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§2. Function spaces and approximation

2.1. The space of test functions.

Notation and prerequisites are collected in Appendix A.
Let Ω be an open subset of Rn. The space C∞

0 (Ω), consisting of the
C∞ functions on Ω with compact support in Ω, is called the space of test
functions (on Ω). The support supp u of a function u ∈ L1,loc(Ω) is defined
as the complement of the largest open set where u vanishes; we can write it
as

supp u = Ω \
(

⋃

{ω open in Ω | u|ω = 0 }
)

. (2.1)

We show first of all that there exist test functions:

Lemma 2.1. 1◦ Let R > r > 0. There is a function χr,R(x) ∈ C∞
0 (Rn)

with the properties: χr,R(x) = 1 for |x| ≤ r, χr,R(x) ∈ [0, 1] for r ≤ |x| ≤ R,
χr,R(x) = 0 for |x| ≥ R.

2◦ There is a function h ∈ C∞
0 (Rn) satisfying:

supp h = B(0, 1), h(x) > 0 for |x| < 1,

∫

h(x) dx = 1. (2.2)

Proof. 1◦. The function

f(t) =

{

e−1/t for t > 0 ,

0 for t ≤ 0 ,

is a C∞ function on R. For t 6= 0 this is obvious. At the point t = 0 we have
that f(t) → 0 for t↘ 0, and that the derivatives of f(t) for t 6= 0 are of the
form

∂k
t f(t) =

{

pk(1/t)e−1/t for t > 0,

0 for t < 0,

for certain polynomials pk, k = 0, 1, 2 . . . . Since any polynomial p satisfies
p(1/t)e−1/t → 0 for t↘ 0, f and its derivatives are differentiable at 0.

From f we construct the functions (see the figure)

f1(t) = f(t− r)f(R− t) , f2(t) =

∫ ∞

t

f1(s) ds .

Here we see that f2(x) ≥ 0 for all x, equals 0 for t ≥ R and equals

C =

∫ R

r

f1(s) ds > 0
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for t ≤ r. The function

χr,R(x) =
1

C
f2(|x|) , x ∈ R

n ,

then has the desired properties.

t

f

tr R

f1

tr R

f2

2◦. Here one can for example take

h(x) =
χ 1

2
,1(x)

∫

χ 1

2
,1(x) dx

. �

Note that analytic functions (functions defined by a converging Taylor
expansion) cannot be in C∞

0 (R) without being identically zero! So we have

to go outside the elementary functions (such as cos t, et, e−t2 , etc.) to find
nontrivial C∞

0 functions. The construction in Lemma 2.1 can be viewed
from a “plumber’s point of view”: We want a C∞ function that is 0 on a
certain interval and takes a certain positive value on another; we can get it
by twisting the graph suitably. But analyticity is lost then.

For later reference we shall from now on denote by χ a function in C∞
0 (Rn)

satisfying

χ(x)











= 1 for |x| ≤ 1

∈ [0, 1] for 1 ≤ |x| ≤ 2 ,

= 0 for |x| ≥ 2 ,

(2.3)

one can for example take χ1,2 constructed in Lemma 2.1. A C∞
0 function that

is 1 on a given set and vanishes outside some larger given set is often called a
cut-off function. Of course we get some other cut-off functions by translating
the functions χr,R around. More refined examples will be constructed later
by convolution, see e.g. Theorem 2.13. These functions are all examples of
test functions, when their support is compact.

We use throughout the following convention (of “extension by zero”) for
test functions: If ϕ ∈ C∞

0 (Ω), Ω open ⊂ Rn, we also denote the function
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obtained by extending by zero on Rn \ Ω by ϕ; it is in C∞
0 (Rn). When

ϕ ∈ C∞
0 (Rn) and its support is contained in Ω, we can regard it as an

element of C∞
0 (Ω) and again denote it ϕ. Similarly, we can view a C∞

function ϕ with compact support in Ω ∩ Ω′ (Ω and Ω′ open) as an element
of C∞

0 (Ω) or C∞
0 (Ω′), whatever is convenient.

Before we describe the topology of the space C∞
0 (Ω) we recall how some

other useful spaces are topologized. The reader can find the necessary infor-
mation on topological vector spaces in Appendix B and its problem session.

When we consider an open subset Ω of Rn, the compact subsets play an
important role.

Lemma 2.2. Let Ω be a nonempty open subset of Rn. There exists a se-
quence of compact subsets (Kj)j∈N such that

K1 ⊂ K◦
2 ⊂ K2 ⊂ · · · ⊂ K◦

j ⊂ Kj ⊂ . . .
⋃

j∈N

K◦
j = Ω . (2.4)

Proof. We can for example take

Kj =
{

x ∈ Ω | |x| ≤ j and dist(x, {Ω) ≥ 1
j

}

; (2.5)

the interior of this set is defined by the formula with ≤ and ≥ replaced by
< and >. (If {Ω = ∅, the condition dist(x, {Ω) ≥ 1

j
is left out.) If necessary,

we can omit the first, at most finitely many, sets with K◦
j = ∅ and modify

the indexation. �

[A drawing is needed here.]
When K is a compact subset of Ω, it is covered by the system of open sets

{K◦
j }j∈N and hence by a finite sub-system, say with j ≤ j0. Then K ⊂ Kj

for all j ≥ j0.

Recall that when [a, b] is a compact interval of R, Ck([a, b]) (in one of
the versions Ck([a, b],C) or Ck([a, b],R)) is defined as the Banach space of
complex resp. real functions having continuous derivatives up to order k,
provided with a norm

‖f‖′Ck =
∑

0≤j≤k

sup
x

|f (j)(x)|, or the equivalent norm

‖f‖Ck = sup{ |f (j)(x)| | x ∈ [a, b], 0 ≤ j ≤ k } .

(2.6)

In the proof that these normed spaces are complete one uses the well-known
theorem that when fl is a sequence of C1 functions such that fl and f ′

l

converge uniformly to f resp. g for l → ∞, then f is C1 with derivative
f ′ = g. There is a similar result for functions of several variables:
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Lemma 2.3. Let J = [a1, b1] × · · · × [an, bn] be a closed box in Rn and let
fl be a sequence of functions in C1(J) such that fl → f and ∂jfl → gj

uniformly on J for j = 1, . . . , n. Then f ∈ C1(J) with ∂jf = gj for each j.

Proof. For each j we use the above mentioned theorem in situations where
all but one coordinate are fixed. This shows that f has continuous partial
derivatives ∂jf = gj at each point of J . �

So Ck(J) is a Banach space with the norm

‖u‖Ck(J) = sup{ |∂αu(x)| | x ∈ J, |α| ≤ k }. (2.7)

We define
C∞(J) =

⋂

k∈N0

Ck(J). (2.8)

This is no longer a Banach space, but can be shown to be a Fréchet space
with the family of (semi)norms pk(f) = ‖f‖Ck(J), k ∈ N0, by arguments as
in Lemma 2.4 below. (See Appendix B for details on Fréchet spaces.)

For spaces of differentiable functions over open sets, the full sup-norms are
unsatisfactory since the functions and their derivatives need not be bounded.
We here use sup-norms over compact subsets to define a Fréchet topology.
Let Ω be open and let Kj be an increasing sequence of compact subsets as
in Lemma 2.2. Define the system of seminorms

pk,j(f) = sup{ |∂αf(x)| | |α| ≤ k , x ∈ Kj }, for j ∈ N. (2.9)

Lemma 2.4. 1◦ For each k ∈ N0, C
k(Ω) is a Fréchet space when provided

with the family of seminorms {pk,j}j∈N.
2◦ The space C∞(Ω) =

⋂

k∈N0
Ck(Ω) is a Fréchet space when provided

with the family of seminorms {pk,j}k∈N0,j∈N.

Proof. 1◦. The family {pk,j}j∈N is separating, for when f ∈ Ck(Ω) is 6= 0,
then there is a point x0 where f(x0) 6= 0, and x0 ∈ Kj for j sufficiently large;
for such j, pk,j(f) > 0. The seminorms then define a translation invariant
metric by Theorem B.8. We just have to show that the space is complete
under this metric. Here we use Lemma 2.3:

Let (fl)l∈N be a Cauchy sequence in Ck(Ω). Let x0 = {x01, . . . , x0n} ∈ Ω
and consider a box J = Jx0,δ = { x | |xm − x0m| ≤ δ, m = 1, . . . , n } around
x0, with δ taken so small that J ⊂ Ω. Since J ⊂ Kj0 for a certain j0,
the Cauchy sequence property implies that fl defines a Cauchy sequence in
Ck(J), i.e., fl and its derivatives up to order k are Cauchy sequences with
respect to uniform convergence on J . So there is a limit fJ in Ck(J). We
use similar arguments for other boxes J ′ in Ω and find that the limits fJ ′
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and fJ are the same on the overlap of J and J ′. In this way we can define a
Ck-function f that is the limit of the sequence in Ck(J) for all boxes J ⊂ Ω.
Finally, pj,k(fl − f) → 0 for all j, since each Kj can be covered by a finite
number of box-interiors J◦. Then fl has the limit f in the Fréchet topology
of Ck(Ω).

2◦. The proof in this case is a variant of the preceding proof, where we
now investigate pj,k for all k also. �

The family (2.9) has the max-property (see Remark B.6), so the sets

V (pk,j , ε) = { f ∈ C∞(Ω) | |∂αf(x)| < ε for |α| ≤ k, x ∈ Kj } (2.10)

constitute a local basis for the system of neighborhoods at 0. One could in
fact make do with the sequence of seminorms {pk,k}k∈N, which increase with
k.

For any compact subset K of Ω we define

C∞
K (Ω) = { u ∈ C∞(Ω) | supp u ⊂ K } , (2.11)

the space of C∞-functions with support inK (cf. (2.1)); this space is provided
with the topology inherited from C∞(Ω).

The space C∞
K (Ω) is a closed subspace of C∞(Ω) (so it is a Fréchet space).

The topology is for example defined by the family of seminorms {pk,j0}k∈N0

(cf. (2.9)) with j0 taken so large that K ⊂ Kj0 . This family has the max-
property.

In the theory of distributions we need not only the Fréchet spaces C∞(Ω)
and C∞

K (Ω) but also the space

C∞
0 (Ω) = {ϕ ∈ C∞(Ω) | suppϕ is compact in Ω } . (2.12)

As already mentioned, it is called the space of test functions, and it is also
denoted D(Ω).

If we provide this space with the topology inherited from C∞(Ω), we get
an incomplete metric space. For example, if Ω is the interval I = ]0, 3 [ and
ϕ(x) is a C∞ function on I with suppϕ = [1, 2], then ϕl(x) = ϕ(x− 1 + 1

l ),
l ∈ N, is a sequence of functions in C∞

0 (I) which converges in C∞(I) to the
function ϕ(x− 1) ∈ C∞(I) \ C∞

0 (I).
We prefer to provide C∞

0 (Ω) with a stronger and somewhat more compli-
cated vector space topology that makes it a sequentially complete (but not
metric) space. More precisely, we regard C∞

0 (Ω) as

C∞
0 (Ω) =

∞
⋃

j=1

C∞
Kj

(Ω) , (2.13)
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where Kj is an increasing sequence of compact subsets as in (2.4) and the
topology is the inductive limit topology, cf. Theorem B.16 (also called the LF -
topology). The spaces C∞

Kj
(Ω) are provided with Fréchet space topologies by

families of seminorms (2.9).
The properties of this space that we shall need, are summed up in the fol-

lowing theorem, which just specifies the general properties given in Appendix
B (Theorem B.17 and Corollary B.18):

Theorem 2.5. The topology on C∞
0 (Ω) has the following properties:

(a) A sequence (ϕl)l∈N of test functions converges to ϕ0 in C∞
0 (Ω) if and

only if there is a j ∈ N such that suppϕl ⊂ Kj for all l ∈ N0, and ϕl → ϕ0

in C∞
Kj

(Ω):

sup
x∈Kj

|∂αϕl(x) − ∂αϕ0(x)| → 0 for l → ∞, (2.14)

for all α ∈ N
n
0 .

(b) A set E ⊂ C∞
0 (Ω) is bounded if and only if there exists a j ∈ N such

that E is a bounded subset of C∞
Kj

(Ω). In particular, if (ϕl)l∈N is a Cauchy

sequence in C∞
0 (Ω), then there is a j such that suppϕl ⊂ Kj for all l, and

ϕl is convergent in C∞
Kj

(Ω) (and then also in C∞
0 (Ω)).

(c) Let Y be a locally convex topological vector space. A mapping T from
C∞

0 (Ω) to Y is continuous if and only if T : C∞
Kj

(Ω) → Y is continuous for

each j ∈ N.
(d) A linear functional Λ: C∞

0 (Ω) → C is continuous if and only if there
is an Nj ∈ N0 and a cj > 0 for any j ∈ N, such that

|Λ(ϕ)| ≤ cj sup{ |∂αϕ(x)| | x ∈ Kj , |α| ≤ Nj } (2.15)

for all ϕ ∈ C∞
Kj

(Ω).

Note that (a) is a very strong assumption on the sequence ϕl. Convergence
in C∞

0 (Ω) implies convergence in practically all the other spaces we shall
meet. On the other hand, (d) is a very mild assumption on the functional Λ;
practically all the functionals that we shall meet will have this property.

We underline that a sequence can only be a Cauchy sequence when there
is a j such that all functions in the sequence have support in Kj and the
sequence is Cauchy in C∞

Kj
(Ω). Then the sequence converges because of the

completeness of the Fréchet space C∞
Kj

(Ω). In the example mentioned above,

the sequence ϕl(x) = ϕ(x − 1 + 1
l ) in C∞

0 ( ]0, 3 [) is clearly not a Cauchy
sequence with respect to this topology on C∞

0 ( ]0, 3 [).
It is not hard to show that when (K ′

j)j∈N is another sequence of compact
subsets as in (2.4), the topology on C∞

0 (Ω) defined by use of this sequence
is the same as that based on the first one (Exercise 2.1).
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We now consider two important operators on these spaces. One is differen-
tiation, the other is multiplication (by a C∞ function f); both will be shown
to be continuous. The operators are denoted ∂α (with Dα = (−i)|α|∂α) resp.
Mf . We also write Mfϕ as fϕ — and the same notation will be used later
for generalizations of these operators.

Theorem 2.6. 1◦ The mapping ∂α : ϕ 7→ ∂αϕ is a continuous linear oper-
ator in C∞

0 (Ω). The same holds for Dα.

2◦ For any f ∈ C∞(Ω), the mapping Mf : ϕ 7→ fϕ is a continuous linear
operator in C∞

0 (Ω).

Proof. Clearly, ∂α and Mf are linear operators from C∞
0 (Ω) to itself.

As for the continuity it suffices, according to Theorem 2.5 (c), to show
that ∂α resp. Mf is continuous from C∞

Kj
(Ω) to C∞

0 (Ω) for each j. Since the

operators satisfy:

supp ∂αϕ ⊂ suppϕ , suppMfϕ ⊂ suppϕ (2.16)

for all ϕ, the range space can for each j be replaced by C∞
Kj

(Ω). Here we

have for each k:

pk,j(∂
αϕ) = sup{ |∂β∂αϕ| | |β| ≤ k , x ∈ Kj }

≤ sup{ |∂γϕ| | |γ| ≤ k + |α| , x ∈ Kj } = pk+|α|,j(ϕ) ,
(2.17)

which shows the continuity of ∂α. The result extends immediately to Dα.
By the Leibniz rule (A.7) we have for each k:

pk,j(fϕ) = sup{ |∂α(fϕ)| | |α| ≤ k , x ∈ Kj } (2.18)

≤ sup{
∑

β≤α |cα,β∂
βf∂α−βϕ| | |α| ≤ k , x ∈ Kj }

≤ Ckpk,j(f)pk,j(ϕ)

for a suitably large constant Ck; this shows the continuity of Mf . �

2.2 Some other function spaces.

C∞
0 (Ω) is contained in practically every other space defined in connection

with Ω, that we shall meet. For example,

C∞
0 (Ω) ⊂ Lp(Ω) for p ∈ [1,∞] ,

C∞
0 (Ω) ⊂ C∞(Ω) ,

(2.19)

and these injections are continuous: According to Theorem 2.5 (c) it suffices
to show that the corresponding injections of C∞

Kj
(Ω) are continuous, for each

j (with Kj as in (2.4)). For ϕ ∈ C∞
Kj

(Ω) we have when p <∞:

‖ϕ‖Lp
≤ sup

x∈Kj

|ϕ(x)| vol(Kj)
1/p, (2.20)
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which shows that the injection J : C∞
Kj

(Ω) → Lp(Ω) maps the basic neigh-

borhood
V (p0,j, ε) = {ϕ | sup

x
|ϕ(x)| < ε }

into the ball B(0, r) in Lp(Ω) with r = ε vol(Kj)
1/p. The continuity of the

other injection in (2.19) follows from the fact that C∞
Kj

(Ω) had the inherited

topology as a subspace of C∞(Ω).
We now introduce some further spaces of functions.
It is typical for the space C∞(Ω) that it gives no restriction on the global

behavior of the elements (their behavior on Ω as a whole): from the knowl-
edge of the behavior of a function on the compact subsets of Ω one can
determine whether it belongs to C∞(Ω). This does not hold for Lp(Ω) where
a certain globally defined number (the norm) must be finite in order for the
function to belong to Lp(Ω). Sometimes one needs the following “locally”
defined variant of Lp(Ω):

Lp,loc(Ω) = { u measurable | u|K ∈ Lp(K) when K compact ⊂ Ω },
(2.21)

with the usual identification of functions that are equal almost everywhere.
Lp,loc(Ω) is provided with the Fréchet space topology defined from the

family of seminorms

pj(u) = ‖1Kj
u‖Lp(Ω) , j = 1, 2, . . .

where Kj is as in (2.4). For K compact ⊂ Ω, we can identify Lp(K) with

Lp,K(Ω) = { u ∈ Lp(Ω) | suppu ⊂ K }, (2.22)

by extension by zero in Ω \K; it is a closed subspace of Lp(Ω). The com-
pleteness of the spaces Lp,loc(Ω) can be deduced from the completeness of
the spaces Lp,Kj

(Ω).
In analogy with the subspace C∞

0 (Ω) of C∞(Ω) (with a stronger topology)
we define the subspace Lp,comp(Ω) of Lp,loc(Ω) (and of Lp(Ω)) by

Lp,comp(Ω) = { u ∈ Lp(Ω) | supp u compact ⊂ Ω }. (2.23)

It is provided with the inductive limit topology, when written as

Lp,comp(Ω) =
∞
⋃

j=1

Lp,Kj
(Ω). (2.24)

In this way, Lp,comp(Ω) is an LF space (cf. Appendix B), with a stronger
topology than the one inherited from Lp(Ω).
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Remark 2.7. The above choices of topology assure for example that
L2,loc(Ω) and L2,comp(Ω) may be identified with the dual space of one an-
other, in such a way that the duality is a generalization of the integral
∫

Ω
uv dx (Exercises 2.3 and 2.7).

It is not hard to show (cf. (A.21), (A.31)) that

C∞(Ω) ⊂ Lp,loc(Ω) ⊂ Lq,loc(Ω) ,

C∞
0 (Ω) ⊂ Lp,comp(Ω) ⊂ Lq,comp(Ω) , for p > q ,

(2.25)

with continuous injections.
More function spaces are defined in Appendix C. The reader can bypass

them until needed in the text. There is a large number of spaces that one
can define for various purposes, and rather than learning all these spaces by
heart, the reader should strive to be able to introduce the appropriate space
with the appropriate topology (“do-it-yourself”) when needed.

2.3. Approximation theorems.

From the test functions constructed in Lemma 2.1 one can construct a
wealth of other test functions by convolution. Recall that when f and g are
measurable functions on Rn and the product f(y)g(x− y) is an integrable
function of y for a fixed x, then the convolution product (f ∗ g)(x) is defined
by

(f ∗ g)(x) =

∫

Rn

f(y)g(x− y) dy . (2.26)

Note that (f ∗ g)(x) =
∫

Rn f(x− y)g(y) dy = (g ∗ f)(x). (2.26) is for example
defined when f ∈ L1,loc and g is bounded and one of them has compact
support (or both have support in a conical set such as for example { x | x1 ≥
0, . . . , xn ≥ 0 }). (2.26) is also well-defined when f ∈ Lp and g ∈ Lq with
1/p+ 1/q = 1.

It will be convenient to use the following general convergence principles
that follow from the theorem of Lebesgue:

Lemma 2.8. Let M ⊂ Rn be measurable and let I be an interval of R. Let
f(x, a) be a family of functions of x ∈M depending on the parameter a ∈ I,
such that for each a ∈ I, f(x, a) ∈ L1(M). Consider the function F on I
defined by

F (a) =

∫

M

f(x, a) dx for a ∈ I. (2.27)

1◦ Assume that for each x ∈ M , f(x, a) is a continuous function of a
at the point a0 ∈ I, and that there is a function g(x) ∈ L1(M) such that
|f(x, a)| ≤ g(x) for all (x, a) ∈M × I. Then F (a) is continuous at the point
a0.
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A similar statement holds when the parameter a runs in a ball B(a0, r) in
Rk.

2◦ Assume that ∂
∂a
f(x, a) exists for all (x, a) ∈M × I and that there is a

function g(x) ∈ L1(M) such that

|
∂

∂a
f(x, a)| ≤ g(x) for all (x, a) ∈M × I. (2.28)

Then F (a) is a differentiable function of a ∈ I, and

d

da
F (a) =

∫

M

∂

∂a
f(x, a) dx. (2.29)

Let h(x) be a function with the properties:

h ∈ C∞
0 (Rn) , h ≥ 0 ,

∫

Rn

h(x) dx = 1 , supp h ⊂ B(0, 1) . (2.30)

Such functions exist according to Lemma 2.1. For j ∈ N we set

hj(x) = jnh(jx) ; (2.31)

then we have for each j,

hj ∈ C∞
0 (Rn) , hj ≥ 0 ,

∫

hj(x) dx = 1 , supp hj ⊂ B(0, 1
j
) . (2.32)

The sequence (hj)j∈N is often called an approximate unit. This refers to
the approximation property shown in Theorem 2.10 below, generalized to
distributions in Chapter 3.

We shall study convolutions with the functions hj . Let u ∈ L1,loc(R
n) and

consider hj ∗ u,

(hj ∗ u)(x) =

∫

B(0, 1

j
)

hj(y)u(x− y) dy =

∫

B(x, 1

j
)

hj(x− y)u(y) dy . (2.33)

Concerning supports of these functions it is clear that if dist(x, suppu) > 1
j ,

then (hj ∗ u)(x) = 0. Thus supp(hj ∗ u) is contained in the closed set

supp(hj ∗ u) ⊂ supp u+B(0, 1
j ) . (2.35)

In particular, if u has compact support then hj ∗ u has a slightly larger
compact support.
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Lemma 2.9. When u ∈ L1,loc(R
n), then hj ∗ u ∈ C∞(Rn), and

∂α(hj ∗ u) = (∂αhj) ∗ u for all α ∈ N
n
0 . (2.36)

Proof. Let x0 be an arbitrary point of Rn; we shall show that hj ∗u is C∞ on
a neighborhood of the point and satisfies (2.36) there. When x ∈ B(x0, 1),
then hj(x− y) vanishes for y /∈ B(x0, 2), so we may write

(hj ∗ u)(x) =

∫

B(x0,2)

hj(x− y)u(y) dy , (2.37)

for such x. Note that

∂α
xhj(x) = jn+|α|∂α

y h(y)|y=jx, so sup
x

|∂α
xhj(x)| = jn+|α| sup

x
|∂α

xh(x)|,

(2.38)
and hence the x-dependent family of functions hj(x − y)u(y) and its x-
derivatives are bounded by multiples of |u(y)|:

|hj(x− y)u(y)| ≤ Cj |u(y)|, |∂
α
xhj(x− y)u(y)| ≤ Cα,j|u(y)|. (2.39)

Since u is integrable on B(x0, 2), we can first use Lemma 2.8 1◦ (with k = n)
to see that (hj ∗ u)(x) is continuous at the points x ∈ B(x0, 1). Next, we

can use Lemma 2.8 2◦ for each of the partial derivatives ∂
∂xk

, k = 1, . . . , n,

where x ∈ B(x0, 1), keeping all but one coordinate fixed. This gives that
∂

∂xk
(hj ∗ u)(x) exists and equals the continuous function

∂
∂xk

(hj ∗ u)(x) =

∫

B(x0,2)

∂
∂xk

hj(x− y)u(y) dy, k = 1, . . . , n,

for x ∈ B(x0, 1). Here is a new formula where we can apply the argument
again, showing that ∂

∂xl

∂
∂xk

(hj ∗ u)(x) exists and equals (( ∂
∂xl

∂
∂xk

hj) ∗ u)(x).

By induction we include all derivatives and obtain (2.36). �

One can place the differentiations on u, to the extent that u has well-
defined partial derivatives, by a variant af the above arguments (Exercise
2.6).

Theorem 2.10.

1◦ When v is continuous and has compact support in R
n, i.e., v ∈ C0

0 (Rn)
(cf. (C.7)), then hj ∗ v → v for j → ∞ uniformly, hence also in Lp(R

n) for
any p ∈ [1,∞] (in particular in C0

L∞

(Rn), cf. (C.11)).
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2◦ For any p ∈ [1,∞] one has that

‖hj ∗ u‖Lp
≤ ‖u‖Lp

for u ∈ Lp(R
n) . (2.40)

3◦ When p ∈ [1,∞ [ and u ∈ Lp(R
n), then hj ∗ u → u in Lp(R

n) for
j → ∞. Moreover, C∞

0 (Rn) is dense in Lp(R
n).

Proof. 1◦. When v is continuous with compact support, then v is uniformly
continuous and one has for x ∈ Rn:

|(hj ∗ v)(x) − v(x)| =|

∫

B(0, 1

j
)

v(x− y)hj(y)dy −

∫

B(0, 1

j
)

v(x)hj(y)dy |
(2.41)

≤ sup
y∈B(0, 1

j
)

|v(x− y) − v(x)| ≤ εj ,

where εj → 0 for j → ∞, independently of x. It follows immediately that
hj ∗ v → v pointwise and in sup-norm, and one finds by integration over the
compact set supp v +B(0, 1) that hj ∗ v → v in Lp for p ∈ [1,∞].

2◦. The inequality is for 1 < p < ∞ a consequence of Hölder’s inequality
(A.24), where we set f(y) = hj(x− y)1/pu(y) and g(y) = hj(x− y)1/p′

:

‖hj ∗ u‖
p
Lp

=

∫

|

∫

hj(x− y)u(y)dy |p dx

≤

∫

(

∫

hj(x− y)|u(y)|pdy
)(

∫

hj(x− y)dy
)p/p′

dx

=

∫∫

hj(x− y)|u(y)|pdy dx = ‖u‖p
Lp
,

(2.42)

using (2.32) and the Fubini theorem. In the cases p = 1 and p = ∞ one uses
suitable variants of this argument.

3◦. We here use the result known from measure theory that when p <∞,
the functions in Lp(R

n) may be approximated in Lp norm by continuous
functions with compact support. Let u ∈ Lp(R

n), let ε > 0 and let v ∈
C0

0 (Rn) with ‖u− v‖Lp
≤ ε/3. By 1◦, j0 can be chosen so large that

‖hj ∗ v − v‖Lp
≤ ε/3 for j ≥ j0 .

Then by (2.40),

‖hj ∗ u− u‖Lp
≤ ‖hj ∗ (u− v)‖Lp

+ ‖hj ∗ v − v‖Lp
+ ‖v − u‖Lp

≤ 2‖v − u‖ + ε/3 ≤ ε , for j ≥ j0 ,

which shows that hj ∗ u → u in Lp for j → ∞. The last assertion is seen
from the fact that in this construction, hj ∗ v approximates u. �

The theorem shows how sequences of smooth functions hj ∗u approximate
u in a number of different spaces. We can extend this to still other spaces.
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Lemma 2.11. For every p ∈ [1,∞ [, C∞
0 (Rn) is dense in Lp,loc(R

n).

Proof. Note first that χ(x/N)u → u in Lp,loc for N → ∞ (cf. (2.3)). For,
χ(x/N) = 1 for |x| ≤ N , and hence for any j,

pj(χ(x/N)u− u) ≡

∫

B(0,j)

|χ(x/N)u− u|p dx = 0 for N ≥ j , (2.43)

so pj(χ(x/N)u − u) → 0 for N → ∞, any j, whereby χ(x/N)u − u →
0 in Lp,loc(R

n). The convergence of course holds in any metric defining
the topology. Now χ(x/N)u ∈ Lp(R

n), and hl ∗ (χ(x/N)u) → χ(x/N)u
in Lp(R

n) by Theorem 2.10, with hl ∗ (χ(x/N)u) ∈ C∞
0 (Rn) supported in

B(0, 2N+ 1
l
); the convergence also holds in Lp,loc(R

n). We conclude that the
functions in Lp,loc(R

n) may be approximated by testfunctions, with respect
to the topology of Lp,loc(R

n). �

When we consider u ∈ Lp,loc(Ω) for an open subset Ω of Rn, the expression
(hj ∗ u)(x) is usually not well-defined for x close to the boundary. But one
does have the following result:

Lemma 2.12. Let u ∈ Lp,loc(Ω) for some p ∈ [1,∞ [ and let ε > 0. When
j > 1/ε, then

vj(x) = (hj ∗ u)(x) =

∫

B(0, 1

j
)

hj(y)u(x− y)dy (2.44)

is defined for x in the set

Ωε = { x ∈ Ω | dist(x, {Ω) > ε } , (2.45)

and one has for any R > 0

(

∫

Ωε∩B(0,R)

|u(x) − vj(x)|
pdx

)1/p
→ 0 for j → ∞ . (2.46)

Proof. Let j > 1/ε, then vj(x) is defined for x ∈ Ωε. In the calculation of
the integral (2.46), when j > 2/ε one only uses the values of u on Kε,R =

Ωε∩B(0, R)+B(0, ε/2), which is a compact subset of Ω. We can then replace
u by

u1(x) =

{

u(x) for x ∈ Kε,R

0 otherwise.
(2.47)

Here u1 ∈ Lp(R
n), whereby vj = hj ∗ u1 on Ωε ∩ B(0, R) and the result

follows from Theorem 2.10. �

Other types of approximation results in Lp,loc(Ω) can be obtained by use
of more refined cut-off functions than those in Lemma 2.1.
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Theorem 2.13. Let M be a subset of Rn, let ε > 0, and set Mkε =
M + B(0, kε) for k > 0. There exists a function η ∈ C∞(Rn) which is 1
on Mε and is supported in M3ε, and which satisfies 0 ≤ η(x) ≤ 1 for all
x ∈ Rn.

Proof. The function

ψ(x) =

{

1 on M2ε,

0 on Rn \M2ε,
(2.48)

is in L1,loc(R
n), and for j ≥ 1/ε, the function hj ∗ ψ is nonnegative and C∞

with support in
M2ε +B(0, 1

j
) ⊂M3ε.

When x ∈Mε, we have that ψ = 1 on the ballB(x, ε), and hence (hj∗ψ)(x) =
∫

B(0, 1

j
)
hj(y)ψ (x − y)dy = 1 when j ≥ 1/ε. The function takes values in

[0, 1] elsewhere. Thus, as the function η we can use hj ∗ ψ for j ≥ 1/ε. �

Observe that η in Theorem 2.13 has compact support when M is compact.
One often needs the following special cases:

Corollary 2.14. 1◦ Let Ω be open and let K be compact ⊂ Ω. There is a
function η ∈ C∞

0 (Ω) taking values in [0, 1] such that η = 1 on a neighborhood
of K.

2◦ Let Kj, j ∈ N, be a sequence of compact sets as in (2.4). There is a
sequence of functions ηj ∈ C∞

0 (Ω) taking values in [0, 1] such that ηj = 1 on
a neighborhood of Kj and supp ηj ⊂ K◦

j+1.

Proof. We use Theorem 2.13, noting that dist(K, {Ω) > 0 and that for all j,
dist(Kj , {Kj+1) > 0. �

Using these functions we can moreover show:

Theorem 2.15. Let Ω be open ⊂ Rn.

1◦ C∞
0 (Ω) is dense in C∞(Ω).

2◦ C∞
0 (Ω) is dense in Lp,loc(Ω) for all p ∈ [1,∞ [ .

3◦ C∞
0 (Ω) is dense in Lp(Ω) for all p ∈ [1,∞ [ .

Proof. 1◦. Let u ∈ C∞(Ω). Choosing ηj as in Corollary 2.14 one has that
ηju ∈ C∞

0 (Ω) and ηju → u in C∞(Ω) for j → ∞ (since ηlu = u on Kj for
l ≥ j).

2◦. Let u ∈ Lp,loc(Ω). Now ηlu ∈ Lp(Ω) with support in Kl+1, and ηlu→
u in Lp,loc(Ω) for l → ∞, since ηlu = u on Kj for l ≥ j. Next, hk ∗ηlu→ ηlu
in Lp(R

n) for k → ∞ by Theorem 2.10. Since supp(hk ∗ ηlu) ⊂ Kl+2 for k
sufficiently large, this is also a convergence in Lp,loc(Ω).
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3◦. Let u ∈ Lp(Ω). Again, ηlu ∈ Lp(Ω), and now ηlu → u in Lp(Ω) by
the theorem of Lebesgue (since 0 ≤ ηl ≤ 1). The proof is completed as under
2◦. �

2.4. Partitions of unity.

The special test functions from Corollary 2.14 are also used in the con-
struction of a so-called “partition of unity”, i.e. a system of smooth functions
with supports in given sets and sum 1 on a given set.

We shall show two versions, in Theorems 2.16 and 2.17; it is the latter
that is most often used. In this text we shall not need it until Theorem 3.14.

For Theorem 2.16 we fill out an open set Ω with a countable family of
bounded open subsets Vj that is locally finite in Ω, i.e., each compact subset of
Ω has nonempty intersection with only a finite number of the Vj ’s. Moreover,

we require that the Vj can be shrunk slightly to open sets V ′
j with V ′

j ⊂ Vj

such that the union of the V ′
j still covers Ω. As an example of this situation,

take the sets
V0 = K◦

4 , Vj = K◦
j+4 \Kj for j ∈ N,

V ′
0 = K◦

3 , V ′
j = K◦

j+3 \Kj+1 for j ∈ N,
(2.49)

where the Kj are as in (2.4). This system is locally finite since every compact
subset of Ω is contained in some Kj0 , hence does not meet the Vj with j ≥ j0.

Theorem 2.16. Let the open set Ω be a union of bounded open sets Vj with

V j ⊂ Ω, j ∈ N0, for which there are open subsets V ′
j such that V ′

j ⊂ Vj and

we still have
⋃

j∈N0
V ′

j = Ω. Assume moreover, that the cover {Vj}j∈N0
is

locally finite in Ω. Then there is a family of functions ψj ∈ C∞
0 (Vj) taking

values in [0, 1] such that
∑

j∈N0
ψj(x) = 1 for all x ∈ Ω. (2.50)

Proof. Since V ′
j is a compact subset of Vj , we can for each j choose a function

ζj ∈ C∞
0 (Vj) that is 1 on V ′

j and takes values in [0, 1], by Corollary 2.14. Now

Ψ(x) =
∑

j∈N0
ζj(x)

is a well-defined C∞-function on Ω, since any point x ∈ Ω has a compact
neighborhood in Ω where only finitely many of the functions ζj are nonzero.
Moreover, Ψ(x) ≥ 1 at all x ∈ Ω, since each x is in V ′

j for some j. Then let

ψj(x) =
ζj(x)

Ψ(x)
for x ∈ Ω, j ∈ N0.

The system {ψj}j∈N0
has the desired properties. �

We say that {ψj}j∈N0
is a partition of unity (cf. (2.50)) for Ω subordinate

to the cover {Vj}j∈N0
.

The other partition of unity version we need is as follows:
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Theorem 2.17. Let K be a compact subset of Rn, and let {Vj}
N
j=0 be a

bounded open cover of K (i.e., the Vj are bounded and open in R
n, and

K ⊂
⋃N

j=0 Vj). There exists a family of functions ψj ∈ C∞
0 (Vj) taking values

in [0, 1] such that
∑N

j=0 ψj(x) = 1 for x ∈ K. (2.51)

Proof. Let us first show that there exist open sets V ′
j ⊂ Vj , still forming

a cover {V ′
j }

N
j=0 of K, such that V ′

j is a compact subset of Vj for each j.

For this, let Vjl = { x ∈ Vj | dist(x, ∂Vj) >
1
l
}, then the family of sets

{Vjl}j=0,...,N ;l∈N forms an open cover of K. Since K is compact, there is a
finite subfamily that still covers K; here since Vjl ⊂ Vjl′ for l < l′, we can
reduce to a system where there is at most one l for each j. Use these Vjl as
V ′

j , and supplement by V ′
j = Vj1 for each of those values of j that are not

represented in the system.
Now use Corollary 2.14 for each j to choose ζj ∈ C∞

0 (Vj), equal to 1 on
V ′

j and taking values in [0, 1]. Then

Ψ(x) =
∑N

j=0 ζj(x) ≥ 1 for x ∈
⋃N

j=0 V
′
j ⊃ K. (2.52)

Since
⋃N

j=0 V
′
j is an open set containing K, we can use Corollary 2.14 once

more to find a function ϕ ∈ C∞
0 (

⋃N
j=0 V

′
j ) that is 1 on K and takes values in

[0, 1]. Now set

ψj(x) =

{

ζj(x)
ϕ(x)
Ψ(x) on

⋃N
j=0 V

′
j ,

0 elsewhere;
(2.53)

it is a well-defined C∞ function supported in a compact subset of Vj and tak-
ing values in [0, 1], and the family of functions ψj clearly satisfies (2.51). �

In this case we say that {ψj}
N
i=0 is a partition of unity for K subordinate

to the cover {Vj}
N
i=0.
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Exercises for Chapter 2

2.1. Show that the topology on C∞
0 (Ω) is independent of which system of

compact subsets satisfying (2.4) is used. (This amounts to a comparison of
the corresponding systems of seminorms.)

2.2. Show that convergence of a sequence in C∞
0 (Ω) implies convergence of

the sequence in C∞(Ω), in Lp(Ω) and in Lp,loc(Ω) (for p ∈ [1,∞]).

2.3. Show that L2,comp(Ω) can be identified with the dual space (L2,loc(Ω))∗

of L2,loc(Ω) (the space of continuous linear functionals on L2,loc(Ω)) in such
a way that the element v ∈ L2,comp(Ω) corresponds to the functional

u 7→

∫

u(x)v(x) dx , u ∈ L2,loc(Ω) .

One can use Lemma B.7. (You are just asked to establish the identification
for each element.)

2.4. Show that when ϕ ∈ C∞
0 (Rn) and suppϕ ⊂ B(0, R), then

sup |ϕ(x)| ≤ 2R sup |∂x1
ϕ(x)| .

(Hint. Express ϕ as an integral of ∂x1
ϕ.)

2.5. Show that when u ∈ C1(Rn), then

∂k(hj ∗ u) = hj ∗ ∂ku .

(Even if u is not assumed to have compact support, it is only the behavior
of u on a compact set that is used when one investigates the derivative at a
point.)

2.6. (a) Show that C∞
0 (Ω) is dense in Ck(Ω) for each k ∈ N0.

(b) Find out whether C∞
0 (Ω) is dense in Ck(Ω), in the case Ω = ]0, 1[⊂ R,

for k ∈ N0.

2.7. Show that L2,loc(Ω) can be identified with (L2,comp(Ω))∗ in such a way
that the element v ∈ L2,loc(Ω) corresponds to the functional

u 7→

∫

u(x)v(x) dx , u ∈ L2,comp(Ω) .


