ON THE BEST CONSTANTS IN NONCOMMUTATIVE KHINTCHINE-TYPE
INEQUALITIES
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ABSTRACT. We obtain new proofs with improved constants of the Khintchine-type inequality with matrix

coefficients in two cases. The first case is the Pisier and Lust-Piquard noncommutative Khintchine
inequality for p = 1, where we obtain the sharp lower bound of % in the complex Gaussian case and
for the sequence of functions {e"2nt}$f:1 . The second case is Junge’s recent Khintchine-type inequality
for subspaces of the operator space R @ C', which he used to construct a cb-embedding of the operator
Hilbert space OH into the predual of a hyperfinite factor. Also in this case, we obtain a sharp lower

bound of % . As a consequence, it follows that any subspace of a quotient of (R @ C)* is cb-isomorphic

to a subspace of the predual of the hyperfinite factor of type III; , with cb-isomorphism constant < /2.
In particular, the operator Hilbert space OH has this property.

1. INTRODUCTION

Let 7, (t) = sgn(sin(2"t7)), n € N denote the Rademacher functions on [0, 1]. The classical Khintchine

inequality states that for every 0 < p < oo, there exist constants A, and B, such that
noNE e 7 noo\d
(1.1) A, Za% < / Zakrk dt| <B, Zaﬁ ,
k=1 5 k=1 k=1
for arbitrary n € N and a1,... ,a, € R.

Suppose A, and B,, denote the best constants for which (1.1) holds. While it is elementary to prove
that B, =1 for 0 < p <2 and 4, =1 for 2 < p < o0, it took the work of many mathematicians to
settle all the other cases, including Szarek [20] who proved that 4; = % (thus solving a long-standing
conjecture of Littlewood), Young [22] who computed B, for p > 3, and the first-named author (cf. [6])
who computed A, and B, in the remaining cases.

The Khintchine inequality and its generalization to certain classes of Banach spaces are deeply connected
with the study of the geometry of those Banach spaces (see [13]). Noncommutative generalizations of the
classical Khintchine inequality to the case of matrix-valued coefficients were first proved by Lust-Piquard
[11] in the case 1 < p < 0o, and by Pisier and Lust-Piquard [12] for p = 1. Their method of proof follows
the classical harmonic analysis approach of deriving Khintchine inequality for the sequence {e??"t}22
from a Paley inequality, for which they proved a noncommutative version (see Theorem II.1 in [12]). As a
consequence, the following noncommutative Khintchine inequality holds (see Corollary I1.2 in [12]). Given
d,n € Nand 21,...,24 € M,(C), then

d
1 N> 13
(1.2) ——{z il < Dz @e® <z Yol
14+v2 ’ = !
L1([0,1];57)

2000 Mathematics Subject Classification. Primary: 46L07; 46L51; 46L.53; 47L25.

Key words and phrases. noncommutative Khintchine-type inequalities; best constants; embedding of OH.



where, by definition,

1 1
d 2 d 2
(1.3)  [{zdo s = infdTr <Zyy> +<Zziz;‘> ;2 = Yi + 2 € My (C)
1=1

i=1

Here S} is M,,(C) with the norm ||z||; := Tr((z*x)'/?), and Tr is the non-normalized trace on M,,(C). We
should also point out that it was noted in the paper [12] (cf. p. 250) that, by using the lacunary sequence
{3"},>1 instead of the sequence {2"},,>1, the lower bound in the inequality (1.2) can be improved to 1.

By classical arguments (cf. Proposition 3.2 in [15]), if one replaces {e2"*}2%, by a sequence of inde-
pendent complex Gaussian, respectively, Rademacher or Steinhauss random variables, the corresponding
Khintchine inequality with matrix coefficients follows, as well, with possibly different constants.

Our method, leading to improved constants, was inspired by ideas of Pisier from [14], and it is based
on proving first directly the dual inequality to (1.2) with constant v/2, where {e?2"*}52, is replaced by a
sequence of independent complex-valued standard Gaussian random variables on some probability space
(2,P). Based on a result from [8], the constant /2 turns out to be optimal in this case, and for the
sequence {21} . We also consider the case of a sequence of Rademacher functions, and prove that
the corresponding noncommutative Khintchine inequality holds with constant /3 instead of v/2, but we
do not know yet whether this is sharp.

In the second part of our paper we obtain an improvement of a recent result of M. Junge (cf. [10])
concerning a Khintchine-type inequality for subspaces of R®.,C (the [*°-sum of the row and column
Hilbert spaces). Recall that R := Span{eq;;j > 1}, respectively, C' := Span{e;1;j > 1}, where ey is
the element in B(l2) corresponding to the matrix with entries equal to 1 on the (k,[) position, and 0
elsewhere. This Khintchine-type inequality is intimately connected with the question of the existence of
a completely isomorphic embedding of the operator space OH, introduced by G. Pisier (see [16]), into a
noncommutative L!-space, a problem that was resolved by Junge in the remarkable paper [9]. In [10] (see
Section 8), Junge improved this result, by showing that OH cb-embeds into the predual of a hyperfinite
type III; factor.

In our new approach, we first observe that given a closed subspace H of R @ C', there is a self-adjoint
operator A € B(H) satisfying 0 < A < I, where I denotes the identity operator on H , such that the

operator space structure on H is given by

1/2 1/2
(14) Doz = max{ || Y (- A& & prirs| || Y (AL &, :
i=1 M, (H) i,j=1 ij=1
where n,r are positive integers, z1,... ,2, € M,,(C) and & ,... ,& € H.

As in Junge’s approach from [10], we will use CAR algebra methods. We consider the associated quasi-
free state w4 on the CAR-algebra A = A(H) built on the Hilbert space H , and construct a linear map
F4 of H* into the predual M, of the von Neumann algebra M := ?(A)wt, which by [19] is a hyperfinite
factor. Here 7,4 is the unital *-homomorphism from the GNS representation associated to (A,w4). Note
that M, can be considered as a subspace of A*. Next we let F4 be the transpose of the map E4 : A — H
defined by

(1.5) (Ea(b), g = walba(f)" +a(f)'b), Vbe AVfeH,



where f — a(f) is the map from H to A = A(H) in the definition of the C AR-algebra (cf. [4]). We then
prove that F'4 is a cb-isomorphism of H* onto its range, satisfying the following estimates

*

1
(1.6) EHFA(?/)HM”(A)* < Yllar, iy < IFa@)llar,a+, Vn €N,y € My, (H)
We do so by first proving the dual version of the inequalities (1.6), namely we show that

(1.7) ||§HM,L(H) < [I(Id, ® ‘IA)(E)HM,,L(A/K@(EA)) < \[2“5”1\/1,"(}1) , VneN,§eM,(H).

The estimate of the upper bound v/2 in (1.7) (corresponding to the lower bound % in (1.6)) is obtained
by methods very similar to those we used for the Pisier and Lust-Piquard noncommutative Khintchine
inequality. We then prove that both constants in (1.6) are sharp.

Note that if P is the unique hyperfinite factor of type III; (cf. [7]), then the von Neumann algebra
tensor product M®P is isomorphic to P, and therefore F4 can be considered as a completely bounded
embedding of H* into the predual P, of P, as well. It follows that every subspace of a quotient of (R®C)*
is cb-isomorphic to a subspace of P, with cb-isomorphism constant < v/2. In particular, due to results of
G. Pisier (cf. [18] Proposition Al), the operator Hilbert space OH has this property (cf. Corollary 3.8 in
this paper). The question whether OH embeds completely isometrically into a noncommutative L*-space
remains open.

In the case when the self-adjoint operator A associated to the subspace H of R @ C has pure point
spectrum and Ker(A4) = Ker(I — A) = 0, our construction of the map F4 : H* — M, is very similar to
Junge’s construction from [10]. This can be seen by taking Lemma 3.3 into account.

We refer to the monographs [5, 17] for details on operator spaces. We shall briefly recall some definitions
that are relevant for our paper. An operator space V is a Banach space given together with an isometric
embedding V' C B(H), the algebra of bounded linear operators on a Hilbert space H. For all n € N,
this embedding determines a norm on M, (V'), the algebra of n x n matrices over V, induced by the space
M, (B(H)) = B(H™). If W is a closed subspace of V', then both W and V/W are operator spaces; the
matrix norms on V/W are defined by M, (V/W) = M,,(V)/M,(W). The morphisms in the category of
operator spaces are completely bounded maps. Given a linear map ¢ : Vj — Vi between two operator
spaces Vo and Vi, define ¢, : M,,(Vo) — Mn(Vi) by ¢n([vi]) = [¢(viz)], for all [vy]7;—; € My (Vo).
Let [|p]lep := sup{||¢n||;n € N}. The map ¢ is called completely bounded (for short, ¢b) if ||¢]lep < o0,
and ¢ is called completely isometric if all ¢,, are isometries. A cb map ¢ which is invertible with a cb
inverse is called a cb isomorphism. The space of all completely bounded maps from Vj to Vi, denoted by
CB(Vy, V1), is an operator space with matrix norms defined by M, (CB(Vy, V1)) = CB(Voy, M, (V1)). The

dual of an operator space V' is, again, an operator space V* = CB(V,C).

2. THE PISIER AND LUST-PIQUARD NONCOMMUTATIVE KHINTCHINE INEQUALITY

I. The complex Gaussian case

Let {vn}n>1 be a sequence of independent standard complex-valued Gaussian random variables on
some probability space (£2,P). Recall that a complex-valued random variable on (£2,P) is called Gaussian
standard if it has density %e"zﬁdRez dlmz . Equivalently, its real and imaginary parts are real-valued,
independent Gaussian random variables on (2, P), each having mean 0 and variance % . Therefore, for all

n>1, E(v,) =0 and E(|y,|?) = 1, where E denotes the usual expectation of a random variable.



Theorem 2.1. Let d and n be positive integers, and consider x1,...,xq € M,(C). Then the following

inequalities hold

d
< Kzl
LY(:S7)

(2.1) dalllt <

d
Z T; @y
i=1

1
—||{z
\@HI{
where ||[{z; Y, |||* is defined by (1.3).

We will prove Theorem 2.1 by obtaining first its dual version, namely,

Proposition 2.2. Let d be a positive integer, and let {v;}%_, be a sequence of independent standard
complez-valued Gaussian random variables on a probability space (,P). For 1 < i < d define a map
¢i: L°(9) — C by

) = [ FPRIRE), Ve 1¥(@).
and let E : L>=(2) — C? be defined by

E(f) = (61(f),---.0alf)), V[feL™(Q).

Furthermore, let q : L () — L (Q)/Ker(E) denote the quotient map. Then, for any positive integer n
and any X € M, (L*(Q)),

22) [zl o < 1T ® Q0 a, e @/ kerey < V2 {@id ]|y, o o
where x; = (Id, ® ¢;)(X), V1 <i<d, and

1 1
2 2

d d
(2.3) |||{xi};‘i:1”|Mn(<cd) : = max Zﬁ% , bex;‘
i=1 i=1
Note that C? equipped with the sequence of matrix norms {||| - |||ar, (c) .7 € N}) is an operator space.

Proof. Let n € N. We first prove the left hand side inequality in (2.2). For this, we need the following

Lemma 2.3. Let X € M,(L>®(R)), and set x; := (Id,, ® ¢;)(X), V1 <i<d. Then

d d
* *
i=1 i=1

Proof. Since X € M,,(C) ® L>=(f) (algebraic tensor product), we can write

1
2

2

(2.4) 1 XNar, Loy = max

)

X=> o fi,
k=1

for some yp € M, (C), fr € L>®(Q), 1<k <.
Let K = Span{y1,...,%a,f1,---,fr} C L*(Q). Choose an orthonormal basis {g;}_; for K such that

(2.5) gi =%, 1<i<d.

Then X = > 2z, ® g;, for some z; € M,,(C), 1 <1i < s. Note that for 1 <i <d, we have
i=1

z; = (Id, ® ¢;) ZZ;' ®g;| = Z%@'(%‘) =z,
=1 =1



because by (2.5) it follows that ¢;(g;) = (9;,%i)r2() = (9j- 9i)2() = 0ij, for all 1 < j <'s.
Denote by S(M,(C)) the state space of M,,(C). Then, for w € S(M,(C)),

\%

”X”?\/IH(LOO(Q)) (w®E)(X"X)

woB) [ 3 =z o

4,j=1

s d d
w (Zﬁ%) >w (Zﬁ%) =w <foxl> .
i=1 i=1 i=1

Take supremum over all w € S(M,(C)) to obtain

d
(2.6) IX13s, (L)) > ZCC?%
i=1
Since ||X||?VI"<LOO(Q)) = [[ X X*|| a1, (L0 ()) » @ similar argument shows that also
d
(2.7) IX13r, () > inx;‘
i=1
This proves the lemma. O

Remark 2.4. As a consequence of this lemma, we deduce that for all X € M, (L*°(Q)) we have

(2.8) Hz¥oal [y, oy < 10dn ® QX)) llag, (2o @) /Ker(2)

i.e., the left hand side inequality in (2.2) holds. Indeed, for any Y € M,,(Ker(E)) we infer by (2.4) that
IX + Yllar, =) = I(dn @ E)(X +Y)llpy, o) = [[|0dn ® BYX)ag, oy = |[{zd izl (o) -

By taking infimum over all Y € M, (Ker(F)), inequality (2.8) follows by the definition of the quotient

operator space norim.

It remains to prove the right hand side inequality in (2.2). For this, let y1 ,... ,yq € M, (C) and set
d
Y=y @y € My (LYQ)).
i=1

We will first compute (Id,, ® E)(Y*Y), (Id, ® E)(YY*), (Id, ® E)((Y*Y)?) and (Id, ® E)((YY*)2).
Since E(7;7y;) = 045, for all 1 <i,j < d, we immediately get

d d
(2.9) (Idn, @ E)(Y"Y) = Z yivi, (I @E)(YY")= Z Yivi -

It is easily checked that the vectors f;; := Fy; — 031, 1 < i,5 < d, together with the constant function
1 form an orthonormal set with respect to the usual Lo (€)-inner product. We then obtain the expansion

d d
YV =yl @ f+ Y yiuniel,
ig=1 i=1



from which we infer that

(2.10) (Id, ® E)((Y*Y)?)

d d d 2
v Doy | vi+ (Z yzyz> -
=1 =1

j=1

A similar argument shows that

(2.11) (Id, ® E)((YY™)?)

d d d 2
Dovi | Dovi | v+ (Z yy) :
=1 i=1 i=1

By (2.10), (2.11) and (2.9) we then obtain the following inequalities

d d

(2.12) (Id, @ E)((Y*Y)?) < <Zy@y +1 vy >(Idn®E)(Y*Y)7
d d

(213) (1, 9 B)(YY")?) < (Zyzyi v )(Idnmxw*»

The crucial point in proving the right hand side inequality in (2.2) is to show the following

Lemma 2.5. Let z1,... ,2q4 € M,(C). Then there exists X € M, (L () such that
d
(Id, ® B)(X) =) z:i ®e;,
i=1

where {e;}1<i<q s the canonical unit vector basis in C?, and

d
z : *
SUZ‘ :L.i
i=1

1 1
2 2

)

IX|Ia, 2=y < V2max

d
i=1

We first prove the following lemma:

Lemma 2.6. Ify;,... ,yq € M,(C) and

1
2

1
d 2 d
(2.14) max Zy;"yZ ) Zyly:‘ = 1,
i=1 i=1
then there exists Z € M, (L>(Y)) such that
12 < -
Mn(L>(Q)) = V2
d
and, moreover, when z1 ,... ,zq are defined by (Id, @ E)(Z) = > z; ® e; , then
i=1
d 3 d 3 )
max § (1Y (g —z) (i — 20| ||D Wi — z) (i — z)* < 3
i=1 i=1
Proof. Set
d
Y = ) ui®y € My(L49Q).

=1



Let E : L*(Q) — C? denote the natural extension of E to L*(2). Then

d d
I, @E)Y) =Yy @ B(vi) =Y yi@ei.
i=1 i=1

Now let C' > 0 and define Fo : R — R by

-C i t<-C
(2.15) Fot) = t if —C<t<C
C if t>C

Use functional calculus to define Z € M, (L*°(2)) by

210 (0 %) - =(y )

Note that this implies that [|Z| s, (@) < C. Further, set
Ge(t) = t—Fe(t), VieR.

We then have

and thus

v -2y - 2) 0 S G
(2.17) ( 0 Y -2)(Y - 2)* ) - <GC ( Y

A simple calculation shows that

1
2.1 < 42 R.
(2.18) Go()] < J5t°, Vi€

By functional calculus it follows that

2 4
a0 Y oo 0o y*\ 1 [ (v
“\Vy o = 162\ y o ~ 1602

Hence, by (2.17) and (2.18) we infer that

(2.19) Y-2)y¥-2) < @( Y)?,
(2.20) Y -2)(Y - 2)* < 16102 (YY*)2.

By letting z; = (Id,, ® ¢;)(Z), 1 <i < d, we then have

d
(Id, @ B)(Z) =)z ®e;,

i=1

S

and hence (Id, @ E)(Y — Z) = 3. (y; — 2) @ € .

=1



By (2.19), (2.12) and (2.14) we then obtain the estimates

d
S wi—z)wi—z) < 1, @E)((Y - 2)*(Y - 2))
i=1
1
< * 2
< o (1, B YY)
1 d d
< 1602 ( Zyz*yz + Zyzyz* ) (Id, ® E)(Y™Y)
i=1 i=1
2
< - *
< (4, @ E) (Y
d
1 "
= sor v
i=1
It follows that
d d 1
;(yi —2i)"(yi — 2)|| < 302 ;Z/z*yz < 307

Similarly, we also get

1
. VAL < .
;(yl Zz)(yz Zz) S 302
Hence,
1 1
d 2 d 2 1
max i —2i)" (yi — 2i . i — 2i)(Yi — )" < 7=
;(y )" (yi — 2i) ;(y )y — i) VTG

Now take C' = % to get the conclusion. O

We also need the following result:

Lemma 2.7. Let V and W be Banach spaces. Consider T : V. — W a bounded linear map. Further, let
¢: W — V be a non-linear map such that, for some C' > 0 and some 0 < § < 1, we have

(2.21) low)l < Clluwl,
(2.22) lo - (Tog)w)| < dlwll, YweW.

Then there exists a non-linear map ¥ : W — V such that T o = Idw and, moreover,

C
W@l < o, vwew,

Proof. Let w € W. Set wy = w and define recursively
wy, = Wp—1— (Tod)(wp-1), Vn>1.
Then, by (2.22) we have for all n > 0

(2.23) lwsall < llwnll < ... < 8" ol -



Also, we deduce that

w=wy = (T o ¢)(wo) +wi = (T o ¢)(wo) + (T o) (wr) +wy=...= > (Tod)(w;) +wnt1, n>0.
=0

By (2.23) it follows that w, — 0 as n — oo, and therefore

(2.24) iTo¢ )(w;) = Z¢ w;)
7=0

Define

:idwj), Yw e W.

=0
By (2.24) it follows that T'(¢(w)) = w, for all w € W . Moreover, by (2.21) and (2.23) we obtain that

oo

Il = {>_ o(w;) <CZngH< IIwH Ywe W,

7=0

which completes the proof. O

Now we are ready to prove Lemma 2.5. Indeed, Lemma 2.6 shows that if

d
y=> yi®e € M,(C
i=1
satisfies |[[y|[|as, (cay = 1, then there exists Z € M, (L>°(R2)) so that ||Z]|ns, (L)) < i and |||(Id,, ®
E)(Z)=ylllar, 1) < 5 - By homogeneity we infer that for all y € M, (C?) there exists Z € M (L*°()) so
that || Z]|ar,, (L)) < \/§|HymMn(<Cd) , and, moreover, |[|(Id, ® E)(Z) = yll|ar, oy < 31ylllas, ca) - Apply

now Lemma 2.7 with V = M, (L*(Q)), W = M,(C%, T =1d, ® E, the map ¢ : W — V be defined
by ¢(y) =Z,Vye W, C = % and § = 5 We deduce that for all z7,...,24 € M,(C), there exists

d
X € M, (L>(Q)) such that (Id, ® E)(X) = Y z; ® e; and
i=1

 ® e = V2lI{z il o)

M, (C?)

(2.25) 1 X || a1, (Lo (2)) < T3

which completes the proof of Lemma 2.5. Note that, since the norm on M, (L*°(Q2)/Ker(E)) is the
quotient space norm on the space M,,(L>(Q))/M, (Ker(E)), it follows by (2.25) that

11dn ® ) (X ar, (10w @) xer(my < V22l o)

Therefore, by Lemmas 2.3 and 2.5 and Remark 2.4, there is a linear bijection E : L () /Ker(E) — C?
such that



where s; = \/%sgn(fyi), for 1 < i < d. Note that s; € L>(Q) and E(s;7;) = d;;, V1 < j < d, so that

E(s;) =e;, V1 <1i <d. For every positive integer n, the following diagram is commutative,

Id,®FE

My (L>(€))

M\ Id,®L

M, (L (Q) [Ker(E))

M, (C%)

and moreover, the inequalities (2.2) hold. The proof of Proposition 2.2 is now complete. O

Remark 2.8. We should mention that, by the same proof with only minor modifications, Theorem 2.1
remains valid if we replace the sequence {7,}n>1 of independent standard complex Gaussian random
variables by a sequence {s,}n>1 of independent Steinhauss random variables (that is, a sequence of
independent random variables which are uniformly distributed over the unit circle), or by the sequence
{en}n>1 given by e, (t) = 2"t
formulas (2.10) and (2.11) must be modified, because in the case of the sequences {sy},>1 and {e,}n>1
we still have that {5;s;;1 < 4,7 < d} U {1} and, respectively, {€;e;;1 < ¢, < d} U {1} form orthonormal

sets, but in contrast to the case of the Gaussians {7, }»>1, one has

, 0 <t <27. Indeed, the only essential change in the proof is that the

sjs; =ee5 =1, j=>1.

Therefore, the diagonal terms (corresponding to ¢ = j) in the right hand sides of (2.10) and (2.11) should
be removed from the double sums. However, since the diagonal terms are all positive, it follows that (2.12)
and (2.13) remain valid in the case of the sequences {s,, }n>1 and {e,}n>1, as well.

We now discuss estimates for best constants in the noncommutative Khintchine inequalities (p = 1).

Theorem 2.9. Denote by c1, co the best constants in the inequalities

d
(2.26) allfzylll” < |Dzew < ea[{i b |17,
=1 L(;57)
where d and n are positive integers, x1,... ,xq € M,(C), and {%’}?:1 is a sequence of independent

standard complez-valued Gaussian random variables on a probability space (Q,P). Then

1
\/i )

Proof. Let m be a positive integer. Let d = 2m 4+ 1 and set n = (277:'1) . Then, by Theorem 1.1 in [§],

Cc1 = 0221.

there exist partial isometries aq ,... ,aq € B(H), where H is a Hilbert space of dim(H) = n, such that
m+1

2.27 fa;) = ——, V1<i<d,

(2:27) raa) = gt VI<i<

where 7 denotes the normalized trace on B(H), satisfying, moreover,

d d
(2.28) > ajai =Y aia} = (m+1)I,
1=1 1=1

10



where I denotes the identity operator on H . First, we claim that

(2.29) I{aiy il oy = Vm+1,
(2.30) I{a:}Lalll” = nvm+1.
Indeed, (2.29) follows immediately from the definition of the norm ||| - [|[5z, (ce) and relation (2.28), while

the equation (2.30) follows from the following estimates

(2

1=

1 d
= — (;ala >

I{a:yoalll” = Sup{Tr

b, cay < 1}

Y

1
1
= Tr((m+ 1)I) = m+1,
m+1
respectively,
a 1/2
I{a: oIl < Tx (Z@%‘) =Tr(Vm+1I) =nvm + 1.
i=1
d
It was proved in [8] that a1, ... ,aq have the additional property that Vjy ,... , 8q € C with Z 1Bi]? =

d
the operator y := > B;a; € B(H) is also a partial isometry with 7(y*y) = . This implies that for

m

i=1
all w € Q, the operator
d

Yw :Z%al GB(H)

7 (£ hutee)

is a partial isometry with 7(y*y,) = ;fntll , and we deduce that

AN

(2.31) alll{ayin Il < dP(w)

LY(M,(C),Tr)

d 3
— /Q<Z|%(w)|2> 19|l £t (0, () 1) AP(w)
i=1
a1 d A%
= M omt1 Yo hi@)? ] dPw),
2 \i=1

wherein we have used the fact that y’y, is a projection satisfying 7(|y.|) =

forallwe Q. A

2m+1 J
standard computation yields the formula

d 3 1
(2.32) /g)(;lw(wV) dP(w) = F(lil(jl_f)-

11



Indeed since the distribution of |y;|? is T'(1,1), 1 < i < d, it follows by independence that the distribution

of Z |7:|? is T'(d, 1), whose density is W a?=le=® x> 0. Since [;°z32% e ?dx = I(d + 1), formula

(2. 32) follows. Combining now (2.31) with (2. 30) and (2.32) we deduce that

1 1\TI'(d «/ —
vm+1\2m+1 F(d) 2m +1 2m + 1
wherein we have used the inequality

F<k+;> <VkI(k), VkeN,

(2.33) o <

applied for k = d = 2m + 1. Since m was arbitrarily chosen and lim \/7%‘:11 = % , we deduce by (2.33)
that ¢; < 7 By Theorem 2.1 we know that ¢y > \}5 , hence we conclude that ¢; = % .
To estimate co, let d be a positive integer. Set n = d. For all 1 < i < d, set z; := e;1 € My(C). We

then have

d
Z T; Qi
i=1

Note also that

1
2

d
o= <Z %<w>|2> aP(w)

d
[z Y, ||F > Tr (foxl> =Tr(Vde)=1.
i=1

d
Z%‘(w)m

L1(Q;87) LY (M, (C),Tr)

Nl=

Then, using (2.32), together with the fact that hm %F(ﬁ(—;) :) 1, we infer by (2.26) that co > 1. Since
by Theorem 2.1 we get co < 1, we conclude that cs = 1, and the proof is complete. O

Remark 2.10. If we replace the sequence of independent standard complex-valued Gaussian random
variables {, }n>1 by a sequence of independent Steinhauss random variables {s,, }n>1 or by the sequence
{e 127lt}n>1, and denote by c1,co the best constants in the corresponding inequalities (2.26), the same
argument will give ¢; = % . Also, ¢o = 1 in both cases, as a consequence of Remark 2.8 and the fact that

Isillrery =1 = [|e”*| 1(r), where T is the unit circle with normalized Lebesgue measure dt/27 .

II. The Rademacher case

Let {r, }n>1 be a sequence of Rademacher functions on [0, 1] . Probabilistically, one can think of {r;, },>1
as being a sequence of independent, identically distributed random variables on [0, 1], each taking value
1 with probability %, respectively, value —1 with probability % It is easily seen that E(r,) = 0 and
E(rnrm) = dpm , for all n,m € N.

Theorem 2.11. Let d and n be positive integers and consider x1,...,xq € M,(C). Then the following
inequalities hold

(2.34) Izl < i T < [kl

L1([0,1];57)

\[

As in the case of complex Gaussian random variables, we prove the dual version of Theorem 2.11,

namely,

12



Proposition 2.12. Let d be a positive integer, and let {r;}1<i<q be a sequence of Rademacher functions
on [0,1]. For 1 <i<d define ¢; : L>°([0,1]) — C by

1
oi(f) = /0 f)rs(t)dt, v fe L>([0,1]),
and let E : L°°([0,1]) — C? be defined by

E(f) = (¢1(f),---,¢a(f)), V[feL>([0,1]).

Furthermore, let g : L>([0,1]) — L*°([0,1])/Ker(E) denote the quotient map. Then, for any positive
integer n and any X € M, (L*°([0,1])),

(2.35)  ||[{= ElzlfHMn(Cd) < ||(Idn, @ @) (X))l at,0 (Lo ([0,1))/ Ker(E)) < V3| |[{2 7,('1:1H|Mn((cd) ;
where x; = (Id, ® ¢;)(X), V1 <i<d.

Proof. Let n be a positive integer. The proof of the left hand side inequality in (2.35) is the same as in
the complex Gaussian case. For the right hand side inequality we follow the same argument, but with
appropriate modifications, which we indicate below.

Let y1,...,ya € M,(C) and set

d
Y=Yy ®r; € My(L>([0,1]).
i=1
As before we will estimate (Id, ® E)(Y*Y), (Id, @ E)(YY™*), (Id, @ E)((Y*Y)?) and (Id, @ E)((YY*)?).
d d
First note that Y*Y = > yy; ® ryr; and, respectively, YY* = > Yiy; @ mr; to conclude that
i,j=1 i,5=1
d
(2.36) (I @E)Y'Y) = > wiy:
i=1
d
(2.37) (Id, @E)(YY™) = > wuy.
i=1
d
Furthermore, note that (Id, ® E)(Y*Y)?) = > yry;yiuE(ryr;rer) . Since E(rirjrir) € {0,1} with
i,k l=1

E(rirjrer) =1lifandonlyifi=j=k=lori=j# k=0l ori=k#j=1ori=10%j=k, it then
follows that
d
S urviyiyi Y vy + > uiviviyi + > Uiy
i=1 oy i75 i%5
d
S wviiy Y Uiy + > vy
ii=1 i%7 i75

(2.38) (Id, @ E)((Y*Y)?)

2
d d
Note that > yiviyjy; = (Z yz*yl> . Further, we have
ig=1 i=1

D Uiy = > Uiyl + O uivivivs = > uiyviys + Y uivaive = (i) + (Wivi)?) -

i#] 1<j >3] 1<j i<j i<j

13



Using the fact that (y;y;)* + (y;‘yl)2 <YiYiYiYi + Yiviyi Y. 1 <i,5 < d, it follows that

(2.:39) S(wry)? + Ww)?) < Wivwivi +vivivi )
1<J 1<J
= D Yy YUYy
i<j i>]
= > Yy
i#]
Therefore, we conclude that
d 2
(Id, @ E)((Y*Y)?) < (Z vy ) +2> Yy
i=1 i#]
d 2 d
< (Z ) +2) Yy
i=1 ij=1

d d d
yy) +2> yi [ Doy | v
i=1 i=1 j=1

Recalling the definition (2.3), and using (2.36) we now obtain

ek (Zyyz +22yzyz>

3|y} |2 (1dn @ E)(YY).

(2.40) (Id, @ E)((Y*Y)?)

IN

A similar proof based on (2.37) shows that
(2.41) (Id, @ E)(YY™)?) < 3l[{y:}imall?(ds @ E)(YY™).

Next we prove the following

Lemma 2.13. Let 1 ,... ,xq € M,(C). Then there exists X € M, (L*°([0,1])) such that
(o @ E)(X) = w0 e,
satisfying, moreover,

1
2

(2.42) IX sz (oapy) < V3max

As in the case of independent standard complex Gaussians, the crucial point in the argument is the

following version of Lemma 2.6, whose proof carries over verbatim to this setting, except for choosing
C=.

Lemma 2.14. Ify1,... ,ya € M,(C) satisfy

d
> v
i=1

2

(2.43)

Il
—

d
i=1

14



then there exists Z € M, (L>([0,1])) such that || Z||p, L= (0,1])) < ? , and, moreover, when z1,...,24
d
are defined by (Id, @ E)(Z) = > z; @ e;, then
i=1
d 3|4 3 )
max § (1Y (yi —2) (i — 20| ||D Wi — z) (i — z)* < 3
i=1 i=1

Hence, for all y € M,,(C%) there is Z € M, (L>=([0,1])) such that 1 Z| s, (Lo (0,1])) < ?‘H?JMM,AH))

and |[|(1d,, @ E)(Z) = ylll a1, ca) < 3111yl as, (ca) - An application of Lemma 2.7 with V = M, (L>([0,1])),
W:Mn((Cd),T:Idn®E,themap¢:W—>Vbedeﬁnedby¢(y):Z,VyEW,Cz@andéz%
shows that for all z € M,,(C?) there exists X € M,,(L>([0,1])) such that (Id, ® E)(X) = = and

(2.44) 1X |2t (2o o.177) < V32 llas,, () -
This completes the proof of Lemma 2.13. As explained before, (2.44) implies that
1(1dn © @) (X) s, 2= (po,1/xer(y) < V3 |[[{zidiza ||y, oy -

We conclude that there exists a linear bijection E : L>([0,1])/Ker(E) — C% such that E(q(r;)) = ¢; =
E(r;), for all 1 <i < d, and moreover, with respect to the operator space structure of the quotient space
L*>([0,1])/Ker(E), the inequalities (2.35) hold. This completes the proof of Proposition 2.12. O

Remark 2.15. Let ¢;,co denote the best constants in the inequalities

d
(2.45) allfeylt < P aern < ol [} I
i=1 L1([0,1];57)
where d, n are positive integers, and 1 ,... ,xq € M,(C). Then the following estimates hold
L <c < 1 cg=1.
V3 V2’
Indeed, the estimate ¢; < % is a consequence of Szarek’s result (see [20]) that the best constant in the

classical Khintchine inequalities for Rademachers is % , while the estimate % < ¢; follows by Theorem
2.11, which also shows that ¢; < 1. Since E(|r1|) = 1, we deduce by takingd =n =1 and ;1 = 1 in
(2.45) that ¢; > 1. Hence co = 1.

3. A NONCOMMUTATIVE KHINTCHINE-TYPE INEQUALITY FOR SUBSPACES OF R® C

Let H C R ® C be a subspace, equipped with the Hilbert space structure induced by the usual direct
sum of Hilbert spaces inner product. More precisely, given £ € H , write £ = (£g,&c) € R® C'; then

(3.1) Emy = Ernrlgt{€cne)e, V&meH.

Consider R @ C equipped with the operator space structure of the l,.-direct sum R®..C . Note that the
norm induced on H by the inner product (-, )z is not the same as the one coming from R®,,C . For all
¢ € H, define further

Ui(§) =¢&r, Ua2(§) =&c.
Then U; € B(H, R), respectively Uy € B(H,C) and formula (3.1) becomes

(3.2) Emy = U), Ui(n) g + (U2(8),U2(n)e, V&n€H.
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U
The operator U : H — R @ C defined by U = U1 is an isometry, where H and R @ C' are equipped
2

with the above Hilbert space structure. This implies that UjU; +U5Us = I, where I denotes the identity
operator on H . Let

(3.3) A = UU; € B(H).

Then 0 < A<I.

We now discuss the operator space structure of H. Let n be a positive integer. Then for all » € N, all
x; € M,(C)and all §; € H, 1 <4 <r, we have

(3.4) Q& = max ; @ Ur&; i @ Ua&;
M, (H) M, (R) M, (C)
We claim that
. Loy :
(35) ; Q& = max Z <(I - A)fi, £]>Hxlx;‘ s Z <A§i, fj>H.’E;<.’L‘j
M, (H) i,j=1 i,j=1

Indeed, by the definition of operator space matrix norms on R and C we have

[NIE

1
2

@ Ui > @l (Uh&, Uné)) R Z zi i (I — A&, &)u |
M, (R) 4,j=1 i,j=1
respectively,
T T 2 T 2
D wi @ U D wiai(Uak, ai)e|| = || Y 2w (A%, &)ul|
i=1 M, (C) ij=1 ij=1

and the claim is proved.
Let A be the CAR algebra over the Hilbert space H. Recall that A is a unital C*-algebra (unique up
to *-isomorphism) with the property that there exists a linear map

H>fr—a(f)eA

whose range generates A, satisfying for all f, g € H the anticommutation relations

(3.6) a(falg)* +alg)alf) = (f.9)ul
a(f)a(g) +alg)a(f) = 0.

Let wa be the gauge-invariant quasi-free state on A corresponding to the operator A (0 < A < 1)
associated to the subspace H of R @& C. Recall that a state w on A is called gauge-invariant if it is
invariant under the group of gauge transformations m9(a(f)) = a(e?f), V¥ € [0,27). It turns out (see
[1] and [2]) that a gauge-invariant quasi-free state w on A is completely determined by one truncated
function wr. More precisely, a functional wr(-, ) over the monomials in a*(f) and a(g),Vf,g € H, which
is linear in the first argument and conjugate-linear in the second determines a gauge-invariant quasi-free
state w on A if and only if

(3.7) 0 <wr(a(f)* alf) <|fI?, VfeH.
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Now, given the operator 0 < A < I, define

wr(alf)*,a(9)) = (Ag. ) -

The positivity condition (3.7) is clearly satisfied. Let w4 be the gauge-invariant quasi-free state on A4

determined by the truncated function w%. Then for all n > 1, the n-point functions of w4 have the form

(38) WA(a(fn)*a(fl)*a(gl)a(gm)) :5nmdet(<Agzva>Hvla])ﬂ vfla”' 7fnaglu"' s 9m € H.
Given b € A, the map
HS fwala(f)b* +ba(f)) € C

is a bounded linear functional on 4. By the Riesz representation theorem, there exists a unique element
E4(b) € H such that

(3.9) (f,Ea(b))r = wala(f)b" +b"a(f)), Vfel.
Equivalently,
(3.10) (Eab), g = walba(f)" +a(f)'b), VfeH.

We obtain in this way a bounded linear map E4 : A — H. By uniqueness in the Riesz representation
theorem and the anticommutation relations (3.6) it follows that

(3.11) Eala(f))=f, VfeH.

Consider the GNS representation (m,,, H,&,,) associated to (A,wa). For simplicity of notation, write

Tws =4 and &, , = &4 (the cyclic unit vector for the representation). Then for all f € H and allb € A,

wala(f)b" +b%a(f)) = (rala(f)0" + b a(f)€a,Ea)n = ({mala(f)) , ma(b")}a,€a)
where {K,L} = KL + LK . Equivalently,

wa(ba(f)" +a(f)b) = {ma(a(f)), ma(®)}a,€a)n, VfeH,Wbe A
Note that the map
A3 ce ({ma(a(f)*),c}a.€a)m €C

———sot
extends to a normal (positive) linear functional on the von Neumann algebra 74 (A)SO . This implies that
E 4 extends to a bounded linear map on the von Neumann algebra generated by 74(.A) and moreover the

range of the dual map E% is contained in the predual of = ,4(A)SOt

With the notation set forth above, we prove the following

Theorem 3.1. The map E4 : A — H yields a complete isomorphism
H=A/Ker(Ey4)

with cb-isomorphism constant < /2. More precisely, if g4 : A — AJ/Ker(E,) denotes the quotient map,
then given any positive integers n,r we have for all x; € M, (C) and b; € A, 1 <i<r:

< <V2 i:&@EA(bi)

i=1

Z%‘ ® qa(bi)

=1

(3.12)

i=1

M, (H) Mo (A/Ker(Ea)) M., (H)

— sot
Furthermore, the dual map E% is a complete isomorphism of H* onto a subspace of the predual ofﬂ'A(.A)so
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Remark 3.2. Note that Theorem 3.1 is equivalent to the statement that for any positive integers n , r
we have for all z; € M,(C) and §; e H, 1 <i<r,

dmek

i=1

(3.13) i ® & i ® qala(g <V2

M,,L(H) M'rL(A/Ker(EA))

Indeed7 to prove that (3.12) implies (3.13), put b; := a(&;), 1 < i < r and use the fact that by (3.11),
Ex(a(&)) =&, 1 <i<r. To prove that, conversely, (3.13) implies (3.12), put & := Ea(b;), 1 <i<r.
Then E4(b; —a(&;)) = 0, which implies that qa(b; — a(&)) = 0, so the middle term of (3.12) is equal to
the middle term of (3.13) . The equivalence of (3.12) and (3.13) will be used several times in the following.

M,,(H)

Proof of Theorem 3.1. We first prove the theorem in the finite dimensional case.
Assume dim(H) = d < oco. Consider the associated operator A (0 < A < I) defined by (3.3). There

exists an orthonormal basis {e;}1<;<q of H with respect to which the matrix A is diagonal. That is,
(314) <A61 s €j>H = I/i6ij ) Vl S i,j S d,

which implies that 0 <r; <1,V1 <i<d.
Let A be the CAR-algebra over H and w4 be the quasi-free state on A corresponding to the operator A.
Further, set

a; = ale), VI<i<d.
By (3.8) it follows that
(3.15) walaia;) = vid, V1<ij<d,
and, respectively,
(3.16) walaia;) = (1—wv;)di;, V1<i,j<d.
Let n be a positive integer. Given 1 ,... ,xq € M, (C), we have by (3.5) that
d d 3
(3.17) I[{: lemA = ‘ le ® €; = max Z(l — )z Zulz x;
i=1 M, (H) i=1

In view of Remark 3.2, we have to prove that

d 2 d 2 d
(3.18) max Z(l -z | Z VXTI T < Z x; @ qala;)
i=1 i=1 i=1 M, (A/Ker(EA))
d
< v2max Z(l — )Tk LT
i=1

We first prove the left hand side inequality in (3.18). For each 1 <4 < d set

(3.19) o (b) = walafb+bal), VbeA.

Note that (Ea(b),e;) g = ¢22(b), for all b € A and that by the anticommutation relations (3.6),
¢ az) =0y, V1<ij<d.

In particular, F4(a;) =¢e;, V1 <i<d.
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Lemma 3.3. For all 1 < i <d we have

(3.20) wa(aib) = v;¢ (b)), walbal) = (1 —vy)o(b), Vbe A.

1 1
Proof. We consider a special representation of the CAR algebra A. Let e = ( g > , U= ( 0 ) ,
I> = Ipp,(c) and set
(3.21) aj = e® (®_ola), aj:=(Q_ju)®e® (®_;,, L), 2<i<d.

Since u? =I5, ee* +e*e = I, eutue = 0, it follows that {a}}1<,<4 satisfy the CAR relations (3.6). Thus
C*({ay,...,a,}) = ®L M>(C) (see [2] and [4]), and there is a *-isomorphism ¢ : A — C*({a},...,a}})
such that (a;) = a}, V1 < i < d. From now on we identify A with ®¢_ , M5(C), and write a} = a;,
1 <4 <d. Then, by [19] (see pp. 4 and 5),

(3.22) wa(b) == (&) (b), Vbe A,
1-— V; 0

V;
We first show that for all 1 <i¢ <d,

where ¢;(h) = Tr hl,Vhe My(C),1<i<d.
(3.23) (1 —v)wa((a;))*d) = viwa(bla;)*), Vbe A.

To check (3.23), it is enough to look at simple tensors b =b; @ bo ® ... ® by € A. Consider first the case
i=1. Then

d d
wa((a1) b)) = 1 (e"br) [[wi(bi),  wa(blar)) = va(ebr) [T wilbi).

=2 =2

pith p(t2) 0 0 0 0
Let by = ! ! . Then e*by) = =T =v b(m),
1 < ngl) b§22) Y1(e*br) =P bgu) bgn) r 0 Vlbgu) 191

SR (1= 0
respectively, bie*) = ! =Tr ! = (1 —1)b*? . Hence
pectively, 11 (b1e”) = m (( I yip) 0 (I —v1)by

d d
wa((a1) ) =vib™® [T wi(b:),  wablar)”) = (1 = v)b{"? [T wibi) ,
i=2 i=2
which imply (3.23). The case when i # 1 can be proved in a similar way, using the fact that for all
b=b1®by®...®bg € A, we have ub; =bju, VvVl <j<i-—1.
Then, for 1 <4 < d we deduce by (3.23) that for all b € A, we have

viwa((ai) b +b(a;)") = viwa((a;)*b) + (1 — v)wa((a;)*d) = wa((a:)*d),
and, respectively,
(1 = vi)wa((a:)*d+b(a;)") = viwa(b(a)™) + (1 — v))wa(b(a;)*) = wa(bla:)").

The proof is complete. O
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Lemma 3.4. Let X € M, (A). By letting

(3.24) ;= (Id, ®¢M)(X), VI<i<d,
we have
d
(3.25) (Idy @ EA)(X) = ) zi®e;.
=1

Then, with the above notation it follows that

1
d 2 d

Z(l — v)xxy)

i=1

(326) HX”MH(.A) 2 max

)

Proof. Let X € M, (A). Then X is of the form X = > y; ® b;, where r € N, y; € M,,(C) and b; € A,
j=1
1<j<r.Foralll<i<d,letx; be defined by (3.24). Then

(3.27) wi=Y o by, 1<i<d.
j=1
Further set
d
(3.28) Z:= 2 @a; € Mo(A).
i=1

To each state w on M, (C) we can associate a positive sesquilinear form on M, (A) given by
Sw(c,d) = (w®wa)(d"c), Ve, de My(A).

By (3.27), (3.28) and (3.20), we obtain

d r

d r
5u(X,2) =) > wlaiyjwalathy) = D> wviw(@y;)s; (b;)

i=1 j=1 i=1 j=1

d
= Z viw(ziz;) = su(Z,2),
i=1

where the last equality follows from (3.15). Hence s,(X — Z, Z) = 0, and therefore
$0(X, X)=8,(2,2)+5,(X -2, X —2Z) > s,(Z,7).
It follows that

d
w (Z z/ia:fxi> =5.(2,7) < s,(X,X) < || X|?,

i=1
for every state w on M, (C), and hence

< [IX*.

d
E VT T
i=1

The same argument applied to the positive sesquilinear form

s (c,d) == (w®@wa)(cd*), Ve,de M,(A)
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gives by (3.16) that

d
w <Z(1 - Vi)?Ciﬁ) =s,(2,2) < s,(X, X) < | X]?,
i=1

for every state w on M, (C), and hence

d
S = vt < IX2.
i=1
This completes the proof. O
Remark 3.5. For all X € M,,(A) we have
(3.29) [(Idn @ EA)(X)lar, ey < 11 © qa) (X)) a1, (4/Ker(E4)) -
This follows by a similar argument as the one used to prove (2.8). In particular, given x1,...,zq € M, (C),

d
by letting X = Y z; ®a; € M, (A), an application of (3.29) yields the left hand side inequality in (3.18).
i=1

We now prove the right hand side inequality in (3.18). Let y1,... ,yq4 € M,(C). Set
d
Y = Zyz ®a; € Mp(A).
i=1

We will compute (Id, @wa)(Y*Y), (Id, @wa)(YY*), (Id, ®wa)((Y*Y)?) and (Id,, @wa)((YY*)?). We
have

d d
Y'Y = Zy?‘yj@)a’{aj, YY* = Zyiy;@)aia;.
i,j=1 =1
By (3.15) and (3.16) it follows immediately that

d
(3.30) (Id, @wa) (YY) = > viyly;
i=1

-

s
Il
-

(3.31) (Id, @wa)(YY™) = (1—v)yyr

Furthermore, in order to compute (Id,, ® wa)((Y*Y)?), note that

d d
(332) Y*Y = Z yi*yj ® ((l;—k(lj — 5UVZI) + Z Viyfyi X I.
ij=1 i=1
Consider the vectors
fij = (l;k(lj — 5ijViI7 V1 S i,j S d.

We claim that {I, fi; , 1 <4,j < d} is an orthogonal set in L?(.A) with respect to the positive sesquilinear
form on A given by A x A3 (¢,d) — wa(d*c) € C, satisfying wa(I) = 1 and

(3.33) walfiifiy) = vill—v), V1<ij<d.
Indeed, for 1 <4,j <d,

*

wa(fiifi;) = waldjaiala;) —viwalala; + aja;)dij + v7 ;.
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By the anticommutation relations (3.6), together with (3.8) we get
wA(a;aia;‘aj) = wA(a;f(I—a;‘ai)aj) = wA(a;aj) —wA(a;-afaiaj) =v; —vv;(1—0;5) = v;(1 —v;) +vv505;

wherein we have also used the fact that a? = 0, 1 < i < d. Furthermore, wA(a;ai +ala;) = 2v;6;5 .
Hence wa(f;fij) = v;(1 — i) + (viv; — v7)8i; = v5(1 — 1) , so (3.33) is proved.

We now prove the orthogonality property of the set of vectors {I, fi; ,1 <14,j <d}.
First, note that for 1 <i,j <d,

(3.34) wa(fij) = walaja;) —vidij = v;0;5 — v30;; = 0.
It remains to show that for 1 <1i,5,k,1 <d,
(3.35) wa(fiifi) =0, whenever (i,5) # (k,1).
We have f{'}fkl = a;aia,tal — Vka;aiékl — viajai0;5 + vivg0i05 . We distinguish the following cases:
Vi=jAk=1, 2i£j, k=1, 3i=j,k#1, 4)i#j, k#1,(i,j5) # k).
Assume 1)i =j # k =1. Then
wa(fifre) = walajaaray) — vwalaja;) — viwa(agar) + vive

= wala;(—agas)ar) — viv; — vive + vivy

= —walajar(—ara;)) — vivg

= vy —vivg =0
Cases 2) and 3) are similar, so we only prove one of them. Assume 2)i # j,k =1. Then
wa(ffifrr) = walajaiagar) —vewalaja;) = wala) (10, — apai)ar) = wa(ajardin) —wa(ajagaiardip) = 0.
Respectively, assume 4)i # j,k # 1,(i,j) # (k,0). In this case, wa(f;fr) = wa(aja;azar). By
considering further the two possible subcases 4a)i # k and 4b)i = k,j # [, we deduce by (3.6) and (3.8)
that wA(a;aiaZal) =0.

Then, based on the expansion (3.32) of Y*Y in terms of the vectors {I, fi; ,1 <14,j < d}, we now get

2
vi(L=vi)(yi v;) i ys + <Zvyy>

d
(3.36)  (Id, ®wa)((Y'Y)?)

™

1,j=1

d d 2
> (z (- yy) (z yy>
=1 =1
d d d
(Z Vyy> ( > =vyiyr || + || D vivi v
=1 =1 =1

(o] o2

IN

)

) (Id, @ wa) (YY),

d
Z viy; Yi|| + Z L —vi)yiy;
i=1

where the last equality is given by (3.30).
In order to estimate the term (Id ®@wa)((YY*)?), note that

d

(3.37) Z yiy; @ (aia} — 0i;(1 = vi)I) + > (1= vi)yy; @I

i,j=1 i=1
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We now consider the vectors
Gij = aia;f —0;;(L—wv)I, V1<i,j<d.
With a similar proof it can be shown that {I, g;;,1 < i,j < d} is an orthogonal set in L?(A) with respect
to the positive sesquilinear form on A given by A X A 3 (¢,d) — wa(cd*) € C, satisfying
(3.38) walgijgi;) = vi(l—w), V1<i,j<d.
Thus, based on the expansion (3.37) of YY ™ in terms of the vectors {I,g;;,1 <1i,j < d}, we obtain

d d

2
(3.39) (Idn @ waA)(YY™)?) = Y vi(1 = w)uiy (wiv})" + (Z(l - Vi)yiy3>

i,j=1 i=1

d d

d 2
= Y —wy | Y vy | v + (Z(l - Vi)yiy;‘k>
j=1

d
(Z(l - Vz‘)?ﬁ?!f) ( :

d
> viyiyi
1 =1
d d
( > vy yi D (1 —w)yiy;
i=1 i=1

where the last equality is given by (3.31).

d

Z(l — Vi)Yiy;

i=1

IN

_|_

)

) (Idn @ wa)(YY™),

+

As before, the crucial point is to show the following

d
Lemma 3.6. Let x1,...,24 € Mp(C). There exists X € M,(A) so that (Id, @ E4)(X) = . z; ® e;,

1=1
satisfying, moreover,
d 3 d 3
(3.40) IX s, < V2max$ > vaia|| D (1 = vi)wia;
i=1 i=1
For this, we first prove the following
Lemma 3.7. Ifyy,... ,yq € M, (C) satisfy
d 3 d 5
(3.41) max Z viyivill Z(l — i)Yyl = 1,
i=1 i=1
then there exists Z € M,(A) such that ||Z||ar, 4y < % , and, moreover, when 21, ... ,zq are defined by
d
(Id, @ EA)(Z) = > zi ®e;, then
i=1
1 1
d 2 d 3 1
max $ Y vilys — 20) (s — 20| |[D_(1—vi)(wi — 2) (i — 2:)” < 35
i=1 i=1

Proof. Set

d
Y= yi®a; € My(A).

i=1
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Now let C' > 0 and define Fo : R — R by formula (2.15). Use functional calculus to define Z € M, (A)
by (2.16). Then [|Z||s, 4y < C and, as shown in the proof of Lemma 2.6, it follows that

1 *\ 2
(V=2)(Y = 2) < o (VY (Y =2V = 2)" € 5 (YY)
By letting 2z; = (Id,, ® ¢')(Z), 1 < i < d, we then have
d
(Id, ® Ea)(Z) = > 2 @e;, respectively, (Id, @ Ea)( Z Yi @ Ea(a;) Z Yi ®ei,
i=1

and we obtain the estimates

Z i—2) (i—z) < (dy@wa)((Y = 2)(Y - 2))
=1
< L (d, wwa) (YY)
= 1602 wa
1 d d
S Tre < >t + [ 300 o ) (1d, © wa)(1"Y)
< 2 _(1d, ®wa)(Y*Y)
>~ 1602 n wA
1 *
= @Zw%ym
i=1
d d
respectively, > (1 —v;)(yi — 2i)(yi — 2)* < g&=z > (1 — vi)y;y; . We deduce that
i=1 i=1
1 |[< 1
o Vo (1 — < . <
(yi —2)" (i —2z)|| < ]2 ;szz Yill = 302’
respectively,
¢ 1 || 1
T—vi)yi —2) (i —2)"|| < <=5 1 Vil S oo
S =)= | < g | 0w | < gz
Hence
1 1
d 2 d 2 1
vi(ys — 2)" (i — z)|| o || D (L —wi)(yi — 2i)(yi — 2:)" < —.
2 2 Vs
Now take C = % to obtain the conclusion. O

d
We are now ready to prove Lemma 3.6. Indeed, Lemma 3.7 shows that if y := > y; ® ¢; € M, (H)
i=1
has norm [|y||as, 7y = 1, then there exists Z € M,,(A) such that || Z] az,4) < % and ||(Id,, ® E4)(Z) —
Yllar, () < % By homogeneity we infer that for all y € M, (H), there exists Z € M, (A) satisfying

the conditions [|Z|[ar, 4) < Z5llyllar.cery and [[(Idn ® Ea)(Z) = yllar, ) < 5llylla iy - Applying now
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Lemma 2.7 with C = % and § = ; we deduce that for all z € M, (H) there exists X € M,(A) so that
(Id, ® E4)(X) = x, satisfying, moreover,

C
[ X 2z, a) < m”‘THMn(H):\/i‘lx||1\/[n(H)~

The proof of Lemma 3.6 is complete.
By Lemmas 3.4 and 3.6 and Remark 3.5, there exists a linear bijection E4 : A/Ker(E4) — H such that

Ba(ga(ai) = e, 1<i<d,
making the following diagram commutative:

1d,®FE 4

M, (A)

M, (H)
1d, QB4
M, (A/Ker(E4))

Moreover, with respect to the natural operator space structure of the quotient .A/Ker(E4) one has for all
Z1,...,2q € M,(C),

1 1
2 2

d d d
max Z vixixil| Z(l — V)2 < Zmi ® qala;)
i=1 i=1 i=1 My (A/Ker(E4))
d 3 d 3
< V2max Z vzl Z(l —v)zx; ,
i=1 i=1

i.e., the inequalities (3.18) hold. This completes the proof of Theorem 3.1 in the finite dimensional case.
We now consider the infinite dimensional case (dim(H) = oo). Let V' C H be a finite dimensional
subspace, and let d = dim(V). Set

AV = PVA|PVH S B(PvH),

where Py is the projection of H onto V. Then 0 < Ay < I.

Let Ay be the CAR algebra on V', and denote by wy (respectively, wa, ) the gauge-invariant quasi-
free state on A (respectively, Ay ) corresponding to the operator A (respectively, Ay ). Recall that Ay
is the norm closure of Span{a(e;,)"...a(e;, ) ale;,)...ale;,); 1 <ii,... in,jis--- ,jmsn,m < d}. By
equation (3.8) it follows that w Alay and wya, coincide on all polynomials that generate Ay . Since states

are norm continuous, we conclude that
(3.42) WA, = WAy -

The key point that will allow us to reduce the infinite dimensional case to the finite dimensional one is
the fact, which we will justify in the following, that E4(b) € V', whenever b € Ay . Indeed, given b € Ay,
we will show that

(Ba), flr =0, VfeV*:.
By (3.10), this is equivalent to showing that

(3.43) walba(f)* +a(f)d) = 0, VfeV™t.
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By continuity, it suffices to consider elements b € Ay, of the form

b=ale;,)"...ale;,) ale;,)...alej,)
where 1 < iy,... ,ip,J1,--+ s Jm,n,m < d. Let f € V+. Since f L e;, 1 <i<d, we get by the CAR
relations (3.6) that
ba(f)" = (=1)" ™a(f)"b.

So if n+m is odd, then ba(f)* +a(f)"b = 0. If n+m is even, i.e., n+m+1 is odd, then by (3.6) and (3.8)
(together with (3.42)) it follows that w4 (ba(f)") = 0 = wa(a(f)*b). Hence, in both cases (3.43) follows,

and our claim is proved. By uniqueness in the construction of the maps F4 and E4, , we conclude that
v -

(3.44) Ea,, = Ea

Since A is the C*-algebra generated by the operators a(§), & € H, it is clear that

(3.45) A= UAV , (norm closure)
v
where the union is taken over all finite dimensional subspaces V' of H. Moreover, note that Ay, C Ay,
when V7 C V5. We also claim that
(3.46) Ker(E4) = | JKer(Ea,), (norm closure)
v
where the right-hand side is also an increasing union because Ker(E,4,, ) = Ker(E4)N Ay, forallV C H,

finite dimensional subspace. To prove (3.46), let b € Ker(F4) and choose b, € J,, Ay, n > 1 such that
b, = b|| — 0 as n — oo. Further, set

by, :=b, —a(Ea(b,)), n>1.

For n > 1, since b, € Ay, for some finite dimensional subspace V,, of H, we have by (3.44) that
Ea(bn) = Eay, (bn) € Vy, and hence b, € Ay, . Moreover, by (3.11), we get

Es(b)) = Ea(by) — Ea(by) =0.

Therefore, b), € Ker(E4) N Ay, = Ker(E4,, ), which proves (3.46). Now, since the union in formula
(3.46) is increasing, we also have for all n € N,

(3.47) M, (Ker(E4)) = U M, (Ker(E4,)). (norm closure)
v

We are now ready to proceed with the proof of Theorem 3.1 in the case dim(H) = co. We shall prove
that for all positive integers n,r and all x; € M, (C) and b; € A = A(H), 1 < i < r, the inequalities
(3.12) hold.

Indeed, by (3.45) and the fact that | J,, Ay is an increasing union, it suffices to prove (3.12) for elements
b; € Ay, , where 1} is an arbitrary finite dimensional subspace of H. Let now such V{ be fixed. Since
Theorem 3.1 has been proved in the final dimensional case, we have for each finite dimensional subspace
V with Vy CV C H that

<V2

Mn(.Av/Ker(EAV )

(3.48) <

r d r
i=1 i=1 i=1

M, (V) M, (V)
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By (3.44), Ea, (b;) = Ea(b;), 1 < i <r, for all such V', since b; € V, C V. Moreover, since the norm
in M,,(A/Ker(E,)) is the quotient norm of the quotient space M, (A)/M,(Ker(E,)), and likewise for
M, (Ay /Ker(Eg4,)), we get by (3.47) that

lim
1%

Z 7y @ qa(bi)
i=1

T
i=1

where the limit is taken over the directed set of finite dimensional subspaces V with V; C V C H , ordered

M,,,(AV/Ker(EAV)) M, (A/Ker(E4))

by inclusion. Hence, the inequalities (3.12) follow from (3.48) and the proof of Theorem 3.1 is complete.

Corollary 3.8. Let P be the hyperfinite type III, factor. For any subspace H of R & C', its dual H*
embeds completely isomorphically into the predual P, of P, with cb-isomorphism constant < /2. In
particular, the operator Hilbert space OH cb-embeds into P, with cb-isomorphism constant < /2.

Proof. Given a subspace H of R@®C| let A be the associated operator (0 < A < I) defined by (3.3), A the

sot

CAR algebra over H, and w4 the corresponding gauge-invariant quasi-free state on 4. Denote 74 (A)

by M , where 74 is the unital *-homomorphism from the GNS representation associated to (A,w4). By
Theorem 5.1 in [19], M is a hyperfinite factor. Then the von Neumann algebra tensor product M QP is
(isomorphic to) the hyperfinite type III; factor P (cf. [3] and [7]). Moreover, M, cb-embeds into (M®@P).,
the embedding being given by the dual map of a normal conditional expectation from M &P onto M .
Therefore, by Theorem 3.1 it follows that the dual H* of H embeds completely isomorphically into P, ,
with cb-isomorphism constant < v/2. Furthermore, note that H* is completely isometric to a quotient of
the dual space (R®C)*. We infer that any quotient (and further, any sub-quotient, that is, subspace of
a quotient) of (R®.,C)* cb-embeds into P,, with cb-isomorphism constant < v/2. As shown by Pisier (cf.
[18]), the operator space OH is a subspace of a quotient of R&.,C . Since OH is self-dual as an operator
space (cf. [16]), OH is also a sub-quotient of (R @, C)*. We conclude that OH embeds completely
isomorphically into P,, with cb-isomorphism constant < v/2. (See also Junge’s results in Section 8 of [10]
on the embedding of OH into P .) O

Remark 3.9. Let H C R ® C be a subspace of dimension d < oo, and let A be the associated operator
defined by (3.3), respectively, let {e;}L,, {vi}¢, be defined by (3.14). Assume further that 0 < v; < 1,
for all 1 <7 < d. Now define for any z1,...,z4 € M,(C),

d B d 3
1 1
Ad Tr E:f,% . % Cps = v 4 2
(3.49)  ||{xi s ]|If := inf < I/'UZUZ> +<E (l_yi)zzzz> s T =0+ 2 € My (C) »,

i=1 ¢ i=1

where Tr denotes, as before, the non-normalized trace on M, (C).

Note that [[| - [|[* is the dual norm of || - ||as, (zy. From the proof of Theorem 3.1 it follows by du-
ality that the transpose F4 := E% of the map E4 : A — H becomes a complete injection of H* into
Span{¢f ..., ¢4} = A*. More precisely, we obtain that

1 d
(3.50) ﬁlll{wi}f:ﬂll* < Dowesl < [[H{wi} -
i=1 M, (A)*

We now discuss estimates for best constants in the inequalities (3.50) above.

27



Theorem 3.10. Let c1,co denote the best constants in the inequalities

d
Z T ® ¢
i=1

where d,n are arbitrary positive integers, H C R @ C is a Hilbert space of dimension dim(H) = d with
associated operator A given by (3.3), A is the CAR-algebra over H, ¢7',... ¢4 are defined by (5.19),
and 1, ... ,2q € M, (C). Then

< eof [ }Lalll*
M, (A)*

(3.51) all{zdilll* <

b
\/5 )

Proof. By (3.50) we obtain immediately the following estimates

(3.52) o S

1
(353) ESCISCQS:[.

Next we prove that c¢; = % Take n =1, d =1, in which case H =C, A = %IH and A = My(C),
0 1
and let 1 = Iy, (c) = Ic. Then ¢1'(b) = Tr(ajb), Vb € A, where a; = < 0 0 > € A. Since |ay| is a
projection with TI‘(|(11|) = 1, we get ||(25114| A*x = Hay{HLl(AJ‘r) = ||a1HL1(A)Tr) = H \a1| HLl(.A,Tr) =1.1Itis
easily checked by the definition (3.49) that |||z1|||* = v/2, hence, %H\xlm* =1= ||| 4 = |lz1®@07| A
It follows that ¢; < % , which together with (3.53) imply that ¢; = % .
We now prove that ¢; = 1. For this, given d € N, let H = Span{ey; ®e;1;1 <i<d} CRaC. Tt

follows easily by (3.3) that the associated operator is A = 31y . Let {e;};>1 be an orthonormal basis of

H with respect to which the matrix A is diagonal. As before, let
a;:=ale;), 1<i<d

be the generators of the CAR algebra A = A(H) built on H. We consider the special representation of

A constructed in the proof of Lemma 3.3 and use the identification
(3.54) A= y(A) = ©L Ma(C),

where 1) is the x-isomorphism obtained therein. Via this identification, we may assume that the generators
a;, 1 <i<d, of A are given by (3.21). Note also that the eigenvalues of A are v; = % ,V1<i<d,so
the corresponding quasi-free state w4 on A is tracial. For simplicity of notation, let w4 be denoted by 7.
For all 1 < i < d, set x; := ¢;1 € My(C). In what follows, Tr denotes the non-normalized trace on
M4(C). For 1 <i <d, we have ¢ (b) = 7(ajb+ ba}) = 27(a}b), Vb € A.
Let h; :==2a},1 <i<d. Then

d
Z z; © 7
i=1

(Ma(A))* LY (Ma(C)®A,Tr®T)

d
Z x; @ hy;
i=1
1

= (Tr®7) Kzi?m) (éxhﬂ

d 3 d 3
i=1 i=1
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Nl=

d
Note that by (3.49) it follows immediately that |||{z;},|||* < Tr <(2 ;xja:l> ) < v/2d. Therefore,

if we show that

1
2

d
. 2 Z .
(355) dli{rolo a T (}_1 G,,L'ai) =1 y

it then follows by (3.51) that co > 1, which implies that co = 1.
We now prove (3.55). For this, we first show that aja}, ..., aqa} are independent, self-adjoint random
variables with distribution

1
(3.56) Kasar = 5(5{0} +6py), 1<i<d.
Using the notation set forth in the proof of Lemma 3.3 and (3.21), a simple computation shows that

1 0
0 0

1 0

3.57 =
( ) ai1a; ( 00

> ® (®?:212)7 aia; = (®;;i[2) X ( > & (®?=i+112) , 2<i<d.
In particular, a;al is a projection, for all 1 < i < d. So a;af has spectrum o(a;a}) = {0,1}, and since
T(a;a}) = 1, formula (3.56) follows.

By (3.57), a;a} and ajaj do commute, for all 1 <4,j < d. Thus, in order to prove the independence of

aiaj,...,aqa}; (both in the classical sense and in the sense of Voiculescu (cf. [21])), it remains to show
that
d
T ((aral)™ ... (agay)™) = HT((aia;‘)mi) , mi,...,mg €N.
i=1

This follows immediately from the special form (3.57) of the elements a;af, 1 < i < d, and the fact that
by the identification (3.54), 7 can be viewed as the tensor product trace on ®%_; My (C).
Now recall that d was arbitrarily chosen. By applying the law of large numbers we deduce that the

d
sequence {}lz aia;‘} converges in probability to %I M, (C) > a d — oco. This implies that
i=1 d>1

1
3.58 aaf = —1 in probability .
( ) Z i /2 M, (C) p Y
d
Since, moreover, 0 < 23" a;a} <1, for all d > 1, it follows that the convergence (3.58) holds also in the
i=1
d 3
2-norm. Hence dlim T ((11 > aia;‘> = % , which gives (3.55), and the proof is complete. O
—00 i=1
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