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Definition. [1]. Let y(t),=-a>< t< w, be a geodesic in a

Riemannian manifold M. The geodesic is called closed if there
exists a number L»>0 such that y(t+L) = §'(t) for all t. The

geodesic is said to be simply closed if in addition y(tq):%zﬁ(tz)

for O<ﬁ1<t2§Lo

Lemma. Let G Dbe a Lie group with the identity element e.

Let a(t) and b(t) Dbe one-parameter subgroups of G. If
a(1) = b(1), then the closed curve c(t):

c(t)

1l

2. (£)b(~t) (0<t<1)

c(0) c(1) = e

i

is smooth at e,

Proof. Let tgx denote the Lie algebra of G, identified with

the tangent space at e. Let X and Y be elements of é% with
a(t) = expXt and b(t) = expYt. Let ¢&(t) denote the tangent

vector to the curve c¢(t) at t. Then we have obviously
c(t) = dL, (4 (exp(ad £Y) X - ¥)

where L, denotes the left translation x t—> ¢x for x,c €G, and

(ad¥) 2 = [Y,Z] for Y,Z EEX’ Since c¢c(1) = e and expX = exp¥Y




implies that exp(adX) = exp(ad¥) in virtue of the commutativity

exp o ad = Ad vexp, we have that
c(1) = exp(adX) *X~Y = X-Y = ¢(0),

Q.BE.D.

Next, let us apply the lemma to a semisimple Lie group G
with a canonical Riemannian metric due to H. C. Wang in [2]. We
choose a Cartan decomposition G = K+ P of the semisimple Lie

YA W A
algebra G. (Cf. Helgason [1]). Corresponding to the decomposition
we have a unique left invariant Riemannian metric such that every

geodesic through e is given by
exp(P-K)t - exp 2K t (KeK, PeP),
~ WA WA

The following theorem follows directly from the lemma.

Theorem. Let G be a semisimple Lie group with a canonical

Riemannian metric. Then every geodesic which intersects itself is

a simply closed geodesic,
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