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O. Introduction. 

The representation theory of infinite-dimensional Lie algebras has emerged in the 

past few years as a field that has remarkable applications to many areas of mathematics 

and mathematical physics. All these applications show that the following two assump- 

tions about the representation in question are fundamental : 

I) unitarizability ; 

2) existence of a highest weight vector. 

In more detail, let ~ be a complex (possibly infinite-dimensional) Lie algebra, 

let ~(~) denote its universal enveloping algebra, let ~ be a subalgebra of 

and let ~0 be an antilinear anti-involution of ~(i.e. tO, [ ~i~] -- [o~.~j o~,X] 

and ~O,~) ---~(~,~)~uch that 

Let ~ , p--~ {~ be a 1-dimensional representation of ~. A representation W ; 

~, ~ ~ W  ~ is called a ~h~t w~g~ ~p~.~..u°. with highest weight~ 
if there exists a vector ~7"Ae~ with the following properties : 



(0 .3 )  "~'{ bl ~ = ~i ( ~ ) lJ"~ for any ~ * p 

(Of course, (0.2) is satisfied automatically if the representation 71" is irreducible) 

A Hermitian form H on V such that 

( 0 .4 )  H ( "I/'A , ~I/" A ) -'-- "I 2 

is called cov~b~llu~J~n~t (it is determined uniquely by (0.4) and (0.5)). It is easyto 

show that, under some natural assumptions, for any highest weight ~ : p ~ 

there exists a unique highest weight representation with a non-degenerate contrava- 

riant Hermitian form. The non-trivial problem is whether this form is positive definite; 

if this is the case, the representation ~T is called u~JuczabZe. 

For example, let ~be the infinite-dimensional Heisenberg algebra, i.e. a Lie 

algebra with a basis ~ p,',~ (~ El) and c,with commutation relations : 

[~,/ ~[] = C. and all the other brackets zero. Put p ---- ~c + ~- ~f and let 

~:p __~ ~ be defined by ~ ~ c~ = G. e and ~ (~') --- C) 

Then any representation of ~ with highest weight ~ is irreducible and equivalent to 

the canonical commutation relations representation L(a) ~ ~£ ~( --~ ~ 

~. _~ 0.,9_ C--~ O.. ) Let ~ be an antilinear anti-involution of 

defined by bO(P£) =~" ! £~J(~) = ~{ J £~(c)=c • Then L(a) is unitarizable if 

and only if a is a positive real number. 

The unitarizable highest weight representations of finite-dimensional semisimple Lie 

algebras have been classified quite recently, and the answer is highly non-trivial 

[ i ] ,  [3]. 

The present paper grew out from an attempt to solve the analogous problem for affine 

Kac-Moody algebras. Recall that, given a simple finite-dimensional Lie algebra~, the 
I 

associated affine Kac-Moody algebra is 

~= ~ [~ , -~ -~ j  ®~ ~. * ¢~ , 

with the following commutation relations : 

(o ~ ) [ £ % ~ ,  ~ U q  : ~ ' % [ ~ .  ~] ..,~.. ~ ( ~ 6 ~  ; [ ~ ,~  ] = o 

Here a,b e~, (a,b)is the Killing form one, and ~m ,~¢Z. Let ~beaBorelsubalgebraof 

and ~3 a compact antilinear anti-involution (i.e. the real subalgebra{~6 o~.X.=- 

is the compact form of ~) such that (0.i) holds. The conventional choice of the 

"Borel subalgebra" ~ of ~is 

b= 



Let ~ be the compact antilinear anti-involution ofl, i.e. ~-~®(~4. + ~cJ = 

~ CO (fcJt~C and let p =~. Then the affine algebra ~admits a remarkable 

family of unitarizable highest weight representations, called integrable highest 

weight representations. An exposition of the theory of these representations along 

with some of its beautiful applicatio~may be found in the book [4~. 

On the other hand, a simple computation shows that for p=(conventionalb)and any other 

choice of L~ there is no unitarizable highest weight modules except the trivial one, 

in sharp contrast to the finite-dimensional theory. 

However,again in contrast to the finite-dimensional theory, an affine Lie algebra has 

several conjugacy classes of Borel subalgebras, and the next natural step is to try 

"non-conventional" Borel subalgebras. 

As a result, we found the following unitarizable highest weight representations of 

the Lie algebra ~ ~ S ~2 ~ (~ ~ ~i ~'~J ) = ~ ~ ~i ~-~ ~ 5~z ~) 

(the central charge, i.e. the eigenvalue of c, is trivial) : 

eet~=~i~k~ZJ be the spa~e of p?lonomials in indeterminates ~K • Put 
~k O O ~ 

Let ~ =If o -~C~) ) I O. C t ) ,  ~ t ~ )  e ~ I t  I -'~---" } ~. " l 
and let O be an antilinear anti-involution of the Lie algebra ~I~ t~L~, ~-<J} 
defined by 

- - f  _ -  . (0.8) cO. ~ = C_ a ) cO. ~ = .~ J 

LeG ~ be a finite measure on the circle S 4, not concentrated in a finite number of 

points ~ put ~= _ ~ Zk~/~ (e.g. ~ = ~1o if~is the Lebesgue measure). Then the 

map 5 4 

defines a unitarizable irreducible representation T/'~ of the Lie algebra ~I 

- ~[~4jJ on the space V, the polynomial I being an eigenvector for 6, if~is positive 

The rea l  form of is the rea l  

algebra su(l,l) ~ of polynomial maps of the circle into su(l,l). Thus, we have a 

unitary representation of su(l,l) on the space V, and this construction can easily 
4 

be generalized to the case of su(n,l) ~ . Moreover, we show that these representa- 

tions together with integrable highest weight representations and representations 

"concentrated" in a finite number of points, are the only unitarizable highest weight 

representations of all affine Kac-Moody algebras. 

Finally, in a similar fashion, we can construct unitarizable highest weight represen- 

tations of the Lie algebra su(n,l) X, where X is a set with a finite measure. The 

corresponding fo~ula for the Hermitian form is identical to that for the truncated 



correlation function in quantum field theory. 

We will discuss elsewhere the question of integrability of these representations to 

the corresponding group SU(n,I) X. 

i. Generalities. 

Let ~ be a Lie algebra with an antilinear anti-involution ~ ; then ~ extends 

uniquely to an antilinear anti-involution of the Universal enveloping algebra ~(~). 

Let p be a subalgebra of ~satisfying (0.I). Choose a subspacen =~such that 

~= p ~. Then we have the decompostition into a direct sum of vector spaces : 

~ {~)= ~(~) O ~ )  • Denote by ~ the projection on the second summand. 

Let ~ : ~.~ (L be a 1-dimensional representation of h and extend it to the whole 

IJL~). Put ~ (p) = ~ ~ ~ ~ I ~(~ ) : O ~ . Define a sesquilinear form H on~(~) by 

It is straightforward that 

(1.2) H ( ~ ' ~ ,  v )  = I - ~ ( ~ ,  ( . ~ . ~ ' ) Y ; a n d  ' 

H = o . 

In order to have the Hermitian property of H ( l~e 

we need to assume 

(1.4) X ( ~ (~.I) ----- ~ ( ~ (~.L~) ; for 

We p u t  

(1.5) M(A) = ~LI~) / ~(I~; %C ~ (0) 

and define a representation ~ of ~on M(~) via left multiplication. The represen- 

tation (M(~), ~A) is called a (generalized)U VQJtr~ mo~. We denote by ~x & M (A) 

the image of I. Then (0.2) and (0.3) are satisfied, so that M(I) is a highest weight 

representation with highest weight ~ . Furthermore, since, by (1.3)~ the kernel of 

the Hermitian form H contains ~I~) , we obtain a contravariant Hermitian form 

on M(~), also denoted by H. By uniqueness of the contravariant form, H is indepen- 

dent of the choice of~ (satisfying (1.4)). 

Let l(1) be the Kernel of H on M(A) and put [(~) = M(~)/I(A). Then ~A induces a 

highest weight representation |TA of ~ on the space L (A) and H induces a non- 



degenerate contravariant Hermitian form on L(~), also denoted by H. It is clear that 

conversely, if L(1) is a highest weight representation with a non-degenerate Hermi- 

tian form, it is obtained from the Verma module M(~) as above. 

Thus, we arrive at the following 

Lemma I . I .  Let ~ b e  a Lie algebra wi th  an a n t i l i n e a r  a n t i - i n v o l u t i o n  ~ ,  and l e t  

bc a subalgebra of ~ s a t i s f y i n g  (0. I) .  Let ~ be a l-dimenSional represen ta t ion  of 

~. Suppose t ha t  we can choose a subspace H ~ ~, such t h a t  8, = ~ @~, and such t h ~  

the corresponding projection ~: ~ L~) -~ ~ {p ) satisfie4 (1.4). Then there 
exiStS a unique h ighes t  weight  represen ta t ion  ~ wi th  h ighes t  weight  ~ of ~ on 

a vec tor  space L(~) wi th  a non-degenerate contravariant  Hermitian form. I"I 

We s h a l l  s o m e t i m e s  w r i t e  Mp,~(A), Lp,~ (~), ?I%;p and HV i n s t e a d  o f  M(A), L(A), 
[[~ , and H, in order to emphasize the dependence on ~ and O2. 

R~m~J~k : Let ~, p, ~ , ~ and ~ be as in Lenuma ~.~, and let ~ = p be a subalgebra 

such ~hat ~ +cO ~ =~and such that thereexlsts asubspaceU~_pwith p = ~ and 

(1 .6)  % I~, = O • 

Let ~ X ~b " Then the highest weight representations ~[l ; ~ and ~7~ 

are equivalent. Indeed, since ~l (p) ~ ~(~), there exists a surjective S-map 

~ ~j~ [~ )-b~,~ (A).Using (1.6), one easily checks that Ker ~ is contained 

in the Kernel of H . It follows that ~ induces an equivalence of representations 

Lb, Lp,  . B 

Ex/Imp~e : The canonical commutation relations representation L(a) of the infinite- 

dimensional Heisenberg algebra (see the introduction) is a Verma module. Choose 

~ = ~. ~ ~ ; then condition (1.4) holds whenever a e ~ . Hence L(a) carries 

a Hermitian form whenever a E ~(it is clear that this condition is also necessary). 

The representation L(a) is irreducible iff a # 0. Thus L(a) is an (irreducible) hi- 

ghest weight representation with a contravariant Hermitian form if a e~ \ ~o~.['] 

2. Involutions and Borel subalgebras. 

For basic definitions and facts of the theory of Kac-Moody algebras we refer to the 

book [4]. 

Let ~= ~' (A) be a Kac-Moody algebra associated to the generalized Cartan matrix A. 

This is a Lie algebra with Chev~4 generators e c~ ~ , o~c v ( ~ = As .... , .~ ) 

satisfying certain well-known relations. Let ~ be the set of roots of ~ and let 

_- ~D ~ 

be the ;toot Space decomposition of ~. 



We call a subset ~+of /% a Set of p0sLt~ve roots if the following three p~operties 

hold : 

{2.2) if ~ ~ A , then either =~ or -~ lie in /k+ / 

( 2 . 3 )  if o~ e /%+, then --~ ~ A+ • 

s£ 
Example .. Let  ]7"  be ~ h e  s e t  o f  r o o t s  c o r r e s p o n d i n g  to  the  g e n e r a t o r s  e.: ( ~ . , , . . , )  

~c' ~'~÷={(~,~IZ,... } and c~& ~ ~ ~ . Then is the conventional set of 

positive roots (see [4] ), which we call the standard s e t  of pos i t i ve  roots.  I"I 

Given a set of positive roots L~+ , one associates to it the Borel subalgebra 

~= ~ ~ A+ Q~O~ • The Borel subalgebra associated to ~+E is denoted by 

A subalgebra ~ of ~containing ~ is called a p~abog6c ~ub~geb~. 

An antilinear anti-involution GO of ~is called c0vusiste~t if 

It is clear that, replacing ~ by ~e 

the following form : 

oO .e,~ 

and ;~ by ~.4~ , one can bring ~ to 

An important example is the eompac£ an2iZineaA a~tg-invoZaZgon ~0¢ defined by : 

Ud e" = 
c "  ~ C (Z=~, . . . .  , ~) 

Note that if ¢4) is a consistent antilinear anti-involution and ~ is a parabolic sub- 

algebra of ~, then condition (0.i) holds~ One can show that conversely, if (0.i) holds 

for some ~ and CO , then LU is conjugate to a consistent antilinear anti-involu- 

tion (cf. [5]). 

Let W be the Weyl group of the Kac-Moody algebra ~ ; for a real root oC~ let 

~ ~ ~A~ denotes the reflection with respect to 

We start with the classification of sets of positive roots in the finite-dimensional 

case. 

Lemma 2. I. I f  ~ i s  a f i n i t e  root  system, then a s e t  of pos i t i ve  roots ~ ,  i s  

~-conjugate to A ~  ~ . 

= A~ ~ Proof. If ~s~ /%~ , then /~+ + and there is nothing to prove. Otherwise, 
sf. $E 

the re  e x i s t s  o~ ~ ~ $ ~  /%÷,and I c a . )  n -  a +  I < I a .  n - I. After a 
finite number of such steps we get /k+ _.- Li~ ~ [-I 

By Lemma 2.1, a Borel subalgebra of a finite-dimensional simple Lie algebra ~ is con- 

jugate to k ~ 



The situation is different for infinite-dlmensional Kac-Moody algebras. For example, 

let ~ be an affine Kac-Moody algebra associated to ~ ("non-twisted" case) ; then the 

subalgebrad 6 defined by (0~7) is b st. On the other ~hand, putting ~= h ~  , where 

is a Cartan subalgebra and ~ a maximal nilpotent subalgebra of ~ we have another 

Borel subalgebra of ~, which is not conjugate to 6 st, namely the na~tt~ Borel subal- 

gebra : 

A "twisted" affine algebra is a fixed point set in ~ of a non-trivial symmetry of 

Chevalley generators, and we take ~n&t to be the intersection with this set of the 

natural Borel subalgebra of ~. 

To show that ~st and ~n&t are ~ not conjugate, note that (similar fact holds for any 

Kac-Moody algebra) : 

on the other hand one has 

I, ~'~ = ( ¢ ~  ÷ ¢ . c ~  ~ I~ ) ~, [_ 6~'~, 6 ''~ ] 

Now we turn to the classification, up to W-equivalence, of the subsets of positive 

roots of an affine root system ; this is equivalent to the classification of Borel 

subalgebras of an affine Kac-Moody algebra o ~ up tO conjugation. ~T £~ 

Let A be the root system of an dEfine Kac-Moody algebra ~and let = [~i~....,~ 

be the standard set of simple roots (the ordering ~f simple roots is that of [4]). 

L k = T  

Then /~ is the root system of the "underlying" finite-dimensional simple Lie alge- 

bra Q. Let ~ be the unique indivisible imaginary root from A~- ~ . Recall that 

the sets 

and the 

Example. Let 

(2.4) A= I 

and ~+~ can be easily reconstructed in terms of the finite root system 

root ~ [4, Chapter 6] : 

be an affine Lie algebra associated to ~. Then : 

Oiven a root space decomposition ~, .= ( have , 

For a "twisted" affine Lie algebra, the set of roots is a subset of (A U ~ A) ()Qs 

invariant under the shift by k~ (k = 2 or 3), where A is defined by (2.4) (see 

[4, Chapter 6] for details). 

Let ~+ be a set of positive roots of an affine root system A . Replacing ~+ 

by -/~+ if necessary, we can assume that ~ ~ /~q- . A root ~ ~_ A+ is called 



bad if all the roots of the form ~+~ ~ (~Z) lie in ~ ; otherwise, a root 

~ ~ ÷ is called ~0o~ It is clear that ~ is a good root for any ~+ and that 

all the roots from ~ are good. 

Lem~a 2.2. Let ~ be a s e t  of p o s i t i v e  roots  of an a f f i n e  root  system ~ , such 

t ~  ~ e A÷.  

(a) I f  ~ ~ ~ +  iS good, then there  e~is t s  ~ ~ ~ +  such t ha t  a root  

÷ ~  ~ l i e s  in  ~ + i f f  ~ ~ - s 

(b) I f  ~ j ~ ~ e Z~+ and =< iS bad, then ~ + ~  iS bad. 

(e) I f  ~,  ~ , ~ -  ~ e ~ ,  and ~ and ~ are good, then ~ - ~  iS  good, 

(d) I f  ~ , ~  , ~ 4  ~ ~ A +  and ~ and ~ are good, then ~ + ~  i s  good. 

Proof. (a) and (b) are obvious and (c) follows from (b). If ~K and ~ are good 

roots for ~+ , but all the roots of the form~+~+ ~ (~£ ~) lie in ~+ , then 

all the roots of the form-~-~ lie in - ~÷ . But o~ ~ ~ ~ 6 -- /~+ 

for some s since ~ is good, hence all the roots of the form-~e~ lie in - ~+ 

and all the roots of the form ~ +n% lie in ~+ . This contradiction proves (d).[-] 

Let X be a subset of ~ . We associate to X a subset of positive roots /~ of A 

as follows. In the non-twisted case we put : 

(2.6) 

In the twisted case, we put ~ = (~, ~ k ~+)n~' where ~+ is the set defined 

as in (2.6). 

Proposi t ion 2.1. I f  n i s  an a f f i n e  root  system, then every s e t  of p o s i t i v e  roots  i s  

~ ,  ~ ~ ~ ] -con jug~e  to one of the s ~  ~ 
Proof. Let ~+ be a subset of positive roots of A ; we can assume that ~ e A+ 

leither is a good root of  x=zxn   
i x , i / 

Ax+ = A~ ~ f~+. 
By l e n a  2 .2 ,  f o r  each ~ ~ ~ , e i t h e r  ~ or - ~ i s  a good r o o t  o f  ~ +  . I t  

s~ 
follows that I AX* N -A+ I < =~ • Applying the same argument as that in the 

proof of Lemma 2. i, we may assume that A~+ ~ /~;~ . Applying again this argument 

we may assume that ~ . But then, by Lermna 2.2, Z~+ is the set of 

good roots of /~, . It follows that A+ g~q- ~ - O 

3. A list of unitarizable highest weight representations. 

Let ~ be an arbitrary Kac-Moody algebra, let b be the standard Borel subalgebra, of 

~, let ~O~ OO C and let ~ : ~--~ ~ be a 1-dimensional representation of 



defined by 

Then the representation TFA/b, uJ c is unitarizable ([4, Chapter llJ). These 

representations are called Z~teg~ble highest weight representations. In particular, 

if @is finite-dimensional, thesse representations are precisely all finite-dimen- 

sional irreducible representations of ;. 

Furthermore, it is well-known that if ~is a finite-dimensional simple Lie algebra, 

then an infinte-dimensional highest weight representation ITS/b)~J is unitarizable 

only if cO is a consistent antilinear anti-involution which corresponds to a Hermi- 

tian symmetric space, and all possibilities for ~ are listed in [1],[3]. 

There is the following "elementary" way to construct a unitarizable highest weight 

representation ~ of an affine Lie algebra ~. First, we take ~(C) = 0 so that 

[[ can be viewed as a representation of the Lie algebraC[Z,Z-~cginthenontwisted 
case~or its subalgebra in the"twisted~case. Furthermore, fix N non-zero complex numbers 

~--- ~ ~ evaluation map at C£ C4 , CN and denote by ~ : ~ [7=,-£_i]~ _~ the 

~.~, ~ (%~ (~) = C~k ~ 0 . Fix a Borel subalgebra ~ of ~and a consistent 

antilinear anti-involution tO of ~ Let IT~C (~--4~..., N) be a unitarizable 

highest weight representation of ~on e (~) = L&a ~ (A&) . Then TT~& .~ 

is a unitarizable highest weight representation of ~ _ k 

Let p= ~[~i %'4] ~ E , define a representation p--~ by ~ ~k@~)--~C~'~CIb) 

and an antilinear anti-involution cO of ~by OJo (~=~ ~ ~) = E-W:~ (~).~) 

Then we have : 

Le,  = . . . . . .  ; 

e : . . . .  

Thus, the representa t ion TT~/~ of } o n  the space L~aCo (A) is un i t a r i zab le .  We 

cal l  these representat ions  eZcmc~utoPt~. 

Finally, let ~ =  S~+a ~(~ [~, 9-'4] ) (i.e. we assume that the Center ~¢ 

acts trivially), let p_~-- ~ ((~.~.~ {.~.,)~. ~r I CLq=O for i" "2 ~ ~ Z~) , 
and le t  (~0. (~L~ ( ~ : ) )  -- ( e £ ~  E ~ ;  [-~-~) ) , where E~'j=A i f  ~.'~ 11 

or ~'~& 4 or A.=~= 4 , and ~2= -4 otherwise (for a(z) = ~- q'~ ~[K,~"] 

we write ~ (z) = ~ ~. ~£ ). 

Let ~ be a finitepositivemeasure on the unit circle ~C(I~.Define a linear functional 

. ~ ~ Define a representation ~m!~_-~ ~bY 

Then the representation IT~..~ of S~.(,~ (CC~,~.-~]) on the vector space 

called e~ceptiona~. We will show, as a part of a more generaLresult, that theyare 

unitarizable. 



1o 

Now we can state our first main result. 

Theorem 5.1. L ~ b e  an af f ine  Lie algebra, £ e t ~  be a c o ~ t e n t a n t i £ i n e a r  anti-  

involution of ~and l e t  ~ be a Bor~ subalgebra o f ~  Let ~ : ~ - ~ C  be a 

l-dimensional repr~enta t ion  of ~ Then the representation ~ 2  ~ Offer on the 
space L b , ~  (~) is  unitarizab£e i f  and only i f  i t  i s  equivalent to ei th an in-  

tegrable representation, or an ~ementary representation, or an ezceptiona~ repre- 

s entatio n. 

4 . Elimination. 

We now begin to prove Theorem 3.1. This section is devoted to the negative, i.e. non- 

unitarizable, aspects. 

Let us first look at the affine Lie algebra k(sl 2) associated to s12(¢). We have 

that s12(~) = span ~,~.~ with commutation relations 

(4.1) [ ~,~ ] : ~, ,. 

We write elements ~ X of (&[ -~ , -~ - ' ]  ~ S ~ . a s  ~X. We have that 

(4.2) ~. ( $ ~ . )  = £ [~c., "~."'~ ~)~.. S ~.~. ~ (~ 'C . .  

where, in particular, 

(4.~ [ ~ ' ~ ,  ~ - ~  3 = ~ ~ , _ ~  c 

According to Proposition 2.1 there are, up to conjugacy, two distinct sets of positive 

roots. In either case, a consistent involution ~47 is of the form 

(4.4) ~ ( ~ )  = ~ . i ~  ,. ~ ( z : h )  : L , . ~ _ h  

where ~ = ~ : ~ . There are essensially four distinct parabolic subalgebras 

compatible with (some of) the involutions above : 

(4.5) 

= W. I "F:' k 
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P ~  = ~ t " ~ ' ,  ~ ,  ~ {  I ~ , o  } 

Assuming that L { A ~  L~.,,.(A)is unitarizable,  we now analyze the res tr ic t ions  
this requirement imposes on the data. First we observe, as remarked after Lena I.i, 

that p k~ does not give other unitarizahle modules than does ~$~ . A second simpli- 

fying observation is, that due to the symmetry of the Hermitian form, in the case of 

~&~ , ~ ~ ~-~)~,~. ~ for some a. ~1~, Hence, the treatment of this case is covered 

by that of ~a~. 

Returning to (4.4), it follows that 

(4.6) 60 C "~'~' k ) = ~ ~_ ~C~.~'~ ') __ ~.~ ~_~ ~:-- ~. 

Let us turn to an examination of the standard set of positive roots: 

Firstly, the symmetry of H forces ~ = ~ ~n~o • Secondly, we have that for all 

k , ~  ~ 

)',, 
(4.7) 

. ~ , ~ )  I-4 ( C ~ " e ) ~ ' ,  , (.r'~:) ~ ) 
I= 

It is no loss of generality to assume that (~'ze) ~ o  since we may otherwise 

with some --C~'~e)~/ ~ ~ . Thus if the module is unitarizable justreplace it 

and non-trivial, then 6~ = £z = ~ . This is the compact antilinear anti-involution, 

and hence by the sl2-theory, L(A) is an integrable representation 

(observe that ~j ¢ e ~+ , and ~ ~ ~). 

In the natural case we have 

Thus , positivity of H implies that c = 0 and E~ = ~ . Further we observe that for 

a general a = ~ (~ ~-~ ~ (~ E "£i ~'^J 

(4.9)  H ( ~ ~ ' ~  i C~.~fA ) ----" ~'1 ~ ( O. ~ ~ )  

o. ~- ~g; -~-" where -- . Thus, ~I ~ is a positive linear functional on ~ [~,~-"J 

It is then natural to represent ~'[~lq~ -~] as the set of functions on S I, 

e I all but a finite number of the an'S are non-zero] 

The positivity of ~4 ~ implies continuity and thus it extends to a positive Radon 

measure~(i.e, locally finite)on S ~. It follows from the general result; Proposition 

6.2 below, that the module L~at ~ (%) is irreducible except in the case where 
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supp (~) is contained in a finite number of points. 

Consider then the case g4=I • This corresponds to a compact (su(2)) situation. Thus 

there must exist an integer ~o e ~ and a non-trivial invariant subspace ~o such 

that ~ ~ ~o : 6~. Thus, the measure /~ must be finitely supported. It is 

straightforward that in this case we do have unitarity. 

Finally, as we shall see below, the case ~4 =-~ leads to unitarity. 

Let us summarize : 

4.1. 

(4.10) I~ so" 
: ~(e)-- I ) 

the following situations may lead to u ~ a r i t y .  

t ,o ( . :~)  = e , ~o ~ . z h ) =  z - ' l ~  and c > . l ~ l  

S 4 

w h e r e i f  ~ = ~ ) 

Raaon meas~e. [] 

is  f in i t e ly  supported, and always, ~ is  a posit£ve 

An immediate consequence of this lemma for an arbitrary affine Lie algebra is that 

for the standard system of positive roots only the compact involution may lead to 

unitarity (and hence L(~) must be an integrable representation).Turning now to the 

natural or partly natural ("non-standard") situation we will assume that the measures 

involved are not finitely supported since this case is easily dealt with (cf. §3). It 

follows from Lemma 4.1 that now c=0, and £O (e~)~-~_~¢ ("non-compact") on the 

non- standard part. 

Let ~denote a simple complex Lie algebra of finite diemnsion. It is well-known [2] 

and quite straight forward to see that besides conjugation in a compact real form, 

the only situations that lead to unitarizable highest weight modules are those where 

~ has a real form corresponding to a Hermitian symmetric space, and where ~ is 

conjugation with respect to this. 

Specifically, let ~e--'-I~)~ and let ~= k ~ | be a Caftan decomposition of 

the real Lie algebra Q~ . Then ~ has a one ~-dimensional center ~--- R ~ , where 

is chosen such that its ~ eigenvalues under the adjoint action on ~C are +-L. Let 

Let k, = f~,~ and let i ~ be a maximal abelian subalgebra of ~. ThenLzi~O ~k ~ 

~ = (~ ~ (~ k4 ) • ~ ~jC~ ~k) ~s a Cartan subalgebra of ~ , and h=~) 

is ~ Cartan subalgebra of ~ The sets of compact and non-compact roots of ~relative 

to are denoted ~C and , , respectively ~ ~= ~¢. ~ ~-n . We choose an ordering 
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of A such that 

For ~e ~ let HI 

For ~6 /~ choose 

(4.12) 

be the unique element of ~ ~ [ ~ . ,  ~-8Jfor which ~C~tF ' ) -=~  ' 
e'~£ ~ such that 

and let ~_~ = ~ e~) . 

Since in any non-standard situation c = 0, and since by the assumptions on the measu- 

res we are looking at irreducible modules (cf. §6), it follows from the preceding 

analysis that ~ ( ~ ['~ ~ ~'¢J ~ ~4 ~) " ~ must be in the Kernel of the Hermitian 

form. Thus our module is "scalar", that is, of the form 

(4.13) M ( ~ ) = z ~  ( ([~ [ ~ ,  ~_~j ~ p- ) . ,1)- A 

for some positive measure ~ which is not supported by a finite number of points. 

Observe that 

 4.14) 7o = - *F ca) < o 

We now recall a result about the scalar modules ~ ( p').~Awith %~ as above 

([6] , [7J). If there a~e at £ea~t two perpendicular non-compact roots (i. e. the real 

rank i s  greater  than one) then for  (a r i n s e  number af) c r i t i c a l  values C4, c , j  . . . .  

• .. ~ O>C,~Cz2..., themodule ~ (~-).~with ~a=Ci ~,4, Z,... i s  reducib le .  

In f ac t ,  the  Hermitian form r e s t r i c t e d  to  t h i s  space i s  degenerate. Thus, when ~o 

equals one of these critical values, by the irreducibility of ~(I) (P, roposition 6.2) 

there can be no unitarity. Finally, for any ~< 0, it is easy to deform the measure 

, without destroying the irreducibility, into a measure~ which y~elds a ~o 

among these critical walues. We may thus state: 
Q 

Proposi t ion 4.2. In case  the  r ea l  rank  of ~ i s  greater  than one there  can be no uni-  

tarizab£e mod~e based on a n a ~  parabolic  subalgebra and on i n f i n i t e l y  supported 

Remark : Hence only ~ffi su(n,l) remains. 

To bring our analysis to a conclusion we now turn to the "twisted" affine Lie algebras 

(4.15) 
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We maintain the assumption that the measures are not finitely supported. In a non- 

standard situation, c = 0, and thus, restricted toga one must be in a non-standard 

or trivial situation. However, if the module is trivial on ~, it is trivial ~:~ . 

Thus, by the preceding results, the only case that needs to be considered is ) 

with a natural parabolic subalgebra in ~ : 

(4.16) Az = ~o • ~.4 and 

~0 = ~ = S~afY~ { e a ~l k ~ as in (3.1). 

Observe that the non-standardness of ~ forces a non-standardness on the full algebra. 

Inside ~4 one can easily find elements ~4~ U4- S ~ and ~z-such that 

- ,  , k 

as Lie algebras, and such that 

fa + " Since we must have ~J[e),- nd CO ( a4 ~=-~, it follows that 6(J~b~z+)= ('~a- , and 

this is impossible (it is compact). Thus at this level, there are no unitarizable 

modules. 

Thus, the only highest weight representations which may be unitarizable are those 

listed in Theorem 3.1. 

~. Unitarity. 

Let R denote a (non-commutative) associative algebra over ~ and let ~ be a 

trace on R, i.e. a linear map of R into ~i which satisfies 

We define the Lie algebra 

for all a,b ~ 

and we consider the Verma module M(~) defined by the property that there exists a 

non-zero vector "L~q such that 

O ~4 

Let ~ e ~ . We say that ~ = [~4 ~ ..... , ~& ) 6 N $ is an s-p(~Z;t~on O~ i if 

(5.4) i = ~'4 4" ~- ~- ...... -~ ~'S ) and 
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~e let Pars(i) denote the set of all such s-tuples. Further, if '~Pars(i) we let 

~ (~) denote the set of distributions of i objects in the Young diagram of -~" 

denote the product of the elements in the jth row. 

Let ~ e P~(~/J. Utilizing the fact that ~ is a trace, we will say that 

~: X ~T~ ~ S~ K ~ is equivalent to ~r~ x ~'z ~ ~8/ ~ , where SN denotes the 

group of permutations of N letters, if for all ~ ~ .... ~ -~f ~ 60~ .... cj. 6 R 

can be obtained from the analogous expression for ~i X IT z by a permutation of the 

s factors ~(... ) andior by <yclic permutation of the variables (e.q. ~ [~>% ~,m, 

The set of equivalence classes is' denoted by (S N x S N) (~). 

L~mma 5. I.  L e t  ~ ,  , . . . ,  . ~  ~ ~ , . . .  , W~ e R .  Then i n  M{?) , 

(5.6) ~ E ~ ~-~ ~' 

Proof :We proceed by induction. N = I is trivial, so assume (5.6) is true up to N. 

We have, by (5.3), 

(5.7) k ] 0 0 0 0 t~Ji o3N+4 0 
% 

N+4 A 

7- , Co  .)too) (° °) ..(° 
(=4 ) : j  j o :) 
c_,~.+~ T (o o o J~, (~,.o + J~c 

i e~+, o°) 
This, then, can be evaluated using (5.6), and as a result one will get an expression 

analogous to this. To treat the constants rigorously it is, by symmetry, enough to 

examine terms of the form 

(5.8) t-~)~'~(~,~, .... ~. ~, ) .... ~-~)r~ ~ (a~,+ ~ +~)--" ~. ~+~) 

Assuming ~$')4 ( ~S = ~ is trivial), the only way in which such a term can emerge 

is clearly by replacing G~ N by -b0N~N,~J~4in the analogous expression 
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c~,<,,,~ . . . .  ~ -~ ,~ ,~  ) . - c - ~ )  ~ - '  ~c  ~4+...+~_ + ~ ~,,,°-',,,J 

in (5.6). 

As a first application of this result we get the unitarizability for su(~4) : 

Let R denote the algebra of polynomial functions from the circle into ~ [~'~ ~ . 

Let tr denote the usual trace on ~(fi~J and define 
/ /  

Co(oJ) : - f ' "  ( ,> io;J  <?,, 
u 
o 

for some positive Radon measure~ . Observe that -- ~/(PlfOJP2{OJ') 

defines a positive defintie inner product on R. Take the z's of (5.6) to be of the 

¢ ,  e Cz e.. . . . . .  Cr 
0 0 . . . . . . . . . . . . . . .  o 

(5.10) • = 
; 

o 6 . . . . . . . . . .  " . . . .  o 

and the w's to be of the form z*, and observe that any product z~.z~* gives a matrix 

with at most one non-zero entry, namely the upper left hand corner. It follows that 

any expression ~z ~ ~ .... ~z~-i ~zW can be written as a product ~'~b ~ 

of just two elements of R. Thus (5.6) expresses the Hermitian form on the module 

M i X )  (with =~see (1.5)) as a sum of tensor products of positive definite 

Hermitian forms, and thus as something positive. This observation completes the 

proof of Theorem 3.1. 

Consider now the case where R is a commutative algebra over ~ and assume that 

&--~(l # is an antilinear involution of R such that 

(5.11)  ~ (&'le) : I~P ( a , j  f o r  a l l  a 6, [~ 

Define an antilinear anti-involution t2 of 5~ z ~, L~J by 

(5.12) 60 f~ ~ ----- 

C ° and i d e n t i f y  e l e m e n t s  C 

5 . 1  i s  t h e n ~  

Corollary 5.2 " For a,b ~ R put (a,b)=-~(b*a). Then 

H C~. ~ . . ~  . . . .  J c~ . ,  = 

(5.13) rv 5, ~.4. 
= ~ . .  ~ 7__ 5-- K .TT  Cry. Cacb)~ 

S: l  Ig~ P~rs(.N) try%-, e D~(~) ~ i : 4  

defines the contravariant Hermitian form on M (9) ~where, i f  

°) 
O with the entry C6R. An easy consequence of Lemma 

Q 
, o L C i : ~ - ) ~  ) 
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Corollary 5.3 : ~V .is posi t ive  semi-aefini~e i f  and only i f  the form 

(5.14) ( O., ~) -- ~ C ~v' O~ ) 

pos i t i ve  semi-defin2te on R. Q 

Remark 1. In the case R = ~ [ ~,%-~] with ~ evaluation at I, the Nermitian 

form has a (large) kernel. Thus, in particular M (~) need not be irreducible (cf §3 

and below) - 

Remark 2. Let R be an arbitrary commutative algebra with a basis I Q~E8 "Define 

the structure constants C=~  by 

where the usual summation convention is used. The elements of the form 

form a basis of M (~), and (0~,~), "I]"~ ,~ ~P(~=~ ).'V"= .~r  
o 

Due to the commutativity of the oL{'s it is natural to represent M (~ as a space of 

polynomials ~ [ ~  ~ ~ S ] , and it follows easily that the action 

by left multiplication on M(~) is transformed into the following action on 

~o ~ : Multiplication by Xo~ o 

cO.k=<. 

In particular, for (1~ f"~: ,  " -~- '  ] we have that C~,~o : $m+'mn,Z 
(0.9) in the introduction thus follow immediately . 

and the formulas 

6. Irreducibility. 

Let ~ be a finite-dimensional simple Lie algebra over ~ ! a Cartan subalgebraj 

/~ the set of roots,T[= ~4 .... ~t~ a basis of A , and /~+ 'the corresponding set of 

positive roots. Consider a subset Y of T~ and let 

(61) Ay = & n Z, 
¢~i eY ' 

~+ ~ defined analogously. Further, let with ~ ; 

(6.2) = -i (~ 

be a decomposition of ;such 

I 

,/ 

that ~o ~ is a compatible parabolic. Let ~ ~.~ 



18 

{ I~ i ~ ~ ~-~ be a Chevalley basis of ~. We assume that Y ~ 77" and 
consider an element A of ~ satisfying A(M.~L~.0for ~,'~ 7 and A ( ~ # ) :  
.~ ÷ o f o r ~ # ¢ V  . , o r  l a t e r  use we now prove__ a l o = a  ahout ( g e n o r a l i ~ e d )  Versa 

mo u e . 

vector in the l-dimensional space of the ~(~o :~4 ) -module defined by ~ . 

Lemma 6.1 Let ~ e  ~ b e  a weight  vector  such t h a t  ~ , I ) ' = o  for  a££ ~ ~ ~+.  Let 

~= ~ .  ~ ~ fo r  some ~ ~ ~ (~.4) . Then, i f  ~ i s  expanded on a standard Poinear~- 

Birkhof f -Wi£t  basis ,  a t  l e a s t - o n e  of the  summands y ie ld ing  non-zero coordinates con- 

ta ins  a fac tor  of some ~ _ ~  ~ c~@ ~ ~ \ ~ . 

Proof. Let ~ denote the minimum height of the ~¢'s for which ~_~ occur in ~. 

Suppose ~ >I and let ~f~[ be chosen such that E~£~ ~ ] contains a term with 

a factor of height t~ -i. (Choose e.~. the ordering compatible with height). Since 

~,~' LL] = O, another term is needed to remove this again, but this can evidently 

only be done through the negative of the expression that yielded the first term. 

Thus, ~ >i contradicts the non-triviality of L~ • [] 

Let R be a commutative algebra and let {~f~ be a finite family of linear functionals 

on R. To avoid instant degeneracy we assume that 

(6.3a) ~ ~ R ) ~ £  ( ~ )  = 0 implies a = 0 for  each £. 

(6.3b) R contains no f ini te-dimem~ional  n o n - t ~ v i a l i d e a £ s .  

We let 0~0 define a l-dimensional ~(~o ~)-module through a regular element 

. We now define a linear map a~: ~ ~-_~by 

I 

with the /~£ 

~(~@~) - module 

as before, and corresponding to this we consider the left 

(6.5) ~ ( A~ ) -- ~ (~,~ ~ R ) , ~U-~ 7 

where we now have ( ~ ~ ~ I ~-~ = A~ ( G_ ~ ~)'%f'~ 

Proposi t ion 6.2. M ( Ay ) i s  i r reduc ib le .  

Pr0of. Suppose that S is a non-trivial invariant subspace. As in the finite-dimen- 

sional case there is at least one non-zero element ~'of S which satisfies 

(6.6) ~ O~ e R / Vol 6 /k+ ,' O~ e~ ~U" = (~ 

and we may write q~= Lio, ~for a unique OLo ~(~1~)-Let oL~ 

/ 
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Choose an ordering of A- \ ~ such that the smallest elements are those ~ for which 

[e~ ~.In a Poincar~-Birkhoff-Witt basis we write those terms to the left. / 

Further we shall assume, as we may, that at this level, ~+~z is bigger than ~ 
o 

and ~ . We write monomials in ~(q.1~ ~ ) made up entirely of elements whose 

~part ~d, commutes with ~ as ~(o). Again, inside a LL(O), the smallest elements 
O 

~oto the left. Next in the ordering come those'~ for which [ e~ ~ ~J# O and 

=~+ ~" ~t ~ has ~ --coefficient ~ . These we order in an arbitrary 

fixed way. Monomials in ~Iql ~. ~) corresponding entirely to such roots are deno- 

ted by ~(i). Then we define ~(2),... ~(j) analogously. For convenience we also allow 

the ~(j)'s to be constants. It follows from Le~ma 6.1 that there exists at least one 

~ ~ [~ ~which satisfies that when we write ~ as a sum of expressions 

~(~)~(I) .... ~(~:then at least one ~I) contains a factor ~-~ for some ~ ~. 

We proceed with a fixed ~ satisfying this and now claim that any of the 

~4)I~ occuring is made up entirely of products of ~'@ e_~ I s and that, further- 

more, the ~(~)'5 for j> i must be constants. Again we argue by contradiction : 

Suppose that some ~) contains a factor ~-~ with ~ . Let us describe this 

by saying that o~ satisfies (*). Let ~ be that element of the set of roots 

satisfying (*) for which the root ~ l= o(~ --~ is smallest. Consider a monomial 

~(O)~L(~) .... L~) where the full factor in ~(~) containing ~ ~ is, say, 

Assume for simplicity that the ~f are linearly independent. When we compute 

[ ~ ~; ~o ~ we then get a monomial where, say, the ~(o) part contains a 

e r, ~_~ and where the ~(I) part contains ~z~_~ ) .... 6Y~-~) . On the other 

hand, by (6.6) we must get zero and hence we must remove this expression again. But 

this can only be done through the adjoint action of ~ ~ on some ~(j) with 

j > I or on portions of ~(i) not of the form ~ ~-~- , and this does not change 

the coefficients of the terms in ~(o) involving Y~-~' ~. Hence, for all ~ ~ ~ , 

~'~ must be in the span S of the elements ~ for which /~_~ occurs in some 

~(o) in the decomposition of ~o" In other words, ~. ~ ~ and S is finite-dlmensional 

This contradicts (6.3b~.Further, it now follows analogously that the ~(~'J/~ are 

constants for j > i. Thus ~a is a sum of terms of the form ~O)(~. ~ ~_~) 

for some fixed N, and where the L~ol~ are linearly independent It then follows 

from (6.6) that there exists a non-zero element a~ R, and some i such that 

~ (~c)=O for all c~R. Thus, ~ violates (6.3a),and this is a contradiction.~ 

~ . Let X be a compact pathwise connected Hausdorff space and let R be a non- 

trivial (i.e. ~ O~ ~ ~ ) subalgebra of C(X). Then R contains no non-~rivial 

finite-dimensional ideals. [] 
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