Lie Groups (GraMPs)

Spring 2009 Hans Plesner Jakobsen

1. TOPOLOGY

Here are some basic definitions concerning topological spaces. You
may think of the topology as coming from a metric, but other topologies
may occur.

Definition 1.1. A set X is called a topological space with topology T
provided there is a family T of subsets of X for which the following
holds:
e XecT andDeT.
e(0,....,0,¢T=0nNn---NO,eT.
® If {Oataca €T, then UacaOn € T (A is any index set).
The sets in T are called the open subsets of X.
If x € X, a neighborhood of x is by definition any open subset
O with x € O.
The topological space X 1s Hausdorff if
(1)
Vo1 # 29 € X :301,0, €T : 21 € O1,29 € Oy and O1 N Oy = 0.
A set X can always be made into a topological space by choosing
7 = {X,0}. This is the trivial topology. At the other extreme,

7 = P(X) (all subsets of X) is also a topology. This is also of no
practical use. We will write (X,7) when we are in the situation of

Definition [1.1]

Definition 1.2. Let (X1,7;1) and (X, 75) be topological spaces. A
map [ : X1 — Xy is continuous (with respect to the given topolo-

gies) if

(2) YUeT: fHU)eT.

Definition 1.3. A subfamily B C 7T 1is called a basis for the topol-
ogy or a basis for the open sets, if any O € T can be written

as a union of some sets from B. The space X is said to be second
countable if there is a countable basis for the open sets.

Definition 1.4. A topological space (X, T) is disconnected if there
are two open non-empty sets O, Oy of X such that

(3) X:OlLJOQaTLdOlmOQ:@.

If X 1s not disconnected we say that it is connected.
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Definition 1.5. If (X, 7T) is a topological space and Y C X,
(4) Ty ={0NY |0OeT}

defines a topology on Y called the relative topology or the subset
topology.

2. DIFFERENTIABLE MANIFOLDS

Definition 2.1. Let M be a second countable topological space. A
differentiable structure on M (of dimension n) is a family
A = {(xi,0;) }icr, where I is an index set, such that
M1 Vi e I:0O; is an open subset of M and x is a homeomorphism
of O; onto the open set x(O;) C R"
M2 M = U 0;.
M3 Vi,j €1 x;o Xj_l :x;(0iNO;j) = xi(0; N O;) is a C™ map.

Remark 2.2. Actually, it is a “differentiable structure of class C'*°”
we have defined. In a similar fashion one may define structures of

class C* for all k = 0,1, ..., as well as class C¥ (analytic), but here
we are only concerned with C.

Definition 2.3. A set M s a differentiable manifold (an n-
dimensional differentiable manifold) if M is a second countable Haus-
dorff topological space with differentiable structure A = {(x, O;)}ier
(of dimension n). Furthermore, A is an atlas, and the individual
elements (x;, O;) are called charts. One also refers to (x;, O;) as
“local coordinates” on M, or as a local parametrization. The n in the

definition is called the dimension of M. Occastonally we will write
M™.

3. LIE GROUPS

Definition 3.1. A Lie Group G s is an abstract group which is also
a differentiable manifold and where the two structures are compatible
in the sense that the maps

GxG>3(g,h) — g-heG
Go¢g — gled
are both smooth.

3.1. Matrix Lie Groups.

Definition 3.2. A Matriz Lie Group is a closed subgroup of Gl(n,C)
for some n.
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In the case of a matrix Lie Group, the fundamental observation is that
there exists an open ball U, = By(e) = {X € M,(C) | | X]| < e} such
that V. = exp(U;) is an open set in GL(n,C) with the property that
G NV, =exp(U:Ng), where g is the Lie algebra of G.

For any g € GG one may define a chart (x,, ¢ - Vz) where the V_ is as
above, and where

(g-Vz) 3 h— xg(h) :=1log(g"h).

Since the operations of taking inverse and of multiplication from the
left are smooth in GL(n,C), and since log is smooth, it follows easily
that the "change of coordinates” (,)o(xs) "t are smooth for all a,b € G
where ever they are defined. Thus, a Matrix Lie Group is indeed a Lie
Group.

4. THE MATRIX LIE GROUPS, THEIR LIE ALGEBRAS, AND THE
EXPONENTIAL MAP

We give here some fundamental definitions and results - the latter
without proofs - relating to certain families of Lie groups and Lie algebras.
Some of the definitions are particular for this course.

Definition 4.1. By a matrix Lie group we understand a closed sub-
group of either GL(n,R) or GL(n,C).

Definition 4.2. A Lie algebra is a vector space g with a bilinear map
[,]] : g X g+— g satisfying
o (Skew symmetry)
VX,V €g: [ X, Y] =-[Y, X].
e (The Jacobi identity)
VXY, Z eg:[[X.Y], Z]+[[Y, Z], X] + [[Z2, X].Y] = 0.
The map [-,-] is called the Lie bracket. The linear structures may

in fact be over any field F. If F = R we say that the Lie algebra is
real, if F = C we say that it is complex.

Definition 4.3. The Lie algebras gl(n,R) and gl(n,C) are defined
to be the sets of all n x n real and complex,respectively, matrices
equipped with the Lie bracket

[X,Y] = XY —YX.

Here XY 1is given by matrix multiplication, etc.
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Remark 4.4. Any real subspace of gl(n,R) — or of gl(n,C)(!) -
which 1s invariant under the Lie bracket is a real Lie algebra. Any
complex subspace of gl(n,R) which is invariant under the Lie bracket
is a complex Lie algebra.

Example 4.5. u(n) = {H € ¢gl(n,C) | H* = —H} is a real Lie
algebra. su(n) = {H € gl(n,C) | H* = —H and Tr(H) = 0} is a
real Lie algebra.

Remark 4.6. By the famous Ado’s Theorem, any finite dimensional
real Lie algebra is equivalent to one obtained from a subspace of
gl(n,R) for some n. In contrast, there are very many finite-dimen-
sitonal abstract Lie groups that do not have isomorphic images inside

some GL(n,R) or GL(n,C).

Definition 4.7. The exponential map gl(n,C) — Gl(n,C) is given
as

VA € gl(n,C) : exp(A) = e = Z A

W.
i=0
Observe that || > .2, % <3 w = ell4ll where || A|| denotes the

operator norm of A. A similar estimate holds for the Hilbert-Schmidt
norm || - ||[ms; c.f. Exercise 2.3.2.

Proposition 4.8. The following useful facts hold:
i) Vs, t € R:exp((s+t)A) = exp(sA)exp(tA).
ii) More generally, if [A, B] = 0 then exp(A+B) = exp(A) exp(B).
iii) det(ed) = T4,
iv) exp(A) is invertible; (exp(A))™! = exp(—A).
v) (exp(A))* = (exp(AY)).

Moreover, we mention without proof

Lemma 4.9. If R 5t — a(t) € GL(n,C) and R 5 t — b(t) €
GL(n,C) are differentiable functions, then

d _da(t) db(t) . /
(a(t)-b(1)) = — = b(t) +a(t) == (= (Db(t) +a()V'(2).

Moreover,

dexp(t- A)

o = Aexp(t-A) =exp(t-A)A.
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The first major theorem relating Lie groups and Lie algebras is the
following:

Theorem 4.10. Let G be a matrix Lie group. Then
g:={H €gl(n,R) |Vt e R:exp(tH) € G}

is a Lie subalgebra. A similar result is true for gl(n,@).ﬂ We say
that g 1s the algebra of G.

Example 4.11. To find the Lie algebra su(2) of SU(2) we observe
that for X to be in su(2) we must have Vt : (exp(tX))(exp(tX))* =1
and Yt : det(exp(tX)) = 1. If we use v) in Proposition and
differentiate the first equation att = 0 we obtain: X + X* =0, i.e.
X is skew adjoint (iX is self adjoint). The second equation becomes

eTrX) =1 for all t which implies that Tr(X) = 0. Thus,
A
3u(2):{<_x —ix) ]:L'ER,)\E(C}.

A basis of su(2) is given by e.g.
Lrd 0 Lo —i Lo 1
60 X=5(0 %) v=5(50)-7=3("10)

Notice that
(6) XY]=Z [V,Z=X, [2X]=Y

Notice that “the same” computations give that u(n) = {X € gl(n,C) |
X+X* =0} and su(n) ={X € gl(n,C) | X+X* =0, and Tr(X) =
0}.

Example 4.12. The Lie algebra so(3) of SO(3) is given as

A basis of so(3) is given by e.q.
0 10 0 01 00 O
A= -1 00 ], B= 0O 00], ¢cC=(00 —-11.
0 00 -1 00 01 O

IThe condition is still that V¢ € R : exp(tH) € G
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Definition 4.13. Let g,bh be real Lie algebras. A real linear map
drm : g — b that satisfies

VX,)Y €g: dn([X,Y]) = [dn(X);dr(Y)],

where the Lie brackets are computed in the relevant Lie algebras, is
called a homomorphism. The definition for the complex case 1is
analogous.

In case h = gl(n,C) (viewed as a real Lie algebra) we say that dm is
a Lie algebra representation. In the latter case, if dm(g) C u(n)
we say that dm s infinitesimally unitary.

The second major theorem relating Lie groups and Lie algebras is:

Theorem 4.14. Let ¢ : G — H be a homomorphism between two
matriz Lie groups G and H. Let the Lie algebras be denoted g,b,
respectively. Then there exists a Lie algebra homomorphism d¢ :
g — b such that

Vi e R,VX € g: odexpg(tX)) = expy(tdo(X)).

(7) G- H
expgl . l expi

_

In the special case where ¢ = 7 is an n-dimensional complex (unitary)
representation of a matrix Lie group G we obtain a Lie algebra homo-
morphism dm : g — gl(n,C) (u(n)). In this case, dn(X) is called the
infinitesimal generator corresponding to X.

Remark 4.15. It is of course not at all clear a priori why a Lie
group homomorphism ¢, which to begin with only is assumed to be
continuous, is differentiable and hence can give rise to the map d¢o -
not even in the special case of a continuous representation.

For later use we mention that any homomorphism d¢ : g — b between
real Lie algebras can be extended to the complexifications, g© = g ®x C
and h€ = b @g C simply by setting

dr( X, +iXs) = dr(X)) + idn(Xy).

This is extremely useful. Since any matrix A € gl(n,C) can be written
uniquely as A = K1+ 1Ky with K7, Ky skew adjoint, it follows that any
representation drm of u(n) can be extended (complexified) to gl(n, C).
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But even more so, any representation of gl(n,R) can be complexifed
to arepresentation of gl(n,C). Hence, to any finite dimensional irre-
ducible (contemplate this!) representation of gl(n,R) there corresponds
an irreducible representation of u(n) (in the same space) and vice versa.

5. THE CLASSICAL GROUPS

5.1. Bilinear forms and pseudo-orthogonal groups. Welet B €
B(Vi, Vs, ... V,,) denote the set of multi linear maps Vi x Vo X -+ X
V,, — TF in analogy to the case with the bilinear maps. Further, we set

BV, V)= By(V), and, i l, BV, V,....,V)=B,(V).
(V,V) »(V), and, in general, B( ) (V)

n

Definition 5.1. Let B € B(V,W). We say that B is non degenerate
if

YVoeV:Bww) =0=w=0

Vw e W : Bv,w)=0=v=0.

Let, as usual, S, denote the symmetric group in n letters and let
Sgn(o) = (—1)7 denote the sign of the permutation o € S,,.

Definition 5.2. Let B € B, (V). We say that B is symmetric if

Vi, ve,...,v, €V 0og Vo = (01,...,0,) € Sy :
B(Vgyy -y U, ) = B(v1,...,0p).

Definition 5.3. Let B € B, (V). We say that B is alternating if

Vi, ve, ..., v, €V 0og Vo = (01,...,0,) € Sy :
B(Vgyy ..y Us,) = Sgn(o)B(vy, ..., vp).

Assume that B € By(V) is non degenerate and symmetric. Then we
set
(8)

O(B,F) ={g € Autp(V) | Yoy, v3 € V : B(gu1, gve) = B(vy,v9)} .

One can say that O(B, F) is the invariance group of B. We also refer to
O(B,F) as a pseudo-orthogonal group though this terminology is used
mostly for the case with F = R.

A real vector space V' with a positive definite inner product (dot prod-
uct) (-,-) (here after just called an inner product) is, as is well known,
called a (pre) Euclidean space. If V'~ R" we denote by (-, -)g the usual
inner product

(9) (’U, w)E = T1Y1 + TaY2 - * - TpYn,
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where v = (21,29, ,x,) and w = (y1,y2, - ,yn) and we will also
use this terminology if V ~ C".

As is well known, if (V,(+,-)) is a real Euclidean vector space, a linear
operator o : V — V is said to be orthogonal if

(10) Vr,y €V : (o(x),0(y)) = (z,y).

We set O(V) = {o | o orthogonal}, but if V' = R" we denote it
as O(V) = O(n) and we refer to it as the “orthogonal group in n
dimensions”. In all cases, O(V') is a group.

Now let B be a symmetric non degenerate form on R".
It is straightforward to show (see the problem sessions) that there exists
a symmetric linear operator Jp so that

(11) Ve,y € R": B(z,y) = (x, Jp(y)) -

One must have det(Jp) # 0. Conversely, any such operator J (matrix)
defines a symmetric non degenerate form B by

(12) Ve,y € R": By(z,y) = (z, J(y)) B

Definition 5.4. If J is symmetric and has p strictly positive eigen-
values and q strictly negative eigenvalues with p + q = n we define

0;(p,q) = {o€Gl(n,R)|Vr,y € R": By(o(x),0(y)) = Bs(z,y)}
{o€e Gl(n,R) |Vx,y e R": (Jo(z),0(y))g = (Jz,y)p}
= {0€Gl(n,R) | 0" Jo=JP

The groups thus defined depend explicitly on J but are all isomorphic.
For this reason, the J is usually dropped and one just writes O(p, q).

Likewise, if B, € By(V') is non degenerate and alternating (skew sym-
metric)

(13)
Sp(By,F) ={g € Autg(V) | Vui,v9 € V 1 B,(gv1, gv2) = Ba(v1,v9)}.

Again one could say that Sp(B,, ) is the invariance group of B,. These
are the (real or complex, depending on whether F = R or F = C.)
symplectic groups.

There is a skew symmetric linear operator Jp_ such that

(14) Ve,y € V@ By(z,y) = (x,Jp,(y))E.

2Notice that one has: Va,y € R": (A(z),y) = 0] & A = 0 - one can merely look at z =
e;,y = e; for all the vectors e; in the canonical basis.



To be completely specific, if V = R?" (or V = C*") we set

0 I,
(15) Js=( 1 ¢)
- where [, is the identity on R" (or C") - and we set
(16)

Sp(n,R) = {g € GL(2n,R) | Vvi, v € V : (Jp, guv1, gv2) = (Jp, v1,09)},
with an analogous definition in the complex case.

5.2. Hermitean forms. We remind you that a sesquilinear form
H in a complex vector space V' is a map

(17) V xV 3vw— Hy(v,w) € C,
satisfying:
VA e C: Vo, v,w, eV
Hg(vi 4+ Mg, w) = Hg(vi, w) + AHg(ve, w) (linearity in the 1. var.)
and

VYA eC: Vv, wy,wy, €V :
Hy(v, w1 + Mws) = Hg(v,w1) + AHs(v,ws) (anti-linearity in the 2. var.)

We say that the sesquilinear form H (henceforth denoted H) is her-
mitian provided

(18) Yo,w eV : H(w,v) = H(v,w).
(and call it skew hermitian if Vo,w € V : H(w,v) = —H (v, w) - but
we will not get involved with those here...)

Finally, a hermitian form H is positive definite if
(19) YVoeV:v#0= H(v,v) > 0.

As is well known, a complex vector space V' with a positive definite
hermitian form (-,-) (hereafter just an inner product) is called a (pre)
Hilbert space. If V' ~ C", we denote by (-, )¢ the usual inner product;
(20) (v, w)o = 21T1 + 2272+ T,
if v=_(x1,29, - ,x,) and w = (Y1, Y2, , Yn).

We set U(H) = {U | U unitary}, but if H = C" we usually write
U(H) = U(n) and call it the “unitary group in n dimensions”. Quite
generally, U(H) is a group.

3Notice that it says 2n!
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Now, let H be a Hermitean form on C". If we do not maintain the
assumption about it being positive definite, it is natural to assume in

stead that H is non degenerate.ﬁ So, this is what we do.
It is straightforward to prove /see the problem sessions) that there is

a Hermitean (or self adjoint) operator JHH
(21> VCIZ’,QEC” H(.I,y) - <$, JH(y)>O

One must have that det(Jg) # 0. Conversely, any such operator oper-
ator (matrix) J defines a Hermitean form H; by

(22) Ve,y € C": Hy(x,y) = (x, J(y))o

Definition 5.5. If J is Hermitean and has p strictly positive eigen-
values and q strictly negative eigenvalues with p +q = n we define

Us(p.q) = {ueGln,C)|Vr,yecC": Hy(u(z),u(y)) = Hs(z,y)}
= {ueGl(n,C) |Vz,y € C": (Ju(z),u(y))o = (Jz,y)o}
= {ueGin,C)|uJu=J}.

As in Definition [5.4} one usually drops the J and just writes U(p, q).

6. THE CANONICAL COMMUTATION RELATIONS

Let B, be a non-degenerate skew-symmetric form on a finite-dimensional
real vector space V. We know that V' then is even dimensional; dim V' =
2n

Definition 6.1. The Heisenberg Algebra by, or just h(n), based on
V' is the vector space V' x R equipped with the Lie bracket

(23)  VY(v,¢),(v1,c1) €V xR : [(v,¢), (v1,¢1)] = (0, By(v,v7)).

The Heisenberg Group H(V'), or just H(n), based on 'V is the vector
space V X R equipped with the product
(24)

1
V(v,c), (v1,¢1) € VXR: (v,¢)%(vy,¢1) = (U+vl,c+cl+§Ba(v,v1)).

One can easily bring the skew-symmetric form into ‘canonical form':
Specifically, there is a basis where one may write the elements v of V' as
v = (q,p) with ¢,p € R" and such that

AThis defined completely analogous to the case with bilinear forms.

%So. Jy satisfies: Ve,y € C" : (Jg(x),y) = (z, Ju(y)). More generally, the adjoint T* to
the linear operator T on the Hilbert space (H, (-,-)) is defined by the equation Vz,y € V :
(T*(z),y) = (x,T(y)). T is then Hermitian if T* = T.
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(25) Ba(<g),(gi)):q~p1—q1-p

where we use the usual --product in R"™. We shall use this form in the
sequel and both on the algebra and on the group level.

Consider
1 1
0 ﬁ%‘ \ﬁpr 1C
(26) PO B
0 0 0 — 7545

0 0 0 0

where the vectors in the first row are written in row form and the vectors
in the last column are written in column form. This formula defines a
faithful representation of h(n) as can be easily seen.

Likewise,
1 1
1 75%’ \ﬁpr 1C
(27) N B
0 0 0 1

is a faithful 2 + 2n-dimensional representation of H(n).
Other matrix versions of h(n) and H(n) are also in use, for instance

’Oqqu---an\ )
00 0 ... 0 p

b/(v”):< 0 e 0 | ¢i,pi,z €R 3.
: 0 Pn—1
Ooo0 0 ... 0 p,

(\0o0 0 ...0 0 ) )

The analogous formula with 1's in the diagonal is then an isomorphic
version of H(n). In the sequel we will use directly the definitions ([23)

and together with ([25)).

The following formulaﬁ gives the Stone-von Neumann representation
of the canonical commutation relations.

Theorem 6.2. The following formula defines a strongly continuous
unitary representation of H(n) in L*(R"):

(28) (U(q.p, o) f) (x) = eMatem2ap) f (5 — p),

6Notice two small changes from the lectures which is introduced to make the formula more
natural.
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Proof: The group property follows easily. To prove continuity, it suffices
to prove that the map

(¢,p,¢) = Ulg,p;0)f

is continuous for f in a dense subspace. Here one may choose the
Schwartz Space S(R"), or the space C2°(R") of smooth functions with
compact support. For such functions the result follows easily by Lebesgue's
Theorem on Dominated Convergence.

We will later indicate a proof of the Stone-von Neumann Uniqueness
Theorem which states that this representation is irreducible and essen-

tially uniqueﬂ However, we wish to use this result immediately and for
this reason we now turn to the Symplectic Group:

Theorem 6.3. Let, for g € Sp(n,R), g ® (g1, ,qn, D1, s Pn)
denote the natural linear action of g on R*™. The function

Sp(n,R) x H(n) — H(n):
(. ((qr, s @us o1, 5 4p)€) = g* ((qu- s @n, D1, Pn)s €)
= (g (¢, @ D1, sPn),C)
defines an action of Sp(n,R) on H(n) by automorphisms.

"Two different choice of the positive constant A will give inequivalent representations, but
besides this, the representation is unique.
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