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ABSTRACT. In this paper we consider the following problem: When are the preduals of two hyperfinite
(=injective) factors M and N (on separable Hilbert spaces) cb-isomorphic (i.e., isomorphic as operator
spaces)? We show that if M is semifinite and N is type III, then their preduals are not cb-isomorphic.
Moreover, we construct a one-parameter family of hyperfinite type IIlg-factors with mutually non cb-
isomorphic preduals, and we give a characterization of those hyperfinite factors M whose preduals are
cb-isomorphic to the predual of the unique hyperfinite type III;-factor. In contrast, Christensen and
Sinclair proved in 1989 that all infinite dimensional hyperfinite factors with separable preduals are cb-
isomorphic. More recently Rosenthal, Sukochev and the first-named author proved that all hyperfinite
type III)-factors, where 0 < A < 1, have cb-isomorphic preduals.

1. INTRODUCTION AND FORMULATION OF THE MAIN RESULTS

In the paper [1], Christensen and Sinclair proved that if M and N are infinite dimensional factors with
separable preduals, then M and N are cb-isomorphic (M C:b N), i.e., there exists a linear bijection ¢
of M onto N such that both ¢ and ¢~! are completely bounded. In 1993 Kirchberg (cf. [23]) proved a
similar result for C*-algebras, namely if A and B are simple, separable, nuclear, non-type I C*-algebras,
then AZ B.

However, if one turns to preduals of von Neumann algebras (on separable Hilbert spaces), the situation is
very different. Rosenthal, Sukochev and the first-named author proved in [16] that if M is a II;-factor and
N is a properly infinite von Neumann algebra, then their preduals M, and N, are not isomorphic as Ba-
nach spaces, so in particular they are not cb-isomorphic. Moreover, the Banach space isomorphism classes
(respectively, cb-isomorphism classes) of separable preduals of hyperfinite and semifinite von Neumann
algebras are completely determined by [16], Theorem 5.1.

By a combination of two recent results of Pisier and Junge, the predual M, of a semifinite factor M
cannot be cb-isomorphic to the predual of R, , the unique hyperfinite factor of type I11; , because Pisier’s
operator Hilbert space OH does not cb-embed in M, by [34], while OH admits a cbh-embedding into
(Roo)«, as proved in [20] (see also [15]).

A von Neumann algebra M with separable predual is hyperfinite (or approximative finite dimensional)
if M is the strong closure of an increasing union U2 ; M, of finite dimensional *-subalgebras M,, .
By Connes’ celebrated work [4], a factor M (with separable predual) is hyperfinite if and only if it is
injective. It is well-known that the same holds for non-factors (see Section 6 of [12] and the references given
therein), so in the following we do not need to distinguish between ”hyperfiniteness” and ”injectivity” for
von Neumann algebras with separable preduals.

The main results of this paper are the following:



Theorem 1.1. Let M and N be hyperfinite von Neumann algebras with separable preduals M, and N,
respectively. If M is type III and N is semifinite, then the preduals M, and N, are not cb-isomorphic.

More generally, M, is not cb-isomorphic to a cb-complemented subspace of N .

Theorem 1.2. The predual of a hyperfinite type IIl-factor M (on a separable Hilbert space) is cb-
isomorphic to the predual of the hyperfinite type III;-factor R if and only if there exists a normal
invariant state on the flow of weights (Z(N), (05)ser) for M.

Theorem 1.3. There exist uncountably many cb-isomorphism classes of preduals of hyperfinite type I11y-

factors (on separable Hilbert spaces).

Both Theorems 1.2 and 1.3 rely on Connes’ classification of type III-factors (cf. [3]), and the Connes-
Takesaki flow of weights for type III-factors (cf. [10]) and on Connes’ classification of injective factors (see
[4]), which we will outline below.

In [3] Connes introduced the subclassification of type III- factors into type IIIy-factors, where 0 < A < 1.
Later, in [10] Connes and Takesaki introduced the ”smooth flow of weights” (now called ”the flow of
weights”) of a type III-factor. Following Takesaki’s exposition in [40], Vol. II, pp. 364-368, the flow of
weights can be constructed as follows. Let M be a type IIl-factor, and let ¢ be a normal, faithful state
on M. Consider the crossed product N := M x,+ R, where (Uf )ter is the modular automorphism group
associated with ¢. Then N is generated by an embedding (M) of M into N and by a one-parameter
group (A(t))ser of unitaries in A'. Moreover, there is a s.0.t-continuous dual action ()ser of R on A,

characterized by the relations

O,(n(z)) = w(x), ze€M

0,(\(t)) = €*A(), teR,
for all s € R. Let 6, be the restriction of 6, to the center Z(N) of . Then (Z(N), (65)scr) is called
the flow of weights for M. It is independent (up to isomorphism) of the choice of the state ¢ on M.
Since M is a factor, 6§ = (,)ser acts ergodically on Z(N), i.e., the fixed point algebra Z(N)? for the
action 6 is equal to C1. Since Z(N') ~ L>°(£, i) for some standard Borel measure space (£2, 1), the flow

0 = (6s)ser can be realized as the flow associated to a one-parameter family (o5)secr on non-singular Borel
transformations of (Q, i), that is, for all s € R,

O.1)(x) = flo'(x), feLl>®Qu),zcqQ.
The connection between Connes’ type III)-factors and the flow of weights is given by 1.4., 1.5. and 1.6.

below (cf. [10], [39] and [40], Vol. II, Chapter XII).
Let M be a type III-factor (with separable predual). Then

1.4. M is of type Il if and only if the flow (6)secr is non-periodic, i.e., 05 # Id (s, for all s € R~ {0} .
In this case the flow is non-transitive (=properly ergodic), which means that the measure p described

above is not concentrated on a single o-orbit in 2.

1.5. For 0 < A < 1, M is of type III, if and only if the flow (0;)scr is periodic with minimal period equal
to —log A. In this case,

Z(N) = L®([R/((—1log \)Z)) .
and for all s € R, 6, is induced by the translation o, : z +— x +son Q =R/((—log \)Z) .



1.6. M is of type III; if and only if 6, = Idz(u), for all s € R. In this case Z(N) = C1.

For hyperfinite type III-factors with separable predual much more is known, owing to Connes’ classifi-
cation of injective factors [4], and related work by Krieger [25], Connes [5] and by the first-named author

[14], namely:

1.7. The map M — ((Z(N), (65)scr) gives a one-to one correspondence between the set of (isomorphism
classes of) hyperfinite type IIIp-factors onto the set of (isomorphism classes of) non-transitive ergodic
flows (A, (0s)ser) on abelian von Neumann algebras A with separable predual. In particular, there are

uncountably many isomorphism classes of hyperfinite type ITIp-factors (cf. [4], [25]).

1.8. For each 0 < A < 1, there is exactly one (up to isomorphism) hyperfinite factor of type III , namely
the Powers factor

Ry = ®,;2 1 (M5(C), y),

A
where ¢y = Tr(hy - ), Tr being the non-normalized trace on Ms(C) and hy = 1-1%\ ( 0 (1) ) . (See [4].)
1.9. There is only one (up to isomorphism) hyperfinite type III;-factor, namely the Araki-Woods factor
R , which can be expressed as the (von Neumann algebra) tensor product R, = Ry, ®R), of two Powers

factors with {gi i; ¢ Q (cf. [5] and [14]).

Proofs of 1.7., 1.8. and 1.9. can also be found in [40], Vol. III, Chap. XVIIL.

The rest of the paper is organized in the following way. In Section 2, we obtain some Stinespring-

type results for completely positive and completely bounded maps, which will allow us to show that two
properly infinite hyperfinite von Neumann algebras M and N with separable preduals have cb-isomorphic
preduals if and only if there exist von Neumann algebras embeddings ¢ : M — N, j : N' — M and normal
conditional expectations E : N—i(M), F' : M—j(N). From this result, Theorem 1.1 follows easily by
results of Sakai [35] and Tomiyama [42] on normal conditional expectations.

In Section 3 we prove Theorem 1.2. The most difficult part is to show that R,, embeds into M as the
range of a normal conditional expectation, provided that there exists a normal, invariant state on the flow
of weights for M. This part of the proof relies heavily on the main result from [17] on the classification
of normal states on a von Neumann algebra up to approximative unitary equivalence.

Finally, in Section 4 we prove Theorem 1.3 by giving an explicit construction of a one-parameter family
(A® 915, 5 of non-transitive, ergodic flows ) = (0{),cr on abelian von Neumann algebras A(®)
with separable preduals Ait) , satisfying the following property:

(1.1) lim lwobl) —w||=t, weA?.
n—oo

Then by 1.7. above, (A®) ,o(t))ogt<2 are the flow of weights associated with hyperfinite type Iy factors
(M®)g<i<2, and by (1.1) combined with the results of Section 2, we obtain that M) and M) are not
cb-isomorphic when t; # to . It is interesting to note that the factors (M(t))0§t<2 cannot be separated by
Connes’ S- and T-invariants. Being type ITTo-factors, S(M®) = {0,1}, for all ¢ € [0,2), and in Theorem
4.5 we prove that T(M®) = {22%’“,16 e€eZ,ne N} , for all t € ]0,2).

For details on operator spaces and completely bounded maps we refer to the monographs [11, 32]. We
shall briefly recall some definitions that are relevant for our paper. An operator space X is a Banach

space given together with an isometric embedding X C B(H), the algebra of bounded linear operators



on a Hilbert space H . For all n > 1, this embedding determines a norm on M, (X) (the n x n matrices
over X), induced by the space M, (B(H)) = B(H™). The morphisms in the category of operator spaces
are completely bounded maps. Given a linear map ¢ : X — Y between two operator spaces X and Y
and n > 1, define ¢, : M, (X) — M,u(Y) by én([zi5]) = [¢(xi;)], for all [z,]7,—; € Myu(X). Let
|@llcy := sup{||@n|l;n» € N}. The map ¢ is called completely bounded (for short, cb) if ||¢]|cp < 00, and ¢
is called completely isometric if all ¢,, are isometries. The space of all cb maps from X to Y, denoted by
CB(X,Y), is an operator space with matrix norms defined by M, (CB(X,Y)) = CB(X,M,(Y)), n > 1.
The dual of an operator space X is, again, an operator space X* = CB(X,C). A von Neumann algebra
M carries a natural operator space structure, and its predual M, carries the operator space structure

induced by the completely isometric embedding into the dual M* of M .

2. STINESPRING-TYPE THEOREMS AND APPLICATIONS

Lemma 2.1. Let M and N be von Neumann algebras with separable preduals M, and N, , respectively.
Let « : M — N be a completely positive map. Then there exists a completely positive unital map
a: M — N such that

aa) = a(D)V?a@(a)a()V?, aeM,

where 1 denotes the unit of M . Moreover, if a is normal, then & can be chosen to be normal.
Proof. Assume first that supp(a(1)) = 1u, where 15 denotes the unit of N'. Let H be a separable
Hilbert space with A" C B(H). The operator a(1)'/? is one-to-one and has dense range, denoted by Hy .
Hence we get a (possibly unbounded) map o(1)~/2: Hy — H .
Now fix a € M, a > 0, and define a positive sesquilinear form on Hy x Hy by
s(x,y) == (a(a)a(1) "2z, a(1)"?y), z,y € Hy.
Note that s is positive, since « is so. We now show that s is a bounded sesquilinear form. For all z € Hy,
s(@,x) < Jlal{a(Da(1)" 2z, a(1)"22) = |laf ||
By Schwarz’s inequality,
|s(z,y)| < s(w,2)?s(y,9)"* < |alll=]llyll, 2,y € Ho.
Hence there exists a unique operator T € B(H) such that
(Tz,y) = (a(a)a(1)"?z,a(1)"?y), w,yeH.

Note first that T € A'. This follows from the fact that for all x,y € Hy and all unitaries U in the
commutant N’ of N,
(TUz,Uy) = (Tz,y),

wherein we use the fact that a(a) € N, and a(1)~'/2 is affiliated with A/. Clearly T is positive.

Since M is the span of its positive part M™ | we infer that for all a € M, there exists a unique element
a(a) € N such that

(@(a)a,y) = (a(a)al) ™2z, a(1)"V2y), w,y € Ho.

By uniqueness, the map « is linear. Also, clearly a(a) > 0, whenever @ > 0 and @(1) = 1. Looking at

n X n matrices over M we infer that a is completely positive. Moreover, for all a € M,

afa) = o(1)2&(a)a(1) "2



since (a(a)z,y) = (@(a)a(1)/2z, a(1)/?y), for all x,y € H. Note also that & is normal if « is so.

It remains to consider the case when p := supp(a(1l)) $ 1n. Apply the previous argument to the
mapping o : M — pNp C M. We then obtain a completely positive map & : M — pAp such that
a(1) = p and a(a) = a(1)/%a(a)a(1)'/?, for all a € M. Choose a normal state ¢ on M, and set

a(a) == ala) + ¢p(a)(Iy —p), a€ M.

Then @ is completely positive and a(1) = p+ (1xr — p) = Ly . Furthermore, since supp(a(l)l/Q) =p,
a(D)Y2a(a)a(1)? = a(a) + ¢(a)a(1)?(1y — p)a(1)V? = afa) .
Moreover, if « is normal, then both & and @ are normal. The proof is complete. O

Lemma 2.2. Let N be a von Neumann algebra with separable predual. If p € N is a properly infinite
projection with central support equal to the identity 1 of N, then p ~ 1.

Proof. This result is well-known and it follows by standard comparison theory of projections. For conve-
nience of the reader, we include a proof. Assume that p # 1. Choose a maximal family (p;);er of pairwise
orthogonal non-zero projections such that p; < p, for all ¢ € I . Note that I must be countable. We first
show that
(2.1) > pi=1.

iel
Suppose by contradiction that > p; < 1. Set ¢:=1— > p;. If ¢(p) and ¢(q) denote the central support
of p and g, respectively, then c(cﬁé(p) = c¢(q) #0. This ilrfnlplies that there exist nonzero projections gy and
po such that ¢y < ¢q, po < p and gy ~ po. Hence gy < p. Since g9 < ¢, this contradicts the maximality
assumption of the family (p;)icr, and (2.1) is proved. Since p is properly infinite, we can write
(2:2) p=y_ri,

iel

where (r;);c; are pairwise orthogonal projections so that p ~ r;, for all ¢ € I. Hence p; < p ~ r;, for all
1 € I. Together with (2.1) and (2.2), this implies that 1 < p. Clearly p < 1, and therefore p ~ 1. O

We now prove the following Stinespring-Kasparov-type theorem (see [22], Theorem 3(1)):

Theorem 2.3. Let M and N be von Neumann algebras with separable preduals M, and N, , respectively.
Assume, moreover, that N is properly infinite. Let o : M — N be a normal, completely positive map.

Then there exists a normal *-representation w: M — N and an operator V€ N such that
ala) =V*r(a)V, a€eM.

Proof. By Lemma 2.1 we can assume without loss of generality that a(l) = 1x-, where 1 and 1, are
the identities of M and N/, respectively. Following Stinespring’s construction (see [29], Theorem 4.1),
we define a positive sesquilinear form s on the algebraic tensor product M ® H , where H is a separable
Hilbert space with N C B(H), by

s(a®@z,b®y):=(a(d*a)z,y), a,be M, ,x,ye H.



Let L := {z € M ® H;s(z,2) =0}, and note that (M ® H)/L is a prehilbert space whose completion
we denote by K . For all a € M and z € H let [a ® z] denote the corresponding element in the quotient
space M ® H/L. For all a € M define my(a) by

mola)b@z] :=[ab®@z], be M,z e H.

Then mg(a) is a densely-defined, bounded operator on the dense subspace (M ® H)/L of K . Hence mo(a)
extends to a bounded linear operator on the whole K , and this yields a map 7p : M — B(K). It is easily
checked that 7y is a unital *-representation. Moreover, 7y is normal. This follows immediately from the
fact that « is normal and that

(2.3) (mo(a)b®z],[c@y]) = (a(c"ab)z,y),
for all a,b,c € M, and all z,y € H. Define now W : H — K by
Wz :=[1®z], z€H.
By (2.3), it follows that
(mo(a)Wa, Wy) = (a(a)x,y), a€ M,z,y€ H.

Since a(1) = 1ar, W is an isometry of H into K, W*W = 1, and
(2.4) ala) = Wrng(a)W, aeM.
Let N’ denote the commutant of A in B(H) . Define a normal *-representation of N’ on (M ©@ H)/L by

oo(n)a®@z] :=[a®@n'z], n eN .
It is easily checked that og is a well-defined linear map on (M ® H)/L. Now let n’ € N’. Then

I[a®n/z]||? = (ala*a)n'z,n'z) = (n)*a(a*a)n’z,z) = {((n')*na(a*a)z,)
< [ IPllle® =],

wherein we have used the fact that «(M) C N'. We deduce that og(n’) has a unique extension to an
operator o(n') € B(K) such that

(2.5) on)ae®z]=la®n'z], a€ M,z €H.

Note also that o(1x) = 1k , and it is easily checked that the map o : N7 — B(K) thus defined is a normal

x-representation. Set

N = (c(N")) C B(K).
Next, we check that WW™* ¢ N . Given any a € M and x € H, we have by the definition of W that
Wrawal,y) = (la@z],Wy) = (a@z],[1 ©y]) = (ala)r,y), yeH.
Hence W*[a ® z] = a(a)x, so WW*[a ® z] = [1 ® a(a)z], which implies that
o YWWH*a® z] = [1®n'a(a)z].

Moreover, by (2.5), WW*a(n')[a ® z] = [1 ® aa)n'z] = [1 ® n’a(a)z]. We conclude that WIW* € N .
Note that

(2.6) Wn' =o(n )W, n'eN’,



since for all x € H, Wn'z = [1®@n'z], while o(n )Wz = o(n')[l®@ 2] = [l ® n’z]. Taking adjoints we get
(2.7) n'W*=W+s(n'), n' eN’.
We next prove that WIW* is a properly infinite projection in N . Define
plz) =WaW*, zeN.
Since W*W = 1,7, p is a (non-unital) x-homomorphism of N into B(K). Moreover,
WaW*o(n') = Wan' = Wn'aW* = o(nYWaW*, zeN,n e N'.

Hence p(z) € (0(N')) = N, for all z € N'. Since p(ly) = WW*, we can consider p as a unital
*-homomorphism of A into the corner algebra (WW*)N (WW*), and since N is properly infinite, it

follows that p(N) and (WW*)N(WW*) are also properly infinite von Neumann algebras. Hence WW*
is a properly infinite projection in N. Now let c(WW™*) be the central support of WW* in N and put

q:=1—c¢(WW*). Then q € Z(N) = Z(c(N")) and therefore ¢ = o(qo) , for a projection qo € Z(N’).
Since o(gg) and WW* are orthogonal projections, we have for all € H that

Waqor = WW*[1 ® qoz] = WW* o (qo)[l @ 2] =0.

Therefore go = 0, which implies that ¢(WW™*) = 1. By Lemma 2.2, it follows that WW* ~ 1k (in
N). Choose now U € N such that U*U = WW* and UU* = 1 . Then UW € B(H, K) and

(UWY'Uw =1, UWUW)* =1k,
i.e., UW is a unitary operator from H to K . Therefore
m(a) = (UW)*mo(a)UW, aeM
defines a normal unital x-homomorphism of M into B(H) . For all a € M,
Urro(a)U € N = (o(N"))'.

Hence, by (2.6) and (2.7),
7(a) = W*(U*mo(a) U)W € (N') =N .

Next, set V := W*U*W € B(H). Since U* € N = (0(N"))’, using again (2.6) and (2.7) we deduce that
V e (N') =N . Moreover, for all a € M,

ala) =W ng(a)W = WUWr(a)(UW)*W =V*r(a)V .

This completes the proof. O

Next we prove the following Stinespring-Paulsen-type theorem (cf. [28], Theorem 2.7; see also [29],
Theorem 7.4):

Theorem 2.4. Let M and N be von Neumann algebras with separable preduals M, ,N,. Assume,
moreover, that N is properly infinite and injective. Let o : M — N be a normal cb-map. Then there

exists a normal x-representation ©: M — N and operators R,S € N such that
(2.8) ala) = Rr(a)S, aeM
and | R||IS] = llalles -



For the proof we need a few preliminary considerations. Recall that (see, e.g., [40] Vol.I, Theorem 2.14)
if M is a von Neumann algebra, then any functional ¢ € M* has a unique decomposition into its normal

and singular part

(2.9) ¢ =n+ o

Moreover, if M and N are von Neumann algebras (not necessarily with separable preduals), and T €

B(M,N), then there exists a unique decomposition
(2.10) T=1T,+T,,
where T}, , Ts € B(M,N), and such that for any ¢ € N, , we have

(211) (boTn:(QSOT)na ¢OTSZ(¢OT)57

(cf. [42], Theorem 1). Further, the following assertions hold:

(a) If T is positive, then both T, and Ts in the decomposition (2.10) are positive.
(b) If T is completely positive, then both T, and T, in the decomposition (2.10) are completely
positive.
Statement (a) follows by uniqueness, since for any positive functional ¢ € M*, both maps ¢,, and ¢, in
the decomposition (2.9) are positive. To justify (b), let k& be a positive integer, and note that for any
¢ € (Mp(M))*, we have ¢ = (¢i;)F ;= with ¢;; € M*, since, algebraically, (My(M))* = My(M*). By
uniqueness we deduce that ¢, = ((¢ij)n)§7j:1 and, respectively, ¢s = ((qﬁij)s)ﬁj:l. Thus (b) follows.
Proof of Theorem 2.4. By Theorem 1.6 in [13], there exist completely positive maps 3,v : M — N such

that the mapping ¢ defined by

(2.12) o(a) = ( 62“; o"(a) ) . aeM

is a completely positive map from M into My(N), where
a*(a) == ala®)", a€e M.

Next, note that the maps § and «y can be chosen to be normal. For this, exchange (possibly) 8 and  above
with their normal parts 8, and 7, , respectively. Then one can check that the map o defined by (2.12) is
still completely positive, and, moreover, normal. By Theorem 2.3, there exists a normal *-representation
7' M — My(N') and an operator V € M(N) such that

( ﬂEa; a*(a) ) :V*W/(G)V, a e M.

Vit Vio

Write now V =
Vo1 Voo

> . It then follows that

afa) = (Viy, V) m'(a) ( 21 ) , aeM.



Since N is properly infinite, N' = M5(N') . Denote by 1 the identity of N and choose isometries u; ,us € N
so that uju} and ugu} are orthogonal projections with ujuj + usuj = 1. Define 7 : M — AN by

ES
Uy

7(a) :—(ul,UQ)W’(a)< )6./\/, acM.

us
Then 7 is a *-representation because (u1,us2) is a unitary from H to H @ H , as verified by the following

uj uj 1 0
computations: (uy,us) < u’l‘ ) = wui + ugu} = 1, respectively, < u’lk > (ug ,u0) = ( 01 ) . Hence
2 2

' (a) = ( ui )ﬂ(a)(ul,u2), aeM.

Uy
Moreover, it is clear that 7 is normal, and that

(2.13) a(a) = (Via, Vi) ( u >w’<a><u1,u2>< o ) L aeM.
Ug 21

* %

Denote (V7% , V55) ui by R, respectively, (uj ,uz) ( Vn > by S. Then (2.13) yields (2.8), and the
Uog 21

proof of theorem 2.4 is now complete. O

The following result is known as Pelczynski’s trick (cf. [30]; see also [26], page 54):

Lemma 2.5. Let X and Y be Banach spaces. Suppose that there exist Banach spaces V' and W such that
1) XYW
2 Y2XapV
) X X=X
4) YaY2Y

Then X is isomorphic to Y .

Proof. For completeness, we include the short proof of this result. We have
X2XpX=2YeYoeWeW=ZYaeWaelW=XaW,

and therefore X 2 Y oW =2 (XoV)oW=Z(XaeW)aV =2XaV XY, as wanted. O

Remark 2.6. A similar proof with isomorphisms being replaced by complete isomorphisms shows that
Pelczynski’s trick holds, more generally, in the category of operator spaces. Note also that if X and Y
are properly infinite von Neumann algebras, or preduals of properly infinite von Neumann algebras, then
conditions 3) and 4) above are automatically satisfied, in the operator space category, as justified in the
proof of Theorem 6.2 in [16].

Proposition 2.7. Let M and N be von Neumann algebras. The following statements are equivalent:

1) There emists a cb-embedding i : M, — N such that i(M,) is cb-complemented in N .
2) There exist cb maps ¢ : M, — N and 1 : N, — M, such that o ¢ = Idp,, .
3) There exist normal cb-maps a: M — N and 3: N — M such that foa = Idp .



Proof. 1) = 2). By hypothesis, there exists a cb-projection p : N, — i(M,) C N,. Set ¢ := i,
Y :=i"top. Then ¢, are cb-maps and 1 o ¢ = Idpq, .

2) = 1). Set i:= ¢, p:= ¢po1p. Note that i = ¢ is a cb-embedding, since ¢ : M, — $(M.,) is a bijection
with inverse ¢! = ¢]ym,) - Also, p2 = ¢o (Yo ) o) =¢o = p, and moreover, p(i(M,)) = ¢(M,).
Hence p is a cb projection of N, onto i(M.) = ¢(M.).

2) = 3). Set a:=9* : M — N and 3 := ¢* : N'— M. Then a, 3 are cb normal maps with Soa = Id .
To prove 3) = 2), take ¢ := 3, ,9 := a, . Then ¢, are well-defined cb-maps with ¥ o ¢ = Id, - O

Lemma 2.8. Let M be an injective von Neumann algebra with separable predual. Let m : M — B(H)
and p : M — B(K) be two normal, unital x-representations of M on separable Hilbert spaces H and K ,
respectively. Then, for all T € B(H,K), there exists Ty € conv{p(u)Tw(u)*;u € L{(./\/l)}uj , where U(M)

is the set of unitaries in M , such that

To = p(w)Tom(uw)*, uweUM).

Proof. Let us first recall the following definition due to J. Schwartz (cf. [37]; see also [36]). A von Neumann
algebra M C B(H) has property P if conv{uTu*;u € Z/I(./\/l)}u}* NM' #£0, for all T € B(H), where M’
is the commutant of M. It was proved by Sakai that if M is hyperfinite, then M has property P (see
[36], Corollary 4.4.19). Now, let T' € B(H, K). Then, for any v € U(M),

m(u) 0 0 0 m(w)* 0 - 0 0
(2.14) ( 0 plu) ) ( T 0 ) ( 0 pu)* ) N ( p(u)T'r(u)* 0 ) .

Since 7 and p are normal, it follows that the von Neumann algebra (7 @® p)(M) is injective, and therefore,

by the above discussion, it has property P. It follows that there exists an operator

5

To € conv{p(u)Tm(u)*;u € U(M)}w

0 0
such that < T o ) € (@ p)(M))". By applying (2.14) to the operator Ty € B(H, K) , we deduce that

To = p(w)Tom(uw)*, weUM),

and the proof is complete. O

Proposition 2.9. Let M and N be properly infinite von Neumann algebras with separable preduals
M, Ni. If N is injective (=hyperfinite), then the following statements are equivalent:
i) There exists a cb-embedding i : M, — N, such that i(M.) is cb-complemented in N .
11) There exists a von Neumann algebra embedding o : M — N and a normal conditional expectation
B: N — M such that Boa = Idy, .

Moreover, if i) holds, then M is injective, as well.

Proof. We have to prove that i) = i), since by Proposition 2.7 we know already that ii) = ¢). Suppose
that 7) holds, then by Proposition 2.7 there exist normal completely bounded maps o : M — N and
B: N — M such that S o« = Idy. The first goal is to make a into a *-representation. Indeed, by

Theorem 2.4 there exists a normal *-representation 7 : M — N and operators R, S € N such that

(2.15) a(a) = Rw(a)S, ae M.

10



Note that « is one-to-one (since f o« = Id), and by (2.15) this implies that 7 is one-to-one, too. Hence
T

7 is a *-isomorphism of M onto its image 7(M), the latter being a von Neumann subalgebra of N'. Set

(
p(b) == (w0 B)(RyS), yeN.

Then, for all b = 7(a), where a € M, p(b) = (7 o B)(R7(a)S) = ToBoala) = 7(a) = b. Thus
p(w(M)) = T(M). Since p(N) C (M), we infer that p(N) = 7T(M), i.e., p is a projection of N onto
(M) . Hence we have proved that there exist a normal one-to-one *-representation 7 : M — N and a
normal cb-projection p : N' — 7(M). Let H be a separable Hilbert space with N' C B(H). Since N is
injective, there exists a conditional expectation E : B(H) — N . The composition # 1pE : B(H) — M
is a cb-projection. By a result of Pisier (cf. Theorem 2.9 in [31]) and Christensen-Sinclair [2], it follows
that M is injective, as well.

So far we have reduced the general case to the case when M is a von Neumann subalgebra of N,
a: M — N is the inclusion map and 8 : N/ — M is a normal cb-projection of N onto M. The next
step is to change (8 into a normal conditional expectation. For this, apply now Theorem 2.4 to the map
B : N — M, and infer the existence of a normal *-representation 7 : ' — M and operators R, S €¢ M
such that 3(a) = Rm(a)S, for all a € N'. Since §8|p = Idp and M C N | it follows that

(2.16) a = Rm(a)S, aecM.

Since M is injective, we get from Lemma 2.8 that there exists an operator

So € conv{m(u)Su*;u € Z/I(M)}Uj* cM
such that
(2.17) m(u)Sou* =Sy, ueclU(M).

Note that by (2.16), Rm(u)Su* = vu* =1, for all u € U(M). Hence RSy = 1. Therefore Sy is bounded
away from 0, i.e., So| := (S5 So)? is invertible. Let

So := Uo|So|

be the polar decomposition of Sy . Since Sy € M | it follows that Uy € M and |Sp| € M, as well. Moreover,
U = So|So|~t and UiUy = 1. By (2.17), 7(u)So = Sou, for all u € U(M). Hence 7(a)Sy = Spa, for all
a € M = Span(U(M)). By taking adjoints, it follows that Sgm(a) = aS§ , for all a € M. Hence

SoSoa = Sgm(a)So = aS;Sy, a€ M.
Therefore |So| = (S350)2 € Z(M) (the center of M), which implies that
W(a)UO = 7r(a)50|5’0|_1 = Soa|50|_1 = 50|SQ|_1G =Uya, acé€ M.

Hence a = Ugn(a)Uy, for all a € M, and therefore a = Ufn(a)Up, for all a € M. From this we infer
that the map 3; defined by
Bu(b) := Ugm(b)Up, beN

is a normal, completely positive map satisfying 81 (N) € M and 1|y = Idpy. Hence 3 is a normal
conditional expectation of N onto M. This completes the proof of Proposition 2.9. g

By Proposition 2.7 and Proposition 2.9 we obtain immediately the following

11



Theorem 2.10. Let M and N be properly infinite von Neumann algebras with separable preduals M, , N..

If both M and N are injective, then the following statements are equivalent:

1) M, 2N,

2) Idn, admits a cb-factorization through N, and Idy, admits a cb-factorization through M., .

3) Idyp admits a cb-factorization through N and Idy admits a cb-factorization through M , where
all four cb-maps involved are normal.

4) There exist von Neumann algebras embeddings i : M — N, j : N — M and normal conditional
expectations E - N — i(M), F: M — j(N).

The following result is due to Sakai and Tomiyama (cf. [35] and [42], Theorem 3). For convenience, we
include a short proof based on [35].

Lemma 2.11. ([35], [42] ) Let N be a semifinite von Neumann algebra and let M C N be a von Neumann

subalgebra of type III. Then there is no normal conditional expectation from N onto M.

Proof. Suppose by contradiction that there exists a normal conditional expectation £ : N' — M. Since
N is semifinite, there exists a net (ey)aea of finite dimensional projections in A converging in strong
operator (s.0.) topology to the identity 1 of N'. By normality of E, it follows that E(ey) =% 1, where
1 is the identity of M . Hence, there exists a finite projection e € N with F(e) # 0. Moreover, we can
choose € > 0 such that

b= 1[5700) (E(e)) #0.

We show next that p is a finite projection in M. Set a := E(e)p+ (1 —p). Then a = a* and a > €l.
In particular, a is invertible. Let (z4)aca be a bounded net in pMp, which converges s.o. to 0. Then,
as shown by Sakai (see the proof of Theorem 2.5.6 (2) in [36]), the finiteness of e ensures that the net
(ex?)aea converges to 0 s.o. Since z¥ € pMp, for all « € A, it follows that azx? = E(e)z? = E(ex}).
Thus 2%, = a ' E(ex?) 2> 0. By Theorem 2.5.6 (1) in [36], it follows that pMp is finite. This implies
that p is a finite projection in M, which contradicts the fact that M is of type III. a

Proof of Theorem 1.1. Let M and N be hyperfinite von Neumann algebras with separable preduals,
where M is of type III and N is semifinite.

Consider first the case when N is properly infinite, and assume by contradiction that M, is cb-
isomorphic to a cb-complemented subspace of N,. Then the statement i7) in Proposition 2.9 holds.
By Lemma 2.11, this yields a contradiction, and therefore the theorem is proved in this case.

For the general case, note that if M. is cb-complemented in N, then also (M ® B(H)). is cb-
complemented in (N ® B(H))., where H = [>(N). But the von Neumann algebras M ® B(H) and
N ® B(H) are both properly infinite; moreover, the first is of type III, while the second is semifinite. So,
by the first part of the proof we obtain a contradiction, and the proof of Theorem 1.1 is complete. O

Remark 2.12. In [27], Oikhberg, Rosenthal and Stgrmer studied isometric embeddings of a predual M.,
into a predual N, , and show that no such embeddings exist if M is of type III and N is semifinite. In

this case neither hyperfiniteness, nor separability assumptions are needed.
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3. A CHARACTERIZATION OF TYPE III-FACTORS WHOSE PREDUALS ARE CB-ISOMORPHIC TO THE
PREDUAL OF THE INJECTIVE TYPE III{ FACTOR

Our main result in this section is a characterization of type III- factors which admit an invariant normal
state on their flow of weights. (See Theorem 3.5 below.) Let M be a type IIl-factor with separable
predual and let ¢g be a fixed normal faithful state on M. Consider the crossed-product N := M x4, R,

and let (65)scr of R be the dual action of o%° on N, i.e.,

(3.1) O,(n(z)) = w(x), zeM

(3.2) 0,(A(t)) = €®A(), teR,

for all s € R, where m(M) and (A(¢)):er are the generators of the crossed product A, as explained in the
Introduction. Then the flow of weights of M is the pair (Z(N), (0;)secr) , where Z(N) is the center of N
and 0, is the restriction of f, to the center Z(N), for all s € R. Recall that a state 1 on Z(N) is called

an invariant state on the flow of weights for M, if v is invariant under the dual action (6;)ser, i.e.,
Yols=1v, seR.

Next, let h be the unique positive self-adjoint operator affiliated with A/, for which hi* = X(t), for all
t € R, and let ¢ be the dual weight of ¢y in the sense of Takesaki [39]. Then (cf. [39]), ¢o = 7(h ), for
a unique normal, faithful, semifinite trace 7 on N, which satisfies

—S

Tols=e"°1, seR.

By [17], we can define a map ¢ — ¢ of Spor (M), the set of normal states on M , into the set Spor(Z(N))
of normal states on Z(N) in the following way: For ¢ € Spor(M), let h, denote the unique positive
unbounded operator affiliated with A/, such that

(3.3) ¢=1(hg-),
where qg is the dual weight of ¢, and set
(34) €y 1= 1(1100)(h¢,) eN.
Then 7(e4) =1, and therefore
o(2) =7(egz), 2€ZWN)
defines a normal state on Z(N) (cf. [17], Def. 3.2). By the proof of Lemma 3.4 in [17],
(35) 95(6¢) = 1[33700)(h/¢) , seR.

The Main Theorem in [17] states that if M is a properly infinite von Neumann algebra, then ¢ — (;AS
maps Spor(M) onto the set {w € Spor(N); wo b > e 5w,V¥s > 0}. Moreover, if ¢, 1 € Spor(M), then

(36) 16 =9l = inf llugu” =]

The right hand-side in (3.6) is by definition (cf. [9]) equal to the distance d([¢], [¢]), where [¢] denotes
the norm-closure of the orbit of ¢ under the action of inner *-automorphisms, Int(M), by ¢ — ugu*.
The customary notation ugu*(z) = ¢(u*zu), Vo € M is being used. We write ¢ ~ ¢ if d([¢], [¢]) = 0.
We now consider the following more general equivalence relation:
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Definition 3.1. Let m,n be positive integers. A s-isomorphism « : My (M) — M, (M) is called inner
if there exists u € My ,n (M) satisfying u*u = 1y, (m) and vu® = 1y, sy, such that

alz) = uzu*, € Myu(M).

Let Int(M, (M), M,,(M)) denote the set of all inner x-isomorphisms o : My, (M) — M, (M) .
If ¢ € Snor(My(M)) and b € Spor(Mp(M)), then we write ¢ ~ ¢ if

inf{||¢ — Yoo ;a € Int(M,, (M), M,(M))} =0.
Clearly ~ is an equivalence relation on |Jpe Snor(My(M)) .

Proposition 3.2. Let M be a properly infinite von Neumann algebra with separable predual. Given
@ € Snor(M), then & is O-invariant if and only if for alln > 1,

1
P~ Opi=—0® Iy,
n
where Try, denotes the non-normalized trace on M, (C) .

Proof. Let ¢ € Spor(M), and let n € N. Since M is properly infinite, M = M, (M). Hence the
identity 1, of M is a sum of n isometries, each equivalent to 1. Therefore Int(M, M, (M)) # (. Let
oy, € Int(M, M,,(M)), arbitrarily chosen. Set

(3.7) Yn = Pn 0y .
We will first prove that
(38) TZn = $O 0_ logn -

Further, set
(3.9) Tpi=Toa,!.

U
Then 7, is a trace on M,(M). More precisely, if u = € M, 1(M) is a unitary such that

Uy,
oy, (z) = uzu*, Vo € M, then 7,(y) = 7(u*yu), Yy € M,,(M). For 1 <i,j < n, let e;; denote the n x n
matrix unit at the (4, j) position. Then, 7,(z ® e;;) = T(ufzu;) = T(xuul) = §;;7(x), for all x € M,

wherein we have used the fact that w;u; = d;;11¢. Hence
(3.10) Tn =7 Tr,.

Let hy be defined by (3.3). Then, by uniqueness of the Radon-Nikodym derivative and formula (3.10), it
follows that ¢,, = 7,(hg, ), where hy, = %hq} ® I, and I, € M, (C) denotes the identity n x n matrix.
Then, by setting eg, = 1(1,00)(hg,) € Mp(N) = M,,(M X0, R), we obtain by (3.5) that

1
(3.11) €p, = 1(1’00) (nh¢ (9 In) = 1(n,oo)(h¢ (39 In) = elogn(€¢) 1, ,
where e, is defined by (3.4). By (3.7) and (3.11) it follows that

(3.12) ey, =, (es,) = a;  (Bognley) @ I) .
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Then, by (3.12), (3.9) and (3.10) we have for all z € Z(N)

1bn(x) = T(eibnx)

7(a,  (Blogn(eg) © In) -y, an ()
Toa, " (Blogn(eg) @ In)am(x))
(7 @ Trn)((Brog n(ep) ® In)an ()

L nr(Gognles)r),

where equality (1) follows from the following considerations. Since a, () = uzu*, we have
Orognlep)urzul ... Biognlep)urzul
(Brogn(eg) @ In)an(z) =
Oogn(ep)unzui ... BOiognleg)unzul

We infer that

(T® ﬁn)((alogn(eaﬁ) ® In)an(x)) =7 <910gn (e¢) Zull‘uf) .

i=1
n n
Since z € Z(N), we have Y u;zuf =z Y u;uf = nz, and equality (f) is now proved.

i=1 i=1

Therefore, for all z € Z(N),

Un(x) = n7(bognles)r)
nT(Brogn(€e)Plog nl—10g n())

= (Toelogn)(eqﬁ Iogn( ))
i (€¢9 logn(x))
= (¢09 logn)(aj)

where (1) follows by taking s =logn in the equality 70 05 = e~ *7. Hence we have proved (3.8).
Now suppose that ¢ is f-invariant. By (3.8) it follows that for all n > 1 b= ¥n . Then, by the main
theorem in [17] (cf. (3.6) above), it follows that ¢ ~ 1, . The assertion follows by the definition of ), .
Conversely, assume that ¢ ~ ¢, := 2¢ @ Tr;, € Spor(M,(M)), for all n > 1. Then, for any positive
integer n, let ay, € Int(M, M,,(M)) be arbitrarily chosen, and set ¢, := ¢, 0 a, € Spor(M). By the
transitivity property of relation ~, it follows that ¢ ~ 1, . Then, by (3.8) and the main theorem in [17]
(cf. (3.6) above) we infer that

;Z;Oe—logn:;b\a n>1.

The group generated by {—logn;n > 1} in (R, +) is log(Q™), which is dense in (R, +). By the continuity
of (6s)ser , we conclude that (/50 0 = (Z,VS € R, that is, ;ﬁ\ is (0s)ser-invariant. The proof is complete. [J

Corollary 3.3. Let M be a properly infinite von Neumann algebra with separable predual. If ¢ € Syor(M)
such that ¢ ~ %qb ® Try, for all positive integers n , then

ap 0
(3.13) ¢~< 0 (l_a)¢>, 0<a<l.
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Proof. Assume first that a € Q. Then a = % , where p, q are positive integers with p < ¢. By hypothesis,

we then have

ag 0 _ 1 po 0 UL ¢@Try  Opg—p ~
0 (I—a) q 0 (¢—po q Og—pp ¢®@Trg—p ’

where 0, g—p € Mp 4—p(C) and 04—, € M,_, ,(C) denote matrices of corresponding sizes with all entries

equal to zero. By approximation we obtain (3.13) forall 0 <a < 1. O

Lemma 3.4. Let My and My be factors with separable preduals, and assume that My is of type III.
Then the following two conditions are equivalent:
(a) There exists a von Neumann algebra embedding i : My — My and a normal conditional expecta-
tion E : My — M .
(b) There exists a von Neumann algebra embedding i : My — My and a normal faithful conditional
expectation E : My — M .

Proof. The implication (b) = (a) is trivial. We prove that (a) = (b). For this, we can assume that
My C M, , for which there exists a normal conditional expectation E : My — M. Since E is normal,
it has a support projection p := supp(F), p is the smallest projection in My for which E(1 —p) = 0.
Moreover, p € M} N Ms by the bimodule property of E. Hence the map ¢ defined by

¢(a) :=ap=pa, a€ M

is a normal *-homomorphism of M; onto the von Neumann algebra pM; C B(pH), where M; C B(H).
Since M; is a factor, the map ¢ is one-to-one, and hence M; ~ pM;. Since Ms is a type IlI-factor
with separable predual and p # 0, we deduce that p ~ 1aq,, i.e., p = uwu* for an isometry u € M.
Hence My ~ pMop C B(pH) . Therefore, in order to prove (b) it suffices to construct a normal faithful
conditional expectation E' : pMip — pMsy . Set

E'(y) :==pE(y) = E(y)p, y<€pMip.

Then E’ is positive, unital and normal. For a,b € M7 and x € My, we have

E'((pa)(pzp)(bp)) = pE((ap)(pzp)(pb))p
= pE(a(pzp)b)p
= paE(pzp)bp.
Hence E’ is a normal conditional expectation of pMsp onto pM; = Mip. Moreover, if y € pMop, y >0

and E’'(y) =0, then E(y) = ¢~*(E'(y)) = 0, and hence the support projection of y is less than 1 —p. It
follows that y = 0, and we have shown that F’ is faithful. O

Theorem 3.5. Let M be a type III-factor with separable predual. The following statements are equivalent:
(1) There exists a von Neumann algebra embedding of Reo into M with a normal conditional expec-
tation E: M — R, .
(2) For every 0 < A < 1, there exists a von Neumann algebra embedding of Ry into M with a normal
conditional expectation £ : M — R .
(3) There exists an invariant normal state on the flow of weights (Z(N), (05)ser) for M.
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Proof. It was shown by Haagerup, Rosenthal and Sukochev (see [16], Theorem 6.2 (a)) that (Rx). is
completely isomorphic to (Reo)«, for all 0 < A < 1. Then an application of Theorem 2.10 yields the
equivalence of statements (1) and (2).

We now prove the implication (1) = (3). Following an argument from [17], we will show a (slightly) more
general result. Namely, let M; and M be factors of type III with separable preduals such that there is a
von Neumann algebra embedding of M into Mo with a normal conditional expectation £ : My — M; .
We show that if M is a type III;-factor, then under the above condition there exists an invariant normal
state on the flow of weights for M5 . By Lemma 3.4 we can assume that F is faithful. Let ¢; be a normal,
faithful state on M; and set ¢g := ¢ o E. Then ¢2 is a normal faithful state on My, and by [38] it
follows that

(3.14) of*,, =of", teR,

By (3.14) we obtain an embedding of N7 := M X4, R into N3 := M3 X4, R, with a normal faithful
conditional expectation E : Ny — N . Moreover, B,y = E and

(3.15) EQw(t) = \(t), teR,

where 7;(M;) and (\;(t)):cr are the generators of N;, i = 1,2, as explained before. Further, let §(!) :=
(Hgl))seR and 6 .= (9§2))S€R denote the dual action of R on N; and N3, respectively. By (3.1) and

(3.2), 0@ extends #V) and the canonical trace 75 on Ny extends the canonical trace 74 on A . Also,
(3.16) E(Z(Ny)) € Z(NY),

which can be justified as follows. Given © € Z(N3), then zy = yx for all y € N7, and therefore by the
bimodule property of conditional expectations, yE(z) = E(yz) = E(zy) = E(x)y.

Since M is a type III;- factor, then Z(N;7) = Cly, (cf. 1.6 in the Introduction), where 1y, is the
identity of Ny . By (3.16) we infer that for all z € Z(Ny) there exists ¢(x) € C such that E(z) = ¢(x)- 1, -
It is then easily seen that the correspondence z € Z(N3) — ¢(x) € C defines a normal §(2)-invariant state
on Z(N3). Thus assertion (3) is proved.

Now we show the remaining implication (3) = (1). Suppose that (Z(N), (6s)scr) has an invariant
normal state w. Note that, since M is a factor, the faithfulness of w is automatic. Indeed, we have that
0s(supp(w)) = supp(w), for all s € R, where supp(w) denotes the support projection of w. Since M is a
factor, (0s)secr is ergodic, which implies that w has full support, and hence w is faithful. Clearly,

wofby>e *w, s>0.

Hence, by the Main Theorem in [17], there exists ¢ € Sy (M) such that qAS = w. By Proposition 3.2 and
Corollary 3.3, we infer that for all 0 <a <1,

(3.17) b ( ao¢ (1 Oa)¢> ) '

Let 0 < a1,a0 < % be chosen such that, if A1, A2 are defined by \; := 1, ¢ = 1,2, then % ¢ Q.

Further, for all integers k > 0 set asg4+1 := a1, agk+2 := ag and define

an 0
¢n3—TY2<< 0 (1_an>>~>, n>1.

Then, Ry = Ry, ® Ry, = @52, (M2(C), ¢p,) (see 1.9. in the Introduction).
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Now let € > 0. By (3.17), there exists o € Int(M, Ma(M)) such that ||¢ — (¢1 ® ¢) oaf| < §. Hence we
can write M = M5(C) ® Q1 , and choose a normal faithful state 1; on Q1 so that (Q1,%1) = (M, ¢) and

6 = ér @]l <

Similarly, write @1 = M>(C) ® Q2 , with a normal faithful state 5 on Q2 such that (Qa, %) = (Q1,1%1) =
(M, @), satisfying, moreover,

i = g2 @ vall < <.

By continuing in this way, we obtain for all £ > 1 a decomposition M = (®§?:1M2 (C)) ® Q. and a normal
faithful state 1, on Q such that (Qg,¥r) = (M, ¢) and, moreover,

3
(3.18) l¥r = b1 ® Yrell < g -

Set xx := (01 ®...® ¢) @Yy, for all k > 1. By (3.18), we infer that

Ixks1 —xkll = (1@ ... 0k) @ (Pry1 @ Yr1 — Vi)l
= || Pr+1 @ Vg1 — Vil
13
< e

This shows that the sequence (x)r>1 converges in Spor(M). Set x = klim Xk € Snor(M). We claim
that x is faithful. For this, we first show that e := supp(x) commutes with P := ®§”:1M2((C), for all

positive integers k.
Let now k > 1 be fixed. Then, for all n > k we have

Xn=($1®...0 ¢r) @ Wk »

where wy p, 1= (P41 @ ... ® @) @ Uy, € Snor(Q) . Further, note that for all n,m >k,

”Xn - XmH = Hwk,n - Wk,m” :

Since x := klim Xk » we deduce that ny := lim wg, exists, Mg € Spor(Qk) and
—00

n—oo

X=($1®...0 ¢r) @ .

Then, since ¢1, ..., ¢ are faithful states, it follows that

e :=supp(x) = supp(¢1 @ ... ® ¢p,) @ supp(ni) = 1 @ supp(n) € 1 @ Qp = PN M,

wherein we have used the fact that Py is a factor. The claim that e commutes with P} is now proved.
Next set x"V := x|, ,,. and define PV := ePy, Qi := eQe and " := ULTI forall k> 1. We

obtain a sequence of von Neumann algebras embeddings PV — PJ°V «— ... — eMe. Also,

X" =(01®...® dp) @M.

Note that x"°V is a faithful state on eMe. Since M is a type III-factor on a separable Hilbert space, all
nonzero projections are equivalent, and hence eMe = M . Therefore, from now on we will use M instead
of eMe and delete the superscript new.

Further, let G' denote the s.o.t.-closure of U72; P, . It now follows that

(G, X1g) = @721 (M2(C), dr) = Re
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(see, e.g., Remark 1.8. in [43]). For all £ > 1 and all ¢t € R we have
(Jf)l@.-.@(bk) ®0_;7k — O'g(,

which implies that the automorphism group (o)):cr leaves Py globally invariant for all k > 1. It follows
that (07)icr leaves G globally invariant. By [38] we deduce that there exists a unique faithful normal

conditional expectation E of M onto G such that x o E = x. The proof is complete. O

Remark 3.6. In the special case when M is hyperfinite, a more elementary proof of the implication
(3) = (1) in Theorem 3.5 can be obtained. The proof below was suggested to us by Georges Skandalis.
Assume that M is a hyperfinite factor of type III (with separable predual), such that there exists an
invariant normal state ¢ on the flow of weights (A4,8(1) for M. Let Ny := Ros Xy R, where w is a fixed
normal faithful state on Roo. Then N is the hyperfinite II-factor, and the dual action 8(©) := 5% of
0¥ satisfies 79 0 0(0) = e~57y, for all s € R, where 7y is a normal faithful trace on NVy. Set N := NyRA,

6:=00 @ 0N and 7 := 79 ® w. Then 7 is a normal faithful trace on N satisfying
(3.19) Tobs=e"°T, seR.
By crossed product theory (cf. [40], Vol. 11, Theorem X.2.3 (i)),

Ry = ./\/Oem) = {x e Np; 09(z) =z, for all s € R}.

Hence the fixed point algebra V¢ for the action of # on N satisfies Rc®1 C N C N. Put E := Idp, ®¢ .
Then E is a normal conditional expectation of A" onto Ny®@1 and E(N?) D E(R,®1) = Rw®1. Since
w is AW invariant, it follows that E(N?) C N = R.®1, and therefore Ey := Eg|ys is a normal
conditional expectation of N? onto Ro,®1. Hence N7 satisfies condition (1) in Theorem 3.5.

We next prove that M ~ A% which will complete the proof of the implication (3) = (1) in Theorem
3.5 in the hyperfinite case. Note that by (3.19), (N, ,0) satisfies condition (¢) in Theorem XIL.1.1. of
[40], Vol. II. Therefore

Z(My) = Z(N)’,
where M; := N xp R. But since (Z(N),0]|zv)) = (A,00)), the latter being ergodic, we actually have
Z(M;) =C1, ie., My is a factor. Moreover, by Proposition X.2.6 and Lemma XII.1.2. in [40], Vol. II,

(N,R,0) ~ (M3 xR, R, @),
for some covariant system (Mo, R, ). By Theorem X.2.3. in [40], Vol. II, it follows that My ~ A/® and
(3.20) My =N xg R~ M@B(L*(R)) .
Since My is also a factor, and Ro®1 is the range of a normal conditional expectation Ey : N — R, ®1,
it follows by Lemma 2.11 that My ~ A is of type III. Hence, by (3.20),
N~ My~ My .

By Theorem XII.1.1. in [40], Vol. II, (N, R,#) is isomorphic to the "noncommutative flow of weights”
of M; (in the sense of Def. XII.1.3 in [40], Vol. II) and hence (Z(N),0|z)) = (4,00) is isomorphic
to the flow of weights for M;. Hence M and M; are hyperfinite type III-factors with isomorphic flow
of weights, so by 1.7, 1.8 and 1.9 in the Introduction, M ~ M, and thus M ~ N?. The proof is
complete.
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Corollary 3.7. Let M be a type IlI-factor with separable predual. If there exists a type I -factor which
embeds into M as the range of a normal faithful conditional expectation, then there exists a von Neumann

algebra embedding j : Roo — M, with a normal faithful conditional expectation E:M— J(Roo) -

Proof. Suppose there is a von Neumann algebra embedding ¢ : R <— M, where R is a type III;- factor,
with a normal faithful conditional expectation F : M — i(R). By the proof of the implication 1) = 3)
in Theorem 3.5, we deduce the existence of an invariant normal state on the flow of weights for M. An

application of Theorem 3.5 yields the assertion. O

The following lemma is well-known. For completeness, we include a proof.

Lemma 3.8. Let M be a hyperfinite factor with separable predual. Then

M®Ro = R .

Proof. Let 0 < A < 1. Choose 0 < p < oo such that %giz ¢ Q. Then Ry = R,®R, and therefore
Row®R) = Ry . We deduce that (M@®Ro)®R) =2 M®R . By the definition of the Araki and Woods
roo-invariant of a factor (see Section 3.6 in [3]), it follows that A\ € roo(M®Rw) . By [3], Theorem 3.6.1,
we conclude that A € S(M®R,), where S is Connes’ S-invariant of a factor. Hence M®R, is a type

III;-factor. It is also hyperfinite, and thus the assertion follows (see 1.9. in the Introduction). O

Proof of Theorem 1.2. This follows now immediately from the equivalence 1) < 4) in Theorem 2.10,
together with Theorem 3.5 and Lemma 3.4 above, and the fact that if M is an injective factor with
separable predual, then the von Neumann algebra tensor product M®R, is (isomorphic to) R (cf.
Lemma 3.8), which implies that there exists a von Neumann algebra embedding i : M — R, with a

normal conditional expectation E : Roo — i(M). O

If M is any factor (not necessarily hyperfinite) of type IIIy , where 0 < A < 1, then there always exists a
normal invariant state on the flow of weights for M . Using results of Haagerup and Winslgw (cf. [18]; see
also [16], Theorem 6.2), we exhibit in the following an uncountable family of mutually non-isomorphic (in
the von Neumann algebras sense) hyperfinite type IIIp-factors which admit a normal (faithful) invariant

state on their flow of weights:

Example 3.9. Let G be a dense, countable subgroup of R. Further, let ¢ be a normal, faithful state on
Ry and set Ng := Ry X G, where a : G — Aut(M) is the restriction of the modular automorphism
group (69)ser to G. Then Ng is an injective type IlI-factor. Moreover, T(Ng) = G, where T is Connes
T-invariant. In particular, if G # G’, then Ng and Ng are not von Neumann algebras isomorphic. It is
easily checked that there are uncountably many dense, countable subgroups of R. Since Ng is a crossed
product of R, by a discrete group, there exists an embedding of R, into Mg with a normal, faithful
conditional expectation E : Ng — Rs onto. By Theorem 3.5, we deduce the existence of a normal
invariant state on the flow of weights for Ng. Note that (Ng)s is cb-isomorphic to (Rs )« , as shown in
the proof of Theorem 6.2 in [16].

We end this section with the following results concerning the non-hyperfinite case.
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Proposition 3.10. Let M be any type IlI-factor with separable predual M., , such that there exists an
invariant normal state on the flow of weights for M. If N is any semifinite von Neumann algebra with
separable predual N, , then M, is not cb-isomorphic to a subspace of N, . In particular, M, and N, are

not cb-isomorphic.

Proof. By Theorem 3.5 it follows that there exists an embedding R, — M with a normal faithful
conditional expectation £ : M — R.. This yields a cb-embedding F, : (Rs)+ — M., such that,
moreover, E, ((Rs)+) is cb-complemented into M, .

Suppose by contradiction that M, is cb-isomorphic to a subspace of N, . This gives rise to a a cb-
embedding of (Rw)« into M, . The crucial point is now the fact that the operator Hilbert space OH
is cb-isomorphic to a subspace of (R )+, as proved by Junge [20]. A different proof that yields to the
improved cb-isomorphism constant < /2 has been recently obtained by the authors (see [15]). However,
since N is semifinite, OH does not cb-embed into the predual N, , as shown by Pisier [34] . This leads to

a contradiction, and the proof is complete. g

Examples of non-injective type Illy-factors with an invariant normal state on their flow of weights can

be obtained as follows:

Example 3.11. Given a dense countable subgroup G of R, let Ng be the corresponding injective type ITIg-
factor constructed in Example 3.9. Let A/ be a semifinite non-injective factor, and set Mg := Ng®N .
Then Mg is a type IIly-factor, since by Corollary 3.2.8 in [3], S(Ng®N) = S(Ng). Furthermore, Mg
is clearly non-injective, and, moreover, by Theorem 3.5 it admits an invariant, normal state on the flow

of weights.

Remark 3.12. The existence of an invariant normal state on the flow of weights appears in a different
context in Connes’s paper [6]. Here a certain class class of foliated 3-manifolds (V, F') is considered, and
it is proved that if the Godbillon-Vey invariant of such a foliated manifold is non-zero, then the von
Neumann algebra M associated to (V, F') must have an invariant normal state on its flow of weights (see
[6], Theorem 0.3. and Theorem 7.14.)

4. CB-ISOMORPHISM CLASSES OF PREDUALS OF INJECTIVE TYPE III; FACTORS

In this section we will prove the following:

Theorem 4.1. For every 0 < t < 2, there exists a non-transitive ergodic flow (A<t>,(0§t))seR) with

separable predual Ait) , such that for all normal states w on A®) we have

lim |lwo Qétn) —w| =t.
n—oo

As a consequence we obtain:

Theorem 4.2. If (M®)o<;.o are the hyperfinite type Ill- factors with (A®), (9§t))SeR) from Theorem
4.1 as flow of weights, then for any 0 < t1 < to < 2, the predual ./\/lffl) of M) is not cb-isomorphic to
a cb-complemented subspace of the predual /\/l,(kh) of Mt2)

In particular, (MSf))OSKQ is a family of mutually not cb-isomorphic preduals of hyperfinite type Il

factors.
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Proof. Let 0 <t < ta < 2. Assume by contradiction that /\/l,(ktl) is cb-isomorphic to a cb-complemented
subspace of ./\/L(ktZ) . By Proposition 2.9 we can then embed M®) into M®*2) as a von Neumann algebra
with a normal faithful conditional expectation E : M(#2) — M(1) onto. Let ¢; be a normal faithful state
on M®) and set ¢y := ¢10E. Then ¢5 is a normal faithful state on M(#2) satisfying (3.14). As explained
in the proof of Theorem 3.5, this ensures the existence of an embedding of N (1) := M) x_, R into
N(2) .= M(2) % _,, R, with a normal faithful conditional expectation E : N'(12) — N(1) | satisfying

(4.1) Bl ey = E
and (3.15), where m;(M®)) and (X\;(t))¢cr denote the generators of N*) i =1,2. By (3.1) and (3.2),
we then infer that

Eof) =gM oFE, seR.
Furthermore, by the bimodule property of conditional expectations, we have as in the proof of (3.16) that

E(A(tz)) c A
Set S := E|A(t2) . Then S : A®2) — A1) ig a unital, normal, positive mapping satisfying
(4.2) Sof{) =0 oS, seR.
Choose a normal state wy; on A1) and set wy := wy 0 S. Then wy € S’nor(A(t2)) and by (4.2) we get
(ws 0 9£t2) —wy) = (w10 thl) —wy)oS.
By positivity we infer that ||S]| < 1 and therefore
lws © 652 — wl| < flwr 06 —wn.

Let s :=2",n > 1, and pass to the limit as n — oco. We infer that t; < ¢;, which is a contradiction. O

The proof of Theorem 4.1 will be achieved in several steps. Recall first the action of Z on Q = {0,1}*°
by the dyadic odometer transformation (cf. [40], Vol. III, Definition 3.24). Define g : Q — Q by:

9(07$2,$3,$4,-..) = (1,332,333,.]347.-.)
9(1,0,z3,24,...) = (0,1,23,24,...)
g1, 1,0,2001,..) = (0,0,...,0,1,2011,...)
9(1,1,1,...) = (0,0,0,...)

Take 0 < a < % . Define a measure v, on ) by
Vg i= @5 1 la, Where pg :=ady+ (1 —a)dy .

It is easy to check that g preserves the measure class of v, , i.e., the image measure g(v,) has the same

null-sets as v, . Therefore g induces an automorphism o of L*>(Q,v,) by

(4.3) o(f)() = flg~a), feL®Qu,),xe.
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It is well-known that o is ergodic, i.e., if f € L™(Q,v,) satisfies o(f) = f (v,-a.e.), then f is v,-a.e.
equal to a constant function. This can be seen by observing that (¢")nez have the same orbits in  (up
to null-sets) as the natural action of Zéoo) = {(z1,22,25...) € Q;x; # 0 eventually, as i — oo} on €,
generated by (pr)72, , where py changes zj to 1 — zx in ¢ = (z1,22,...) € Q and leaves the remaining

coordinates of z unchanged. The induced action on L*>(Q,v,)
ap(N@) = f(p7a), [ L®Qua),pe s xeQ

is ergodic, because the crossed-product L (€, v,) X Z;OO) is a factor (cf. [24], Introduction). Therefore,
o is ergodic, as well.

In the following, we will use the symbol v, also to denote the normal state on L*°(2,v,) given by

vo(f) = / fdug, .
Q
With this notation, we have

Lemma 4.3. The following equality holds:
(4.4) |[vooo—v.]| =2—4a.

Proof. Note that

(va00)(f) = / F(g™2) dva(z) = / fdg ). e L),

1

where g~1(v,) is the image measure of v, by the map g~'. Hence

dgil(’/a)

-1
dv,

1V 00 = all L= 1. = H
Ll(QvVa)

For every n > 1, let K,, be the set of elements in 2 of the form
(1713"'7130;xn+17xn+27"')7
—_——
n—1 times
where z; € {0,1} for j > n+1, and put kg = (1,1,1,...). Then Q = (U2, K,,) U {ko} (disjoint union).
By the definition of g and v, it is clear that for every Borel set F in K,

ua<gE>:1‘“( : )(E)

a 1—a

Since g7 (v,)(E) = va(gE) , it follows that

dgil(l’a>

(4.5) T

(z)

Il
7N
=
| |2
IS
~~_
3
|
(V]
8
m
=

Since 1 — a > a, it follows that

e

-1
dv,

L1 (Q,va) n=1




The last equality can, of course, be obtained by summation of the infinite sum, but it can be obtained

dg= (v,
/79 (V)dyazl,
Q

more easily by observing that, since

dv,
the positive and negative parts of w — 1 have the same L'-norm, and therefore
o a n—2 1—a
Z<1<1 ) )a(la)”l( 1)a12a.
o —a a
The proof is complete. O

Note that the action of g on © can be considered as binary addition of (1,0,0,...) and (z1,22,...) € Q
with carry over to the right. More generally, if £ € N has the binary representation

k =k +ko2+ kg2 + ... +kn2m L,

then the action of g¥ on Q is given by binary addition of (ki ,ka,... ,kn,0,0,...) and (21 ,22,...) with
carry over to the right. In particular, if £ = 2™ | for some n € N, then m =n + 1 and

(k1,ks,... km,0,0,...)=(0,0,...,0,1,0,...).
———

n times
Hence ¢ (1, .+ Tns Tng 1, Tngz --2)) = (@1, s Zny 9((Tns1s Tnsa, - ..))) . This also implies that for all
positive integers n we have 02" = (@ ,Id) @ 0.
Proposition 4.4. For all ¢ € Syor(L®(Q, 1)),
(4.6) lim [|poo? —¢|| =2 —4a.

Proof. Let ¢ € Snor(L®(Q,1,)). Foralln > 1, let A, :=®}7_,1>°{0,1} ® 1 and set w,, := ¢|4, . Then

poE, =w, ® (®z0:n+1ﬂa) )

where E,, denotes the natural conditional expectation of L (), v,) onto A,, . By standard infinite tensor
product theory, it follows that for all ¢ € Syer(L™(Q, 1)), we have

lim [0 B, — v = 0.
Hence it suffices to prove (4.6) for all n > 1 and all ¢ € S0 (L°(,v,)) of the form

P =w® (®,§“;n+1ua) , W€ Shor(A4n).
Fix n > 1 and consider ¢ € Spor (L>°(2,1,)) of this form. Then, for all m € N with m > n, we have

P=WR e © ... O 1@ (Dt 1fba) -
—_—
m—n times
Since (®z°:n 41 ,ua) = v, , we conclude by previous considerations that

¢002m:w@ua@)...@ua@(z/aoa).
—_———

m—n times
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By Lemma 4.3 we deduce that

H(boojm b = | wRpa® ... ® pg D(Va 00— vl
—_——
m—n times

= |vaoo — vl

= 2—4a.

Hence lim ||¢oo?” — ¢|| =2 — 4a, and the proof is complete. O

Proof of Theorem 4.1. Let (g,9Q,v,) be the transformation space as above. In the following we will
construct the associated flow under the constant ceiling function 1. This is a special case of Krieger’s
construction of the flow under a ceiling function ¢ given in [25], p. 46-47.

Set € :=Q x [0,1) and 7, = v, X dz, where dz is the Lebesgue measure on [0,1). Given s € R, define

(4.7) gs(z,y) == (¢"(x),t'), z€Q,0<y<1,

where s+y=n+y ,withneZ and 0 <y’ <1.
Then ((gs)ser, Q, Ug) is a one-parameter group of Borel-measurable actions on Q which preserve the

measure class of 7, . Define now & as the corresponding action on L°°(§~2, Uy), Le., for all s € R and all
feL®(Q,0,) let

@s(N) =[G '(2), z=(zy) €.

For simplicity of notation, set o := (0)ser -
By the remark following Definition 3.1 in [40] (Vol. II, p. 385), o is ergodic. Also, g is non-transitive,
because every orbit {g"x;n € Z} is countable, so all g-orbits have 0 measure. Hence § := (gs)ser 18

non-transitive, because g-orbits are of the form L = Ly x [0,1), where L C Q is an orbit for g, so
Va(L) = v4(Lo) = 0.

We conclude that (L>(€,7,),5) is an ergodic and non-transitive flow. Hence this flow is the ”smooth
flow of weights” of a unique (up to von Neumann algebras isomorphism) hyperfinite factor of type III
(see 1.4 in the Introduction).

We claim that for all ¢ € Spor (L (, 7)),

(4.8) lim ¢ 05y — 6] =2~ 4da.
Indeed, let k € Z. By (4.7) we have

gr(z,y) = (¢F(x),y), z€Q,0<y<1.
Hence
(4.9) ok = 0" @Idpe (0,1 dx) -

In particular, we deduce for any n > 1 that gon = 02" ® Idpe((0,1) ,de) -
Given a positive integer m, denote by B,, the set of functions which are constant on [2% , ’;;}) , for all
0 <7 <2™. Note that

B, :Span{qi =1 i+1);0§z’<2m} .

i
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Further, let F,,, : L*°([0,1)) — B,, be the natural conditional expectation onto B,, preserving Lebesgue
measure dz. Then the mapping ﬁm = ldp~(qu,) ® Fn is a conditional expectation of L™ (ﬁ, Ug) onto
L>(Q,v,) ® By, preserving 7, . Clearly, for all normal states ¢ on L (Q,7,),

lim [|¢p 0, — ¢|| = 0.
Therefore, in order to prove (4.8) it suffices to consider states ¢ of the form
(4.10) ¢p=wokF,,

where m € N (arbitrarily chosen) and w is a normal state on L>®(Q,v,) ® B,, .
Fix now m € N, and let ¢ be of the form (4.10). For 0 < i < 2™, set

wilf) =w(f®q), feL®Qu,).
2m—1
Then w; are positive linear functionals on L>®(Q,v,), Y. w;(1) =1, and the w;’s determine w uniquely.
i=1
For any k € Z we obtain by (4.9) that
2m—1

oGk —¢ll= D llwioo® —wi.
=0

By Proposition 4.4 we deduce that lim |yoo?" — x| = (2 —4a)|x||, for every positive normal functional
n—oo
x on L (Q,v,). Hence

2Mm—1 2mM—1 2Mm—1
lim ( > wioo® - wi||> =(2-4a) Y |wil =(2-4a) > wi(l) =(2—4a).
n—0o0 i—0 i=0 i=0
The proof is complete. O

In the following we will compute Connes’ T-invariant for the hyperfinite type IITo-factors M®) 0 <t < 2
constructed above. Recall that, if M is a von Neumann algebra with a normal, faithful state ¢, then
Connes’ T-invariant T'(M) defined by

T(M) = {1 € R; 0¢ € Int(M)}
is independent of ¢, since for any normal, faithful state ¢ on M,
0¥ () = (DY : D¢),0f (x)(Dy: D§);, TER,z€M.
By [40], Vol. I, Chap. XII, if M has flow of weights (Z(N), ), then
T(M) = {1 € R;3u € Z(N),uunitary such that 0,(u) = e"*u,s € R}.

Theorem 4.5. For all0 <t < 2,

(4.11) TMW) = {éﬂ“;kez,neN}.

The proof is based on the following intermediate results:

Lemma 4.6. For 0 <t <2, let (A", 0®) be the flow constructed in the proof of Theorem 4.1. Then for
all f € AW

Tim |65 () = fll2 =0,
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where the 2-norm is taken with respect to the measure Vv, = v, ® dx , defined in the proof of Theorem 4.1
t=2-4a).

Proof. Let Q, v, and o be as defined above (see (4.3)). Then, for all f € L= (Q,v,),
o = [ 1bts™ )P dvae) = [ @ o) = [ P .
Q Va

By (4.5), we have

dg_l(ya) = n?
- 1 .
dv, z)dve(w Z 1 —a 2

n=1

Hence ‘ % < 177“ , and therefore
9 1
(4.12) lo(Nlz <
Since for all positive integers n, 02" =Ida, ® 0™ | where (™ is equal to o shifted to @ na17°{0, 1},

we get from (4.12) that

2"l < (F52) Wl £ € L= (@m),

Moreover, since oon = 02 ® Idpe((0,1) dz) » it also follows that

1—a

|5wUNhS( )Wum, fe L@ 7).

Since Un 1A, is dense in L=(Q,,v,) , it follows that the increasing union US (4, @ L{[0,1))) is dense
in L>®(Qq,7,). Let now f € L®(€Q,,7,) and e > 0. Choose n € N and g € A, ® L([0,1)) such that
|f—gll2 <e. Since 02| 4, =1Ida, , we have 524 (g) = (62" ®Idz=((0,1)))(g9) = g. Therefore,

lo2n (f) = fll < [lo2n(f = 9)ll2+ llg = fll2

1
1—a\?
< (( ) +1>f—gm
a
1 3
< << — a> + 1) €
a
This shows that lim ||oe=(f) — f|l2 = 0, and the proof is complete. O

Lemma 4.7. Let 7 € R such that lim ™" =1. Thent € {£E;k€Z,n e N}.

n 9
n—oo 2

Proof. Choose ng € N such that
(4.13) ™" —1] <1, n>ne.

Assume further that e™>"* # 1. Then by (4.13), it follows that e’™>"" = €', for some v € (—%, %)\ {0} .
Hence there exists £ € N such that §2 k< lv| < %21 k But then 2" = ¢v2" and g < 2ky < 23” .
Then |72 — 1| > 1, which contradicts (4.13). Hence ¢i72"" = 1. This yields the conclusion. O
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Proof of Theorem 4.5: Fix 0 <t < 2. Let 7 € T(M,). Then there exists a unitary v € L(Q, v,) such
that 0(u) = e'™*(u), for all s € R. Since

Oon (u) 22w, asn — oo,

it follows by Lemma 4.6 that lim e"?" = 1. By Lemma 4.7, we conclude that 7 € {ZZ£;k € Z ,n € N},

n
n—oo 2

Conversely, let 7 € {@f“;k,n € N}. Then there exists n € N such that 72" = 1. Put, as before,

A, =®7_,1°{0,1} ® 1. Note that dim(4,) =2". For 0 < j <2"~! put

Gj = {(k§J)7k§]), ak2j)7xn+17xn+2a-");xj €{0,1} for j >n+1},

where j = k;j) + k;gj)Z o+ kP21 s the unique binary representation of j (k;f € {0,1}). Using again
the fact that the action of g on Q is given by the binary addition of (1,0,0,...) and (z1,x2,...) €  with
carry over to the right, it follows that

9(Gj) =Gy, 0<j <2t
where Gian = G . Hence p; :=1¢g, (0<j < 27~1) are orthogonal projections in A,, with sum equal to 1,
satisfying o(p;) = pj+1 (0 <j < 2"71), where indices are calculated modulo 2" . Set now

6—1(2 —1)7

up:=po+e Tpi+...+ Pon—1 -

Then uy € A, is unitary and satisfies o(ug) = €7ug . Next set

u(z,y) = uo(x)e™ ™, € Q,yel0,1).

Then w is a unitary in L*>(Q,,7,). We will check that
(4.14) agu =e™u, seR,
which implies that 7 € T(M®). Indeed, for any s € R,
(0—su)(w,y) = ul(@s(x,y)) = ulg"z,y),

where s +y = n + 1’ (integer part and fractional part, respectively, of s + y). Hence

(O—su)(@,y) = uo(g"w)e™"™ = (o uo)(w)e ™ = e "Tug(w)e TV
= Uy (z)e i
= e u(x,y).
Replace now s by —s to obtain (4.14). This completes the proof of Theorem 4.5. O
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