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ALGEBRAS OF VARIABLE COEFFICIENT QUANTIZED
DIFFERENTIAL OPERATORS

HANS PLESNER JAKOBSEN

ABSTRACT. In the framework of (vector valued) quantized holomorphic functions de-
fined on non-commutative spaces, “quantized hermitian symmetric spaces”, we analyze
what the algebras of quantized differential operators with variable coefficients should
be. It is an emediate point that even Oth order operators, given as multiplications by
polynomials, have to be specified as e.g. left or right multiplication operators since the
polynomial algebras are replaced by quadratic, non-commutative algebras. In the set-
tings we are interested in, there are bilinear pairings which allows us to define differential
operators as duals of multiplication operators. Indeed, there are different choices of pair-
ings which lead to quite different results. We consider three different pairings. The
pairings are between quantized generalized Verma modules and quantized holomorphi-
cally induced modules. It is a natural demand that the corresponding representations
can be expressed by (matrix valued) differential operators. We show that a quantum
Weyl algebra Weyl,(n,n) introduced by T. Hyashi ([2]) plays a fundamental role. In
fact, for one pairing, the algebra of differential operators, though inherently depending
on a choice of basis, is precisely matrices over Weyl,(n,n).

We determine explicitly the form of the (quantum) holomorphically induced represen-
tations and determine, for the different pairings, if they can be expressed by differential
operators.

1. INTRODUCTION

Suppose given 2 quadratic algebras A;F and A, and a non-degenerate bilinear
form (-, -)x : A7 x A, — C. We will say that (-, ) x gives a pairing between the
two algebras; the label X reflects that there will be several different pairings.
A pairing displays the algebras as duals of each other, or more correctly, sets up
identifications between one algebra and the dual of the other. While the dual
space is unique, there may be considerable interest and usefulness in exhibiting
the duals concretely in such manners. Even when the two algebras are given in
advance, one may examine different pairings between them to optimize certain
properties.

An algebra A is of course a left and a right module over itself. Thus, one
has left multiplication operators ,M and right multiplication operators M,, for
all a,b € A. Clearly, the algebra generated by the operators ,M is isomorphic
to A while the algebra determined by the operators M, is isomorphic to A?;
the opposite algebra.

In the case with two algebras in a pairing such as the previously mentioned
algebras A*, we can define left and right “constant coefficient” differential
operators Oy, x0., on, say, A;, as the operators obtained as the duals, via

the pairing, of left and right multiplication operators on A_". These operators,
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which depend upon the pairing X, may then be put together with the left
and right multiplication operators to form an algebra Dy, ., of differential

operators. Instances of such (left) operators are the Kashiwara derivations
([9])- In specific examples it is interesting to determine if Dy ;. for a specific
index X, is generated by fewer operators, eg by left differential operators and
left multiplication operators; D}ZFU” = Algc {dM, Ox i ce A/, de Azj}?

The algebras A;t we consider are quadratic algebras that are specific subal-

gebras of U,(su(n,n)%). As quadratic algebras they are actually isomorphic.
They are the algebras of the quantized generalized unit disk. Furthermore, they
are modules for U, (¢°), where € is a maximal compact subalgebra of su(n,n),
but as such, they are non-isomorphic; and not necessarily dual modules, either.

There is a further structure we need to include in our discussions: To each
finite-dimensional U, (¢%) module V, there is a quantized generalized Verma
module over U, (su(n,n)%). As a U,(E°) module it is given as M(V,) =
.Aq_ ® Vi.

This extra structure leads to natural demands on the bilinear pairing. In
this connection it is not profitable to consider a pairing between a Verma
module and its “opposite” (interchanging positive and negative roots). The
right notion of a dual of a generalized Verma module, in our context, is a
holomorphically induced module.

It is natural to demand that an algebra of differential operators is rich enough
that the operators in the holomorphically induced modules belong to it. To
have any hope of that, one will of course need to include in the algebra the
homomorphisms homc(Vy, V}), or, rather, the duals thereof.

About pairings: In the classical situation, the Killing form on a real semi-
simple Lie algebra g, extended to U (g®) x U(g"), gives the wanted pairing.
M Rosso constructed the quantum analogue of this. After that, G. Lusztig
([14]) and M. Kashiwara ([9]) made valuable extensions and simplifications,
and Kashiwara defined some derivations as duals of left or right multiplications.
The history of this subject is very rich and we hope that we are not being too
unfair in this sketchy summary. One should definitely also consult [8] and
[19]. We follow here the book by J.C. Jantzen ([7]), not only for notation,
but actually to the extent of copying directly several of his constructions and
results.

We will study three bilinear forms, indexed by X = J K, L. (-,-); is the
form considered by Jantzen, though he actually studies an additional form
towards the end of his book. They reflect the three standard ways of quantizing
integers:

lally = 1+ 4+ +¢*7 (J),
{a}}, = 1+¢ 2+ +¢® P (K), and
[a]q — qfa+1 S qafl (L)
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Using fixed PBW bases, we define an auxiliary algebra Weyl,(n,n) - a quan-
tization of the classical Weyl algebra in n? variables - as the algebra generated
by n* commuting variables D; ; and n? commuting variables M, ;, and where
also D;; commutes with M, if (i,5) # (s,t) so that the only non-trivial
relations are at fixed nodes. Here the relations are

D;jM;; — qM; jDij = H;},  DijMij—q 'M;;D;; = Hyj,

Hi,jDi,j = q_lDZ‘7jHZ‘7j, and Hi,jMi,j = in,jHi,j-

This is a very interesting algebra which was introduced by T. Hyashi ([2]).
There has recently been renewed interest in it, see [11].

It turns out that there is a big difference between the three cases, where
especially the case (J) leads to unpleasant results. The simplest case, on the
other hand, is the case (L) where

Alg@ {dM, CﬁL ;C € .Aq_,d - .A;_} = Alg(c {Md,Lﬁc ;C € .Aq_,d - A;—}
= Weyl,(n,n).

For the case (K) there is a big subalgebra KWeyl,(n,n) of Weyl,(n,n)
with many pleasing properties such that

AZQ(C {deMf7CaK ,CEA(I_,d,fEA;—} =
Alge {Mqy, fM, 0. ;c € A, d, f € A;L} = KWeyl,(n,n).

In both of the cases (K), (L), these algebras, augmented by (constant value)
matrices, contain the generators of the holomorphically induced representa-
tions. To prove such a statement it suffices to determine the action of Ej,
where (3 is the unique non-compact root and prove the statement in this special
case. The mentioned action is given in Corollary 7.2.2 to Theorem 7.2.1; our
first main result.

There is one related important study, namely that by L. Vaksman and his
group [17]. In it, they extend substantially the quantized exterior derivative
introduced in [1] and which already leads to derivatives. Vaksman et al. dis-
covered a fundamental symmetry. Their method uses induction from the trivial
U, (€%) module. Here, the classically holomorphically induced module is anni-
hilated by first order differential operators. In the quantized situation, there
is a natural pairing and a natural algebra structure obtained from the tensor
product. Proceeding like this, they have frozen the algebras at a specific weight
which means that they do obtain interesting results, but not the general picture
that we obtain. The extra symmetry is related to the fact that our algebras
are bi-modules. Furthermore, their pairing is degenerate, though “mildly”.

Quantized differential operators were also studied in [4], [5], [18].

In §2 we introduce the quantized Hermitian symmetric spaces (the case of
su(n,n)) via the Lusztig operators. In §3 we study these spaces as U, (*)
modules and for this purpose, Weyl,(n,n) is introduced. §4 contain many

direct quotes from Jantzen's book. The bilinear pairing is introduced, the duals
to left and right multiplication operators are determined, and the left action of
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E, (a asimple root) in U, is given. Duality considerations are continued in §5
where the various pairings we wish to study, are introduced. We also discuss
various change-of-basis maps. One such is needed because Jantzen's form has
a singularity at ¢ = 1. In §6 we introduce the generalized Verma modules and
the quantized holomorphically induced modules, and pairings between them.

Then, in §7 we obtain the dual of the action of Ej3, 3 the unique non-
compact simple root. This is given in Theorem 7.2.1. It should be observed
how simple the result actually is and that it is given, essentially, by left and
right multiplication operators. We also obtain the limit of the operator as
g — 1 and make sure that it agrees with the known “classical” operator.

Finally, in §8 we obtain the other main results about the algebras of polyno-
mial coefficient differential operators; Theorem 8.6.3 and Theorem 8.6.5. As
a bonus we obtain that Weyl,(n,n), though manifestly defined via a PBW
basis, actually is intrinsic.

The main technical part involves computing explicitly the multiplication op-
erators .M, M, which can be done using the defining quadratic relations. If we
let D;; and M, ; denote the generators of Weyl,(n,n), i,j € {1,2,...,n},
and similarly let H;—le denote the operators H*! at the node 7, j then in all

cases (J),(K), (L) the following holds: At each node we obtain from the
left and right operators along with their duals, operators D; ;1; ; and M; ;; ;
for some elements 1); ; and ¢; ; which are Laurent monomials in the elements
Hy1,Hyq, ..., Hy 1, H, . The appearance of these factors is just one of the
interesting consequences of working with a quantized Weyl algebra.

In the cases (L) and (K) we get sufficiently many such elements to find some
simple generators. In the case (J), however, the generators remain complicated.

2. QUANTIZED HERMITEAN SYMMETRIC SPACES.

2.1. Basic definitions. We consider g = su(n,n); g* is a simple complex

Lie algebra of type Ay, 1. We choose below a set of simple roots II in the
root space W. The Weyl group is equal to Sy,. We denote the generators
of the Weyl group by s, € II and denote by E,, F,,, K- for v € II the

generators of L{q(gc) is standard notation. The weight lattice is denoted by £
and we further extend the notation K¢ to hold for any weight £ € £ in the
usual fashion.

The roots ¥ may be represented in R?" by the set

(1) U ={xe; Fe|i,j=12,...,2n and i # j},

where {eq, e, ..., e2,} is the standard basis of R?". We then have

(2) H:{ei—eiﬂ|i:1,2,...,2n—1}.

Throughout, we let § = e, — e,.1 denote the unique non-compact sim-
ple root. The roots v; = e, ; — e,_j11,¢ = 1,...,n — 1 and the roots
[j = €ntj — €ntjt+1,] = n+ 1,...,2n are the compact simple roots of

type Ap—1; I = {1, pn1 } U{BY U {1, ..., 1} We also set 11, =
{p1, - s pin—1} U {rn,...,vy_1}; the compact simple roots, and set 1I; =
{pr, ooty g = {v1, ..., v}, Let €5 and E% denote the subalgebras
defined by the simple roots {j1,...,u,—1} and {v1,...,v,_1}, respectively.
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Finally, for K = 1,...,n — 1, let 5;; and 07, respectively, denote the fun-
damental dominant weights for the roots {ju1,..., n_1} and {v1, ..., tn_1},
respectively.

A maximal compact subalgebra €€ of g€ is
(3) t¢ = su(n)* @ Cosun) =¢F @ @,

where ( is the center of €€ and is generated by an element hg of the compact
Cartan subalgebra. We have furthermore on the classical level

(4) g-=top=p oo,
where p* are abelian £© modules, and
(5) U(g®) =P(p7) - UE") - P(p™).

We have that U (p*) = P(p*) are polynomial algebras.
On the quantized level we have

(6) Uy (€7) = Uy (€L) - CIKG'] - Uy (¥R).
There is an analogue of (5) for U,(g"),
(7) uq(g(c) = A, 'Uq(éc) AT

Here, .A;'E are quadratic algebras which are furthermore /,(£%). We will de-

scribe these later.
We let Ug({?%@?%) denote the Laurent polynomials generated by the elements

K, for a € I, and let U] (%) denote the analogue where also a = § is
allowed.

For use in the construction of the algebras .Aff we now consider some ele-
ments in the Weyl group.
Let I = (1,2,...,n,n+1,...,2n). Consider the following elements in Sy,,:

(8) wo(l) = 2n,2n—1,....n+1,n,...,2,1)

(9) wi(I) = (n+1,....2n—1,2n,1,2,....n — 1,n)

(10) W) = (yn—1,...,2,1,n+1,n+2,...,2n—1,2n)
(11) W) = (1,2,...,n—1,n,2n,2n—1,...,n+2,n+1).

We have that wy is the longest element, and

(12) wy = wiwlwd = wiwiwl = wrudwt,

and many more similar identities. We shall later use

(13) wy = wiwitwg

since this puts the elements from II. to the right according to the construction

in [7, p. 163 -168]. However, it is convenient first to consider wy = wg wiwit:
We shall in all cases use the following choice for a reduced expression for

+.
Wy -

+ p— . . o o o * o o
(14) Wo = S8Su1 """ Sun—1S11SBSur T Spn_2S1nS1y S S$BSu1 5,1 S 98-
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Remark 2.1.1. If we look at n x (n+r) we replace wy by wywy, where

+ _
(15) Wg = Sy, " S, Supsy Sy Supi 1t Suye

2.2. The Lusztig operators. G. Lusztig ([15]) has given a construction of
braid operators T}, for each simple root «, and has extended these to operators
T, for each element w of the Weyl group. Indeed, there are two choices of
such operators, the other usually denoted by 77, and there is always a choice
between ¢ and ¢~ !. In the book ([7]), J. C. Jantzen describes, among many

other things, these operators. We will throughout use the notation and choices
from this book. ([7]).

Lemma 2.2.1. [[15], [7]/p. 156]] In the simply laced case with neighboring
simple roots o, 7y:

(16) T.(F,) = F,F,—qF,F,

(17) Tu(E,) = EuE,—q BB, = ad(E,)(E,)
(18) T.(F,) = F.,F,—qF,F,

(19) T.%(E,) = E,E,—q 'E,E,.

Lemma 2.2.2. [[15], [7]/p. 156]] If a,~ are adjacent, then

(20) T,(E.) = T,'(E,)
(21) TV(Fa) = Ta_l(Fv)
(22) . 1.7, = T,1,T,
(23) LT(E) = E,
(24) 1,7,(F,) = F,.
If a,y are not adjacent, then
(25) 1.7, =T,T,
Lusztig has further shown that if s,ss has order m then
(26) T =TT, .
—_——— N

There is an important construction of a PBW type basis in &/~ for any
reduced decomposition of wy = Sa,Say - - Sa; - - - Sp(2n—1)- It is also due to

Lusztig and is given as follows: Set, w; = 54,50y - --Sa;y ¢ = 1,...,2n — 1.
Then,

(27) Vi = wi-1(@i)

(28) X, = T, (Ey) =TyTs,.. . Ta (E,) € US

(29) Y, = T, (Fo,) =T,T,,...Ts_(F,,) € U,
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We now introduce some intermediary bases. Set

(30) Qj = T, T, .. . T T T, ... T, (F)

(31) Py = T, T . . T, . T, (Ep).
Seta = (ai1,..., Q1. 0p) € N?* and set

(32) p* = Py P

(33) Q" = Qi ---Qu

Let {uf' | i € I} denote a PBW type basis of /" (£) and let {u} | j € J}
denote a PBW type basis of /™ (¥).

Proposition 2.2.3. There is a basis

(34) (uf -PlicLacNy}
of UT, and a basis

(35) {uf -Q"|j€T:beN)
of U™.

Proof. This follows from Lusztig (see Jantzen §8.24) by using the fol-
lowing extra observations which are easily deduced from, in particular,
Lemma 2.2.2.

1) TﬁTm(Em) - TﬁTu_gl(EMl) - Tu_ngﬁ(Eul) - Tu_ngu_ll(Eﬁ)'

2) TBTmTuval(Eﬁ) - TﬂTmTvl(EB) - TﬁTmTﬂ_l(Eul) -

TLL_11T5TM1(EV1) = T,u_llTﬁ(EVl) = Tu_llTu_ll(Eﬂ) H

While these bases have many good properties, it is more natural to have

£+ to the right. To this end we employ wy = whwfw*:

Definition 2.2.4. Set, for alli,j € {1,2,...,n},

(36) Zns1—imt1—j = Do (Pyj) and W1 ni1—j = Tonr (Qij)-
Let the roots v;; be defined by

(37) \V/Z,] € {1,2, ce ,n} . ZZJ = Z%.j and V[/’Lj = W_%j.
Lemma 2.2.5.

(38) Zi,j - TVj—lTVj—Q s TVO ) TMi—lTMi—2 - 'TMO (Eﬁ)

(39) VVZ}J' - TijlTVj72 S TVo ) T,uiflTMz%Q . 'T,uo (FB)

In particular,
(40)
Ziy = ad(B,,_)ad(E,,_.) ..ad(B,,) - ad(E,,_)ad(E,,_,) ... ad(E,,)(Es).
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Proof. Since all steps are similar, it suffices to prove that

(41) To(T T T (Ep)) = T Ty - - - T ().
Using
(42) (W) = 810,51135,0 5138105y - -+ Sy 1St - -+ Spir
this follows from the above formulas, especially (22) in the form
—1p—1 —1p—1
(43) T“k—lTMk Tuk—1 = Tuk Tﬂk—1Tﬂk
and T, ' (X3) =0for k>2and X = Eor X = F. O

Observe that we now have an ordering
(44) Wii, Wor,... , WoiWia, ..o ;Who, o oo, Wi, oo, W,
.- Wl n+ly -y Wn,n+17 SR Wl,nJrTn ) Wn,nJrTa
and a similar ordering of the elements Z; ;.

Now define
(45) Z* = ZZ IR 2
(46) W = W W W W,
Proposition 2.2.6. There is a basis
(47) (72 |ie,ae N}
of UT, and a basis
(48) (WPt |jeJ;beNy}
of U™.
These are the bases we will use.
Example 2.2.7. su(3,3):
(49) wo = (B pern Sravern B)(pupiapn ) (vavive).
Then,
(50)
Y11 = B, Y2 = Sﬁsulsug(yl)a 713 = SﬁSHISIJ«QSVIS,Bs/—Ll(yz)7
Yor = sp(u1), o2 = 88Su S (B)y V23 = 88811 SuaSun S Sus (V1),
Y31 = Spsu(t2), V32 = SBSuSuSwiSp(l1), V33 = S5B8SuiSpusSuiSBSu SwaSu (B) -
Furthermore,
(51)

Z11 = Eg, Zio=FE,Zin —q ' ZuE,, Zi3=E.,Z12—q 'Z12E,,,
Zn=EunZnu —q 'ZnEu, Zw=FE,Zn—q 'ZnE,, Zs=FE,Zn—q 'ZynE,,
Zs1 = EuyZoy — q " Zn By, Zso=FE, Zs1 —q ' Za1Ey,, Zss = FE,,Z3s —q 'Z32E,, .

It follows easily from the quantized Serre relations that these elements
generated the usual quantized 3 x 3 matriz algebra with “q~' relations” (see
the Definition below).
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2.3. The quadratic algebras A}, A .

Definition 2.3.1. We let A;F and A, denote the algebras generated by the
elements Z;j,i,j € {1,2,...,n} and Wi;,i,j € {1,2,...,n}, respectively.

Proposition 2.3.2. Vi, j, k,s,t € {1,2,...,n}:

(52) ZiiZw = q 'ZiZi; if j <k;

(53)  ZijZxj = q ' ZiZij ifi < k;

(54) Ziilg = ZaZijifi <s andt <7j;

(55)  ZijZy = ZuZiy—(q—q VZuZy = ifi<sandj<t.
There are entirely identical relations for the elements W;.

Proof. These relations follow from Lemma 2.2.1, Lemma 2.2.2, and the
quantum Serre relations. ]

Remark 2.3.3. We see that one gets the relations studied in e.g. ([6])

except for the replacement ¢ — q~2. In ([6]) the methods were not related
to the Lusztig operators.

Lemma 2.3.4. Set

(56) 21 =, by = o, L3 = L9, and Zy = L.

Then Ya € N:

(57) ZiZy = D0 Z8+ (q—q " a)gZaZs Zy T and

(58) 2y 2y = Z9Zy+ (q—q )" Mal 2y 222,

Proof. This follows easily by induction from Prop 2.3.2. ]

3. AF As U,(£°) MODULES

3.1. The quantized Weyl algebra. We wish to describe the natural left
actions of L{q(EC) in these spaces in terms of some simple operators given by
their matrix representation with respect to a given PBW basis. Specifically,
introduce, for all 4,5 € {1,2,...,n}:

Definition 3.1.1.
M (Z3 Z20 .. g0

)
A;q
D%(zﬂu g% L G

1 nn

o a1 (2% (07%
H(Z3 - Z0 e Ze

] nn

_ an aij+1 Ann
= Zip -zt g

= .. a11 . . aqul DRI (nn
= |ay] 21} Zz'j L,

(59) )

(60) )

(61) ) = gz 2T 2y
(62)  MGWi - W Wiy = Wi W Wi
(63) DWW W) = lag Wiy Wit
(64) H%(Wfln..wi‘;‘j....wann) — qaijwﬁn..Wi‘;‘j....Wann_
(Notice in particular (64).)
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Lemma 3.1.2. We have the following formulas for all i,j € {1,2,...,n}:

(65) DY My — qM Dy = (Hp) ™!
(66) DMy — ¢~ MDY, = H,

(67) H)DY; = ¢ 'DYH;,
(68) HjM;° = qM{H]).

Operators belonging to different nodes commudte.

Definition 3.1.3. We define Weyl,(n,n) to be the algebra generated by

the operators My, D; for all (i,7) € {1,...,n}?:

(69) Weyly(n,n) = C[M};, Di;;i,5 =1,...,n] = Weyl,(1, 1),

Observe that (H{;)™ € Weyly(n,n) for alli,j € {1,2,...,n}.

Remark 3.1.4. This algebra was first studied bu T. Hiashi ([2]). Recently
it was studied again in ([11]).

3.2. The left actions of U, (¢) on A_. .

We denote the natural left action of a root vector X, on Aff, with X =
E, F, and pu € II, by Xj[. We see this action as taking place in Z/{;E and
for this reason introduce right multiplication operators My, : Aqi > u —
uX, € L{qi, and analogous operators Mp, .

Proposition 3.2.1. In A :

E,Ik = Z(_Q)M/g,leg+17ng,j+1 R Hl(c),n<HI(c)+1,j+1>_1 o (Hl?+1,n)_1MK,Lk
J
(70) + Mg

i

Foo= > (=g )M, D HR . HY o (HE )™ (HY )
J

(71) + J[(H?,) "Hp M, .

J

Furthermore,

(72) In A, Ky = Hng,j(H/gH,j)_l-
J

(73) InAg Ky, = HHl(c)H,j(Hl?,j)_l-

j
Proof. We have the equations
(74) EMkTMjTMj—l s TMl(Fﬁ) -

(75) LTy - - Tul(Fﬁ)Euk if k#j _ '
(_q)TﬂjflTM T,,(F3)K,, + LTy, - T, (Fs)E,, if k=j.

j—2 " T
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and

(76) FﬂkTﬂjTﬂj—l e 'TM (Fﬁ) -

Ly T/LJ T (F) By ik # 5,7 41
—q Tﬂg+1TMj Ty, (Fﬁ) + q_lT,ujTuj,l . -Tul(Fﬁ)FM ithk=7+1
T, T, T (Fo)F, if k= j.

The first equation is clear if k > j and if k¥ < j we can move F,, past those
Ty for which ¢ > k and this reduces easily the case to k = j. Here it follows
directly from the defining relations of the quantum group.

The other equation follows analogously. After that we get

(77) B Wi = Wi B, ifk#i—1

(718) B WY = (—g)laWii Wi Ky + WSE,, ifk=1i-1
(19)  F,W;; = I/VZJFM if k=£id,0—1

(80)  F Wi = —q aW Wiy +q WS E,, if k=i

(

81) FMkI/VZ'J' = qWZ’jFM ifk=1—1.
This leads to

a;—1,1 @;—1,2 Ai—1,5 Ai—1,n a; 1 (7] Qq, 5
(82) Eﬂi—lw 11W 12...W ...WZ-_ ’Wl I/I/sz ...W" . e

1.7 17n Z? Z?]
Qi n Ai41,1 41,2 Ait1,5 Ait1n
W VVH—I 1 Wz—f—l 2 VVZ’—H,j te ‘/Vi—i-l,n _
az 1,1 az 12 az 1]+1 az‘—l,n ai1yxrai2 a;;—1
a; 41,1 Ai41,2 Aj41,5
W o W R W17
2—1—11 +1,2 Va4l
a; . (s e — (L
WD ()R -t
ai—1,1 Ai—1,2 Ai—1,5 Aj—1,n Q.1 5,2 g, j
+WZ1’W y L W W W W
1 1,2 -1, i—1ln 7,1 1,2 1,]
Qi n Ai41,1 41,2 Ai41,5 Ait+1,n
W VVZ-H 1 WH—I 2 v VV@'—H,j c VVH—l n E

Notice that the g exponents arise from the rearranging of terms (e.g.
Wi_1;) and K.
There are analogous considerations for F),, . [

The case of the Z;;s is similar: First observe the very useful formula
(83) ad(EMl)ad(E#Q)ad(Em)(Eﬁ) =0.

This follows from a lengthy computation based on the Serre relations.
Then observe that

(84) By ad(Ey,)ad(Ey,_,) . .. ad(E,, )(Es)
ad(Ey,)ad(Ey, ) . ad(By ) (E3) By i k£, + 1
ad(E,,,,)ad(E,,) . .. ad(E,,)(Es)

(E@) if kK = ] +1
E

= o ladlE) . ad(E,)(E)E,
q-ad(E, )ad(E ) -ad(By)(Eg) By, if k= j.
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(85) Fad(Ey)ad(Ey, ) ... ad(E,,)(Ep)

[ ad(Ey)ad(E,, ). ad(B,,)(Es)F,, it k £ -
ad(Ey, ) ... ad(Em)(Eﬂ)K;k1 +ad(Ey,) ... ad(E,,)(Es)F,, if k= j.

The form of the operators follow easily from this, in a way similar to the

case of A .
We have then proved

Proposition 3.2.2.

(86) E;;k =

Zj Dz,jM/gH,j(Hl?,l)_l S (Hg,j—l)_lHJ?HJ Y

+(H£71)_1 e (Hl?m)_lng—i—l,l o Hp M,
(87) Fut; =

(88) 225 DRy MR (HY )™ (HP ) T HHE - HE Myt

We use the antipode S = S from ([7], p.34). Specifically

(89) Vacll:S;(E,) =—-K,'E,, S;(F,) = —F,K,,S;(K,) =K'
We shall later study dual modules. Here we recall the definition

(90) (u™v',v) = (v, S(u)v).

With this in mind, we observe that we have, modulo right actions by £,
and F),,

Corollary 3.2.3.

(91) (—K;kl)E;k =
o Q(ng,j)_1Mlg,jng+1,jDz+1,jHIg+1,l e H13+1,j71(H1?,1)_1 e (ng,jq)_l

(92) q- L (=Ky) =
> Ml?+1,j(ng+1,j)71Dz,jHl?:,j : (Hl?+1,j+1)71 o (H13+1,n)71H1?,j+1 Y
Of course, there are similar formulas for the actions of £ and FE. We

omit those as they are entirely similar, easily deducible, and since, for our
purposes, they do not add anything new.

4. DUALITY

4.1. The g Killing form d’apres Jantzen. The ¢ version of the Killing
form was introduced by M. Rosso ([16]). Here we follow the comprehensive
study offered in ([7]); a study that relies on the approaches offered in ([19])
and ([8]).

We cite:
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Proposition 4.1.1 ([7] Proposition 6.12). There ezists a unique bilinear
pairing (-,-);: UZ0 x US" — k such that for all z,2' € U=, all y,y' € U=?,
all p,v € ZVY, and all o, g € 11,

(93) (g, 2a)s = (D), 2’ @x); , (wy' 2)s = (Y ey, Ax)),
(94) (K/M KV)J = qiw’y) ) (Faa Eﬁ)J — _6a,ﬂ(Qa - q@jl)il
(95) (Ku, Eo)sg =0, (Fy, K,);=0.

(The form is extended to tensor products in the natural way).

Remark 4.1.2. The form is unique for the given A.

The following follows easily:
Corollary 4.1.3. For allx €¢ U°, ally € U=°, all p,v € 2V,

(96) (YK, 2K,) 5 = (y, 7).~
Proposition 4.1.4 ([7] Corollary in §8.30). If ¢ is not a root of unity, the
Jorm restricted to U " x Ul is non-degenerate for any p € Lt

The following also holds. It can be proved using the same argument as
in ([7, Proposition 6.21]).

Proposition 4.1.5. If q is not a root of unity,

(97) (Ko, Ky)) gy = q @
extends to a non-degenerate bilinear form on L{g X Z/l(?.
Proposition 4.1.6 ([7] 6.13 (3)).

(98) (Ad(Ka)z,y)g = (2, Ad(K; y).r.

Proposition 4.1.7 ([7] Proposition 8.29). Let w = 54,5a, - - - Sa, be a Te-
duced representation. Then Ty, (F))) = (To, (Fa,))". Furthermore,

bt by by at az aj
(T Ty - Ty (F2) T (F2YER Ty T, o Ty (BX) .. Ty (E2)E™)

aq?

t

(99) - H 5&1,171' H(ng7 Eg;),]-

Lemma 4.1.8 ([7] (4) p. 114). -

(100) (Foi, BS) = (—1)%qu @D [a;]0.1/ (qa, — g3,)™

According to our definitions, the following is immediate:
Corollary 4.1.9.

bi11x7b12 bin 17021 bpn  r7a11 r7012 a1p 7021 Qnn
(W11W12"'Wan21"‘W ZHZIQ'”ZanQl”'Znn)

nn

1\ e
(]‘01) = H 5(@3)7(%9) H ( ) qal( ‘ 1)/2[ai]!
(i5),(rs)

=1
) 44

J
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4.2. More formulas from Jantzen.

Definition 4.2.1 ([7] §6.14). We here define the important operators
and 1, in U :

(102) zeU):Alx) = z@1+ Zra(a:)Ka ® E, + (rest).
(103) ze€U; :Alx) = K,®@z+ ZEQKM_Q ®ri(x) + (rest).

Proposition 4.2.2 ([7] §6.14). If v € U, then ro(x), 7 (x) € U_q4,. Let
furthermore ' € U,. Then

(104) ra(1) =r4(1) =0 5 ra(Es) =ro(Es) = das,

(105) v (za!) = v (2)a + ¢ P (2,

(106) ro(za’) = ¢ ry(2)r’ + zro(x)),

(107) (" Fpu®)y = (Fo,Ey)s(u,ro(u®))y, and

(108) (Fou™,u®)y = (Fo, Ey) s (u,rl(uh));.
There are analogous operators r, and 7y, in U, :

Definition 4.2.3 ([7] §6.15).
(109) y €U, A(y) = y@ K, + ) ra(y) @ F K, + (rest).

a€cell

(110) yeU-,: Ay) = 1®@y+ ZFa @7 (y) K, + (rest).

a€cell

Proposition 4.2.4 ([7] §6.15). If y € U", then ro(y), 7o (y) € U,_,. Let
furthermore y' € U~ ,. Then

(111) ro(1)=7,(1) =0 ; ro(Fg) =71 (Fs) = dap,
(112) ra(yy) = ra@)y + d“Myray),

(113) rwy) = ¢y +urh (),

(114) Va,B€ll:ryory = ryory (Jantzen p. 218 1. 1),
(115) W By )y = (FasEa)i(ra(y™),y")s and
(116) (W ¥ Ea)s = (Fo, BEa)s(ri(y™),y7)

Observe that
(117) r(T,(Eg)) = 0= T/V(TV(FB))'

From this we easily get the following special cases:
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Lemma 4.2.5.

rgWij = 01,01, reWi = [[nllg,
(118) TuWij = Okivi(=y)Wij, 7 = 0 on A7,
T//M = 0on A, T%Zz’j = 01,401,
ry"Zh = n]l, and 7, Zy; = Oriri(q'Y) Zij.

Jantzen’s formulas in Corollary 4.1.9 follows readily from these.

Remark 4.2.6. The bilinear form (-,-); has a singularity at ¢ = 1. We
will renormalize it later in a fited PBW basis, but for now we keep it be-
cause of (115) and (116). Towards the end of his book, in §10.16, Jantzen
introduces a renormalized bilinear form. This we will not use, since it, for
our purposes, is more difficult to use.

4.3. The left action of F, in U, .
Proposition 4.3.1 ([7] Lemma 6.17). With a € II, p € Z®,y € UZ,,, and

—ps
T € Z/{/j:
1 _
(119) Eoy —yba = m (Kara(y) — (YK, 1)
1
(120) aFy — Foo = ———— (ro(@) Ko — K 'rl,(2)) .
o — QQ

(Jantzen proves this by a simple induction argument.)
From (100), (116), and (116) one easily deduces:

Corollary 4.3.2. for elements u—, € U, and uj,a S Ll:[,a we have
(121)
(Bou~, —u”,Ey,u) )J = — (U:w (EQK;I)UZ_Q — u:j_a(KaEa))J.

I —po Yu—a

5. DUALITY RECONSIDERED, ESPECIALLY THE U,(£) MODULES A7

We consider here non-singular pairings between a (highest weight) mod-
ule and some other module. By this we mean in general a complex valued
non-degenerate bilinear form taking inputs from two modules such that
the second module is the dual module of the first according to the pairing.
On some level, there is of course only one dual module, but they may be
given in different realizations.

5.1. More on the Jantzen pairing. It is easy to see, since r, = 0 in .A;
for any simple compact root «, that

Lemma 5.1.1. Vu} € Al u, € A, ,uy €U, andu, €U, :

g tw
(122) (g s u vy )y = (g, ul)s(ug 1)
We will use this version of the pairing because there are some very simple

formulas for the duals of the operators r,, 7, to be studied later. However,
there will also be modified pairings:
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5.2. Pairings between A, and A.
Definition 5.2.1.

(123) fall, = 1+ +---+¢*72,
(124) la], = ¢+ ¢ and
(125) Hally = T+ 4t g ™.
Ifa= (alh a2, ... 7ann)7 b= (511, b1z, ..., bnn)a and ¢ = (011, C12, - - - ,Cm)

we let [[c]]! = Hij([[cij]]!)a5a,b = Hz’j Oasy iy |l = Zij a;j, and Z¢ =
22 - 2.

nn

Definition 5.2.2. The following bilinear forms, indexed by J, K, and L,
will be considered:

IR
(126) (22,07 = <q_;_1> Sanl[al]l
1
q—qt

al
(127) (z2,WP), = ( ) danplall, and

(1289 ) = () Tt

q—4dq
Corresponding to these forms we introduce two more families of differ-
ential operators (we include the old one for convenience):

Definition 5.2.3. Vi,j =1,....n

0 ry0ij ai;—1
(129) ]D)isz‘j = [[aij]]Zij )
(130) D4ZY = lay)ZP7", and

o r7Qij a;;j—1
(131) Dz = {Hai}y 2z

o __ o No o __ o\—1 7o
Clearly, Df; = H{Df; and Df; = (Hf) ™ Dy

Of course, we have formulas analogous to (65-68):
Lemma 5.2.4.

(132) DY M) — ¢ MDY, = I,
o o 0 T\0 0\2
(133) DijMij_MijDij - (Hij)7
(134 H)DY, = ¢ 'DYHY, and

) 131
(135) HY M = M7 HY,.

and

(136) D%M{}—q_QM%ij = I,

(137) DM, — MDDy = (Hioj)_27

(138) H{D}, = ¢ 'DjHY;, and
(139)

H%Mijo = QMZOJHZOJ
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5.3. Returning to the I/, (¢*) modules Aj. We denote by TX the dual
operator of T" according to some pairing (-, -)x. Specifically,

(140) Vu,v € A x A, (T¥v,u)xy = (v,Tu)x, or
(141) (Tv,u)x = (v,T%u)x.

~ X

We assume Vi, j € {1,2,...,n} : H; = HJ; and seek “self duality” in
the sense of Jantzen p. 120 for the operators from Propositions 3.2.1 and
3.2.2.

Proposition 5.3.1. There is the following equivalence:

(142)
—— X )
B = B
S (F- — FF X
VéE ell, : J/(\E)X ¢ e = Vi, j €{1,2,...,n}: M;j = rH;D},
1 _
S;l(Fg) = F¢

holds, where Kk is a complex constant.

Proof. We need to compare terms in (86) and (92). It follows easily, by
looking at the operators involving Effk that, for y representing any double

' Do = (HO) "M and M? = H°Dg® with — 1. Tt foll
index, D = (H,) Jq¢ and MY = HyD;q” with a+ 3 = 1. It follows

from these that T — TX is an idempotent. Moreover, the equations are
equivalent and are also equivalent to those arising from F lji :

Remark 5.3.2. J.C. Jantzen introduces in §6.20 an altered bilinear form
< -, > on Uy in which ad is self dual (his Proposition 6.20). This form
does not restrict to (-,-)y. It is not clear that self-duality of restrictions
of ad to be desired. There is also a non-uniqueness in the sense that the
co-product /N may be altered. Furthermore, notice that
(143) F—FE.=FK" F—>F,=K"F

defines an automorphism of the quantized enveloping algebra (preserves the
q-Serre relations).

The following is straightforward:

X
Lemma 5.3.3. If for some fived i,5 Wiy = «HZ Dy, for some k # 0 and
some pairing X then

(144) Va,b € Ny : (WE Z8) x = 6,x%[a]]!

157 iy
In other words, the form above is essentially the form (-, -);.
Notice that MX = D. We shall see in later sections that there are

difficulties with the form (-, ), whereas the two other forms indexed by L
and K, respectively, behave very nicely.
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Remark 5.3.4. We will also later define differential operators as duals
of either left or right multiplication operators. Here we take the stance of
using “flat” dualities without using antipodes. This s so because there is
no natural antipode for, especially, right multiplication operators.

al)

5.4. Change of basis. Let AW® =¢ "z W©.
(z*,W¥), = (2>, AW?) ,. Clearly, A7 = A,
Then

~ —J ~
(145) Tt = (ATA-Y) = A'T7A.

Suppose we are given T/ in terms of sums of monomials in the operators

L, M, H, then, to get T L , we just need to make the replacements, in the
given expression,

(146) M by (AT'MA) = MH°,

(147) and D by (A"'DA) = (H°)"'D ="D.
Of course,

(148) TK — (ATA2) = AT7A2 and

(149) (A°MA*) = M(H°)?,

(150) (A°DA®%) = (H°)’D.

Lemma 5.4.1. The prescriptions (146 - 147) above extend to an automor-
phism of Weyl,(n,n). This is the change-of-basis automorphism.

Proof: This follows immediately from (65 - 68). O

Remark 5.4.2. The change-of-basis map A on A; can also be viewed as
a change-of-variable transformation, albeit in an enlarged algebra: Let

(151) AF = Ax,CIHE |ij=1,....n].
Then

ij —Lj(aij_l) a o Qg5
(152) (¢ Zij(HG) )™ = ¢ (Z)”(J%(H) 7

In a scalar module (where A(§) = 0 for all £ € T1. and A(B) = A € R) one

may set Hijvp = qﬁqu to enlarge the representation to these elements. Of
course, further modifications will have to be added to our algebras for this
to make sense - all operators of the form D; ;M7 ; should also be included.

1+1,5
This idea will be persued elsewhere.

6. THE FULL PAIRING

We are interested in studying duals of generalized Verma modules.
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6.1. Highest Weights. A highest weight vector of a module of I, (%) has
a highest weight A and a highest weight vector vy # 0 for which
(153)

Vi=1,...,.n—1: Ki_l = ¢y, K,f_l = ¢ vy, and Kgﬂ = ¢y,
We set A = ((N],.... N0 ) (Ao N ) A) = (A, Ag, A). We assume:
(154) Vi=1,...,n—1: N, €N

As a vector space, V) = Vi, ® Vi, where V), and V}, are highest weight
representations of U, (¢%) and U, (£%), respectively, of highest weights A; =
(A, A ) and Ag = (A],...,\/_,), respectively. The highest weight
vector can then be written as vp = vy, ® v, with the stipulation that
Koy, ® v, = ¢ 0n, ® Upg.

The condition (154) is an integrality condition and gives rise to a finite-
dimensional U, (¢) module Vj in the following usual way:

Z1.(¢) denote the left U, (¢) invariant subspace in U, (€ )vp generated by

{(F,)A0)*1y,} and let
(155) VA - Uq(E)UA/IL(E).

The dual module VJ is the highest weight module V_io(a)- However, it is

also convenient to view Vj as a lowest weight module VY, characterized by
a non-zero lowest weight vector v{, for which

(156) Ue), v = 0
(157) Vo eIl : KFvg, = ¢y,
(158) Vaell.: N(a) € —Ny.

The following is elementary

Lemma 6.1.1.
(159) AN = —A.

Remark 6.1.2. One may consider a modified version (-, )moa of (+,-)s on
U, < U, where Yul € Al Vu, € A;,Vuf cU Y\ pel:

(160)  (ugry K, ud v Ky )moa = ¢ 720 (g u ) moa

such that the finite-dimensional modules Vi and Vy, occur naturally as duals
in this setting. Furthermore, it holds in the same generality as above that

(161) (K)\ut_uuk_7 uju;)mod = (uI_Uu?_’ K)Tluju:)mod-

6.2. Generalized Verma modules. Consider a finite dimensional mod-
ule Vo = Vi, A, Over MQ(EC) with highest weight is defined by A =
(AL7 AR7 )\) :

We extend such a module to a U, (E°) - A, module, by the same name,
by letting A act trivially in Vj.



20 HANS PLESNER JAKOBSEN

Definition 6.2.1. The quantized generalized Verma module M (Vy) is given
by
(162) MVy) =Uy(%) Q) Vi

Uy (E°) A7

with the natural action from the left. We denote the corresponding repre-
sentation by Ly(u) for u € Uy,

As a vector space, even as a U, (£°) module,
(163) M(Vy) = A; ® Vi

We now consider pairings between M(Vy) and A} @ V.

Definition 6.2.2. Let X = J, K, L. Yu} € A7, u, € A ,v € Vi, v' € VY

(164) (ugv,uiv)x == (ugy, ul ) x (v, v),.

z w?r z
Here, (v',v)p denotes the natural pairing between a module and its dual,
and, as usual, the definition is extended by bilinearity to the full spaces.

Remark 6.2.3. There seems to be some bias with this notation when X =
J. However, we use the new form only when considering dual modules.
Otherwise, it is the form (-,-); in Proposition 4.1.1 that is considered.
Furthermore, the two forms agree on A, X A(‘;. Hence we use the symbol
J for both forms.

By symmetry, the vector space AJ 'V, is also a left module for U/, (g). We

will, however, consider another module structure on this space.
We extend the notation from Subsection 5.3 as follows:

(165) (TX (utv), ugt') x = (ufv, T(ug))x.
Recall that S denotes the antipode. We then define

(166) VYuel,: (OXW(A)(U)(U;'TU), u;v')X = (ufv, La(S(u))(uyv)) 5 -

In other words,

— X

(167) Ox(u) = La(S(u))

The pairings we consider result in duals of multiplication operators of
the general form :

—~ X
(168) Me = (H°)™*D°.
Notice that v; =1, v, = 0, and vx = —1.
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6.3. Relation to holomorphically induced modules. Let us agree to
write

(169) U, = A;Uq(E)A;,

and consider functions f : U, — VJ, where V} is a finite dimensional U, (#)
module. The subspace H(V}) of such functions which furthermore satisfy
(170) Vu € Uy, Yue € Uy(8) @ fluue) = S(ue)f(u)

(171) Vu € Uy, YVu, € A 0 fluu,) = 0

is invariant under left action, and this module is equivalent to our dual
module. The second condition can be interpreted as saying that the func-
tion should be annihilated by all anti-holomorphic (quantized) vector fields.

7. THE ACTIONS IN THE MODULE AND ITS DUAL
We consider M(V}) and its dual. We only consider Ej3, but a similar
approach will work for any £, v € II..

7.1. Technical material. For use in the computation of the dual repre-
sentation, we need to analyze in greater detail the commutator between

Z11 = Ej and an element of L{;(E(E):
We use (cf. (10))

(172) W0 = SpinSpin 1 SpinSpin 2 Spin 1 Spn SpaSpz " S
This leads to a PBW basis based on the ordered elements

Let uj € U, (€F). We are interested in terms of the form u] Es, where
we want to move Ej to the left.

In a straightforward manner, using Lemma 2.2.1 repeatedly, the right
most element in our basis can be seen to be £, . Indeed, the right hand
tail of the basis can is

(174) T, T, Tw(Ey), Ty T (Eyy), o Ty (B ), By
We begin our computation by observing the equation

(175) (Bu) Es = (KT (Bs) Byt +q " BBy, .
Since T),,(Eg) = Ep for i > 2, it follows that

(176) Tuz(Eul)Eﬁ - Tusz(Eﬁ) + q_lEﬁTuz(Em)-

Set X; = T, T, - T,(E,) fori >2, X, = E,, and Xy = 1. Using
the Serre relations and using that the operators T, are automorphisms,
one easily obtains, cf. a similar computation below,

(177) X"Es =[] Zi1a X"+ ¢ VEg X

From the Serre-relations we get (as in (84)):
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Za—f—l,l + an,lEuk Ifa=Fk
(178) E.Zo1 =% q¢'Z.1E, fa=k+1 .
Za1 By, Ifa#kk+1
From this it follows that
(179) XpZisag = Ty T (Bu) Ty, - Ty (T, (Es))
=Ty - Do (B 10, (Ep)) = Ty, Ty (T, (Ep) Epy)
= qlrr11 Xk
More generally then,
(180) X[ 7y = [k Zea X+ ¢ 200X
Similarly, we get (¢ > 1)
(181) Xiv11Zi11 = (B Xin — ¢ ' Xi1Epu 1) Zis11
(182) = (q—q ) Zi21Xi1 + Ziv11Xit1.1-

There are many more formulas that can be derived in the same manner:
(183)  XiZip1 = qZk11 X, XiZrsog = ZiroaXe, X1Xo = ¢ ' X0 X,

(184) XgZz’l = (q — q_l)Z&ng_le -+ ZQJX%C, and

(185) X721 = Zs ) X5V 4 q7h 201 X5
More generally, let © > k> 1 and £ > 1. Then

(186) Xk:—%lZH—l,l =(q— qil)Zk+£+1,1Xk,1 + Zi+1,1Xk+€,1-
It follows that, setting X := F,,,

k
(X X X2, = Z ¢ T Z [ (XL XXM
i=1

(187) bz (XL XS XY (g =g - (exw)
Above, we interpret ¢~ "%-1 as 1 when 7 = 1. The expression (x x %) in
(187) is well behaved under ¢ — 1 and each monomial term in it is of the

same total degree 1 + zle a; with exactly one factor of the form Z,; for
some r = 2,...,n. For use in Corollary 7.2.5 we observe that it thus will
be unaffected by the change of basis.

We let Y; denote the analogous terms in us (€5).

We have in particular obtained a description of, to what extent ad(Es K 5 D,
acting on U, (€C), can yield a component in A7 . This will be useful later.

(;ovrollary 7.1.1. If EﬁAd(Kgl)(XSYMd) — X,SYMdEg € AS then X,f}v/ﬂd =
X;Y; for some i >0 and some j > 0.

Another easy result, which we will need later, is
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Corollary 7.1.2.

Vi=1,....n—1:X;Zy = Ziy11+q " ZnX;
Vi=1,....,n—1:Y;Zyy = Ziju+q ' ZnY;
i=1,....,n—1:X,Y;Zn = Zis1jm1+q " Ziy11Y;

+ ¢ ' Z1 X+ q 2 XY,

—

7.2. Eg acting in U, , M(V}), and M'(V}). First we introduce PBW

bases X2 € U, (¢7) and Y2 € U, (£;) by the same recipe as above. The

symbol a, and similarly for the others, as usual stands for an n — 1 touple
of non-negative integers. We will often denote the n — 1 touple with all
zeros as 0 and the corresponding term X2 will simply be denoted XV -
which is a complicated, but convenient, way of writing 1.

We maintain the identification Fg = Z;;. To compute the dual ac-

tion of left multiplication by Eps in U, (g%), we need to compute T7 for
T = —Kﬁ_lLMZH. Here we use the form (-,-); from Proposition 4.1.1 in
combination with (121). First we determine [Ej3, g(w)u, | = [Eg, g(w)]u,
for g(w) € A, . It turns out to contain all the needed information.

Set

(192) [Eg, g(w)] =Y [ XEYR(KE)paps
a,b.k

where papy € UL(E @ £F), and fiwr € A;. The summation is over all
multiindices a, b and all integers k (though it is clear that only k = —1,0, 1
will give rise to something non-zero). It will turn out below that if some
Pabk 7 0 then, up to multiplication by a non-zero constant, pap i = K é for
some integer ¢ = {(a, b, k). We make this choice and thereby remove the
ambiguity in (192). Then, noting that r5 and 7“’5 map into U, and noting
Corollary (4.1.3), we have for all pca € U (€] & £5), and ea(2) € A/

(193) ([Es, ()] e a(2) X5V Pea) =

198) = (Karslg(w)) = rilo(w)K;" tea(:) X ipea) =
1 1 " C\/ ~

(199) oy (900), BoAdU ) Veal ) XEVR ) (Ko ea)

1

(196)  (Es. Fp)y

(9(w), Yea(z) XFYEES) (K5, Pe.a)-
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In (196) it follows from Corollary 7.1.1 that for this to be non-zero,
X%Yf = XY for some ¢, j > 0. Using the same Corollary, we obtain

(197) ([Es, g(w)], Ye,a(2) XY Mea) =
(198) ~Seay o0 (9(w), B Ad(K ;") (b00)(2)) +

O(e.d),0,0) (W), (¥0.0)(2) Ep) + 3 i1 o0 Oed)(eiey) (9(W), YijZit1jr1) =
(199)  ~dea ( (w), (7, M) Ad(K ;) ($00)(2) ) (K3, o)+
(200) (g( ) (MZH(wOO))) (Kﬂ_l,ﬁoo)—F
(201) Zi+j>0 5(C7d)7(€i7€j)( ( ) MZ:+1;+1¢U)( B 7plj)

On the other hand,
(202) ([Es, g(w)], ea(2) XY, Pea) =
(203) > XAV (K E)Pabks Vea(2) XY, Pea | |

a,b,k

where clearly (a,b) = (c,d).

In (199-201) we may introduce the duals of the left and right multipli-
cation operators, Whereby one can compare directly to (203). These duals
are here denoted Oy, 02,05 : A; — A

Using the non—degeneracy of the form, we then reach:

Theorem 7.2.1.
[Es, g(w)] = 01( )Kﬂ+02() K5

X;Y;
O, ) K—l, h
" zyz>:o ](g)(Xz‘aXz‘)J(Yij)J o T
(205) Vg,V : (O1(9),¢)s = —(g, ZuAd(K;") ().,
(206) Vg,V@D (02(.9)7,@/}) = (97¢OOZ11)J7
(207) V97V27];V¢(Ozy(g);¢)J — (9a¢Zi+1,j+1)J-

1 _ 1 -
Recall that that WX, my), -
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Corollary 7.2.2.

(208) O (Ep) = (2, M) ® 1 — My, Ad(Kp) ® K}
+> g My, Ad(Kp) @ XT3+ " vq ' My, Ad(Ks) ® Y K3
>0 >0
o Z 72Q_2MZ¢+1,j+1Ad(K5) & Xz':FY}Tng
i-j>0

where the operators X} and YjT are the dual operators to X;,Y; as acting
m VA.

We now address the issues of rescaling to avoid the singularity of the
form at ¢ = 1.

We let B(WP) = (—)PII¥P, but do not rescale in V} or its dual.
Definition 7.2.3.

(209) Yu € U, : O (u) = B0, (u)B.
Corollary 7.2.4.
(210) B~OJ,(F5)B = — (Ad(Kﬂl) o,

This has a well-defined limit at ¢ = 1.
Corollary 7.2.5.

1
(211) O%J(Eﬂ) - = ((ZHM) ®1- MleAd(Kﬁ) & Ké)
gl
(212) = ¢ "My, Ad(Kp) @ X[ KF= g "My, Ad(Ks) @ Y] K}
i>0 §>0
(213) + > yq My, Ad(Ks) ® X]Y K3,
i-j>0

7.3. Comparison to the classical result. The following is well known,

see e.g. ([3]): If X = ( §; §i ) ¢ su(n,n)®, the infinitesimal action is

given as

@) awofe) = a5 0 )
— (5(Xy2 4 X — 2 Xz — 2 X )(2).

Here, dr is the dual of the finite-dimensional representation of U, (¢°) of
highest weight A = (Ar, Az, \). The version of su(n,n)® we use is the one

based on the Hermitian form Hz = (IO” _OI ) Finally, §(Y) denotes

the directional derivative .. Yijze.
ij
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We now cite a special case of a result which will be proved in §8.1.1:

Lemma 7.3.1.
(215) My, = (HY,...H) HY,--- H{ )M, +

SDI 5.d4=2 b ed(H) (Dg,ndo,le,d) + Ty
for monomials Pcvd(HO) and some term Ty proportional to at least V.

It follows easily that

1
(216) 0% (B5)(2%) = — (1 = gowtosssamsawtran-20) 7, 70

gl
(217) Z g @IV DY MY MY (Z)= ) g My, Ad(Ks) © X[ K

1=2,7=2 1>0
= g "My, Ad(Ks) @ Y KS + 4T,
>0

If we let Z] denote the limit as ¢ — 1 then

lim l (1 — q2(a11—|—a21—|—~~—|—a7,,1—|—a12+--~+a1n—2)\)) ZHZaZQ —
q—1y
0 0 0
218 — 75 —— —7ZnZ — =217,
(218) ( 57, 11 218Z21 11 1(‘3an
0 0
219 —ZnZ e — 11210, ZuA- D22
(219) 11 128212 1141 8Zln+ 11 V2T
Corollary 7.3.2.
0
(220) limg_, O%’ (Eg) = jzl ZiZij 7 — Zur- T
(221) > ZnoX][-> ZpeYl
i>0 7>0

Observation 7.3.3. If we agree to write our matriz Z representing the
elements Z;; as Z ZijEni1-ij, the matrix W representing the Wi; as

Z” WiiEiny1—j and X3 = Ey,, then we get that the formula in Corol-
lary 7.3.2 is the same as (214): Recall that we work with the dual repre-
sentation on the € level. Specifically, X; = Ey i and Y; = —Ej 11 are
exactly the correct expressions, bearing in mind the way the elements W;;
are defined, cf. (16) and (39). Also notice that
(222) —ZuA = (Zu(—A(B)),

as must be the case in the dual module.
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8. DIFFERENTIAL OPERATORS

8.1. Multiplication operators and their duals. We now introduce the
fundamental multiplication operators. Together with their duals they form
the foundation of any reasonable algebra of differential operators. Here we
will be interested in examining how the different pairings may lead to
different algebras. It should be noted that we use the “bare duality” to
define differential operators. By this we mean that we do not use the
antipode from any Hopf algebra that may be otherwise naturally affiliated
with the situation.

Definition 8.1.1. We define linear operators

(223) (wy, M), Mw, U, = AU (E) = U, by
M, .

(224) AU, (E9) 2 upuge = uw Wi jlge
w; M —

(225) Aq_uq_(ﬁ(c) D Uy Uye ( — ) Wi jumw e

Likewise, we define linear operators (z,M) , Mz, - U} = AJUS(€C) — U/
by

Mz

(226) A;U;(EC) Suguy = ugZijul,
M
(227) A;U;(EC) . uzu;c (Zi> ) Zi,jUZU;n_C-

Recall (126 - 128).
—X
We define the linear operator My, —acting on AU (E°) by

/\X

(228) (uwug , My, (uzug ))x = (Mw,,(uwuge), uzuy )x
(229) = ((uwﬂ/iju;),uzu:@)x.

—_—

The linear operator (WUM) 15 defined analogously.

We also use the notation

O Y ama
aZin_ Wi, Al 02 - Wy '

Similarly, of course, for all the others.
From the behavior of the bilinear form, it follows that

0 0
231 Z%u) = 7% ) uy
231 (9Zz‘jx( ) (3Zijx >uE
0 0
232 Z%u) = ( Za> Uy .
( ) XaZZ] ( E) XaZZj ¢

(230)
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8.2. Four algebras of differential operators. On the way to defining
differential operators on A we make some preliminary definitions:

Definition 8.2.1. Set

(233) D(@X,ZM):C ( 0 ) ,Zk[M|i,j,kI,£€{1,2,...,71} ;
0Zij x ™

the algebra of quantized right-left differential operators.
Stmalarly,

(234) D(dx,Myz) = C|( 0 ) My, |i,j,k,0e{1,2,... n}
0Zij"x ™

(9Zw
0
62,']'

(235) D(Xa,zM) = C( ( 0 ),Zk7eM|Z',j,k,f€{1,2,...,n}>
X
),MZH|i,j,k,€€{1,2,...,n}>

(236) D(x0,My) = C(X(

with analogous names.

8.3. Explicit formulas for the left multiplication operators. We will
now compute (w,, M) and My, explicitly. We do so by using (52 - 55)
repeatedly. Notice that .A;L has the same relations as A_, so that we by

q Y
the same computations also compute ( z,, M ) and M. Zii-

Specifically, we wish to expand W;;W{it.. Wy . WZ‘]M in our basis
(45) (cf. Proposition 2.2.6) by using these formulas. Unless i =1 or j =1
- in which case we can regroup using only the equations (52 - 54) - we
have to use (55), and hence (57), already at the position (1,1). Let us
be more general and say that we have reached a position (x,y) where
we use (57) to make the replacement W;;Wyy" — Wi Way'Wi; + (q —

q—l)qaw—l[awy]qwﬁgy‘lwxjmy. Let us focus on the second term: W,; is
already in its right row and can be placed in its correct position using (52).
Wi, however, may be in a wrong row and, if so, to bring it into its correct
position we will have to use (55) again. This means that we have to keep
track of the number of times we use either of the equations (52, 53), and
(55). We omit the details of this cumbersome bookkeeping. The result we
obtain is:

Lemma 8.3.1. Let ¢, be given. Let r € N, and let

(237) (Q, Z_)) = ((CLl, as, . .. ,ar), (bl, by, ..., br)) e N x N,
We say that (a,b) is a NW-partition of (i,j) if
(238) a=1<a1<ay<---<a, <ap41:=1 and

(239) bp=1<by <by<--- <b <bpy1:=1,
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and we let PNV denote the set of all such. In the following formulas we
use the convention that ([[;cy Fy) = 1. The following formula holds:

r r+1 o o
v ZTEN Z(Q,Q)GPTNW Hk:l(HyE]brka,brfwz[ Hakvy)(nxe]akflaak[ H$7br—k+2) '

0 . r o ) o
Mar+1 ,b1 Hk:l (Hak,brwrl Dalwbrf/chl Makabr7k+2) :

We also set

r

(241) B (a,b) = Mg, - 1](D8 M° ).

Qry1, aksbr—py1t " ar,br g4
k=1

When we analyze further on (240), the terms in (241) are important, while
the precise form of the monomials in the elements H¢, are of no importance.

The following observation is very useful in later computations:
Observation 8.3.2. If k < r + 1 and M _, is a factor in (241), then
so s Dy, . for precisely one yz, and ya < y1. Mg b, U5 G factor, but no
factor Dy occurs in (241). Similarly, If k < r+1 and M , is a factor
in (241), then so is D3, for precisely one xy and xo < x1. Mg,  isa
factor, but no factor D3y, occurs.

Remark 8.3.3. (Zm,M) 1s giwen by exactly the same formula as (WMM).
The operators M°, H°, and D° must just be interpreted as operators in Azj.

8.4. The right multiplication operators. Here we get a similar result.
In fact, using the anti-automorphism ¢ : Z;; — Z,11-in+1-; one gets the
expression for My, from that of (w,,, ..., ,M) by replacing all factors
Xap, X = D° M° H° by X, 41-an+1-a in the latter. We choose to state it
with fewer details since it is only the explicit form of the term involving

M, together with Observation 8.4.2 below, that is important.

Lemma 8.4.1. Let i,j be given. Let r € N, and let
(242) (Q, Z_)) = ((al, as, . .. ,CLT), (bl, by, ..., br)) e N x N

We say that (a,b) is an SE-partition of (i,7) if
(243)

i=g<a<-<a<ap1=nandj=by<b <---<b <by=n}.

We denote by P>F the set of all such.
For (a,b) € PE set

r—1

(244) BRMSE(Q’ b) - Maor7b0 H(Dgrfwabw+lMgr7x717bz+l) and
=0
r—1

(245) C(a,b) = DZT,bO H(Mgr,x,bmHDgr,x,hsz)'

x=0
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Then
(246) MWU =
(247) M (HY - HY ) (HE - H )

(248) +Z > BrM%F(a,b)H(a,b),

reN (a,b)ePSE

where each HY(a,b) is a Laurent monomial in some of the elements HY,.
Furthermore

(249) My, =

(HO )’YXDO (Hzoj—i—l Hio,n)(HzO—l—lj HO ) Z(a b)ePsE C(CL b)HO (CL, [_))7
where PA[E? (a,b) = q**H?(a,b) and ax depends on the case (as well as on
(a,b)). In the following analysis, the exact value is of no importance.

Observation 8.4.2. Similarly to Observation 8.3.2, each row either has
none or has exactly one D and one M except row ag = 1. Fach column has
either none or exactly one D and one M except column by = j.

8.5. The various algebras of differential operators. We now combine
left or right multiplication and left or right differential operators into bigger
algebras of differential operators. To begin with, to understand their in-
dividual significance, we combine one kind of multiplication operator with
one kind of differential operator. Before embarking on this, we need a
special tool:

8.5.1. Eigenspace decompositions in subalgebras.
Definition 8.5.1.
(250) L:=C[(H))™ i, j=1,...,n]

denotes the Laurent polynomial algebra generated by the commuting invert-

ible elements Hj3; 1,5 = 1,...,n. Furthermore, we set

(251) LM ={¢peL]|pisamonomial}.

Proposition 8.5.2. Let = Oy, 01,...,0n € Weyl,(n,n) and let & =
{¢1,...,6n} C LM. Assume that

(252) Vi=1,...,N,¥i=0,1,...,N : ¢;0; = ¢"0;¢;
(253) & Adg(0O;) = ¢"0; for some kij € 7.

Suppose that © distinguishes elements in the following sense: k;; # ki
whenever j & {1,...,i}.
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Let Ay be a subspace of Weyl,(n,n) which is invariant under right and
left multiplication by ¢.;x = 0,1,...,N. Suppose that O = Zj’vzo O; be-
longs to Ay, then

N
(254) Oy (H gbi) € Ay.
i=1
Proof. We have by assumption that
(255) 410 —d"06= 3 (4" — )01 € A,

j€{0,2,...N}
Up to irrelevant complex factors, we have thus removed the summand O;.

By the further assumptions we can continue to remove summands until
only Oy remains. ]

Remark 8.5.3. We will use Proposition 8.5.2 repeatedly in the sequel.
Here, Ay will even be a subalgebra, but we are not assuming that the in-

verses ¢ ,x = 1,..., N stabilize Ay, so we have to keep the factor Hf\il Oi
in (254).

Now we are ready for the algebras:

8.5.2. Right - Left.
First we consider Ay = D(dx, zM). Here we have all operators z, M and
—X

Wi]‘

First observe the following simple fact which follows from formulas (65-
66):

Lemma 8.5.4. If D(0x, zM) contains elements ¢;; M7 and ;D7 ;, with
Gij, Vi; elements of LM, then

(256) ¢ij¢ij(Hi0,j)il € D(0x, zM).

The signs in (256) is the source of an ambiguity which we try to control
somewhat by the specific choices below (262).

We now begin to prove that for all 4, j € {1,2,...,n}, D(0x, M) indeed
does contain elements ¢;; M7, and ¢;;D7; and ¢;;,¢;; may be explicitly
given in LM.

First observe, for use here and later, that by definition,

— X
and RMy, € D(0x,zM) where My, , = Hp, ... H? M7, At the

position (1,7n) we thus have

(257) Hf,l T Hf,n—le,nv Hp, - Hg,n(Hf,n)rYXDin S D(8X7 ZM)?

nn
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and then, immediately from Lemma 8.5.4,
(258) Hil T Hlo,n—l ) HSn T Hg,n(Hi)n)ﬁyXil S D(8X7 ZM)

There are 2 covariant first order elements in our quadratic algebra, namely
Z1, and Z, 1. We have chosen to construct elements working out from po-

sition (1,n), but of course one may as well use position (n, 1), or a mix of
the two.

We use an ordering
(259)

(ILn)<2,n)<---<(nn)<(lin—1)<2,n—1)<--- -+ < (n,1),

but we still need some definitions before we get to a precise statement:
Definition 8.5.5. Introduce the following elements in LM :

(2600 V" = (J[HE)(]H

k<i s<j
(261) vt = (11 a1 H, and
k>i §>7

0 in case J
(262) Vij = ‘/;évw‘/;fE(Hfj)aX, ax =< —2in case K .
—1 wn case L

Inductively set

(263) <H V8n> (H va )

More generally, set

i—1 n
(264) Vij = Vi (H Vaj> I Vi
a=1

b=j+1

In particular,

(265) Vi) = H Vi | V)

Remark 8.5.6. Below, we use heavily Observation 8.3.2 and Observa-
tion 8.4.2. Our main tool is Proposition 8.5.2 and here we need to con-
struct a famzly D in LM that distinguishes elements, e.g. Dg ;MjM;

m?’
a=1,...,9—1 from M . For this purpose we need to assume ozX 7& 2.
With fyX as in (168), we have ax = vx 1, so this only poses restrictions
in case X = J where we must pick ax = 0. In the other cases there is the
previously mentioned ambiguity at each position v,n. This means that the
elements constructed in the following lemmas are not unique, but they suf-
fice for our purposes. Furthermore, it does not seem to give simplifications
in the end results by allowing more general vales. The above choices are
then made for the sake of specificity.
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Lemma 8.5.7. It holds that

—X

(266) (H Vsn> VAW M? € D(0x, zM) and My, € D(dx, zM),
<1

where My, = VSEM? . Hence, in particular, the elements V;,, belong to

D(0x, zM).

Proof. This is proved by induction. The case i = 1 is just (257) and (258)
with special choices.

Now look at a position (i,n) with i > 2. We have at our disposal Vy,,,
k=1,...,1— 1. Here we have that

(267) (ZmM) ) Hgn T Hio—l,n(HzQ,n)’YXDiO,n S D(8X7 ZM)?

where (use Lemma 8.4.1 in its equivalent (z, ) guise)

(268) (7,,M)=0=H;...H, |H,...H | ,M,+0 = VNVM +0.
Observing that the operators Vj, are monomials in the operators 'Vg,n, (<

i—1,n

k, we mnotice that we could use the operators Vi, k = 1,...,i — 1 as
in Proposition 8.5.2 to remove the elements in O such that the element
VNW MO is obtained. Specifically, one could easily use Vi, Vay,... to

eliminate terms O; for which V;,,0; # qO;Vj,, (here we must insist that
ay # 2 as in (262). This procedure works because each relevant row
has a pair D, M as remarked after Lemma 8.4.1. First use Vj, then use
V., on the remaining elements not distinguished by Vj,, then V3, and
so forth. The difference between the elements V,, and the (correct) el-
ements V,, is thus inconsequential, hence the latter elements also work.
Hence ([],.; Ven) VAV M, € Dx(0r, LM). We also have the element
— X

RMy, ~— =Hp, ... .H3, (Hj) DY,

step is completed. Il

and using Lemma 8.5.4 the induction

In complete analogy we get
Lemma 8.5.8. V, ; belongs to D(0x, zM) for j =n,n—1,...,1. Indeed,
/\X
(ITp-s1 Via) VSV M?, € D(Ox, 2M) and My, € D(dx,zM) where
My, ; = VI%EMloJ

Proposition 8.5.9. For all i,7, V3"V (Hz_ll Vaj) My, € D(0x, zM) and

VaE (HZ“:J-HVQJ') (H)=Dg; € D(Ox,xM). As a consequence, V;; €

D(0x, zM).

Proof. This follows analogously while using the already established re-

sults. We can use Vi, V..., Vi1 for (z,M) and V;ji1,...,Vino1, Vin

for My, ]
Remark: We could also use Vi1, Vi, ..., V; ;-1 for (z,M) and, indepen-

dently, Vii1,..., Vi1, Vay for My,
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8.5.3. Right - Right.
Here, in the terminology of Proposition 8.5.2, Ay = D(0x, Mz), and we

/\X
have the operators Mz, , and My, . We obtain a result analogous to the

previous case, but for reasons that should become clear, we find it more
reasonable to treat the 3 cases one by one.

The case J is quite complicated and is considered later. However, we get
a clean result for each of the cases K, L:

Proposition 8.5.10. We have the following:
D(0p, Mz) = Weyl,(n,n)
D(0x, Mz) = C[Vi"Dy |1<4,j <nJUCVFEMS |1 <i,j <nl.

In particular, (H)™ € D(0x, Mz) for (i,7) # (1,1), but only (H?)™* €
D(0k, My).

Proof: The induction again follows the ordering
(269) (n,n) < (n,n—1)<---<(n,1)<(n—1,n) <---<(1,1).

and starts by observing that M?, and (H?,)"*D? € D(0x,Myz). This
immediately gives (H2,)*! in case H, while it gives (H?,)"% and (H?,)°
in case K. To finish case K, we observe that likewise, H;, M7, ; and
Hp,(Hf, 1)*Dg, | € D(dx,Myz). This gives that (H,)*(HS, )? €

n,n—1
D(0x, Mz) and (H?,)* € D(Ox, My). After that the induction proceeds
easily along the same lines with the exception of the restriction in case

K when we reach the final point (1,1). Case L is the easiest since if we
have all (Hf)*' below (i, ) then easily, M, D, € D(dp, M) hence the

YK
result. ]

Case X = J is as complicated as in the previous Subsubsection 8.5.2,
and the result is more complex:

Proposition 8.5.11. At the general position i, j,

VIE ( 11 \yaj) My and V5 < 11 \yaj) H,;Dy,
a=i+1 a=1+1

belong to DJ (D5, Mz); Yu; = [To_ ;1 (H2)? and Yi; = (Vi5P)? (T Yay) -

In particular, Y;; € D;(05, My).

Proof: This is again by induction using the ordering (269).

To begin with, at (n,n), we have M? and H? D°. This leads to I
and (HY,)?. Then we get H3, M¢,  and HY H,,1D;, ;. This leads to
(Hp,)?(HS, 1)* (and, once again, (H{,)*.) After that it is clear that we
have (Hy,)*(HY, 1)*...(Hg,)? for any n > r > 1. At a position n — 1,
we have

(270) My

n—1,r

=V2E M), + LOTs

n—1,r
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2 0
and we can use H; (H,, 4

)?...(HY,.1)? to separate off the LOTSs terms.

—J
A similar result is obtained for My, , ~ and we then obtain elements of
the form
(271)
(CH ) () () )M (H ) ()™ - (Y 0)).

This element together with the previous can now be used to attack a
position n — 2,r using Observation 8.4.2 and Proposition 8.5.2. We use
elements with 0 in the upper left corner since they do not affect the top
term, and in general, we need one element per row. The result follows. [

Remark 8.5.12. This inductive formula above is easily solved:

(272) Yy = V5" (H(Kif,j)éllgml) =

r=1
i 0 Qr—2 0 r 0 n7n_i 0 Qr—1
(273)Yij — H(Hi+x,j)23 (Hz'+1,j)2 H (sz)2 H (Hi+x,y)43 .
=2 y=j+1 y=j+1l,x=1

We further remark that one can equally well use constructions based on
columns instead of rows.

8.6. The algebras of differential operators. Conclusion. We have
seen that the three cases X = J, L, K lead to quite different results for
D(0x, Mx) and D(0x, zM) though the following holds that in all 6 (=

3 X 2) cases:

Theorem 8.6.1. For any index i, j there are, case dependent, elements 1);;

and ¢;; of LM such that

(274) YiiM° and 1;; D°
belong to the algebra of the given case.
Definition 8.6.2. Set

(275) DY = D(dx, Mz, zM);
the algebra of quantized right differential operators, and set
(276) D% = D(x0, Mz, zM);

the algebra of quantized left differential operators.
We now discuss the cases J, K, L. one by one:
Theorem 8.6.3. We have that
(277) DE = DY = Weyl,(n,n).
The representation O%, is given by differential operators together with End(Vy).



36 HANS PLESNER JAKOBSEN

Proof: It is clear that

(278) D(Hﬁ, ZM) = D(@H, Mz) = Weyl(n, n)

The rest is equally obvious. O]
J

—_—

J —
In case J we do not get (y,, M) from the right and we do not get My

—J
from the right. We do get parts of (7, M) (on Zs) but miss out on eg.
Kgl. We will refrain from stating further results for this case.

Definition 8.6.4. KWeyl,(n,n) is set to be the smallest subalgebra of
Weyl,(n,n) containing the following operators:

(279) Vi g ViYW () T Dg, VY MY, and VP MY

In particular, it contains all (H{’j)i2 and VéVWVz}qE

Theorem 8.6.5. We have that
(280) D = Dk .= KWeyl,(n,n).

The representation O is given by operators from KWeyl,(n,n) together
with End(Vy).

Proof: The fact that the left and right algebras are identical is easy to see
since by symmetry we easily get D(x 0y, zM) while D(x0, My) is the dual
of an analogous algebra Dx (w M, x0) on the A, . The statements about
the elements in the algebra follow from Proposition 8.5.10 and the following
observation: The combined operators easily lead to e.g. H{V;3F € DE.
By squaring this element we easily obtain (H¢,)2.

— K
As for the the representation, by definition Ly, € DE. Next observe
that Kz = (H{)?VHENWVSE € DE and similarly, since we have all op-
erators (HZ.Oj)—2 and thus can replace odd positive powers in elements H?,

by odd negative powers, Ky ' ¢ DE. Now consider OK(Ejp): Tt differs

from Of,(Ej) by squares of elements HY;, cf. (149-150). We may therefore

equally well look at the latter which, by Corollary 7.2.2 is given by by K 1
and left and right multiplication operators. We remark here that for the
general expression in Corollary 7.2.2 we need to introduce End(V}) (which
is generated by the operators from ; (£¢). We then only need to consider
the representation restricted to U (%), and we can here, by similar argu-
ments, restrict to consider the scalar case and we may as well just consider
the expressions in Proposition 3.2.2 and easily get, up to factors of (H?)*?,

(281) EY = > (VN(HY)'DY VY MY, ), and

J
(282) FZo= Y (VEE(HR )7 DRy VISP M ).

J
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Since these expressions are in the algebra, we are done. [

We finish with the following result which of course is immediate from the
way these alebras are invariantly defined from left and right actions:

Theorem 8.6.6. Weyl,(n,n) as well as the various constructed subalge-
bras, though given manifestly in a fixed PBW basis, are intrinsically in-
variant.

[
2]
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