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Abstract

Let M be a von Neumann factor of type II; with a normalized trace 7. In 1983 L.
G. Brown showed that to every operator T' € M one can in a natural way associate
a spectral distribution measure pp (now called the Brown measure of T'), which is a
probability measure in C with support in the spectrum o(7") of T'. In this paper it
is shown that for every T' € M and every Borel set B in C, there is a unique closed
T-invariant subspace X = Kr(B) affiliated with M, such that the Brown measure
of T'| is concentrated on B and the Brown measure of Py T'|4. is concentrated on
C\ B. Moreover, X is T-hyperinvariant and the trace of Py is equal to ur(B). In
particular, if T € M has a Brown measure which is not concentrated on a singleton,
then there exists a non-trivial, closed, T-hyperinvariant subspace. Furthermore, it
is shown that for every 7' € M the limit A := limnﬁw[(T")*T"]ﬁ exists in the
strong operator topology, and the projection onto Xr(B(0,r)) is equal to 1jg,](A),
for every r > 0.

1 Introduction

Consider a von Neumann algebra M acting on the Hilbert space H. A closed subspace
Ho of H is said to be affiliated with M if the projection of H onto Hy belongs to M. H,
is said to be non-trivial if Hg # 0 and Hy # H. For T' € M, a subspace Hy of H is said
to be T-invariant, if T(Hy) C Hp, i.e. if T" and the projection Py, onto H, satisfy

Py, TPy, = T Py, .

Hy is said to be hyperinvariant for T (or T-hyperinvariant) if it is S-invariant for every
S € B(H) satisfying ST = T'S. It is not hard to see that if H, is hyperinvariant for
T, then Py, € W*(T) = {T'}". However, the converse statement does not hold true. In
fact, one can find A € M3(C) and an A-invariant projection P € W*(A) which is not
A-hyperinvariant (cf. [D]).

The invariant subspace problem relative to M asks whether every operator 7" € M \ C1
has a non-trivial invariant subspace H, affiliated with M, and the hyperinvariant subspace
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problem asks whether one can always choose such an H; to be hyperinvariant for 7'
Of course, if M is not a factor, then both of these questions may be answered in the
affirmative. Also, if M is a factor of finite dimension, i.e. M = M, (C) for some n € N,
then every operator T € M \ C1 has a non-trivial eigenspace, and therefore C" has a
non-trivial T-invariant subspace. In this paper we shall focus on the invariant subspace
problem relative to a II;-factor.

Recall from [KR2, Section 8] that every II;-factor M has a unique tracial state 7, and 7
is faithful and normal. The Fuglede-Kadison determinant, A : M — [0, 00), is given by

A(T) = exp{r(log [T])}, (T € M), (1.1)
with exp{—o0} := 0 (cf. [FuKa]). Also recall from [Br| that for fixed T' € M, the function
A= log A(T — A1)

is subharmonic in C, and its Laplacian
1
duT()\l + 1)\2) = %VQ log A[T — ()\1 + 1)\2)1] d)\l d)\g (12)

(taken in the distribution sense) defines a probability measure pg on C, the Brown measure
of T, with supp(ur) C o(T). Note that if T € M is normal, then ur = 7o Ep, where
Er : B(C) — Proj(M) (B(C) being the Borel o-algebra of C) is the projection valued
measure on (C,B(C)) in the spectral resolution of 7'. That is,

T / NdEr(N).
o(T)

If M = M, (C) for some n € N, then the Fuglede-Kadison determinant and the Brown
measure are also defined for 7' € M, and in this case we have that

A(T) = |detT|r,

and
1 n
:—E Oy,
M n i

where Ay, ..., )\, are the eigenvalues of T, repeated according to multiplicity. The Brown

measure of an operator 7' has been computed explicitly for a number of special operators
(see [HL], [BL] and [DH2]).

The main result of this paper is (cf. Theorem 7.1):

1.1 Main Theorem. Let M be a II;-factor. Then for every T € M and every Borelset
B C C there is a largest closed, T-invariant subspace, X = Kr(B), affiliated with M,
such that the Brown measure of T|x, pr),, Is concentrated on B.Y Moreover, X is
hyperinvariant for T', and if P = Pp(B) € M denotes the projection onto X, then

Hf K = {0}, then we define pr)y = 0. If K # {0}, then pp), is computed relative to the II;-factor
PMP, where P € M denotes the projection onto X.
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(i) 7(P) = pr(B),

(i) the Brown measure of PXT P+, considered as an element of P-M P, is concentrated

on C\ B.

The subspace K = K(B) can also be characterized as the unique closed T-invariant
subspace affiliated with M for which the Brown measures of T« and PLT P+ are concen-
trated on B and C\ B, respectively (cf. Corollary 7.28). It is an easy consequence of the
Main Theorem that if 7" € M, and if pr is not a Dirac measure, then 7" has a non-trivial
hyperinvariant subspace (cf. Corollary 7.2).

A II;-factor M on a separable Hilbert space is said to have the embedding property, if it
embeds in the ultrapower R* of the hyperfinite II;-factor R for some free ultrafilter w on
N. In 1976 Connes (cf. [Co]) raised the question whether every II;-factor on a separable
Hilbert space has the embedding property. This problem remains unsolved.

In his unpublished lecture notes [H1] from MSRI 2001 (see also [H2]), the first author
proved our Main Theorem in the special case where M has the embedding property. The
contents of sections 2 and 3 are by and large taken from [H1], but for the rest of the paper,
we resort to a completely different line of proof in order to treat the general case. Our
proof is based on free probability theory (cf. sections 4 and 5) and the Turpin—Waelbroek
method of integration in quasinormed spaces (cf. section 6).

This research has been motivated by recent papers on invariant subspaces for operators
in II;-factors (cf. [DH1], [DH2| and [SS]), where results similar to Theorem 1.1 have been
obtained for special operators and special Borel sets.

The construction of the spectral subspaces Kr(B) referred to in the Main Theorem is
carried out in several steps. In section 3 we introduce the closed T-hyperinvariant sub-
spaces E(T,r) and F(T,r) in the following way: E(T,r) is defined as the set of vectors
¢ € H, for which there is a sequence (&,)22; in H such that

1
n <

lim ||, —&|| =0 and limsup |[[(T" — A1)"&,

n—oo

and F(T,r) is defined as the set of vectors n € H, for which there is a sequence (1,)22,
in 3 such that

3=

<

S| =

lim [|[(T'— A1)"n, —n|| =0 and limsup ||n,]|

n—oo n—oo

In section 7 we combine the results of sections 2 through 6 and prove that with

Kr(B(0,r)) := E(T,r), r >0,
and
Kr(C\ B(0,7)) := F(T,r), r >0,

Kr(B(0,7)) (Kr(C\ B(0,7)), resp.) satisfies the conditions listed in our Main Theorem
in the case B = B(0,r) (B =C\ B(0,r), resp.).
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Then for a closed subset F' of C, F' # C, we write C\ F' as a countable union of open
balls:

C\F=JBO.m)
n=1
and we prove that the subspace

Kr(F):= () F(T = A1, 7)

neN

has the properties mentioned in Theorem 1.1.

Finally, for arbitrary B € B(C) we show that

Kr(B) := U Ko (K)

KCB, K compact

does the job for us.

We now describe the contents of the rest of the paper. The main result of section 2
is that for 1" in the II;-factor M, the push-forward measure of jir+)nr» under the map
t — tw converges weakly (as n — 0o) to the measure v € Prob(]0, 00)) which is uniquely
determined by

V([()?tz]) - MT(B(Oat))v (t > 0)

In section 3 we define for '€ M and r > 0 the T-hyperinvariant subspaces E(T,r) and
F(T,r) mentioned above, and we explore some of their properties. We shall see that these
subspaces seem to be good candidates for the desired T-invariant subspaces K (B(0,7))
and Kr(C\ B(0,r)), respectively. However, in order to prove that E(T,r) and F(T,r)
fulfill the requirements listed in Theorem 1.1, some more work has to be done.

We begin by considering the case r = 1 and assume that pur(9B(0,1)) = 0. The idea of
proof is the following: If o(T) N 0B(0,1) = ), then one can always define an idempotent
e € M by

1
e=— (AL —T)"tdA (1.3)
271 Jap(o,)
- as a Banach space valued integral in M. Then it is a fact that the range projection p of
e is T-invariant with

o(Tlys0) € BO.1) and (1~ p)T|ye0:) € C\ B, D).

Hence, the Brown measure of T'|,g¢ and (1 —p)T|,5q+ are concentrated on B(0,1) and

C\ B(0,1), respectively.

However, in general one can not make sense of the integral in (1.3), but this can be
remedied by adding a small perturbation to 7. We consider M as a subfactor of the
I1;-factor N = M « L(F,) (with a tracial state which we also denote by 7), and we note
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that N contains a circular system {z,y} which is *-free from M. Moreover, we can define
the unbounded operator z = zy~* which by [HS, Theorem 5.2] belongs to LP(N,T) for
0 < p < 1. We will consider the perturbations of T" given by

1
T,=T+ —=z, n € N.
n

Since T,, € LP(N,7), 0 < p < 1, it has a well-defined Fuglede-Kadison determinant
A(T,,) and a well-defined Brown measure ur, (cf. [Br, Appendix] or [HS, Section 2]). In
section 4 we will prove that

A(T,) = A(T*T + 51)2

and that
pr, — fr  as n — oo

in the weak topology on Prob(C).

In 1968, Turpin and Waelbroek introduced an approach to vector valued integration in
quasinormed spaces such as LP(N,7), 0 < p < 1 (cf. [TuWa|, [Wa], [Ka]). In particular,
one can define the integral
b
| #aras

for every function f : [a,b] — LP(N, 7) which satisfies the Holder condition

1 () = FW)lly < Cle —y|*

with exponent o > - — (cf. section 10 for a selfcontained proof). Based on results

from sections 5 and 6, we prove in section 7 that (A1 — T;,)"* € L?(N, 1) for A € C and
0 < p < 1. Moreover, if 0 < p < %, then

1AL = T)™" = (1 = T) 7 lp < Conl A = 1l
for some constant C,,, > 0. It follows that he integral

1
ey = — (AL —T,) "' dA
271 Jap(0,)

makes sense as a Turpin-Waelbroek integral in LP(N, 1) for % <p< % Let P, denote
the range projection of e,. Then

(ii) supp(piz,)p, o) € B(0,1)

(ii) supp(pipy7,,, ) € C\B(0,1)



(cf. Theorem 7.3). Then we take a free ultrafilter w on N and define P € N to be the
image of (P,)s, under the quotient mapping p : £*°(N) — N«. Using (i), (ii) and (iii),
one can prove that P is T-invariant,

7o(P) = pr(B(0,1)),

Supp(MT\p(}c)) g B(O, 1)7

and
supp(,u(l,pmp(%)l) CC\ B(0,1).

We then prove that P = Pp(r1) (cf. Lemma 7.16), and thus the T-hyperinvariant subspace
E(T,1) has the desired properties. The last part of section 7 takes care of a general Borel
set B C C, as was outlined above.

In section 8 we realize the E(T,r) and F(T,r) as spectral projections of the positive oper-
ators SO —limy, oo ((T%)"T™) 25 and SO —lim,_o(T™(T*)")2x, respectively. In particular,
we prove that these two limits actually exist for every T' € M when M is a II;—factor.
There are examples of bounded operators on a Hilbert space which do not have this
property (cf. Example 8.4).

Finally, in section 9, we show that for operators T" which are decomposable in the sense
of [LN, Section 1.2], our spectral subspaces X (T, F) for closed subsets F' of C coincide
with the subspaces in the spectral capacity of T'. Moreover, we show that every II;—factor
contains a non-decomposable operator.

Throughout this paper we assume that M is a [I;—factor. However, our main results can
easily be generalized to the case where M is a finite von Neumann algebra with a specified
normal faithful trace 7. Indeed, such a von Neumann algebra M can be embedded into a
IT,—factor N in such a way that the restriction of 7y to M agrees with 7 (cf. [HW, Proof
of Theorem 2.6]).

2 Some results on the Brown measure of a bounded
operator

Consider a II;-factor M with faithful tracial state 7. As was mentioned in the introduction,
one can associate to every T' € M a probability measure u7 on C, the Brown measure of
T.

2.1 Remark. (i) Note that if 7€ M, and if A € M is invertible, then pr = para-1.

(ii) According to [Br|, we have the following generalization of Weil’s Theorem: For
T eMand0<p< oo,

/(T) AP dpr(A) < TG = 7(IT1) (2.1)



Fack and Kosaki (cf. [FK]) proved the generalized Holder inequality
STl < [[SHplTllg: (ST € M), (2:2)

which holds for all 0 < p,q,r < oo with % = i + %. As a consequence of (2.1) and (2.2)
we have (cf. [Br]):
1T < TNy,  (T'eM, p>0). (2.3)

The main result of this section is

2.2 Theorem. Let T € M, and for n € N, let u,, € Prob([0,00)) denote the distribution
of (T™)*I™ w.r.t. T, and let v,, denote the push-forward measure of u, under the map
t +— tn. Moreover, let v denote the push-forward measure of pr under the map z — |z|?,
i.e. v is determined by

v(0.22)) = pr(BOD), (¢ > 0).

Then v, — v weakly in Prob([0, 00)).

We will obtain Theorem 2.2 as a consequence of

2.3 Theorem. LetT € M. Then there is a sequence (Ay)52, in Miyy, the set of invertible
elements in M, such that

(i) [AT A < ||| for all k € N,

(ii) AkTA,zl converges in x-distribution to a normal operator N in an ultrapower of M,
Mw’ with UN = UT.

Before proving Theorem 2.3 we state and prove some of its additional consequences:

2.4 Corollary. For every T' € M and every p > 0,
[P = it ATA” (2.4)
Proof. According to Remark 2.1 (i) and (2.1),

p < —1p
[P < int jaTA

To see that > holds in (2.4), take (Ax)72; as in Theorem 2.3. Then AT Ay AT AT
(=N in moments, and since all of the measures (/L(AkTAgl)*AkTA?)ZO:l are supported on



[0, ]|7||?], this implies weak convergence. In particular,

HAkTAJjHZ = / th(AkTA )AkTA;1<t)

— / tzd,UNN

= (NP

= [rdmo
/ AP dur ()
C

proving that > holds in (2.4).
2.5 Theorem. For every T' € M and every p > 0,

/ AP dur(V) = lim |77 (2.5)
(C n—oo

338

Proof. According to [Br], pur« is the push-forward measure of pr under the map z — 2.
Hence by (2.1), for all n € N,

L a3 = [ % durn ) < 771 (26)
Let € > 0. It follows from (2.4) that we may choose A € My, such that
||ATA_1H§ < / AP dpr () + ¢
c
With S = ATA™! we then have (cf. (2.3)) that
15™1z < 1S5
< / AP dpr (A
Since T" = A71S™ A, the generalized Holder inequality (2.2) implies that
1712 < IATIANNS™]| 2
Thus,
IT1E < AL (I dun ) +),
and it follows that
hmsupHT”Hp / AP dpr(X) + €. (2.7)
n—oo C
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Combining (2.6) and (2.7) we find that

< limsup |||

n—oo

Sks3s
Sk

/ IAlP dpr(N) < liminf [|77]]
C n—oo

< /C AP dpr ()

2.6 Corollary. For T' € M define 1'(T'), the modified spectral radius of T, by

r'(T) == max{|A|| A € supp(pr)}-

and the theorem follows. ]

Then )
7(T) = lim ( lim HT”HE). (2.8)

p—00

Proof. v'(T) is the essential supremum (w.r.t. pr) of the map A — |A|. Hence,

= hm |)\\p dpr(A

P—’OO

Now apply Theorem 2.5. ]

Proof of Theorem 2.3. If A : [0, 00) — M,y is a differentiable map, define X : [0,00) — M
by
X(t)=A®)TA@), (t >0).

Note that 4
TADT = A0 A DA
Hence, X is differentiable with
X)) = AWTAW) " + AT A(R)
dt n dt

= [AMA@D) T, X(®)).
We will choose A(t) to be the solution of the differential equation

A(t) = BOAt) , t>0
{ A(0) =1

for a suitable function B : [0,00) — Ms,, chosen in such a way that the identity

d
SX(0) = [B(t), X(0)

implies that ¢ +— || X (¢)[[? is decreasing for all p € N. At first we consider the case p = 2:

d , _ d
SIXWIE = X X(®)
= T([BE), X X(t) + X(2)'

B
= 2r(BE)(X(H)X ()" — X(1)"X(2)))-



Hence, if B(t) = [X(¢)*, X (¢)], then
d 2 *1(12
X Ol = =2[[X(#), X@)][l2 < 0.

Therefore, in the following we will try to solve the differential equation

{ﬁ((gf))::[lgx(t)t)((t)],)f(t)] , 120 (2.10)
and then solve n . A
{Aéf)): (e, XOlAG) 120 2.11)

We are going to apply [L, Chapter 14, Theorem 3.1] to (2.10). Assuming that T # 0, set
U = B(0,2[|T[]) €M, and let

) =[x, X],X], X e
For fixed X € M, f'(X) is a bounded operator on M given by
(X)) H = [[H", X], X]+ [[X7, H], X] + [[X*, X], H].

For X € U,
L7 (XN < 12(2||T1)* = 48|

Hence, K = 48||T||* is a Lipschitz constant for f|y. Also, || f(X)|| is bounded on U by

L=4(2|T))* = 32|T]".

With a = $||T|, Bso(T) € U. Set

b ) { 1 a } ) { 1 1 }

= min<{ —, — ¢ = min .

0 KL 48[|T|2” 96T

Then by [L, Chapter 14, Theorem 3.1], for all b € (0,bp) there is a unique solution to

{ X'(t) = f(X(1))
X(0)=T

defined on the interval (—b,b). In particular, such a solution exists and is unique on

[07 W}, where ¢ = ﬁ. Next, with B = [X*, X] we get that for every p € N,

d 2p * p
GIXOIE = Hr (X x0))



For fixed t € [0, W} there is a unique compactly supported probability measure u; on

[0, 00) x [0, 00), such that for all f,g € C(]0,00)),
T(f(X (@)X (1) g(X ()X (1)) = / f(u)g(v) dpu(u, v)
[0,00[x[0,00]
(cf. [Co, Proposition 1.1]). In particular,
d P — u—v)(vP —uP U, v
FXOB=2 [ 0@ ) <0 (21

and it follows that t — ||X ()], is decreasing for all p € N. Thus, also t — || X ()] =
lim, . || X ()|, is decreasing. We can therefore extend the solution to (2.10) to the

interval

Hz?u? , H%‘iQ} , and repeating the argument, we find that (2.10) has a solution defined
on all of [0, 0o and satisfying | X (¢)|| < ||T||, ¢ > 0. Then with B(t) = [X(¢)*, X (t)] we
have

IBOI <27, t>0. (2.13)

In order to solve (2.11), we apply the method of proof of [L, Chap. 14, Theorem 3.1] and
define (A, (t))22, recursively by
Ao(t) — 1, t 2 O,

t
A(t) = 1+/0 B(t)A,_(thdt',  t>0.

By induction on n, we find that

@2I7)*)"
n!

[An(t) — Ana ()] <

, n € N.

Hence,

L+ [ Au(t) = Ao ()] < 271 < oo,
n=1

and it follows that the limit
A(t) = lim A,(t)

n—oo

exists for all ¢ > 0. Moreover, the convergence is uniform on compact subsets of [0, 00).
Therefore,

¢
Aty =1 +/ B(t)A(t") dt', t>0,
0
showing that A(t) is a C! solution to (2.11). By a similar argument, the problem

{ C'(t) = -C(t)B(t) , t>0,

o) = 1 (2.14)

has a C'! solution defined on [0, 00). Moreover,

d

7 (COHAM) = C'MAM) + C(HA(t) =0,
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which implies that C'(¢)A(t) =1, t > 0. Hence, A(t) is invertible with inverse C(t) for all
t > 0. Now, observe that both X (¢) and A(¢t)T A(t)~! are C* solutions to the problem

Y'(t) = [B@),Y(1)] , t=0,
{ Y(0)=T. (2.15)

Then by [L, Chap. 14, Theorem 3.3], X(¢t) = A(t)TA(t)~" for all ¢ > 0. That is, A(¢),
B(t) and X (t) have all the properties we were asking for in the beginning of this proof.

Note that the map t? — p-t?, t € [0, 00), extends to a map from C*([0, c0)) into C'([0, c0))
given by

o(t) =t - ¢'(t).
Let ¢ € C(]0,00[). Choosing a sequence of polynomials (p, )22, such that p, — ¢ and
pl, — ¢ uniformly on [0, || T||%], we get from (2.12) that

d

3 OX (@) X(®))) = -2 / (v —v)(ug'(u) — ve'(v)) dpe(u, v). (2.16)
[0,00[x[0,00[

We shall need this identity later on.

Next we prove that as ¢ — 0o, X () converges in x-moments to a normal operator N.
Recall that

S = ~2 16, X013 (217)
Moreover,
X'() = [X(6), X (0], X ()] = X (£ X(1)? — 2X ()X (£) X (1) + X (02X (1), (2.18)

Since 7(Y[Z,W]) = 7(Z[W,Y]) = 7(W]Y, Z]), we have that

Slexar X = 2r (e, x-S x )
= 27 ([x()", X (X', X (] + [X @), X'(1)]) )
= 27(X'() (X (), [X (0, X(O)]) + 27 (X (O[X @), X (O], X (1))
= 20XV (X (0" X (1), X)) = 27(X OX @), [X (@), X))
= X W)3 (2.19)
Hence, t — ||[X (¢)*, X (t)]||3 is decreasing, and it follows that for all ¢ > 0,
DXy, X < - / 11X ()", X (w)] 3 du,
so by (2.17),
2 1 2 2 1 2
I8 X0 < 5 (IX )13 = 1X0)13) < 1713
This shows that
lim [[[X(6)", X (1))} = 0. (2:20)
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According to (2.12), t +— HX(t)Hgg is decreasing for every p € N. Therefore,
lim 7((X (1) X (2))")

t—o00

exists for every p € N. Combining this with (2.20) and the fact that || X (¢)|le < ||T||
for every ¢ > 0, we get that the trace of any monomial in X (¢) and X (¢)* with the same
number of X (¢)’s and X (¢)*’s also converges as t — oo. To prove that this holds for any
monomial, it is, because of (2.20), sufficient to show that for all m,n € Ny, the limit

lim 7((X(£))™ X (£)") (2.21)

t—o00

exists. To see this, note that for every A € C, X(t) — A1 satisfies the same differential
equation as X (t), because

S(X()-A) = [XO X0, X()

dt
= [[X(t)" =M, X(t) — A1}, X () — \1].
Hence, according to the above, the limit

lim 7((X ()" — A1)™(X(t) — A1)™) (2.22)

t—o00

exists for all n € N. Expanding 7((X (t)* — A1)"(X (t) — A1)") in powers of A and J, it is
readily seen that the limit (2.21) exists. Hence, (X (t));>0 converges in *-moments to an
operator N (N may be realized in the ultrapower M* of M). According to (2.20), N is
normal.

In order to show that uy = ur, it suffices to show that
A(T — A1) = A(N — A1), (A € C). (2.23)

At first we consider the case A = 0. Since X (¢) = A(t)TA(t)™!, A(T) = A(X(t)) for all
t > 0. Hence,

log A(T) = log A(X(t))
— inf { Srllos(X ("X (1) + c1) } (2.24)

Applying now (2.16) to ¢(u) = log(u + €), u > 0, we get that

%T(log(X(t)*X(t)“‘gl)) = —2 /OOO /Ooo(u_v)(

Now, according to (2.24),

u (%

u+e v+e¢

> dpg(u)dp(v) < 0. (2.25)

log A(T) = %gggg {%T(log(X(t)*X(t) + 81))}
- s
= g {5 oa(X"X () + e
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where the last identity follows from (2.25). But X(¢)*X(¢) converges in moments to
N*N, and since sup,. || X (¢)*X (t)]| < oo, it follows from the Weierstrass approximation
theorem that

Ve C([0,00) - lim 7(p(X(£)"X (1)) = Tu(¢(N"N)), (2.26)

t—o0

where 7, denotes the tracial state on M*. Hence,
log A(T) = int {%T(log(N*N + 51))} = log A(N).
The same arguments apply to X (¢) — A1, and we obtain that
log A(T'— A1) =log A(N — A1), (AeC).
Hence, pp = pn. Theorem 2.3 now follows by taking Ay = A(k), k € N. m

Proof of Theorem 2.2. Let p € [0,00). Then, according to Theorem 2.5,

[t = [raum

= lim T3
n—oo n

= lim 7(((T")*"T")%")

n—oo

= lim t2n Ay (t)
n—oo 0

= lim t2 dw, (1).
n—oo 0

In particular, v, — v in moments. Since ||(T™)*T™"|| < ||T||*™ and supp(ur) € B(0,||T)),
v and the v, are all supported on [0, || T||?]. Hence, v, — v weakly. n

2.7 Corollary. Let T € M. Then pur = & if and only if ((T")*T™)= tends to 0 in the
strong operator topology as n — o0.

Proof. If ur = g, then with the same notation as in Theorem 2.2, v, — Jy weakly as

n — o0. In particular,
712
lim t*dv,(t) = 0,
n—oo 0
ie. \
lim 7([(T")*T"]») = 0.

It follows that for every vector & in the dense subspace M of L?(M, 1),

(T T=g)3 = T([(T™)T]=E€)
< U@y T |l lleg

— 0,
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and hence, ((T”)*T”)% tends to 0 in the strong operator topology as n — oo. On the
other hand, if ((T™)*T™)» — 0 strongly, then ((T™)*T™)% — 0 strongly for every p € N.
Hence, with ¢ =1 € M C L*(M, 7),
ny\* 1 22 n\ 1L
T([(T") 7)) = [[(T") T ] €]l3 — 0
as n — oo for every p € N i.e.
7|

lim t? du,(t) = 0, (p e N).

n—oo 0

It follows then from the Weierstrass approximation theorem that v, — dp weakly as
n — oo. That is, v = §y, and therefore ur = dy as well. [

3 Constructing certain hyperinvariant subspaces

Consider a II;-factor M acting on the Hilbert space H and with faithful, tracial state 7.

3.1 Definition. (i) For "€ M and r > 0, let E(T,r) denote the set of £ € H, for
which there exists a sequence (£,)52, in H, such that

lm [|& — & =0 and limsup || T7,|" < r. (3.1)

n—oo

(ii) For T'e M and r > 0, let F(T,r) denote the set of n € H, for which there exists a
sequence (7,)5°, in H, such that

11
lim ||T"n, —n|| =0 and limsup |n,|» < -. (3.2)
n—oo r

n—oo

3.2 Lemma. ForT € M and r > 0 one has:

(a) E(T,r) and F(T,r) are closed subspaces of H.
(b) v+ E(T,r) is increasing, and E(T,r) = (.., E(T,s).
r— F(T,r) is decreasing, and F(T,r) = (o .., F(T,s).
)
r),

(¢c) E(T,r) and F(T,r) are hyperinvariant for T, i.e. for every S € {T}, S(E(T,r)) C
E(T,

(d) The projections P(T,r) and Q(T,r) onto E(T,r) and F(T,r), respectively, belong
to W*(T'), and they are independent of the particular representation of M on a
Hilbert space.

and S(F(T,r)) C F(T,r).
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Proof. (a) It is easily seen that E(T,r) and F(T,r) are subspaces of H. To see that
E(T,r) is closed, suppose (£%))%  is a sequence in E(T,r) converging to some & € 3.
We prove that € belongs to E(T,r) as well. For each k € N there is a sequence (&(Lk))%ozl
in H, such that

Tim € —¢®) =0 and limsup [P < 7.

n—oo

Choose a (strictly) increasing sequence of positive integers (ng)72 ; such that for all k£ € N,

1

(SRS S x (n > ny), (3.3)
and )
1
1T e <+ T (n > ng). (3.4)
Then define a sequence (&,)>, in H by
0 , n<ngforalk
§n =19 k) e one (3.5)
En’ g <n < npg
Then ]
an - £kH < Ev (nk <n< nk+1)7
and

1 1
||T"€an <r+ E, (nk <n< nk+1).

It follows that
€= lim &® = lim &,,

k—o00

and )
limsup | T"E,||» < r.

n—oo

Thus, £ € E(T,r). Modifying the above arguments a bit, one easily sees that F/(7T,r) is
closed as well.

(b) Clearly, r — E(T,r) is increasing, and therefore
E(T,r) C [ E(T,s).
s>r
To see that the reverse inclusion holds, let £ €
sequence (5,3’“))00 in H, such that

n=1

E(T,s). For each k € N take a

s>r
1
Jim 69 —¢ =0 and  lmsup TN n <1+ o

As in the above, choose a (strictly) increasing sequence of positive integers (ng)s2; such
that for all £ € N, (3.3) and (3.4) hold. Let &, be given by (3.5), and as in the proof of
(a), note that (&,)22, satisfies (3.1), i.e. £ € E(T,r).
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The second statement in (b) is proved in a similar way.

(c) This follows immediately from the definition of E(T,r) and F(7T,r) and the fact that
when ST =TS, then ST™" =T"S.

(d) Since E(T,r) and F(T,r) are hyperinvariant for 7', P(T,r) and Q(7,r) belong to
W*(T) ={T,T*}". The independence of the representation of M follows exactly as in [?,
Lemma 2.3 and 2.4]. n

3.3 Remark. If 7" € M is invertible, then E(T,r) = F(T*,1). Indeed “C” follows by
choosing (&,)5%; as in Definition 3.1 (i) and setting 1, = 7"¢,. Then (3.2) holds for
n = & and with T replaced by 7! and r replaced by % The reverse inclusion follows by
choosing (1,)22, as in Definition 3.1 (ii) (with 7" replaced by 7! and r replaced by 1)
and setting &, = T7"n,.

3.4 Lemma. Let T' € M, and let r > 0. Then

(i) supp(pr) € B(0,r) iff E(T,r) = H.
C

(ii) supp(ur) C C\ B(0,r) iff F(T,r) = H.

Proof. According to Lemma 3.2 (d) we may assume that M acts on the Hilbert space
H = L*(M, 7). For a € M we let [a] denote the corresponding element in H.
Throughout the proof we let p, = pyrnyrn = pipnrny+, and we let v, denote the push-

forward measure of yu, under the map t — t. Then, according to Theorem 2.2, v, — v
weakly in Prob([0, 00)), where v is determined by

v([0,#7]) = pr(B(0,1)),  (t>0).

(i) Suppose that supp(ur) € B(0,r). Consider a fixed s > r. Since supp(ur) C B(0,r),
v is supported on [0,7?],

pin(]5*",00)) = pin(]s®,00)) — 0 as n — oo.
Define a sequence of projections in M, (F,)2,, by

Ey = 1.0 (T")*T™).

Note that for all a € M,

11— Ey)alz = 7(a*(1— Ey)a)
< lalPr(1 - E,)
= Jlalua((s*", 00))
— 0Oasn — oo.
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Since {[a] | a € M} is dense in H, this shows that £, — 1 in the strong operator topology,
i.e. for all £ €

i (1B, — €] = 0.
Moreover, since E,(T")*T"E, < s*"1,

mn 1 mn 1 1

(T Engl)= < ([T EnllliE]) ™ < sl

for all £ € H, and hence E(T,s) = H. Since s > r was arbitrary, Lemma 3.2 (b) now
implies that E(T,r) = H.
Next assume that E(T,r) = H. Let £ = [1] € H, and take a sequence (§,)22, in H such

that 1
lim ||, —&||=0 and limsup||T"&,||» <.

n—oo

Since [|€,]] — ||€]l = 1 as n — oo, we may as well assume that ||€,|| = 1 for all n € N. Let
€ Prob([0, 00)) denote the distribution of (7")*T™ w.r.t. the vector state x +— (&, &,).
Let s > r, and take s; € (r,s). Then || T7¢,|| < s} eventually as n — oco. Hence for all
large n,

/0 tdp,(t) = (T")"T"6n, €n) < 51",

and therefore
oo

tdp,(t) < <%>2n

s och <57

s2n

It follows that with E,, = 1jg o2n((1T™)*1T™) as before,

S 2n
1Entn — &all? < ()
s
for all large n € N, and hence
nh_{go HEnfn - an = 0.
Since &, — & as n — oo, it follows that
nh_{go ||En€n - 5” =0
as well. That is,

T(1—-E,) =|(1- En)f||2 — 0asn — oo,

which is equivalent to saying that

pn (158%™, 00)) — 0 as n — oo.

We now have that for every ¢ € CF(R) with supp(¢) C (s?, 00),

[e.9]

/0 Tomdvt) = tim [ () dun(t)

n—oo 0
< [ ]loo lim sup v, (]5*, o0[)

n—oo

= 0.
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Hence, supp(v) C [0, 5%, i.e. supp(ur) € B(0,s) for all s > r, and we conclude that
supp(ur) € B(0, 7).
(i) At first assume that supp(ur) C C\ B(0,7). Let 0 < s < r, and define F,, € M by

Fy = 1on oo (T"(T)").

By an argument similar to the one given in the proof of (i), we find that for all £ € J,
|1FnE — €|l — 0 as n — oc.

Now, consider a fixed £ € H, and with

0, 0<t<s®™
gn(t):{ o

1 2n
T t>s

let
M = (T*)ngn(Tn(Tn)*)§
Then, since t g, (t) = 1jgzn (1),
", = F,£.
Thus,
IT"n, —&|| — 0 asn — oo.

Moreover, since t g,(t)? = g,(t) < =

— 52n7

1
11all” = (ga(T™(T")*€,€) < 2 €1l
Thus,
1

— 9

3=

lim sup [, |

n—oo

and this shows that F/(T,s) = H. It now follows from Lemma 3.2 (b) that F(7,r) = .

On the other hand, suppose that F(T,r) = H, and let £ = [1]. Choose a sequence (1,,)> ;

in H such that 1
lim [|[7"n, —&||=0 and limsup ||77n||% < =,

n—oo r

Since ||£]| = 1, we may assume that ||7"n,| = 1 for all n € N.

Put &, = T"n,, and let u!, € Prob(]0,00)) denote the distribution of 7™(7™)* w.r.t. the
vector state x +— (2&,,&,). Since for every £ > 0,

[(T™(T™)* +e1)"2T"|| < 1,

1 >~ 1
“dul(t) = s / —du (t
/0 FA ) = s [ )
= sup |(T(T™) +e1) 36,

e>0
* L
= sup [(T™(T")" +€1)"2T"n, |

e>0
< Il

we have that
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Now, let s € (0,7), and choose s, € (s,7). Then ||n,]|» < i eventually as n — oo, and
hence

eventually as n — oco. With F,, = 1j2n o) (T™(T™)*) as above we then have that

| Frnén _anQ = ﬂ;([oas%))
2" SQn
< —dy
< /0 1, (1)

VAN
VRS
Eap
—
N
N

Since &, — &, it follows that
11— Foll3 = 1€ — Fulll* = 0as n — oo,

ie.
lim ,([0,5)) = lim pu,([0, s*")) = 0.

n—oo

Since v,, — v weakly, it follows that supp(v) C [s%, 00), and hence supp(ur) C C\ B(0, s)
for all s € (0,r). We thus conclude that supp(ur) C C\ B(0,r). [

3.5 Corollary. Let T'e M, let A € C, and let r > 0. Then

(a) If E is any closed, T-invariant subspace affiliated with M, such that supp(ur,) C
B(A\, 1), then E C E(T — A\1,7).

(b) If F is any closed, T-invariant subspace affiliated with M, such that supp(jr|,) C
C\ B(\,r), then FF C F(T — A1,r).

Proof. (a) Suppose that E is a closed, T-invariant subspace affiliated with M, such that
supp(pir),) € B(A, 7). Then E is invariant for T'— A1 as well, and

supp(pr-aj) € B(0,7).
According to Lemma 3.4, this implies that
E(T — M\|g,r)=E.
It is easily seen that E(T — A\1|g,r) C E(T — A1,r), and hence,
E C E(T — \1,7).

(b) follows in a similar way, so we leave out the proof of it. [

3.6 Lemma. For T'€ M and s > r > 0 one has that E(T,r) L F(T*,s).
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Proof. Let £ € E(T,r), and n € F(T*,s). Take sequences (&,)>, and (1,)2, in H, such
that &, — &, (T7)"n, — 1,
limsup [|T",|| <,

n—oo
and
. 1
limsup ] < .
Nn—00 S

Choose positive numbers 7" and s’ such that s > s’ > ' > r. Eventually as n — oo,
177l < ()™ and ||| < 7, whence

(&)l = lim [(&, (T7) )]
= lim [(T"&,70)]
< limsup [ 77|

n—oo
'\ "
lim sup (—)
S/
n—oo

0.

IN

That is, £1n. ]

4 Some results from free probability theory

In order to proceed, we will need a number of results which are based on free probability
theory. Recall from [VDN] that a C*—probability space is a pair (A, ¢) where A is a unital
C*—algebra and ¢ is a state on A. We say that (A, ¢) is a W*—probability space if A is a
von Neumann algebra and if ¢ is a normal state on A.

Let H be a Hilbert space. The full Foch-space over H, T(H), is the Hilbert space

T(H) = CO @ (@ }c®”),
n=1
where 2, the vacuum vector, is a unit vector in the one—-dimensional Hilbert space C{).
Q2 induces the vector state w on B(T(H)).

To a given orthonormal set (e;);cr in H we associate the creation operators (¢;);c; in

B(T(H)) given by
&Q = €; and Elg = Q® f, 5 € g_{@n.
Then g;kgj = (5”]_ and

m(pE\nY __ L, (mvn) = (070)7
w(l(6) )—{ 0. (m.n) e N2\ {(0,0)}.

Moreover, the s—algebras A; = alg(¢;, (), i € I, are free in B(T(H)) w.r.t. w (cf. [VDN]).

(4.1)

A family of creation operators (¢;);c; obtained from an orthonormal set (e;);c; as above
is called a free family of creation operators.
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4.1 Lemma. Let (A,p) be a C*—probability space, and let (s;);c; be operators in A
which satisfy

(i) sfs; =041,4,j €1,
(ii) o(s;sf) =0,i € I.
Then (s;);c; has the same x—distribution as a free family of creation operators ({;);c;.
Proof. Let B; = alg(s;,s;) C A, i€ I. Since s}s; =1,
B; = span{s]"(s1)" | (m,n) € N3}. (4.2)
By (ii) and the Schwarz inequality
[p(ab)] < plaa’) o(bD)?, b e A,
we have that
w0 ={ o) () <8 0.0y

Let (¢;);c; be the set of creation operators coming from an orthonormal set (e;);c; as
described above. Then by (4.1), ¢; and s; have the same s—distribution for all ¢ € I.
Hence, in order to show that the families (¢;);c; and (s;);c; have the same x—distributions,
it suffices to show that (B;);c; are free subalgebras in (A, p).

Put

(4.3)

B} = {b € B, | p(b) = 0}.
It follows from (4.2) and (4.3) that
B; = span{s;(s7)" | (m,n) € Ng\ {(0,0)}}.
Thus, in order to prove that (B;);c; are free, it suffices to show that

(ST (55, S (s - s (s5,)™) = 0 (4.4)

i1 11 12 12 Tk Lk
for all k € N, all (my,n1),...(mx,ng) € N\ {(0,0)} and all iy,...,4, € I such that
iy F iy F o F A1 F U
Given k € N, (my,n1),...(mg,ng) € N3\ {(0,0)} and i1, ...,ix € I such that i; # iy #
v #ip_1 # ik, assume that

plsiy (s7,)" i (s7,)™ - - 53 (57,)™) # 0.

By (ii) and the Schwarz inequality,

p(asy) =0, acA,iel (4.5)
Hence ny, = 0, which implies that my, # 0. By (i), sj_ s; = 0, and therefore nj_; must
be zero. Then my_; # 0, and continuing this way we find that ny = ny = --- =n; = 0,
my, Mo, ..., my > 1 and

o(sitsp? - sp*) # 0.
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However, by (4.5), ¢(s;a) = ¢(a*sf) = 0 for i € I and a € A. Thus, since m; >

L, o(sitsi?---si™%) = 0 and we have reached a contradiction. This proves (4.4) and
i1 “io ik

completes the proof of the lemma. [ ]
Next we will apply the following result due to Shlyakhtenko:

4.2 Lemma. [S, Corollary 2.5] Let (A, ) be a C*—probability space, B C A a C*—
subalgebra of A with 1 € B, and let ¢4, ... ,{, € A. Suppose the following three conditions
hold:

(1) ¢4,...,L, have the same x—distribution w.r.t. ¢ as a free family of n creation oper-
ators.

(2) For all p,q > 0 with p +q > 0, for all by,...,b,,b},...,b,; € B and for all
1§i1,...,ip,j1,...,jq§n,

@(b1liy by -+ - 43, U107 b - 07 b q) = 0.
(3) The GNS representation of C*(B, (4, ..., {,) associated with ¢ is faithful.
Then the following two conditions are equivalent:

(a) B and C*(ly,...,L,) are free in (A, p)
(b) ibl; = 6;;p(b)L forbe B, 1 <i,j<n

Combining Lemma 4.1 and Lemma 4.2, we get:

4.3 Lemma. Let (A, ) be a C*—probability space, B C A a C*—subalgebra of A with
1 € B, and let ¢,...,¢, € A. Suppose the GNS representation of C*(B,ly,...,{,)
associated to o is faithful.

(i) If the following two conditions hold:

(al) £y,...,0, have the same x—distribution w.r.t. ¢ as a free family of n creation
operators

(a2) B and C*(ly,...,L,) are free in (A, )
Then the following two conditions also hold:

(b1) Cibl; = 6,;p(b)1 forbe B, 1 <i,j<n
(b2) p(b*0;;b) =0 forbe B,1<i<n

(ii)) Conversely, (bl) together with (b2) implies (al) and (a2).
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Proof. (i) Suppose (al) and (a2) hold. Then (1) and (a) in Lemma 4.2 are fulfilled.
Moreover, by assumption, (3) in Lemma 4.2 also holds. We prove that (b2) holds: Let
C=C*(ly,...,0,) and let

B ={becB|pb)=0} and C°={ceC|p(c)=0}.
For b € B, let 1° = b — p(b)1. Then for 1 <i < n,

p(b"ilib) = o(((0")" + (0" ) )GL (V' + o(b)1))
= p((b")°6GL0°) + o) (L:l0) + (D) ((b)°6it7) + Lo (b) *o(E:t).

According to (al), p(f;¢f) = 0, that is £;¢; € C°. Moreover, 0°, (b*)° € B® so by the
freeness assumption (a2),

p((07) 6L = p(LL76) = (1) :l7) = (L:l7) = 0.

This proves (b2). We will now show that (2) of Lemma 4.2 holds: By the Schwarz
inequality and by (b2),
o(bla) =0, beB,acA, (4.6)

because

[p(blia)] < p(bi(bt:)) 2 p(a"a)? = 0.
Moreover, by complex conjugation of (4.6), it follows that
(alib) =0, be B, acA. (4.7)
This proves that (2) (in addition to (1), (3) and (a)) of Lemma 4.2 holds, and thus
(b1)=(b) holds. This proves (i).

(ii) Assume now that (bl) and (b2) hold. Then (b) of Lemma 4.2 holds. Moreover, by
assumption, condition (3) of Lemma 4.2 holds. From the proof of (i) we know that (b2)
implies (4.6) and (4.7), and the latter two imply (2) of Lemma 4.2.

By (bl) and (b2), ¢4,...,¢, satisfy the conditions in Lemma 4.1. Hence, (¢1,...,¢,) has
the same *—distribution as a set of n free creation operators. This proves (al) as well as
(1) in Lemma 4.2. Thus, (1), (2), (3) and (b) of Lemma 4.2 hold, and then by Lemma 4.2,
(a2)=(a) holds. This completes the proof of (ii). n

Recall from [VDN] that when (Ay, ¢;) and (Asg, ps) are two W*—probability spaces, one
can define a reduced free product,

(A, ) = (A1, 1) * (A2, 02),

which is a von Neumann algebra A realized on the free product of Hilbert spaces with
distinguished unit vector,

(ﬂ{,f) = (J{#ﬂv&m) * (:Hcpwgsoz)a

where H,,, with distinguished unit vector &, is the GNS Hilbert space in the representation
7, of A;. ¢ is the vector state on A induced by the unit vector § € H which is cyclic
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for A. In particular, the GNS representation 7, of A is one-to-one and can be identified
with the inclusion map A — B(H). If 7,, and m,, are one-to-one, then A; and A, are
naturally embedded in A as a free pair of subalgebras w.r.t. ¢, and ¢; = |4, 1 = 1,2.

Let (A, ) be a C*—probability space. Following the notation of [V1] (or [VDN]), we
say that si,...,s, in (A,p) form a semicircular family in (A, p) if s1,...,s, are free
self-adjoint elements with

1 2
o(s?) —/ PV 4 — 2 dt, peN.

T o _9

Elements z1,...,x, in (A, ) are said to form a circular family if there is a semicircular
family (sq,...,s92,) in (A, ) such that

Lls;:ﬂ'7 1<j<n.

V2
4.4 Proposition. Let (N, 7) be a finite von Neumann algebra with a faithful, normal,
tracial state T, and let M C N be a von Neumann subalgebra of N. Let n € N, and let
u = (ui)f =y € WM,(M)). Moreover, suppose that (r1,...,x,) is a circular family in N
which is x-free from M. Then with yy,...,y, € N given by

x]-:

Yi = Zuij%‘? (1<i<n), (4.8)
j=1
(Y1, - -, Yn) Is a circular family which is x-free from M.

Proof. We may without loss of generality assume that

N=Mx*xW*(xy,...,x,).
By [V1] (or [VDN]), W*(z1,...,x,) = L(Fy,), the von Neumann algebra of the free group
on 2n generators. Moreover, we can realize the circular family as follows:

Take an orthonormal set ey, €],...,e,, ¢, in a Hilbert space H, and let ¢; = ¢(e;) and
0 = {(€}) be the corresponding creation operators on T(H). Moreover, let w be the state

on B(T(H)) given by the vacuum vector €. Then

is a circular family in (B(T(H)),w) and the restriction w’ of w to W*(zy,...,2,) is a
faithful, normal, tracial state. Furthermore, Q2 is cyclic for W*(zy,...,z,) and we can
therefore identify the GNS representation 7, with the inclusion map W*(zy,...,x,) —

B(T(H)). The GNS vector &, then corresponds to 2. Hence, the reduced free products
(N, 7) = (M, 7|n) * (W (21, ..., 2), ")

and
(N, ) = (M, 7|20 * (B(T(H)),w)
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are both realized on the free product of Hilbert spaces,

We may therefore regard N as a subalgebra of N such that ©|ln = 7. We will now apply
Lemma 4.3 (i) to A = N, B = M and the family of creation operators ({1, ..., 0y, 05, ..., ).
Since ¢ is cyclic for N = W* (M, by, .. by, 0y, ... ), the GNS representation of N associ-
ated to  is one-to—one, which implies that the GNS representation of the restriction of ¢
to C*(M, ly, ..., 0, 0, ..., l) is also one-to-one. Hence, the assumptions of Lemma 4.3
and (al) and (a2) in Lemma 4.3 are fulfilled. It then follows that (b1) and (b2) hold, that
is

(i) Ve e M Vi, j € {1,...,n}k

EZ(IEJ = (51']‘ . T(l’)l,
Galy = () wl; = 0.

(i) Ve e MVi e {1,...,n}:

Put .
j=1
and .
si= luy,  (1<i<n). (4.10)
j=1
Then
yi = si+ (s))", (1<i<n). (4.11)

We will now apply Lemma 4.3 (ii) to A = N, B = M and the family of operators

(81,80, 81, -+, 8y,). Since u = (u;);;_; is unitary, (4.9) and (4.10) imply that

l; = Zu;}si, 1<j<n,
i=1
g; - Zs;ufj, 1<j<n.
i=1
Hence,
CH (M, 81, ey Spy 81y e ey 80) = C (M Uy, oo U, 0, ),
and the conditions of Lemma 4.3 are fulfilled by s1,...,s,,5],..., s, as well. We will now

make sure that (bl) and (b2) in Lemma 4.3 are fulfilled, i.e. that
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(i) Ve e M Vi, je{l,...,n}:

sixs; = 0; - 7T(x)1,
(s;)"xsy = 0y -7(x)1,
sirs; = (s)ws; = 0.

(ii") Ve e MVYie {1,...,n}:

p(z*sisiz) = p(a"si(s;)"x) = 0.

If (i’) and (ii’) hold, then according to Lemma 4.3 (ii), (s1,...,Sn, ], ..., 5,) has the same
*-distribution w.r.t. ¢ as free creation operators, and M and C*(sy, ..., sp, s},.. ., ;) are
free in (N, ¢). Hence, y; = s; + (s;)*, 1 <i < n, is a circular family which is x—free from

M.
To prove (i') and (ii’), let x € M, and let 1 < 4,5 < n. Then (i) implies that

n

sirs; = Z Cous,wugely
p,q=1
= Z 5pq90<u:p$ujQ)1
pq—l
pr— Z ()0 .’I?U]p Z
= so(f(uu )ji)1
— 57«] . T(x)].,
and similarly,
(3.)*1‘3' =4 (17)1
Moreover, according to (i),
s = 32 o, = 3 05,0,
pg=1 p,q=1
and hence
(si)"ws; = (sja"sy)” = 0.

This proves (i’). Next we prove that (ii’) holds, making use of (i) and (ii):
Let x € M. Then

n

p(x*s;six) = Z (T uplylyu;, ), (4.12)

pg=1

and .
plasi(st) @) = Y pla™fui,(6) ). (4.13)

p,g=1
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Since (ii) holds, we get, using the Schwarz inequality, that

oy lia) = o(y*lia) =0 (4.14)

fory € M, a € Nand 1 < i < n. Applying this to y = T uy and a = Lul w, we get,
using (4.12), that
o(x*s;six) = 0.

Similarly, applying (4.14) to y = x and a = uj,u;,({;)" w, we get from (4.13) that
p(z"si(sy)"x) = 0.
This proves (ii’). u

Let M be a II;-factor, and let 7" € M. We regard M as a subfactor of N = M= L(IF4) with
tracial state 7, and we choose a circular system {z,y} that generates L(IF4) and which
therefore is free from M. Then by [HS, Theorem 5.2], the unbounded operator z = zy~!
is in LP(N,7), 0 < p < 1. Thus, for all a € (0,00), T+ az € LP(N,7), 0 < p < 1,
and therefore T'+ az has a well-defined Fuglede-Kadison determinant and a well-defined
Brown measure (cf. [HS, Section 2]).

4.5 Proposition. Let T'€¢ M, and let z = xy~ ' as above. Then for each a > 0,

AT +az) = AT*T + 1)z,  (a>0). (4.15)

Proof. Take a unitary u € M such that 7" = u|T|, and for fixed a > 0 put
w = (T*T + a®1)"2(|T|y + au*z).
Then )
T+ az = uw(T*T + a®1) 2wy,
and hence
AT +az) = AWA(TT + a®1)2)A(w)A(y™)
= A(T*T +d®1)2A(w)A(y) .

It follows that if w is circular, then A(T+az) = A(T*T +a21)2. To see that w is circular,
define v € U(Mz(M)) by

o (T*T + a*1)"2|T|  a(T*T + a21) " zu*
T\ a(T*T +a®1)" 2 —(T*T +a*1)"2|T|u* )’

() =)

Then, according to Proposition 4.4, {z’,y'} is a circular system (which is x-free from M).
Since w = ¥/, w is then circular, and hence A(w) = A(y). n

and define 2/, 3’ € M by
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4.6 Corollary. The Brown measure of T+ az is given by
dpria-(N) = CL;T((T(A)*T(A) +a®1) N (T(AN)T(A)* +a®1) ) dA; d)s, (4.16)
where A\; = Re), Ay =ImA, and T'(\) =T — A1.
Proof. By [HS, Definition 2.13] and Proposition 4.5,
dpria-(N) = %VQ(log A(T + az — A1) dA; dAs
= %vz(é log A((T — A1)*(T — A1) + a?1)) dX; d)s,

where the Laplacian V? = 88—; + 86—/\22 is taken in the distribution sense. By the proof of
1 2
[HS, Lemma 2.8],
Lo(A) := 2log A((T — A1)*(T — A1) + a1)

=3
is a C*-function in (\j, \s) and its Laplacian is given by

(V2La)(A) = 2a*7((T(A)'T(N) 4+ a®) " H(TNTA)" +a*)7)
(replace (a,b,€) by (T,1,a?) in the function g. in the proof of [HS, Lemma 2.8]). This
proves (4.16). n

4.7 Remark. In [HS, Theorem 5.2] it was shown that the Brown measure of z is given

by
1
du,(\) = ———
1N = AR

Note that this can also be obtained as a special case of (4.16) with 7'=0 and a = 1.

dA; ds.

4.8 Corollary. Let T and T + az be as in Proposition 4.5. Then
Wi S pr as a— 0+,

Proof. Tt suffices to show that for all ¢ € C°(C),

/gpduT+az—>/g0duT as a— 0+4. (4.17)
C C

As in the proof of Corollary 4.6, put
L,(\) =log A(T + az — A1)

— %logA((T— AT — A1) + a’1), (4.18)

and let
L) = log A(T — A1) = %log A((T = M) (T = A1)). (4.19)

29



Then ]
dpiria(N) = %VQLQ(/\) dA; d)s,

and .
™

Hence, for all ¢ € C°(C),

/goduT+az = —/ )d/\l d)\g, (420)

and
1

/C edir = 5= [ (FRMLO D drs (4.21)

By (4.18) and (4.19), L,(A) \, L(\) as a \, 0. Since L and L, are subharmonic and
hence locally integrable, (4.17) then follows from (4.20), (4.21) and Lebesgue’s dominated
convergence theorem. [

5 A certain Lipschitz condition

Consider a von Neumann algebra N equipped with a faithful normal tracial state 7, and
assume that N contains the von Neumann algebra M as a sub-algebra and a circular
system {z,y} which is *free from M. We let z = zy~! € LP(N,7), (0 < p < 1). By [HS,
Theorem 5.2 and Theorem 5.4],

2,z € LP(N,7) for all pe€(0,1). (5.1)
Moreover, if p € (0,2) and A € C, then 22,272, (2> = A1)~! € LP(N, 1), and

1(z% = AD) "Ml < M2l = 12°]], < oo (5.2)
As an application of (5.1), (5.2), and Proposition 4.4, in this section we prove:

5.1 Theorem. For every T € M and every p € (0,1), T + z has an inverse (T + 2)~! €
LP(N, 7). Moreover, for each p € (0,2) there is a constant CtY > 0 such that

VS, T eM: |[(S+2) " —(T+2) 7", <CVIs —T|. (5.3)

Theorem 5.1 is a consequence of the following three results, which we prove later on.
5.2 Lemma. Let S, T € M. Then

(1 + S*S)_%S* — (14 T*T)_%T*H < % IS =T, (5.4)
and

I(1+578)2 — (A +T°7)72| < 2|S-T]. (5:5)
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5.3 Proposition. For T' € M define u(T) € U(Mz(M)) by

(A4 T T (14 T7T) 2
uh) = < A+TT)F  (1+TT) 1) (5:6)
Then for all S, T € M,
[u(S) —u(T)|| < 2|5 =T (5.7)

According to Proposition 4.4, if u = (uij)ij:l € U(M2(M)), then upyz + w2y and ugx +
ugoy are x-free circular elements in N, and they are x-free from M. In particular, we may
define g,(z) € L*(N,7), (0 <p < 1), by

9u(2) = (un® 4 u12y) (us1@ + ugey) ™' = (unz + u1z) (ua1z + ug) . (5.8)
5.4 Proposition. (i) Let p € (0,1). Then for every u € U(My(M)),

19u(2)[lp = [I2]lp < o0 (5.9)

(ii) Let p € (0,%). Then there is a constant Cf? > 0 such that for all u,v € U(Mz(M)),
19u(2) = go(2)llp < C2lu — v]]. (5.10)

Proof of Theorem 5.1. Let T' € M, and let u(7T) € U(M3(M)) be given by (5.6). Moreover
define (a circular system) {v,w} C N by

() = (;) = (iﬁﬁ?}i@i ). (5.11)
Then

TH+z = (Ty+a)y™
= (L+TT")2uwy ™,

so for each p € (0,1), T + z has an inverse (T + 2)~' € L?(N, 1) given by

(T+2) ' =yw (1 +TT*) 2. (5.12)
Moreover,
-l
- (Catrm raar) ()

) <(—1<1+ : ;Ci;‘ﬁ? <1<1++T:*F:;F>*—);;*> ()
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In particular, .
y=1+7T"'T)2(T"w — v),

and hence by (5.12),

(T+2)7" = yw ' (A+TT*) 2
= (14 TT) 2 (T*w—v)w (1
= T*A+TT) ' =1 +TT)"
= T*A+TT) ' - +T1TT)

N\»—A

+

)
1< +TT7)

l\)\»—‘ l\)\»—‘

Recall (cf. [FK]) that if 0 < p < 1, then for a,b € LP(M),
la+ 0l < llally + o]l -
It follows that for S, T € M and 0 < p < %
1(S +2)~" = (T +2)7 "5 < |lAlIL + 1Bl

where
A=S*1+8S) ' —T*1+TT*)!

and

B = (1+5"8)"2gu5)(2)(1 + 5572 — (1 + T*T) "2 guery(2)(1 + TT*) 2.

According to (5.4),

1Al < Al =1+ §87) 728 = (L +TT) 2T < F|S* = T*|| = } IS = 7.

gum( A+ TT) >

(5.13)

(5.14)

(5.15)

(5.16)

To get an estimate of || B||,, we write B as a sum, B = By + By + Bs, where By, By and

B3 are given by
B, = [(1+5°8)72— (1+T*T)*%] u(s)( )(1+55*)*%

By = (1+7"T)" (gu(s><z> ) (2))(1 +855%) 72
By = (14+T1T)" (z)[(1+SS*) %—(1+TT*) 2],

NM—‘ w\»—t

According to (5.5),
(14 5°9)72 = (A+T°T) 72| < 2(|S=T|| < |S =TI,

and . .
(1 +88 )2 —(A+TT) 2| < 2|S*=T*| < ||S =TI

Moreover, by Proposition 5.4 and Proposition 5.3,
19u(s)(2) = gury (2)lp < O [[u(S) — u(T)|| < 26715 =T,

32



and
1Gu(s)(2)llp = I2]l,-

It follows that
[ Billp < llzllpl1S =T,

1Bal, < 2G2S — T

and
1 Bsllp < llzll,ll5 =T

Altogether we have shown that

JAI+ 1B < AL+ 1Bl + I Balls + 1 Bsll
< (Gr+20:lp+ @cr)is - T,

1
s0 by (5.14), (5.3) holds with C{P = ((;;)P +2||2|fE + 2pc,§2>p) " m

Proof of Lemma 5.2. For all z > 0 we have:

Therefore every R € M satisfies

a+R%>%:—/<RR+m+nnlahm
0

™

(as a Banach space valued integral).

For a > 1 define

Ala) = (al+ S*S)1S* — (al +T*T)'T™,
(al +5*S)' — (a1 + T*T) 71,
C(a) = (al+85*) " —(al +TT*)".

&
—
N

I

Then

Ala) = (al+ S*S)'S* —T*(al +TT*)*

= (al +S5*S)S*(al + TT*) — (al + S*S)T*](al + TT*)""

= a(al + S*S) " H(S* —T*)(al + TT*) ' +

(al+ S*S)1S*(T — S$)T*(al + TT*) .

Now, for every R € M,
I(al + R*R)7Y| < ¢,
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and

(a1l + R*R)"'R*|| = |/(al+ R*R)"'R*R(al + R*R)™'||2
t 3
< 5.20
< (s e (520
1
= —. 5.21
Hence
[A@ < ;1S =T + & 1T =Sl =F 1S =T (5.22)
It follows that
1 1 1 © 1
[(1+8°8) 28" — (1 +T*T)2T*|| < %/ |A(a+1)||a 2 da
0
< Z|S-T| f;"(a+1)a 2 da
= Fls—-TI, (5.23)
which is (5.4).
Also, since
B(a) = (al+S5*S) X (T*T — S*S)(al +T*T)*
= (al +S5*S) N (T* - ST (al +T*T)!
+(al + S*S) ' S*(T — S)(al + T*T)~*
where
[(al 4+ S*S)™NT* = ST (al + T*T)7"|| < LT —S|||T(al +T*T)7 ||
= LT = Sll(al +T+T) "7
< gzl =S,
and
(a1 +8*S)7'S(T = S)(al + T*T)7Y|| < gll(al + S*S)~'S*[|T - S|
S anHT SH
we find that
I1B@)| < ;718 =T1, (5.24)
whence
1 [ ;
l+s8) b =@ H) < - [ Bt et da
0
1 > 3 1
< I5-Tl5 [ @+ tatda
™ Jo
= 2|5 -1, (5.25)
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and this is (5.5). n

Proof of Proposition 5.3. With

A = (1458°9)28 — (L4 T*T) 27",
B = (1+88)7:—(1+TT)7z,
C = (1488 2—(1+TT")2

one has that

and hence by Lemma 5.2,

[u(S) = u(T)]

16 ) I+1(e o)1

[ A[l + max{|| BI|, [|C[[}
IS =TI+ 2|5 -1
21l — 1. n

IN A

Next we want to prove Proposition 5.4. To this end we need a series of lemmas which we
state and prove in the following.

5.5 Lemma. Let u € U(My(M)) with |ju—1|| < 1. Then there exist wy,ws € U(M) and
¢ € M such that
U= wv, (5.26)

w = (“61 52) (5.27)

v — ((1 __ﬁf*ﬁ . _lg*@%) ' (5.28)

wy, we and ¢ are uniquely determined by (5.26), (5.27) and (5.28). Moreover, ||{|| < 1,
lo =1} < 2[lu = 1 and [jw; = 1] < 3[lu =1, i = 1,2.

where

and

Proof. u = (u); =, with u;; € M, where |lu; — 1|| < 1,7 =1,2. Thus, u;; and ug, are

invertible and have unique polar decompositions u; = w;|u;|, where w; € W(M), i = 1,2.
Put ¢ = wiuia, m = wius and

o U)T 0 . |U11| 14
v = L u= :
0 w3 m |ugs|
Since v is unitary, |uy|> + 00 = 1, 00* + |uge|? = 1 and m|uyy| + |uge|¢* = 0. Hence

lugi| = (1 — 6042, (5.29)
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Jusa] = (1 — £°0)2 (5.30)

and
m = —|U22|€*|U11|_1 = —g* (531)

Thus, v is given by (5.28). Moreover, due to the uniqueness of the polar decompositions
of uy; and wugy, wy, wy and ¢ are uniquely determined by (5.26), (5.27) and (5.28).

Since ||lu — 1|| < 1, we find that
1] = flwz|l < [Jlu—1] < 1. (5.32)
Also, when t € [0, 1], then 0 <1 — vVt <1 —t, and hence
* l *
11— (1 =20 )2 || < |1 — (1 —£6%)|| = || €],

and )
11— (1 =0z <1 -1 -0 =)

Lo 1—(1— 02 0 L (0
B 0 1—(1—¢0)2 0 )

we may use the estimates obtained above to see that

Since

max{||1 — (1 — £0°)2 |, |11 — (1 — 0)z||} + ||¢]

1212 + ¢l

2/l

2w —1]. (5.33)

lo = 1]

(VAN VAN VAN VAN

Finally, w given by (5.27) satisfies

lw =1 = flu® = 1]
= [[(u—v)7
= Jlu—7]
< flu =1+ flo = 1]
< 3flu =1,
and hence |Jw; — 1|| < 3Jju— 1|, i =1, 2. [

5.6 Lemma. Let ¢ € M with ||¢|| < 1. Then there exists ws € U(M) such that

(@b (e ) (WY (5 0y g
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Proof. Since M is finite, we may take a unitary ws € U(M) such that ¢ = ws|l|. Let
my = wi(1 — £0*) 2wz and my = (1 — £*¢)2. Then

<%§ 2) <<1i:§fv; (1-—2*@é) (%? 2) - (zﬁa 7fl>'

my |
=€l my
proves (5.34). n

In particular, ( ) is unitary, and hence m2 + |[¢|2 = 1, so my = (1 — |[¢|2)2. This

5.7 Lemma. Let m € M, with ||m|| < 1. Then there exist unitaries wy,ws € M and
0 € R such that

) (1 —m?)2 m
v = o\ 1
—m (1 —m?)z
~ (w; O cosf1l  sinbws cosf1l  sinbwi\ (wy O (5.35)
N 0 1) \—sinfw! cosfl ) \—sinbw; cosfl 0 1)’ '
0<60< v —1] and |Jwy — 1| < 2|0 — 1.

Proof. If m = 0, then v" = 1, and (5.

5.35) holds with § = 0, wy = ws. Now, assume that
m # 0. Then we may choose 6 € (0, )

such that sin(20) = ||m||. Let

, 1 1
= = ) 5.36
" sin(29)m 2cosfsinf (5:36)
Then m' = (m/)*, ||m/|| = 1, and with
ws =m' +1y/1— (m)? € U(M) (5.37)

one has that
m' = (w5 + wi).

o cosf1  sinfws cosfl sinfwi\ [k m
~ \—sinfwi cosfl ) \—sinfws cosfl )]  \-m k*)’

k = cos® 01 — sin’ fwz. (5.38)

Since v” is unitary, kk* = k*k = 1 — m?. Then let

Let

where

k= wy(1—m?)2 (5.39)

be the polar decomposition of k. sin?6 < cos?6, when 0 < 6 < T, 80 k is invertible, and
w4 must be unitary. Moreover, w, belongs to the abelian von Neumann algebra W*(k),
and therefore it commutes with m = (1 — k*k)2. It follows that

GO T I (Y PR
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that is, (5.35) holds. Also, since 20 € (0, %), [|m/|| = sin(26) > 2 20, and we get that

0 < §lmll <flmll < o' =1]. (5.41)

w? is unitary, and hence by (5.38) and the spectral mapping theorem, the spectrum

of k must be contained in the boundary of the closed ball B(cos?6,sin?f) C C. As

cos?f > sin?#, this ball is contained in {# € C|Rez > 0}, so there is a continuous

determination of arg z in o (k) taking values in (-7, 7). In particular,

wy = ' ek (5.42)

and we get that

lws =1 < [Jarg(k)]]
< max{|arg(z)|| z € dB(cos®,sin’ )}
= arcsin(tan? ). (5.43)
Making use of the estimates
0<tant< 2t (0<t<™)
ant < — -
— — T Y — — 4 Y
and -
0 < arcsint < §t, (0<t<1),
we finally find that
|wy — 1] < arcsin(tan®6)
< arcsin(136?)
m 16
g
< 26
< 20" — 1. [

5.8 Definition. For p € (0,1) define d, : U(M5(M)) x U(M2(M)) — [0, oo[ by

dp(u,v) = llgu(z) = gu(2)[I},  (u,v € UW(M2(M)). (5.44)
Clearly, for all u,v,w € U(M3(M)), we have:

dp(u, w) < dy(u,v) + dp(v, w). (5.45)

5.9 Proposition. Let 0 < p < % Then
(i) d,, is right-invariant on U(Mz(M)).
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(ii) d, is left-invariant w.r.t. multiplication by diagonal unitaries.

(iii) For all wy,wy € U(M) one has that w = (wl 0 ) satisfies

0 Wo
dp(w,1) < ([wr = 1|7 + [Jwz — 1[7) [|2]l5- (5.46)

Proof. (i) Let u,v,w € UW(M2(M)). Then with

and 2’ = 2'(y')~! we have that

Guw(2) = Gow(2) = gu<zl) - gv(zl)'

According to Proposition 4.4, {z’,4'} is a circular system which is *-free from M, so

dp(uw,vw) = [|guw(2) = gow(2)|p
= 119u(2") = 9o ()l
= [lgu(2) = gu(2)ll,
= dy(u,v).

(11) Let u = (uij)%’jzl,v = (Uij)z%jzl c U(MQ(M)), and let w = (U(;l ?1())2) S U(MQ(M))
Then wy,wy; € U(M), and hence

dp(wuv wv) = ||gwu(z) - ng(z)HZ
= le (uux + ulgy)(Uml’ + u22y)71w§ — ’LU1(U11.’L' + Ulgy) (1)2137 + U22y)71w;H§
= [[(u11z + w2y) (uz1@ + uny) ™" — (Vi1 + vi2y) (v + Uz2y)_1HZ

= llgu(2) = 9(2)I

= dy(u,v).
(ili) Let wy, we € U(M), and let w = (%1 £ ) Then
2
dp(w, 1) = Junz(way) ™ —ay ™|}

lwizy™ — 2y~ wslfp
1wy = Dy I} + oy (1 —wo) |1}
([ (wr = D)7 + [[(wz = DIP)[2]]5- m

VARVAN

5.10 Corollary. Let n € N, let u,uy,...,u, € UW(My(M)), and let w € U(M(M)) be
diagonal. Then
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(jV) dp<u1 cr Un, 1) < Z?:l dp(uh 1)7
(v) dp(wuw®, 1) = dp(u, 1).
Proof. (iv) follows from (5.45) and from Proposition 5.9 (i). Indeed, if u;, us € U(M2(M)),
then
dp(urug, 1) = dy(us, u3)
< dy(un, 1) + dp(1,u3)
= dp(ul, 1) + dp<U2, 1)
Then (iv) follows for general n € N by induction.
(v) is a consequence of Proposition 5.9 (i) and (ii). [
Proof of Proposition 5.4.(i) Let u = (ui;); j—; € W(My(M)). Then, as already mentioned,
un @ + ugpy and ugx + ugey are *-free circular elements. In particular, ¢,(2) = (u112 +

u12Y) (Ua1 +ugoy) ! has the same *-distribution as z (in the sense of [HS, Definition 3.2]),
whence ||g.(2)]l, = ||z]|, < oo for p € (0,1).

(ii) Now assume that p € (0,%). At first we consider u € U(Ma(M)) with [|u — 1] < 1.

Take w = <%1 u(;) ) and v as in Lemma 5.5. Then, according to Corollary 5.10 (iv),
2

dy(u, 1) < dy(w, 1) +dpy(v, 1), (5.47)
where

dp(w, 1) (llwr = 27+ [lws = 1[7) 1117

<
< 2-3Pflu = 1713 (5.48)

(cf. Proposition 5.9 and Lemma 5.5).
As in Lemma 5.6, take m = [¢] € M an ws € U(M) such that

(EDOT o) (53

v = ((1 —m?): m ) . (5.49)

—-m (1- mQ)%

and put

Then
v —1] = [[v' = 1] < 2[ju— 1], (5.50)

and because of Corollary 5.10 (v), d,(v', 1) = d,(v, 1), so

dp(u, 1) < 23w — 1|P|]12+ dy(e/, 1), (5.51)
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As in Lemma 5.7 we may take wy, ws; € U(M) and 6 € R such that 0 < 6§ < ||/ — 1|,

|wg — 1] < 2||v" — 1]| and

, (w; O cosf1  sinBws cosfl  sinfw; wy 0
U7 o 1) \—sinfw: cosf1 ) \—sinfuws cosf1 0 1)°

Then, according to Proposition 5.9 (iii) and Corollary 5.10 (iv), with

o ( cosf1 sin9w5) ( cosf1 Sinewg")

—sinfw; cosf1 —sinfw; cosfl
we have that

dp(v', 1) 2)|wa = Gl + dp(v”, 1)

<
< 2- 2700 = 1Pll2lp + dp (0", 1)
< 2 4Plu = TYPY2]f) + dp(v”, 1),

Altogether we have shown that

dp(u,1) < 2- (37 +47)[|u = 1{P|[2[|} + dp(v", 1).
cosf1  sinfws\ (ws O cosf) sinf\ (wi 0
—sinfw: cosfl ) \ 0 1)\ —sinf cosb 0 1)’

cosf1  sinfwi) (wi 0 cosf sinf\ fws O
—sinfws cosfl ) \ 0 1)\ —sinf cosf 0 1)’
Corollary 5.10 implies that with

u(6) ( cos f sin0> ,

—sinf cos®

Since

and

one has that
d,(v",1) < 2d,(u(d),1).

Thus, when [|ju — 1| < 1,
dp(u, 1) < 47" H|u = 1|17||2[} + 2, (u(6), 1),

where 0 < 6 < max{2|u — 1|, T}
If [lu — 1]| > 1, then

dp(u, 1) = lgu(2) =2l
< Ngu(NE + 112115
= 2|27
< 4w — 2Pl
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o (5.58) still holds in this case.

To get an estimate of d,(u(6),1), where 0 < § < max{2|ju — 1|, I}, let ¢ = 4. Then
u(f) = u(¢)?, so by the right-invariance of d, and the inequality

1 +tan®¢ < 2, 0<¢<g

we get that
dy(u(0),1) = dy(u(9),u(¢)™)

— 4, (ulo) ((1) é)»“(¢>l G (1)))

sin ¢ z + cos ¢
Cosgbz—sinqb_ cos ¢ z + sin ¢
2tan¢ (22 + 1) |p
22 —tan?¢ llp
2tan ¢ (1 + tan? @) ||»
22 —tan ¢

< (2tan @)’ + (4tan¢)?

= |[|2tan¢ +

p

1
22 —tan¢llp

p

Hence, by (5.2) and the fact that

tan ¢ < 2¢ =0, 0<¢<

ool 3

dp(u(f),1) (2tan ¢)” + (4 tan7)?||2%||?
(20)7 + (40)7|| 2|7
2607 (1 + 2||22||g)

4 2%ju — 117 (1 4 2||2%(2).

VAN VANR VARSI VAN

Finally, by insertion of the above estimate into (5.58), we find that with

1
CP = (7 2] + 2742 (1 + 2)|2°| D)) 7, (5.59)
one has that )
dy(u,1)r < Cpllu — 1. (5.60)
Then for all u,v € U(M2(M)),
1
19u(2) = gu(2)lp = dp(u,v)>
= dp( - 1)
< Ot -1
_ e
- p )Hu - H?

and this is (5.10). |
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6 Integration in IL’(M,7) for 0 <p <1

In this section we consider a II;-factor M with faithful tracial state 7 and a fixed p € (0, 1).
In this case

1
1AL, = (r(1A)7,  AeM,
does not define a norm on M but only a quasi-norm satisfying
A+ By < IAIF+Bl;, A BeM (6.1)
(cf. [FK]). LP(M, 7) is complete w.r.t. the metric

4)(A,B)=|A- Bl  ABeM.

Although LP(M, 1) is not a locally convex vector space, one can define a Riemann type
integral of a vector valued function

f:a,b] — LP(M, 1),

provided f fulfills the condition that for some o > % and for some positive constant C,

Va,y €la, b [If() = fF@)ll, < Clo -yl (6.2)

This is a special case of an integral introduced by Turpin and Waelbroeck in 1968-71 (cf.
[TuWal, [Wa]) and further developed by Kalton in 1985 (cf. [Ka, Section 3]). We shall
only need the properties of the Turpin-Waelbroeck integral stated in Definition 6.1 and
Theorem 6.2 below. For the convenience of the reader we have enclosed a self-contained
proof of Theorem 6.2 in the appendix (section 10).

Suppose (6.2) is fulfilled. Then for each n € Ny define S,, € LP(M, 7) by

b—a b—a
Su =" ;f(am = ) (n € Ny). (6.3)
Then for every n > 2,
b—a — b—a
_ _ b= ! -
Sn Sn—l on ;( 1) f(a + k on >
2n—1

h—
= 2na E TnJ,
j=1

where

T, = f<a+(2j _ 1)62_716‘) —f<a+2jb_a>.

Hence, by (6.2)

b—a\" , .-
HTn,ijSC< 5 ) , o l<j<on
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and then by (6.1),

DA C’p<b — a):ﬂaﬂ’ _ CP(b—a)

_ p PPy
1Sn = Sp-1llp < on 9. 9on(ptpatl)’

P — onp

(6.4)

Since o > %, p+pa—1>0, and hence

o0
> 1180 = Sualf < o0.
n=2

It follows that (.S,,)02, is a Cauchy sequence in LP(M, 7) w.r.t. the metric d,, and therefore
lim,, . S, exists in LP(M, 7).

6.1 Definition. For f: R — LP(M, 1) as above we define f;f(x) doe € LP(M, 7) by

/b f(z)dz ;= lim S,. (6.5)

n—oo

6.2 Theorem. Suppose f : [a,b] — LP(M, 1) satisfies (6.2) for some o > }D — 1. Let
I'=(a=xy <m < -+ < xy1 < x, =0b) be an arbitrary partition of [a,b], and for
arbitrary t; € [x;_1,x;] define

M = Z Ft) (s — 2i1). (6.6)

Then with 6(1) = maxy<;<,(z; — x;-1),

P CP(b— a)d(I)Prort
p p+pa—1 '

HM— /abf(x) dz (6.7)

It follows that if (1,,)°°, is a sequence of partitions of |a,b], such that the fineness §(I,,)

n=1
of the n’th partition I,, tends to zero as n tends to infinity, and if for each n € N we
associate to I,, a finite sum M, € LP(M, 1) as in (6.6), then | M, — fabf(x) dz|, — 0 as
n — oo.

Proof. See section 10.

By [HS, Section 2|, the definition of the Fuglede-Kadison determinant A(7") and the
Brown measure pp can be extended to all unbounded operators in M, where

MA = {T e M| / log™ t dpyr((t) < oo}
0

Note that LP(M,7) € M2 for all p € (0, 00).
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6.3 Definition. For 7' € M2 define r'(T'), the modified spectral radius of T, by

r'(T) = sup{|z[ | z € supp(ur)}- (6.8)

6.4 Proposition. For each T € M* and each p € (0,00) we have that

1
r(T) < limsup [|T™|5" (6.9)

m—0o0

Proof. r'(T') is the essential supremum of |A| w.r.t. pp. Hence by application of [HS,
Proposition 2.15] and [HS, Theorem 2.19],

r(T) = lim (/C|Z|quT(Z)>;

q—00

= i ([l )’
= i ([P der()”

1

= i ()

< timsup (|77 )7

m—00

|-

H

1
= limsup || T™||;". u

m—00

6.5 Proposition. Let T € M*» and let P € M be a non-trivial projection such that
PTP =TP. Then

A(T) = Apyp(PTP)Y ) Apiypr (PET P, (6.10)

and

pr = 7(P)pprp + (1 = 7(P))puprrpe, (6.11)
where the Brown measures pprp and upippr are computed relative to the II,—factors
PMP and P*MP*, respectively.

Proof. Equation (6.10) was proven in [HS, Proposition 2.24]. Since PT'P = TP, we have
that for all A\ € C, P(T'— A\1)P = (T — A1) P, and thus by (6.10), we have for all A\ € C,

log A(T — A1)
= 7(P)log Apnip(P(T — A1)P) 4 (1 — 7(P))log Apioepr (PH(T — A1) PH). (6.12)

Equation (6.11) now follows by taking the Laplacian (in the Schwartz distribution sense)
on both sides of (6.12) (cf. [HS, Definition 2.13]). [
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6.6 Theorem. Suppose T € M* and that T has empty point spectrum.? Moreover,

assume that for some p € (%, 1) there exist a € (117 —1,1] and a positive constant C' such
that

(i) (T —A1)~' € LP(M, 1) for all A € C,
(i) (T = A1)~ — (T — pl)7 |, < C|\— pu|® for all A\, u € C.

Then there is a T-invariant subspace K affiliated with M such that when P € M denotes
the projection onto X, and when we write

_(Tu T
=0 5
according to the decomposition H = K © XK+, then Ty, € LP(PMP), Ty,' € LP(PTMPL),
supp(un,,) € B(0,1) and supp(pr,) € {= € C| [2| > 1).

Proof. Define f: R — LP(M, 1) by

f(t) = (e"1 —T) e, (t € R).

Then f is Holder continuous with exponent «. Indeed,

LA = FGIE = 11— 7)1 — (1 — 7)oz
< (= T) = (=) 1 — T) e — e
< CPfet — P 4 ()]s - 1
< CPls =t + (C")P|s — tP, (6.13)

where

C" = max{[|(\L = T) "], | ]\] = 1} < oc.

It follows that f is Holder continuous with exponent min{a, 1} = « and that we may
define £ € LP(M, T) by

B L (A1 — : / £(1) (6.14)

271 Jap(o,)

We are going to prove that the range projection P of E has the properties stated in
Theorem 6.6.

At first we prove that E? = E. To see this, note that with

= -2/ (1<k<n)

2The point spectrum of T is the set of eigenvalues of T
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1 e~ .. )
E, == 51 — T) lel®k 6.15
PG ) e (6.15)

and

M1 -7yt (6.16)

one has that
hm |E— E,|l, = hm |E — Fullp, =

Moreover,
(n) (n) & (n) (n)
EnFn _ _§ elsk it; lk 1—T) (1t 1—T) 1
k1
(n)
lsk et ) - (n)
_ is —1 it —1
- —E: s ((eu—T) — ("1 —T) )
(n) (n ) (n ) _
— _E ak 1sk 1sk 1 — + § b t t —T) 1’
where o
m 1 Z” el 1 Z” 1
a = — - = =
k o (n . (n L n) . (n)?
n —1 eltg ) _ els§C ) n —1 1— e—ltl( )elslg )
and "
OB Z” els 1 Z" 1
l = — . (n ., (n = - . (n) ., (n)"
n 1 els§C ) _ eltl( ) n 1 1 — e—ls,(C )eltl( )

It follows that

n n 1 1
e

m=1

where 6,, = e~ =, m=1,...,n, are the roots of the polynomial
p(z) =2"+1, (z € C).

Consequently,

p(z) =[] (z = bm),

m=1

and

P~ 1

p(z) A=z bn



This implies that

S _ 1P 1
F l np(l) 2’
and we have thus shown that
E.F,=1(E,+F,). (6.17)

Now, E,F, = 3(E, + F,) = E wx.t. || - |, and hence w.r.t. || - [|z. Moreover,

[SiS]

IN

HEnFn_EQ“g H(Eln_E)Fn"§+"E(Fn_E)"§

(SIS

< (1Bw = EllllFalln)* + (1B 1Fn = Ellp)

— 0 asn — oo,

and it follows that £ = EZ2.

Clearly, E, and T commute for every n € N. Since the map (a,b) — ab is continuous
w.r.t the measure topology on products of sets which are bounded in measure, this implies
that

ET =TE in M. (6.18)

In particular, ker(F) and R(E) (the range of E) are T-invariant.

Let P denote the projection onto R(E). Then P € M, and PTP agrees with TP on
R(E) + P(H)* which is a dense subset of 5. Hence PTP = TP in M, i.e. X = R(E) is

T-invariant.

Next take a fixed m € N. As above we find that the map

- (eitl - T)—lei(m+1)t

is Holder continuous with exponent «, and thus we may define G € LP(M, 7) by

1
G = —/ (AL —T)"'A™dA. (6.19)
8B(0,1)

27

We know that G = lim,,_.,, G, in p-norm, where

1 e . (n) . (n)
Gn —— e 1 —T _1e1(m+1)5k 7
- ’;( )

with sé") = 225 With E,, as in (6.15) we want to prove that for fixed n > m,
G, =T"E,, (6.20)

i.e. that

. (n 1 n 1 - is," is),"
DoV )T = SN e (6.21)
n

k=1 k=1
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Note that (6.21) holds if
1(m+1) (n) 1 - is(™ 1. m 13( )
— g =—) (% —z) " 2Me (6.22)
n

as rational functions of z € C.

Now, with
q(z) = 2" — 1, (z € C),
ek’ , k=1,...,n are the roots of ¢, and therefore
(n)
st 1 1 el
Res( * ) = DN = :
q q’(e‘sk ) n - el(TL 1)s;, n
It follows that
1 1< R g
= =S () e (6.23)
q(z)  n~
Also, lim;|— Z(—; =0 and
m lmS(n>
q(2) q(e is(" >) n
Hence
(O () (n)
e ia-D DCE LD R (6.24)

E

=1

Comparing (6.23) with (6.24) we find that (6.22) holds when n > m, that is G,, = T™E,,.
Take the limit as n — oo on both sides of (6.20) (w.r.t. the measure topology) and

conclude that
G=T"FE. (6.25)

(6.25) enables us to make an estimate of |7 E||,: As in (6.13) one can show that

H(eisl _ T)—lei(m+1)s . (eitl - T)_lei(m+1)t|’£ < Cp|eis - eit|ap + (Cl)p|ei(m+1)s i ei(m—i—l)t’p
< Cp|$ . t‘ap + (C/)p’ei(erl)s . ei(m+1)t|p

)

and since a < 1 and [el(mFDs — eilm+Dt| < 9

ei(m+1)s _ ei(m-i—l)t a

‘ei(erl)s . ei(erl)t’ < 9
- 2
— 21—a‘ei(m+1)s . ei(m+1)t|a
< 24 1)%s — ¢
< 21(m A4 1)|s — ¢
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It follows that ¢ — (e!*1 —T")~'el(™+D? is Holder continuous with exponent o and constant
1
(Cp + (C")P(m + 1)1)210(1*04)) P

Since 0 < p < 1,

x+y> 1
> Z (P p
whence

2P P <27 (x 4 y)P < 27(x +y)P,

because p > % Consequently, ¢ +— (el*1 —T)~telm+1)? is Holder continuous with exponent
a and constant
C" =2(C+C'(m+1)2'79). (6.26)

Then according to Lemma 10.4,

(C")r(2m)"

Gl < ot A=), (627)

and combining (6.26) with (6.27) we find that there exist positive constants ki, ko2 (which
are independent of m) such that

|T™E||, < ki + mk,, (m € N).

In particular,
1

lim (T(P)*%HTWEHP)E <1

m—0o0

Since X is T-invariant, with T1; = Tj,., we have that T} = TI’;” Moreover, TE and Tj,.

%
agree on R(FE), and hence they must agree as operators in (PMP]. It follows that
T =17"=T"E,,

|5

and then, by Proposition 6.4,
1
r'(Tn) < lim T[]

= lim (r(P) | T"El,)"

< 1L

Thus Supp(:U’Tn) c B(07 1)

Finally, to prove that supp(pr,,) C {2z € C||z| > 1}, define for fixed m € N H € LP(M, 1)
by
1
H=—— (AL —=T)"'A7™d\ (6.28)
2mi 9B(0,1)
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As above one may prove that the right hand side makes sense as a Riemann integral in
LP(M, 7). Moreover, H = lim,, ., H, in p-norm, where

1, . . ()
Hy=—=> (e 1-T) e
ng; )

(n) _
v =

with s 2’;—’“ We are going to prove that

H,=T"1-E,), (n>m), (6.29)

and as in the above, (6.29) holds, as soon as

n

1 o, ..(n , n 1  (n (n
__ § (elsl(c ) . z)—lel(l—m)slg) _ Z—m<1 - § (elsgC )1 - Z)—lelsgC >>’ (Z c C) (630)
n
k=1

n
k=1

According to (6.23),

I~ () 1 P
(1= 2N (e - ) e ) - —m<1 ) - . 6.31
: ( n Z( ?) © - q(2) 2 —1 (6:31)
k=1
Since Z—= — 0 as |z| — oo and
n—-m (n—m)is(n) ] n
Res( - ;els’i >> == ( )k - lel(l_m)sé )’
2 —1 q’(eisk" ) n
27::711 has the following partial fraction decomposition:
P RN m 1 1< m 1
_ i(1-m)s _ i(1-m)s
=-Y e V- =% e (A (6.32)
2 —1 TL; Z—eisl(c) n; eis,(c)_z

Combining (6.31) with (6.32) we find that (6.30) holds, and hence H,, = T-"(1 — E,,)
when n > m. Taking the limit as n — oo on both sides of (6.29) (w.r.t. the measure
topology) we arrive at the identity

H=T""1-EF). (6.33)
As in the above this implies that there are constants ks, k4 > 0 such that
| T7™1 — B)|l, < ks + kam, (m e N),
whence
1) (A = E9lp = [[(A = EYT"[|, = [T7™(1 = E)l, < k3 + kam,

because T and F commute.
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Clearly, (1 — £*)?> = 1 — E*, and (T*)~! commutes with 1 — E*. As in the above this
implies that R(1 — E*) is (T*) '-invariant and that

(T*) ™ Qllp < ks + kam, (6.34)

where Q € M denotes the projection onto R(1 — E*). Now

RA-E") =ket(1—E)={z € D(E)|Ex =2} = R(E) = X,

and hence

(T)™"Q =Q(T")™Q = (QT)™'Q)™ = (T) ™™ (6.35)
As above it follows from (6.34) and (6.35) that

1 . _ 1
(Ty') < lm [ T,7 5 = lim [[(Z5,) " [l5 <1,
m—00 m—00

i.e. supp(ug-1) € {2 € C||z[ < 1}. Since T € M?2, it follows that Ty € (PEMPL)A,
and thus, by [HS, Proposition 2.16], supp(ur,) € {z € C||z| > 1}. [

7 The invariant subspace problem relative to a II;-
factor

The purpose of the present section is to combine the results of the previous sections to
give a proof of our main theorem:

7.1 Theorem. For every T' € M and every Borel set B C C there is a largest closed
T-invariant subspace X = Kp(B) affiliated with M, such that the Brown measure of T |,
M, » 18 concentrated on B.3 Moreover, X is hyperinvariant* for T, and if P = Pr(B) € M
denotes the projection onto X, then

(i) 7(P) = pr(B),

(i) the Brown measure of PXT P+, considered as an element of P-M P~ is concentrated
on C\ B.

7.2 Corollary. Let T' € M, and suppose that pr is not concentrated on a singleton.
Then there is a non-trivial subspace affiliated with M which is hyperinvariant for T'.

Proof. Take a Borel set B C C such that ur(B) > 0 and pr(B€) > 0. Then with
P = Pr(B) € M as in Theorem 7.1, one has that P is hyperinvariant for 7', and 7(P) =
pur(B) € (0,1). Since 7 is faithful, P must be non-trivial. [

3If K = {0}, then we define pr)e i= 0. If K # {0}, then pp), is computed relative to the II;-factor
PMP, where P € M denotes the projection onto X.
4% is said to be hyperinvariant for T if it is invariant under every operator S € {T}'.
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First case: Spectral subspaces associated with the set B(0,1)).

Consider a fixed operator 7" € M. As in sections 4 and 5, we can choose a circular
system {x,y} in L(F4) and embed M and L(F4) into the free product N = M x L(Fy).
This way {x,y} becomes a circular system in the II;—factor N such that M is free from
{z,y}. We will denote the trace on N by 7 as well. For each n € N we define an operator
T, € LP(N,7), (0 <p < 1), by

To=T+ Loy (7.1)

Note that |7 — T,||, — 0 as n — oo. According to Theorem 6.6 and Theorem 5.1 we
have:

7.3 Theorem. For each n € N there exists a projection P, € N such that

(i) P,T,P, = T,P,,

(ii) pp,1,p, (computed relative to P,NP,) is concentrated on B(0,1),

(iii) ppir,pr (computed relative to Py NP ) is concentrated on C\ B(0,1).

Proof. We will show that T, satisfies the assumptions of Theorem 6.6 with a = 1 and
pE (%, %) Clearly, T}, € N, and by Theorem 5.1 (i),

(T, = A1) ' =nnT —nA\l+2)"' € LP(N, 1)
for p € (0,1), A € C. Moreover, by Theorem 5.1 (ii),

(T = A1) ™" = (T — p1) 7, = nf| (0T = nAL + 2)™ — (T — npl + 2)7 ),
<n*CMIA = pf

for p € (0, %) and A, i € C. Thus, Theorem 7.3 follows from Theorem 6.6. [

7.4 Proposition. Let n € N, and let P, be as in Theorem 7.3. Then

0<7(P,) <1, (7.2)
pr, (9B(0,1)) = 0, (7.3)
pr, (B(0,1)) = 7(Py). (7.4)

Moreover, for every Borel set A € B(C),
pr, (AN B(0,1)) = 7(Py)pp,1,p,(A), (7.5)

pr, (A\ B(0,1)) = T(PTLL)MP,}T,IPT}(A)» (7.6)

where the Brown measures of P, T, P, and PnLTnPnL are computed relative to P,NP, and
PENPL | respectively.
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Proof. According to Corollary 4.6, ur, has a density ¢, w.r.t. Lebesgue measure on C,
and ¢, (z) > 0 for all z € C. Therefore supp(ur,) = C. Moreover,

pr, = 7(Po)pp,1,p, + T(Py ) fip i, Pt (7.7)

(cf. Proposition 6.5). It then follows from (ii) and (iii) of Theorem 7.3 that (7.2) holds.
Moreover, since 0B(0,1) is a nullset w.r.t. Lebesgue measure on C, (7.3) holds. Then by
(ii) of Theorem 7.3,

= pr,, (B(0,1)) = 7(Py ) ppir, pi (B0, 1))
Theorem 7.3 (iii)
= p, (B(0,1)).
(7.5) and (7.6) now follow from (7.7) and the fact that pup,7,p, and ppiq, p1 are concen-

trated on B(0,1) and C\ B(0, 1), respectively. [

Now, take a free ultrafilter w on N, and let
8o = (@) € 5N | im [l = 0,
NY = €°°(N)/3w_

Moreover, let p : £°(N) — N* denote the quotient mapping, let 7 = p((T7)2,) denote
the copy of T in N“, and define a projection P € N“ by

b= p((Pa)nZy):

Recall that the ultrapower N¥ is a II;-factor equipped with a faithful tracial state 7, given
by
To(p(@)) = lim 7(z,), @ = ()2, € L*(N).

For 0 < p < o0,
(@)l = i aallp, @ = ()72, € C5O0),

where the p—norm on the left—-hand side is computed w.r.t. the trace 7.
7.5 Proposition. With P and T as defined above, PT P = TP.
Proof. For all p € (0,1),
|PTP —TP|; = lim ||P,TF, — TP,
= }LEI&J (T = T,) Py + TPy — BT, Py — Po(T = T,) B[,
where

(T —=T,) P+ T, P, — BT, P, — P(T = T,)R|5 < 2(|T—T,|5

— 0 asn — oo.
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Since w is a free ultrafilter, any convergent sequence converges along w as well. Hence,

|PTP —TP|, = lim |P,TP, —TP,|l, =0, 0<p<]1,
and therefore TP = PTP. [

7.6 Lemma. Let u, py, pto, ... € Prob(C), and suppose that p, — p weakly as n — oo.
Then

(i) For every open set U C C,
p(U) < liminf g, (U).

n—oo

(ii) For every closed set F' C C,
pu(F) > limsup p,, (F).

(iii) For every Borel set B C C with u(0B) = 0,
p(B) = lim fi,(B).

Proof. This is standard. In order to prove (i), write 1y as the pointwise limit of an
increasing sequence of non-negative functions ¢,, € C.(C). To prove (ii), use (i) and the
fact that p(F) = 1 — pu(F°), where F*° is open. (iii) follows from (i) and (ii) with U = intB
(the interior of B) and F = B. Note that u(F) = pu(U) = u(B). n

7.7 Proposition. If ur(0B(0,1)) = 0, then the sequence (17(F,))s, converges as n —
o0. Moreover,

pur(B(0,1)) = lim 7(P,) = 7,(P). (7.8)

n—oo

Proof. According to Corollary 4.6, pr, converges weakly to pr as n tends to infinity. Then
by Proposition 7.4 and Lemma 7.6,

pr(BO,1)) = lim pr, (B(0, 1)
= lim 7(P,),

n—oo

and since w is a free ultrafilter on N, 7(F,) converges along w to ur(B(0,1)) as well.
Thus,
7.(P) = lim 7(P,) = pur(B(0,1)). u

n—w

7.8 Lemma. (i) Consider a (classical) probability space (X,E&,u). For every f €
Up>o LP(X, &, 1) one has that

exp{ [ Toglflde} = int Il = tim 1f1,
where exp(—o0) := 0.
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(ii) For every S € |J, ., LP(N,7),

p>0

A(S) = it 1S, = T (S]],

Proof. (i) follows from [Ru, Section 3, exercise 5(d)]. (ii) now follows by application of
(1) to (R,B, IU"S‘) and f = idg. |

7.9 Lemma. Suppose ur(0B(0,1)) = 0 and that 7,,(P) € (0,1). Then for every complex
number \,

lim Ap, np, (PuTwPy — AP,) < Apyewp(PTP — AP), (7.9)
and -
lim Apinps (P T, Py — APy) < Apiywpr (PTTPY — AP). (7.10)

n—w

Proof. We consider the case A = 0 only. The general case can be taken care of in the
same way. According to Lemma 7.8

APnNPn (PnTnPn> - Oirzigl HPnTnPn”LP(PnNPn)a

where

1
H}%T%}%”ipa%}ﬁh)::;Ziij”fzz%fzug
It follows that )
Apnp, (P T, P,) = inf (7(P,) ?||P.T.Pnll,), (7.11)
O0<p<1
and by the same argument,
Appep(PTP) = inf (7,(P)"#|PTP|,), (7.12)
0<p<1
where ) X
To(P) » = lim 7(P,) 7, (7.13)
and .
|PTP|, = lim ||P,TP,|,, 0<p<l.
Now,
\P, TP, — P,T,P,|l, <||T—T,||l, > 0asn — w,
and hence

|PTP||, = lim | P,TP,||, = lim || P,T,,P,||,- (7.14)
Combining now (7.12), (7.13) and (7.14), we obtain:

Apnep(PTP) = inf (lim T(Pn)7%||PnTnPn||p)-

0<p<l n—w

According to (7.11), for every p € (0,1),

lim (7(P,) "7 | Pa T Polly) = lim Ap s, (PaT0 P,

n—w
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and it follows that 3
APNwP(PTP) Z lim Apann(PnTnPn).

n—w

By similar arguments one can prove that (7.10) holds. n

7.10 Lemma. Let (a,)>2, and (b,)32; be sequences in RU{—o0} and let a,b € R.

(i) If
limsupa, < a,
liv;;;flp b, < b,
ligicgf(gjj— b,) > a+b,
then
nll_{go a, = a and nlg& b, = b.

(ii) (i) holds for convergence along a free ultrafilter w on N as well.

Proof. (i) Let ¢ > 0. Then, eventually as n — o0, a, < a+¢, b, < b+ ¢, and
a, + b, > a+b—c. Hence,

an = (ap, +b,) — b, > a—2¢

and
by, = (an +b,) —a, >b— 2,

eventually as n — oo. It follows that lim, ., a, = a and lim,,_,« b, = b. (ii) follows in a
similar way. ]

7.11 Proposition. Suppose ur(0B(0,1)) = 0 and 7,(P) € (0,1). Let A € C with
A(T — A1) > 0. Then

lim Ap,xp, (PuTW P, — AP,) = Apywp(PTP — \P), (7.15)

and
im Ap.yps (PrT, P — AP) = Apiywpr (PTTPH — APL). (7.16)

Proof. We will apply Lemma 7.10 with
a, = 7(P,)logAp ~p, (P.T,P,— AP,),
by = T(P)log Apinps(PrT, P — AP,
= 7,(P)log Apnep(PTP — AP),
b = 7,(PY)logApiywps (PTTPY — APL).
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Since 7(F,) converges to 7,(P) as n — w, we get from Lemma 7.9 that

lim a,, < a and lim b,, <b.

n—w n—w

Moreover, by Proposition 6.5,
an + b, =log A(T,, — A1) and a+b=1logA(T — A1).
Hence, by the proof of Corollary 4.8,

lim(a, + b,) = a +b.

n—w

a,b € R because A(T — A1) > 0. Then by Lemma 7.10 (ii),

lim a, = a and lim b,, = b.

n—w n—w

Since lim, ., 7(BP,) = 7,(P) > 0 and lim,_, 7(P+) = 7,(Pt) > 0, this completes the
proof. [ ]

We will now prove that under the assumptions pr(0B(0,1)) =0 and 0 < 7,(P) < 1,
}ngld HP. TP, = HpTP

and

im pipir, pr = ppiips
n—w

(weak convergence in Prop(C)).

7.12 Lemma. Suppose up(0B(0,1)) =0 and 0 < 7,,(P) < 1. Define maps p,o : B(C) —

[0, oo[ by
1

A)= ——ur(An B(0,1 1
pA) = — (AN B(O.1) (117)
1
A) = ———ur(A\ B(0,1)). 7.18
U( ) Tw(PL)/LT( \ ( ) )) ( )
Then p,o € Prob(C), and
lim pp,1,p, =p and lim ppip pr =0

(weak convergence in Prob(C)).

Proof. p,o € Prob(C) because 7,(P) = pr(B(0,1)) and 7,(P*) = ur(C\ B(0,1)) (cf.
Proposition 7.7). Put
Then by (7.5) and (7.6),
1 1
A)= ——pu7, (AN B(0,1 n(A) = ———ur, (A\ B(0,1)).

n
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Hence, for every continuous function ¢ : C — [0, 1],

1
pdp, = —/ pdur,,
/(C 7(P) B(0,1)

and by the definition of p,

1
pdp = / e dpr.
/<C Tw(P> B(0,1) g

Choose f, € C,(C), 0 < fi < 1, such that fi " 1) as k — oo. Since pg, — pr
weakly as n — 00,

1
lim inf dn>l‘< ~d)
i [[pan > i (s [ o fedun
1
_  fod keN.
Tw<P)/CgpfkuT7 S

Letting k — oo, we get that

1
liminf/godpnz /godu :/godp. 7.19
e Je 7o(P) Je ! C ( )

The same argument applied to the function 1 — ¢ gives

n—oo

imint [ (1= ) dp, > [ (1= ¢)dp
C C
and hence

n—oo

limsup/gpdpn < /gpdp. (7.20)
C C

Combining (7.19) and (7.20), we find that for every continuous function ¢ : C — [0, 1],

i [ odo, = [ o
proving that p,, — p weakly as n — oo. Since ur, (0B(0,1)) = ur(0B(0,1)) = 0, a similar
proof gives that o,, — o weakly as n — oo: Simply replace fj in the above by g, € C.(C)
such that 0 < g <1 and g, 1C\m as k — o0. [}

7.13 Proposition. Suppose pur(0B(0,1)) = 0 and 0 < 7,(P) < 1, and let p,o be as in
Lemma 7.12. Then for all A € C,

n—oo C
and
limsup log Ap1npt (PLT, P+ — \PF) < / log|z — Al do(z). (7.22)
n—oo C
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Moreover, it A(T — A1) > 0, then

i 108 A, (BT, Po = AP = [ 1og]z = M ao(2) (7.23)
n—oo (C
and
lim log Apinps (PrT, Py — APy ) = / log |z — Al do(2). (7.24)
n—oo (C

Proof. At first note that by (7.17) and (7.18), supp(p),supp(c) C supp(ur) C o(T),
whence supp(p) and supp(o) are compact. Therefore, the right-hand sides of (7.21) and
(7.22) are well-defined. Let p, = pp,7,p, and 0, = ppi7, pr. Then by Lemma 7.12,

lim p, =p  and lim 0, =0 (7.25)

(weak convergence in Prob(C)). Note that (7.21) and (7.22) are equivalent to

limsup/ log |z — A dpn(z) < /log |z — Aldp(2) (7.26)
n— o0 C C
and
limsup/ log |z — A|doy,(2) < /log\z — Al do(z2), (7.27)
n—o0 C C

respectively. Let p € (0,1). By [HS, Theorem 2.19],

[P ) < IRTR I n,y

1
= —||B.T.P.|I"
P Tl
< T+ Lay P
< T(Pn)ll + eyl
1
< TP e
< T(Pn)(ll 5+ llzy~15).

and since p has compact support,

/|z\p dp(2) < oo.

Now, 7(P,) — 7,(P) as n — oo, and we can therefore choose a constant C,, depending
only on p such that

/|z|p dp(z) < G, and /|z|p dpn(2) < Cy, n € N.
Then since |z — AP < |z]P 4 |7,
Jlardm<cm  and [lz-ardat) <60
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where C,(\) := C, + |A[P. We will prove (7.26) and (7.27) in the case A = 0 only. For
general A\ the proof is essentially the same. For 1 < R < oo define

0 2] < 1,
or(z) = ¢ loglz|, 1< |z| <R,
logR, |z| >R
Then
logt |2| = ¢r(2) + log" (%) (7.28)
¢r is continuous and bounded. Hence, (7.25) implies that
lim [ on(2)dpa(z) = [ on(z) do(c). (7.29)

Moreover, for 0 < p < 1,

/(Clog+ (%) dp(z) < %/@ (%)pdp(fc’)

IN

Similarly,

+ M <R7pcp
[ ()i« 2

Then by (7.28) and (7.29),
2R7PC,

lim sup ‘/logJr |z| dpn(2) — / log* |z| dp(2)
C C

n—oo

<
for all R > 1, implying that

lim [ log" |z|dpn(2) = /logJr 2| dp(2). (7.30)
C C

n—oo

Now choose a sequence (f)52; of compactly supported continuous functions on C such
that fr > 0 and f; " log™ |z| as k — oo. Then as in the proof of Lemma 7.12,

liminf/log|z\dpn(z) > lim [ fidp,
C C

= /fk dp.
C
Letting £ — oo, we find that
liminf/log_ |z| dpn(2) > /log_ |z| dp(z). (7.31)

Since log |z| = log* |z] —log™ ||, (7.26) (with XA = 0) now follows from (7.30) and (7.31).
(7.27) follows from a similar proof. This finishes the proof of (7.21) and (7.22).
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Now, assume that A(7 — A1) > 0. We will apply Lemma 7.10 with

a, = T(Pn) log Apann(PnTnPn — )\Pn)7

a = Tw(P)/log|z—)\|dp(z),
C
b = Tw(PL)/log|z—)\|da(z).
C
Then by (7.21), (7.22) and Proposition 7.7,

limsupa, <a and limsup b, < b,

n—oo n—oo

and by Proposition 6.5,
an + b, = log A(T,, — A1).

Since pur = 7,(P)p + 7,(P*)o, we also have
a+b= / log |z — Al dpr(2) = log A(T — A1).
C

Hence,
lim (a, + b,) = a+b > —o0.

n—oo

In particular, a,b € R. Then by Lemma 7.10,

lim a, = a and lim b, = b.

n—oo n—oo

Since lim,, o 7(P,) = 7,(P) € (0,1), (7.23) now follows. A similar argument shows that
(7.24) holds. n

7.14 Proposition. If ur(0B(0,1)) =0 and0 < 7,(P) < 1, then w.r.t. weak convergence
in Prob(C),

and

im pipig, pr = fipigpr- (7.33)
Moreover,

supp(ppgp) € B(0,1)
and

supp(pprgpr) € C\ B(0,1).

Proof. Combining (7.23), (7.24), and Proposition 7.11, we find that when A € C and
A(T — A1) > 0, then

log Apyep(PTP — AP) = / log |z — Al dp(z), (7.34)
C
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and
log Apiywpt (PYTPY — APL) = / log |z — A do(2). (7.35)
C

The map A — log A(T — A1) is subharmonic, and hence A(T — A1) > 0 for a.e. A € C
w.r.t. Lebesgue measure. Both sides of (7.34) and (7.35) are subharmonic functions of A,

and since two subharmonic functions which agree almost everywhere are identical, (7.34)
and (7.35) hold for all A € C, showing that

P = Hprp and 0 = HpLipL:

Then (7.32) and (7.33) follow from Lemma 7.12. Moreover, by the definition of p and o
in Lemma 7.12, it is clear that

supp(p) C B(0,1) and supp(c) C C\ B(0,1). n

7.15 Proposition. Let T € M, and suppose that for some r > 0, ur(0B(0,7)) = 0.
Then there is a T-invariant projection P, € N¥, such that supp(pp7p) S B(0,7),
supp(jipps) € €\ B(0,r), and

7u(Pr) = pr(B(0,7)).

Proof. 1f ur(B(0,7r)) = 1, take P, = 1 and define ppi4p. to be 0. If pur(B(0,7)) = 0,

T

take P, = 0 and define pup 7p to be 0. If 0 < pr(B(0,7)) < 1, then 0 < pu1,(B(0,1)) < 1,

and we can take P, € N“ to be the %f—invariant projection found in the above with

SUPP(MPT%TP,.) C B(0,1) and SUPP(NPTL%TPTQ c C\ B(0,1)

and with

7l P) = 1 (B(0,1)) = 1 (B(0, 1)),
Clearly, P, satisfies the conditions listed in Proposition 7.15. [ ]

The T-invariant subspaces (E(T,7)),~o and (F(T,7)),>0-

Recall from Section 3 that for each r > 0 one can define T-hyperinvariant subspaces
E(T,r) and F(T,r), for which the projections Pg(r,y and Pg(r, are independent of the
representation of M on a Hilbert space. In particular, we may regard E(T,r) and F(T,r)
as subspaces of the Hilbert space H = L*(N“, 7,), on which N* acts.

7.16 Lemma. Let T € M and let r > 0. If ur(0B(0,r)) = 0, then

(i) supp(kr|pr,,) € B(O,7),
C

(ii) supp(pirpr,,,) S
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(iii) T(Poer,n) = pr(B(0,r)),

(iv) 7(Ppery) = pr(C\ B(0,7)),

(v) E(T,r)=F(T* )",

(vi) F(T,r) = E(T*,r)*.
Proof. In the proof of (i)-(vi) we will consider M as a von Neumann algebra acting on
L2(N¥,7,) and thus identify T € M with T € N“. Let P, denote the projection from

Proposition 7.15. Then
Supp(/’LPrTPT') C B(O> T)7

supp(pprrpr) € C\ B(0,7),

and

Tw(Pr) = pr(B(0,7)) = pr(B(0,7)).
For ACC, let A*={Z|z € A}. Then

Supp(uPﬁT*P}) - ((C \ B(Ov T))* =C \ B(()? ’I”).

Since P,.(H) is T-invariant and P,(H)* is T*~invariant, it follows from Corollary 3.5 that

P.(H)C E(T,r) and  P.(H):C F(T*r). (7.36)

Hence, _
T(Per) = 7o(Pr) = pr(B(0, 1)), (7.37)
T(Ppere) = 1= () = pr(C\ B(0,7)). (7.38)

Now choose a sequence (s,,)5° from |r, oo such that ur(0B(0,s,)) =0 for all n € N and
Sn \, T as n — 00. Applying (7 38) to s,, we find that

T(F(T*,s,)) > pr(C\ B(0,s,)), n e N.
Moreover, E(T,r)LF(T*,s,) (cf. Lemma 3.6). Hence,
T(Por) <1 =1(Prr-s,) < pr(C\ B0, 50))-
Letting n — oo, we see that
7(Pecrm) < pr(C\ B(0,7)).

Thus the inequality (7.37) is an equality. Next, choose a sequence (t,)2, from (0, r) such
that ¢, /" r as n — oo and with pup(90B(0,t,)) = 0 for all n. Arguing as above, we find
that _

T(PF(T*,T')> S 1 — T(PE(T,tn)) S /LT((C \ B(O,tn)).

Letting n — oo, we obtain
T(Ppere) < pr(C\ B(0,7)).
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Hence, (7.38) is an equality too. With (7.37) and (7.38) being equalities it follows from

(7.36) that
P.(H)=E(T,r) and  P.(H)" = F(T*r).

Altogether, we have proven (i), (ii), and (v) for T and (ii), (iv), and (vi) with T replaced
by T*. Since pur«(0B(0,7)) = pur(0B(0,7)) = 0, and since T" was arbitrary, this finishes
the proof. [ |

7.17 Remark. If T € M, and if F; and FE, are closed, T-invariant subspaces affiliated
with M with By C Ep # {0}, then supp(ury, ) € supp(pr,,). Indeed, Ey is invariant
under T'|g,, and if P; denotes the projection onto E;, then Ej is affiliated with PoMPs,
whence

prip, = T2(P1) ptip)p,) T T2(P2 = P1) - (o P)T gy (Pa—Pr)
- TQ(Pl) : H’T‘El + TQ(PQ - Pl) : M(PQ*Pl)T|E2(P27P1)7

where 7 = ﬁT denotes the trace on PyMP,. It follows that supp (|, ) C supp(ur|,, )-

7.18 Lemma. For T € M and for arbitrary r > 0, (i), (ii), (iii), and (iv) of Lemma 7.16
hold. Moreover,

(v)) E(T,r) =, F(T*,s)* D F(T*,r)*,
(vi’) F(T,r) =, E(T*, s)= 2 E(T*,r)*.
Proof. Choose sequences (s,)>2; from (r,00) and (¢,)72, from (0,r) such that s, N\, ,

t, /' r, and with pup(0B(0,s,)) = pur(0B(0,t,)) = 0 for all n. According to Remark 7.17
and Lemma 7.16 (i) and (ii),

SUPD(Lirier,y) = [ ) SUPP(HTpirs,))

C ﬁ B(0, s,)

= B(0,r).

Similarly, with the aid of the sequence (¢,)2°; we find that

Supp(ﬂﬂp(ﬂﬂ) cC \ B(07 T)'

According to Lemma 7.16 (iii) and (iv),

T(Pprs,)) = nr(B(0,s,)),
T(Pr(re,) = pr(C\ B(0,t,)).
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Letting n — oo and applying Lemma 3.2 (b) we then have

T(Perr) = pr(B(0,1)),
T(PF(T7T)) = MT(C\B(070))

By application of Lemma 7.16 (v),

E(T,r)= () E(T.s,) = [ F(T",s.)" 2 [ F(T",9)",

s>r

and then by Lemma 3.6,
E(T,r) =) F(T,s)".
s>r
Since F(T*,s) C F(T*,r), s > r (cf. Lemma 3.2 (b)), this proves (v’). (vi’) is proven in
a similar way using the sequence (t,)22 ;. [ |

7.19 Corollary. For every T' € M, every A € C and every r > 0 one has:

(i) E := E(T —\1,r) is the largest, closed T-invariant subspace affiliated with M, such
that Supp(:uTIE) - B()V T)'

(ii) F := F(T — \1,r) is the largest, closed T-invariant subspace affiliated with M, such
that supp(jur,) € C\ B\ 7).

Proof. It suffices to consider the case A = 0, because pr_x1), and pr_y1), are the push-
forward measures of pg, and pp),., respectively, under the map z — 2z — A. More-

over, because of Corollary 3.5 we only have to prove that supp(ur,) € B(0,r) and
supp(pr|,) € C\ B(0,7), and these properties follow from Lemma 7.18. [ ]

Spectral subspaces corresponding to closed sets.

7.20 Proposition. For every T' € M and every closed set F C C there is a largest,
closed T-invariant subspace X = Kp(F) affiliated with M, such that supp(pury,.) € F.
Moreover, X is hyperinvariant for T

Proof. We may write C \ F' as a union of countably many open balls (B(Ag, 7%))52;:

C\F: GB()\k,Tk).

k=1
With

K= F(T — N, rp), (7.39)
k=1
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X is hyperinvariant for 7', and according to Remark 7.17,

Supp(MT\x) - C \ B()‘ka Tk)
for every k € N. Hence, supp(urj,) € F.

In order to prove that X is the largest closed subspace of H having this property, assume
that X' is a closed T-invariant subspace affiliated with M, such that supp(ur,,) C F.
Then, for every k € N, supp(ury,,) € C\ B(Ag, i) Therefore, by Corollary 3.5, X' C
F(T — M\1,7y), and it follows that X' C K. [

7.21 Definition. For T'e M and F a closed subset of C we denote by Pr(F) € W*(T)
the projection onto the subspace X (F') found in Proposition 7.20.

The following proposition is a trivial consequence of Proposition 7.20 and Remark 7.17:
7.22 Proposition. For every T' € M one has that

(i) Pr(0) =0 and Pr(C) =1

(ii) If Fy and Fy are closed subsets of C with Fy C Fy, then Pp(Fy) < Pr(Fy)

(iii) If (F})ser is a family of closed subsets of C, then Pr((V;c; Fi) = Nics Pr(F;)

el

7.23 Lemma. For every T' € M and every closed subset F' of C,
~(Pp(F)) < jn(F). (7.40)
Proof. This is an easy consequence of the fact that
pr = T(Pr(F)) - pprpyrenr) + 7(Pr(E)7)  ppr)irepe)

with ,UPT(F)TPT(F)(F) =1. |
7.24 Proposition. Let T € M. Then for every closed subset F' of C with ur(0F) = 0,

(i) 7(Pr(F)) = pr(F),

(ii) Kp(F) = Kp-(C\ F*)*.

Proof. As in the proof of Proposition 7.20, write C\ F' as a union of countably many open

balls (B(Ag, 7%))5 1 0
C\F = U B, k).

k=1
Then K7 (F) is given by

Kr(F) = () F(T — ML, 7).
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By Proposition 7.22 (ii),
K (C\ F*) 2 K- (B, 13) = E(T™ = AL, 1),
and then by Lemma 7.16 (v’),
K« (C\ F*) D F(T — M1, m4)%

It follows that -
Kr(F) = (| F(T = Ml ri) 2 Ko (C\ F)* (7.41)
k=1

Then for the corresponding projections we have:

7(Pr(F)) > 1—7(Pr<(C\ F*). (7.42)
According to Lemma 7.23,
T(Pr(F)) < pr(F), (7.43)
and since pur(0F) =0,
1—=7(Pr«(C\ F*)) > 1—pp«(C\ F*) =1—pup(C\ F) = pur(F). (7.44)

We deduce from (7.42), (7.43), and (7.44) that
T(Pr(F)) = pr(F) = 7(1 = Pr«(C\ F¥)).
Then by (7.41),
:KT(F) IKT*(C\F*)J' |

7.25 Proposition. For every T € M and every closed subset F' of C, 7(Prp(F')) = pr(F),
and hence fip,(pyLrp,(r)- is concentrated on C \ F.

Proof. For t > 0 define
1
F, = {z € C|dist(z, F) < ;}
The map t — pr(F;) € [0,1] is decreasing, and therefore it has at most countably many
points of discontinuity. This entails that pr(0F;) = 0 for all but countably many ¢ > 0.

Choose t; >ty > t3 > ..., such that ¢, \, 0 as n — oo and pgp(0F;,) = 0 for all n € N.
Since F,, \, (-, Ft,. = F, we have that Pr(F;,) \, Pr(F), and hence

7(Pr(F))

Jim r(Pp(F.)
= M pr(£)
= pr(F),

as claimed. Finally, since

pr = T(Pr(F)) - Wpy(FYTPp(F) + 7—<PT(F)L) *MPp(FYLTPr(F)Ls
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where pp.(pyrpqr)(F) = 1, we conclude that

7—<PT(F)J_> : /LPT(F)LTPT(F)L(F) = 0.

Hence, if Pr(F) # 1, then pp.pyirp.m2(F) = 0. If Pp(F) = 1, then, by definition,
=0,

Hpy(F)LT Pp(F)- and this measure is trivially concentrated on C \ F. [ ]

7.26 Lemma. Let T' € M, and let P € M be a T-invariant projection. Then for every
closed subset F' of C,
K| pge (F) = K (F) N P(H). (7.45)

Proof. Let Q € PMP denote the projection onto .’KT|P(,H)(F), and let R = Pr(F) A P.
We will prove that ) < R and R < Q.

Clearly, @ < P. In order to see that Q < Pr(F'), recall that Pr(F') is the largest projection
with the properties

(i) PT(F)TPT(F) = TPT(F)7

(i) ppp(pyrer(r) (computed relative to Pp(F)MPp(F)) is concentrated on F'.

Since
QTQ =QTPQ =TPQ=TQ, (7.46)

and pgro = porrg (computed relative to QMGQ) is concentrated on F, we get that
Q < Pr(F), and hence Q < R.

Similarly, to prove that R < @, prove that
(i) RTPR=TPR,ie. RTR=TR,

(ii") prrpr = prrr (computed relative to RMR) is concentrated on F.

Note that if Pr(F) = 0, then R < @, so we may assume that Pp(F) # 0. (i’) holds,
because R(H) = P(H) N Pr(F)(H) is T-invariant when P(H) and Pr(F)(H) are T-
invariant. In order to prove (ii’), at first note that R(H) is T Pr(F)-invariant. Hence

prppry = T1(R) - pirTRr + T (RY) - ppirge, (7.47)

where 7 = 5 - 7| pp(pyvpr(r)- 1t follows that

I
T(Pr(F)
T1(R) - prrr(F©) < prpp ) (F€) =0, (7.48)

and thus, if R # 0, then puprr(F°) =0, and (ii’) holds. If R =0, then R < @ is trivially
fulfilled. |
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The general case.

Proof of Theorem 7.1. Define
Pr(B):= \/  P(K) (7.49)
K compact, KCB

and
Kr(B) = Pr(B)(3). (7.50)

Then Xr(B) is T-hyperinvariant. Since pry, , is a regular measure (cf. [Fo, Theo-
rem 7.8]),
Kl gy (B) = sup{ iy, (K) | K compact, K C B}.

For every compact set K C B, Xp(K) € Kp(B) is T'|x,(p)-invariant, so with P = Pp(B),
HT\5 13y = Teve(Pr(K)) “HTx (k) + 7pmp (P — Pr(K)) - H(P—Pr(K))T(P—Pr(K))-

Therefore, by Proposition 7.25,

ity (K) =~ TPH) 14,1 () + 0 = - (P ().

(Pr(K)) i compact, kB 1S an increasing net of projections with SO-limit Pr(B). Therefore,
1
”Tle(m(B) = sup {W -7(Pr(K)) | K compact, K C B} =1.

This shows that HT s, ) is concentrated on B. Moreover, by similar arguments,

pr(B) = sup{ur(K)| K compact, K C B}
= sup{7(Pr(K))| K compact, K C B}
= 7(Pr(B)),

proving that (i) of Theorem 7.1 holds. (ii) then follows as in the foregoing proof.

Finally, suppose that @) € M is a T-invariant projection and that jir, ., is concentrated
on B. Then by Lemma 7.26 and Proposition 7.25,

Tomo(P AN Q) = sup{monmo(Pr(K) A Q)| K compact, K C B}
= sup{7omQ(Pr|gu, (K)) | K compact, K C B}
SUP{ 17| o, (JC) | K compact, K C B}

IUT|Q(9-()(B>
= 1.

Hence, P A Q = @, and we get that () < P. [ |
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7.27 Corollary. For every Borelset B C C,
Pr.(C\ B*) =1— Pr(B),
where B* = {Z | z € B}.

Proof. Let X = KXr(B) and P = Pr(B) be as in Theorem 7.1. Then by Theorem 7.1 (ii),
K+ is a closed T*—invariant subspace, and the Brown measure of PXT* P+ = (P+TP+)*
is concentrated on B*. Hence,

Pr+(C\ B*) > P+ = Pr(B)*. (7.51)
But
T(Pr-(C\ BY)) = pr-(C\ B")
= 1r(C\ B)
= 1—pur(B)
= 7(Pr(B)").
Hence, equality must hold in (7.51). [ |

7.28 Corollary. Let T € M, let B C C be a Borel set, and let X be a closed, T—
invariant subspace of J which is affiliated with M. Then the following two conditions are
equivalent:

(i) ppyrpy is concentrated on B and ppippy is concentrated on C\ B.

Proof. That (i) implies (ii) is a consequence of Theorem 7.1. Now, suppose that (ii)
holds. Then K C Ky (B). Moreover, X+ is T*-invariant, and fipgr-pg is concentrated on

(C\ B)* = C\ B*. Therefore, X+ C Kp-(C\ B*) = K¢(B)*+. Hence, K = K1 (B). u

8 Realizing Pg(r,) and Ppr,) as spectral projections

Recall from Section 3 that for every T' € M and every r > 0 we defined T-hyperinvariant
subspaces E(T,r) and F(T,r). The aim of the present section is to show that the corre-
sponding projections, Pg(r,) and Ppr,), have the following property:

8.1 Theorem. For every T € M we have:
(a) There is a unique operator A € M, such that for every r > 0,

Pgiryy = 10,(A). (8.1)

Moreover,

A =S80 — lim ((T*)"T™)2. (8.2)

n—oo
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(b) There is a unique operator B € M™, such that for every r > 0,

Prere) = Lpoo)(B)- (8.3)
Moreover, )
B =S50 — lim (T™(T™*)")2n. (8.4)

In the proof of Theorem 8.1 we shall need the following two lemmas. The first one of
them is elementary, and we omit the proof of it.

8.2 Lemma. Let P, Py, P», ... be projections in B(H). Then the following are equivalent:

(i) P, — P in the strong operator topology,

(i) ||P.& — &|| — 0 for every € € P(H) and ||P)n —n|| — 0 for every n € P(H)*.

8.3 Lemma. Let A, Ay, As, ... be operators from B(H)", and assume that

M := max{||A]|, sug |AL]} < 0.
ne

If
Lo, (An) = 1jo,1(A) (8.5)

in the strong operator topology for all but countably many r € [0, M], then A, — A in
the strong operator topology.

Proof. We prove this, approximating A, and A with linear combinations of projections
of the form 1j9,)(A4,) and 1j,(A), respectively. Choose o > 0 such that (8.5) holds for
all € aQ4 N[0, M]. For each k € N define

[kMa~t

]
(07
B = D Lmes)(A),
k=1

o [kMa~1)
k=1

Then, by the Borel functional calculus for normal operators,
Q@
4= Bl < 5.

and o

By assumption, for fixed k € N, By, = SO — lim,,_, By, and it follows that 4, — A in
the strong operator topology. [ ]
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Proof of Theorem 8.1. According to Lemma 3.2 (b), if we define E(T,0) := (., E(T,r),
then r — Pg,) is increasing and SO-continuous from the right. Moreover, according
to Lemma 3.4, Pgr,y = 1 for every r > r/(T). [KR1, Theorem 5.2.4] then implies
that there is one and only one operator A € M™, such that (8.1) holds. Moreover,
Al < r'(T) < [IT1.

Now, take 7 > 0 such that pu7(0B(0,r)) = 0. Then by Lemma 7.16 (v),
(i) E(T,r)=F(T*,r)"

Moreover, we claim that

(ii) UO<s<r E(T> 3) = E(Ta T)v

(iii) Ur<t<oo F(T=t) = F(T",7).

The one inclusion C in (ii) is obvious. On the other hand, since pur(0B(0,7)) = 0, we get
by Lemma 7.16 (iii),

T(PS ) = Jim 7(Ppcrs)
— i 1 (B(0,9)
= ur(B(0,r))
= T(PE(T,T‘))'
Hence, “=" holds in (ii). Similarly, “C” in (iii) is obvious. On the other hand, by
Lemma 7.16 (v),
(P ramn) = Mm 7(Praen)
= Jim 7(1 = Ppry)

= pr(C\ B(0,1))
= 7(1— Ppr,))
= T(PF(T*,T))~

Thus, (iii) holds.

Now, let £ € E(T,r) and n € E(T,r)t = F(T*,r) with ||¢]| = |n]] = 1. Let ¢ > 0.
According to (ii) and (iii), we may take s € (0,7), ¢ € (r,00), & € E(T,s) andn’ € F(T*,t)
with ||| = ||| = 1, ||{ = &'|| < § and ||p — 7’| < 5 . Next choose ¢, and 7, in H such
that
lim [|g, — € =0 and limsup||T"¢, | < s,
and ]
Yon [[(T)" g, =/ =0 and limsup &= < -

n—oo
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We can, without loss of generality, assume that ||£],|| = ||(T7)"n;,|| = 1 for all n € N. Then
let p, (respectively o,,) denote the distribution of (7%)*T™ w.r.t the vector state on M
induced by &/, (respectively (7%)"n.,). Arguing as in the proof of Lemma 3.4, we get that

pu((r’",00)) = 0 as n— oo,

and
0,([0,7*"]) = 0 as n — oo.

Put A, = ((T*)"T™)2x. Then
Hl[O,r}(AnK?/z - anQ = pn((r%, OO)) —0 as n— oo,

and
1000 (A)(T*) 0, — (T 0, |1* = 0,([0,7°"]) = 0 as n — oo.

Since ||§, = ¢&'|| — 0 and [[n —7'|| < 5, we get that
Hl[O,r](An)g - 5” <eg,
eventually as n — oo, and similarly one argues that
[y oo (An)n — | <,

eventually as n — oo. Thus, with P, = 1p,(A,) and P = Py, = 1p.(A) we have
shown that
lim P €] = 0

for all unit vectors £ € P(H) and hence for all £ € P(H). Similarly,
Tim [[(1 = P)n —nl| =0
for all n € P(H)*. It then follows from Lemma 8.2 that
SO — lim Lios)(An) = 110,1(A)

for all r > 0 with ur(0B(0,7)) = 0. Then by Lemma 8.3 (with M = ||T]), A, — A as
n — oo in strong operator topology. This proves (a).

(b) According to (a) applied to T, the limit
B =S80 — lim ((T")*T")2

exists and is uniquely determined by
1o (B) = Pe= ), (r>0).
Moreover, for all but countably many r > 0,
1[7“,00) (B) = 1(7“,00) (B)a
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and
F(T,r)" = E(T*r).

Hence, for these r’s,
lirooy(B) = 1 = 1j0(B) = 1 = P+ ) = Prr).-
Since r — 1p,)(B) and r — Pp¢p,y are both SO-continuous from the left, it follows that

1[7",00)(-8) = PF(T,r)

for all » > 0.

Conversely, if B € M* and 1, »)(B’) = Pp(r,) for all 7 > 0, then the argument above
may be reversed to show that

1[0,7‘]<B,) - PE(T*,T‘)? (T > 0)7
and hence, by the uniqueness in (a), B = B'. [ ]

8.4 Example. According to Theorem 8.1, for every T' € M, the sequence (((T*)”T”)ﬁ)ff:l
converges in strong operator topology. The following example due to Voiculescu (personal
communication, 2004) shows that this is not the case for all 7' € B(H) when dimH = oo.
Indeed, let 7' € B(I*(N)) be the weighted shift given by

Te, =cpeps1, neN,
where (e,,)%°; is the standard basis for [?(N), and (c,)%2, is given by

1 if 2P <np< 2" Kk even
“n 2 if 28 <n <21 k odd

Then i )
(T*)"T"e; = (H cz»> e,
i=1
and thus .
(T Ty 3oy = (f[ ) o
i=1
Since .
lim sup (ﬁ ci) ' =23 ,
el \i=1
and

it follows that (((7*)"T™)27)>, is not SO-convergent in B(I2(N)).
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9 Local spectral theory and decomposability

A bounded operator 7" on a Hilbert space H is said to be decomposable (cf. [LN, Defini-
tion 1.1.1]), if for every open cover C = U UV of the complex plane, there are T-invariant
closed subspaces H' and H” of H, such that the spectra of the restrictions of 1" satisfy
o(T|s¢) CU and o(T|g¢) C V, and such that H = H' + H".

Given T € B(H), a spectral capacity for T is a mapping F from the set of closed subsets
of C into the set of all closed, T-invariant subspaces of H, such that

(i) E(0) = {0} and E(C) = K,

E

(ii)) E(Uy) +---+ E(U,) = H for every (finite) open cover {Uy,...,U,} of C,
E
C

(iii) (ﬂ;’il Fn> =, E(F,) for every countable family (F},)32, of closed subsets of

)

(iv) o(T|gry) € F for every closed subset F' of C (with the convention that o(T|{0y) =
)

Finally, given T' € B(H) and & € H, the local resolvent set, pr(€), of T at £ is the union
of all open subsets U of C, for which there exist holomorphic vector-valued functions
fu : U — H, such that (T' — A1) fy(N\) = £ for all A € U. Note that according to
Neumann’s lemma,

{z € Cllz[ > [IT[|} < pr($),

and therefore, or(§) := C\ pr(§), the local spectrum of T at &, is compact. For any subset
A of C, the corresponding local spectral subspace of T is

Hr(A) = {€ € H|op(€) C A} (9.1)

It is not hard to see that Hp(A) is T-hyperinvariant.

Now, the three definitions given above, i.e. that of decomposability, that of a spectral
capacity and that of a local spectral subspace, are closely related, as the following theorem
indicates:

9.1 Theorem. [LN, Proposition 1.2.23] Let T be a bounded operator on a Hilbert space
J. Then the following are equivalent:

(i) T is decomposable,
(ii) T has a spectral capacity,
(iii) for every closed subset I’ of C, Hy(F') is closed and

o((L = pr(F))T|ser(ry) S o(T)\ F,
where pr(F) denotes the projection onto Hr(F).
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Moreover, if T' is decomposable, then the map F +— Hp(F) is the unique spectral capacity
for T

Now, if the operator T" appearing in our generalized version of Theorem 1.1 is decompos-
able, how is the local spectral subspace Hr(B) related to the T-invariant subspace Kr(B)
for B € B(C)?

9.2 Proposition. If T" is a decomposable operator in the II;-factor M, then for every

B € B(C), X7(B) = Hr(B).
Proof. Since o7(€) is compact for every £ € H, we have that

Hr(B) = U Hr(K).

KCB, K compact

Moreover, by definition

Xe(B)= | Ke(K).

KCB, K compact

Hence, it suffices to prove that for every compact set K C C, Kr(K) = Hp(K). Since T’
is decomposable, Theorem 9.1 implies that for every closed subset F' of C,

U(T|9{T(F)) CF,

and

o((1 = Qr(F)T|s¢p(ryr) S o(T)\ F,
where Qr(F) € W*(T) denotes the projection onto Hp(F'). In particular,

and

Supp(#ﬂ(1,QT(F))T|%T(F)L) g U(T) \ F7

It follows that Qr(F) < Pr(F), where Pp(F) € W*(T) denotes the projection onto
:KT(F> NOW,

T(Pr(F)) = pr(F)
= T(QT(F))MT|9{T(F)(F) +T(QT(F)J_):u(l—QT(F))TMT(F)J_ (F)>
and since F'No(T)\ F C OF, we get that
T(Pr(F)) < 7(Qr(F)) + 7(Qr(F) ") ta-Qr(P) Ty, gy (OF)-

Hence, if ur(0F) = 0, then 7(Pr(F)) < 7(Qr(F)), and it follows that Pr(F) = Qr(F).
For a general closed subset F' of C, define

F={zecC ‘ dist(z, F) <

~ | =

}, (t>0).
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Then Fy; \, F ast / oo. Take 0 < t; <ty < ..., such that t,, — oo and such that for all
n €N, ur(0F,,) = 0. Then, since F' +— Qr(F) is a spectral capacity for T', we have:

Qr(F) = (Qr(F)

= () Pr(F,)
n=1

— Py(F). .

9.3 Corollary. If T' € M is decomposable, then supp(ur) = o(T).

Proof. We know from [Br] that supp(ur) C o(7T) always holds. Now, let " € M be
decomposable, and let F' = supp(ur). Then Kr(F) = H. Hence, by Proposition 9.2 and
Theorem 9.1,

He(F) = He(F) = Kr(F) = H.

Therefore, by condition (iv) in the definition of a spectral capacity,

o(T) = o(T|ser(r)) € F = supp(pr). u

9.4 Corollary. Every II;factor M contains a non-decomposable operator.

Proof. According to [DH1, Example 6.6], N = @,-, B(C*) contains an operator T for
which ¢(T) = D and pr = &. Since N embeds into the hyperfinite II,factor R, and
since every II;—factor contains R as a von Neumann subalgebra, M contains a copy of T
According to Corollary 9.3, T' is not decomposable. [ ]

9.5 Remark. By [DH2|, Voiculescu’s circular operator is decomposable. More generally,
every DT—operator is decomposable.

10 Appendix: Proof of Theorem 6.2

Let 0 < p < 1 and consider a fixed map f : [a,b] — LP(M, 7) which is Holder continuous
with exponent o > %. That is, f satisfies (6.2) for some positive constant C. For every
)

closed subinterval [c, d] of [a, b] we let fcd f(z) dz be given by Definition 6.1.

10.1 Lemma. Leta=2y <21 < - < Tp1<xp=banda=yy <y < - <Yp_1 <
yn = b be partitions of the interval [a,b], and define



n

T, = fw)y; —vi)-

j=1
Then with 6, = maxj<;<p,(%; — z;_1) and d, = maxy<;<,(y; — y;j_1) one has that

T, = Ty |2 < C?(m + n) max{d,, 6, }7 . (10.1)

Proof. Let a =29 < 21 < -+ < z,_1 < z. = b be the paron of the interval [a, b] containing
all of the points x1,..., 2,1 and y1,...,Yp—1. For 1 <k <7 let i(k) € {1,...,m} and
Jj(k) € {1,...,n} be those indices for which

[2e—1, 2k] € [Titk)—1, Tig)]

and
[2k—1, 2] C [yj(k)fh yj(k)]-
Then §
1 = Z f(@i)) (21 — 25-1), (10.2)
k=1
and )
Ty = fWiw)(2k — 2r-1)- (10.3)
k=1

Since 2z € [Ti)—1, Tik)] N [Yj(k)—1, Yj], both of the points z;4) and y;p) must belong to
the interval [z, 2, + max{d,, d,}], and it follows that

1S (i) = F(Wiom)llp < C max{ds, 6, }". (10.4)

Combining (10.2), (10.3) and (10.4) we find that

1T, = T,lb <Y (2 — 2k—1)"CP max{dg, 6, }*7 < (m + n)CP max{d,, d, }*P*?. n
k=1

10.2 Lemma. For every c € (a,b),
b c b
/ f(z)dz :/ f(x) dx+/ f(z)dx. (10.5)

Proof. Let (5,)2%,, (SV)>, and (55)°2, be the sequences defining fab f(@)dz, [T f(z)d

n=1»

and fcbf(x) dz, respectively (cf. Definition 6.1). That is, with
b—
v o= a+i Qn“, (i=0,...,2"),
c—a . n
Yy, = a-+j TR (j=0,...,2"),
b—c

y; = c+(j—2")

g =212,
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one has:

Sn == Zf — Ti— 1)7
2.2m

S48 = 3 fyi) Y — yi-1)-

b

Then with 0, = max;<j<on (2, — 2;-1) = % and 0, = max;<j<o.on (Y5 —Yj-1) < 5 boa we get

from Lemma 10.1 that

b — a\prtop
(g L g@\p < a.oncw
15, — (S + 5@ < 3-2er(20)

= 307(b— a)ercva*n(p+ozp*1)7

and since p + ap — 1 > 0, we conclude that ||S, — (S5 + S|, — 0 as n — oo. ]

/_baf(—x) dr — /abf(x) dz. (10.6)

Proof. [ f(—x)dz =lim, . S, where
s = b_aZf(b— b—a)
_ b;naZf(a—i—(T—k)b;na)

2—1

10.3 Lemma.

(a—i—l ), (n € Np).

2n

Hence b
||Sn - S;LHP -

(b) = f(a)ll, = 0 asn — oo,

and it follows that
b
/ f(—=x)dz = lim S}, = lim S, :/ f(z)da. n

10.4 Lemma. For every c € [a, ],

052 [ @

80

P C’P(b_a>l7+ap
p ap+p-—1 '

(10.7)



Proof. At first we consider the case ¢ = b.

/f da:

b—a

where

- 2—n(p+pa—1)
2

Hence
b —a)

/f

and then by Lemma 10.3,

Taking (6.4) into account we obtain:

lim [|Sp — S5
n—00

< Zusn—snfl\lz
C b_ap-i—ozp n(-l—al
S
B 1
- 9ptpa—l _ ]
B 1
- elog2(p+pa-1) _ 1
1
<
log2(p + pa — 1)
2
< /.
p+pa—1

p

Op(b — a)Ptep
p+pa—1

I

p_

p

_ Cr(b—apter

b—a /f dx (b—a / f(= p_ a1
It follows now that for arbitrary ¢ € (a,b),
p Cp(c— a)Ptor
_ 10.8
(=a) / fla p - ptpa—1 (108)
and (b o+
p — c)ptop
b— : 10.9
) / fla p - prpa—1 (109)
whence
b p
[6-as@ - [ o] = [e-ase+e-ase- [ e dx—/ sy o
< H(b—c / f(z dx —i— (c—a) / flx dpr
p
Cp( p+ap )p+ap
p+pa—1 p+pa—1 '
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Since p+ ap > 1,

(= af ™+ (b=t < (b— )7,

and (10.7) follows. u

Proof of Theorem 6.2. According to Lemma 10.2,

and by Lemma 10.4,

Consequently,

HM— /abf(x) dz

b P “ i P
Jor- [Cr@a| = |3 [ —a - [ syad|f
< S|sm—ai) = [ s aal]
i=1 i1 P
Ti P(x. — . 4 \PToP
Hf(t")m o) _/. flw)de Z < (;;l-i— OZ—l)l
Oy =) (g — @y )PP
B p+ap—1
< Cp(l'l — $¢,1)5<[>p+ap_1
- p+ap—1 '
P CP " a1 CP(b— a)d(I)prer=1
, S prap =1 2T T me ST = = .

=1
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