence of the theorem one has that

Z D¢ (aa,p(x)D5u) = Z . 5(x)D2Pu + Ru, (2.36)
laf,|Bl<m la],|BI<m
where
R:H*T*™=7()) — H5(2) if -r+7<s<r—-m (2.37)

provided that a, g € H;(£2) and 2 is a Lipschitz domain. In fact, the statement in the
case {2 = R" follows from Theorem 2.17, and then for a general Lipschitz domain {2 one
can obtain the statement by extension to R™.

2.4. Green’s formula for second order boundary value problems

Since the smoothness properties of the coefficients in Green’s formula for general
2m-order operators are quite complicated to analyze and would take up much space, we
shall in the present paper restrict the attention to the second-order case from here on
(expecting to take up higher-order problems elsewhere).

Consider a second order strongly elliptic operator A,

Au = — Z Oz, (10, 1) + Z a;0,;u + aou, (2.38)

J,k=1 Jj=1
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with

n

Re Y an(2)&&k > colé]?, allz € 2, £ €R™; (2.39)
j,k=1

co > 0. We assume that the a;, and a; are in H,(£2) and ag € Lq(£2), where ¢ > 2 and
1 —2 >0, and we apply the expression to u € H?(£2). In view of (2.29),

1fgllae(2) < Coll Iy @)llgllas (@) for all s| < 1;

hence
A: H*T5(0) — H*(02) for all s € [-2,0]. (2.40)

Concerning the domain (2, we assume that (2 is as in Definition 2.4 2° or 3° with
3
M =2 (so 02 € B, and % — ”le > 0, in particular p > 2).
Denote 07 = 7i - 0, the normal derivative, where 77 = (n1,...,n,) is the interior unit
normal on 0f2. We shall denote 0, = pr,. 0, where pr. = [ — 71 ® 71; the “tangential

T

gradient”. (Here 7 ® 7 is the matrix (njng);r=1,...» =711, 1 used as a column vector.)

Setting 0, ; = e, - 0., we have (at points of 912), since
Orju=ej-Oru=ej Ou—e;iit’ Ou=0y,u—n;i-du,
that
Oz, u = njOzu + 07 ju. (2.41)
When £ € C", we set & =pr. & = (I —n®@n)E. For j € Ny, we define
viu= (7 0:Yu)| o = Ol 5

1 1
By our assumptions, i € B} ,(02)" < Hy (02)" (cf. (2.7), recall that p > 2). The

product rule (2.29) applies with r = s = %, p = ¢, n replaced by n — 1, to show that
1

Hpj (012) is an algebra with respect to pointwise multiplication. The rule (2.29) also

applies with p =2, r = %, n replaced by n — 1 and q replaced by our general p, to show

that multiplication by elements of Hp% (892) preserves H*(912) for |s| < 3.

Then since vo0,,: H*(£2) — H*~2(812) continuously for s € (2,2], : H3(2) —
H*~2(82) continuously for s € (2,2].

Let

aj(r) = ag;(x),  aj(@) =a;(x),  ap(@) = ao(x) - Z O, ()
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for all x € 2, j,k =1,...,n, and let A’ denote the operator defined as in (2.38) with
ajk, aj,ao replaced by a’,;, a}, ag; it is the formal adjoint of A.
It will be convenient for the following to have % — nle <1- %; this can be achieved
1 n—1

by replacing p by a smaller p > 2. Then we can set 7 = 5 — i as in Assumption 2.5.

To sum up, we make the following assumption:

Assumption 2.18. n > 2, 2 < g < o0 and 2 < p < oo, with

n—1 n—1

> 0; T = (2.42)

n 1 1
1——>=— -
2 D 2 D

q

3
The domain (2 is as in Definition 2.4 2° or 3°, with boundary 02 of regularity B ,. In
(2.38), the coefficients aj; and a; are in H, (£2) and ag € Ly(£2).

The inequalities for ¢ and p mean that (%, "T?l) belongs to the polygon {(z,y): 0 <
r<l1l, 0<y< %, y}x—%}. All ¢ > n and p > 2(n — 1) can occur (but not all at the
same time). Under Assumption 2.18,

1—1 1 1
By,q " (002) + B} ,(002) — Hy (092)
by (2.13), where we also use that B§72 — Hp% . Recall from Remark 2.6 that the boundary
regularity Bp% , includes C27¢ and is included in C147.

Theorem 2.19. Under Assumption 2.18, the following Green’s formula holds:

(Au,v) o — (u, A'v) , = (xu,700)a0 — (You, X'v) 0 (2.43)

for allu,v € H*(2). Here, setting B = (a;1)}—y, B' = (a}3)} 41, and by = 31_, njal;,

and defining

So = E ajk(x)njnk = ﬁTBﬁ,
j.k=1

Ay =by -0y, withby = (i"B)_, A} =0b] -0, +by, witht) = (a"B')_,
we have that

X = son + A1, X = 3071+ Aj. (2.44)

Here so,b) € Hy (90), b1, b, € H2 (992)".

1
Furthermore, sq is invertible with sy likewise in Hj (012).



H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100 4059

Proof. It is well-known that when coefficients and boundary are smooth, then the Gauss
formula (2.28) implies

(A’LL, U)_Q - (U, Alv)_(z = (XUJ?’Y[U)HQ - (7“7 X/v)agv

for all u,v € H?(£2), where

n
XU = E nﬂoajkaxk%
J,k=1

n n
r / /
X U= g nj’yoajkc‘)xku—i—g njYoa;u.
jk=1 j=1

Here we can write, using (2.41),

Xu = Z N;ajkY00z, U = Z(ﬁTB)kfyO(877ku + niozu)
J k=1 k

= ii" Biiyyu + i’ Bd;you = i’ Biiyyu + (7" B)_ - 0;70u;

similarly,

n n
X'u= " ny0ade,u+ Y njaiyou =i B'iyu+ (i B') - 0rou+ i byyou.

This shows the asserted formulas in the smooth case.

The validity is extended in [50, Theorem 4.4] to the case where aji,a; € C%*(£2) and
ag € Loo(£2), and 2 is a bounded Lipschitz domain. The unbounded cases in Defini-
tion 2.4 are included by adding the appropriate (trivial) coordinate charts.

The case aji,a; € H;(_Q), ap € Ly(f2) can then easily be proved by first replacing
ajk, aj, and ag by some smoothed a$, , a5 € COY(2) and a§ € Loo(£2) N Ly(£2) such that
aSy —re—0 @jk and a5 —c0 a; in H;(Q) and af — ao in Ly({2) and then passing to the
limit ¢ — 0. For this argument one uses (2.29) with s = =1 and p = 2 to pass to the
limit in all terms involving a;, a;. 1> @, and a;-. To pass to the limit in the term involving

11

ao one uses H (2) < L,(£2) with 1=1- 4 Since % < 1, which implies

laoulzae) < Cllaol e el g (2.45)

Finally, since A is strongly elliptic, |so(z)| = C > 0 for all 2 € £2. Then s;* € Hé (092)
because of the results at the end of Section 2.2. O

1
Note that since the coefficients in the trace operators y and x’ are in Hj (012), x and
X' map H*(£2) continuously into H*~2(42) for s € (2,2).
We shall also need a result on localization of x and x’, and their surjectivity.
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Corollary 2.20. Let x and X’ be as in the preceding theorem and let U C R™ be such that
3

Q2 NU coincides with RZ N U (after a suitable rotation), where v € BZ,(R™™1). Then

there is a trace operator

t(ﬁ,,Dx) = 81 ’}/Oaa;n -+ Z Ca "YO?

|a|<1
1
where s1,cq € HZ (R™™Y) for all |a| < 1, such that

x(bu) = nF, *t(2', Dy) F; (hu) (2.46)

for any u € H*(2) and ¢,n € C§°(U) with n =1 on suppv. Here F, is the diffeomor-
phism from Proposition 2.7 and F g = FﬂaRi. Moreover, sy is invertible.
For every s € (%, 2] there is a continuous right-inverse of

H*™2(012)
X ). s :
( ) cH*(02) — X ;
0 H*=3(092)
this holds in particular with x replaced by v1. The analogous statements hold for x'.

Proof. To prove the first statement, let 2NU coincide with RTNU after a suitable rota-
tion of {2 and let ¢, n € C§°(U) with n = 1 on supp ¢. Then with B as in Corollary 2.8,

so7v1(Yu) = nseo (ﬁ . V(@bu)) = 18070 (ﬁ . F;l’*BVF:: (wu))
=nsol., 0’ a0 (0z, F (¢pu)) +7780F{é’*B/Vx/’YOF;(¢U)

where ag = (FJ ¢7i) - B(2',0)e, € Hp% (R"!) and B' = (F: i) - B(2/,0)(I — e, ® €y) €
Hp% (R™~1). Moreover,

! o 1 _vm”)/( ) 1 v:}:/’Y( )
(F701) - (B(x',0)en) = NIEREE ( 1 ) b(a) ( 1+ () )

14+ |Vav|? 1
_V l, gl >
b($ ) A/1 —+ |Vm/’)/’2

where b(z') = 1+ A\,, I'(2/,0) € [%,2] as in the proof of Proposition 2.7. Since A is

elliptic, |so(x)| = co > 0 for all x € 012, too. Therefore s1 = solF 0’ ap € H (092)
is invertible. It is easy to observe that A;you = nF. Zla’\ <1 CoDzyotpu for some

c>0

1
¢/ € HZ2 (R"1). This proves the first statement.
To prove the last statement, we first note that there is a linear extension operator K
such that K: H5~ 3 (R"!) — H*(R%) for all s € (2,2] and vy Kv = v and yoKv =0 for
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all v € H*"2(R"1). Let F;,Fjo,9;,%5,n; be as in Remark 2.9 for M = 2. Using K
and the coefficients s; ; in (2.46) with respect to R’ , we define

Kiv= Z%F‘l "K s Fopsv.

Then vy K1v = 0 and therefore

N
,* 1,%
XKlU:Z%'Fj s1,;nKsy ij OSOJU—Z%F 51,551 jF] 0¥V

where we have applied (2.46) with respect to RY..
Now we define

v
K (U;) = K()UQ + Kl(’Ul — XK()'UQ)
for all v, € H*"2(892), vy € H* 2(812), where Ko: H5~2(82) — H*(£2) is a right
inverse of 7y, which exists in view of Theorem 2.11. Then K is a right-inverse of ( %)
In the special case A = —A, x =~;. O

3. Extension theory

In this section we briefly recall some elements of the theory of extensions of dual pairs
established in Grubb [29] (building on works of Krein [42], Vishik [58] and Birman [18])
and its relation to M-functions shown in Brown, Grubb and Wood [20].

We start with a pair of closed, densely defined linear operators Apyin, AL, in a Hilbert
space H satisfying:

Amin C <A/ >* = Amax; A/rnln (Amiﬂ) = A

min max 7

a so-called dual pair. By M we denote the set of linear operators lying between the
minimal and maximal operator:

M ={A]| Apin C A C Amax} = {A' | Apin C A" C Al )

Here we write Au as Au for any ;I, and A'u as A'u for any A’. We assume that there
exists an A, € M with 0 € o(A,); then A* € M’ with 0 € o(A%).
Denote

7 = ker Apax, 7' = ker A’

max?

and define the basic non-orthogonal decompositions
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D(Amax) = D(A,)+Z, denoted u = u, + u¢ = pr., u+ pre u,
D(AL.)

max

D(Az)jLZ’, denoted v = v, + ver = pr, v + pres v

here pr., = A;lAmaX, pro = I —pr,, and pr,, = (Afy)_lA;naX, pr,, = I —pr.,. By

"y?
pry u = uy we denote the orthogonal projection of u onto a subspace V.

The following “abstract Green’s formula” holds for u € D(Amax), v € D(A]

ma.x):
(Au,v) — (u, A'v) = ((Au)z/,ver) — (u, (A’U)Z). (3.1)
It can be used to show that when A € M and we set W = pres D(ﬁ*), then

{{uc, (Av)w } | u € D(AV)} is a graph.
Denoting the operator with this graph by 7', we have:
Theorem 3.1. (See [29].) For the closed A € M, there is a 1-1 correspondence

T:V — W, closed, densely defined

A closed
closea < { withV.C Z, W C Z', closed subspaces.

Here D(T') = pr, D(A), V =D(T), W = pre/ D(A*), and

Tue = (Au)w for all u € D(A), (the defining equation). (3.2)
In this correspondence,

(i) A* corresponds similarly to T* : W — V.
(ii) ker A =kerT; ran A =ranT + (H o W).
(iii) When A is invertible,

Al = A;l +iy Tt pryy -

Here iy indicates the injection of V' into H (it is often left out).
Now provide the operators with a spectral parameter A\, then this implies, with

Zy = ker(Amax — A), 7% =ker (Al — A),

max

D(Amax) = D(Ay)+2x, u = u;‘ + ug\ = pr;\ u+ pré u, etc.
Corollary 3.2. Let X € o(A,). For the closed A e M, there is a 1-1 correspondence

~ T :V\ — W5, closed, densely defined
A—A— : /
with Vx C Zx, W5 C Z3, closed subspaces.
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Here D(T*) = pr} D(A), Vy = D(T*), Wy, = pr), D(A*), and

TAUZ\ = (A= M) for all w € D(A).

W5

Moreover,

(i) ker(A — ) = ker T%; ran(A — \) = ran T> + (H & W5).

(ii)) When X € o(A) No(A,),
(A=N71= (A =N i (TY) 7 pry, - (3.3)

This gives a Krein-type resolvent formula for any closed Ae M.
The operators T and T* are related in the following way: Define

EX=T+ XA, - N"Y, FPY=T1-)A7"

o
EN=T+MA =N, FA=T1-x4ar)",

then EAF* = FAE* = I, E'AF'A = F'2E'> = I on H. Moreover, E* and E’* restrict
to homeomorphisms

EY:V 5V, ER W 5 Wy,
th i A : D) : A — B
with inverses denoted Fy) respectively F{;?*. In particular, D(T") = E{,D(T).

Theorem 3.3. Let G%‘/’W = —pryy AE? iy; then

(B T EY =T + Gy (3.4)
In other words, T and T* are related by the commutative diagram

Vi ——
EY

T*l JT+G¢,W D(T*) = E{D(T). (3.5)

Wy —— W
(EW)”

This is a straightforward elaboration of [31, Prop. 2.6].
It was shown in [20] how this relates to formulations in terms of M-functions. First

there is the following result in the case where V. = Z, W = Z’, i.e., pr. D(A) is dense in
Z and pr D(A*) is dense in Z':
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Theorem 3.4. Let A correspond to T : Z — Z' by Theorem 3.1. There is a holomorphic

operator family M z(\) € L(Z',Z) defined for X € o(A) by

Mz(\) = pre (I — (A=) (Amax — ) Atz

Here M ;(\) relates to T and T by

M) = —(T+G3 ) = =F2(TN T (FL)",  for A€ o(A)No(A,).  (3.6)

This is directly related to M-functions (Weyl-Titchmarsh functions) introduced by
other authors, see details and references in [20]. Moreover, the construction extends in a
natural way to all the closed A € M, giving the following result:

Theorem 3.5. Let A correspond to T : V. — W by Theorem 3.1. For any \ € Q(Z), there
is a well-defined M z(\) € LW, V'), holomorphic in X and satisfying

(i) Mz(\) =pre(I — (A= X" (Amax — M)A iw.

(ii) When X € o(A) No(A,),

M) = (T + Gh)

(iii) For A € p(A)No(Ay), it enters in a Krein-type resolvent formula

(A= 07 = (A, =N — iy BYM(0) (E) proy, (3.7)

Other Krein-type resolvent formulas in a general framework of relations can be found
e.g. in Malamud and Mogilevskii [47, Section 5.2].

4. The resolvent construction
4.1. Realizations

The abstract extension theory in the preceding section was implemented for boundary
value problems for elliptic operators A with smooth coefficients on smooth domains
2 in [29-31], with further results worked out in [20] on Krein resolvent formulas and
M-functions. Our aim in the present paper is to extend the validity to the nonsmooth
situation introduced in Section 2.4. An important ingredient in this is to show that the
Dirichlet problem for A has a resolvent and a Poisson solution operator with appropriate
mapping properties.

As Anin, ALy Amax and Al we take the operators in Ls({2) defined by

Apin Tesp. AL .= the closure of A|ge (o) resp. Al (o),
min 0 ( ) 0 ( )

Amax = (A;nin)*a A;nax = (Amin)*- (41)
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Then Apnax acts like A with domain consisting of the functions u € Lo(f2) such that Au,
defined weakly, is in Lo(£2). A}, is defined similarly from A’.

By extension of the coefficients a;x, a;, to all of R™ (preserving the degree of smooth-
ness) we can extend A to a uniformly strongly elliptic operator A, on R"™; by addition of
a constant, if necessary, we can assume that it has a positive lower bound. By a variant
of the resolvent construction described below (easier here, since there is no boundary)
we get unique solvability of the equation A.u = f on R™ with f € Ly(R™), with a solu-
tion u € H?(R™). Then the graph-norm (||Au||%2(m + ||u||%2(9))% and the H2-norm are
equivalent on HZ({2), so

D(Apin) = HS(Q). (4.2)
As A, we take the Dirichlet realization of A; it is the restriction of A with domain
D(A,) = D(Amax) N Hy (£2),

and equals the operator defined by variational theory (Lions’ version of the Lax—Milgram
lemma, the notation used here is as in [35, Chapter 12]), applied to the sesquilinear form

a(u,v) = Z (ajxDeyu, Dyyv) + (Z ajiDg u + agu, v) , (4.3)
k=1 j=1
with domain HJ(£2) C L2(£2). A, also has positive lower bound. The analogous operator
for A" is its Dirichlet realization A’; it equals the adjoint of A,. The inequality (2.39)
implies that the principal symbol takes its values in a sector {\ € C: |arg\| < 7/2 — §}
with § > 0. The resolvent (A, — X)~! is well-defined and O((\)~!) for large |A| on the
rays {re’} with n € (7/2 — 6,3m/2+ 9)
The linear operators A with Anin C A C Anax are the realizations of A.
In the detailed study of the Dirichlet problem that now follows, we first treat a half-

space case by pseudodifferential methods, and then use this to treat the general case by

localization.
4.2. The halfspace case

In this subsection, we consider the case of a uniformly strongly elliptic second or-
der operator a(z,D,) on R? in z-form (i.e., defined from Z?’k:l a;k(x)€;&: by the
formula (A.2), not in divergence form). More precisely, we assume that a(x, D;)u :=
>3 k=1 @ik (2) Dy, Dy ou, where ajy, € C7(R%) for some 0 < 7 < 1. The case of a general

domain will be treated by the help of this situation, using that Hp% (R*1) — CT(R™1)

and W(12’p) (R7) < C™(R7), where 7 = 1 — "le, cf. (2.23). For the construction of a

parametrix on R” it will be enough to use the C7-regularity of the coefficients.
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We define

H*(R%)
A = (“(x’ Dw)) L HS P2 (RT) — S (4.4)
Yo Hs—i—% (Rn—l)

which maps continuously for all |s| < 7, since a(z, Dy): H*T?(R"}) — H*(R") for all
|s| < 7 by Proposition 2.14.

To prepare for an application of Theorem A.8, we apply order-reducing operators (cf.
Remark A.9) to reduce to H®-preserving operators, introducing

D )A? HS(RZﬁ)
Ay = (I Og)AXA:?+ - (a(xé )2"+) HY(RT) > x, (45)
0 /10 A02 ’)/0/17’4» HS (Rn—l)

continuous for |s| < 7; it is again in az-form with C7-smoothness in x. Since 7 is of class

3
1, Ag 70/1:’2+ is of class —1 (and order —1); a(x,D:,g)A:ir is in fact of class —2. (The

notion of class is recalled at the end of Section A.1 and extended to negative values in
Remark A.9.)

By Theorem A.8 2°, A; has a parametrix BY in z-form, of class —1, defined from the
inverse symbol;

(1)
BY=(RY KY): X — H°(R%), (4.6)
Hs (Rn—l)
continuous for |s| < 7. (We omit the class related condition s > —3, since 7 < 1.) In
particular, R{ is of order 0, and K? is a Poisson operator of order %, having symbol-kernel

in CTS£()% (RN x R"~1, S(R,)). The remainder R, = A;B) — I satisfies
mORy) HY(RY)
Ra: X — X , (4.7)
Hs—@ (Rn—l) HS (Rn—l)

when 0 < 0 < T,
3
—-TH+O0<s<T, s>—§—|—9. (4.8)

Then the equation A1 By = I + R4, also written

I 0 -
(0 A2 ) AXATL B =1+ Ry,

I 0 I 0
implies by composition to the left with <0 P ) and to the right with (0 A3 ):
0
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_ I 0 , I 0 I 0
AXA?+B$(O A§>:I+R’, w1thR':<0 /10_%>R1<0 Ag)

Hence

I 0

B’ =A% B} (0 A

)= (A AR = (R K0) a9

is a parametrix of the x-form operator A*, with

ABY =T+ TR, (4.10)
 (E3) R H(RY)
B: X — H°T?(R%), R': X — X ;o (4.11)
Hs—l—% Rn—l) Hs—l—%—@ (Rn—l) Hs—l—% (Rn—l)

for s and 6 as in (4.8).
4.3. General domains

Now we consider the situation where the domain {2 and the differential operator A are

as in Assumption 2.18. From now on, we use the notation 92 = Y. We recall that the
3
assumption implies that X' is B, % — ”le > 0, the principal part of A is in divergence

form with qu(Q)—coefﬁcients, and 7 = % — ”le < 1— 7. We have the direct operator
with A as in (2.38)

H*(12)
A= <A> CHP2 () — X ; (4.12)
* H*3(2)

it is continuous for —% <s<0.
First we replace the differential operator A by its principal part in xz-form, namely

a(x,Dz)u := Z ajk(2) Dy, Dy, u.
j k=1

Then a(x, D,) has C-coefficients since H} (£2) < CT(£2), and we have:
A —a(x,D,): HT?70(02) — H*(2) (4.13)

for all -1 < s <0 and 0 < 6 < min(7, s+ 1). This statement follows from Theorem 2.17
applied to the principal part (see also (2.36), (2.37)) and from (2.45) since 7

Let A* be the operator obtained from A by replacing A by a(z, D,). Then A* has
the mapping properties



4068 H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100

H*(£2)
AX = (a(x’Dm)) CH2(Q) % (4.14)
" H**3(2)

continuously for |s| < 1, since a(x, D,): H52(2) — H*(2) for all |s| < 1 in view of
(2.29) and the fact that a;, € Hj(2).

We shall use a system of local coordinates and cutoff functions as introduced in Re-
mark 2.9, with M = 2.

When the differential operator A is transformed to local coordinates, the principal part
of the resulting operator A is an x-form operator with C'"-coefficients since H, (} (R%}) =
C™(R%). More precisely, because of Corollary 2.8,

* _17* _

where R: H?~7(R%) — L*(R") and

n

a;(2,6) = 3 an(Fj(x)) (®;(2)€) "7,
k,l=1
with q5j_(fc) = (VF;(z))~ ! € W(127p)
in C7 (R ).

In each of these charts one constructs a parametrix ﬁ? = (R? KJQ) for (Qﬂ' (Z;LDI)>

(]R’}r)”2 — C7 (H_QTJLF)"2. Hence a;(, D, ) has coefficients

as in Section 4.2 (the coefficients of A can be assumed to be extended to R’} preserving
ellipticity); for Uy which is disjoint from the boundary one takes a parametrix RJ of
a(z, D). Then one defines B = (R® K°) by

J

ROf =3 wiF; " RiF @i f +voRGpof, (4.15)
71=1
J

K% =) wiF; "K]Fjopig (4.16)
j=1

for all f € H*(R2), g € H+3(X), where —7 4+ 6 < s < 0 and ©;,; as in Remark 2.9.
- 3 - _1

Here we recall from (4.9) that K? = A~% k9(a/, D,)A¢ with kY € C7S & (R x

R"~! S(R,)). Then it follows directly from the results so far that

w(1)-(1)m(l)

H0(2) H*(£2)
Rq: X — X
3

Hs—i—%—G(E) Hs+§(2)

where
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is a bounded operator for all § and s € R such that
0<b<t1, —T+60<s<0. (4.17)

In the present construction, we shall actually carry a spectral parameter along, which
will be useful for discussions of invertibility and resolvents. So we now replace the origi-
nally given A by A — A, to be studied for large A in a sector around R_. The parameter
is taken into the order-reducing operators as well, by replacing (€) = (1 + |€[2)z by
(L+ AL+ 1€]%)7.

The parametrix will be of the form

H*(12)
B°(\) = (R°(\) K°(\)): X — HT2(0); (4.18)
H* 3 ()

with H ,}—Smoothness in z, where —7 < s < 0. The remainder maps as follows:

H>=%(2) H*(£2)
R(A) = ANB(\) — I: X — X (4.19)
Hs-i—%—@(z) H$+%(Z>

for s and 6 as in (4.17).

In order to get hold of exact inverses, we shall use a variant of an old trick of Ag-
mon [7], which implies a useful A\-dependent estimate of the remainder. (The technique
was developed further and applied to »dbo’s in [33], which could also be invoked here; but
in the present simple case of differential operators the trick can be used more directly.)

Consider A on a ray outside the sector where the principal symbol Z;’ o1 @ik ()&
takes its values, i.e., we set A = e u? (u > 0) with n € (7/2—6,37/2+6). For the study
of A — )\, introduce an extra variable ¢t € S!, and replace u by D; = —id,, letting

A=A—e"D? on x5 (4.20)

Then A is elliptic on 2 x S' and its Dirichlet problem is elliptic, and by the preceding
construction (carried out with local coordinates respecting the product structure),

~ (A
A= ( > has a parametrix B,
7o

with mapping properties of B° and the remainder R = AB° — I as in (4.18) and (4.19)
with £2, X replaced by 2 = 2 x S', ¥ = X x S%.
For functions w of the form w(x,t) = u(x)e?,

Aw — ((A—e”’/f)w) _ ((A—A)w> 7

Yow Yow
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and similarly, the parametrix B° and the remainder R act on such functions like B°(\)
and R(A) applied in the z-coordinate.
Moreover, for w(x,t) = u(x)e*t, u € S(R™), u € 277Z,

lwll e sy = (1= A+ 122) (@) oy = [ (U4 I +#2) 200,

with similar relations for Sobolev spaces over other sets. Norms as in the right-hand side
are called H®"-norms; they were extensively used in [33], see the Appendix there for the
definition on subsets. For the parametrix B()) this implies

0
HB ()\){f7 g}HHerZ,u(Q) < CSH{f’g}HHS’H(Q)xHSJF%’“(E)' (421)
The important observation is now that when s’ < s and w(z,t) = u(x)e'*t, then

/2

[wl| e (mn w51y = H(l + €7+ p ) HL2

< () (14 16P + 12) @), = () ol e e s,

with constants independent of v and u. Analogous estimates hold with R™ replaced by
2 or 3.
Applying this principle to the estimates of the remainder R, we find that

HR()\){f’g}HHS7M(Q)><HS+%’“(E) < CSH{f’g}HHS—O*“(Q)XHSJrgfe’“(E)

< ,(u) (4.22)

-0

H{f’g}HHs,M(Q)st"'%’“(Z‘)
for s as in (4.17), A = e"u? with u € 27Np. One way to extend the observation to
arbitrary A on the ray, is to write A = e u? = (g + p')? with po € 27Ny, ¢/ € [0, 27),
and set \g = 2. Using (4.21) and observing that (1 -+ |&|% + p2)"/2 ~ (1 + €12 + (uo +
©/)2)t/2 uniformly in &, ug, i/, by elementary inequalities, we find for

RA) = ANB° (o) — I = A(X)B(No) — I + (AOO_ A) B°(\o) (4.23)
that

HR {f’g}HHs “(Q)XHS+2 ) CHHR {f’g}HHS “O(Q)XHS+2 Ho(x)

<c ///H{fhg}HHs 0 uo(Q)stJr?*e HO(2)

/111

S H{f’g}HH5797P‘(Q)XHS+%76““‘(Z)'

N

(&

So (4.22) also holds for general A, when we define B°(\) = B%(\).
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For each s, consider A = e?u? with 1 > 1, where p; is taken so large that ¢/, (u) =% < %

for u > pq. Then I+R(\) has the inverse I +R/(\) = I+ 23,621(—73()\))]€ (converging in
the operator norm for operators on H*#*(£2) x H*+t2:#(X)), and, by definition of B°(\),

ANB N (I +R' (X)) =1.
This gives a right inverse
B(A) = B°(\) + B (NR'(AN) = (R(A) K(N)),
with the same Sobolev space continuity (4.21) as B%(\), and B°(A\)R’(\) of lower order:

HBO()\)R/(A){fﬂg}HH3+2,u(Q) < CSH{f7 g}HHS_Q:U'(Q)XH579+%’”(Z)

< c’s<u>—6‘|{f,g}\}HS,H(Q)XHS%,H(E). (4.24)

Since

C((A=NRON) (A-NEN)\ (I 0
AWB(”‘( WRO) K )‘(o I>’ (4.25)

R(\) solves

(A=XNu=f,  ru=0, (4.26)
and K () solves

(A=XNu=0,  yu=e (4.27)

Since R(A) maps Lo(£2) into H?(£2) N Hy(2) C D(A,), it must coincide with the
resolvent (A, — A)~! of A, defined in Section 4.1 by variational theory. The operator
K () is the Poisson-type solution operator of the Dirichlet problem with zero interior
data; it is often denoted by K:y\ and we shall also use this notation here. The operators
have the mapping properties, for each A\ = e 2, u > u1,

(A, = NTHHN(Q) = HT2(Q), KX HT3(Y) — H2(0), (4.28)

for s satisfying (4.17).

Moreover, the mapping properties extend to all the A for which the resolvents and
Poisson operators exist as solution operators to (4.26), (4.27), in particular to A = 0.
For A7, this goes as follows: When u € H'(£2) and f € H*(2) with s < 1, f + lu
is likewise in H*(£2). Then A,u = f + Au allows the conclusion u € H*%?(§2). The
argument works for all [s| < 7. Moreover, since A7 — (A, —X\)7' = —AAJ1 (A, —A)7!
is of lower order than AJ L AT L coincides with R%(0) plus a lower order remainder.



4072 H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100

The Poisson operator solving (4.27) can be further described as follows: There is a right
inverse K: H5%3 (X)) — H572(2) of ~q for —3 < 5 <0 (cf. Theorem 2.11). When we set
v =u— K¢, we find that v should solve

(A=Nv=-(A=-N)Kp,  yv=0,
to which we apply the preceding results; then when X € o(A,),
K} =K — (A4, =)A= NK; (4.29)

solves (4.27) uniquely. Thus K2 exists for all A € o(A,).

Since the formal adjoint A" of A is similar to A (with regards to strong ellipticity and
smoothness properties of the coefficients in its divergence form), the same construction
works for the adjoint Dirichlet problem, so also here we get the mapping properties

(AL =N THHS(Q) - BH(Q), KN HSTH(E) » HYP(Q), (4.30)

for —7 < s <0.
The above analysis shows moreover that

R(M\) = R°(\) 4+ S(N), K(\) = K°(\) + 8'(\), (4.31)
where

HRO HKO are O(1),

()\) HL(H3+%,/J(Z)7H5+2,#(Q))

1"

M eaeniymrerzmniy

IE are O(1),  (4.32)

/\) HL:(Hs—G,y,(Q)’Hs-‘rZ,p,(Q))7 E(H.S‘F%*gyﬂ(z),Hs%»Q,p,(Q))

IS IS are O((A)7"/2),

A) HL‘,(HS’H(Q),H”E’H(Q))’ LOHYT3 1 (3), Ho+2.01(12))

for A\ going to infinity on rays A = eyu? n € (7/2 — §,3w/2 + J), when s, 0 are as
in (4.17). Here R°(\), K°()\) are explicit parametrices as in (4.15)—(4.16) (modified to
depend on \). For “stationary” norms, one has in particular
IRV o + VT2 RS, < Comin| £lls, (A2 fllo} (4.33)
KN, yo + N2 K Ng|, < CLllgllsrs + N> *T2lg]l0)- (4.34)

Note that [|[R(A)||z(L,(s2)) is O((A\)~') on the ray.
Summing up, we have proved:

Theorem 4.1. Let (2, 7, and A be as in Assumption 2.18 and let —7 < s < 0. Then for
X € 0(Ay), the operator
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H*(12)
(A a A) CH P2 () - x (4.35)
" H** 3 (2)
has an inverse
H*(02)
(RN EKW)=(A,—N"" K): X — H*T2(02). (4.36)
Ho+3(X)

On the rays X = ey withn € (1/2—6,37/2+0) (outside the range of the principal
symbol), the inverse exists for |\ sufficiently large. R(\) and K(\) have the structure
in (4.31) and satisfy estimates (4.32)—(4.34).

Similar statements hold for A’.

_3
29

Section 4, that prevents the above construction (even if 7 were > 2) from defining the

There is a class related condition s > cf. Theorem A.8 and the beginning of

Poisson operator to start in the space H —3 (X), but that will be needed for an analysis as

in Section 3. Fortunately, it is possible to get supplementing information in other ways,
as we shall see below.

5. Dirichlet-to-Neumann operators
5.1. An extension of Green’s formula

For a general treatment of realizations of A, we need to extend the trace and Poisson
operators to low-order Sobolev spaces. We begin by establishing an extension of Green’s
formula.

For A € o(4,), s € [0,2], let

Z3(A) ={ue H(2) | (A—Xu=0}; (5.1)

it is a closed subspace of H?®(f2). It follows from Theorem 2.11 that the trace operator
7o is continuous:

vo: Z5(A) — H* "2 (X), (5.2)

for s € (%, 2]. Moreover, in view of the solvability properties shown in Section 4, it defines
a homeomorphism

vo: Z5(A) = HS "2 (X)), (5.3)

for s € (2 —7,2], with inverse K2 = K(X).



4074 H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100

As shown in Section 2.4, the trace operators 71, x and x’ define continuous maps
_3
"X X1 Z3(A) = HP2(X) (5.4)

for all s € (2,2].

We need an extension of these mapping properties to all s € [0,2], along with an
extension of Green’s formula to u € D(Apax), v € H?(£2). This is shown by the method of
Lions and Magenes [45]. Here we use the restriction operator r, (restricting distributions
from R™ to {2) and the extension-by-zero operator ey, (extending functions on {2 by zero
on R™\ £2).

An important ingredient is the following denseness result:

Proposition 5.1. The space C’(Og)(ﬁ) = roC§°(R™) is dense in D(Amax) (provided with
the graph-norm).

Proof. This follows if we show that when /¢ is a continuous antilinear (conjugate lin-
ear) functional on D(Apax) which vanishes on CE’S’)(I_Q), then ¢ = 0. So let ¢ be such a
functional; it can be written as

E(u) = (fv u)Lz(Q) + (g? AU)LQ(Q) (55)

for some f,g € Lo(£2). We know that £(p) = 0 for ¢ € C’E’g’)(ﬁ). Any such ¢ is the
restriction to {2 of a function @ € C§°(R"™), and in terms of such functions we have

lro®) = (eaf, P)r,mn) + (€09, Ac®) L,ny =0, all & € CF° (]R") (5.6)
The equations to the right in (5.6) imply, in terms of the formal adjoint A, on R",
<le + Aéegg,§> =0, all®eCf (]R"),
ie.,
eof + Aleng =0, or Aleng=—cof, (5.7)

as distributions on R™. Here we know that eg and e, f are in Ly(R™), and the solvability
properties of A then imply that eog € H?(R™). Since it has support in §2, it identifies
with a function in HZ($2), i.e., g € HZ(£2). Then by (4.2), g is in D(A’;,). And (5.7)
implies that A’g = — f. But then, for any v € D(Anax),

ﬁ(u) = (f7 u)Lz(Q) + (g7Au)L2(Q) = _<A/97U>L2(Q) + (g7Au)L2(Q) - 07

/
min

since Apax and Al . are adjoints. O
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We shall show:

Theorem 5.2. The collected trace operator {9, x}, defined on C’E’S’)(ﬁ), extends by con-
3

tinuity to a continuous mapping from D(Amax) to H_%(E) x H=2(X). Here Green’s
formula (2.43) extends to the formula

(AU,U)L2(Q) - (U,A/’U) L2 () = (XUWOU)—%,% - ('YOU, X/U)_ ) (58)

=
N

I

for u € D(Apmax), v € H2(02).

Proof. Let u € D(Apnax). We want to define {you,xu} as a continuous antilinear
functional on H2(X) x H2(Y), depending continuously (and of course linearly) on
u € D(Amax). For this we use that

H3 ()
(79) CH*(02) —» % has a continuous right inverse K' = (K{ K} ),
* H3 (2)

a lifting operator, cf. Corollary 2.20. For a given ¢ = {¢g, 01} € Hz(X) x H?(X), we
set

Wy = IC()SOl - IC/1§00, then YoWy = P1, X/wnp = —y.
Now we define

Cu(p) = (Au,w,) — (u, A'w,), noting that

10,(0)] < Clall it N0 202y < C el Dt 1913 503y (59)

So, £, is a continuous antilinear functional on ¢ € Hz (X)x H %(Z ), hence defines an
element ¢ = {1, 11} € H 2(X) x H™2(X) such that

Cu(p) = (Yo,00) 1.1 + (1,01) 3 3. (5.10)

11
272 >

Moreover, it depends continuously on u € D(Apax), in view of the estimates in (5.9).
If v is in C'(Og)(ﬁ), the defining formula in (5.9) can be rewritten using Green’s formula
(2.43), which leads to

Cu(p) = (Au, wy) — (u, A'wy) = (xu, Yows) — (You, X'wy) = (xu, 1) + (You, ¢o)

for such u. Since ¢y and ¢ run through full Sobolev spaces, it follows by comparison with

(5.10) that 19 = you, 1 = xu, when u € C("g’)(ﬁ), so the functional ¢,, is consistent with

{~ou, xu} then. Since C ({2) is dense in D(Amax), we have found the unique continuous
extension.
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Identity (5.8) is now obtained in general by extending (2.43) by continuity from u €

C(C;;’)((_Z), ve H*). O

=

In particular, the validity of the mapping properties of vy and x in (5.2) and (5.4)
extend to s = 0.

5.2. Poisson operators

The next step is to extend the action of the Poisson operators to low-order spaces.

Lemma 5.3. The composed operator x' (Al — ML Ly(02) — H2(X) has as adjoint an
operator (X'(A%, — N"YH-2(X) — Lo(2) extending Ki‘ (originally known to map
H*~3(X) to Z5(A) for s € (2—1,2]). Moreover, (X' (AL = X)™1)* ranges in Z3(A).

Proof. Let ¢ € H5 2(X) for some s € (2 —7,2], let u = Ki‘go. For any f € Ly(£2), let
v = (A — A)~1f. Note that (A — A)u = 0 and yov = 0. Then by (5.8),

—(K3¢, ) = (A= Nu,v) = (u, (4" = A)v)

= —(youx)_y = (X (4, -2 ')

11
272

This shows that the adjoint of x'(A’, — A1 acts like K2 on functions ¢ € Hs=3(%),
se(2—-rm72].

To see that (x'(A] — A)~1* maps into the nullspace of A — A, let o € H™2(X) and
let v € C§°(£2). Then, using the definition of A in the weak sense,

DIk T
(A5 =A) ) e (A = Aoy
—\ —1~ % —

= (A5 =A) ) @ (A =N)v) 0

(. X (A = X) (A = Mv)

(A= N (A =2 e0),

since v € C§°(§2) implies (A, — M)A — XN)v = v (since yov = 0), and x'v = 0. Thus
(A= X)X (A, = X)71)*p = 0 in the weak sense, so since (x'(AL — A)71)*p € La(£2), it
lies in Z9(A). O

Since (x'(AL, — A)7')* extends K2 and maps into Z)(A), we define this to be the
operator Ki‘ for s = 0:

KX = (X'(A, = X)) H 3(5) = Ly(9). (5.11)

Theorem 5.4. Let {2 and A satisfy Assumption 2.18. The operator Ki‘ defined in (5.11)
maps HS_%(E) to H*(£2) continuously for 0 < s < 2. Moreover, 7y defined in Theo-
rem 5.2 is a homeomorphism (5.3) for all s € [0,2], with Kfy‘ acting as its inverse.

There is a similar result for K;’\.
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Proof. Since the composed operator is continuous:
X (AL = 2) L HN(Q) - H T3 (X)
for —7 < s <0, it follows by duality that
KX HY=2(2) — H* (2), (5.12)
when 0 < s’ < 7 (recall that 7 < 1, cf. (2.42)). Taking this together with the larger

29
values that were covered by (4.28), we find that (5.12) holds for

0<s <2 (5.13)

the intermediate values are included by interpolation. We can replace this s’ by s.
The identities

")/OK;\QDZQO forgoEHS_%(Z), K;\fyoz:z for z € Z3(A),

were shown in Section 4 to hold for s € (2 — 7,2]. The first identity now extends by
continuity to H _%(E), since H %(E) is dense in this space. The second identity will
extend by continuity to Z{(A), if we can prove that Z3(A) is dense in Z3(A). Indeed,
this follows from Proposition 5.1:

Let z € ZY(A). By Proposition 5.1 applied to A — ), there is a sequence uy € C’fg’)(ﬁ)
such that ux, — z and (A — A)ug, — 0 in Ly(£2). Then vy = (4, — N)"HA = Nup — 0
in H2(02). Let 2z = uy, — vg; then 2, € H?(2), (A — XN)zx = 0, and 2, — z in Ly(2).
Hence, 2y, is a sequence of elements of Z3(A) that converges to z in Z{(A), showing the
desired denseness.

Thus the identities are valid for s = 0, and hence for all s € [0,2]. In particular, Ki‘
maps H*~ 2 (X) bijectively onto Z§(A), and 4o maps Z5(A) bijectively onto H5~ (%),
for s € [0, 2], as inverses of one another.

The proof in the primed situation is analogous. O

The adjoints also extend, e.g.

(KM H§(2) — H*3(Y), for —2< s <0; (5.14)

recall that H§(£2) = H*({2) when |s| < 1.
From (4.32) we conclude moreover that when 0 < s < 7,

=1
I (A5 = 37 sy e by 20

HK’?HL(HS—%,H(E)’HS,H(Q)) are O<1)7 (515)
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for A going to infinity on rays A = eu? n € (7/2 — 6,37/2 + §). In particular,

1K, < Cmin{lell_1, (\) " lello}. (5.16)

We shall now analyze the structure somewhat further. It should be noted that a Pois-
son operator maps a Sobolev space over X' to a Sobolev space over (2; the co-restriction
of K2 mapping into Z3(A) will be denoted v} further below, cf. (6.8).

A

Theorem 5.5. Let 0 < § < 1, and let {2 and A satisfy Assumption 2.18.
1° Kfy‘ is the sum of a Poisson operator of the form

J
K9 = 4 F P A2 (MNkja (2, Do) Ffopjv, (5.17)
j=1

where kj x has symbol-kernel kj 5 € CTS1 o(R™ T xR S(R,)), and a remainder S(\)
that for s € (2 — 7,2] maps H¥~ 29 (R"~1) — H*(RY), when 0 <0 <s—247.

2° K,/y\ is a generalized Poisson operator in the sense that it is the sum of a Poisson
operator of the form

J
K20 = "9 Fo Y AT (WK (a7, Do) Ffos0, (5.18)
j=1

with l;,'g.’)\ € Sié(R“_l x R"~Y S(R,)), and a remainder R(\) that for s € (0,2] maps
Hs=z=¢(R" 1) — H*(R?%), for some e =¢e(s) > 0.

Here 1,94, F;, and F; o are as in Remark 2.9.

There are similar statements for the primed version Kiy’_\.

Proof. We give the proof of the statements for K:y\; the proofs for K iy;\ are analogous.
The first statement follows from the construction in Section 4.3, applied to A — A
and with A-dependent order-reducing operators (where £ is replaced by (§,u), p =
Az € R). The composition k; n of the A-dependent variant of k;’ and A§ (A\) is of
order 2 and has symbol-kernel k;  in C7S51 (R x R*"1 S(R,)) for each A. The
mapping properties of S(A) follow from (4.32).
For the second statement, observe that we have from 1° that

K2 = K9 +8(\), where S(\) € L(H=7(2), H*(%2)), (5.19)

for every 0 < 6 < 7. Now, applying Lemma A.7 for 6 € (0,1), we obtain that Kg’k =
Kg)‘ + S'(A), where Kg)‘ is as described in (5.18) and

S'(A\): H2™%(X) — H?(2).
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Since also K7, K!* € L(H*2(X), H5(£2)) for all s € [0,2], interpolation yields that for
every s € (0,2] there is some € = £(s) > 0 such that

K} — K e L(H*"275(X), H*(12)).
This proves the theorem. O

Remark 5.6. As a technical observation we note that the above approximate Poisson
solution operators K 2)‘ and K. ,ﬁf‘ are constructed in such a way that their symbol-kernels
are smooth in (&', ) € R} (outside a neighborhood of zero); this is the case of symbols
“of regularity +o00” in the sense of [33].

5.3. Dirichlet-to-Neumann operators

Finally, we shall study the composed operators P,i" v = XK ,i‘ and Pv/ ”;, =x'K ,’y;‘; often
called Dirichlet-to-Neumann operators.
It follows immediately from Theorem 5.4 that they are continuous for s € [0, 2],

2\ _1 _3
P} PAH (X)) —» H 2 (X). (5.20)

Applying Green’s formula (5.8) to functions u,v with Au =0, A'v = 0, we see that

(PYst)_s 5 = (2 P 3¥)

_3 11
2 272

for all ¢ € H™2(X),¢p € H3(X), so Pﬂ;\yx and Pfy’;;(, are consistent with each other’s
adjoints.

Theorem 5.7. Assumptions as in Theorem 5.5. Pv)\yx maps HS_%(E) continuously to
H=3(X) for s €[0,2], and satisfies:
1° P’i\,x s the sum of a first-order 1bdo of the form

J
A, E 1% -3 ] / * )
i=1

where s; \ € CTSEO(R”_I x R 1), and a remainder, such that for every s € (2 — 7,2],
the remainder maps H*~2~¢(X) continuously to H*~3(X) for some € = (s) > 0.

2° There is a pseudodifferential operator Pﬂgf‘x on X with symbol in 51175(]1%”_1 x R"~1)
(c¢f. (5.21)), such that for every s € (0,2], P%X is a generalized vdo of order 1 in the
sense that it is the sum of Pvﬂ,/\x and a remainder mapping Hs_%_E(E) continuously to
Hs_%(E) for some € = €(s) > 0. Here ¢ > 0 can be chosen uniformly with respect to
s € [¢,2] for every s’ € (0,2].
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3° There is a pseudodifferential operator Pwﬁ)\xl on X with symbol in Sié(Rn’l x R~ 1)

(c¢f. (5.23)), such that for s = 0, Pv/\,x is the sum of P}j)‘Xl and a remainder mapping
H~2(X) continuously to H=2%¢(X) for some £ > 0.

There are similar statements for P,’f;(,; it acts like an adjoint of P
Proof. The first and last statements were shown above. We shall prove statements 1°-3°
for P> ;

V5x
For 1°, we note that since Kfy‘ coincides in highest order with the approximation

(5.17), Pw)\, x coincides in the highest order with

the treatment of P’ /\/ is analogous.

XK = Z Xj () Fy AZ2 kg A (2, Do) Fiop;0;

here v € H*~3(X), s € (2—7,2], and kj\ € O7S] o(R"! x R* 1, S(R})).
Moreover, because of Corollary 2.20, for every n; € C’E’g)(ﬁ) with n; = 1 on supp ¥,
and suppn; C U; we have the representation

X(%Fj_l’*vj) =1;S071 (%Fj_l’*vj) +n; Z Ca,ng/tbﬂon_l’ v
o<1

_nJF 1* (x/7Dw)'Uj7

where the operators ¢;(2', D,,) are differential trace operators of order 1 and class 2 on
1

R (in z-form) with coefficients in H;} (R"~!). — Note that the factor « in the definition

of F]TOL*, cf. (2.27), can be absorbed into the coefficients of ¢;(2', D,). — Now if we set

tia@, &, Dy) = (&, p))2t;(2' €', D,) (where as usual g = |A|2 and ((¢/,))" is the

symbol of Af(A)), we have from Theorem 2.17 that

Agt; (2, Dy) =t (2, Dy): HS 5 (RY) — Ho2(R"1),

for all s,e such that % +e<s<2andl<e<T= % — ”le. In particular, we can

choose s = 2. Moreover, since t;(z’, D,) is a differential trace operator, we have that
t;»\ (l’/, Dm)/l:,z+ = bj,l,)\ (33/, Dx’)’YlA:?+ + bj’()7>\ (33,, Dx/)’y()/l:?+

for some b \ € H%Slgak(]R"_l xR"71), k = 0,1, which implies that ¢/ , (2, Dm)A:?+ =
£ (2, D) with 72, € C7S; ¢ (R x R*=1, S(R"™)), since Hj (R"~) < C7(R"),
(More  precisely,  bj1x(2,¢") = so(z')((€, )2 and  bjoa(2, ) =
> o<t Ca,i (@) ()€ p))2.) Set

S, (xla 5/) = t;/,)\ (ZC/, 5/7 Dn>kj,>\ (xla 5/7 Dn)7
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3
it is in CTSf’O(Rnfl x R"~1). Then we can apply the composition rules for Green oper-
ators with C7-coefficients, cf. [2, Theorem 4.13.3], to conclude that

a0, D) A2 0 (0, D,) 5y (0, D) HE =2 (R01) = L2 (R21),

]

for some € > 0.
Summing up, we have that

J
Pi‘yxv = foy‘v = anﬁjfol’*tj (a, Dx)A:?+k3\ (2, Dm)F;Ogojv + R(N)v

j=1
J ~ 1
= Z nijTOL*AO 2 S4.A (IL‘/, Dx/)F;OQOjU + R/()\)’U,
j=1

where R()\) and R’()\) are continuous from H2¢(X) to Hz (%) for some ¢ > 0.
Hence, if we define

J
~ 1
A _E —1,% 4—35 / *
j=1

then Pv/\,x — SN H%_Q(E) — H%(E) is a bounded operator for some € > 0. Moreover,
because of Proposition 2.14, §* € L(H*~2(X), H*~2 (X)) for every s € (2—7, 2]. Finally,
interpolation yields that for every s € (2 — 7, 2] there is some € > 0 such that

P}, — SMHTITE(D) - HYTE(Y)

is bounded. This proves the first statement.
To prove the second statement we apply symbol smoothing, cf. (A.1), to s; . Then
we obtain for any 0 < d < 1 that

(0 Do) = 8, (a'. Dur) + 56 (2", D)

vl

#

3 15
where 57, € S s(R"1 x R"1) and s?/\ € C7875 °(R"1 x R"~1). Hence,

—

b (o, Do) HEO(RPY) = HE (RP),

’

AJ%SJ”A (.CU/, Dm/) - A
since
s\ (@', Dy ): H3 7T (R"™Y) — L2(R™),

by Proposition 2.14. Moreover, by the composition rules of the (smooth) S%—Calculus,
cf. e.g. [43, Theorem 1.7, Chapter II],
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1 ﬁ / ﬂ /
2 _
Ay Sj,)\(x , Dyr) _pj,)\(x , Dyr)

for some pﬁ-»/\ € 51175(1[%”_1 x R"™1). Altogether, if we define

J
PR = nF " ph (2, Do) F} s, (5.21)
j=1
then
P}, — POGH?(5) —» H?(X) (5.22)

is a bounded operator for some 3 > 0. Since the pjﬁ. \ are smooth symbols, we have that

A A —1 _3
P} PP e L(H2(X),H2(X))
for every s € [0,2], by Proposition 2.14. Hence, interpolation implies that for every
s € (0,2] there is some ¢ = &(s) > 0 such that

s—1—¢ s—2
P} — PR H275(X) = H* 2(X)

is a bounded operator. Here € = €05, which shows that & can be chosen uniformly with
respect to s € [s/, 2] for every s' € (0, 2]. i
Finally, the case s = 0 will be treated differently. To this end let Pfyﬁ;‘, denote the

approximation to P;i‘(, defined analogously to (5.21). Then

A FEXN\* X\ * FEANK pr—1 _34
P’%X B (P'y,x/) - (P’/Y,X’) - (Pw,x/> 1 H 2(2) — H™ > 6(2)7

by (5.22) for the primed operators. Moreover, by the standard calculus for pseudo-

differential operators with S7"s-symbols,

J

(PL50) 0 =" @Fr "o (', Dar ) F oo + R(N)w
1

j:

I
.M“

<
Il
—

i Fro w5 (2!, Dar) Fi g0 + R/ (A

PRy + R (A)v (5.23)

for all v € H~2(X), where p;ﬁ;: € 81 s(R*™F x R*™ 1), and R(A) and R’()) are bounded
from H™z(X) to H 2(X). O
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Operators Pj‘, 5 can be defined for any trace operator j, as Pﬂ;\’ 5= BK;\. For 8 = 1,
one has that Pv)\m = 'nKi‘ is elliptic (the principal symbol is invertible), cf. [7,30] (it is
also documented in Chapter 11 of [35], Exercise 11.7ff). Note that

P%X - SOP’j\A’l + ‘Al’

where A; is the first-order differential operator on X' explained in Theorem 2.19. The
ellipticity of Pﬁi" » depends on Aj;, which is defined from the coefficients in the divergence
form (2.38). It should be recalled that the choice of coefficients in (2.38) is not unique
for a given operator A, see the discussion in [30]; it is shown there in the smooth case
that the choice of coefficients in (2.38) can be adapted to give any desired first-order
differential operator on X in the place of A;. Ellipticity of Pi‘, \ holds if and only if the
system {A, x} is elliptic.

In the papers [20,34], x is replaced by 14 = sgy1 in order to have an elliptic Dirichlet-
to-Neumann operator (then Green’s formula looks slightly different). However, the mod-
ified trace operator I'* introduced further below is actually independent of the choice of
A (cf. Remark 6.2).

6. Boundary value problems

We shall now apply the abstract results from Section 3 to boundary value problems.
The realizations Apax, Amin and A, of A in H = Ly(f2) introduced in the beginning of
Section 4 have the properties described in Section 3, with the realizations A, , Al .«

and A’, of A’ representing the adjoints. Then the general constructions of Section 3 can
be applied. The operators A € M are the general realizations of A. Note that

Z)(A) = Z, Z3(A) =27, Z(A) = 7, Z(A") = Z5. (6.1)

For an interpretation of the correspondence between Aand T:V — W, we need a

modified version of Green’s formula (as introduced originally in [29]). Here we use the
trace operators (in the sense of the i)dbo calculus) defined by:

M=x-Py oy, I'"'=x—P (6.2)

for A € p(A,); we call them the reduced Neumann trace operators.

Theorem 6.1. The trace operators I'* and I'"> map D(Anmax) respectively D(A! ..) con-

max

tinuously onto H2 (X)), and satisfy

max?’

_ %\ —1
I = xAT Ao, T70=X/'(42) A (6.3)

= x(Ay =) Amax = ), T =X (A =N (A —A). (64)

max

In particular, I'° vanishes on Z, etc.
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With these trace operators there is a modified Green’s formula valid for all u €
D(Anmax), v € D(AL..):

max

(Au,v)o = (u, A) ;= (Tuq00) y = (qou, T"%) 1y 4 (6.5)
in particular,
(Au,w) g = (Fou,fyow)a_%, when w € Z'. (6.6)
Similarly, for all u € D(Amax), v € D(AL..),
(A= Nu,v) = (u (A = A)o) = (Musyo0)y o = (ou )y 4y (67)

which is also equal to (Au,v)o — (u, A'v)p.

Proof. With the preparations we have made, this goes exactly as in the smooth case [29];
we give some details for the convenience of the reader. Take A = 0. Writing u = u-, + uc,
where uy = A7 Apaxu and u¢ € Z, we have that you = youc, and ue = K9you. Then

IMu = yu— P,g’xyou = xu— Pg’XWOUC = XU — XU = XUy = XA,;lAmaXu.

This shows (6.3), and since AZ'Apax is surjective from D(Amax) to D(A,), and x is
surjective from D(A,) = HZ2(2) N HL(2) to Hz(X), we get the surjectiveness from
D(Amax) to H2(X). (The continuity is with respect to the graph-norm on D(Amax).)

Let u € D(Amax), v € D(AL ,,). Then, using the fact that (Au, v, )—(u,, A'vy) =0,
and using the extended Green’s formula (5.8), we find

(Au,v) — (u, A'v)
= (Atty, vy +v¢r) = (Uy +ug, A'vy)
= (Auy,ver) — (ue, A'vy)
= (Auy, v¢r) = (ty, A'ver) + (Aug,vy) = (ug, A'vy)
= (Xuy, Y0v¢’)

1—1 = (Yo, X'v¢r) 5 5+ (xuc, Yovy) 3,3 — (Youe, X'vy)

N=

1
) 29

= (Xuy,700) 1 1 — (You, X'vy) _

= (Fou, ’yOv)

11
272

- (70u7F/ OU)_

11
2°7 2

N

)

NI

This shows (6.5); (6.6) is a special case. The proof for general \ is similar. O

Remark 6.2. Note that when x = sgy1 + A170, then

FA = X - P’}%\,X’YO = SOle + Al'VO - (P’}%\,So’yl - Al)’Yo = 8071 - P7>\,3071;

so in fact I'* is independent of the choice of coefficient of 7o in x (cf. (2.44)).
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By composition with suitable isometries (order-reducing operators), (6.5) can be
turned into a formula with Ls-scalar products over the boundary, but since this leads to
more overloaded formulas, we shall not pursue that line of thought here.

We denote by vz, the restriction of vy to a mapping from Z, (closed subspace of
Ly(02)) to H=2(X); its adjoint vz, goes from Hz(X) to Zy:

vz Zy —» H™3(X), with adjoint v} : HZ (X)) =5 Zy. (6.8)
The inverse 75; gives by composition with iz, the Poisson operator Ki‘:

K =iz, vy H™2(2) — Ly(92).
There is a similar notation for the primed operators. When A = 0, this index can be left
out.

For the study of general realizations A of A, the homeomorphisms (6.8) make it
possible to translate the characterization in terms of operators 7:V — W in Section 3
into a characterization in terms of operators L over the boundary.

First let A\=0.For V.Cc Z, W C Z', let X = vV, Y = W, with the notation for
the restrictions of 79 to homeomorphisms:

WiV = X, ywW =Y. (6.9)

The map vy:V — X has the adjoint Yy XF 3 V. Here X* denotes the antidual
space of X, with a duality coinciding with the scalar product in Lo(X) when applied
to elements that come from Lo(X). The duality is written (¢, ¢)x+ x. We also write
(¥, 0)x+ x = (p,¥)x,x~+. Similar conventions are applied to Y.

When A is replaced by A— X for A € o(A,), we use a similar notation where Z, Z’, V
and W are replaced by Z), Z;\, Vi, Ws. Since y0E*z = 492 (cf. Section 3), the mapping
defined by v on V) has the same range space X as when X\ = 0. Similarly, the mapping
defined by 79 on Wy has the range space Y for all A. So 7 defines homeomorphisms

A% V)\ L> X, ’VWXZ W;\ ;> Y, (6.10)
For A € o(A,), we denote

Ky =i, w X > Vaeo H KN =iw oyt Y > Wy = Ho (6.11)

Now a given T: V' — W is carried over to a closed, densely defined operator L: X — Y*
by the definition

L=(w')Tw',  D(L)=vD(T); (6.12)

it is expressed in the diagram



4086 H. Abels et al. / Journal of Functional Analysis 266 (2014) 4037-4100

V%X
Yv

al | (6.13)
(RN,
(v )"

When A corresponds to T:V — W and L: X — Y™, we can write

(Tu¢,w) = (T’y;lfyou,fy;[/lfyow) = (Lyou,yow)y=y, allue D(A), we W. (6.14)
The formula (Au)w = Tu¢ in (3.2) is then in view of (6.6) turned into

(I, yow) = (Lyou, vow)y=y, allweW,

1 _ 1
27 2

or, since 79 maps W bijectively onto Y,

(Fou, gp) = (Lyou, ¢)y+y forall p €Y. (6.15)

1
L)

=

To simplify the notation, note that the injection iy:Y — H~2 (X)) has as adjoint the
mapping iy: H 2 (X)) — Y™ that sends a functional 1) on H ~3 (X)) over into a functional
iy ¢ on Y by:

(i3 ¥, 0)yny = W,0)1 _1 forallpe?. (6.16)
With this notation (also indicated in [31] after (5.23)), (6.15) may be rewritten as
it ' = Lyou,
or, when we use that I'" = x — P9,
iy xu = (L +iy P )you. (6.17)
We have then obtained:

Theorem 6.3. For a closed operator A € M, the following statements (i) and (i) are
equivalent:

(i) A corresponds to T:V — W as in Section 3.
(ii) D(A) consists of the functions uw € D(Amax) that satisfy the boundary condition

you € D(L), iy xu= (L+iy P}, )ou. (6.18)

Here TV — W and L: X — Y* are defined from one another as described in
(6.9)—-(6.13).
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Note that when Y is the full space H™2(X), iy~ is superfluous, and (6.18) takes the
form

You € D(L), xu= (L+ P} )you. (6.19)
The whole construction can be carried out with A replaced by A— X, when X € o(A,).

We define L* from T? as in (6.12)—(6.13) with T:V — W replaced by T*: V, — W5 and
use of (6.10); here L*» maps from X to Y*;

LY = (yi) Tyl D(LY) =, D(T) = D(L), (6.20)

This can be expressed in the following diagram, where we also take (3.5) into account:

Here the horizontal homeomorphisms compose as

B =, (i) () = Gi) (6.21)
SO
L = (vy) (T + Gy ) (6.22)

In this A-dependent situation, Theorem 6.3 takes the form:

Theorem 6.4. Let A € o(Ay). For a closed operator A e M, the following statements (i)
and (ii) are equivalent:

(i) A — X corresponds to T™: Vy — W5 as in Section 3.
(ii) D(A) consists of the functions u € D(Amax) such that

You € D(L), iy xu= (L*+iy PWA’X)fyOu. (6.23)

Observe that since the boundary conditions (6.18) and (6.23) define the same realiza-
tion, we obtain moreover the information that

(L)‘ + iy PW)‘,X)fyou = (L +iy Pg,x)”you, for you € D(L) = D(L’\),
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ie.,
L*=L+iy(PY, —P},) onD(L)=D(L"). (6.24)
Note also that in view of (6.12) and (6.22),
L =L+ (1) Gyww' on D(L).
This has the particular consequence:
i (P, = P2 = (viv) Gy on D(L), (6.25)

Since the last statement will hold for fixed choices of V, W, X,Y, regardless of how the
operator L is chosen (it can e.g. be taken as the zero operator), we conclude that

iy (P2, — P2 ) ix = () G (6.26)

as bounded operators from X to Y*. In particular, in the case X =Y = H™ 2 (X):

x \—1 -
P’S:X - P7>\,x - (VZ’) G%,Z"Vz% (6.27)

bounded operators from H~z(X) to Hz(X).

We can now connect the description with M-functions and establish Krein-type re-
solvent formulas. (The following formulation differs slightly from that in [20] using
order-reducing operators carrying H +3 (X)) over to Ly(X') and orthogonal projections.)

Theorem 6.5. Let A correspond to T:V — W carried over to L: X — Y™, whereby A
represents the boundary condition (6.18), as well as (6.23) when A € o(A,).

(i) For A € o(A,), L and L™ satisfy (6.24), where P, — P2 € L(H 2(X),Hz(X)).
The relations to Gy are as described in (6.26), (6.27).

(ii) For A € o(A), there is a related M -function € L(Y™*, X):

M (\) =70 (1 = (A= X" (Amax — X)) AT iw vy

(iii) For A € o(A) N o(A,),
M\ = = (L4 (P, = B ) ix) = —(IY)
(iv) For X € o(A,) (recall (6.11)),

ker(A — \) = Ki\,X ker L,

ran(A4 — A) = 7y, ran L+ HoWs. (6.28)
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(v) For A € o(A) N o(Ay) there is a Krein-type resolvent formula:

e — — . — * -1
(A - /\) t= (A’Y - >‘) t— 1V 7VA1ML(>\) (fYW;\) Pl
= (Ay =N = K3 x M (V) (KN) (6.29)

*

= (Ay = N7 K (LY T (KA)

Proof. Statement (i) was accounted for before the theorem.
In (ii), the M-function My () is obtained from M ;(X) in Theorem 3.5(i) by compo-
sition to the right with 73, and to the left with ~y:

Mp(A\) =Mz = pre (I — (A= X" (Amax — N) AT iw vy

=70 (I - (12{ - A)_l(Amax - )\))A;l IW 'V;;V (630)

Statement (iii) follows from Theorem 3.5 (ii) in a similar way.
For (iv), we use the homeomorphism properties of vy, and Yw; and their adjoints.
For (v), we calculate the last term in (3.7), using (6.30):

—ivy, By Mz (BR) prv, = —ivy By Me (V) (viy)~ (E3) pryy,
= —ivy Yo ML) (vt ) prww,
= — K XM () (K
cf. (6.21) and (6.11). O

Hereby, Krein-type resolvent formulas are established for all closed realizations of A
in the present nonsmooth case.

In the cases where X and Y differ from H~ = (X)), the formulas are quite different from
those established in [27] for selfadjoint realizations of the Laplacian, where an M-function
acting between full boundary Sobolev spaces is used (if the domain is C' 3te ).

7. Neumann-type conditions

The case where X =Y = H_%(E), ie., V=2 W = 7', is particularly interesting
for applications of the theory. Here the boundary condition has the form in (6.19) and
we say that A represents a Neumann-type condition (this includes the information that
D(L) is a dense subset of H~2(X)). It may be written

xu = Cyu, with C =L+ Pﬂ(y),x’

D(C) = D(L). (7.1)
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An interesting case is where C' acts like a differential operator (or pseudodifferential
operator) of order 1. In the differential operator case we can assume, to match the
smoothness properties of s and A; in Green’s formula, that

C=c-D;+cy, wherec=(ci,...,cn), ¢ EHP%(E) for j=0,1,...,n. (7.2)

As aido C we can take an operator constructed from local first-order pieces as in (2.34)
with Hq% S1 o-symbols.

Then L acts as a pseudodifferential operator of order 1,

L=C-P);
cf. Theorem 5.7 for the properties of Pg,x'

It should be noted that L is determined in a precise way from A as an operator from
D(L) ¢ H™2(X) to Hz(X); it is generally unbounded from H~2(X) to H2(X) since it
is of order 1.

In the study of boundary conditions, the situation is sometimes set up in a slightly
different way:

It is C that is given as a first-order operator, and we define A as the restriction of
Amax with domain

D(A) = {u € D(Amax) | xu = Crou}. (7.3)
Note that for the H?(2)-functions satisfying yu = Cyou, the Dirichlet data ~ou fill out
the space H?2(X), since {70, x} is surjective from H2(£2) to H2(X) x Hz(X). When
u e D(A),

Lyou = I'u = xu — P}, you= (C = P )you,

so necessarily you belongs to the subset of H ’%(Z’) that is mapped by C' — Pg,x into
1

Hz2(X). When u lies there, it moreover has to satisfy Iu = (C' — P9 )you, in order to

belong to D(A). This shows:

Lemma 7.1. Let C' be a first-order operator on X as described above and define the
realization A by (7.3). Then L is the operator acting like C' — PS,X with domain

_1 1
DL)y={eeH 2(X)| (C-P),)pc H?(X)}.
D(L) contains H2 (X)), hence is dense in H=2(X).
In the A-dependent setting,

L* acts like C' — P, with D(L*) = D(L).
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Further information can be obtained in the elliptic case. This is the case where the
model operator, defined from the principal symbols at each (z’,¢’) in local coordinates,
is invertible:

Ly(Ry)
a’(2’,0,¢', Dy) o N
(KO(ml’él,Dn) _QO(x/’g/),y()) ' H (R+) — ()é ,

for all 2/, all |¢/| > 1. Using the various reductions introduced above on this one-
dimensional level, we find that L has the principal symbol

where ¢?(a/,¢’) and p°(a’,¢’) are the principal symbols of C' and PY | ; moreover, el-
lipticity holds if and only if [°(2’,€’) # 0 for |¢/| > 1. These considerations take place

pointwise in 2’ regardless of smoothness with respect to z’.

Theorem 7.2. For a given first-order pseudodifferential operator C' as described above,
let A be defined by (7.3). Assume that C — P$7x is elliptic. Then D(L) = H3 (X)), and

D(A) ¢ H2().

Proof. Let ¢ € D(L); then we know to begin with that ¢ € H~2 (%) and (C — PY )y e
Hz(X). It follows from Theorem 5.7 3° that (C' — P g =(C— P£?§)¢ + 1, where ¢ €
H~3%¢(X). This together with (C— P9, )¢ € H3(X) implies (C — Pi%)p € H3+5(X).
Here C' — P! is defined as in (5.21), constructed from localized pieces with elliptic
smooth 1do symbols, and it follows by use of a parametrix in each localization that
¢ € H-27¢(X). (Details on cutoffs and partitions of unity in parametrix constructions
can e.g. be found in [35], Section 8.2.)

Next, let s’ = —% + e. By Theorem 5.7 2° there is an ¢ > 0 such that P%X -
P is continuous from Hs= 27 (%) to H"3(X) for all s € [¢,2]. In a similar way
as in the preceding construction, one finds by use of a parametrix of C' — Pvﬂ?x that
(C—P) )y € Hz(X) together with ¢ € H*~27¢(X) imply ¢ € H*"2(X), when s €
[s',2]. Starting from s = s’ —¢” and applying the argument successively with s = s’ + ke&’,
k=-1,0,1,2,..., we reach the conclusion ¢ € H3 (X)) in finitely many steps.

Since we know from Lemma 7.1 that D(L) D H? (%), this shows that D(L) = H2 (X).
Now any u € D(g) satisfies you € H %(2), so it follows from our knowledge of the
Dirichlet problem that v € H?(£2). O

We also have:

Theorem 7.3. For a given first-order differential or pseudodifferential operator C as de-

scribed around (7.2), let A be defined by (7.3). If there is a A € p(A) N o(Ay) such that
3

(A — )L is continuous from Ly(£2) to H2(£2), then D(L) = H2 (X).
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In this case, there is a Krein resolvent formula for A € o(A) N o(Ay):

(A=XN""= (A, =N+ KX(L) (BN, (7.4)

where the operators L and Ki‘ are a Ydo and a Poisson operator, respectively, belonging
to the nonsmooth calculus, acting on H? (X)) (the case s = 2 in Theorems 5.5 and 5.7).

Proof. According to Theorem 6.5(ii), My (A) has the form
Mp(A) =70(I — (A= X)) (Amax — M) A iz 75

Here the mapping property of (A — X)~! assures that I — (A — A\) "} (Amax — A) preserves
H?2(£2), which implies that My, (\) maps Hz (%) continuously into H 2 (X). Moreover, by
(i), —Mp()) is the inverse of L*, whose domain contains H 2 (X) by Lemma 7.1. Then
the domain must equal H2 (). Since D(L) = D(L*), it follows that also D(L) = H 2 (X).
The next statement follows from the definition of L, and the last statement is a

3

consequence of the fact that D(L) = H2(X). O

This theorem includes general Neumann-type boundary conditions with C' of order
1 in the discussion, where earlier treatments such as [51] and [24] had conditions of
compactness relative to order 1 or lower order than 1 in the picture (Robin conditions).
25| has a somewhat more general class of nonlocal operators C, also used in [27], for
selfadjoint realizations of A = —A.

As a sufficient condition for the validity of the assumptions in Theorem 7.3 we can
mention parameter-ellipticity of the system {A — A\, x — Cyp} on a ray in C in the sense
of [33], when C is a differential operator (7.2). Here one can construct the resolvent in an
exact way for large A\ on the ray, using Agmon’s trick in this situation in the same way
as in the resolvent construction for A, we described above; this is also accounted for at
the end of [34]. (It is used that C' — P2, has “regularity v = +00”, cf. Remark 5.6.) We
can denote A = A, _c~, in these cases. The case C' = 0 (the oblique Neumann problem)
satisfies the hypothesis for rays re!”? with n € (7/2 — §',37/2 + §’), some § > 0, when
the sesquilinear form a(u,v) satisfies

Rea(u, u) > cillullf — Ellull§, we H'(£2), (7.5)

with ¢; > 0. It defines the realization A,.

If A is symmetric, A, is selfadjoint (and then A will be selfadjoint if and only if X =Y
and L: X — X* is selfadjoint, cf. [29]). If, moreover, a(u,u) is real for v € H*(£2) and
satisfies (7.5), A, will be selfadjoint with domain in H?(2).

The preceding choices of L are the most natural ones in connection with applications
to physical problems. One can of course more generally choose L abstractly to be of a
convenient form and derive C' from it as in (7.1).
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Besides the Krein-type resolvent formulas, there are many other applications of the
characterization of realizations in terms of the operators L. Let us mention numerical
range estimates and lower bounds, and coerciveness estimates, as e.g. in [30], and spectral
asymptotics estimates as e.g. in [31], for the smooth case. Both papers are followed up in
the recent literature with further developments. Spectral asymptotic formulas (Weyl-type
spectral estimates) have been worked out in Grubb [36] for the boundary term in the
Krein formula (7.4), and show the expected appearance of the boundary dimension n—1.

Appendix A. Pseudodifferential boundary value problems with nonsmooth coefficients
A.1. Definitions, symbol smoothing

Definition A.1. Let X be a Banach space and let X™ = C7 or X7 = C". The symbol space
XTSTs(R™ x R™; X), 7> 0,0 € [0,1], m € R, is the set of all functions p: R" x R" — X
that are smooth with respect to £ and are in X7 with respect to x satisfying the estimates

HD?DQP(;@HLOO(R,%’X) < Ca,ﬂ<€>m_|a|+6|6|,
HD?p("g)HXT(Rn;X) < Ca<£>m*|04\+57',

and if X = C7 additionally

HDg‘p(.,g)ch(Rn;X) < Ca<€>m—|a|+6j for all j € Ny, j < [7],
for all @ € Nj and |8] < [7].

Obviously, (1,5, C7STs(R™ x R"; X) coincides with the usual Hérmander class

1s(R™ x R™; X) in the vector-valued variant.

In particular, we are interested in the case § = 0, where we simply say that the symbols
(and operators) have X7-smoothness in z. But we need the classes C7 ST with § > 0
when working with the technique called symbol smoothing: If p € C7 TS(R” x R™; X),
§ €[0,1), then for every v € (6,1) there is a decomposition p = p* + p’ with

p* e ST (R xR X),  pPe sy TR x R X)), (A.1)

cf. [55, Eq. (1.3.21)]. We note that the proofs in [55] are formulated for scalar symbols
only; but they still hold in the X-valued setting since they are based on direct estimates.

In the case where X = £( Xy, X7) is the space of all bounded linear operators A: Xg —
X1 for some Banach spaces Xy and X7, we define the pseudodifferential operator with
symbol p € C7STH(R™ x R™; L(Xo, X1)) by

p(z, Dy)u = OP(p)u = /eix'gp(x,f)ﬁ(f) a¢ for u € S(R";Xo), (A.2)

R™
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where d¢ := (2m)7"d¢. — An operator defined from a symbol p(z,&) by formula
(A.2) is said to be “in z-form” in contrast to more general formulas, e.g. where
a(&) = [e ™ Su(y)dy is inserted, and p is allowed to depend also on y. Compositions
often lead to more general formulas.

Proposition A.2. Let 1 < g < oo and let p € C"ST%(R™ x R"; L(Ho, H1)), m € R,
6 €[0,1], » > 0, where Hy and Hy are Hilbert spaces. Then p(xz, D) is continuous

p(x,Dw):H(‘;J“m(Rn;HO) — H;(R";Hl)
for all s € R with —r(1 —9) <s <r.

Proof. The proposition is an operator-valued variant of [55, Proposition 2.1.D]. As indi-
cated in [3, Appendix| the proof given in [55] directly carries over to the present setting
by using the Mihlin multiplier theorem in the L£(Hy, Hy)-valued version, where it is
essential that Hy and H, are Hilbert spaces. O

We denote by S(R, ) the space of restrictions to R of functions in S(R).

Definition A.3. The space C7S{ (RY x R~ ! S(R,)), d € R, n, N € N, consists of all
functions f(x,&,y,), which are smooth in (¢/,3,) € R*™' x R,, are in C7(RN) with
respect to z, and satisfy

S;lp Hyn D?’f( )HL2 (R ) < a,l,l <£ >d+§_l+l1_|a|, (Ag)
! a f d é —I+l —|a|+|8|T
Hy'fza?lJan/f(a EI; >| CT(RN;LZH (Ry)) \ a N l’<£ > * * + (A4)

for all a € Ny~', [,I' € Ny. Moreover, we define ST SR x R S(Ry)) o=
Nien CFST5 (R x R*H S(Ry)).

Now we define an Sy"s-variant of the Poisson operators with nonsmooth coefficients
as studied in [2].

Definition A.4. Let k = k(2',¢',yn) € CTS{ 5 (R" x R"1 S(Ry)), d€R,0< 6 <1,
7 > 0. Then we define the Poisson operator of order d by

k(z',Dy)v=F. . [k(2, & 2,)0(¢)], veSR™Y,

&’

where the Fourier transform is applied in the z’-variables. k is called a Poisson symbol-
kernel of order d. The associated boundary symbol operator k(z’, &', D,,) € £(C,S(R,))
is defined by

(k(', €, Dy)v) () = l::(sc',f',xn)v for all z,, > 0, v € C.
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Theorem A.5. Let k = k(x',&,y,) € C’TSigl(]Rnfl xR SMR,)),deER, 0K < 1.
Then k(x', D,) extends to a bounded operator

k(z',D,): HH4 2 (RVY) — HS(R?) (A.5)

for every —(1—8)T < s < 7. In particular, (A.5) holds for every s € R ifk € Sigl(R"_l X
R’nfl,S(@_’_)).

Proof. From the symbol estimates one easily derives that
k(' €, Dy) € CTSL L ET (R x RN £(C, HY (RY))

for every s > 0, cf. [2, Proof of Lemma 4.5] for details. Hence Proposition A.2 implies
that

k(z',D,): H*9 2 (R"1) = H*(R" 1 L2(Ry))

is a bounded operator for every —(1 —§)7 < s < 7. If s <0, then H*(R"™}; L*(R})) —
H*(R?%) and the theorem is proved. In the case s > 0, Proposition A.2 additionally
implies that

k(z', D, ): HF4 5 (RP1) — L2(R™™Y H(Ry))
is a bounded operator for every s > 0. Since
H*(RY) = H*(R" L L2(Ry)) N LR S HA(Ry)) if s >0,
the theorem is also obtained in this case. O

Remark A.6. One can easily modify the arguments in the proof of [2, Theorem 4.8] to
even get that

k(2/, D,): Byh' ™2 (R™1) = H(R™)

is bounded for every —(1 — )7 < s <7 and 1 < p < 0.

We note that f € CTS{ (R x R"~1; S(Ry)) if and only if
1 ql’ Y T d"‘%_l“‘ll n—1 n—1, 2 /
2,0y, ('€, Dyp) € CTSY (R™ ' xR" 5 L(L*(Ry))) for all I,I' € Ny,

where (x%@ﬁnf(x’,é",Dn)v)(xn) = 218! f(a!, & @) for all v € C, x,, > 0. Hence,

n“x,

applying symbol smoothing with respect to (z’,£), we obtain that f = f* + f°, where

ffesps(RI xRS SRY)), el STy (R xRHS(RY)),
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which can be proved the same way as e.g. [55, Prop. 1.3.E|. As a consequence we derive
directly from Theorem A.5:

Lemma A.7. Let k = k(2',¢,yn) € CTS{GH R x R*1 S(Ry)), d €R, 0 < < 1.
Then k(z',D,) = k*(2', D,) + k*(2', D), where

ke ST5(R* xR HSRY)), K el Spy (R x RMHS(RY)).
In particular, we have that
k(z',D,) — k¢ (¢, Dy): H*H4707=3 (R*1) — H*(R%)

for every —(1 —6)1 < s < 7, and k*(2',D,) € E(H”d_%(Rn_l),HS(R’}F)) for every
s € R.

Let us recall the definition of trace operators from [2]: A trace operator of order m € R
and class r € Ny with C7-coefficients (in z-form) is defined as

r—1

t(l’/,Dm)f: Sj($/,D$/)’}/jf+t0(l’l,Dw)f,
=0
to(', Do) f = Farlsu [/fo(x',5’,yn)f(£’,yn)dyn ,
0

where #g € CTST(R"™1 x R" S(Ry)), s; € C7S7 7 (R* L x R"™Y), j=0,...,7r—1,
f(€,2) = Funser [f(, )] (a partial Fourier transform) and ~; f = &% f|,,—o. The asso-
ciated boundary symbol operator t(x',£’, D,,) is defined by applying the above definition
to f € S(Ry) for every fixed 2/, £ € R™~L. Since ; is well-defined on H*(R) (k € Np) if
and only if £ > 7, the boundary symbol operators of class r are those that are well-defined
on H"(Ry) for all (2/,¢’).

In particular, t(z’, D,) is called a differential trace operator of order m and class r
with C7-coefficients if £y = 0 and the s;(2’,¢’) are polynomials in ¢’

For the precise definitions of singular Green and Green operators of order m and class
r with C7-coefficients (in z-form) as well as the definition of the (global) transmission
condition for p € C7STH(R™ x R™), m € Z, we refer to [2]. The precise definitions are
not important for our considerations in the present paper.

A.2. A parametriz result

Theorem A.8. 1° Let

_(Pi+@
=("7%)
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where Py is the truncation to R} of a zero-order +pdo satisfying the transmission con-

dition at x, = 0, G is a zero-order singular Green operator, such that Py + G is of

1

class r € Z, and T is a trace operator of order —5 and class r, all in x-form with

C7-smoothness in x. Then A maps continuously

He(R")
A:(P++G):HS(R1)—> ><+ , (A.6)
T Hs (Rn—l)
when
(i) [s| <,

(i) s >r— 3 (class restriction).
2° Let A be as in 1°, and polyhomogeneous and uniformly elliptic with principal sym-
bol a®. Then the operator BY with symbol (a®)~1,

B’ =(R" KY),

with R® of order 0 and class v (being the sum of a truncated vdo and a singular Green

operator), K° a Poisson operator of order L, all in x-form with C™-smoothness in z,

27
satisfies that BY is continuous in the opposite direction of A, and R = AB° — I is

continuous:

HOR) HE(RY)
R: X — X : (A.7)
Hs—G(Rn—l) HS (Rn—l)

when

(i) —7+0<s<T;

(i) s —6 >r — 1 (class restriction).

Proof. The first part of the theorem follows from [2, Theorem 1.1 and 1.2]. The second
part of the theorem essentially follows from [2, Theorem 6.4] with the only difference
that there is an additional restriction |s — %| < 7. This comes from the fact that for the
parametrix construction there, the trace operator is reduced to order m = 0 (the same
order as the order of P, and G). But when we take the trace operator to be of order
—%, the proof of [2, Theorem 6.4] applies to the present situation and the restriction
|s — 4| < 7 is not needed. O

BY is called a parametrix of A.
A more general version than the above is quoted in [34, Theorem 6.3].
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Remark A.9. To make the above theorem useful for systems where the elements have
other orders we need the so-called “order-reducing operators”. There are two types, one
acting over the domain and one acting over the boundary:

AZ L =OP(\_(§)),: H'(R}) — H'"(RY), (A.8)

5=O0P'((¢)):H' (R ) = H'5(R"™1), allteR,

r € Z and s € R, with inverses A~", respectively Ay°. Here A" is the “minus-symbol”
defined in [32, Prop. 4.2] as a refinement of ((¢') — i&,,)". Composition of an operator in
x-form with an order-reducing operator to the right gives an operator in z-form (since
the order-reducing operator acts on the symbol level essentially as a multiplication by an
z-independent symbol). Composition with the order-reducing operator to the left gives
a more complicated expression when applied to an z-form operator.

It should be noted that when e.g. S = s(z’, D,) is a 1do of order m on R"~! with
C7-smoothness, then it maps H*T™(R"~1) — H*(R"™1!) for |s| < 7, so by (A.8),

AGS: H ™ (R 1) — H*"(R*™) for —7<s<T. (A.9)

The composition rule Theorem 2.17 (in a version for C'"-smooth symbols) shows that
A5S can be written as the sum of an operator in the calculus OP’((¢/)"s(z',¢)) in z-form
and a remainder, such that the sum maps H* *"+7(R?) — H* (R%) for —7 < s’ <
this gives a mapping property like in (A.9) but with a shifted interval —7+7r < s < 7+7.
This extends the applicability, but one has to keep in mind that the new decomposition
produces different operators; AjS is not in z-form but is an operator in xz-form composed
to the left with Af, not equal to OP'((¢")"s(2’,¢’)).

The operators A” , allow an extension of the class concept for trace operators to
negative values: When 7' = TOA:fl, where T} is of class 0 and k£ € Ny, T is said to be
of class —k. Then the boundary symbol operator is well-defined on H*(R, ). There is
a similar concept for operators Py + G. More details on operators of negative class can
be found in [2, Section 5.4], [32], or [33]. With this extension, Theorem A.8 is valid for
r € Z.
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