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Introduction

The modules in question are those corresponding to holomorphically induced
representations on Hermitian symmetric spaces of the non-compact type.
Specifically let g be a simple Lie algebra over R and let g=f+p be a Cartan
decomposition. By assumption I has a non-trivial center y=R-h, and f
=t, @R h, where £, =[T,t]. The modules W, considered are determined by a pair
(Ag,4) where A, is f,-dominant and integral and AeR. That is, A=(A4,,7)
determines a finite-dimensional #(f)-module V, and W, is the irreducible
quotient of %(g%) ¢® V,, where p* ={zep|[hy, z]=iz}.
w(1T+p*

W, may be repr(esefltf):d as a space of V,-valued polynomials on p* and the g-
invariant Hermitian form on W, restricted to the space of first order polynomials,
depends linearly on A. For A sufficiently negative W, is unitarizable and thus, for
A, fixed, the smallest A such that W, does not contain all first order polynomials
determines the last possible place at which W, can be unitarizable.

This philosophy was used in [5] to prove a conjecture of Kashiwara and
Vergne, in the case of SU (p, q), by means of geometrical methods.

In this article our methods are algebraic. Specifically, the main tool is
Bernstein-Gelfand-Gelfand [1, Th. 7.6.23] applied in a manner similar to, and
motivated by, Shapovalov’s in [8]. The technical side of this article, in fact,
consists of adapting a theorem of Shapovalov to our situation.

As a corollary we prove the Kashiwara-Vergne conjecture for Mp (n, R).

Finally we mention that after we had realized that [8] could be applied, but
before having completed the proof, a preprint of an article by Enright and
Parthasarathy [2] was channelled to us. In their article a criterion for uni-
tarizability is developed and applied to give a proof of the same conjecture.
Though their criterion leads to the same result, the philosophy behind it, and in
particular the proof of it, is quite different from ours.

*  This research was partly supported by a grant from the NSF

0025-5831/81/0256/0439/$01.80
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1. Notation

Let g be a simple Lie algebra over R and g=f+p a Cartan decomposition of g. We
assume that f has a nonempty center #; in this case n=IR-h, for an hyen whose
eigenvalues under the adjoint action on p* are =+i. Let

p* ={zep®[hy, z] =iz},

and

p~ ={zep|lhy,z]= —iz}.

Let £, =[£ ] and let i be a maximal abelian subalgebra of £. Then f=f, GR-h,,
b=({HnI,)®R-h,, (hnf,) is a Cartan subalgebra of f, and h* is a Cartan
subalgebra of g©. We let ¢ denote the conjugation in g* relative to the real form g
of g%. The sets of compact and non-compact roots of g% relative to hT are denoted
4, and 4,, respectively. 4=4,04,. We choose an ordering of 4 such that

pr= 2 ¢,
aed
and set
gt =73 ¢,
aed*
g =) g,
aed ™
and

acA*

Throughout f denotes the unique simple non-compact root. For ye 4 let H, be the
unique element of ihn[(g®)’, (§%)~*] for which y(H,)=2. Then for all y, in 4

2(?1, y)
o= =y,(H,), 1.1)
1 y> (v7 "/) yl( y) (
where (-,-) is the bilinear form on (§%)* obtained from the Killing form of g%. For
aed, choose x,e(g%)* such that

[x,x7]=H,. (1.2)

Following the notation of [7] we let y, denote the highest root. Then y,e 4.}, and
H, #0501

Finally we let u—u* be the antilinear antiautomorphism of %(g%) that extends the
map x— —x° of g¥.

2. Modules
Corresponding to the decomposition

UQ")=(Ug")s"* Dg~UG")DUDHT)
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we let, for ue %(g%), y(u) denote the unique element of #(h%) for which u —y(u) is in
U(g%)g* Dy~ U(g").

Let ye(h%)*. The Verma module M , of highest weight y— is defined to be
M, =U(Y)/1 o Where I is the left ideal generated by the elements
(H—y(H)+¢(H)), Hebh®, and g*. We denote the image of 1 in M, byl, .,

If A, is a dominant integral weight of f, and if AR we denote by A =(A,,4)
the linear functional on §® given by

Algarye=40,  AH,)=4.

Further we let ¥V, denote the irreducible finite-dimensional #(f*)-module of
highest weight A. As %(f{)-modules, clearly V, =V, .
The sesquilinear form B, on %(g%),

B 4(u, v) = A(y(v*u)) (2.2)
is g-invariant. We let N, denote the kernel of B ,;
N ={ueU(g")Vve %(a"): A(y(v*u) =0}, (2.3)
and set
N (=N, nu[I"). (2.4)

Let J ,=1,+#(g")N ,(f). Since
A" =Up ) UAVUPT),
and
M, =20 YU,

we have

Lemma 2.1. %(g®) & V,=#(g%)/J 4+
wET+p*)
Definition  2.2.  Let ueM,  Corresponding to the  decomposition
M, =% ")), _, we define P™(u) to be the projection of u onto #(p~)1,_,.
The unique irreducible quotient W, of %(g") w & v, is given as

1Crp*)
W, =U(g")/N 4. (2.5)

Any g-invariant Hermitian form on W, is proportional to B .
For further background information we refer to [7; Sect. 1] and [4; Sect.2].
The situations in which J,#+ N, are quite interesting. In point of fact, by
looking at a special case where these two ideals are different, we can describe a
simple condition that must be fulfilled in order to have B, define a posit.ive-deﬁnite
inner product on W,. For A, fixed this will be a description of the biggest 4 for
which W, possibly can be unitarizable:

Let A, be fixed. The module #(g") @ V, may be thought of as a space of
At Dp*)
V,-valued polynomials on p*. Consider 1n particular the space 2, of first order

polynomials. Under the action of #(f%), 2, breaks into a finite sum of irreducible
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subspaces; 2, = (P S;. For each i, B, determines a Hermitian f-invariant form on
i=1
S, and it is clear that this form is proportional to a fixed non-trivial such by a

polynomial (a;4+b,) where a;+0. Let 4,= min (— Z) Then: W, unitarizable
=>A,§/10 i=1,...,n )
We shall describe 4, more precisely:

a;

3. Bernstein, Gelfand and Gelfand

The celebrated theorem of Bernstein, Gelfand and Gelfand [1, Th.7.6.23]
describes the situations in which one Verma module can be imbedded into
another. A special case is the following: If x in (h%)* satisfies y(H,)=1 for ac 4™,
then M, _,CM,. As was shown, among other things, by Shapovalov in [8], this
leads to the following.

Proposition 3.1 ([8]).1) Let ae 4™, ye(bY)*, and assume y(H_ )= 1. Then there exists
an element O (y)eU(g~)"* such that

Vyed " :[(g"),0,(0]el, .
i) If eeA™ is simple, @ (y)=x_,, where x_,=xJ.
iii) IfaeA* has o(H,)> 1 let ce A* be a simple root such that o, =s(a)e A" has
o(H,)<o(H,). If yx is integral and y(H,)<O0, @(x) is determined by the equation

0,(0xL,=x1.70, () (3.1)

where p=s,x), g=—x(H,), and p=a(H,).

iv) In any basis of U(g~) the coefficients of O (x) depend polynomially on y.
It follows that (3.1) determines @ (x) for any ye(h%)* with y(a)=1.

Proposition 3.1 can be applied to the present situation. However, to do so
needs some preparation.

4. Concerning p” ®V,,

Proposition 4.1. Let € v, be the subspace of highest weight in V, . Any non-zero

AU, )-invariant subspace of p~ @V, contains elements with non-zero coefficients in

P~ RC v,

Proof. Let M be an invariant subspace and assume M is perpendicular to

p~ ®C-v,. Then M is perpendicular to #(£,9)-(p " ®C v,)=p" ®V,,. O

Corollary 4.2. A highest weight of p~ @V, is of the form A, —u for some ae A, .
For ae A we write z_, for the element xJ defined by (1.2).

Corollary 4.3. If a highest weight A, —a occurs inp~ @V, there are elements q_ , of
UE,C) ", uedr, such that the corresponding highest weight vector is given as

¢’

Z—a®”0 + Z Z—u+u®q—uv0‘

pedf

Corollary 4.4. There are no multiplicities.
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5. A Special Case in g=so0(2n—1,2)

As we shall see below there are two cases that demand special treatment. One of
these is a particular non-compact positive root in the root system for
g=so0(2n—1,2):

Following the notation of [2] let e,, ..., e, be the standard orthonormal basis of
R". The sets of positive roots are

4; ={e,tef2si<jsnju{el2<isn},
and
={e, tef2<jSnjule}.

If A=(,..»4) A is -integral if and only if {4, ..,4,}SZ or Z+3.
o=02n—1/2,2n-3/2,...,%) and A is A} dominant if and only 1f Az ... 24,20
Observe that Yue A :s,(e;)=e,, ie. e, is 4] isolated from the rest of 4,

We want to compute P (@, (x)) and observe that

el :Sel‘ezsez—ey"sen_l—e,.(en)'

By using one of the standard forms of so(2n—1,2) it is easy to see that there are
non-zero elements k;;, m, and z, of g' such that
kjegv ™, 2si<j=n,
meg %; 2Zs=n,
zeg te;  2<Zt<n,
and
z,€9™ %
and that they can be normalized is a manner, insignificant for the result, such that
[klj’ Jr] k [kl]’ mn] = mi
[z, kij] =90;,2;; (zom]=—0,,2

It is then straightforward to compute P (0, (x)) (or @e,(J_C) for that mgtter). In
fact, one needs only pay attention to the terms m, in the various expressions. We
omit the details and give the result:

Proposition 5.1. Let x, =% Up to a non-zero constant

P ex X) (H(X: Xl)

Proposition 5.2. Let y=A+g and assume y, =% Then P™(0,,(x))*0 if and only if
Ag—e, is a highest weight for the %(17)-module p~ @V,
Proof If P7(O,(x)%0 it is clear that Ag—e, is a highest weight. Suppose

P7(@,,(x))=0. Since A, =1 —n this implies that 1,=0. But e, =(e;, —e¢,)+e,and e,
is simple, so if 1,=0, /1 o — €, cannot be a highest welght (cf. Corollary 4.3 and the

proof of Proposition 7.3 below). [
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6. Concerning the Root System

Since p~ is a #(f])-module with highest weight — f, the following is obvious.
Lemma 6.1. Let ae A. The coefficient to f in o is 1,0, or —1.

Proposition 6.2. Root strings are of length at most 3.

Proof. 1t is clear that strings through roots of equal length are of length at most 2.
Equally obvious is the fact that a string f+io, f+(i+ 1), ..., trough § will have
either i=1 and ae 4], or ae A and ie{—1, —2}. In the last case, by Lemma 6.1,
the string has length at most 3. Letl and s abbreviate long and short. A
hypothetical string of length 4 will then either be of the form slls or 1ssl. Since roots
of equal length are conjugate under the Weyl group the first case, however, is ruled
out because f§ is long. The only case to be examined, then, is the string f, f+o,
B+20, B+ 30 with ae A, In this case {f,a)= —~3 and thus <a, f>= —1. Hence
sp(B+3a)=2B+ 3. Contradiction. []

Proposition 6.3. Let ¢, ...,¢, denote the set of positive simple roots in 4}, let ac A,
and assume o(H,)> 1. If Vi:o(H, ) <0 then either g=so(2n—1,2) and Vi:e(H,) =0 or
g=sp(n,R) and a=f+¢; for a unique e,

Proof. The assumptions on o imply that <{o,f)>>0. Then, by Lemma 6.1,
{a,fy>=1. Write a=a,+f with «,e4 and assume —g=<o,a,»><0. Then
S, ()=0+qu, €Al and we have got a string B, B+« B+(g+1,. By
Proposition 6.2 g=1 and thus §+a, and f+2«, are of equal length. However, this
implies that + 3¢, should be a root and thus {a,a, > =0. This fact combined with
{a, ) =1 easily implies that (o, ) =2(8, B). In other words, we are in a Hermitian
symmetric space with two root lengths, that is, g=so(2n—1, 2) or g=sp(n, R). The
rest is then standard. [

Finally we shall also need the following elementary fact about general root
systems:

Lemma 6.4. Let o, be a positive root with o(H, )>1. Let ¢,,¢,, ... be simple roots
and define o;=s, (a;_,) for j=1,2, ... If for all j:o;€ A% and o(H,)<o(H,, ), then
s ...saj_l(sj)eAJrforj=2,....

€1

Proof. By assumption {a;_y,€;) s positive. Thus (sei‘l(ocj_z), ¢;» >0. Since also
{ot;_5,8;_1>>0 it follows that ¢;_, ¢, Hence [cf. 3, p.50] ssjﬂ(ej)eA+ and
sy, ssj_j(sj)> >0. Now write ocj_zzsej_z(ocj_3) and proceed analogously. []

7. The General Case

Proposition 7.1. Let o be a positive non-compact root with o(H,)>1 and let ye(h®)*
be integral with y(H,)= 1. Assume the existence of a simple compact root ¢ such that
o(H, )<g(H,) for o, =s(a), and such that y(H)<O0. Let p=a(H ), = — (H,), and
w=s,(y) (cf Sect.3). If d (y) is defined by the equation P™(O(y)=d,(x)z_, and
d,,(p) analogously,

—as

+
da(x)=c(a,a1)(q ) (7.1)
where c(o,0,) is a non-zero constant.
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Proof. @, (y) is a sum of terms of the form z_,u

where u_, e (f$)"* and
a4 p;=0o,. Obviously

i

—E

g+p +

xq+p(zﬁaiu~u,): er (q s p) ~al—scu—u,—(q+p~s)a

for some elements u_, _ ., , o, €%({[) " ~@"?P~9 To obtain a term of the form
Z_ Mg, WE need u,=(s—ple. Thus s=p. Assume s>p. Since ax=o;+s¢ and
oy, =o0~—pe=o;+(s—ple we have a string from o to o;+se. Hence, by
Proposition 6.2, s=2, p=1. But «, and « are of equal length and we reach the
contradiction that {a,, e> = —3. Hence s=p, and ,=0. Finally, since —a, —scisa
root for s=0,1,...,p, [7* %, “]=g "D for s=0,...,p~1, 50

p
Xtz =¥ CS(CI“'P)Z xatp=s

ET —ay—sev g
5=0 N

for some non-zero constants c,, and (7.1) follows. [
Analogously it follows that

Proposition 7.2. If o= f+¢ with ¢ simple and compact, and if sgla) =¢, then
PO () =clo)x(Hy)z _,,

where c(a) is a non-zero constant.

Proposition 7.3. Let A, be t,-dominant and integral and put y=A+¢. Let a€ AY and
assume y(H,)=1. Then P~(O () =0 if and only if A, —o is a highest weight in the
U(E))-module p~ @V, .

Proof. If P™(O () %0, O (x) does not belong to the ideal generated by N ,(f) and
thus projects onto a non-zero element of #(g%)/J,. It then follows from
Proposition 3.1 i) and Lemma 2.1 that A, —a is a highest weight in p~ ® V.
Now consider the converse, and assume thate,, ..., ¢; are simple compact roots
such that if
a;=5,(0_1); =02 then o(H,)<o(H, )

for i=1, ...,j. Analogously let y,=y and x;=s,(x;—,)- By (7.1) there exists a non-
zero constant K (o) such that

=1 (g tp;
4,00 =K (@), () T ("' o )

i=0 i

where ¢, = — y(e; ,) and p,=a(H, ). We observe that j;(a))= 1. (It can also be
shown that p,=p,=...=p,_,.) From Lemma 6.4, the assumption that A, ~a is
dominant, and (2.1) we conclude:

—g=x{H,,, )=(5,,--5,(A+2)H,, )
2145, 5o, (ANH,,, )
21+(s,,...5,, (Ao —H,,_ ) +o(H,, )
z21+p;.

i+ i . .
Thus, for r=1, ...,p, g, +r<(r—1)—p;< — 1. Thus (q p'p)#:O fori=0,...,j—1.
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Suppose that a;= f8 + ¢ for some simple compact root ¢ and that sy(a;)=¢. Then,
by Proposition 7.2, d, (x;)=cx(H), with ¢=+0. For the first time we now use the
assumption that A,—a not only is dominant, but also is a highest weight on
P~ ®V,,: Suppose x(Hz)=0. Since B=o;—¢ and a; and ¢ are of equal length,
x(H)=1 (Xj(Haj) =1). Let gy=s5,,.. 5, (2) and y=s,,...s, (B). Then a=y+e, and
(A+0)(H,)=1. Since ¢, is compact it follows that &, is simple and A,(H, )=0. Let
C-v, denote the subspace of highest weight in V, . According to Corollary4.3, if
Ao—a is a highest weight the corresponding subspace is given as
Cz_,®vo+ Y, 7_,1,0q_,00). But g is simple and x_,v,=0. Thus, the

edd
coefficient inup"® voof x, (z_,®vo+ Z Z_ 4, ®q_,00)is givenas [x,,z_,]®v,
uedd

=Kz_,®v, with K=0. It follows from Proposition 6.3 and Proposition 5.2
that this contradiction completes the proof. [

— g0

8. A Criterion

If A, is f,-dominant and integral and if ae 4, the equation (4 + ¢)(H,) =1, with A,
fixed, has a unique solution in A. It follows from Proposition 3.1 that for this A= 4,
O, (A+g)e N ,. Thus, by Proposition 7.3, we arrive at the following criterion:

Proposition 8.1. Let Ay—o, ..., Ay —0, be the set of highest weights in the %(f%)-
module p”" @V, s ay, .., 06 AT Let, fori=1,...,t, A, be determined by the equation
(Ao, A)+o)H, )=1and let Ao= min{A,, ... A} If A=(Ay, A), > A, then W, is not
unitarizable.

Remark. With the exception of some easily handled cases in so(2n—1,2) and
sp(n,R), A, —a is a highest weight in p~ ®V,, if and only if A, —o is dominant.

9. Mp(n, R)
Let ey, ...,e, denote the standard orthonormal basis of R*. Then
Al ={e—eflsi<j=n},
and
A5 ={etellsi<jsnyu{2e|l <j<n}.

A=(A;,A,, .., 4,) is {,-integral and dominant if and only if 2, =24,=...24, and
J;—A;eZ. Moreover, g=(n,n—1,...,1). Also observe that A=4,.

Let a,b be non-negative integers with a=b. Define 4,,=(0,...,0,1,...,
1,2,...,2) where the string of non-zero integers has length ¢ and the string of
2’s has length b.

Proposition 9.1. Let A be t,-integral and dominant and let a, b be the largest possible

b
integers such that A+ A, , is t;-dominant. Then A= —(%) is the last possible
place of unitarity.
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Proof. First observe that it follows from the proof of Proposition 7.3 that the only
case in which an we 4 can satisfy 4, — dominant but 4, —« not a highest weight
in p" @V, is when a=e;+e;,,, i=1,...,n—1, and AyH,, _,  )=0. It is then
straightforward to see that for a=e,, +e,,,, 4o—a is a highest weight in
p~ ®V,, and that the 4 determined by (4 +)(H,)=1 is the last possible place of
unitarity. Finally, 4,,,=4 and A,,,=4—1. (This proof also covers the case
a=b) [
By direct comparison with [6; Th. 6.9 and Th. 6.13] we then conclude:

Proposition 9.2. The Kashiwara-Vergne conjecture is true for Mp(n, R).

References

1. Dixmier, J.: Algebres enveloppantes. Paris: Gauthier-Villars 1972

2. Enright, T.J., Parthasarathy, R.: A proof of a conjecture of Kashiwara and Vergne. Preprint, 1980

3. Humphreys, J.E.: Introduction to Lie algebras and representation theory. Berlin, Heidelberg, New
York : Springer 1972

4, Jakobsen, H.P,, Vergne, M.: Restrictions and expansions of holomorphic representations. J.
Functional Analysis 34, 29-53 (1979)

5. Jakobsen, HP.: On singular holomorphic representations. Invent Math. 62, 67-78 (1980)

6. Kashiwara, M., Vergne, M.: On the Segal-Shale-Weil repiesentation and harmonic polynomials.
Invent. Math. 44, 1-47 (1978)

7. Rossi, H., Vergne, M.: Analytic continuation of the holomorphic discrete series of a semi-simple Lie
group. Acta Math. 136, 1-59 (1976)

8. Shapovalov, N.N.: On a bilinar form on the universal enveloping algebra of a complex semi-simple
Lie algebra. Functional Analysis Appl. 6, 307-312 (1972)

Received December 17, 1980



