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The purpose of this article is to determine the set of unitarizable highest weight
modules corresponding to Hermitian symmetric spaces of the noncompact type.
The major step is that of proving unitarity at the “last possible place.” With this
established the description of the full set of unitarizable highest weight modules
follows by a straightforward tensor product argument combined with the main
ingredients of the proof of the key theorem: Bernstein-Gelfand-Gelfand. and a
diagramatic representation of the set of positive noncompact roots.

INTRODUCTION

The purpose of this article is to determine the set of unitarizable highest
weight modules corresponding to Hermitian symmetric spaces of the
noncompact type. Specifically let g be a simple Lie algebra over R and let
g=T0+p be a Cartan decomposition. By assumption t has a nontrivial
center =M -h, and t=1, @R - h,, where f, = [f,t]. The modules w,
considered are determined by a pair (A4, 4), where A, is t,-dominant and
integral and 1€ R. That is, A = (A,,4) determines a finite-dimensional
# (t)-module ¥, and W, is the irreducible quotient of 7(89) ®uicap, Vi
where p* = {z € p| |k, z] = iz).

W, may be represented as a space of V-valued polynomials on p* and
the g-invariant Hermitian form on W, restricted to a t,-invariant subspace
of dth order polynomials is a dth order polynomial in 4. By considering the
set of first order polynomials on p* this leads to the idea of “the last
possible place of unitariry;” explicitly defined and determined in |6]. The
main theorem we prove here is that the module at this last possible place
indeed is unitarizable. From this the picture is completed by forming tensor
products, along the lines of [4], of the unitary modules with the most
singular, nontrivial, unitarizable module W, corresponding to A, = 0.

The main ingredients in the proof are Bernstein-Gelfand-Gelfand and a
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diagrammatic representation of 4,; the set of positive noncompact roots,
which we develop here. The final steps in the proof then consists of
describing certain subsets of 4.} in terms of its diagram. For some of the
classical groups the combinatorics connected with this has so far been too
involved, and for those groups we have to rely on the proof of the
Kashiwara—Vergne conjecture |3, 5-7, 13]. After this work was completed
we have learned that Enright, Howe, and Wallach [10] have obtained the
same result, see also Garland and Zuckerman [11], and [12]. Finally, the
significant contribution by Parthasarathy |14] should be mentioned.

I. NOTATION

Let g be a simple Lie algebra over R and g=1t+ p a Cartan decom-
position of g. We assume that I has a nonempty center i7; in this case 7 =
R - h, for an h, € n whose eigenvalues under the adjoint action on p® are +i.

Let
pt={z€p|hy,z] =iz}
and

p- = {z€p| |hy, 2] = —iz}.

Let t, = I, f] and let h be a maximal Abelian subalgebra of t. Then =1, ®
Rhy, b=ONE)DR - hy, (1 E,)C is a Cartan subalgebra of t¥, and h©
is a Cartan subalgebra of g*. We let o denote the conjugation in g° relative
to the real form g of g“ The sets of compact and noncompact roots of g©
relative to h° are denoted 4, and 4,, respectively. 4 =4, 4,. We choose
an ordering of 4 such that

p+: \‘ a

L g,
aEAZ
and set
o 1 - 3
q - \ qa, g - }_ gav
aeAt acl
and
1\
p=3%)
At

Throughout f§ denotes the unique sxmple noncompact root. For ye 4 let H,

be the unique element of ihM [(g®)’, (3%) 7| for which y(H,) = 2. Then for
all y, ind

2(yy,7)

V7= )

=7(H,), : (L.1)
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where (-, -) is the bilinear form on (6%)* obtained from the Killing form
of g% The reflexion corresponding to y € 4 is denoted by g,

oy =7~ a1V (1.2)
For a € 4; choose z, € (g%)* such that
[Za?zgizlia9 {1.3)

and let z__ = z¢. Following the notation of [8] we let y, denote the highest

root. Then 7, EA* and H, @[I)ﬂf |, Finally we let u—u* be the
antilinear antiautomorphism of??(q } that extends the map x — —x° of g%

2. MODULES

Corresponding to the decompos:tmn 7@ =#Ye ®a" ?/(q D
7 (H©) we let, for u € 7’/(q ). (1) denote the unique element of 7 (H%) for
which u — y(u) is in (g9 g " @ g # ().

Let y € (5%)*. The Verma module M, of highest weight y —p is defined to
be M, = ?/(qf)/lx p» Where I, is the left ideal generated by the elements
(H— x(H)) +p(H)), HE bY, and g*. We denote the image of 1 in M, by
1, ,.and the unique irreducible quotient is denoted by L

If A, is a dominant integral weight of I, and if 4 € R we denote by A4 =
(A,, A) the linear functional on h* given by

Alprpe=4A4o,  AH,) =4 (2.1)

Further we let ¥, denote the irreducible finite-dimensional # (t%»-module of
highest weight A. As #(f{)-modules, clearly V, =V, .
The sesquilinear form B, on #(g“),

B, (u,v) = A(y(v*u)) (2.2)
is g-invariant. We let N, denote the kernel of B ,,
Ny={u€Z(9%)| Vv € 7 (g%): A(y(v*u)) =0}, (2.3)
and set
N, =N, NZ({Y. 2.4)
Clearly,

I,eN, and LS N, 2.5)
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Let Jy =1, + #(g“) N,(1). Since (g =#(p )7 ()% (p*) and V, =
7 (1)/N (1) we have

Lemma 2.1 7/(9(:) (93'(!(?@,,!) VA :?/(9(1)/']/\'
Since J, < N,, B, gives rise to a g-invariant Hermitian form, also

denoted by B, on #(g%) RwitCapn Va-
The unique irreducible quotient W, of (g% PwaCapey V4 is given as

Wa=2@9N,. (2.5)

Any g-invariant Hermitian form on W, is proportional to B,.
For further background information we refer to |8, Sect. 1; 4, Sect. 2).

3. BERNSTEIN, GELFAND, AND GELFAND

The only major theorem we shall be using describes the exact
circumstances under which the irreducible quotient L, of one Verma module
can occur in the Jordan-Hoélder series JH(M,) of another. First some ter-
minology.

DerINITION 3.1, Let x, v € (h)*. A sequence of roots y,,.., 7, €4 " is
said to satisfy condition (A) for the pair (x, ) if

(D) X =000,y
(it) Puty,=w,x, = Oy Oy ¢ Then y; | — x; = n;y;, where n, € N.

Observe that n;= (x; ,¥,).

TuEOREM 3.2 [1, p. 42]. Let .,y € (W)*. Then L, € JH(M,) if and
only if there exists a sequence y,,...,y, € A* satisfying condition (A) for the
pair (x, y).

In the present situation, 4* =4} U 4. Through a series of elementary
lemmas it will now be proved that if y, w € (H%)*, if a sequence of roots from
A" satisfies condition (A) for the pair (x, w), and if moreover y is -
dominant, then there also exists a sequence of roots from 4} satisfying the
condition for this pair.

The starting point is

LEmMMA 3.3, If vued!, (uu)>0, and if ¥, 7, E4" salisfies
condition (A) for the pair (x, ), then y, € 4.
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Proof. Let w=mn,y, + - +ny,, and ' =w — n,y,. By assumption,

= (0 70 = G+ ) = () + 2,
Thus,
Gy =-m<0. 1

We now invoke the basic structure of the given situation through the
following well-known fact:
LeMMma 3.4, Let y € A. The coefficient of  in y is —1, 0, or 1.

In particular, if y € 4}, the coefficient is I.

COROLLARY 3.5. Let a€ 4, and u € 4. Then
(U, a) € {~1,0, 1} and  (o,u) € {—2,—1,0,1,2}.

Proof. o, (u)=u~ (u,a)a and thus the first assertion is clear. Let
(e, 1) = n and observe that a — nu € A. Since (o — nu, a) = 2 — || it follows
that o (@ —nu) = (n| — Da —nu. §

Let y,, ¥,..... ¥, be a sequence of roots in 4" that satisfies condition (A)
for a pair (y, w) of elements of (h“)*, let i<k, k> 2, and assume that
Vi €45 and y, €4, Thus

P00, Y g,
Xl A LI (3.1)
=2 Viy) and np= VD) =0, Xioa Vi)

We wish to replace the pair (y, ,,y,) in the sequence by either a pair (y,.7,)
of positive roots such that y, € 4,/ or by a single noncompact positive root
Yo in such a way that the new sequence also satisfies condition (A) for (x. v).
This is in fact possible even in a more general context. In the present
situation, however, it follows from Corollary 3.5 that only a few cases need
to be described. We do this, and omit the simple verifications:

@) i+ Gy >0
Vas 75) = (05 Vi Vi 0)-
() myy i i) =0
V=0, Vi
(i) ni+ iy n >0

(Yas 70) = (yi‘o-y;Yi )
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(iv) nm+ @ yon =0
Ve = in)/i ~ 1
) A+ ey on<0and n+ gLy <0

(Yas V8) = (0,¥i0, 0y Vi)

Observe that in the last case, {y;, y;_,)=-—2 and (y,_,, 7,y =1L

The net effect of this is that we may rearrange, perhaps even shorten, our
sequence ¥,,..., ¥, in such a way that compact roots participating in it move
towards y, or disappear. If we are in the situation of Lemma 3.3 they can
thus be made to disappear completely. Hence we may state

ProposITION 3.6. Let x, w€ (h)* and assume that the sequence
V1w Vi Satisfies condition (A) for the pair (x, w). If x is ¥,-dominant we may
assume that y,€ A4}, i= 1,.., k. '

4. CONCERNING 4,

In the following we shall consider sets built up of elements from 4,/ . There
is a pictorial way of representing these subsets which stems from a 2-
dimensional diagram of 4. This construction, which we present here, is
quite analogous to, and easily derived from, the Dynkin diagram of 4.

We stress that besides elementary facts about root systems, everything
follows from Lemma 3.4.

Let X, denote the set of simple compact roots.

LemMA 4.1. Let a€ 4, let y,,...u; be distinct elements of X, and
assume that a +pu, €4, for all j=1,.,i. Then i<2. If i=2, a+u, +
uE A,

Proof. (i) Assume i>2, and VYj:(a,4;)=0. Since in this case
(a+uy, a+ ;)= (a,a) + (4, 4;), (a+ ;. a+ ;)= 2a, a) = 2(u;, ;).
Consider two distinct elements, 4;, and u;,, from the set {g;,...,4;}, and let
(@ +u;a+u;,)=n :

By Lemma 3.4, n =0, 1, or 2, but n =1 is excluded since u; —uy;, is not a
root. It follows that (u; ,u; )=+ 2 and thus, since the roots are simple,
(Hj,- #;,) = —2. This, however, is not possible since by symmetry, (u; ,u; ) =
—2 and y; is not proportional to u,,. o

Thus there can be at most one ; such that (a,u;) = 0. In this case a is
short, and a +u; is long. '

(i) Assume i>3, (a,4;)=0, (a,u;,)#0, and (a,u;)#0. Let n,=
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(@, u;,) and ny = {a, u;,). By Corollary 3.5 it follows easily that root strings
are of length at most 3 (cf. Proposition 6.2 in |6]). By (i), a is short and
hence n, = n, = —1. Thus, by Corollary 3.5, (u; ,a) = (u,;,,a)= -1, and, in
particular, u;, and u; are short. a + u;, and « + y;, are clearly long. 1t follows
that (@ +u; . a+u;,)=1+ 14, and as in (i) this implies that
(st = Qs ) = 1.

Consider (a +u;,,a +u;,). By the previous observations this equals
Y, ;). and since it can only take the values O or 2, (s 7,0 = 0.
However, this leads to a contradiction of Lemma 3.4 since a + 4, +u; € 4}
and (a +u;, + 4, @ + ;) = —1. In other words: if u;, is presen(eithef u;, or
#;, (or both) is not. If, say, u;, is present the results concerning it and y;
remain valid. In particular, (u; ,u;,)=—1 and a +u; +u;, as well as a +
u;, + 2u;, are elements of4}.

(iii) Assume i>2 and (a.u,y=-2. It follows from (ii) that
{a,u,) = —n < 0, and Corollary 3.5 implies that « is long and g, is short. An
easy computation now gives that (& + nu,,a + 2u,) <0 which contradicts
Lemma 3.4. Thus, if (a,u,)=—2,i= 1,

(iv) Assume (a,u,) = (a,u,) = (a, 4,y = —1. Obviously, a, ¢,, 4,, and
u, are of equal length. By considering (a +u;,a + ;) it is seen that the
compact roots are pairwise orthogonal. Since this implies that, e.g., a +u, +
i, € 4} and since (a + u, + . @ + u3) = —1, we conclude that there can be
at most two roots in X, 4, and u,, say, such that {a,u) = (a,4,)=—1. In
this case (u,,4,)=0and a +u, +u,€4,}. |

By considering the basis of A consisting of the negatives of the elements in
X, together with the previously highest root y, we naturally obtain an
analogous result concerning the possibilities of subtracting simple compact
roots from a given a € 4.}

Now, p* is a highest weight module for t€ and each root space is one-
dimensional, hence any a € 4, can be written as « = a, + 4, where a, € 4k
and 4 € X . This observation together with Lemma 4.1 leads directly to the
construction of the diagram of 4, :

One begins with (say) f# and draws an arrow originating at f§ for each
simple root g; such that f +u; € 4,}. Suppose for simplicity that i =2 and
consider f§ + u,. By Lemmad.l (f + u,) +u, € 4, so there can be at most
one more 4, € X, such that (f+u,)+u,€4,.

1t follows again from Lemma 4.1 that u,, if it exists, is different from u4,,
and B+ u, +u, + 1, € 4}, In this case one draws two arrows originating at
B + 1, ; one parallel to g, and with the same label, and another parallel to x,
and labelled u,. Similarly g, is drawn from 8+, in such a way that its
endpoint coincides with the endpoint of the u, drawn from B+ y,.
Continuing along these lines the diagram may easily be completed. In fact,
the only situation which a priori might ruin this simple picture, that in which
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we reach an a € 4} in the diagram and for reasons of the structure of the
previously constructed part of the diagram are forced to make the same
simple compact root y, point out from «a in two different directions, is
excluded by assumption. This observation is rather useful in the limitations it
puts on the diagrams. We formulate it as a lemma which eliminates a
situation that obviously would have to occur if the described phenomenon
could take place.

LEMMA 4.2. For no a € A,! does there exist three distinct roots, t,, it,,
and p, € X, such that a —pu,, a—l,, a —u, +t,, and a —u, + y, all are
elements of 4}}.

Proof. We may assume that for no o' smaller than a does such a
phenomenon occur. (a=f is excluded by assumption.) By excluding all
other possibilities it follows from Lemma 4.1 that (a, u,) = {a, u,) = 1. (See
Fig. 1.) Suppose (u,,#,) < 0, and consider a — u,. It follows that we must be
in case (ii) of the proof of Lemma 4.1. Thus a —y, —u, is a root and the
same case then gives that (u,,u,) < 0. However, as this implies that a —
U, — gy is a root we quickly reach an a' smaller than « at which a
phenomenon similar to the one in Fig. | takes place. This is contradictory to
the original assumption and hence (u,,u,)= (4,,4,)=0. But clearly
(a,uy) < 0 and thus (@ —pu, — u,, #,) < 0, which implies that three different
roots originate at @ — u, — u,, and this is impossible. |

We remark that the assumption that leads to Lemma 4.2; essentially that
each element of 4, should occur exactly once in the diagram, has been made
in order to avoid having to deal with degenerate situations in the subsequent
proofs. In other situations (e.g., for sp(n, R)) it may well be natural to allow
roots to occur more than once.

To further illustrate the simplicity of the construction and for future
reference we present the resulting diagrams in the Appendix. That there are
no more Hermitian symmetric spaces of the noncompact type than those
listed is of course a classical result due to Cartan |2|. However, the criterion
that one should be able to pick a root f in the Dynkin diagram such than the

VA WAN
N\
N

FIGURrE 1
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set of roots bigger than, or equal to, ff, can be represented by a 2-dimensional
diagram as above also excludes all other Dynkin diagrams and all other
choices of .

We now begin to collect some of the technical lemmas that will be needed
in the following.

First we consider the #(t%)-module p~ ® Vi, where V', is a finite-
dimensional irreducible module of highest weight A,. The highest weights of
p-®V,, are of the form 4, — « for certain ¢ € 4. We wish to describe
these in terms of our diagrams. It follows from Proposition 7.3 in [6] and its
proof (notably the last part) that

LEMMA 4.3. Let a€A4}. A,—a is a highest weight for the #(1})-
module p~ ® V if and only if

(i) A,—ais t,-dominant, and
(i) fa=a,+uwithp€ X, and a, €4, then A,(H,) > 0.

LEmma 4.4, Let a € A4, and assume a —u, €4, for y; € L . j= ..., 1,
and i < 2.

Then A, —a is a highest weight for the # (t%)-module p~ ® Vi, if and
only if for all j = 1,..., i, :

(Ag, ;) 2 max{l, (a, u;)}.

Proof. A,—a is a highest weight if and only if VYued}:
{(Ay—a,py > 0. In view of Lemma 4.3 the necessity is thus clear. As for the
sufficiency, observe that since A, is dominant we need only consider those
u € 4} for which (a, ) > 0. Let u be as such: g = Duer, Tily, 1 € NU O]

It follows that there must be at least one u; € X such that r, > 0 and
(a.4;,) > 0. Hence for this simple root, @ —u; €4,. Let ny=(a,u; ) and
n = {a, ). Then, by assumption,

(Ao u) >

2(/10»!1}0) 2a, :“jo) _ g+ o)
ww) ~ ) “n"( (4, 1) )

Now observe that by Corollary 3.5, (4, a)=1 for any g€ 4, for which
(a,4) > 0. Thus, (ug, uo)/ (4 u) = n/ny. N

DerINITION 4.5. For a, € 4, we let
Ci=fa€d]|a>a,} and C,,=la€d; |a<ay).

As is suggested by the way they appear in the diagram of 4, we think of

Cji and C, , as the forward and backward cone, respectively, at a,.
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Let A4 = (4,,4) and let a € 4.}, Then, by definition,
0 72)
A,az/i,a+&(”) 4.1
0y =)+ (T2 1)

where (y,,7,) = (f, f). Recall that 4, is always assumed to be I, dc)mmant
and integral.

LEMMA 4.6. Let a,, a € 4, and suppose that

Ay +psag) + Ay (%) -1,

and

Ay +p,a)+4 (%&’ig) =n>0.

IfA <Ay thena & C_,

Proof. By solving for A and A,, the inequality 1 < 1, is seen to be

equivalent to
2(Ay +p, @) > nla, @) — (a,, ay) + 204, +ps ay).

Suppose a=a,—u with g = 2uer T4y and all r;> 0. Unless n=1 and
(ag. ) = 2(a, ) we xmmedxately reach an mequahty contradicting the
dominance of A,+p. In the remaining situation it follows that for any
u, € X, for Wthh r;#0 (and there must be at least one such)g

24y +pouy) < (@, Q) and so, since a is short, this case must also be
dismissed. §

Remark. Under the assumptions of Lemma 4.6, « must in fact be qurte a
distance away from in particular the lower portions of C,, The separatton
increases as A decreases.

Fora€ 4, let 1, € R be determined by the equation

(o5 4e) +p)(H,) = 1. (4.2)

Among those 4,’s for which A, — a is a highest weight for the # (%) module
PRV, let A denote the smallest and let kL denote the corresponding
element of 4} (There are no multiplicities in p~ ® ¥, .)

CoroLLARY 4.7. Letcied*,a#:ao IfaeC?

Ay — @ is not a highest
weight for the module p~ ® Va,

ag?

Proof. 1f A —dis a h:ghest weight for the module p~ & V,\ , Ae < zl~
By Lemma 4.6 thls implies that a, & C;.
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Let w=((4y4,4¢)+p), let a..,a, €4}, and let (A, A) +p—
n‘a;'ﬂ-«—«n‘,a‘,) with n, €Ny i=1,.,7. In the sequel we shall be
concerned with the situation in which the sequence 0y @, satisfies
condition  (A) for the pair (x,w). We assume for simplicity that n,=
Gy ap) for i= ..., r (cf. Definition 3.1).

Lemma 4.8. Consider an a, from above; i = 1,...,r, and assume } < A,,.
Then Ao —a; is not a highest weight for the module p~ &V, . Moreover,
GEC . -

Proof.  a; satisfies

2(‘(40,}«) tp—nmay— ey a !vai):x
(@, a;)

By Lemma 3.4, inner products between elements of 4, are nonnegative and
thus

24+ p,a;) (s )
+ 4 ,
(o5, ;) (a;, ;)

It follows that 4, <4 and the minimality of 1, then gives
lemma. The second statement follows from Lemma 4.6:

=1;>0.
e first part of the

Let @ =n,a; + --- + n,a,. The first real use of the diagram of 4. is made
in the proof of

Lemma- 4.9, Assume that } < A, and that A, — w is ahxgkest weight for
the ?“/(fﬁ)*module Zp )R V,, Then at least one «;, L., r, belongs
Cy

Proof Suppose not. Then, by Lemma4.8, a; & C+ L) C. for all i=
I....,r. Consider an arbitrary one of these, a;. It is clear "hat there exists a
y €4, such that (a) {e, , ap} < C/, and (b) for no MEC) is {a;, e = C;
oy, # y) It follows that there must exist two distinct elements, Hq, and p, , of
Z. such that y +u, € 4 and y +u, € 4. In fact, by the way the diagrams
buxld up, it follows that there are elemems Ha,» ,uGS Ui, sees iy, Of 47 such
that (1)(7c(,—y+,uaI vl and @, =y +py + oo oy, (i) for all s
and k<t y 4y, + - +;ua +up, + - +ubkEA , and (i) {u,, ;. ,pav}(‘\
{Hy,oees ty, } =@ (cf. Fig. 2). Let Mo =tlg, + o +llg and =ty + -+t
By (iii) (,ua,,u,,k) < O for k< tand (#y1q) <O for j < <so

If (a0, ) =0, a; +uy +p, €4, and this is easily
the proof of - Lemma 4. I(m). Thus, (e, 1y 2 1,
(@gs ttg,) > 1. I we had (4, — a;,, 4,) > 0 this would impl

<A0a ﬂb,> = <a£7#e‘h> ;->’ max“ 17' <ai; + ya?#bg &

en to contradict
id  analogously,
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RN | X
B | NN
: AN
NSNA
S BN | SN

ai / 7 a0 : : \ /
Ve
\ e / : S
S . o
7 - : FiGure 3
s . .'
Vd i
//' ap existence.. But this follows easily from the nature of Dynkin diagrams,
- Lemma 3.4, or, equivalently and at the same time Justifying our brevity; see
v . B ‘ :
. = , the Appendix.

’\ /’ ; The proof is completed by consecutively applying the arguments that led
A “o N S R : ’ from a;, to a;, to each, from the previously thus obtained element of
. ! 4 {a;,..; @, }. To wit, it follows that there are elements Ay Of {at ey @} such
i ’ that for each s = 3,..., a; is located on the line through a; — My, — e T
FIGURE 2 and parallel to the previously described line through a; . Clearly, for s =

{+ 1, this is a contradiction. [

Since, by the above and by Lemma 4.4, we also have

5. K-Type

<A0’/‘a5>>’max“’<a0+”b*:uas>>’ )

this would further imply that a, + u, — a, + Ky is a highest weight which. As a Z (%) module, #(9%) ®yacapi, V,y is equal to # P)®V,. The

since it clearly belongs to Cl.is impossible. Thus ‘ restriction of B, to each t-irreducible subspace is, because it is E-invariant,
’ either zero, strictly positive definite, or strictly negative definite. The problem
(A, — Aty < 0. 4.3) to which we address ourselves is, for A, fixed, that of deter ining the set of

his is the case
gative definite.
® V4 and let

. , . . , . A’s for which W,, A = (dg, ), is infinitesimally unitary.
We now invoke the assumption that A, — w is a highest weight; in particular exactly when there are no subspaces on which B, is strictly
that (4, — w, 4y ) > 0. Combined with (4.3) this implies that there exists an To begin with consider an irreducible subspace of # (p
a;, € (a,.,..., a,} such that (@i, 4y,) < 0. We claim that @;, has to be located q+# 0 be the highest weight vector. Observe that the d e of g is well
°“+ the line thr?ugh @iy~ My, parallel to u, (cf. Fig. 2). Recall that a, & defined; assume that it is d. Observe moreover that since 4 only makes its
Ca W Cq, This may be proved r igorously be eliminating all other presence felt through the action of the center of f, q is, for A, fixed, a highest
possibilities. We mention briefly that Lemma 4.1 and the fact that Dynkin weight vector for all 1. Let A o and g be fixed and consider the function
diagrams can have no closed loops immediately rule out all other situéati‘ons , '

but the one indicated by an &, in Fig. 2 (and its symmetrical counterpart). Jo(h)=B (g, q).

This, however; by a straightforward reduction, can be ruled out by showing : , ‘

that Fig. 3, in which y,,..y, are distinct elements of 4, can have no The following is straightforward, and in part well known.

(5.1)
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Lemma 5.2, f,(1) = (=1)? C,A7 + lower order terms in 1. C,> 0.

The zeros of /() are the only places where the restriction of B, to the
irreducible subspace in question can change signature. If g is a first order
polynomial and if /,(1,) = 0 it is clear that W, cannot be unitary for 4 < 4,.
The smallest A, determined by a highest weight vector of degree 1; A,. was
named “the last possible place of unitarity,” and was explicitly determined
for an arbitrary A4, in |6].

ProposiTion 5.3. Let Ay —a,,..., Ay — a, be the set of highest weights in
the % (17)module p~ ® V., 3 &y, a, € A}, Let, for i=1...,1, A, be deter-
mined by the equation ({A,, A,) +pNH, )= 1. Then Ay = min{A,,.., 4,}.

We shall see below that W,, A = (A, 4,), in fact is unitary.

The determination of the zeros for all f's as g varies in the set of highest
weight vectors in #/(p ) & V', would of course yield a complete solution to
our original problem. However, as we shall see, it is sufficient to determine
N, for A < 4,, and to describe this ideal it is sufficient to determine a set of
generators. This set is finite, as is intuitively clear, and as follows from, e.g.,
the theory of the category 7 |1].

Consider now a highest weight vector ¢ in #(p )® V, of weight
(Ao dg)—nya,— - —na,; ay.a, €4, and n,,..,n,€N. Let w, =
myay + .-+ n.a, and observe that the degree of g is d=n, + --- + n,. Let 1,
denote the ideal generated by the elements of degree less than d in Ny A=
(Ag:4,). Assume that g € N, and that ¢ & I,.

LemMMA 5.4, The module (#(g%) - q + 1,)/1, is a standard cyclic module
of highest weight (A,,2,) — w,.

Proof. By assumption ¢ is a highest weight vector for <. Moreover, for

any z' € p', z"gis in N, and is of strictly lower degree than g. 1

In the following proposition the assumptions on q are maintained.

ProposiTion 5.5. L, p-w, EJHM ), A = (A4, 4,).

Proof. It follows from the various identifications of Section 2 that there
exist two #/(g)-invariant subspaces, 4 and B, of M, ,, such that B < A, and
such that 4/B is isomorphic to the unique irreducible quotient of the
standard cyclic module in Lemma 5.4. 4, B, and M, /A belong to the
category 7 and thus have finite Jordan—-Holder series. [

s
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6. SO*(2n)

For later reference we list here a set of unitary representations of G, =
SO*(2n). They are obtained along the lines of {4]. Specifically, the
Hermitian symmetric space corresponding to G =S8U(n,n) may be
represented as & = {z€ M(n,C)|z*z < 1} and G, is isomorphic to a
subgroup of G that leaves invariant the intersection @, of & with the space
of skew-symmetric elements of M(n, C). One easily checks that the results of
|[4] may be applied, and thus the restriction to G, of any unitary
holomorphic representation of G yields a series of unitary representations
of Gy. The representations of G in question may be taken to live in Hilbert
spaces of vector-valued holomorphic functions on % and hence, in
particular, the representation of G, obtained from a unitary holomorphic
representation of G by restricting the functions to &,, is unitary.

Let ey,..., e, denote the standard orthonormal basis of 2", Then, for G,,

Al ={e,—e | 1 <i< j<nl,
and
A =le;+e | 1 <i<jnl
A= (4., 4,) is t,-integral and dominant if and only if A, 24,224
and A, =2, €7 . p=(n—1,n-2..,1,0), and L =1, + 4,.
By letting 7, be the trivial representation in Proposition 2.3 of |5}, and
taking j =k, it follows from the above that the representations

(00, Oy =111y vty =1) = (], frows f) (6.1)

of G, are unitary.

Consider a A, for which (A,,e, —e,) = 0; iec., Ay=4,, and let i be deter-
mined by A, =4,=---=1,#4,,,. It is clear that the 4, of Proposition 5.3
is attained at ¢, = (e;_, +¢,), and it follows that

A=A+ A, =4, + 4
=1—(n—(i—1)—(n—1i)
=-2n+ 2

and thus, 1, =4,=-.. =1, =—(n —i). A comparison with (6.1) then gives
the following:

ProposITION 6.1. Let (Ay,e,—e,)=0. Then W,, A= (A,,1,). is
unitarizable.

We observe that the case (4,.e, —e,)# 0 cannot be treated by this
method.
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7. UNITARITY AT THE LAST PossiBLE PLAcE

Let A, be t,-integral and dominant. Suppose that for a given A, Wi, A=
(A4.27), is not unitarizable. Observe that Firreducible subspaces of different
highest weights are perpendicular, independently of 1. It follows that the
Hermitian form, restricted to the space spanned by the K-types of some
highest weight, is not positive semidefinite. On the other hand, for 2
sufficiently negative, W, is unitarizable, Moreover, the form is a smooth
function of A (polynomial) and changes in the signature can only happen at
points at which it is degenerate. It follows easily that for some A, <A and
some w,, we must be in the situation of Proposition 5.5. 1t thus follows that
there exists a sequence @y @, € A" which satisfies condition (A) for the
pair ((4,,1,) @q +p, (Aq,4,) + p). According to Proposition 3.6 we may
assume that ¢, €4}, i= 1. r.

Let V¥, denote the f-invariant subspace of p~ % V,, of highest weight
Ay —a,.

LEMMA 7.1. If g is a highest weight vector in Zp)® Vao of weight
Ay—wg=Ay—nia,~ - —n.a,, and if for all i=1,.,r, a,€ Cy.. then
qEX(p~) - Vao Moreover, g does not belong to the #% (p~ )-ideal generated
by any other t-invariant subspace of p~ @ V Ao+

Proof.  Since ¢ evidently must belong to one of the #(p~ )ideals
generated by the f-irreducible subspaces of p~ ® V a0» it is sufficient to prove
that it does not belong to any one different from Z(p~) - V.- Let V; denote
a tirreducible subspace of p - ¢ V4, of weight 4, — d@ with d # a,. To begin
with, observe that ¢ € C,,- Using Corollary 4.7 and the fact that A, — d is a
highest weight this follows by arguments similar to those that led to (4.3) in
the proof of Lemma 4.9. Let & denote the smallest subset of & for which
any element of C,, can be written as a linear combination of «, and the
elements of the subset (coefficient O allowed). Let € X, and assume that
ay—u €4, Our next observation is that H€& Xl To wit, if it did, by
passing to the “boundary™ of C,,. one would, through Lemma 4.4, obtain an
@' €C, ., a' #a,, for which Ay—a' is a highest weight of the module
PV, and this is impossible by Corollary 4.7. Now assume that q€
Z(p~)-V;. By the same arguments that gave that a highest weight of
P @V, is of the form A, —a for some a €4, it follows that there are
elements d,,...,d, of 4. such that W, =d+d, + - +d,. Observe that s —
m+--+n—1. Now, ge C., and @ # a,, and hence there exists a HE X,
such that aq, —u €4} and such that, moreover, the coefficient to 4in ais
strictly less than the coefficient to 4 in a,. Thus one of the a;'s must have a
u-coefficient which is strictly larger than that of «,,. However, by the obser-
vation that 4 & X and by the way the diagrams are built up, this is easily
seen to be impossible. [}
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We now begin to examine A = (A45.4,). Even though in general there will
be some 4,’s less than A, at which L‘\WMWEJH(M‘,‘ . o) it seems to be
generally  true that any f-type whose highest weight occurs in
7p)® Vo, belongs to #(p~) Vo, and thus vanishes at 4,. Here we
shall only investigate the situation for some groups and representations. First
we wish to establish that if Uyses @, € A1 satisfies condition {A) for the pair
(g, 4) —w, +p, (4,, Ag) +p), where A, — w, is the weight of a highest
weight vector g in the #Z (1%)-module Zp)® Vi, and A, < 4, then, for all
i=1,.,r, a,€ C} . For the general case, the combinatorics has so far
proved to be too complicated, but we can establish this for sufficiently many
cases. To begin with, let 5., 1, be the integers of Definition 3.1, In par-
ticular,

n= (g dg) +p—nya, — . — Np @y Q). (7.1)

Because inner products between positive noncompact roots are nonnegative,
and because 4, < Ay, it follows that

<(A0"10) +p,a;) > (4, /{q) +pa)>0. (7.2)

(Recall that ((4,,1,) + p, a,) = 1.) Equation (7.1) implies that the a,’s are
distinct. Suppose, namely, that a; = a;, with j > i. Then

np= Ao, A) +p—na,— - — N
=y ) an

== (M e e g, a) <O0.

Naturally, Eq. (7.1) contains much more information, but for our limited
purposes, what has been stated is sufficient.

Consider now the diagram corresponding to so (2n—1,2). (See the
Appendix.) Let 4, be f,-integral and dominant, and let i denote the smallest
integer such that (A,, 4, # 0. Assume that < n. In this case it is easy to see
that ay =y, —u, — o —y, | (if i=2, @, =7,) and that any root a € 4}
that satisfies (7.2) must be in C;O. However, it is also clear that for any such
@ one can find a g;,. j < i, such that {a, yj} > 0 and such that a is the only
element of C;G with a nonzero inner product with 4;. But this means that it is
impossible to construct a highest weight of the form Ag—nia;— - —n,a,
with elements Q;, j=1l,.,r of C;VO. The conclusion is the same when i = n.
It suffices to observe that (Agst,) =1 is the only case in which Qy=7y,—
My — - —pu,, and that this a, satisfies {ay, ) =0 (in fact, {ay, 2.y =0)
Analogous arguments yield the same conclusion for so (21 — 2, 2) and all
cases for e, and e, but the ones described below: ,

e;. Following the notation of the Appendix, consider a A, for which
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Aoy ttyy=+or = (Ay,u5) =0, and (Agsttg)=n>0. Clearly, ay=pf+u, +
Uyt s +ug. If n=1 the root o’ =B +uy+u, + M+ iy + 4 uy satisfies
(7.2) but is not in C, .. However, it is impossible to have o' belong to the set
S = {a,,...,a,} because of the # pointing towards it. Suppose, namely, that
a' € S. Since 4, — ma;—--—n.a, is a highest weight and (a’, i3y > 0,
either «' —u; + 4, or o M3+ U +ps (or both) must belong to S. If, say,
a' —u;+ ug € S, because of the 4, pointing towards this root, we must have
a' +ug+us €S, and the coefficient of that root must be at least equal to
that of @' — y, +1s. But there is a g, pointing towards that root as well, and
the net effect is that (wg.tty) > 0. By considering 45, the case of a’ — 5+
He + us is excluded as well.

€;. In the case (A, u)=... = (Ao, u5)=0 and (A, u)=n> 0, ay =
B+ ug + u; R S P S T +ug. When n=1 the roots Qg — Ug +
Mottty g and ag —pg + puy + gy + 1, + 4, must be excluded, and for n = 2
the latter must be dismissed whereas the former no longer satsifies (7.2).
This is done by arguments analogous to those of e,. We stress that in the
mentioned cases for e, and e, there are solutions to (7.1) with 1, < 4,.

Finally we consider s0*(2n) and the case left open in Section 6:
(Ag,€,—€,)#0. Let j be the biggest integer such that Ay=- =4,
Evidently then, a,=e¢, + ¢;. Observe that C,, is “one-dimensional,” We
claim that, in this case, there can be no solutions to (7.1) with Ay <A
Indeed, if there were, according to Lemma 4.9 there would be an « among
the a,,...,a, which belongs to C..» and hence also a smallest such, a’.
However, by considering the simple compact root u pointing towards a’ it
follows by an exhaustion argument along the lines of the proof of Lemma 4.9
that this is not possible. Together with Section 6, this extablishes the
unitarity at the last possible place for so*(2n).

Let us now return to the case left open for es. Observe that 1, = —4. At

=—4 — |, LA“__(,,W,-,(“O‘ wEIHWM,, ), i=1, 2, 3, but Ay~ s(ay+y,) is
a highest weight if and only if (Ay,us)>s. Let V, denote a subspace of
7pPpI® Va, of highest weight A, — sag+7y,),s=1,2,3,... According to
Lemma 7.1, V,SZ(p)- V.- More generally, any irreducible subspace of
7P)® V4, whose highest weight occurs as a such in #Z(p~) ¥, actually
belongs to #/(p~) Va,- This is intuitively clear since the coordinate functions
of ¥, corresponding to the highest weight vector vy in ¥, include the terms
Z.ap @;€CJ} . Any highest weight vector § in #(p~)V, must, because of

g’
Ug, have a c0<)0rdinate function g, relative to v, of the formqq“(, =3Y, Z_ 0 Pis
where o, € Ci and p,€ Z(p~). This observation can easily be made
rigorous since it is enough to consider the case in which none of the p’s
contain elements corresponding to =Cl. p)® Va4, is built up by
consecutively tensoring representations with p 7). In this case the coordinate
function is readily seen to coincide with the coordinate function of a highest

weight vector in #p)- V4, The remaining case for e, may be treated
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analogously but we observe that the representations in question Ay =—8)
exactly are those that occur in the decomposition of the tensor product of the
most singular, unitary, nontrivial representation with 4, = 0, with itself. The
A-parameter of that representation is —4.

The only remaining cases now are sp(n, R) and su(p, q). The unitarity at
the last possible place for those groups has been established in |5, 6. We
can then state

ProPosITION 7.2. W, with A = (Ay, Ay), is unitarizable.

8. THE UNITARY HIGHEST WEIGHT MODULES

With the unitarity at the last possible place thus established the
description of the general situation follows by forming tensor products, along
the lines of [4], of W, A = (g, 4,), with the most singular, nontrivial,
unitary module W, corresponding to Ay="0 (and 1 =1,). The value of A
has been determined in 8, 9]. Wl‘ contains, of course, all first order
polynomials, but the % (p ~)ideal generated by the f,-irreducible subspace of
the second order polynomials of highest weight —f — 3’ is missing. Here, y’
denotes the smallest element of 4, perpendicular to 8. The restriction of
Wy ® W, to the diagonal (cf. [4]) is the unitarizable module Wi, A =
(Ag, 4o + A,). If a second order polynomial is missing from W,, it is clear
that it must be in the ideal ). V4, and in no other such. Moreover. in
this case it follows (cf. Lemma 5.2) that the modules W ,, A = (Ay, A) with
Ao +A <A <2y, are not unitarizable. From these observations it is
straightforward to decide in the explicit cases at hand exactly in which cases
second order polynomials are missing from W,., and by repeatedly forming
tensor products with W, the complete description of the set of A's below Ay
at which certain polynomials are missing from the corresponding module
W, follows. Moreover, if a third order polynomial g is missing at Ao+ 24,
(this can only happen for g = su(p.q), sp(n, 17), or so*(2n)), it is in the ideal
generated by the second order polynomial that is missing at Ao+ A,. Hence ¢
is missing at 1, + 24 Ay + A, and A,. Further, the Hermitian form
restricted to ¢ is positive for A — —o0, hence it is negative between Ao+ 2,
and 4, +4,. Continuing along these lines we see that if a Jth order
polynomial is missing at Ao+ (/= 1) A, the Hermitian form cannot be
positive semi-definite in the open interval from A, + (j— A, to A, +
(./ - 2)}”3"'

Observe that the description of the generators of the missing K-types fits
nicely into the diagrammatic approach presented here. As an example with
g=su(p,q), the missing fifth order polynomial four steps below a Aq is
indicated in Fig. 4. The I's indicate that the roots occur exactly once inw,.
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FIGURE 4

Naturally, 4, as well as (p.q) must satisfy certain conditions for this
configuration to be possible. (The horizontal string of 1's must hit both walls
of C !, cf. below).

When g = sp(n, R) or 50*(2n) the natural scene for the presentation of the
missing K-types is the union of 4} with its mirror image around the line
joining # and ¥rin the 4} of sp(n, R) (cf. the remark following the proof of
Lemma 4.2). In these terms the pictures are identical to those for g = su(n, n)
with the exception that for 9 =50%(2n) one must exclude those pictures that
contain points on the above mentioned line.

Finally for e, and e, the missing second order polynomials are easily
localized. Observe that (ay,Z7) is a basis for a root system (X! as in the
proof of Lemma 7.1); for €s it corresponds to 50(8, 2) and for e, to 50(10, 2).
For e, the corresponding A is —7, whereas for e, it is —12.

To complete the description of the set of unitarizable highest weight
modules we observe that by tensoring with W, a finite number of times we
reach a point . beyond which there will be unitarity for all A < Aeo (A,
might—though unitary-—be called the first possible place for nonunitarity ).
This is so because of the structure of the diagrams combined with the fact
that as A decreases, the number of points in the diagram that can be used in
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FIGURe 5

a sequence satisfying condition (A), decreases. Recall that by
Proposition 5.5, there must be such a sequence at the first possible place of
nonunitarity. Thus it may be seen that beyond the mentioned points in the
examples of e, and e, there is unitarity. In all other cases for €, and e,, as
well as all.cases for so(n,2), A.=24, (A,#0). The cases of su(p, g),
sp(n, R), and s0*(2n) are straightforward. We conclude with an example for
9 =su(6, 6) that contains all the relevant features of this remark.

EXAMPLE. g= su(6, 6). Assume (Agou;)=0 for i= 1,2,4,..,10. and
(Ag, ;)= 1. Then ao=F+u +u,+uy, and Ay =—3. At A= —4 2 second
order polynomial is missing, and at A= -5 a third order polynomial is
missing. The latter is indicated by the string of I's. For 1 < —5 one can at
most use the roots indicated by circles to form a sequence satisfying
condition (A). However, the result must be t,-dominant and so, because of
Mg, there can be no points in such a hypothetical sequence on the line /,. But
then, because of u,, there can be no points on /,, etc. We conclude that there
is unitarity for 1 < —5.
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g =s0*(2n).

APPENDIX

The diagrams of 4,
g=so(2n—1,2).

B,

B ) ] w2 G
ak:
5 3 T p— > - » - e

g=s0(2n—2,2).

D,:
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