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0. Introduction.

The representation theory of infinite-dimensional Lie algebras has emerged in the
past few years as a field that has remarkable applications to many areas of mathematics
and mathematical physics. All these applications show that the following two assump-
tions about the representation in question are fundamental

1) unitarizability ;

2) existence of a highest weight vector.

In more detail, let 9 be a complex (possibly infinite-dimensional) Lie algebra,

let 'U.(g.) denote its universal enveloping algebra, let P be a subalgebra of 9—
and let W be an antilinear anti-involution of s,(i.e. w, [ x,IJ,J = [‘W-‘Jl W, x ]
and 00.(_?« x) =-i(w.'x))such that

0.1 ?+ UJ.P = g— )

Let % : p-:, @ be a l-dimensional representation of P A representation T .

5_ - %U/') : is called a highest weight hrepresentaiion with highest weight A
if there exists a vector ‘v"hev. with the following properties

02 T(W(4)) vi = V



(0.3)”(!3)4’}: A(b)v;\ for any BGP

(Of course, (0.2) is satisfied automatically if the representation 1T is irreducible)

A Hermitian form H on V such that
0.4 H((va, ) = 1,
©.5) H (T (gq)m, v) = H («, Tr(w.a,)v) forall ge }andu/ vell

is called contrnavariant (it is determined uniquely by (0.4) and (0.5)). It is easyto
show that, under some natural assumptions, for any highest weight A 4 P —_—
there exists a unique highest weight representation with a non-degenerate contrava-
riant Hermitian form. The non-trivial problem is whether this form is positive definite;
if this is the case, the representation 1T is called unitarizable.

For example, let be the infinite-dimensional Heiserberg algebra, i.e. a Lie
algebra with a basis P;,q,,: (“- Gl) and c,with commutation relations

[[’L' ,‘\li-]: C and all the other brackets zero. Put x P = ch + ZG‘F,, and let
}‘-P_,(]: be defined by /\CC)=G-€(E and A((’;): <

Then any representation of s. with highest weight )\ is irreducible and equivalent to
the canonical commutation relations representation L{a) ( <e. ?_‘- —_— X

P —» w%;c , C - & ) . Let W be an antilinear anti-involutien of 3
defined by W (#f{) _,3"' ; UJ(S{C)-‘-‘ PC , w(c)=c¢ . Then L(a) is unitarizable if
and only if a is a positive real number.

The unitarizable highest weight representations of finite-dimensional semisimple Lie
algebras have been classified quite recently, and the answer is highly non-trivial
[1], [3].

The present paper grew out from an attempt to solve the analogous problem for affine
Kac-Moody algebras. Recall that, given a simple finite-dimensional Lie algebrag, the

associated affine Kac-Moody algebra is

3: Q[z,}"‘_] ch’ +(EC ,

with the following commutation relatiomns

k mk X
(0.6)[zlm®a’) ng] = Z *‘3’[°~;L’J+m$m,-k (Q,L)C It [},C] =0

Here a,b € §, (a,b) is the Killing form ong, and ‘M ,k éZ, Let bbe aBore} subalgebra of
sand @ a compact antilinear anti-involution {(i.e. the real subalgebraixea' e ,-x}
[]
is the compact form of @) such that (0.1) holds. The conventional choice of the

"Borel subalgebra" b of 9 is

(0.7) b - ‘LC®(4®B) 6(2693.,)@(11@3',)@...



Let W be the compact antilinear anti-involution ofa, i.e. W (2 (- 7 Ve AC) =
zzvvn@ W (CL)fXC and letP b Then the affine algebra @ admits a remarkable
family of unitarizable highest weight representations, calle? integrable highest
weight representations. An exposition of the theory of these representations along
with some of its beautiful applicatiomsmay be found in the book [4].

On the other hand, a simple computation shows that forP=(conventifma1b)and any other
choice of W there is no unitarizable highest weight modules except the trivial one,
in sharpcontrast to the finite-dimensional theory.

However,again in contrast to the finite-dimensional theory, an affine Lie algebra has
several conjugacy classes of Borel subalgebras, and the next natural step is to try
"non- conventional" Borel subalgebras.

As a result, we found the following unitarizable highest weight representations of
the Lie algebra % nsez ( =z 21]1) = Clz, "] @ Séz (¢C)

(the central charge, i.e. the eigenvalue of ¢, is trivial)

Let V= ¢[xk) kéZJbe the space of polonomlals in 1ndeterm1nates XLx - Put

§k=(}’- 0) . LK’(O zk) ’ "=(?3 o)

Let @ = (m“' fﬁ:) | aczr, by € CL=, 2] ’

and let be an antilinear anti-involution of the Lie algebra SE (d: [1 1-1;')

defined by

(0.8) W+ S‘K = ~ Cg ) e =~ ﬁ-g ) . l‘k = L"t .

Let an be a finite measure on the circle S", not concentrated in a finite number of

points ; put )\n__ S.de,m (e.g. /\i= = Slc o if ‘m is the Lebesgue measure). Then the
- [

map

2
';'Ac - X "\g—-—»—-(;\k+2'},zez x;'.,,k ‘;‘_"(; )7

e“"*—(z. /\L'ﬂc 2 Z_ Xpftk 2 2 )

DI‘- ‘_}e a)fl aXJ

defines a unitarizable irreducible representation 7I,,, of the Lie algebra 51

(0.9)

((E[E'ﬁ"]) on the space V, the polynomial 1 being an eigenvector for b ifmis positive.
The real form ix. e sd. (€l J) !CA)DC = -x .?I of Q is the real Lie

algebra su(l, 1 s of polynomial maps of the circle into su(l,1). Thus, we have a
unitary representation of su(l,l)s on the space V, and this construction can easily
be generalized to the case of su(n,l)‘s'1 . Moreover, we show that these representa-
tions together with integrable highest weight representations and representations
"concentrated” in a finite number of points, are the only unitarizable highest weight
representations of all affine Kac-Moody algebras.

Finally, in a similar fashion, we can construct unitarizable highest weight represen-
tations of the Lie algebra su(s,1)¥X, where X is a set with a finite measure. The

corresponding formula for the Hermitian form is identical to that for the truncated



correlation function in quantum field theory.
We will discuss elsewhere the question of integrability of these representations to

the corresponding group SU(m,1)X.

1. Generalities.

Let 3be a Lie algebra with an antilinear anti-involution <) ; then W extends
uniquely to an antilinear anti-involution of the universal enveloping algebra U(Q).
Let P be a subalgebra of @ satisfying (0.1). Choose a subspace T} Cgsuch that

= P @M. Then we have the decompostition into a direct sum of vector spaces :
u (,)z 'nu{,) e U {P) . Denote by /S the projection on the second summand.
Let ). P T be a l-dimensional representation of b and extend it to the whole

’ll.(?). Put W ® =§‘ be P I Alb)=o 3 . Define a sesquilinear form H on 11.(9) by

(1.1) Hiw, vy = )\((S(LW.V)M»))

It is straightforward that

(1.2) H(‘“"'V"’ v = l"*(u, (W"'*’.)V)and,

anH(UW(p Ui ) =o .

In order to have the Hermitian property of H (Ife. H (Ar, w!) = H (wry A )

we need to assume

(1.4) )\((:,(u,) = )(p(w.w)) for W €& U.(e.)

We put
sy Mur) = U4) /M(Q) wr ()

and define a representation ’ﬁ') of on M(A) via left multiplication. The represen-
tation (M(A), Aﬂl‘)‘) is called a (generalized) Verma medule. We denote by Vi & M (A)
the image of 1. Then (0.2) and (0.3) are satisfied, so that M(A) is a highest weight
representation with highest weight A Furthermore, since, by (1.3), the kernel of
the Hermitian form H contains ’LU(P) , we obtain a contravariant Hermitian form
on M()-), also denoted by H. By uniqueness of the contravariant form, H is indepen-
dent of the choice of ¥ (satisfying (1.4)).

Let I(}) be the Kernel of H on M(A) and put L(A} = M(A)/I(A). Then %A induces a

highest weight representation [T, of 9 on the space L (A) and H induces a non-



degenerate contravariant Hermitian form on L{)), also denoted by H. It is clear that
conversely, if L()\) is a highest weight representation with a non-degenerate Hermi-
tian form, it is obtained from the Verma module M()\) as above.

Thus, we arrive at the following

Lemma 1.1. Let @ be a Lie algebra with an antilinear anti-invofution W, and Let P
be a subatgebra of @ satisfying (0.1). Let A be a 1-dimensional nepresentation of
P Suppose that we can choose a subspace ¥ < §, such that § = p ON, and such that
the conresponding profection Bz U (g,) - WU(P) satisfies (1.4). Then there
exists a unique highest weight nepnesentation Ty  with highest weight A of § on
a vecton space L(N) with a non-degenerate contravariant Henmitian form. O

We shall sometimes write MP,W(/\)’ Lle M, Tl'i;' and H,, instead of M()), L(A),
M\ , and H, in order to emphasize the dependence on P and W .

Remark : Let , P, W, XN and M be as in Lemma 1.7, and let bcP be a subalgebra
such that b +wbh - 9and such that there exists a subspace ucPwith P = béu and

(1.6) A |“ = O .

Let }‘ = x\b . Then the highest weight representations Tr) )' and Trf/b

are equivalent. Indeed, since ’LLA(P) 20U >‘(b), there exists a surjective ’,—map
~ -

¥ My L (X )—bM'

. v, . .
in the Kernel of Hw . It follows that \{ induces an equivalence of representations

ol s Ly 0 LD

W(X)‘Using (1.6), one easily checks that Ker QI is contained

1

Example : The canonical commutation relations representation L(a) of the infinite-
dimensional Heisenberg algebra {(see the introduction) is a Verma module. Choose

" = z [ t‘; ; then condition (1.4) holds whenever a & R . Hence L(a) carries
a Hermit.tian form whenever a € R(it is clear that this condition is also necessary).
The representation L(a) is irreducible iff a # 0. Thus L{a) is an (irreducible) hi-

ghest weight representation with a contravariant Hermitian form if a R \ iof. (]

2. Involutions and Borel subalgebras.

For basic definitions and facts of the thedry of Kac-Moody algebras we refer to the
book [4].

Let ’_= 3" (A) be a Kac-Moody algebra associated to the generalized Cartan matrix A.
This is a Lie algebra with Chevally genenatons €v, £¢, oY (¢= 4,0, m)

satisfying certain well-known relations. Let A be the set of roots of , and let

4 = “‘?A“i"? %”‘

be the root space decomposition of ’



We call a subset A+ of A a et of positive noots if the following three properties
hold :

(2.1) if o(’{" € A-i- and 0(1-(5 e A )} then °(+(5 & A-i- J

(2.2) if o € [ , then either o or -of 1lie in A+ ;

(2.3) if o € DL, then - 4;” A, .

Example : Let -,—'-St be the set of roots corresponding to the generators e4; (j_gl],,,n)
of @ ; we call H-Sk the standard fe,t of simple noots. Let As_t = { Z_ kol ’
|<L' €Z..,=§°,1‘l,...} and 0(5' [ TTS} . Then Aft is the convention;l set of
positive roots (see [4]), which we call the standard set of positive ncots. B
Given a set of positive roots A_+ , one associates to it the SEO)L(LE subalgebra ot
B:. J-S...Uioi 3,(_ . The Borel subalgebra associated to A + 1s denoted by b .
A subalgebra P of , containing ¥ is called a parabofic subalgebra.

An antilinear anti-involution @) of is called consistent if W-a.,c = 3_9‘

It is clear that, replacing el‘by A€, and )CL by )_4:F¢ , one can bring W to

the following form :

Ww-e¢ = t;--\', (A=, »)

An important example is the compact antilinearn anti-involution e defined by :
Wc.e‘: = ;'1: (4034,....,@)

Note that if «J is a consistent antilinear anti-involution and ' is a parabolic sub-

algebra of @, then condition (0.1) holds: One can show that conversely, if (0.1) holds
for some ? and W , then W 1is conjugate to a consistent antilinear anti-involu-

tion (cf. [5]).

Let W be the Weyl group of the Kac-Moody algebra ,; for a real root oK, let

Y € W denotes the reflection with respect to « .

We start with the classification of sets of positive roots in the finite-dimensional

case.

Lemma 2.1. 1§ N is a finite noot system, then a set of positive roots By is
W-conjugate to Ait .

Proof. If TTStC A-\- , then A.q- = AS: and there is nothing to prove. Otherwise,
there exists ol & TT“\ A+,and ICI’O,_. AN - Ait ] 4 | A, N - Aik l After a
finite number of such steps we get A, = A_f* . O

By Lemma 2.1, a Borel subalgebra of a finite-dimensional simple Lie algebra éis con-

jugate to LSE .



The situation is different for infinite-dimensional Kac-Moody algebras. For example,

let § be an affine Kac-Moody algebra associated to 9. ("non- twisted" c:’:lse) ; then the
! .

Subalgebra b defined by (0:7) is BSt. On the other hand, putting h,_. I\G‘h , where

h is a Cartan subalgebra and M a maximal nilpotent subalgebra of 9,, we have another

Borel subalgebra of 3, which is not conjugate to bSt, namely the natutal Borel subal-

o€ © (Ci2l o h)eo (Cl2 2] @gm )

A "twisted" affine algebra is a fixed point set in s_ of a non-trivial symmetry of

gebra :

Chevalley generators, and we take HP4Y to be the intersection with this set of the
natural Borel subalgebra of §.
To show that bSt and bndt are not conjugate, note that (similar fact holds for any

Kac-Moody algebra) : .
. + St
Y - (h+Cc) o [ ™ b5 ]
on the other hand one has 7

. (e Cialogh) @ [ b™ b™ 1

Now we turn to the classification, up to W-equivalence, of the subsets of positive

roots of an affine root system ; this is equivalent to the classification of Borel

subalgebras of an affine Kac-Moody algebra up to conjugation. st

Let /A be the root system of an affine Kac-Moody algebra sand let IT = ie(o‘o(dl_,,_,dg}

be the standard set of simple roots (the ordering of simple roots is that of [4]).

pur T = {eday e ‘é‘f e M| & = ciﬂ ke oo §
At={°‘€-A|°(=Z(kc°(c with k¢ =0 };

AT
Then {\ 1is the root system of the "underlying" finite-dimensional simple Lie alge-

st
bra " Let 8 be the unique indivisible imaginary root from A+ . Recall that
the sets O and Ait can be easily reconstructed in terms of the finite root system
. 5

A and the root & [4, Chapter 6] :
Example. Let , be an affine Lie algebra associated to é’ Then

(2_4)A={o(+'n$|o(eA‘Ui°]; ,; M€ Z%\io& )
(2.5) A_s:=§_o<+n3|xe5 Uio}, M?O} U l.l+ . B8

Given a root space decomposition 9, = (o‘ei A id)ahwe have : . .

) S =1ke$d if Led . Y«s = 2z e h .

For a "twisted" affine Lie algebra, the set of roots is a subset of (AU %_ a) an
invariant under the shift by K$ (k = 2 or 3), where _A is defined by (2.4) (see
[4, Chapter 6] for details).

Let A+ be a set of positive roots of an affine root system A . Replacing A+

by -A+ if necessary, we can assume that Se A—t— . Aroot ote Dy is called



bad if all the roots of the form %+m$§ (’h€Z) lie in A+ ; otherwise, a root
o € A4+ is called good It is clear that $ is a good root for any {; and that
all the roots from Aft are good.
Lemma 2.2. Let D4 be a set of positive noots of an agfine noot system A , such
that $ € Dy,
(a) 14 & e JAY i85 good, then There exists S € Z.+ such that a noot

oA +m § Lies in DNy gy m % -s
(b) 1§ @, o+ € B+ and o is bad, then “«+f s bad.
(e} If <, p , 0~ > € Ay and A and 3 are good, Then o-(3 s good.
(d) If £, , £+ € A4 and A and (p are good, then o<+ (> is good.
Proog. (a) and (b) are obvious and [¢) follows from (b). If o and (3 are good
roots for A.{. , but all the roots of the form d-flﬂ-}"’s (""é Z) lie in A+ , then
all the roots of the form'a(‘ﬁ*ns lie in - A+ . But «( +S8SS8 ¢ —A+
for some s since o is good, hence all the roots of the form --(sﬂ—,é lie in - A+
and all the roots of the form 3 +nd lie in A+ . This contradiction proves (d}.0
Let X be a subset of T;f . We associate to X a subset of positive roots A).: of A

as follows. In the non-twisted case we put :

A::iothlc(e-AJr\lxl‘néZB U
{<ams [xe(ANZXIULes, m»ro§ U D,

In the twisted case, we put Ai = (A_._u éi. A.;_)ﬂA, where A,., is the set defined
as in (2.6).

Proposition 2.1. 1f A is an affine noot system, then every sei of positive roots is
Wix § £ 4]~ conjugate to one of the sets AL .

Proof. Let A+ be a subset of positive roots of A ; we can assume that $e A+

Let X =i0(‘. efi ]either L or -O(L' is a good root of A...} . Put A’X___Z X ] 'A
J

Ax. {«+ms|we 8, UL A, Utoy, nesZina,
AX+= Aan-{-'

By lemma 2.2, for each « & AX’ either X or - X is a good root of A--l- . It

(2.6)

st
follows that f A)H ﬂ - A+ l € ©o . Applying the same argument as that in the

st
proof of Lemma 2.1, we may assume that AX+ C A.;. . Applying again this argument
e st
we may assume that || < A+ . But then, by Lemma 2.2, AX+ is the set of
good roots of A+ . It follows that A.+ = A..)_( . 0O

3. A list of unitarizable highest weight representations.

Let gbe an arbitrary Kac-Moody algebra, let b be the standard Borel subalgebra, of

’, let W= W¢ and let A b_;, @ be a l-dimensional representation of b



defined by
v .
A(,e{)—o ' )\("(L) = M, < Z+ (J..:.: 4/“"/%) 4

Then the representation Tr)-,'b, We is unitarizable ([4, Chapter 11}). These
representations are called {niegrabfe highest weight representations. In particular,
if § is finite-dimensional, thesse representations are precisely all finite-dimen-
sional irreducible representations of 9
Furthermore, it is well-known that if g_is a finite-dimensional simple Lie algebra,
then an infinte-dimensional highest weight representation W)V b)w is unitarizable
only if ) is a consistent antilinear anti-involution which corresponds to a Hermi-~
tian symmetric space, and all possibilities for A are listed in [1],I3].
There is the following '"elementary' way to construct a unitarizable highest weight
representation n). of an affine Lie algebra §. First, we take ":\(.C) = O so that
T can be viewed as a representation of the Lie algebra ¢(z,z” ]3®c9in the';xon twisted
casélor its subalgebra in the'twisted” case. Furthermore, fix N non-zero complex numbers
Ch,oo 5 Cn and denote by ¥ : €(z, 2-'1® Q"s, the evaluation map at Cg
te y; (¥ ®3,) = C,,;k % . Fix a Borel subalgebra b of s'and a consistent
antilinear anti-involution ) of @. Let ﬂh’ (4.:4,..., N ) be a unitarizable
highest weight representation of é_on L (A) = lew (ML) . Then MMy; Y&
is a unitarizable h1ghest weight representation of 9' ‘ "
Let P d:-[1 1"4] ® b , define a representation p..;C by A (2 elf)-.—.gcu' /\c“’)
and an antilinear anti-involution ¢ of s‘by w, (2@ 3,) = Z’k ® Cc;) . g,)

Then we have :

Le,w(®) = L2y @.-- - @ L(a),

TT)JP .-_-'('TTA“O\(»!_) @--‘;@ (]TAN‘L(N)

Thus, the representation W’\/f of ,on the space Lle (M) is unitarizable. We
call these representations efementary.

Finally, let = 5i2+4 (.¢ £z,2"] ) (i.e. we assume that the center G—

acts trivially), 1 P - i(Q,‘, (2))6, %‘ Q"‘J o for & 7? 5 o) Uah

and let N.(Q%(t)) (843 ?‘_ (.1*")) , where E“J" if 4 g

or j,”;e 4 or A= }‘: 4 , and E,_Jz _ 4 otherwise (for a(z) = 2. & 2% éa:f?-, ]
we write 2 (z) = Z. 7:'.‘2‘*' ).

Let m be a finite positive measure on the unit circle §'e«.Define a linear functional
?,m; Q(},i-‘]*ﬁby Cm (0,(_1))_:5 Q(z)dm . Define a representation ).m;P_) Q. by
A (€ Qq,u)) = -0n{a, 1)) L3

Then the representation LYV of S’QCH ((LCZ, q_—’l_]) on the vector space

L"Aa) (Aw) 1s

called excepiional. We will show, as a part of a more generalresult, that they are

unitarizable.
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Now we can state our first main result.

Theonem 3.1. Let 9. be an affine Lie algebra, Let w be a consistent antilinean anti-
Anvolution of @.and Let b be a Boret subatgebra of 3 & A:b~»C bea
T-dimensional representation of b. Then the nepresentation [T»\,' 8w of 9 on the
space L b,w M) 48 unitarnizable 4§ and only if it <& equivalent %o eithen an in-
tegrable representation, on an elementary representation, or an excepfional xrepnre-
sentation.

4 . Elimination.

We now begin to prove Theorem 3.1. This section is devoted to the negative, i.e. non-
unitarizable, aspects.

~
Let us first look at the affine Lie algebra L(slz) associated to slp(€). We have

that sly(@) = span { €, -F,Lt} with commutation relations

(4,1>[e,§]=h ; (h,el = 2e . [‘\,¥3=‘7—{3

”

We write elements ZMO X of q:[?:.‘t"] 95’01 as £X We have that
L] 2

w2y () = €l o s, ® C

where, in particular,

w»n [2"e, 27L] - m 3.,.,,_,,.,‘ C

According to Proposition 2.1 there are, up to conjugacy, two distinct sets of positive

roots. In either case, a consistent involution &) is of the form
a) Wle)= &k ;, w(zh) = & zh

2 2z
where €1 = &, = 1 . There are essensially four distinct parabolic subalgebras

compatible with (some of) the involutions above :

@.s) |t ke spam izke, l kzo} ® 5 pam iikﬂ, z“h lk>°}/

u

Pnat
Lna\:

i

spam,i‘?:ke,zth [kel},

Spam izf‘h [ ko } ® &toam,{ike, | ke Zs/and
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pet spam § 25 h, 2, 28 | kyod

Assuming that L (/\)= Lg,’u, (f\)is unitarizable, we now analyze the restrictions

this requirement imposes on the data. First we observe, as remarked after Lemma 1.1,
that pkt does not give other unitarizable modules than does bSt . A second simpli-
fying observation is, that due to the symmetry of the Hermitian form, in the case of
bﬂlk , A(Z,mh)s_.s‘,), a for some a-éR,Hence, the treatment of this case is covered
by that of P“at.

Returning to (4.4), it follows that

e W(2"h) = €. 2 "h w(z"f) =€ .2 e,

We let (ZML)V‘A A (2™h) Vv, = Am V;\ s and C+nfy = C V),

Let us turn to an examination of the standard set of positive roots:

Firstly, the symmetry of H forces /\'n-'-' A 5,-,,0 . Secondly, we have that for all

k,n € N

- H(r“?)(z‘e)hm, (z-m¢) (2-*e)bv; ) =
4.7

€ (e (A r2kenc) H (G2 5, (%)% ),

It is no loss of generality to assume that (2'13) 1&*0 since we may otherwise
just - replace it with some (2"5’ e)kU’A/ g',é IN . Thus if the module is unitarizable
and non-trivial, then &4 =~ €2 - 1 . This is the compact antilinear anti-involution,
and hence by the sly-theory, L(A) is an integrable representation

(observe that ), C € Z,+ , and ¢ 2 A).

In the natural case we have
n m
W HE"F VN, 2 {Va ) =& &tmend ) forant m e L

Thus , positivity of H implies that ¢ = 0 and Elg A4 . Further we observe that for
a general a = ZOMZ.M € q-:["t, ]

b9y H(&Egva , afva) = € r(aa™)

* — - -t
where & = Zam z . Thus, £1 A isa positive linear functional on E [1.?- J
It is then nat&ral to represent G:[Z,}"] as the set of functions on S*',
m[_i,?.“_] - ;'Z::m Om C‘Me I all but a finite number of the a,'s are non—zéro}
The positivity of E‘ A implies continuity and thus it extends to a positive Radon
measur%(i.e. locally finite)on S1. 1t follows from the general result ; Proposition

6.2 below,that the module L

b,m w ») is irreducible except in the case where
]
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supp ([") is contained in a finite number of points.

Consider then the case £;.4 . This corresponds to a compact (su(2)) situation. Thus
there must exist an integer -L',, € [N and a non-trivial invariant subspace 54'0 such
that: V[s,, io: f"e S,_',,. Thus, the measure /u must be finitely supported. It is
straightforward that in this case we do have unitarity.

Finally, as we shall see below, the case €1.=-4 leads to unitarity.

Let us summarize :

Lemma 4.1. Fon L(Slz) only the following situations may Lead to unitarity.

It

. |
4100 b s wie) {, wifl=e , wh.2'haa c3la

1)

nd Pmk. wie) Eg)_w(@),ec , w(zh)e 2z"'h

and A (2"m) = hm = & g ¢ dum(e)
s!

wherne 4§ €= 4 , M i5 §initely supported, and always, € pm is a positive
Radon measure. [

An immediate consequence of this lemma for an arbitrary affine Lie algebra is that
for the standard system of positive roots only the compact involution may lead to
unitarity (and hence L) must be an integrable representation).Turning now to the
natural or partly natural ("non-standard") situation we will assume that the measures
involved are not finitely supported since this case is easily dealt with (cf. §3). It

follows from Lemma 4.1 that now ¢=0, and (J ( €, )= - €. ("non-compact") on the

oL
non- standard part.

Let a denote a simple complex Lie algebra of finite diemnsion. It is well-known ]
and quite straight forward to see that besides conjugation in a compact real form,
the only situations that lead to unitarizable highest weight modules are those where
. has a real form corresponding to a Hermitian symmetric space, and where W is
conjugation with resp:ect to this. - - .

Specifically, let ’-3(30)0: a.nd let 90: k ® P be a Cartan decomposition of
the real Lie algebra 2 . Then khas a one-dimensional center 7=.R '1° , where l'\°

is chosen such that its eigenvalues under the adjoint action on P are £l. Let

ixeé“ [k ,x] = <x }
and 'S' ixef’t ,[“a.")=-ix }

. . ® 4 [ [] [ ]
Let k. = [k,‘d and let i .' be a m.axqi;mal abelian subalgebra of k Then ‘(='ke R IL
* "l = (C l‘.l N k, ) @ }R ‘% )(Lh nk)is a Cartan subalgebra of k.«' » and l\ =G ‘l )q,
[ L ]

is g Cartan subalgebra of ’. The sets of compact and non-compact roots of relative

. 4

waiy P

to l'l are denoted Ac and An , respectively ; A:AC_UAV\ . We choose an ordering
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of O such that é.p E : 20(
—-%&Afn

g o .
For ¥ € A+ let Hr be ths_ unique element of ,1 N [,y, golJfor which YCHB’): 2.
For &€ AT\ choose e-( 4 90( such that

(4.12) [@d,w(e.x)l= H,

and let €4 = Wiex) .

Since in any non-standard situation ¢ = 0, and since by the assumptioﬁs on the measu=
res we are looking at irreducible n}odules (cf. §6), it follows from the preceding
analysis that u( i, 'l e l‘nc) ‘ 'V; must be in the Kernel of the Hermitian

form. Thus our module is '"scalar", that is, of the form

(4.13) M(») « M(C[z,*t—“_]@é').qr,\
where (C[Z,l"]@é"’).v)‘ = O ,(‘[-(2/1'13@'(4)-17,\:0

and (?:hh, )-‘U"',\ - - (L, E,é’ngd/uCG) )’V)‘

for some positive measure/k which is not supported by a finite number of points.

Observe that

(4.14) Ao = -S' (,{/nce) { © .
SI

.
We now recall a result about the scalar modules u ( P_)-'ijith U}« as above
(161,17]). 1§ there ane at Least ‘wo perpendicular non-compact roots (L.e. the neal
nank is greater than one) then for (a §inite numbern of) critical values €4, Ca, ---
<, 0> Gy, the modute U (PT)Nwith Ao=Ci , it is reducible.

In fact, the Henmitian foam nestricted to this space &5 degenerate. Thus, when Ao
equals one of these critical values, by the irreducibility of M(A) (Proposition 6.2)
there can be no unitarity. Finally, for any Ac< 0, it is easy to deform the measure
/"' , without destroying the irreducibility, into a measure/:l which ytelds a Ao
among these critical walues. We may thus state?

Proposition 4.2, ‘In case the real hank of ju gheaten than one there can be no uni-
tandizable module based on a natural parabolic subalgebrna and on Anfdiriitely supported
measunes. [ .

Remath : Hence only 8 = su(n,l) remains. O

To bring our analysis to a conc¢lusion we now turn to the "twisted" affine Lie algebras

(4.15) %= 90924, ot 3.=9o“9?4927.
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We maintain the assumption that the measures are not finitely supported. In a non-

o
or trivial situation. However, if the module is trivial on so, it is trivial on ,

standard situation, ¢ = 0, and thus, restricted to 2 one must be in a non-standard
. , . oAY
Thus, by the preceding results, the only case that needs to be considered is Az

with a natural parabolic subalgebra in 3‘ :

\2)
(4.16) A1 = 30 @ 31 and

90 = 521 = SFa/Y" {e, {: 1\3 as in (3.1).

Observe that the non-standardness of 30 forces a non-standardness on the full algebra.

Inside 31 one can easily find elements u1+l u, , u,_"/' and U, such that

4.17)  Spam $ w? ou,, h } ¥ spam i w,tow,", hjgsﬂq_

as Lie algebras, and such that
Lewu+t)] =-u, *t and CEov,~1 o @™

J
Since we must have wle)"})and w ( u1+)=-u',- it follows that QJ(%+)= U,” , and

this is impossible (it is compact). Thus at this level, there are no unitarizable
modules.
Thus, the only highest weight representations which may be unitarizable are those

listed in Theorem 3.1.

5. Unitarity.

Let R denote a (non-commutative) associative algebra over € and let ¥ be a

trace on R, i.e. a linear map of R into € which satisfies

(5.1) LF(O’B) 2\{(ba‘) for all a,b e R .

We define the Lie algebra

Oq 2 .
(5.2) 321(&\(’).—.— {( ;) J a;, € R ,i=12,34 andl‘f((lﬁ-qq)___o},

a3

and we consider the Verma module M(‘P) defined by the property that there exists a

non-zero vector Vg such that

G‘ Qa
) v = a,y . V-
(5.3) ( o a ) ¢ = Yia) . vy

Let (e N . Wesay that ¥ = (¥,,..... , Ts )€ N° is an s-partition of 1 if

(5.4) L = X4 + {'L o+ Ys ) and
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Fa 2 %2 % «v-ivi > ¥s > O,
We let Parg(i) denote the set of all such s-tuples. Further, if ¥€Parg(i) we let
Dar (¢) denote the set of distributions of i objects in the Young diagram of ¥ .
1 (dy L. di) € R and if tye Dy (i) we ler, for 4o4,.5, d(ty)y
denote the product of the elements in the jth row.
Let ¥ & ParS(NJ. Utilizing the fact that ¥ is a trace, we will say that
”: X TT;_ € Sy x Sy 1is equivalent to My x M, € Sy xSy » where Sy denotes the

group of permutations of N letters, if for all 2, R Wy, .- W, € R;

/

(5. 5)‘~P(z“ w Wi Lowy n"(a’) %(2"'(7” Xt wrr:(?ﬁ"‘”ﬁ—«”)'m)

can be obtained from the analogous expression for e x ]TZ by a permutation of the

s factors L(() and/or by cyclic permutation of the variables (e.q. \P (23 w, 2,4,
zzwl) = \'P(_,—'Ez"b'z 23 Wa Za wWy )

The set of equivalence classes is denoted by (Sy x Sy) ),
Lemma 5.1. Let 2,,...,%, W,..., € R. Then in M({f)

(_4):4(2 zc;)““ ozfv)(: O) ‘(:)’N:).qn‘, =

N ¥ ¥
(5.6) ) L Z W ‘W‘mm W, (43" 2 () “f:;m;.)“' () ('F(""Zlf.crf/“{gav))"’?

Se1 Ve bgN) [Mxm] € (Syxsw (%)

Pnood : We proceed by induction. N = 1 is trivial, so assume (5.6) is true up to N.
We have, by (5.3),

) N+4 o 21 o 2 Le] O 0 < _
(5.7 (‘1) (o o) ) ( o ':;M)(Wl O) .... (WNM 0 ) ’V;( -

N+

A
T oM (5 ) (2 WNE )G o)l o Jerdg ke
(=
4 () Z (Z z«)‘_. 0 z-,v)( )(C‘Z 3)”"4‘4.2”“ c;-a@'?m«‘%' :)

i
'(:)Nd g) . U“f’

This, then, can be evaluated using (5.6), and as a result one will get an expression

analogous to this. To treat the constants rigorously it is, by symmetry, enough to

examine terms of the form

¥ - s e &
(5.8) L-4) 1(((21‘*)’ reee 2y, w)’a ) C 4) Lp (Z()’,+-~-)§_4 +4) N+a Ld”-*")

Assuming Xs)'{ ( 5’5-_— A is trivial), the only way in which such a term can emerge

is clearly by replacing W, by "WN?;NHWNM in the analogous expression
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T. %5 -1 '
() Y (e gy, ) o ) LP(Z):»f...*a;qu v v )

in (5.6). G

As a first application of this result we get the unitarizability for su( ¥, 4) !
Let R denote the algebra of polynomial functions from the circle into 9/8 {7, G:) .
Letrtr denote the usual trace on %(ﬂ ([’J and define

?5.9) LP/* L) = - jw t (p(0)) dp

for some positive Radon measure/“l . Observe that — L‘(/, (Pl(@)Pz(e)*)

defines a positive defintie inner product on R. Take the z's of (5.6) to be of the

form im @ ‘n, € 3 (s}
C1 Cz Q,L : PP Cr 64'“'
0........-.....-?
(5.10) z = ? ;
o G

and the w's to be of the form z*, and observe that any product z,.z,* gives a matrix

7
with at most one non-zero entry, namely the upper left hand corner. It follows that
any expression 21'{7_*23 E.I*....'Zz”_l 21; can be written as a product %Q.Zb*

of just two elements of R. Thus (5.6) expresses the Hermitian form on the module

M (M) (with A= %Jsee (1.5)) as a sum of tensor products of positive definite
Hermitian forms, and thus as something positive. This observation completes the
proof of Theorem 3.1.

Consider now the case where R is a commutative algebra over @ and assume that

#*
& O is an antilinear involution of R such that
(5.11) L{’(a*) = k[?(a,) for all a & R

Define an antilinear anti-involution W of Sﬂ,_(R, LP) by
a b a* —C*
¥
(5.12) W ( c oL) (—b d*

[o] Q
and identify elements ( ) with the entry € ¢R. An easy consequence of Lemma

C QO
5.1 is then,
Conollary 5.2 : For a,b € R put (a,b)=-Y(b*a). Then

H\e(c"-.- CN'_')—‘-?) C—:.....CN’,.V-I() =

S A i
(5._}3; e 5 K.TT i) -(dt), , dity))
= N T e Beg (V) tr, bt € Dy (1) [
defines the contravariant Heumitian foam on M (¥),where, £f

A
-b;=""'-’ In, > a"-n‘wl ='”'=x‘n4*'nz > 2;1,«*7!,.4-4:"" ) K’;"Z((M‘!)(M"’)"").D
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Corollary 5.3 : Hy A6 positive semi-definite if and onty if the fosim

(5.14) (a,b) = - ¥ ( b*a )
i positive semi-definite on R, T

Remark 1. 1In the case R=C [ 2/2*'] with ‘\”.3 evaluation at 1, the Hermitian
form has a (large) kermel. Thus, in particular M (¥) need not be irreducible (cf §3
and below) . (]

Remark 2. Let R be an arbitrary commutative algebra with a basis E a/! ;Pee.Define

r
the structure constants Cc(ﬁ by
>
Ay aﬂ = Co(/& Qy
where the usual summation convention 1is used. The elements of the form

(ad‘?) Ca’dﬁ]c}‘v‘f ’

where Q.-e =(: Z )) form a basis of M (¥), and (Cé(,h), Ve = V(ao, ) vz /\K'V_/
and (Qe) vy = (2:')’01’: O

Due to the commutativity of the af's it is natural to represent M () as a space of
polynomials a [X[», ) ﬁ,e B ] ,» and it follows easily that the action

by left multiplication on M(¥)} is transformed into the following action on

Clxp; peB]:

Cuay, ; H Multiplication by Xo(g
¥
- X, 2
Q’O(o h : }\"‘D 2 Ca(pot r 3 Xae
2

r 2 ox. o 5, 2 =

U, e )( Cdoo( Ax* § TEoes FOC X oxp
K
In particular, for TlL=,2"] we have that Cn,m = Sm.m,t and the formulas
(0.9) in the introduction thus follow immediately . D
6. Irreducibility.
L ]
L]

Let be a finite-dimensional simple Lie algebra over € s h a Cartan subalgebra,

A the set of roots,Tre. i"luwﬁ(r} a basis of A , and A7 the correlsponding set of

positive roots. Consider a subset )’ of TV and let

(6.1) Ay, = AN :[;y L. e,

+ -
with Ay, Ay defined analogously. Further, let

(6.2) ? = 5"' ® i" © é" P

-

- .
be a decomposition of }such that 20 & ?4 , 1s a compatible parabolic. Let {ejﬁ‘“ﬁ,
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.
i l_J{o( &ot e TT be a Chevalley basis of 5. We assume that y # TT and
*
consider an element /\ of "I satisfying A (H“-L);-ofor X €Y and A( Hd*')=
=>‘3 7‘: © for 0(,)¢ Y . For later use we now prove a lemma about (generalized) Verma

modules. Let M(A) be the left ’U(') -module 1{,[3‘_4).1!',\ where VA is a non-zero
vector in the 1-dimensional space of the u.(go -2 é,, ) -module defined by D
Lemma 6.1 Let VEM@)be a weight vecton such that €,.V=0 for all K€ AT, Let
Ve S, forn some Uell ('_,). Then, if W is expanded on a standard Poincaré-
Birkhoff-Witt basis, at Least one of the sSummands yielding non-zero coondinates con-
tains a facton of some €_ . , X¢ & 1T \ Y .

Proog§. Let t, denote the minimum height of the o¢'s for which €., occur ini.
Suppose t, »1 and let O(L-G.Tr be chosen such that i:('.’.o(‘-' @ ) contains a term with
a factor of height t, -1. (Choose e.g. the ordering compatible with height). Since

C e,("’ U.]_—; O, another term is needed to remove this again, but this can evidently
only be done through the negative of the expression that yielded the first term.
Thus, t, >1 contradicts the non-triviality of W . 0

Let R be a commutative algebra and let {\ﬁs be a finite family of linear functionals
on R. To avoid instant degeneracy we assume that

(6.3a) a € R | Yo (Ra) = O implies a = 0 for each i

(6.3b) R contains no §inite-dimensional non-trivial ideals.

L)
We let 0‘0 define a l1-dimensional u(‘ﬁu @a)-module through a regular element
A . We now define a linear map /\({RQ'»‘ _.p{by

6N (0@ Hy ) =¥ (a) A

{
with the 2&;5 as before, and corresponding to this we consider the left

U(R®3> - module

(6.5) M(Ag) = %Cg,,, ® R)-'Vv )

where we now have (Qz@‘ﬂ)’\r\e :f\;\e(&,&k)-‘\f’?) @ER) Leh
Proposition 6.2. M (M) 4s inreducible.

Proog. Suppose that S is a non-trivial invariant subspace. As in the finite-dimen-
sional case there is at least one non-zero element ¥ of S which satisfies

6.6) ¥ o eR Yo ¢ AV @€ Vv =0

/ /

and we may write V= Wo, U;for a unique Yo e‘u(a—fr@R). Let o € [T\ \/ .
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Choose an ordering of A- \ A;/ such that the smallest elements are those &« for which
[e*c»/ CD(]gO.In .a Poincaré-Birkhoff-Witt basis we write those terms to the left.
Further we shall assume, as we may, that at this level, of,+ &, is blgger than of4
a.nd o, . We write monomials in u( @ R ) made up entirely of elements whose
3-;133-1"5’ €, commutes with E% as I.A.(o). Again, inside a W(g), the smallest elements
oto the left. Next in the ordering come those-Xs for which [ed‘ , C’_,];& O and
A = “a u(,,eZTT\;:‘La;(‘ has. 0(& —~coefficient 7 . These we order in an arbitrary
fixed way. Monomials in U ( @ R) corresponding entirely to such roots are deno-
ted by W(1). Then we define w(2),... W(j) analogously. For convenience we also allow
the W(j)'s to be constants. It follows from Lemma 6.1 that there exists at least one
oo € [T \Y which satisfies that when we write @, as a sum of expressions
U'(O)LL('t)....lL(})’,then at least one W1) contains a factor ae-c(a_ for some @ & R,
We proceed with a fixed «,, satisfying this and now claim that any of the
A(1)'s occuring is made up entirely of products of ¥, €_x, ‘s and that, further-
more, the u—(a:)ls for j”> 1 must be constants. Again we argue by contradiction :

Suppose that some W ({) contains a factor be_.. with o # ol . Let us describe this

by saying that o satisfies (*). Let ol be that element of the set of roots
satisfying (*) for which the root X '= oy — is smallest. Consider a monomial
W(0)Wd), ... WU{L) where the full factor in LA(1) containing € 's is, say,

(heg) - (Tmez).
Assume for simplicity that the Yll; 's are linearly independent. When we compute
[C.€°<°l Wo | we then get a monomial where, say, the W o) part contains a
C Y, €_.x and where the W(1) part contains (72€_z ).... (Y™ €.x%) . On the other
hand, by (6.6) we must get zero and hence we must remove this expression again. But
this can only be done through the adjoint action of € €uq on some WU(j) with

j > 1 or on portions of U(1l) not of the form ¥ €_% , and this does not change

the coefficients of the terms in W(o) involving TC_“”S. Hence, for all C & R s

C-‘f; must be in the span § of the elements A for which /o€ e occurs in some
W(o) in the decompbsition of W, In other words, R.ne S and § is finite-dimensional
This contradicts (6.3b).Further, it now follows analogously that the u(a’)'.s are
constants for j > 1. Thus ik, is a sum of terms of the form wio) (Z (cho(a) )
for some fixed N, and where the Uueo)'s are linearly independent. It then follows
from (6.6) that there exists a non-zero element a€ R, and some i such that

(ﬂ‘ (ac)=0 for all c¢R. Thus, L& violates (6.3a),and this is a contradiction.[}
Remark . Let X be a compact pathwise connected Hausdorff space and let R be a non-
trivial (i.e. R:}: o, Rfd ) subalgebra of C(X). Then R contains no non-trivial

finite-dimensional ideals. [J
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