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ABSTRACT

This manuscript contains a complete description of the set of all unitariz-
able highest weight modules of classical Lie superalgebras, unitarity being defined
in the superalgebraic sense. The algebras are over C, and it is a part of the class-
sification to determine which real forms, defined by anti-linear anti-involutions,
may occur,
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CHAPTER 1

INTRODUCTION

This article contains a complete description of the set of all unitarizable highest
weight modules of classical Lie superalgebras.

The algebras are over C, and it is a part of the classsification to determine
which real forms, defined by anti-linear anti-involutions, may occur.

As far as we know, this is the first systematic study of the problem but there
have been many investigations for some special superalgebras, [2], [3], [4], [6],
[7], [8], [10]. For a recent contribution, see [21].

Superalgebras and supergroups have now for some time been attracting a lot
of attention for various reasons. Our investigation only deals with superalgebras,
and our main references are the articles of V. Kac ([16], [17]). We try to give
all the relevant background information in the first two chapters. For further
background we refer to the articles by C. Fronsdal, M. Flato, and T. Hirai,
collected in [5]. This latter, as well as references cited therein, also provides an
introduction to the physical theory.

One of the main reasons for our own interest in the subject was our generel
interest in unitarity, in particular of highest weight modules. Several years ago
we completely solved the analogous question for simple Lie algebras ([14]), after
previously having solved the question for special series of algebras {cf. [12] for
su(p,q), and [13] for sp(n,R)). Superalgebras are a natural setting for both
applying and extending these results. In fact, it has for long been known to us
that the main idea behind the proof for the case of simple Lie algebras, “unitarity
at the last possible place” ([13]), once properly extended, again would be the key
that could open up to the whole classification.

Probably the best known finite-dimensional Lie superalgebra is

slim,n) =
(1.1)

{(i 2) | a € sl(m),d € sl(n), b,c arbitrary, and tra = trd}.

For m # m, this is in fact a basic classical Lie superalgebra which we, to
conform to the notation of V. Kac ([16]), will denote by A(m,n) (A(n,n) is the

Received by editor 3 Marck, 1992



2 HANS PLESNER JAKOBSEN

quotient of sl(n,n) by its one-dimensional center). Moreover, it turns out that
the most crucial case is the determination of the set of unitary finite dimensional
representations of the superalgebra A{m,n) (m # n). Once this has been settled,
the other cases follow by using this result repeatedly, together with the old results
for the simple Lie algebras.

We have that

Alm,n) =G_; @ Gy ¢ Gy, and
/ i RS g +
{1.2) Go =su(m + 1) @ su(n + I)frac
Ary finite dimensional irreducible module L is a quotient of some induced module
(1.3) M=NAG)evV

where V = Via,ri ) 18 an irreducible su{m + 1) X su(n + 1) module on which
the center of Gy acts by the ( real) value o, and where su(m + 1) x su(n + 1)
acts by (71,72). Our first goal is thus to describe, for each pair {7y,7), the
set {ov | L, = E{&:T}&} unitarizable}. (Since (71,72) is fixed, we will often
suppress it.) Equivalently, since for any real value of o there is 2 canonical
contravariant hermitian form Hyon MG ) ® Vo, we wish to describe the set
{o} H, is positive semi-definite}. For this purpose it turns out 1o be of critical
importance to examine the restriction of H, to ;’gzqu} @V, =G, 0V,
Write G_; @V, = @, V!, where each V! is an irreducible sulm+1) x su{n+1)
module, and the restriction H}, of the hermitiar form to V! has the form

1

{14} Hia = (Q ) }?j) D 3;9?
where H? and H}4 do not depend on « (due to the irreducibility of V! they are of
course equal up to multiplication by a real constant). There are now two choices
of unitarity, one being automatically satisfied for o sufficiently positive and the
other for o sufficiently negative. Let us for simplicity look at the latter. For each
i we then get from (1.4) a value o, at which the corresponding hermitian form
Hia = 0. The smallest of these «;’s is then the last possible place of unitarity.
It is then a crucial step to prove that the module indeed s unitary at this value.
After this the whole description follows by a tensoring argument,

Let us finally again use A{m,n) to illustrate our remarks about the central
role of these finite dimensional modules. Now, however, write

Fal

(1.5) Go=sulp ) @sun+1)°0C, (p+

to indicate the real form we have in mind. The Lie algebra K carresponding to
the maximal compact subgroup of SU(p,q) is K = su{p) x sufy) x R, and

{1.6) su(p,q)® =W~ @ K€ A
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where W™ and Z7 are complex ad(K )-invariant abelian subalgebras. In a similar
way, Gy decomposes further into two irreducible K x su(n + 1) modules:

(1.7) Gi=GeG?,.

(Actually, there is more than one possible choice of positive (resp. negative) part
of the “odd” part of G, but for simplicity we choose G_; as above.) Then, as
before, a unitarizable highest weight module M may be written as a quotient
of some M = A(G_;) ® V, but where now V = V, = Vo,» 18 an irreducible
su(p,q) module, and as such, besides being an irreducible su(p) x su{q) module,
depends on an extra parameter, A, In fact, Va,» 18 a quotient of a module of the
form U(W™) - f"’(a’ 371,72}, Where, suppressing (71, 73) as usual, f’}a, A) 18 & finite
dimensional module for K as well as for the center of G5. One has

18)  A\G2)@Var =UW7) - A\G2) © A(GL) ® Vi,

The investigation of unitarity in this case starts with picking a value of X for
which V, » is unitarizable. One then investigates first ANGL)® ‘7(&, ) as a finite
dimensional A(g—1,7n) module (4(g—1,n) being defined by the su(q)x su(n+1)).
This can be done with the help of the previous results. Then one examines
NG ® (/\{Gf*_l) & E;'(a,,\)) as a finite dimensional A(p — 1,n) module. In
both cases, the critical values of o depend on A. F inally, one needs to examine
UWy- MG i}(e:,A) as a collection of su(p,q) modules to see what extra
conditions, if any, are imposed on the allowed values of A Especially around
some special values where some pieces of A(G_;) ® f"(a, ) may be in the radical
of the hermitian form, this is somewhat delicate since then o depends on A, and,
in some sense, the allowed values of A depend on a. However, with some care,
the problem becomes managable.

The above examples are treated in full in chapters 4 and 5. More generally,
chapters 4 through 12 deal with all the pertinent real forms of the various algebras
that constitute the set of basic classical Lie superalgebras. Finally, in chapter 13
we lay the ground for future investigations into covariant differential operators,
singular representations, and infinite dimensional groups.



CHAPTER 2

CLASSICAL LIE SUPERALGEBRAS

We present here the basic definitions and results concerning classical Lie su-
peralgebras and their highest weight representations. For further details, see the
articles [16] and [17]. Though a good deal of the following carries over to infinite
dimensional Lie superalgebras, we will here only consider finite dimensional ones.

A Lie superalgebra G is a complex vector space which is 2, direct sum of two
subspaces G and Gy, called the even and the odd part, respectively, endowed
with a super Lie bracket [,.]:GxG -G satisfying

[, 9] = — (- 1)@y 4

2.1
> 2 [y, 2] = [l 9], 2] + (~1)es)es )y 17 0

Here, degz = 0 (1) if and oualy if = is even (odd).
A bilinear form B on ¢ is called invariant if

(2.2.1) (1) Blz,y) = (~1))s gy o
(2.2.2) () B(z,y)=0 forze Gy and y € Gy.
(2.2.3) (t)  B([z,], 2) = B(z, [y, 2]).

The Lie superalgebra is then called (basic) classical if

2.3.a) G is simple.

2.3.b) Gy is reductive.

2.3.c) There exists a non-degenerate invariant bilinear form B on G.

The list of (basic) classical Lie superalgebras is the following as determined by

Kac :

2.4.1) Simple Lie algebras.

2.4.2) A(m,n%B(m,n),C(n),D(m,n),D(?, I, a), F(4), and G(3).

We will describe the elements of the list in 2.4.2) in greater detail as we proceed.
From now on we assume that G is a (basic) classical Lie superalgebra. We let H

denote a fixed Cartan subalgebra of G5, we let, as usual, A denote the set of roots

of Hin G, and for v ¢ A we let fiy € H be determined by Y(h) = B(hy,h), h €

4
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H. Furthermore we let G, denote the space of root vectors corresponding to .
Unless G = A(1,1), this space is 1 dimensional.

Given a Borel subalgebra By of Gy, containing H, fix a Borel subalgebra B of
G containing By. We then have B = H® N1, and
(2.5,) G=N"@oH®NT,

where N* are ad(H )-invariant subalgebras. We write N*¥ = ¥ G, and define
vend

AF to be the set of positive and negative roots, respectively. For later use we
let
20 S PILEEDY
v } p o 2 ’) 2 Af}
vead yeay

where the subscript on AT refers to the decomposition of & into even and odd.
If we define a positive root v to be simple if it cannot be decomposed into a sum
of two positive roots, then the crucial property satisfied by p is

(2.7) (p,7) = %B{w,'y} for all v simple.

(The form (.,.) on H* is defined by (v, 8) = B(h,, hg) for 7,8 € A.)
Finally, we mention that the Poincaré-Birkhoff-Witt Theorem in the present
context states that the enveloping algebra U(G) satisfies

(2.8) U(G) = \(Gy) @ U(Gy).

Naturally, the definition of U(G) is as the quotient

(2.9 TG/ R

of the tensor algebra T'(G) by the 2-sided ideal R generated by the elements
(2.10) [2,y] — 2 ®@y + (—1)des2)degv)y o o

One of the main ingredients in what follows is that of an anti-linear enti-
involution w of G. This is, by definition an anti-linear map

w:G— G
satisfying w? = 1 and
(2.11) Vz,y € G w(lz,y]) = [wly),w(z)].
Furthermore we will always assume that w is consistent, that is,
(2.12) VyeA:w(G,)=G_,.

We will always extend w to U(G) in the obvious way.

Tt follows that one ¢an chioose a basis {&, ], ca 6f N @ N* such that
(2.13) Vye D:wl(ey) =e,-€_n,
where ¢, = &1 for all v € A. We will say that w is compact if for all even roots,
£y == 1. We then have the following somewhat surprising fact.
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PRrOPOSITION 2.1. If G5 is an irreducible Gy module, then there are no com-
bact consistent anti-linear anti-involutions.

Proof (sketched). First assume that there is an even 00t vy and an odd root
v1 such that

(2.14) [ en] = ey,

Let hy = [ey,,e_4,], then, letting ho act on both sides of (2.14), it follows that
(2.15) (o, er,] = —e,.

If we then apply w to both sides of (2.14) it follows that

(2.16) R A N €y

from which it follows, using (2.14) and (2.15), that £, = —1.

In the general case, given an odd root vector e?® one can always, because of
the irreducibility assumption, find even root vectors €., ..., e, such that
dd dd
[enss evan [ fen, ,e299) L ]]) = e,
Furthermore, it follows as above that vy, "Eqp - &4, = (—1)". The proof is then
completed if we can show that there always is a configuration as above, where,
furthermore, 7 is odd. This follows by an easy examination of the various
cases, [J

DEFINITION 2.2. Let A € H*. A laghest weight module V), for U(QG) of highest
weight A is then a left U(G) module containing a (non-zero) vector v, such that

Nt .y =0,
Vh€H :h-uy=A(h) vy,
V:& = U(G) cVa-

DEFINITION 2.3. A representation 7 of I/ (G) on a complex vector space V
will be called unitarizable with respect to a given anti-linear anti-involution w if
there exists a hermitian form H on V such that

(1) Vo, €V, Yz € G - H(m(z)vr,v9) = H(vy, n(w(z))vy).
(2) H is positive (semi-)definite.

We remark in this connection that the representation space V above is assumed
to be graded, V =V, @ V4, and m(z:)V; C Viy,.

In the case of a highest weight module Vj we have Vi = UANT) -vg Henee; -
for a given w (always assumed consistent), it follows from Poincaré-Birkoff-Witt
([16]) that there is a hermitian form X satisfying (1), and it is unique up to
multiplication by a non-zero real number.

The following definition of unitarity is perhaps more standard:
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DEFINITION 2.3, Let & be an anti-linear involution and let 7 be a represen-
tation on V. A form H is then called contravariont if

Ve € G Yo, v € V!
H(m(z)va,v) = —(=1)8 D42 2 (g, r(w(z))uy),
H(va,m) = (=1)t98 va)ldeg w0) friy, o Y and
H(Vy, V1) = 0.
A contravariant form H is called (super-)positive if it is positive definite on Vo
and ¢ (positive definite) (or —i-(positive definite)) on V;. In this case 7 is called
unitarizable.

Actually, it is easy to see that unitarity in the sense of Definition 2.3’ implies
unitarity in the sense of Definition 2.3:

o
. v .
Let us write vectors v, € V as v, = ¢ §. Then the pair H,w, where
’L?l p 3
‘o

e =£ (1) ().
o o((2)) = ().

makes 7 unitary in the sense of Definition 2.3.
In the case of highest weight modules, the converse follows easily, but in general
it seems that one must add the condition that Vy L V4 to Definition 2.3 to get

equivalence with Definition 2.3’
Still following Kac, we now introduce the fundamental bilinear form
A UG)eUG) — U(H) :

Let ¢ be a consistent anti-linear anti-automorphism. As for simple Lie algebras
we have a decomposition

(2.18) U(G) = U(H) & (N~U(G) + U(G)N*).

We let § denote the projection

defined by this, and we set

(2.20) Az,y) = Blo(z)y)  w,y € U(G).
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We have a weight decomposition of U(N™) with respect to H:

(2.21) UNT)= & UN~)".
neEH*

Let A, be the restriction of A to U(N~)~7.

The following formula for det 4, has been communicated to us by V. Kac.
It is slightly different from the one in [16]. Actually, it is quite straightforward
to deduce the present formula in analogy with [18]. One simply has to define
the concept of the partition function P(v) appropriately. Namely, P(~) is the
number of ways that v can be written as a sum

’7:71+¢..+Af7i

of positive roots ; subject to the constraint that if v € A then v; # 1. for all
J # i. That this constraint is necessary and sufficient follows immediately from
the anti-commutativity of A(Gy) inside U (G).

THEOREM 2.4 (KAC). Let Ay ={y€ A |2y¢ Ag).

detd, =A-B-C, where
A= T T (hy+(0,9) = (3, ) /2)P 0,
neN yeat

B= ]] IT (07 = niv, /207 and
nEl+2Z+ 76/—\3?‘\}:?

C= I (s + o),

yehy
Here, P,(v) is the number of partitions of v, as above, which furthermore do not
involve ~y.
The following follows analogously.

THEOREM 2.5. If a highest weight module Vi has a subquotient isomorphic
to the unique irreducible highest weight module V(A') of weight A' then there
exists a chain

A=Ag Ay, Ay = A
such that A;y; = A — n;f;, where 8; € A+, n, is a positive integer, and
2(A: + p,85) = ni(B:, 8:). Furthermore, if f; € A} then Vj # i : B; # B;,
and if f3; € ZT, then n; = 0.
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In most cases that follow there will be a compact subalgebra K; of Gy and a
corresponding decomposition

Do =AFULE,

where P denotes the so—called non-compact roots. Moreover, the highest weight
representations will be defined by highest weights which define, when restrited
to Ky, finite dimensional representations. In this case, and in analogy with [14],
Theorem 2.5 can be expanded further:

COROLLARY 2.6. If a highest weight module V has a subquotient isomorphic
to the unique irreducible highest weight module V(A') of weight A' and if A'
defines a finite dimensional Ky representation, then, in the chain

A= A(),Ah e ...,Ak = AE

we may assume that V; : 3; € (AT u AT,

Proof. This follows just as in the case of Lie algebras, in fact we will use the
result of [14] and only consider the following two cases in which 8; = v is compact
and f;11 = [ is odd. First we assume that 23 ¢ Ag. Then

2(v, M) )
2.22 Aipo = Aryr — =(Ai”"""“‘“A’“’ —#
(2.22) Aipp=Ai = (v, 7)
where (Aipy,8) =0 and n; = 2(3:?){)'

We wish to replace the pair (v, 3) by a pair (8%,+') where ' is odd and 7'
is compact.
Since

(2.23) Aipr = (SyA) — 8= 5,(Ai = 5,8),

it is natural to try (8%,7!) = (S,8,7), and, indeed, this choice works: We need
to skow that S, 3 still is positive and odd. This follows by a case by case analysis
that we omit. Further,

(2.24) (Ai, 573) = (57[‘\1',[3) =0
and

2(731\5 - S’}’ﬁ) 2(7):5)
(2.29) (v, 7) ")

and again by a case by case analysis, 2(v, §)/{,7) in absolute value is at most
1 so the above quantity is in N U {0}. Naturally, in case 2(y, 8)/(v,v) = —1 we
simply delete the 7' = « from the list.
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In the case where 28 ¢ Ao, we are dealing with the Lie superalgebra G =
B(m,n). In this case it is straightforward to see how to replace (7, ) by either
a pair (', ') with 4 odd and ~+! compact or A in (ALY and 4! odd. We
omit the details.

The conclusion of this analysis is that it is possible to push the ;s correspond-
ing to (a;j"ﬂ)* towards the end of the sequence, or to replace them by other /s
from (Af)* U AF. However, it is €asy to see that in any chain 3, -, 8,
satisfying the positivity condition, B._; connot he compact. To wit,

(226} 5‘5“,,/\”;9-1 = /‘igg = A‘l
and if (Br_1,Ar_1) > O then evidently
{2.27} {n';;.ﬂ;,f\k} < G

and hence A' cannot define a finite dimensional representation. Thus, the re-
arrangement of the chain by pushing the compact roots towards the end will
eventually result in a chain where all compact roots have been removed.

One of the most important cases is when (@ = Alm,n) and Ko = su(m + e
suln+ 1)@ C. In this case we will be interested in sequences g, -, fi_1 that
define chains

(2.28) A=Ay, Ay = AL
between highest weights that both define Ky dominant modules (i.e. such that
the representation defined by U(Kg) - vy is finite dimensional}.

COROLLARY 2.7. In the above case for (¢ = A(m, n) we may assume that all
the B3;’s are odd (and pairwise different ).

We shall see that almost everything follows from the description of Alm,n).
For this purpose, Corollary 2.7 is the most mportant tool.
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CHAPTER 3

BACKGROUND RESULTS

We present here, without proofs, two sets of results which will be of the utmost
importance. The first deals with the classification of the unitarizable highest
weight representations of the simple Lie algebras A,,, B,,,C,,, and D,,. Here, the
reader may consult [14] for the proofs of the full classification (including Eg and
E7}. The other is the so-called Littlewood-Richardson rule which describes the
decomposition of tensor products of SU(n) representations into irreducibles.

1. Unitarizable highest weight representations of 4,,,B,,,C,,, and D,
corresponding to Hermitian symmetric spaces of the non-compact
type.

We give here the list of such representations for the algebras su(p, ¢), sp(r, R),
s6*(2n), so(2n — 1,2), and so(2n — 2,2). We denote by A, and O, the sets of
compact and non-compact roots, respectively. For a fixed representation of the
semi-simple part of a fixed maximal compact subalgebra, we list the allowed
range of the “non-compact parameter”.

su(p,q). Let ey, -, eptq be the standard basis of R°™?. Then

A ={e;—e;|1<i<j<porp+1<i<j<p+g}

(3.1) Al ={e;—e; | 1<i<pp+1<j<p+q}
_(rra-1pta-3  (pta-1
P 2 3 9 3 3 2 .

Consider a highest weight representation Vj of highest weight

(3.2 A=(X/2,A/2 —ag, - ,A[2—ap, —A[2+ by, -, —A[2 4 by),
where the a,’s are positive integers satisfying

(3.3) 0<ay <+ <ay,

and the b;'s are integers satisfying

Y

IV
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F’“P
by
su(p)
X
X
Xep — g
@
X T
x su(g)
Jo
é-»m—-—apw‘ 0 l
Fig. 3.5

Let ig be the biggest index for which @; = 0 and let j, be the smallest index
for which b,_j, # 0 (cf. Fig. 3.5). (If b; = 0 then let Jo=gq.)
(The configurations in Fig. 3.5 are examples of Young diagrams, see IT Iater in
this chapter for further details.)
Then there is unitarity for

(3.6) A==(p+q)+ (5 + jo),
A=—(p+q) + (ig + jo) ~ 1,

A=—(p+q)+ (io + jo) — (r - 1), = min(ig, jp),
and for A < —(p+q) + (4o +jo) — (r — 1),

At the discrete point A = —(P+q)+(io+3) ~ i there is a non-trivial submodule
contained in the kernel of the hermitian form generated by an (1 + 1)th order
polynomial. We have indicated, fori = 2 the 3rd order polynomial that vanishes
(ie. is in the kernel). At general i’s the picture is similar, the only difference
is that the columns each contain 5 + 1 boxes. These diagrams also describe the
homomorphisms into the given representations, resulting from the degeneracy of

the Hermitian form. See [14] and [15] for further details.
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sp(n,R). Let e, -+ , e, be the standard bases of R*. Then
(3.7) AT ={ei~¢|1<i<j<n},

Az :{8i+€ji}§i5j§ﬂ},
p=(n,n—-1,---,1).

Consider a highest weight representation V of highest weight
(3.8) A=AX—ag, -, A—ay),

where the a;’s are integers satisfying 0 < gy < - - < @,.

Let ip be the smallest index for which Gnig+1 == 0. If all the a;’s are zero,
let i = 1. M furthermore Gn_iy, = 1, let jp be the smallest index for which
G jo+1 = 1. Otherwise let jq = ¢5. Then there is unitarity for

. 1 . .
(3.9) A= 5(2 =14~ Jo)s
1

57

1 ) .
kz’j@”%‘]@)“

. . 1 .
A= (2““@0*]0)““2“(71—20)?

B2 e

and for A < 3(2 —ip — jo) — L(n — ).

At the discrete point A = %(1 — 19 — Jo) — % there is a non-trivial submodule
contained in the kernel of the hermitian form generated by and (r + 1)th order
polynomial. Cf. Fig. 3.10:

'r~n
u(n) :<—T+ig
?gé—iowl
’ H —Jo — 1

—0

Fig. 3.10
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50"(2n). Let ey, -+ ,e, be the standard basis of B*. Then
(311) Aj :{61“63I1S1<JS7L}7

AY ={e;+e;|1<i<j<n},
p=(n—1,n—2-- 0).

Consider a highest weight representation V, of highest weight (a little non-
standard)

(312) A.‘:(#’rﬁ‘”aﬁv'” -/,!l’,"‘&n),
where the a,’s are integers satisfying
(3.13) 0<a; < <ap.

Set a; = 1 and let iy be the smallest index for which Oreipr1 = 0. g =n
(then ay # 0) let jy be the smallest index for which @pjo+1 = ag2. Then there
is unitarity

a)Ilfig = n for

(3.14) p<2to—n—jo > nTJo
by Ifip < n for
(3.15) p=1—1ip,
p=1—ip—1,

p=l—dg—r,r=max{i € N|ig+ 21+ 1 <n}

At the discrete point g = 1 — ig ~ 2¢ there is a non-trivial submodule contained
in the kernel of the hermitian form generated by an (¢ -+ 1)th order polynomial,
cf. Fig. 3.16:

su(p)
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so(2n —1,2). Let e;, -+ e, be the standard basis of R*. Then

A ={e;te; |2<i<j<n}U{e|2<i<n},
(3.17) A ={eate; |2<7<n}U e},

_{2n—~1 2n~3 1
p" 2 3 2 § 72 “

Consider a highest weight representation V, of highest weight

(318'} A:(/\—'Gg,llg,"' 7aﬁ)7
where (ag, -+ ,an) € Z or (az, - ,a,) C Z + 1/2 satisfy
(3.19) az > a3 > - > a, > 0.

Let iy be the smallest index for which A, F Qn.
(3.20.a) Hig <mor, ifig =n and a, > 1, there is unitarity for

A< —2n+ 1.
(3.20.b) If ig = n and a, = 1/2 there is unitarity for
X<3/2-m,

(3.20.¢) If ip = n and ag = 0 there is unitarity for
A< —-n+3/2

In the cases a) and b) the endpoint of the interval is a place where a first order
polynomial is vanishing. In case ¢, at the endpoint a second order polynomial
1s vanishing. In this case, actually the place where a first order polynomial is
vanishing is also unitary since it corresponds to the trivial representation, A = 0.

so(2n — 2,2). Let e;, -+ ,e, be the standard basis of B*. Then

AF={ete]2<i<i<n),
(3.21) At ={erte; |25 5 <n},
P: ('[L —1’?1—23 Ly O) . e e .

Consider a highest weight representation Vi of weight

(322) A: (A—-ai"va’ﬁ,“' ,an):
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where (ay, -+ ,a,) C Z and
(3.23) a2 >as > >|an|.

Let iy be the smallest index for which lai,] # ay. Hap = la,| put i =n + 1.
(3.24.a) If ay # O there is unitarity for

A S —27 + ig + 1.
(3.24.b) If ay = 0 there is unitarity for

A<L2—n.

In case a) the endpoint corresponds to the vanishing of a first order polynomial
and in b) the endpoint corresponds to the vauishing of a second order polynomial.
As for s0(2n — 1,2), the trivial representation A = a; = 0 corresponds to the
vanishing of a first order polynomial.

II. The Littlewood—Richardson rule. The Littlewood-Richardson rule
(henceforth the “LR-rule”) describes the decomposition of the @-product of two
irreducible unitary representations of ST/ (n). For further details, see [11]. Let 7
be such a representation of SU (n}, and let A, denocte its highest weight. Then
we may represent A, as

{325) A'r = (alv e >aﬁ,}3
where the a;’s are integers satisfying
(3.26) ay 2 @ > - > a,,.

Let ¢ be an arbitrary integer. Then Ar = (ar+¢,--+ ,a,+c¢) and A, describe
the same representation of S U(n). For this reason we will frequently assume that
an, = 0. However, in what follows there will appear, quite naturally, representa-
tions where in a convenient parametrization; a, # 0. Furthermore, it often pays
to treat the representations as representations of U (n). In this case, the vari-
ous (¢, -+ ,¢)’s of course are inequivalent and correspond to the representations
u — (detu)®.

 Let now A = A, = (a1, ,0,) be given as above and assume. that ay >0

Out of this data, the Young diegram of T is constructed as a configuration of
boxes making up n rows on top of each other in such a way that row number ¢
(counting from the top) contains a; boxes, and such that the left-most boxes in
each row are right on top of each other.
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Example 3.1.

11] 1]1]

G0 {1 et
GO 0D st

(6,4,4,3,1,1) = P (4,2,2,1,0,0) =

BN VLY SR
!f R DD [

B Q0N bt

[o]ofie] ol

Fig. 3.27

Later on we shall be concerned with sequences made up of a1 1I’s, ag 2’s, -,

and a, n’s. For this reason we have filled up the diagrams above appropriately.
Let Ay = (a1, -+ ,0,) and A, = (b1,--+,b,) be given highest weights, and

assume that @, > 0 and 6,, > 0. We will say that A, contains A,, and write

(3.28) Ay > Ag,
if
Vi=1,---,n: & >a,.

This of course is exactly saying that the diagram of A, contains the diagram of
Ag.

DEFINITION 3.2. Given A, = (ay,- - ,0n) With a, > 0, let
(3.29) ‘ N, =3 "as
1=1
Further, let {ia}iv;l be a sequence made up of a; 1’s, as 2’s, --+, and a, n’s.

We will say that this sequence is good if all the terms are good. We will say that
a term 1, is good if either i, = 1 or, if i, # 1, the number of preceding good
(ie — 1)’s is strictly greater than the number of preceding good 7.’s. If not then
we call it bad. A good sequence always starts with a 1.

Example 3.3.
(1,1,2,2,3,3) is good
(1,1,2,2,3,3,3) is bad (because of the last 3)

Now let A, = (ai, - ,a,) and A, = (b1, -+ ,b,) be highest weights and
assume that

(3.30) p = by = 0.
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THEOREM 3.4. (The LR-Rule). In the @-product
1 ® Ty,

an irreducible representation 73, represented by Ary = (c1,,e) (en > 0)
oceurs if and only if:

1) Ay > Ay, By > Ay, and A, contains Ny + Ny, bozes.

i) Let Ar, \ Ay, be the part of the Young diagram of A, which is outside
that of A.,. Then it is possible to fill these N, bozes by integers such
that:

a) There are by 1’s, by 27s, -, and b, n’s.

b) The numbers are non-decreasing along rows.

¢} The numbers are strictly increastng down columns.

d) When reading the sequence from right to left in successive rows, the
sequence 15 good.,

The multiplicity of T3 in 71 ®7y is equal to the number of different such sequences.

Example 3.5.

zlzlz) 111
1z @ 28l =
zlzlzl717] zlelzl1]7] zlzlizl1]
zl2 + |22 + |12 o+
2] 2]
zlzlzl 1] zlzlx zlzlz]
z|2 -+ rilil1 + z/l +
7 OF 12
2] 2]
zizlzl 1]
xil
212

Observe that if we view example 3.5 as an example for SU(3) then two of these
diagrams are illegal.




CHAFPTER 4

THE UNITARIZABLE HIGHEST
WEIGHT MODULES OF A(n,m), m #n

Recall the definition of A(m,n) for m # n ([16]):

(41) A(m,n) = {(fj

i

\ ,
5) eM(m+n+2C)|aisan (m+1) x (m + 1),

Ban(m+1)x(n+1), yan (n+1) x (m + 1y,
éan (n+1) x (n+1) matrix, and tro = tré}.

We let Gy denote the subspace of A(m,n) consisting of all matrices as above
with v = 8 = 0. G_y is defined analogously to be all matrices where at most
v # 0, and G, likewise to be all matrices where at most 8 # 0. Thus

(4.2) Alm,n) =G_1 &Gy & Gy

The indices on the G's define the grading, and the graded Lie bracket is defined
to be

(43) {a, b} = ab — (“l)ﬁieg a){deg b}ba.

As a Cartan subalgebra we choose the set of diagonal matrices in A(m,n) and
we choose the standard ordering in which the positive root vectors are the upper
triangular matrices.

In the following, w, will always denote the standard anti-linear anti-involution
corresponding to mapping a matrix into its adjoint. Define two anti-linear anti-
involutions, wy and w_, on A(m,n) by

e BY _{ wa) :Ewc('}f))
(44) wx ( y 5) = (\:i:wc(ﬁ) we(8) )
If a finite dimensional representation of A(m,n) is to be unitarizable, it must
clearly be with respect to either w, or w_. In the sequel we shall only treat the

case of wy since the case of w_ is entirely similar.

19
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Let vy be the highest weight vector of a finite dimensional representation
of A(m,n). Then, since G_; is a Gy module, the full module has the form
U(Go) - AN(G-1) - v5. To study unitarity it is then enough to examine the inner
product on A(G_1) - vy, but we stress that this is only sufficient because Gy is
required to act by finite dimensional representations.

The action of Gy on G_1, is clearly the action inherited from the action of
SU(m+1)xSU(n+1) on the space M (n+1, m+1) of all complex (n+1)x (m+1)
matrices given by

(4.5) (w1, )M = g Mu]}

for uy € SU(m+ 1), ug € SU(n+1), and M ¢ Mi{n+1,m+1).
Let us from now on assume that m > n.

PROPOSITION 4.1. As a representation space of SU(m + 1) x SU(n+1),

(nt1)-(m+1)
> O AM@n+1,m+1) = SN @ren
=0 €8T (n+1)

where ¥ denotes the representation of § U(m + 1) whose Young diagram is ob-
tained from that of v by taking the mirror image in the diagonal, where we set
() @7 to zero if ¥ contains more than m -+ 1 rows (i.e. when 7 is too big for
SU(m + 1)), and where (7)' denotes the contragredient representation to 7. As

usual, @(n + 1) denotes the unitary dual of SU(n + 1).

Proof. Let 7 be a unitary representation of § U(n+1). Leteg, - ,enpq denote
the standard basis of C***. Then T occurs inside a suitable number of tensor
products of the defining representation and the highest weight vector is a suitable
sum of permutations (with signs) of the vector e}’ ® el ® el ® - - -, where el =
€:® - ®e; (pi copies) and py 2 pp > - > puyy 2 0. Let {7.,,}777™" denote
the standard basis of M(n+1,m +1). Just to have something corresponding to
ej occur inside A(G_1) we must clearly use elements of the form Vs AN P1is A
“**A,i,, and if this is also to correspond to a highest weight vector of SU(m+1)
under the action (4.5), then i, = m+1, 4,y =m,---, and 4, = m+ 2 — P.
If we bear in mind how the upper triangular matrices of SIJ {n+1) act on the
i8S, together with the defining relation = A z = 0, it is in fact clear that the

vector
(46) Ti,m+1 A 71,m ARRRNA Vi, m42—p, N A Yrttmer Ao A Yrt+1,m+2—pniy

is a highest weight vector for SU(n + 1). Moreover, after rearranging the in-
dices, it is equally obvious that it is also a highest weight vector for § Ulm+1).
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The result then follows directly from (4.6) by using the well-known relationship
between 7 and . O

We now consider a highest weight representation of A(n,m) defined by a high-
est weight A of the form

(4.7) A=(2 % g, ...

[SERw)

—am+ls%+b}7"' 7§+bn7
where the a;’s and the b;’s are integers satisfying 0 > —az > -+ > —a,41 and
by = -+ > b, > 0. (Here, and in the sequel, we view A as a linear functional
on the set of all diagonal matrices. The value A(%) is then the euclidean inner
product between A as above and the vector whose coefficients are the diagonal
entries of h.)

THEOREM 4.2. For fixed as,- -, @me1,b1, -+ , by, asabove, let 5, be the small-
est index for which the corresponding b;, is zero. If all b’s are non-zero, set
Jo=mn+1. Then A = A(a) as above defines a unitarizable finite dimensional
representation of {A{m,n},wy) exactly for

c€{ag=ampr+Jo—Lag+1, - sag+n+1—jgo} Ujeg +n+ 1~ jo,00[

Proof. Let vy denote that highest weight vector and let V) denote the G
module generated by va. By construction, the hermitian form on A"(G_;)® V)
is an ith order polynomial in « and it is easy to see that the coefficient to o is
strictly positive. Thus there is unitarity for o sufficiently large. Hence, there is
a first possible point of non-unitarity (a first “reduction point”) which, it should
be stressed, need not be the first place (in terms of & comming from +o00) where
the Kac determinant (Theorem 2.1) vanishes, but is the first place at which a Gy
type is missing form A(G-1) ® V. With this in mind, we now turn to another
interesting value of ¢, a value we will denote by og and which we shall call “the
last possible place of unitarity”. Consider G_;®Vy. Under Gy, this decomposes
into a finite sum of irreducibles, and on each piece the hermitian form is a first
order polynomial. Clearly then, the first value at which one of these mutually
orthogonal spaces, ul, vanishes, is the last possible place of unitarity in the sense
that, below that, the hermitian form is definitely not positive semi-definite. {We
remark here, that as a goes to —oo, there will occur a situation in which one
can change all signs on the odd spaces and thereby obtain unitarity. However,
objective will be to prove unitarity at the last possible place. For this purpose it
suffices to consider the cases in which either all a;’s are zero or all b;’s are zero.
This is so because the general case then follows by tensoring the two mentioned
cases together. (Of course, we must still prove that ag = ap 41 + jo — 1 indeed
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is the so-called last possible place, but this will be easy). The two cases are
analogous, so we will only consider the case in which all the a;’s are zero: To
begin with, we consider the Kac determinant, The only places where « occurs
are in the factors

(4.8) (ha + (p, B) - 73'('%’&‘2% peltf, nel+ 2Z 4.

Let us, to be specific, choose the inner product (-,-) such that it is the usual
when restricted to su(m + 1) and is minus the usual on su(n+1). In the present
situation (4, 5) = 0 and if hs,; corresponds to the upper triangular matrix whose
only non-zero entry is at the (7, m~+1+7)th place, then hp,, is the diagonal matrix
with ones at the (¢,2)th and (m+1+4,m+1 +4)th places. It follows easily from
this that the value at A of (ks + (p, 1)) is obtained by applying the following A,
to hg, :

. ¢ (n+1) ma (n+1) m
{-\ ."r\::: D mﬂ“” mm}*ﬁ ""'7
(49) 4, = (3 2 T3 2 T3 -
o (7z,+~i}w1§wﬁ o (m+1}_{é§~l‘b
5 2 2 «'??1+lszT 2 i LS
a (m+1) =a o (m+1) =n
T R RS T TS P (L) LN
2 2 T3 BT 7/

The general situation is shown in Fig. 4.10 (in which the number of details as
usual is at the absolute minimum):

su{m + 1) F

L——~a2~-~> &

M—ap——| g 410

1 su(n + 1)

We have indicated by 1’s the boxes corresponding to p}, or, equivalently, the
hp,; which gives the last possible place of unitarity. It is clear that any other
choice of location of the boxes either gives a smaller o or a diagram which does
not correspond to a finite dimensional Gy representation.,
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Returning to the special situation where all the a;’s are zero, we need to
examine those Gy types in A" (G_;)® VP(i > 2) which may have vanished above
@g. Let yt be a such. We may assume, with no loss of generality, that 4 1 not
in the ideal generated by some other vanishing Gy type. We want, namely, to
prove that g is in the ideal generated by the Gy type that vanishes at ag and
hence it suffices to consider the mentioned Gyo types. It follows that 4 defines a
subquotient and hence we can apply Corollaries 2.3 and 2.4 to vield a sequence
of roots By, -+, 4, from AT such that if, for i = 0,1, .- ,T

{4»11} ui:fxwﬁi "“"“‘“‘;’3{,
then g, = p and
(4}2} Vé:O?--ex—»i:{m+p.ﬁi+3}:0.

Moreover, the f3;’s are all different. This puts some severe limitations on g in
fact, a few tries are enough to make it clear that any p satisfying the requirements
must be of the form as in Fig. 4.13,

xIx[x]
su{m + 1) X
X x|x]
] o3 X
X b
xlxlx x[x

X|X|X|X bd su(n + 1)
x|xix!x

Fig. 4.13

where, at least formally, the corresponding double diagram contains the dia-
gram of p5. Let us also mention that there are indeed some solutions to the
problem and these solutions will in fact later be seen to correspond to bona fide
subquotients:

EXAMPLE 4.3. o = ¢y + 3:
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su(m + 1)

1{234

Fig. 4.14

To complete the proof of the theorem, we need to prove the following lemma (in
which A still is assumed to be of the particular form just considered):

LEMMA 4.4. Any Gq type p from N(G_1) © VP whose double diagram con-
tains that of y} is in the ideal generated by ul,

pw CATHG L) A .

Proof. Tt suffices to prove the lemma for p’s of the form as in Pig. 4.15:

xlx]x]
su{m +1) X
xixx
S x[x
X b 1
xix 1]
X|X|x su{n + 1)
xlxixil

Fig. 4.15

Namely, we may think of a more general y as being obtained from V) by wedging
a number of times by G_;. On our way to g, we must then pass through a Gy
type of the simpler form.

Let us then consider the multiplicity inside A(G-1) @ V) of a p as in Fig.
4.15:

The Gy module VY is of course always an irreducible su(m + 1) x suln 1)
module and can, as such, be written as
(4.16) VW=v: eV

T Ang1’
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where Ap, 41 and An + 1 are dominant integral weights for su(m+1) and su(n -+
1), respectivily. We identify these with the corresponding irreducible unitary
representations. In the present situation, A,y is the trivial representation 1. It
thus follows from Proposition 4.1 that there is a unique 7 € $u{n + 1) such that

(4‘-17> < (%I®1)®(T®An+l)-
Naturally, we can also write z as an su(m + 1) % su(n + 1) module,
(4.18) b= Ampr(p) ® Apya (i)

It follows that the multiplicity of x is equal to the multiplicity of A,,.;(u)
in 7 ® Apy1. This multiplicity can be computed by means of the Littlewood-
Richardson rule. Let A;;j_l(u) denote the diagram that is obtained from that
of Ani1(p) by removing the box labelled 1 in Fig. 4.15. Let, furthermore,
i, -+, 7n denote the totallity of Young-diagrams obtainable from that of 7 by
the removal of a box. (In other words, T1,..-, Ty are those representations 7
for which 7 C 7 ® C**! where C*** symbolizes the defining representation of
su(n +1)). Then

N

(4.19) m({(T ® Apgr1) s Anya(p)) = Zm(’r«; @ Anar s AL (1)),
=1

where m(a : b) denotes the multiplicity of b in a. Let us now consider the
multiplicity of u in /\1'1(G~1) A p§. First observe that because of Proposition

4.1 and because there are no multiplicities in ¥ ® C*+1 | evidently

(4.20) m(ATHGo) © pg ) = AT ® A < Anya ().
The only problem is that it might be that
(4.21) m(NHGo) A b = 1) < m(NTN(Go) @ b - ).

To prove that this is not the case, consider the highest weight vector

jo—1
(4.22) Ul = Vio,m+1VA + Y Vig—sm+17A(8)
s=1
of u(l,, where the vectors va(s), s = 1,...,35p — 1, belong to V,{] and are weight

vectors of su(n + 1) weight strictly less than that of v,. That v, must have this
form follows from the facts that it must contain Yio,m+1VA 85 a summand and it



26 HANE PLESNER JAKOBSEN

must be annihilated by the positive 160t vectors in su(n + 1) (and su(m + 1)).
Similarly, if ¢ denotes a Gy type in A (Go) @ 1§, then g must have the form

(4.23) a=q0 vy + Y (kFqo)(kv,1),

where k7 denotes a (product of) negative root vector(s) and k7 denotes the

analogous (product of) positive root vector(s). The precise form is not important
since the only thing we need to ascertain is that the va-coefficient of ¢ is

(424} q iv;\: Qﬁ’)‘j(,,m+1@A,

and this follows immediately. Finally, observe that due to the particular form of
Ani1(p), go cannot contain a factor of Yjo,m+1. Hence ¢ survives the passage to
AN Go)Aud. O

REMARK 4.5. The analogous lemma for the case where both A,y and A,y
are non-trivial is actually false as can be scen already at the leve] NG e Vi

We can now easily establish the unitarity at the last possible place: By Lemma
4.4, any Gy type in A(G_;) ® V that may have changed sign at an o > ap, is
in the ideal generated by pl and hence vanishes at Qg

With this part of the proof finished, let us now turn to the case where both
Ay and A4y vanish. We will call this case the “scalar” case. Clearly, at
the last possible place of unitarity, ay = 0, and this corresponds to the trivial
representation. A straightforward computation now shows that

{425> H(x{’?lymd}-}, Ao A Vit Vi mebl AR AN ?z‘,m%&} =

afa—1) - (a - 1),
where the hermitian form is denoted by H,,. Similarly,

{426} ?'{a(’v}’]_,m+1 Ao A '}'},m+lmje/71,m+i Ao A 71,%&—%1‘;}} =
alo+1) - (a+5).

If we keep in mind the explicit description of the highest weight vectorsin A(G'_;)

as given in the proof of Proposition 4.1, it is easy to see that at o = 1, there is

unitarity in A(G_;) and that the Gy types that are non-zero exactly are those

types whose highest weight vectors are of the form o o

(4.27) Yimar A AT mg1eg

In diagram form this is shown in Fig. 4.28:




R
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Xl X
su{m + 1) @
B J+1
___ su{n +1)
-0
Fig. 4.28

More generally, it follows that at @ = k € N, the non-zero Gy types are as
described in Fig. 4.29:

T

su(m + 1)
k

@
!
su(n + 1)
k
Fig. 4.29

Let Sy denote the scalar representation corresponding to o = k. If we form the
®@-product between A(ag) and Si, where A{ap) denotes an arbitrary represen-
tation at its last possible place of unitarity, then Alag + k) C Alag) ® Sy and is
unitary. Furthermore, it is clear that for k = 1,- -+, n+1—jo (void if jo = n+1),
there are some Gy types missing from the representation. Specifically, anything
of the form given in Fig. 4.30 :
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su(m+ 1)

........ X gy

Fig. 4.30

cannot be reached from A(ag) ® Sy.

This then, finally, shows that there cannot be unitarity in-between before we
reach ap +n + 1 — j;, because at ap + (k — 1) less than or equal to this, there
is a kth order polynomial which vanishes at g, o +1,-- 00 +(k—1). The
value ag +n + 1 — jg is clearly the first possible place of unitarity, above that
nothing can change sign. This, then, completes the proof of Theorem 4.2,

By analogy we obtain the following

THEOREM 4.6. For fixed G2, 3 Gmy1, b1, by, let iy be the smallest inte-
ger for which Um+2—iy 1S zero. If all the a;’s are non-zero set o =m+ 1. Set
Gp = —by —ip+ 1. Then A = A(e) defines a unitarizable finite dimensional

representation of (A(m,n),w..) exactly for
@ €] —00,d—(m+1-—id)[U

{d{)‘(?n—kl"é@)v“‘ )do-—}!é{g}.




CHAPTER 5

INFINITE DIMENSIONAL UNITARY
REPRESENTATIONS OF A(n,m), m # n

(i) su(p,q) x su(n +1).

The most general real form of A,, having unitarizable highest weight repre-
sentations is su(p,¢) with p=10,1,2,..;¢=0,1,2...,and p+g=m+ L If both
p and g are non-zero, the representations are all (apart from the trivial repre-
sentation) infinite dimensional. The full set of such representations was found in
[12], based on the work in [19]. We shall in this chapter examine highest weight
representations of A(m,n) based on this real form on A, but with the compact
form on A,. The case with both A,, and A, non-compact will be examined
later.

Let us in this section agree to write elements of A(m,n) as

R

a2 @
(5.1 w” g i
g 1]

LEMMA 5.1. There are exactly two anti-linear anti-involutions of A{m,n),
compatible with the standard ordering, which produce the real form su(p,q) %
su{n + 1) on the semi-simple part of Gy, namely

+ -+ - -
-+ - -+ -+

W(+,*) = » w(""’ +> = 3
+ - + e i o

where the involution is that of taking adjoints followed by multiplication by +1
as indicated.

Proof. If we let 1 be the sign on i and £ the sign on go then, in somewhat

abbreviated form, e1q1 = w(p) = w(zF,p2]) = g2 (=Dlgz,w™] = —£2q1.
Finally, it is easy to see that both w(+, —) and w(—,+) indeed are involutions

of A(m,n). 0O

: Let @, and Q, denote the spaces in G corresponding to the variables ¢1 and
""""" gz, Tespectively (compare with (0.7)). Let P, and P, be defined analogously. .

=
Z

29




30 HANS PLESNER JAKOBSEN

There are essentially three choices for the part of N* that comes from the odd
part, namely

‘;\7;{.“ = Pl & PZ)
(5.2) Ni =P a0,

Of these, the description of J‘:f;;; follows from that of N and will not be
considered separately.
We now proceed to examine the two remaining cases:

Subcase N7,.

As we did in Chapter 4, we will examine the positivity of the hermitian form
by considering A(G_, )RV To begin with, we will consider this module as
an su(p) x su(q) x su(n + 1) module, but if, and when, we have found that the
hermitian form is non-negative on all types, we still need to check that the result

defines a unitary representation of su(p,q). In fact, in the present situation there
are two parameters that can be varied without changing the restriction of V)
to su(p) x su(q) x su(n + 1), the o from before, and a )\ from su(p,q). Our
strategy then is to keep A fixed {and corresponding to a value for which Viis
unitarizable), and see what restrictions positivity on NGy @ VY gives on a,
go back and see if A makes all types from A(G_;) @ vy unitarizable, and, if
not, then change ) appropriately, then return to a for a second look, ete.. This
process will eventually stop.

Using the decomposition above we get
(5.3) AG=) = \@) A A@2),

and the idea now is to use the results of Chapter 4, first on AN@:) @ VY, and
then on A(Q1) ® (A(Q2) @ VLI Zt = S(z¥) denotes the subspace of A{m,n)
generated by the matrices 27| then [p1,62] € ZF and, moreover, [2F,g5] = 0 50
the second application of Chapter 4 also makes sense. (Later on, it also becomes
impartant that [zt ¢] € QF)

For the present purpose it is most practical to write the highest weight A ag

(5.4) A :(05/2—%/\/2——&1,._.?&/2%»/\/2—~ap,
a/2-2/2 - Dpt1s00 /2 = A/2 T gy
C!{/2 -+ b}, ,..?a/2 -+ b’7L+1}7

where the a,’s and the b;'s are integers satistying 0 = —a; > ... S —Gp, —Qpyy >
"2 —Qpyq = 0, and b 2t 2 bayy = 0. The weight A, which represents
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Cat

1
A+ p through the standard action on the diagonal in A(m,n) is (cf. Chapter 4}

(55) A, =(a/2+X/2-a; - (n+1)/2+(p+g-1)/2,...,
af2=N2=apg~(n+1)/24 (p+q—1)/2~ (p+q) + 1,
/24 0)24+(P+a) /24 b1, /2 +n/2+ (p+ q)/2 +bayr —n).

THEOREM 5.2. For fived iy Optg,br, o by as above, let 1y be the
biggest index for which a; = - = ai, = 0 (ig < p), let jy be the biggest
integer for which a,., = - = Uptg-jo+r = 0 (Jo € {1,...,¢}), and Iet ky be
the smallest integer for which bi, = 0. Then A = A(a, \) defines a unitarizable
highest weight representation of A(m, n,w(—,+)), based on N, exactly for the
following values of the parameters o and i
Case a: Not all the b,’s are zero (ke > 1)

Set

Ny =(ig — 1) = (b +¢),
No=n+1~ kg,
ad(+) =A/2 4 ko — 1,
as(+) =A/2 +n,
=) ==2/2 b = (p+g) +ig, and
af(=)==X2~b ~(p+q)+ 1
Subcase ay: by + ¢ <iy — 1 and g > 1.
Set

/\{}:~f3}}~;{?g~' —g-ig+1,
)\LA:}\O'—(J“‘L;

Let A=A ~N, ~RfrR= 0,1,....N,. Then for
a=ay(+),ad(+)+1,.. ., a(+) + R.

Here, and everywhere, ay(+) is computed for the given s, Let = A\, —~ Ny — R
for R=0,1,.. ,N,. Then for

Qo= Q?(_}>C&,’§{’“} ~1,.. ~-,Cfg{“') -k

Let A= A, — Ny —»N;gwalfer::O?l,.‘.,b;‘ Then for

a=ay(+),e5(+)+1,... a%(~).
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Finally,let A < A, -~ Ny — Ny —1.=by." Then for

a €{ab(+),05(+) + 1., af(+) +n+ 1~ ko = aj(+)}
U [a3(+), af (=) U {07(=),01(=) +1,-,05(=) + (i = 1) = ()},

D(—H ag{—ﬂ'f-l ( }

A< «Nl 3\2*1—«51 Tbenfm._;;-«»,,f

a= &2(‘*}‘&2{"3’}“*1 c08(+) + R,

o= a2(+) a2(+} ,ﬁ,,«,,,galgmz);
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Let A < A, —~ Ny —1~0b;. Then for

aefad(+),09(+) +1,...,08(+) + n+ 1~ ky = aj(+)}
Ulas(+), o (=] U{ai(=),ai(—) +1,...,07(=) + (io — 1) = o) (—)}.

Case bi All the b;’s are zero (ko = 1): All cases obtained from the above by
setting by = 0, whith the exception of those pairs that are of the form (), a3(+)).
These latter pairs are to be replaced by the following, where we only list the \’s:

Let A; = —p—q—n+ 3+ 1. Then there is always unitarity for A < A,.
Fuarthermore, if ¢ > jo then for

A= =Jo+1—{(p+g), s —1,..., A,
Finally, if ¢ = jo, then for
k:)\y =—“ng "1?3)\%;*1,...,)\5‘
Proof. First we consider
Subcase a;: By viewing the highest weight vector vy as the highest weight
vector of an su(p, g) representation, we get the first restriction on A, namely (cf.

Chapter 3) that it must be smaller than or equal to the last possible place of
unitarity for this su(p, ¢) representation,

(5.6) A< jo+i0—(p+q)

Now consider the space A(Q2) ® V: This, with the chosen involution, cor-
responds exactly to the situation for A(g — 1,n,wy) as decribed in Chapter
4—but, of course, with the values of & and A as given above. It follows that
there is positivity for

(37) ae{o3(+), .., o5(+) = af(+) +n+1-k} Ulaj(+), 00,

where
ad(+) =A/2+ ko —1.

Let us then consider A(Q1) ® A(Q2) ® V? : Again, we can use the results from

Chapter 4, this time on A(p — 1,n,w_). However, there is one complication,

~ namely that A(Q2)®V} is not an irreducible su(p) x su(n+1) module. However,
it is clear that the type whose highest weight vector is

(5.8) (Q2)11 A (Qz)n ARERNA (02)1;, T UA
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. 8]
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diSCf@t@ /

ag(A)

Figure of case a,
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is the one that will give the smallest Jast possible place of unitarity for A@1).
Since not all the &,’s are zero, this element will be non-zero in the range of ¢
that we are interested in, o > e3(+). The last possible place of unitarity for
the above mentioned su(p) x su(n + 1) type, as seen from Alp—1,n,w_) is the
value of o that is denoted by o?(~) in the theorem (with X = Ag—but of course,
Ar has not been specified yet). This latter place is marked by 1’s in Fig. 5.9,
whereas the type that gives ol(+ is marked by 2’s. (Notice that a?(~) cannot
be computed directly from (5.5) since the “p” is not the relevant onej,

) T
su(p)
ig
o
;i g —
e ?}I — 'd TP % 1-§ ?
;5{}
e ({1 ] ?
x|
H
]2 !
e lptgtle—g, — 1"‘#}3{ 3%{??, + 1}
[x]
T
Jo su(g)
l
Fig. 5.9

We have also indicated, by x’s, the type responsible for of (—) (except that there
should also have been an x in the box containing the 2 in the su(g)-diagram).
Since A(m, n,wy ) is unitary for o — 00, and A(m,n,w_ ) is unitary for @ — ~00,

it is then clear that we must have

5 (:519} e &g(‘?*}f; ng("‘} e SR )

Or, equivalently,

(511} x\i:)\02~‘~bl—~k0"p*q+ig+1?




36 HANS PLESNER JAKOBSEN

where the equality sign corresponds to a3(+) = of(~). This point is then a
point of positivity. More generally, the whole description of the positivity of the
hermitian form on A(G-1) ® V) then follows from Chapter 5. We can see that
as A decreases, the spacing between ad(+) and of(—) increases. To begin with,
the distance must be integer valued until we reach the point at which

(512) B O (S

where the 7 indicates a first possible place of non-unitarity, a “reduction point”.
After that we have the discrete values of a together with the interval from
a5 (+) to a5(—). Of course, one needs to check that there are no other types in
A(@1) ® Vi that make this picture more complicated, but this is easily seen to
be the case.

Finally, we need to check if there are further restrictions on X imposed by
the requirement that all the su(p,q) highest weights in A(G_;) ® V} should
correspond to unitary modules. This, indeed, turns out to be the case. Let us
first look at the problem when A = A (cf. (5.11)) and o = a3(+).

T
b} + g
| B Kl oo ¥ T
Vieooooo.. y
su(p) ]
X ko
1)
® i
X
2 R y i
U
@ su{n 4 1)
I T -
!X‘L ........ ;X
Fig. 5.13

The diagram in Fig. 5.13 is easily seen to be the one that gives the most serious
restriction on A (in terms of pushing the allowed range of A towards —oc0). We
have indicated by x’s the term from A(Q2)®Vy, and by y’s the one from A(Q,)®
A(@2) ® V4. The latter, of course, is only interesting if 49 > b; + ¢ + 1, which
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1s exactly the case we are currently considering. That the former can have a
row of at most kg — 1 boxes follows because otherwise we would have to have a
column of at least ko boxes in the su(n + 1) diagram, and hence fall inside the
ideal generated by the vanishing term from Q, ® V. We can now compute the
last possible place of unitarity for the indicated su(p, ¢) module:

(5.14) A2~(io~ b1+ @)+ 1422+ (p+q) -1+ (kg—1)=1 &
A=A=—(p+q)—ko+2+ip—b —q.

Since Ag — A, = g — 1, it follows that we must at least have )\ < A. to have
unitarity at o = a3(+). But, if ¢ — 1 > 0 then we are properly below af(-),
and hence we have more types in A\(Q2) ® VY, specifically, we can increase the
column of y’s in the su(p) part of Fig. 5.13. This then gives more restrictions on
A, and it is easy to see that at o = ag(+) we are forced to have A < A, — Ny =
—(p+q) + 3~ ko which is the ultimate demand on A coming from the su{p) part
in Fig. 5.13. Moving on to a = a§(+) + R we begin to get further demands on
A from the su(q) piece of Fig. 5.13 because we can increase the row of z’s by E.
This, then, explains the first series. The second comes about via the same sort
of argument, by symmetrically beginning the analysis at o = af(-) and then
letting v decrease. Finally, when we reach A = A, — N; — Ny — 1, X is 50 small
that all types in A(Q2) ® V) are unitary. However, due to the requirements on
o coming from Chapter 4 we must still stay at integer points untill we reach the
first A where o5(+) < a](—). After this, the picture is clear.

Subase ay: Proceeding as in subcase a1, we do not get any demand on X from
the su(p) diagrams because at those values of a where a demand otherwise could
be felt, namely those where X has been pushed as much as possible by the su(q)
diagram. The reason for this is that in the current situation, A, = Xy and hence
al(+) = od(-).

Subcase ag: This is very much like a mixture of the two previous cases. The
su(p) diagram is already used to its fullest extend in pushing A towards —oco
whereas we still get some requirements from the su(q) diagram. In the current
situation, A, (determined in analogy with the previous cases) satisfies

Ao = A= (G —2) = by >0,

hence, what corresponds to the first series in subcase a; comes about by the
same mechanism, as does the others.
Subcase ay: Here, Ay < A, and hence we cannot start at A = Ac. Rather, we
must proceed to A = Ag. At this point. there is only one possible value for a,
namely o = aj(+) = of(—). After this observation the discussion follows in
analogy with the previous.

Finally, the exceptional points in Case b) come about as follows: The su{n+1)
diagram in Fig. 5.9 with a row of ¢ boxes that was used to compute the value
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of af(~) cannot be used exactly at the point where o = af(+) because here,
when all the b;’s are zero, this type is inside the ideal generated by the vanishing
su(q) x su(n+1) type from Q& V. Instead, we can only make a row of {g—7p}
boxes, since this is the length of the column we can make in the su(g) diagram.
At this particular peint, the equation for X then becomes

which is the requirement that a3(+) < a%(~). (Observe that of (~) and af(+)
here are computed for quite different diagrams compared to the previous cases.
Hence, their values have changed significantly.) However, if ¢ — 7, > 0, by using
A Q1 we can make an su(p) diagram with a column of g ~ jo boxes on top of
the original diagram, and this then forces A to be this amount smalier. (This is
only interesting if ¢ ~ jy < 4o — 1, otherwise the uitimate requirement on ) is
A< 1+jo—(p+g).) But now, if we insist that v — af(+), then of(~) — o > 0,
and hence we can make the column even bigger, thus forcing A to be even smaller
until we reach a column of hight iy — 1. We musi then use the discrete values as
indicated until we reach the A = )\, where ab(+) € al{~). The discrete values
of A are obtained in analogy with the previous cases. We only have to pay special
attention to the value o = aJ(+) because this particular phenomenon only takes
place here. Indeed, at o = aJ(+) + 1, the sulg) x su{n + 1} type that vanishes
from /‘\2(6{233 ® Vi has the form shown in Fig. 5.16,

Fig. 5.16

and this, and the analogues for bigger values of ¢, cannot prevent the diagram

in su{g) with a column of ¢ boxes from occuring. [

We now turn to the other involution, w(+, —). For this, the situation is re-
markably different from that of the previous:

THEOREM 5.3. For fixed @15y Ups Qpipls ooy Upig, b1y, by as before, A =

A{A, o) defines a unitarizable highest weight module of A(m,n,w(-+, —3), based
on N, only when A is trivial.

Froof. Let us first consider the case in which b1 > 0. Proceeding in analogy
with the previous proof we choose a fixed value A for which the su(p, ) module
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Vi is unitarizable. Thus, A < —(p+ ¢) + 1y + j5. Let 7o be the biggest integer
for which g, = ... = @,,5,- Then it is easy to see that

(517} s (—) =A2+a,.: —b - g+ 70

is the smallest value at which an su{g)x su(n+1) type vanishes from A’ ( Q2)0Vy.
Likewise,

(5.18) ai{+) = ~)\/2+{zp+n

is a value (not always the biggest) at which an su(p) x su(n + 1) type vanishes
from A'(Q1) @ A(Q2) ® V4. Since we must have that

(5.19) a1(+) < ax(-)

it follows that

(5.20) Aznda,—a, 5 +bi~jotg,

and since —a,,, - is positive and since A < —(p+ ¢) + 45 + jo, we see that there
can be no unitarity here since A cannot satisfy both inequalities at the same

time. The same argument can be used to do away with the case b; = 0 and
ay+1 # 0. The A-inequalities are still disioint.

su(p)
2 T
(1]
@ .
min{g - 79, 7)
70 g
1P| ]
ka 1] !
B su(n+1)

o
£
&

Fig. 5.21
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Let us finally look at the case where Upt1 = Gprg =b1 = - = b, = 0. We get
here that as(—) = A/2 and a1(+) = ~A/2 + a,, and since again we must have

az(=) 2 a1 (+),

(5.22) a, < A

- This inequality clearly implies that A musi be trivial. [J

Subcase N/, .

THEOREM 5.4. For fixed G1y ey Opgy by o By g, as above, let iy be the biggest
index for which a; = ... = ay, =0 (i < p), let 5o be the biggest integer
for which ap., = ... = Aptq—jo+1 = 0 (jo € {1,..,q}), and let ky be the

smallest integer for which bk, = 0. Then A = Afq, A) defines a unitarizable
highest weight representation of Alm,n,w(—, +3}, based on NT., exactly for
the following values of the parameters a and ):
Case a: Fither by # 0, (p — i) #0, 0or (g~ jp) $ 0:

Set

a(+) =4/2+ g~ jo,

ay(+) =A/2+¢ -1,

(=) =—2/2 - ~p+ig, and
ajf(~)==X/2~b —p+1.

Subcase a;: i +p<jg+1.
Sei
Ai=—=bi+j—2p~q+1.

Let A = Xy «—RforR:{),i,,..,jgw{bl +p—1). Then for

a=af(+),ad(+)+1,. .. ,ad(+) + R.
Here, and everywhere, o9 (+) is computed for the given A,
Subcase aqy: b + g <ig 1.
Set
A1 = —f %ég"ﬁ*?i]"}“}.

Subcase ag: A < 2-(p+q).
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Then for

o E{a8(+)$ag(+) +1,..,05(+)}
Ulag(+), e (=) U {af(=),0f(~) + 1,...,ad(=)}.

Case b: by = 0,44 =p, and 7p = ¢.
Let A= ~R for R=0,1,...,p+q — 2. Then for

o=af(+),0d(+)+1,...,09(~).
Let A <p+¢—2. Then for

a e{ad(+),ad(+)+1,... yah(+)}
Uleg(+), o (=) u{af(=),ef (=) + 1,...,al (=)}

Proof. This follows along the same lines as the proof of Theorem 5.2. We omit
the details.

Likewise one obtains

THEGREM 5.5. For fixed QY5 ons Qpy Qpie1s oony Cpgy D1, o, by a5 before, A =

A(X, @) defines a unitarizable highest weight module of A{m,n,w(+,—)), based

on N}, only when A is trivial.

(i) su(p1,q1) ¥ su(pz, g2).

In this section we examine the case in which both Am and A, correspond to
hermitian symmetric spaces of the non-compact type. Thus, we write elements
of our superalgebra as

ar &1 Pur pr2
Wy @z P21 P22
di1 g1 Q3 2
G122 Q22 W2 o0y

3y

where a1, 2, wy, and o correspond to su(py,q1), and where oy, Z9, W, and oy
correspond to su(py,q2). In particular, oy € u(p), 0 € u(qr), a3 € u(p2), and
oy € ulgy). It follows that there are two possible anti-linear anti-involutions
possible,

+ - o+ - ~
wlsljlf,andw2§w++-
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PrOPOSITION 5.6. Neither wy 1or wy lead to any non-irivial unitarizable mod-
ules.

Proof. The two cases are similar, and for this reason we only treat wy:
To begin with we observe that there are several choices for the part of N+
that comes from the odd part:

N =Py PodPye Py,
N =P & Pio ® Qi & Qo
N =PoPyaQua (o2,
Nf = P2 @ Py & Q1; @ Q1. and

N =Pi & Pio® Py & Qoy.

In all these cases, one can use either Theorem 5.3 or Theorem 5.5 appropriately
to exclude a particular case. We illustrate the phenomenon with the case N
By looking at the sub-algebra whose elements are

a1z opn O

w1 oy Py U]
Gir 4o az 0O ; '
0 g 0 0.

it follows from Theorem 5.3 that the heighest weight must be trivial on sulgy)
and su(ps). Then observe that

[Py, w2] = [po1, wa] = [z, w5] = 0

and
[az, wa] C ws.

It then follows that Qs ® Vf must vanish since otherwise this space will define
highest weight representations of the above mentioned subalgebra that will not
be trivial on su(p;). This, however, is only possible if the restriction of the
highest weight to su(pa,qa) is trivial. By looking at @, it follows similarly that
the restriction of the highest weight to su(p;,q1) is trivial. But then also o must
be zero (cf. Theorem 5.2).



CHAPTER 6

A{n,n)

Recall that

(6.1) Aln,n)=sl(n+1,n+1)/{ 242}, n>0

Any highest weight representation of this superalgebra can be viewed as being
obtained by passing to the quotient of & highest weight representation of si(n +
1,m 4+ 1). Of course, this highest weight representation of sl(n + 1,7 + 1) must
behave correctly on {Als,42}, it must vanish. Now, the unitarity of any highest
weight module of si(n + 1,n + 1) is settled by Chapter 4 and Chapter 5 merely
by setting m = n. This is the case because it was nowhere used in those chapters
that n # m. Thus, the unitarity of any highest weight representation of A(n,n)
can be determined by the following procedure: a) Ajust the free parameter « in
the analogues case for A(n,m) (m = n) so that the representation passes to the
quotient. b) Examine whether this « belongs to the set of values that lead to
unitarity.

We begin by considering the two cases corresponding to Chapter 4. We shall
call these the finite dimensional representations. Consider then, as in Chapter
4, a highest weight A of the form

a o o @ o o
(6.2) A= <§~‘,‘}'”ﬁ2,”*,“z“wﬁfmﬂ?;;‘th‘“sg*i*?)m:;)‘

Clearly, the reguiremeni that this A should pass to the quotient is that

. (6.3) a= (a4 +ans1) = (b + -+ b))
Z n+ 1
o (recall that m = n). We observe that
g h<a<
(64) Ta I SO oy

&ﬁditﬁh@ﬂ{(}ﬂ{)\ﬁ"b 6&8‘%};’%” tkaﬁ ,,,,,,,,,,, et e e e e e e i e .

43
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PROPOSITION 6.1. There are no non-trivial unitarizable finite-dimensional
representations of A(n,n).

We now turn to the two cases treated in Chapter 5: In this case, the critical
value of ¢ is

(6.5) a=

1
e (I VE R (R Y)
(A + A2 A (g +0/2) = by ).

The simplest case is, naturally, the one which corresponds to Theorem 5.3 and
Theorem 5.5:

PROPOSITION 6.2. There are no non-trivial unitarizable highest weight mod-
ules of A(n,n) corresponding to the involution w(+,—).

In the cases which correspond to Theorem 5.2 and Theorem 5.4 there may be
anitarity for certain values of the a;’s and the b;'s whereas others may lead to
non-unitarity. We have found no simpler description than the following.

PROPOSITION 6.3. There are unitarizable representations of A(n,n) corre-

sponding to w(—, +) and based on either NYor N7, exactly when the pair

(A o) = (A

1
TrT(@ =2 b oy a2)

+ (ap1y FA2) 4 (apag + A/2) ~ by == b))

satisfies the requirements either in Theorem 5.2 or in Theorem 5.4.

Example. If p = ¢, o does not depend on A and it is then clear, since
a1, ,ap are positive whereas a ., - - - 1 Optq are negative, that for some values
of the a;’s there will be unitarity, whereas for others, there wili not be unitarity.




CHAPTER 7

THE UNITARIZABLE HIGHEST
WEIGHT MODULES OF B(m,n), m > 0

By definition, B{m,n) = osp(2m + 1,2n), m > 0,n > 0 and osp(2m + 1, 2n)
consists of all complex matrices of the form

a £ g\
(7]) ~TZT B Y ) 3
67‘ é‘ _ﬂ'r‘
where v = —a”, v = 47,8 = 6", B is any (nxn) matrix, and ¢ and 5 are arbitrary

.9

((2m + 1) x n) matrices. The superscript “r” on a matrix denotes the image
of the given matrix after a reflection in the “opposite” diagonal. We have that
(7.2) B(m,n)o = so(2m + 1) @ sp(n, R)©

=B, &C,.
(Observe that many authors use the convention that Ch = 8p2,.). As a Cartan

subalgebra H we choose the diagonal subalgebra. Specifically, H consists of all
matrices of the form

&1

(73) « —E&1

45
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We need to investigate which kinds of anti-linear anti-involutions may occur.
Since both B,, and C,, have non-compact unitarizable highest weight modules,
we shall consider matrices of the following form

"’ - . "
€ T 0 P11 P12
0
a 0 : D2y P22
G
Zj g —~¥1: * D32
0
) : 0 —q” : * *
-
(14) O 5
. e ~Z ;1 co. —£7 % *
g11 gz1 * * * 3 zF
. y R
12 G22 3z * * w 3

where the *’s denote appropriate matrices determined completely by the p’s
and the ¢’s. In gy, the i runs from 2 to 2m and the —y, is located as the
(2m+2~14,2m+ 1) entry. For the Z;1's the situation is analogous.

Let ey, e, 615,610, €21,€27, and €35 be +1 and let w{&g,53,51;,531,513,523, £39)

be the involution which is complex conjugation followed by the appropriate sign
on the appropriate piece, i.e,

(7.5) a - a”,
g — B,
Yij — £y,
z— e {w” = z*), and
. .
Pij = il = pi ).

First we observe that due to the fact that the sign of the involution is constant
on a,f3,y, and z, it follows easily, by letting the even part act on the odd part,
that the signs must be constant on each of the remaining pieces, as indicated.

LemMma 7.1,

€21 = €30 = —E30 = €,811 = —£,640, and

€; = €g3899 = —1.
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Proof. 'The first set of equations follows easily by letting so(2m + 1) act on the
odd piece. The second equation follows from a computation which, in matrix
notation is

(7.6) w(z®) = w({gdy, a]) = €21 - €22]g9y, a3] = 2160w

The proof of the fact that an w, subject to these constraints, actually does
define an involution is elementary, and will be omitted. As a consequence of this
lemma, we are forced into a sitnation where the C,, corresponds to sp(n, R). The
unitarizable highest weight representation of this Lie algebra were described in
Chapter 3. Let us now turn our attention to another major complication, namely
that there are two non-conjugate sets of positive roots. We shall refer to these
as case #A and case #B, respectively.

Case #A.
(7.7) LT ={é+¢e;li=1,...,nand j=1,...,m}

U{bi—e; li=1,...,nandj=1,...,m}
U{ég%é:},..,,n}.

In the notation from before, the space of positive root vectors in Gy is

(7.8) N = span{piz, 22, Paz, qo1, 311 -
Case #B.
(7.9} &f:{eé-—éj r=1,...,mand j=1,...,n}

i

i
U{e;+ 6 |e=1,...,mand j=1,... 0}
U{dile=1,...,n}

In this case, the positive odd vectors are
(7.10) Ny = span{pi1, pr2, P21, P22, Pa2 }-

1t is easy to sec that these are the only possibilities. Before examining the two
cases separately, we make the following observation:

Lemma 7.2, If there are to be unitarizable highest weight representations
other than the trival, then g45 = 1.

Proof. In either case #A or case #2B, the space spanned by the matrices gaq
is inside the negative root space. If we let vy denote the highest weight vector
and let the hermitian form be denoted by < .,. >, then

0
(7.11) < g32v0, Q320 >= £32 < vp, (g —Br) “up >,
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where § denotes the element
(7.12) —(452)"(g%2)

and ( g ~§3’) denotes an element of sp(n, R) or, rather, the image of this under
the natural imbedding into B(m,n). If this inner product is to be non-negative,

- and e3; = —1, then sp(n, R) must act trivially on vy, in which case the inner
product is zero. In case H#HA, Psapor - vg = 0, hence it follows that also g3zP21 - Vg
must be zero, hence the representation must also be trivial on B,.. In case #B
the same conclusion is obtained by looking at P3zgay - vg. [

Let us then turn to
Case #A:

By looking at < P11%0, Pr1vg > it follows easily, using lemma 7.1 and lemma
7.2, that

LEMMA 7.3. If there are to be unitarizable highest weight representations
other than the trivial, in case # A, then £, =1.

This means that the involution is completely fixed: On G, it has to be —1
times complex conjugation on span {P11,p21} and +1 times complex conjugation
on span {pia, pya, P32} On B,, it is Jjust complex conjugation and on C,, it is the
anti-involution whose —1 eigenspace is sp(n, R). Since there is no reason here to
split off pq4 separately, ete., we let '

(7.13) Fy = span {p1;, pa1 },
Py = span {p13, s},
Py = span{ps,},
Q1 = span {q11,¢12},
Q2 = span {q12,¢22}, and
Qs = span{gs, .

Thus, a general element of B(m,n) has the form

ap ok * n P2
* 0 = * s
(7.14) * % @y * 1
@ox ox g ot
92 g5 x wT g
ffffffff where a1 € Gl(m,C), and ay = —aji. The space N of negative odd root vectors
satisfies

(7.15) Ny =span {p1,q,g}.




=
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Let nt(B,,) denote the space of positive root vectors in so(2m + 1). Then

<?16) [p37p1] € n+(Bm)7
[P2,q3} € '?l+(Bm), and
[p2, ;] € nt(B,,).

—

Ny is a Gy module, and

(7.17) AW = A@:) o A@) e \(P),

where a capital letter indicates the space spanned by the matrices named by the
corresponding small letter.

The maximal compact subalgebra of the real form of B(m,n)y under investi-
gation is so(2m + 1) x u(n). Inside B(m,n)y we have the subalgebra

Uy

(7.18) { —u] [u1 € u(m),us € uln)}
Uz
—ul

which is isomorphic to u(m) x u(n).
Let us now consider a fixed highest weight representation Va of highest weight
A € h*, where

(7.19) A:(;Ll,...,u,m)\,/\-az,..‘,/\-a,g)

satisfies that the p’s are integers or half-integers satisfying py > pg > pn, > 0
(to make the restriction to s0(2m + 1) unitary), the a’s are integers such that
Gn 2 --- Z ag > 0, and X is chosen such that the sp(n, R) module of highest
weight (A, A —as,... X — a,) is unitarizable.

Let V2 denote the irreducible representation of so(2m + 1) x u(n) generated
by the action of this subalgebra on the highest weight vector v4. The idea now is
to proceed as in the case of A(s,t), but one complication is here that, in general,
V2 is not irreducible with respect to the u(m) x w(n) subalgebra. We let

M(a)
(7.20) VA T atmyxu(my = 3 V(i)

=1

be the decomposition into irreducibles.



50 HANS PLESNER JAKOBSEN

PROPOSITION 7.4. In case # A, there are non-trivial integrable highest weight
representations of B((m,n),w) only when

w=w(l,~1,-1,-1,1,1,1).

In this case, consider, for ay, ..., a,, u,... o, fixed, a one-parameter family

A = A(}) of highest weights satisfying the conditions above. Let iy be the
smallest integer for which On—ig+1 = 0. Ifas 5 0, let iy = n. The highest

weight representation corresponding to A( A) is then unitarizable exactly in the
following cases:

MAST—n—y.
() If 1 = O then, in addition to the above, A = —ig+ 1 ~Rforan B ¢
{0, ., n—dg}.

Proof. Let us choose the inner product on B{m,n) to be positive definite on
B, and negative definite on C,,. It is easy to see that the elements of the spaces
(2, @3, and Py satisfy that if z is a root vector in any of these, of weight —g,
then

(7.21)
reP = ~fF=¢—46 and
(hpdie = —0rs + pomez—i — bk 2mt145 + Ok 2miznio—;,
$EQ2ﬁ$wﬁ$—€g—Aj and
(hg)ik = ki — 6k 2man i — Ok 2m+1—5 + Ok 2msznia—j,
rels=—f=-6§ and
(hp)kk = =6k 2mi145 + i 2mtzniz—j,
wherei=1,...,7=1 ... 7, and g is the diagonal matrix which takes part in

the Kac determinant.
The element A, is then represented by

(7.22)
1 1 1
A, =(y +m-~2°,.,‘,;Li+7?'i—-2+i}-,.;.,;tém“}—;;?

r

which then acts euclideanly on the hg's. In case hy corresponds to an element
of either P or Q,, then A,(hs) is what occurs in the Kac determinant. In
case hg corresponds to an element of Q5, the corresponding term is obtained as
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A, (hp) where A, is A, with +Z subtracted on the last n places, for some integer
T=1,... (since (4, 8) # 0 here ).

Let us now consider the decomposition of VY: Bearing in mind that so(2m+1)
i1s self-dual, we see that there are two obvious u(m) types in V0, as described in
Fig. 7.23:

V(1) =
—y ->j
Fig. 7.23 a
and
V{)(JM(A)):

Fig. 7.23 b
Moreover, if we write
(7.24) s0(2m + 1) = Ny @ u(m) @ NG,

where N;~ and Nt are the span of those lower and upper triangular matrices,
respectively, which are not in the (w(m), —u(m)r) subalgebra, then clearly,
(7.25) V= UNG) - V(M (A))

= U(Ny) - V2(1).
(Also observe that the u{m) representation occurring, in general only are inte-
grable to a double covering of u(m).)

The way we now proceed is similar to what we did in Chapter 5: We assume
first that we have a unitarizable module and get some condition on A, These
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conditions again turn out to be so good-natured that one can directly see that
they also are sufficient.

We have already written A(N ) in a way that indicates more precisely our way
of attack ((7.17)): First we consider A(P;) @ V¥ and make sure that this part
is positive definite. Then we consider this as a fixed module V; and consider
Vias = A(Q3z) ® Vi. Finally we then consider A(Qy) @ Vis. According to the
formulas ((7.16)) it is indeed possible to view the modules V; and Vi; in this
manner, from (J3 and @2, respectively.

Let us then consider A(P1) @ V). By inspection we see that the computa-
tion of the inner product on each A(P) ® V2(i),i = 1,..., M(A), really takes
place inside A(n — 1,m — 1), and then the method and results of Chapter 4
apply. In the current situation we are studying the unitarity of A = A{A) for
fixed 1, ... ftm,02,...,a,. Already, we have made the assumption that A is suf-
ficiently negative that the “top” sp(n,R) representation is unitarizable. Now,
for each ¢ = 1,..., M(A), we get a last possible place of unitarity APy, i) for A
comming from ~oco. The element of P, @V (i) that vanishes at A(Py, ) evidently
is the one marked by 7's in Fig. 7.26,

1] u(n)

!._I ® p

I o

Fig. 7.26

Broooh.
—

and since V) = U(N;") - V(1) it is clear that

(7.27) A(P1,1) =~ —do + 1 Smin{A(P,i) | =2,..., M(A)}.
Naturally, if we are to have unitarity, X must be below \(P;,1), A = MPy,1)~R,
and for B < n — iy, R must be integer valued, R = 0,1,...,n — 4.

Let us now consider A(@s). If we are to have a zero in the Kac determinant
at A = A(P1,1) — R then it must be in a “hight” i (cf. the figure below) for
which

r—1

(7.28) MPL,1)=R+2—m~—1-— 5

=0 (z>0) <

‘ng:[m-?'io—f’R‘
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This means that at A(P,1) — R we have the following type in A(Q3) ® vy
(Fig. 7.29):

u{m) X ]

6 Ly, .
ip — 1

S—

2] 21 i

Fig. 7.29

@

It is clear that we cannot, by throwing in A(Py), make this 4o, defined by Qs,
any bigger. Naturally, this construction is only relevant as long as 19 < n, i.e.

(7.30) i1 +ig+ R < n.

In the end we are going to look at last possible places of unitarity for A(Q2) ®
Vi3, hence the desire to find the types in A(Q3)®A(P;)® V) whose hight is as big
as possible. The ultimate hight is not necessarily attained at the type described
in Fig. 7.29. Consider, namely, A(Py) @ V{(M(A)). The value A(P, M(A)) is
obtained at the diagram below (Fig. 7.31):

1]
i 1
e Lo, =~
u(m) ® ,
%0
(n)
I\ ; ° !

Fig. 7.31
and

(7.32) APy AM)) = pi — g + 1.
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Thus,
(7.33) AP, 1) = B= APy, AM)) = (B + (1 + )

Le, at A = A(P1,1) — R we are R+ (i3 + fim) units below APy, A(M)Y), and
hence the following type (Fig. 7.34) is present in ALP) @ V)2 at this )

R+ py A gy
T ] N
12, T
X
R+ 2py + 1
ulm) M
® x {
j 1
T Tx ;
o Sl 2g — 1
uln)
2] i
Fig. 7.34

Again, this is only relevant when
(7.35) E+2u 44y Sn.

(Other diagrams may also give a column of hight R + 24y, but clearly none will
give something strictly greater,)

Incase R+2p; +ig Snand m+p; +ig+ R < n we get a last possible place of
unitarity, Ap ., for A(Q@:), as indicated by the 2's above. An easy computation
gives

(736) )‘2;‘1 = gy — w+1— R 2/;1‘

It is clear that if gy # 0 then Az.e < A(Py,1) — R and hence there can be
10 unitarity, whereas if p; = 0 then Ay, = Aoy +m and Ay, = A(PA,1) — R,

~and this is a possible place of unitarity, We shall need 1o examine the modules

as sp(n,R) modules. However, when py= 0 it is easy to see that the strongest
requirement on A is A = 1 -y — R since we cannot get to any hight greater than
io + R in the u(n) diagram. Hence there is unitarity in this case.
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Let us now turn to the case where R + 2, + 20 > n. Here, the ultimate
requirement imposed by AQ2) is a Ay satisfying

1 . 1. ~
(737) /\2*{”72—*5——(”/@‘?"2*}::()@

Ay = =y —n 4 1.
Observe that the signs on the involutions together with the formulas for the
mner products (cf. (7.21)) imply that we have unitarity for A — —o0 on all three
pieces Py, g, and 3. To have unitarity, we must thus have

(7.38) AP = R< Ay

However, there ig a requirement imposed by sp(n, R), and it is easy to see that
this requirement is that

(7.39) AMPL1) = R< 1=,
Thus,
(7.40) R 2 n—ig,

and for such an an R we are indeed in the assumed case. Conversely, due to
the one-sidedness of the unitarity of A(Qs) at As, it is €asy to see that these
conditions suffice.

This takes care of the situation A = AP, 1) — R with R = 0,...,n — 4.
Suppose now that A < 1 — 5 — #1- Then, all of A(P)) @ VY is positive definite,
and such a A clearly satisfies the ultimate sp(n, R) requirement and is less than
the ultimate X,. Hence, in this range there ig unitarity.

We now turn to
Case #B:

As in the previous case we see that ¢, = —1 forces €11 = 1 and then, by
looking at < g;;vy, f11% >, it follows that this possibility is ruled out. Thus

LEMMA 7.5. If there are to be nou-trivial unitarizable modules in case #B,
then e, = 1,

In the present situation,
(7.41) Ny = span {Q1,Q2, Qs},

where the Q’s are defined as before.
One of the first obstacles is that this is not an so(2m + 1) module.
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Let Nj and N, be as an in (7.24), and observe that we have the following
relations between commutators

7.42) [P, q] C Z7,
f Q3] C P,
[szQsj
[P, Qs3] =

c NO' , and

(As before, capital letters indicate the spans of the sets of the lower case letters).
Let A be a given highest weight as in (7.19), satisfying the same condition on
the a,’s and the p;’s as before. Let V(1) be as before (Fig. 7.23). Observe that
(7.43) Ny UHW ™) @ A*(Q2) @ A'(Q1) © AS(Q3) ® V(1)

CUHW ™) ® A" HQ2) © A"(Q1) © A°(Qs) @ V(1)

+UAW ™) @ A*HQa) @ A" THQ1) ® A%(Qs) @ V(1)

+UYW ™)@ AHQ2) © AP(Qr) @ ATHQ3) @ V(1)

FULW ™) @ A%(Q2) ®@ APHQ1) @ A“THQ3) @ VY (1),

where the superscripis a, b, ¢, d denote degree. Thus it makes sense to view our
highest weight module as a submodule of

744) UNy) - UWT) AQa) e A(@) & \(@s) @ Vi),

in fact, the submodaule is the space generated by the so(2m + 1) finite vectors (if

there are any) in A(Q2) @ A(@1) @ A(Qs) @ V(1).

Thus, our analysis may begin with examening

(7.45) A@2 @ A@) e A@s) eVi)

and we can use the same procedure as before. (Alsc observe that the last space

is sp(n, R) invariant though the individual pieces, of course, are not.)
PROPOSITION 7.6. In case #B there are only non-trivial unitarizable highest

weight modules of B((m,n),w) when

w=w(l,-1,-1,-1,1,1,1).

In this case consider, for as,...,0n, 11, .., bm fixed, a one-parameter family
A = A(\) of highest weights satisfying the conditions above. Let j be the
largest integer for which p; = py and let i be defined for the a’s as previously.
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The highest weight representation corresponding to A{A) then has a unitarizable
quotient exactly when

L > 2n.  Then

Ae{-m-(m—j). . —m=-m+1} U J=o0,~m —m+1]

Proof. Let us again choose the inner product on B(m,n) to be positive definite
on B,, and negative definite on C,,. If 7 is a root vector in any of the spaces
Q1,Q2, @3, of weight — 73, then it follows easily (cf. the proof of Proposition 7.4)

that
(7.46)
r € = -—/3:“81‘:%6:; and
(hg)ik = bk — Oromaen—s + Ok 2m+145 = Ok 2mtanta—;,
zE€ = —f =~ ~6; and
(ha)ik = ki = bk am2—i ~ Ok omi1—j + Ok 2m42nta—s,
€Wz = ~f=-6; and
(hgdek = ~0k 2m 4145 + Sk 2miznia s,
fori=1,...,mand j=1,...,n. The element A + p is here represented by
\ . 2 — 1
(747) A, ={(m ~n+m—1/2,. . u ~n4+m - Vol =+ 1/2,

Atn—1/2A+n~1-1/2—a5,... , A +1-1/2-a,)

which then acts euclideanly on the fig's. In case hy corresponds to an element of
either 1 or @, then A,(hg) is what occurs in the Kac determinant. In case hs
corresponds to an element of (3, the corresponding term is obtained as A,,(h,g)
where A, is A, with z/2 subtracted (le. ~z/2 added), z = 1,..., from the last
n places. '

We now continue where we were before by looking at A(Q 1O AQ3) @ V(1)
The last possible place of unitarity, A;(Q;), of A(Q;)® V(1) is obtained for the
boxes marked by 1’s in the diagram below, and satisfies

(7.48) M@ +n=1/2)+ (g —n+m—j+1/2) =0«
A Q1) = —pj — (m - j).
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Unitarity then implies that A1 (Q1) £ 22(Qy), ie.
(764} 2u1 7 +ig,

~

and we must have p; > i — 1. But then in fact 1 = 2(ip — 1) since we
can have a colume of length i — 1 both from A(Q2) @ A(Q2) @ V(1) and from

AMQBA(Q2)® A(Qs)@VI(1). Now, unless 4y = 1 this implies that A < —ig+1,
in which case we get more non-zero elements in A(Q3)@ V(1) which forces s to
be even greater, forcing more non-zero elements of A(Q3) ® V2(1) until, finally,
p 1s forced above n — 1. The only remaining case is 49 = 1 and yy = 0. This is
the trivial representation. '

'The whole discussion of unitarity would of course not be complete without an
examination of the sp(n, R) modules defined by the part of A(Q2) @ AQ1) @
A{Qs)® V(1) which at a given X is non—zero (and positive definite). At a value
A= —py ~{(m — j} — R in the discrete range, the most serious demand on ) to
make all these modules unitary is A £ 1—n— (m — j} — R. Hence this is fulfilled.
Unitarity follows in a similar manner in the continnous range of .

We have now proved that A(Q) ® Vj, with Q = Q, & @; & s, defines finite
dimensional so(2m+ 1) modules. More precisely, there is an so(2m +1) invariant
ideal T,

(7.65) TCUWNT)® N@) va
such that
(7.66) UNg)® NQ) - oa/I

is a finite sum of so{2m + 1) modules. To finish the construction we must then
consider the left U((G) ideal J generated by [ inside U(G) - v, since the space
which carries our unitarizable module is

(7.67) U(G) - vy /.

It thus remains to make sure that J is not actually equal to the whole space.
It is easy to see that the last eventuality will occur evactly if

(7.68) o me @),

where
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However, the last statement is, by duality, tantamount to having
(7.70) A(@)-van T # {0}
and, more precisely, to have a vector 4

(7.71) o€ \@)-va

such that @ is a highest weight vector for so(2m + 1) (/ is generated by such
vectors) and whose weight is not dominant (cf. the Bernstein—Gelfand-Gelfand
Theorem [1]). But we have exactly made sure that the parameter A is such
that all the representations in A(Q)-va are dominant for so(2m+1), hence this

eventuality does not materialize. [



CHAPTER 8

THE UNITARIZABLE HIGHEST
WEIGHT MODULES OF D(m,n)

By definition,
(8.1) D(m,n) = osp(2m,2n), m > 2, n > 0.

We thas can, and will, take over the notation and conventions already adopted
for B{m,n). It might also be thought that the results more or less could be
taken over but this is not quite the case. For one thing, there is one more series
of unitarizable modules, corresponding to another involution, under case #B.
Moreover, since the even part satisfies

(8.2 D{m,n)e = Dy, & Ch,

we need to consider D)., not only as the complex Lie algebra corresponding to
the hermitian symmetric space based on so{2m — 2, Z) but also as corresponding
to that based on so*(2m).

We begin by the cases that correspond to #A and #B for B(m,n). Thus we
consider matrices of the form (7.4) with the rows and columns corresponding to
pag and gsp deleted. It is easily seen that Lemma 7.1 is still true, once the —e3
has been deleted. For clarity we write explicitly what we now mean by the cases
#A and #B:

Case #A.

s

(83) Af ={6itejli=1 nandj=i - m}
U{di —eg;li=1,---,nandj=1,- mj

.

The space of positive root vectors in (1 is

(8.4) N}f = Bpan {P12)P22,Qz1,f1n}-
Case #B. e, e e, e

64
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(8-5) A?'Z{Ej—&}é:l,n-,na,ndj.—:}g..,’m}
U{Ej+(5ilz'zli--~,nandj=1,~~?m},

The space of positive root vectors in Gy is

(8.6) N} = span {P11, 012, P21, paa }.
Let us then begin with
Case #A:
By looking at < Puivo, pr1vy > it follows easily that ey = —1 if £17 = —1,

(The conclusion of Lemma 7.3 was based on Lemma 7.2 whose analogue does

not exist here.)
As in the case of B(m,n) we consider a highest weight representation Vj of

highest weight
(ST}’ A:(ulv'"7!’57325)‘9}”&2:"'5)\“@?1)
and it follows that the element A + o is represented by

(88) A, = (1 tm-lipo+m =2, g
)\—i«n—~m,/\~ag+n—~1~m7-~-,/\~an+1-m)

(cf. the proof of Proposition 7.4).

Let us begin by assuming that €y = —1.
If then follows from Lemma 7.1 that €21 = €12 = +1. This leads to no
unitarity:

LEMMA 8.1. In case #A there are no unitarizable modules, other than the
trivial, corresponding to an involution with £y = —1.

Proof. Consider Py AV as an u(m—1)x su(n) module. The decomposition of
this into irreducibles was discussed in Chapter 7. Let us for convenience assume
that m — 1 is even and that g, > 0. The general case follows analogously. Then
we have the following type (Fig. 8.9) inside Pp; A VY,

u(n)

— 0 -

2 ﬁ- 2




s
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where the “1”’s indicate the contribution from P,;. This type vanishes at a Aoy
satisfying (see Fig. 8.9 for the definition of ¢}

(8.10) Aot —ap+1=m+{—p)+c—1=0 <

iz}. = g + Gy + T — C.

-Sinee this is clearly pon-pegative and since we can only have unitarity for A

a3
greater than or equal to this value (since ey; = 1), we get at most the trivial

representation. [

We will now assume that £, = 1 and then there is no reason to distinguish
between pi1 and pio, 80 we switch to the notation with P, P,y and (s as in

Chapter 7.
Observe that the proof of Lemma 8.1 actually shows that we must always
have g97 = ~1. Thus, we are back to the situation that was treated in case #A4

in Chapter 7. We assume from now on that gy, , i, 02, - , 0, are integers
satisfying piy 2 p2 2 - 2 1 2l i fand an 2 any > - > a3 > 0.

PRrOPOSITION 8.2. In case #A there are only non-trivial unitarizable highest
weight representations of D((m,n),w) when, in the involution w, ¢, = 1 and
g9y = —1. In this case consider, for gy, -+ | pm, o, -+ , 0, fixed and as above, a
one-parameter family A = A()) of bighest weights. Let iy be the smallest integer
for which apiy1 = 0. If az # 0, let iy = n. The highest weight representation
corresponding to A(X) is then unitarizable exactly in the following cases:

() Fpy #0 then for A S 1 —n — py.
(II) fpy =0 then for A€ {—ip+ 1, | —n+ 1}U] ~ oo, ~n + 1],

Proof. This proceeds in analogy with the proof of Proposition 7.4 with the
simplification that “QJs” is not present. First, the smallest of the last possible
places of unitarity in A(P;)® V) is taken at the same diagram as for Proposition
7.4 and the value is the same,

(8.11) A<P1,1>:»L£1 —15 + 1.

Observe that what corresponds to V(M (X)) in the present situation is Fig. 8.12:

g — 1

231 * !
Fig. 8.12
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This follows from the fact that when m is odd then o(2m) is not self dual. The
case where n > io+R+2u, again (with one exception) does not lead to unitarity.
This follows since the ultimate demand on X coming from sp(n, R) is

(813) /\:A(Pl,l)~R§1~ing—2;51®

20 £ g
Hence only the trivial of 2m) representation survives this demand. However, for
it, we get a Ay from A(Q3) of value

(8.14} )\;g = i*i{)*R

and this is greater than A; — R, hence all requirements are met,
The case n < ig+ R+ 2y, gives an ultimate Az = A2(Q2) from A(Qy) of value

(8.15) Az(Q2) = —n+ 1 — p,

hence the requirement becomes B = n — 29 whereas the sp(n, R) requirement as
before gives B > n — iy — #1. Of these, the first requirement is of course the
strongest. [
Case #B:

We consider & highest weight module V of highest weight

{816} A:<#1,"',Mm,)\,/\“a2,"',/\“‘Gn}.

X

The element A + p is then seen to be represented by

(8.17) Ap‘—':(lti-n+m~—1,u2-n+m-2,~~,;Lm~—n,
A+n,)x+n~1—~a2,~-?A—%lua,;).

By looking at < gy1v9, 1100 > it follows again that if ¢, = —1 then g5 = —1.

LEMMA 8.3. In case #B there are no unitarizable modules, other than the
trivial, corresponding to an involution with gy = —1.

Proof. Assume ey = —1. Then £;; = —1 and =4; = 1. We conside the module
Qa1 AV as an u(m — 1) x su(n) module. The biggest value of A, Xy, for which
a type is vanishing clearly satisfies

(8-18) Al -+ 89 — Uy +#m - n = 0; » L .

where sg is the biggest positive integer for which a, = a,4;_.,. Observe that
if fn_1 = —p1,,, then we must be at this value in order to get finite dimensional
u(m — 1) modules (Fig. 8.19). Thus,
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K2
u(m — 1)
u(n)
B B - [
| U
1 AN
Fig. 819 _
(820) /\l = by S = e T

Now consider Q12 A A(Q21) ® VY. Since Pra A A(Q21)VY = 0 we can easily
compute an appropriate value of X, Ay, for which a type is vanishing from this
module (keeping A(Q21) ® V) fixed): If po # —pir, or if @, > 0 the following
type is in Q2 ® V) and is non-zero (indicated by 2's in Fig. 8.21):

2]

. 2
um =) u(n)

L]

Fig. 8.21
Hence, using the “2” from su(n},
(8.22) Az+n—(pm+m-1)=0s

Ag =gy —n+m-—1.

Now, evidently, to have unitarity we must have A; < X, that is,
(8.23) A, — S0 = +0 S py~n+m-—1 &

H1 +ﬂm>arz+2n+1”33~m,




UNITARITY FOR CLASSICAL LIE SUPERALGEBRAS 69

and this is in a range of y; for which the s0(2m — 2, 2) module is not unitarizable
(cf. Chapter 3). Finally, if a,, = 0 and g, = —tm then Ay = —pu,. > 0, and this
leads to the trivial sp(n, R) module. We must then have A2 > 0. In this case )q
is easily computed to be Ay = y; +m — 1, and thus py > 1 — m. This is still a
possible place of unitarity for so(2m — 2, 2). However, one can here use A(@Q12)
or A(Q11) to produce some non-trivial sp(n, R) modules which is in conflict with
A=0. 0O

We now assume that ¢, = 1 and again swiich to the notation with P, Py,
and ()7 as in Chapter 7. Let us first consider the case in which €27 = 1. Asin the
previous cases, this can be ruled out, however, it is a little more complicated. Let
us assume that py, - |y, a9, - ,a, are integers satisfying p; > po =00 >
lm| ond an > an_y > - > a3 > 0.

PROPOSITION 8.4. In case #B, there are no non-trivial unitarizable modules
based on ipvolutions in which ey=1and ey = 1.

Procf. As in Chapter 7 let Ny~ and Ny be defined as those positive and neg-
ative, respectively, root vectors in o(2m) which are not in the u{m) subalgebra.
Again we have a decomposition of Vy into irreducible u(m) x u(n) modules,

M(A)
(8.24) V=S Vi),
i=1

where VI = U(N;) - V(1) = U(NG) - VI(M(A)). Again we shall then consider
our highest weight module as a submodule of

(8.25) UNOUW ™) A(@2) @ A(@1) © V().

In this connection observe that to settle the issue of finite dimensionality of the
o(2m) modules we must examine the full content of ANQ2) @ A(@Q1) @ V0(1). In
the present situation, however, most of the restrictions or: the parameters follow
by Jooking at. A(Q) @ V1) alene. e o

We first investigate @y A V2. The biggest value at which a type is vanishing
from @Q; AV{ is clearly obtained at the place indicated by 1’s in Fig. 8.26 below.
The corresponding value of A, A, satisfies
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v (n)

Ui
T

® Promed 1
io — 1
Sg
[1 boZe—gp—s |
Fig. 8.26

A —@n+ 85+ pthy, — =0 &
(82?) AL Qp — 80+ T fa

Naturally, we must have A > Xy, and since we have the following element in
Q1 AV) (Fig. 8.28),

| [x]

u(m)

@

—

Fig. 8.28

the fact that this has got to be a unitary sp{n, R) module forces

{8.29) AS1/2~{ig+n)/2

(Typically, there will be even stronger requirements, but the above suffices for
here). Thus,

;

(8.30) fim 2 A+ an = 80— 1/2+ (ig + n)/2.
The type in Q2 A A(Q:1) @ V) indicated by 2’s in Fig. 8.26 vanishes at ady
satisfying
(8.31) (Aa = @n) = (p1 +m—j) =0.

,,,,,,,,,,, , o ..{There may be others which venish at even bigger values). Thus o
(8.32) A = py o+ (m =~ J) + an.

Since both A £ 0 and A > Ay are required by unitarity, only the trivial represen-
tation survives this.
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PROPOSITION 8.5. In case #B there are unitarizable modules based on an
involution in which gy = 1 and €53 = ~1 exactly in the cases deseribed below:
Let t be the biggest integer for which u, # iy, (L 2 7), let iy be defined in terms
of the a;’s as before, and define j, as follows: If Grig2 > 1 or if ig = 1, then

Jo = ip. Otherwise, jo is the biggest integer less than i for which Ay jotz 1S
different from a1y, if such a jo exists, if not, set jo = 1.
(I) Let R=0,1,...,j — 1, and assume that F + (m-—j)2 2. Then for
A= —py —m+j— R, provided that
lfom — 2n| £ g ( and fﬂ'mf s te).
{11y For
A< —py —m+1, provided that

mm - 271; < ( and mmi g ;ui}

Proof. Again we view our module as a submodule of

(8.50) UNOUW ) \@:2) @ A\ Q1) @ V().

Consider ¢y AV(1). Here, the smallest value at which a representation vanishes
is clearly at the Ay satisfying

(851) M+n+ (g ~n+m—j)=0 <> Ay = —pq —~ (m - g),

and this is obtained at the representation marked by I's below in Fig. 8.52:

i 1]

oy

uln)

u{m) -

Fig. 8.52

Unitarity forces A £ A;. Let us then write \ = A1 — R for some non-negative
integer R (R = j). Assume first that R + (m — J) = 2. In this case, inside
AQ1) ® V(1) we have the following representation (Fig. 8.53),
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R+ (m—j)—
}'{ ........ X§

e

Fig. 8.53

which means that there is a type in @2 A A(GQ1) @ V{(1), the one indicated by
2’s above, which vanishes at a A, satisfying

(8.54) detn—14+B4+(m—7)—(pm—n)=0 &
do = g, — 20— R—(m—j}+ 1.

This is the last possible place of unitarity, in this range of A, for @z AA{@1) ®
V). |
Again unitarity implies that A £ Ay, that is,

(8.55)
fm =20+ 1~ R—(m~3) 2 —p~(m—j)~R & pu+pm>2n-1.

With ¢ defined as above, we have by assumption | i, |S y:. Since we must have
that all types in A(Q1) ® V(1) define finite dimensional so(2m) modules, we
must also have that | g, — n | pe as implied by e.g. the type in the diagram
above. Furthermore, it is easy to see (since Az 2 A;) that there is a type in
A(Q2) @ A(Q1) ® V(1) which subtracts 2n from g, and hence |p,, — 2n] < ;.
This condition, on the other hand, clearly implies that py + pm > 2n — 1. The
ultimate requirement imposed on A by viewing A(Q2) ® A(Q1) ® V(1) as an
sp(n,B) module is A £ —R — (m — j) — n, and this is clearly met here.

In the case where R+ (m — j) > m we can only push the Ay from A{Q2) ®
(A(Q1) ® V(1)) to Ay = jtm —2n—m+1, and the condition becomes pi1 + iy =
2n+1—R+j. Still at this level there are enough types in A(Q2)@ A(Q1)® VR (1)

discrete part of the allowed values of A where some types in A(Q2) A A(Q1) ®
V(1) are missing.

Now suppose that R = 0 and m = j — 1. Then the following diagram gives
the ultimate A\, (Fig. 8.56):
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u(n)
Fig. 8.56
That is,
(8.57) A2+ (ig = 1) = (b —n) =0 &
)\Q:ﬂ'm-’n"'i(}"*’l-
Since A = A; we must have A\; < A,, hence
(8.58) o =M =G+ 1> —py — 1 &

P14 o 20409 — 2.

Let us now assume that Ay = A; + A for some positive integer A. Then we
have a representation in A(Q2) ® A(Q;) ® V2(1) whose so(2m) content is as in
Fig. 8.59,

= ANty — 1 e, j

[ [ I l
Fig. 8.59

and hence we must have

(8.60) [t = = (io = 1) — A < py.
However, solving for p; + p,,, we see that

(8.61) Pt =0ty — 24+ A

and hence, this requirement is not met.

The case (m — j) = 0 and R = 1 follows by the exact same analysis.

Finally, suppose that m — j = 0 and R = 0. Let us for simplicity assume that
tp = jg, the other case can be treated analogously. It follows that

(862) A= Al =
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and
(863) Ao =y — 249+ 2
{cf. Fig. 8:64 below).
2 1
u(m) X
& : 15
e dg—1 = B u(n)
x; i X‘{ ........ l b % l

Fig. 8.64

Since Ag 2 X; is implied by unitarity, it follows that

In case Ay = A; + A for some positive integer A we have diagrams 8.66 and 8.67
to extremize the so(2m) and sp(n, R} conditions, respectively.

!
LA
L]
uw{m} ~
A Tl : 3'{75}
E |
Fig. 8.66
and
"s‘
u{m) g—1+4A
[
& .
=15 } "I" A‘“’?
....... U{n)

Fig. 8.67
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From the first diagram we get
(8.68) 2 20~ 14 A

and from the other

(8.69) A2 -1+ A+151 =
i _Z_ 2’5(} -2 + A

However, since Ag = Ay + 4 we get that

{/8?0) 2;15; = 22"{; -2+ A

and hence, these conditions are not met,

As remarked in the beginning of thig chapter, there is another possibility for
getting unitarizable highest weight modules of D,,, namely by viewing it as
correspending to s0*(2m). This is the case to which we now turn,

We write elements of B {m,n) as

, P

oy Zy " P2

W —o] g —gf
(8.71)

g 4

@ -py “2

92 prowp =g
with ()" = —2F, (w]) = —wi, (2f ) = 25, and (wi )™ = w. Let €prs Epys

£z, and €., be +1 and let w be the anti-linear anti-involution which is complex
conjugation followed by the appropriate sign, e.g. wp) = g, pi. By computing
w([z7", g]) and w( [z, p1]) in two different ways, we easily get that

(8.72) €py = ~Ep,£,,, and

Epy = Epy€ay.

Thus, the so*(2m) condition, ¢,, = —1, forces the involution on C, to be the
compact one. This is the one we consider in the sequel.
To begin with, we observe that there still are two cases corresponding to

different non-conjugate choices of positive root vectors in Gt, and these we denote -

by A* and B* (A* is the previous A4, etc.) Thus,
Case #A*,

(8.73) N} = span {Fy,Q;}.
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Case #B*:
N} = span {P, P»}.

In each of these cases we then need to investigate the two cases ¢, = 1. We
shall then, in analogy with the privious cases, consider a one-parameter family
of highest weights

(874) "’M(”):(p’vﬂ‘*ib?'”7f'i""bm>/\1""' ,/\n),

where the b;’s are integers satesfying b, > -+ > by > 0, and the A;’s are integers
satisfying Ay > A > --- > A, > 0.

It is, in fact, clear that we can proceed in analogy with the cases A and B,
more or less just exchanging n and m (and exchanging 4 with B*, ete.) Of
course, one needs to change the parameters appropriately and to pay attention
to the differences in the sets of allowed parameters for the sp(n, R} and s0*(2m)
modules as well as for the sp, and o(2m) modules. Furthermore, the case n =1
in this analogy corresponds to a case with m = 1, and this corresponds to a
different series of superalgebras, namely C,,. (See Chapter 9.)

However, with all these concerns taken care of, one obtaius the following re-
sults. We omit the details.

PRrROPOSITION 8.6. In case #A” there are no non-trivial unitarizable highest
weight modules for which £,, = —1 and £, = €,, = 1.

In analogy with the sp(n,R) case, let io be the smallest integer for which
bpzoes =0 Kby #0,let ip =m. Ifb > 1orif ig = 1, define jo =
ig. Otherwise, jo is defined to be the biggest integer less than 7y for which
b 3o41 # b, _; if there are solutions, if there are no solutions we set Jo = 1.
In addition, we extend the previous definition of iy to be the smallest integer for
which /\1 = )an_io+1.

m-——ig

PROPOSITION 8.7. In case # A" there are unitarizable modules based on an
involution in which ¢,, = —1,¢,, = ¢, = —1 only when A,, 2 2m. In this case,
there is exactly for:

(I) p€l—o00,1~2 —nl
Myp=1~-d—x—Rfor R=0,1,...,n~ i provided that B + iy = 3.

PROPOSITION 8.8. In cases #B” there are no non-trivial unitarizable modules

based on involutions with e;, = —1 and ¢,, = ¢p, = 1.

“PROPOSITION 8.8 Tu case B there are nopstrivial unitarizable modules based
on the involution in whichk ¢, = —1 and ¢,, = ¢, = —1 exactly in the following
cases:

(I) ,u§—)\1—m+1.
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(11} If Ay = 0 then, in addition to the above, for

p=-A—tg+1—-RR=01,...,n— .

SR RS




CHAPTER 9

BORDERLINE CASES

~ In this chapter we analyze the cases B(1,n), Coyy, and B(0,n).

L B(1,n).

To begin with, observe that B; = A1, hence there is a priori the possibility
of having a unitarizable module based on an involution which corresponds to
sl{2,R) on B;. However, this possibility is quickly ruled out again by Lemma
7.3 and Lemma 7.5, What remains is to go through the proofs of Froposition
7.4 and Proposition 7.6 and see what changes need to be made. We will be
brief about this matter since we will attack similar questions for, in particular,
Cr in great detail. It turns out that one gets the same results as previously,
and that the only major modification needed in the proofs is in the proof of
Propositions 7.4 and 7.6, where one must consider AQz2) @ A(Q3) @ VP, and
not just A(Q2) @ VY, to get the appropriate sp{n, R) condition,

ProrosiTiON 9.1. For B(1, 7.) there are non-trivial unitarizable modules ex-
actly in the relevant cases described by Proposition 7.4 and Proposition 7.6 with
m o= 1.

IL C,. ;.

In the terminology of Chapter 8, Crnyr = D(1,n). Specifically, an element has
the form

a 0 ” P2 ]
0 —a g »q-?'}
9.1) . .
(0. o -py A 2
92 P W 0571

We consider, as previcusly, an anti-linear anti-involution w which is complex
conjugation followed by the sign changes ¢, ¢,,, and £y, O 2,1, and ps, Tespec-
tively. It is easy to see that we still have

(9.2}

Thus we need to go through the & cases corresponding to putting m = 1 in
Chapter &.

™

= £, &
z T Epp®

Pz

78
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PROPOSITION 9.2. In case #A there are no non-trivial unitarizable modules
withe, = —1 and ¢, = 1.

Proof. The biggest value, A;, for which a type vanishes from Py & VY is the
Ay satisfying

(93} (A1 — aﬂ) +p =08

Ay = =1+ Q.
The biggest value, Ay, for which a type vanishes from Q2@ V7 is the hy satisfying

(9.4) (M—an)~m=0¢&

Ag = py + .
Since both A; and A; must be non-positive and a,, > 0 it follows that only the
trivial representation remains.

PROPOSITION 9.3. In case # A there are non-trivial unitarizable modules with
¢ = -1 and e, = —1 exactly in the following cases:

(I) If £ > 0, then for A = —iy +1 — .
() If p is arbitrary and A = —iy + 1 — p — R, with

Re{l,- ,n—dg}n{z|z+2u>n—1d}

(IIT) If p is arbitrary and A = —ig 4+ 1 — u — R, with
B > max(n —ig,n —ip — p, ~2u).

Proof. The smallest value, A;, at which a type is vanishing from P, @ V)
clearly satisfies

(9.5) Mt —l+p=04

A= —p—1g+ 1.
If we assume that A=A, —Rforan R€ {0,--- m—~ig} U{z |z >n-1g} then
it is easy to see that the smallest value, Ao, at which a type is vanishing from
Q2 A A(Py) @ V), due to cancellations, is independent of R and satisfies
We must then have A < Xy i.e

(9.7) R+2u> 0.
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Observe that A = Ay ~ R — 2u. Hence it is easy to see that there is a type in
A (Q2) ® A(Py) ® V) whose sp(n, R) content is as shown in Fig. 9.8:

p2
R+ 2p
2 1
201 T
u(n) Hi R
211 i
] 1
tg — i
- H
+
Fig. 9.8

(Of course this is only completely correct when 2R + 2i+19 —1 < n). Due to
sp(n, R), when 2R + 2u + iy — 1 < n ~ 1 we must have

(9.9) 2/\+2R+2u+ig+3+i0~151¢$
R<QO,

whereas when 2R + 24 + i3 — 1 > n — 1 the condition is

(9.10) 2 +n+B+ig—-1<1 &
B4+ 25> n—14.

(Of course, we still assume that R +ig — 1 <n-—1).
Finally, when R + 19 — 1 > n — 1 the condition becomes

(9.11) Atn<le

R>n—45—p.

PROPOSITION 9.4. In case #B there are no non-trivial unitarizable modules
corresponding to ¢, = —1 and ,, = 1.

,,,,,,,,, Proof. Theblggestvaluefarwhmh a.type.is.vanishing frem. Qif\y}?’ N S

satisfies (cf. Fig. 9.13)

(9.12) (M—an+s)+(—n)=0s
)\lzan+n—so~u.
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1 )
) 629 $g
[i] !

Fig. 9.13

Unitarity on the part of sp(n,R) forces A; < % - Q{Lgigl Hence,
1 dg+ g,
(9.14) pszan+7a—-39-3+—§-§—2~.

The biggest value, Az, at which a type is vanishing from Q4 A VY then satisfies

(9.15)
Az ~an = (p) =0 =
3 ] '
)\g"-:[lﬁfan22&,1*‘5(}—;+'(&:§‘20‘)“+n+1>0.
This is clearly impossible. [
PROPOSITION 9.5. In case #B there are unitarizable modules corresponding
toe, = —1 and ey, =1 exactly in the following cases

I A -n then for A+ n +ig < pp< =
(ID) If X < 222k then for y = — ),

(III) Ifio =1, then, in addition, for (A,u) = (0, 0),(-%,1),. (52, nely,
Proof. The smallest value, A1, for which a type is vanishing from Q; A Ve,
satisfies
(9.22) Mtn+p—n=0s

/\1 = —~lt.

Suppose that A < A;. Then we have the following type in A(Q;) ® VY (Fig.
9.23):
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This clearly leads to the smallest last possible place of unitarity, Az, for @z A
A@Q1) @ V-
(\924) Ag + 125 — (;1, — ’Fé) =0 &

do = po—n o dg.
Now:if Xy > Ay-e-2n+ig+1—2p-< -0 theneverything is finein A(Q2 )0 A(Q1)®
Vf. However, if Ay < X; then we must insist that A < Ay also. In both cases
it is easy to see that it follows that A < —n because there are non-zero types in
A(@2) ® A(@1) ® V{ which define sp(n, R) modules which only are unitarizable
for A < —n. When ) = Ay it is easy to see that the Ay from Qo @ AQ1) @ VY
satisfies
(8.25) Mo+ o — 1 — (1 — (g — 1)) =0, hence

Ao = pig —Gg — Jo + 2.

In this case, the sp(n, R) conditionis A = —p < —(2-n ~1ip}/2 becanse we are
now missing a certain type in A{GQ1) ©® VY which previously was used to force A
towards —oo. Still, unless ig = 1 we have enough types in A(¢2) ® ANQ:) @ VY
to restrict X as indicated. It is only when ig = 1 that sufficiently many types are
missing that we can use the A’s as indicated in (11T}, O

From now on, let Ay, -, A, be integers satisfying Ay > Az = - 2 A 2 0, 1k
such that the ntuple (A1, -, A,) defines a finite dimensional sp(n, B) module.
Let i be the biggest integer for which Ay = Ay = -+ = As

PROPOSITION 9.6. In case ##A* (with e, = 1) there are unitarizable highest
weight modules corresponding to £,, = p, = —1 exactly if:
(I} A, = 2, then for
pEI-A —nt1, - A —m 41U = 0o, =A —n A+ 1
(1) If Ay = A, = 1, then for p = —1.

Proof. The smallest value, p, for which a type is vanishing from P A V(1)
clearly corresponds to the diagram in Fig. 9.27:

o 8 ey

@
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Hence
(9.28) A M+ n-i =0
= —Ay ~n 43,

We must have y = y; — R for some R € {0, 1~ 1}U{z |z >14-1}. Then
we have the following type in APy e V1) (Fig. 5.257:

ey - [ s X
I =

Fig. 9.29

u(n)

Hence the smallest py for which a type is vanishing from Q; A A(P) ® V(1)
satisfies
(9.30) prt(n—i+R) - (X, ~1)=0¢
B2 = A, —=1—R—(n-1).
To have unitarity we must have
{931) o 2 Hy Rie. /\1 -+ /\n Z 1.

It is also clear that the requirement that the modules in ANQ2) o A(P) @ VP
should generate finite dimensional sp(n, R) modules forces A, > 2 unless b=
and A; = A, in which case it is sufficient to have An > 1. 1

PROPOSITION 9.7. In case #A* (withe, = 1) there are unitarizable highest
welght modules corresponding to Epy = Ep, = 1 exactly if:
(1) X, > 2, then for

pe€E{M+n—i - A +n—1}UA +n— 1, 00].
(II) Ay = A, =1, then for p = 1.
Proof. Similar to the privious, in fact, due to some cancellations, it is even
easier.
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PROPOSITION 9.8. In case #B* (with ¢, = 1) there are unitarizable highest
weight modules corresponding to €,, = ¢, = 1 exactly when

B> A+ 2n.

~.Proof._The biggest value, 41, at which something vanishes from Q; AVP (M (7))
is clearly taken at the following diagram (Fig. 9.32):

&

SQZi

; A

Fig. 9.32

Hence

(9.33) (1 —n)+ (= +50) =0&
== .»\; -+ 7 - 8¢

Actually, there may be, for special configurations, even bigger u,’s e.g. f; in
Fig. 9.34,

®
i1
tg u{n)
!
Fig. 9.34
where
(9.35) (fr=n)+ (An + 1) =0& [y = =X, + 1~ to.

However, the only important fact here is that the following type (Fig. 9.36) is
non-zero in the range of unitarity (unless we are looking at the trivial represen-
tation), since it vanishes when p = i = —A;:
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1]

® ]
u(n)

Fig. 9.36

Hence there is a type in Q3 A A(Q1) ® V}{ which vanishes for a ys satisfying

(937) (/;52 “1)--()\1 '1"‘:’2—1) =0&
Lo = A1 +n.

Since we must have that g > 5 it follows that the following type from A@Q1)eVy
(Fig. 9.38) occurs in our module:

| X
]
2.4
® ¢
— e X
I BRI B
& u(n)
%
Fig. 9.38
Hence, the ultimate po satisfies
(9.39) pr—n—{(A+n)=0&
Mo = /\1 -+ 2n.

Finally, it is completely straightforward to establish the following:

PROPOSITION 9.9. In case #B' (with £, = 1) there are unitarizable highest....
weight modules corresponding to e,, = €,, = —1 exactly when

@< =Ag
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IIL. B(0,n).
An element of B(0,n) has the form

6 q3 73
(9.40) ~P3 B z

. N B+ J: 100 SO

UgE W =5

As previcusly, we are forced to have e, = —1. Maintaining the notation of
Chapter 7, the smallest value A, of A for which a type is vanishing from Qs A VP
is given by :
Ao = —ig -+ 1,

whereas the biggest value, X, is given by
)\b g PN

Thus, the following two propositions are immediate:

ProOPOSITION 9.10. In case 5 = 1 (withe, = -1) there are unitarizable
highest weight modules exactly for

A€ {~ig+1,.. ., —n+1}]~ o0, ~n+ 1

PROPOSITION 9.11. In casees = ~1 (with £, = —1) there are no unitarizable
highest weight modules except the trivial.



CHAPTER 10

F(4)

We refer (again) to [16] and [17] for the details concerning the results and
notation used here.
Let I'{(4)g and F(4); denote the even and odd part, respectively. Then

(1G,1) F(4)0 = B3 & A;, and

F(4)o - : 5 o
(4)o [Feay, = sping @ sl,.

Let e;,e5,e3, and 6 = ¢, denote the usual basis of C}. Let Ay and Ay denote
the even and the odd roots, respectively. Then

(10.2) Do = {*e; +e;, ke, £6}, and

i

JAY {-};(:tel tep deg+4)}.

Up to W equivalence there are five sets of simple roots, 3°,, 5", >3y 24, and

)38

Choose non-zero elements Zyy o, 8,41, 0, ys in F'(4); such that
(10.3)
z3 has weight Z(—e; — ey — €5 — 6), v1 has weight 3 (—e; — ey — €3 + 6),
Zo has weight %(-—61 — €2 +e3—6), y; has weight F(—e1 — o + ey + &),
z3 has weight L(—e; +e5 —e3 —8), ys has weight Z(—e; + ey — e5 + §),
z4 has weight 2( e1+ez+e3—0), ys has weight L(—e; + ey + ey + ),
z5 has weight 2<+€1 — € —ey—6), ys has weight L(+e; — ey —e5 + 6)
z¢ has weight 1(+e; — ey +e3 — 6), wye has weight F(+er —ey +e5 + ),
z7 has weight %(+61 +ez —e3 — &), yr has weight %(-f»e} + €3 — ez + 8), and
zs has weight %(—i—el +e2+e3—0), ys has weight %(—é—ﬂ + ez + ez + &),

87
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ys_u__‘ . wgg.__ y7_ yaa
A1 S 1 1
/ S l l

”yl_ Y2 ya._.{ww ..f’ﬁe/
1 I T xsl_“”]‘ R Cfgl . Z'II msl
] Vi o £y -.€3 - €3 i

/ ‘ /81 - €9
1‘1‘ zz xrs _{_ *2‘/

PFig. 10.4: F(4);

We choose the standard ordering on Bs and A, and proceed to describe the sets
of positive and negative roots, F (4)f and F(4)7, in F(4);, as determined by

215227 EB?E@ and ZS:

(I} le{€1~€2,€2-—63¢63,%(“€1 ”62”63+5)}'
® —0=0—0
Fig. 10.5

F(4)T = {y17y23 c ,Z!S}-

PSS 9% ks to
A1 1 1 1
STV

+ + -+ {M"Mi./
1 1 1 ot | |
v i i

- Fig. 106

1
(Im) 22 = {6, e3,e2 — €3, 5(6’1 — ey —e3—6)}.
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O=0—Q—0O
Fig. 10.7

}‘(4)? = {mS)is‘T?am81y5, Ye, Y7, Z/s}

I S— 1
% %
@ G ...}.*./&__«m __w__w/ f
1 7 S Y S B
! Ve Ve
-
& ——l «—)0/ — --——&e/
Fig. 10.8

1 1 1
{11 ZS = {5(61 ~ey—e3+6), 5(61 —ex+e3—5), —2f(-el textez+6),e3—e3}.

Fig. 10.9

F("’)T = {y‘i,yfby61y7)y81x67$77$8}-
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te o —_F. te e
71 Val T T
aya | |
S + 7 | i
3 — e @ !
| ] | ] . + | +l
/‘W— — m-—/}n ® ®
i // /
|/ 1
® — s @ e @
Fig. 10.10
i 1 .
(IV) 24 = {—%(—«e; — g+ eg + b}, 5(61 +eptez—b)es —eg,en e}
O—0O—Q—Q
Fig. 10.11
F(4)] = {y2,ys, ¥4, U5, Ys, U7, ¥s, Ts }-
+ + + +
B e @ & —8
//"i yal T T
A1
+ + / S
@ ® ——a% e A«w;»«”«m . ‘
I 1 | ] | | +]
| s - )
s /
| /
;ﬂ % l 2}”}/ i//
& & € 38
: Fig. 10.12
v e §), 5 :
V) Z5~—{‘2“(”€1 +ez—ez+ ),2(61 ey —e3—0),e3,e1 — €2}
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AN
“®

91

/ |
O*w®\ ’
\\\E
5
Fig. 10.11.a
F(‘@? = {3!373145?/57'9679’7:?/8737‘2;758}-
+ + + +
G — —r e — e
P A i T
S pan ;
-+ / + f
@ — -—>? e !m-—m I
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l I f / /
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Fig. 10.12.a
{Observe that the situation
+ + +
G e @ —r @ @
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/ l + ; i
———— e
| +]
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—— e
—3
:
i
|+

:
i
|
|
|
4

Fig. 10.13
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corresponds to either

O—0—®—0

or

Fig. 10.14
and hence is covered by the treatment of the algebras D(m,n).)

We now choose the bilinar form to be positive definite on By and negative
definite on A;.

Choose vectors he, , he,, h.,, and hs € C* (identified with a Cartan subalgebra,
of F(4)) such that eilhe,) = 26, ;, 8(he,) = 0, ei(hs) = 0, and 6(hs) = 2. We
choose the z;,- -, yg such that
(10.15) [y;,a:g] =h_ey + ey + Ny — 3R,

= h}e; - hég - heg - 3h5?
[yz, -'E’{'} :h—-el + hwez + heg, - 3h’5>

[yg,.'E]} :he] + h62 -+ A';Le3 ~ 3hs.
We now analyze the conditions that must be fulfilled by an anti-linear anti-
involution w. Let

(10.16) w(y) = egzs
for an ey = +1, and assume that the sign of w on the root Spaces ez —eg3,€) —eg,e3,
and 6 is €23, 3 9, €3, and &4, Tespectively.

LemMa 10.1.

w(yz) = €oz37,

w(ys) = eoez 36376,
w(m) = E0€2 375,
w(ys) = £0€1,262,3683% 4,
w(ys) = £0€1,2€2,373,
wiyr} = £0€1,9%2, and
w(ys) = €0€1,2637.

Moreover, €5 = —€381 2.
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Proof. We compute w(yz). The general case of w(y;) follows analogusly. Let
k% be vectors in the root spaces +ej such that [k}, k7] = he,. Then

(1017) [{kgsyl}a {Ilak;;” = H{kiﬂyl]?xl]’k;] - {x17 {[k;,,yi]ak%} =
ﬁ;}:l’ ikzv ylﬁ: ke-g,} + {3717 {k;—y {%’:;;sifl}}} =
Hk:;’ "“(hel + h’ez + hes + 3h5)}7k;} - {5‘319 {f@esayﬂ] =
2h€3 -+ [$1,y1j =
(hey + ey + hey — 3h5).

Thus, if g, = [k}, 21], then 27 = [z, k;,]. Hence
(10.18) wlys) = w([k;,yl}) = Ea£3i$1,k;€3} = £gE3Tr.

Not only the other y;’s can be handled this way. By computing w(yy) as
w(lk; ,z1]), the claim concerning ¢4 follows in the same manner. O

We now go through the four cases, one by one. Observe that always either
€5 = 1 or €13 = +1, but never both.

Case I. We write the highest weight as
{10.19) A={A hey+e hoy+b-hey+p/2 hs)
or, simply, as
(16.20) A={(Aabpu/2).
The contribution to p from the even roots is (5/2,3/2,1/2,1/2), and it follows
easily that half the sum of the positive odd roots is 26. (This must be subtracted).
Thus
(10.21) At+p=(A+5/2,a+3/2,b+1/2,u/2 - 3/2).
PROPOSITION 10.2. In case I there are non-trivial unitarizable highest weight

modules corresponding to an involution w in which es = 1 exactly when ey = —1.
In this case there is unitarity exactly in the following cases where, since y must

be a non-negative integer, we have written A = (M a,b,n/2):

i)n>8 and A<-a-—-b-2.

i) n>70b#0 and A=-a-b-2.

i) n>6,b=0,a#£0, and A=—a—b-%.
iv) n>4,a=b=0, and A=—a-b-%.
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Proof. Since ;3 = ~1, we are considering the real form 0(2,5) of Bs. Anal-
ogously to the previous chapters we let V? denote the finite dimensional o(5)
module defined by (a, b), and we consider the vanishing of the various o(5) types
in F(4)] AVJ. A priori we know that ) must be negative to have unitarity on
0(2,5). Moreover, it is easy to see that for all 7 = 1,---,8,

(10.22) <@ Avy,m Avl >=egh+ lower order terms,

where v} denotes the highest weight vector in vy

Finally, < 24 A1, 24 A v§ > is zero at a positive A as follows easily by direct
computation. Thus, €5 = —1. Now let A;, -, Ay denote the values of ) for which
the term corresponding to the root a;, of z; vanishes. That is, if hey = 24, yoi
then

{)u+5,/2‘
(10.23) zjfg (ha) = 0.
nf2-—3/2
It follows that
(10.24)
/\1:%2~Q~b-9, /\g:%’gm&%»bw& /\132;};*@”&“5—5?
/\4=-§4+a+$~«5, ,xgza%wwwwxg:fgmnéag,
M:»~%§—»a+b—«1,&:~§§~a»&

Now, clearly we must have A < Ag, and unless ) = Ag the vector g A 27 A x4 A
x5 Av} is non-zero and hence we must have 7 2 4 to ensure finite dimensionality
of the A; = su(2) module corresponding to this. Thus, if A < Ag then to begin
with # > 4. But for n > 2, \g is the smallest of the Ai's, and only for n = 3 does
it equal A1, for n > 3 it is strictly the smallest. But then, if A < Xg the vector
Ty Ao A Axy Axg AvY is non-zero, and hence n > 8. 1t then also follows that
Ag € ~12 — g — b, and in this range, there is unitarity for the o(2,5) modules

involved even if we take into account that z7 and zg do make more restrictions

-.on.A than those coming from v§. oo

It remains to examiue the cases where i = Ag and hence where 24 /\vg vanishes.
Assume first that n = 3, i.e. that also 71 defines a zero in the Kac determinant.
A direct compulation then easily shows that the vector T3 ANZg Nzg Aoy AR is
non-zero and hence n > 4 is demanded after all. If & # 0 then only x5 vanishes
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whereas if b = 0 and @ # 0 then also z; vanishes. Finally, if both ¢ and b are
zero then x5 A vf = 27 Avf = 25 Av = 25 A0 = 0.

In all cases it is easely seen that the 6(2,5) modules are unitarizable.

This establishes the unitarity as far as both F(4) and 0o(2,5) are concerned.
However, we still need to make the Ay = su(2) action unitary and for this
purpose we need to pass 6 yet another quotient. Let ug be specific about this
point:

Let p* denote the subalgebra of 0(2,5) consisting of the root vectors corre-
sponding to the roots e; & eg,e; + e, and €3, and let p~ be the corresponding
negative root spaces. Let € = o(5). Then

(10.25) o(2,5)=p @Et@pt

(in analogy with Chapter 6). »
Due to the o(2,5) invariance (here) of F(4)]" and F(4)7, it is appropriate to
write U(G) (G = F(4)) as

(10.26) U(G) =

UkU ™A E@DUEUE)AF@D))UEHU (U E),
where H is a fixed Cartan subalgebra corresponding to the roots ej, ey, e, and
6, and £* denote the positive and negative root spaces, respectively, of o(5).

Let J4 denote the ideal in U(G) generated by AF@), pt, €t and the ex-
pressions (h — A(k)), h € H. The generalized Verma module is defined as

(10.27) My = U(G)/I4.

Let vp denote the image of 1 in M}, under the natural projection of U(G) onto
Mj. Let Jy(€) denote the largest e-invariant subspace in I/ (G)-»Y not containing
v§. Then

(10.28) AR CTYING
is the finite dimensional representation of ¥ defined by the restriction of A to

HNE Let Jy(k) denote the left ideal in U(G) generated by Ix and Jy(8) (this
is well defined since J,(£) is defined in U(G) module Ix), and let

C(1029) o V= (O a8 DO

Then, as a € module,

(10.30) Va = Uk UG NA\FE@ ) o VD).
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Consider
(10.31) (Va)(©) = U Y N\F@ ) o V).

It is clear that k;* acts nilpotently on this space, and in the course of the current

proof we-have made sure that the highest weights of A; we get-from-this space,

define finite dimensional representations of A4,. If our representation of G is
unitary then we can write

R
(10.32) AF@D™) -} = PC - w,
P34

where the sum is orthogonal and where each w' is a non-zero highest weight
vector for Ay, ie. Vi =1,-- R: kgwi = 0. Let J5(4) denote the largest

R
Aj-invariant subspace of U(k; ) (B Cw;) that does not contain any of the w,’s,

and let J5(8) denote the left ideal in U (G) generated by Jx(6) and J4(¢). Then
our highest weight module is

(10.33) Vi = U(G)/ Ja(6),

and again it is clear that the conditions for unitarity are sufficient. Our last
problem is to show that V. is non-zero. For this purpose it is sufficient to
consider

(10.34) A\E@T)Ia(6)

and to show that this cannot contain v%. But, from the representation theory of
Ay it follows easily that

4
(10.35) Tn(8) = RUE (k5 )™ (wy),
FES

where all the exponents n; are striclly positive integers. Now, if f* ¢ F(4)f then
[k, f*] = f~ € F(4)] . Hence, since k; commutes with o(2,5) and AF)),
we can never have Jx(6) equal all of U(G). 0

~Prorosrrion 10:3. In case I there are non=trivial unitarizable highest weight ™

modules corresponding to an involution w in which 5 = —1 exactly when gq =
—1. In this case there is unitarity exactly when

3u/2 < —(A+a+b).
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Proof. This is analogous to the previous case, and in fact easier since F 4)7,

is o(7)-invariant. We have, foreach i = 1, - .- , 8,
(10.36) < T AV, m AVS >= —gq - 311/2 + lower order terms,
and at least one of these vanishes at a positive real number. Hence gg = —1, and

we need only look at the place where x5 AvY vanishes since it clearly corresponds
to the smallest value of 1 where anything vanishes from F (4); Av}. This value
of p exactly satisfies A —a —b—3u/2=0. O

Case I1.
{10.37) At+p=(A+1/2,a+3/2,b+ 1/2,n/2 +1/2).

PROPOSITION 10.4. In case II there are non-trivial unitarizable highest weight
modules corresponding to an involution w in which e5 = 1 exactly when gy = —1.
In this case there is unitarity exactly in the following cases, where we have written
A=(Xa,bn/2), n=01, - :

) b#0,n>4, and A< —a—b—4-3n/2.
i} b=0,a#0, n>4and A< —q— ~ 3 orA=-a-3-3n/2
i) b=a=0,n>4and A< -4- 2 or A= -2,

Proof. The discussion of the signs follows in analogy with the previous cases.
In the current situation there are no additional restrictions on A coming from
F(4)7, and the restrictions on n are only imposed by 21, z,, 3, 74. Moreover, it
is easy to see that in all relevant cases z; A ZaAx3 Azy A 'vg is non-zero. When
b # 0 then y; A v§ is the leading term of an o(5) type, and it is clear that this
defires the last possible place of unitarity. If b = 0 we need to move to either y
(when a # 0) or y4 (when a = 0). The gap between the place where y2 (resp. y4)
vanishes and the place where y; vanishes occurs because a second order element
has negative norm here. In the first case it is the o(5) type whose v} coefficient
is y1 Ayz and in the second case it is y; Ays £ys A y3 as follows either by direct
computation or by looking at the Kac determinant. We omit the details. Finally,
the unitarity on A; follows once the appropriate quotients have been taken (cf.
the proof of Proposition 10.2). [J

PROPOSITION 10.5. In case II there are non-trivial unitarizable highest weight
representations corresponding to an involution w in which g5 = —1 axactly when
€9 = —1. In this case there is unitarity exactly in the following cases:

)0>3u/2>a+b—Xand A >a+b+3.
ii)3u/2=a+b—Xand A >a+b+9/4.
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Proof. The sign on the leading term in the < y, Av%, 1 Av] >’s is the opposite
of the sign on the < z; Avd,z; A1} >’s (i = 1,---,4). Tt then follows easily
that ey = —1. We know that u must be non-positive and it is easy to see that it
must be greater than or equal to the value for which y4 A v} vanishes, the value
which satisfies 31/2 = a + b — A. (Observe that ys A v} as well as z4 A 0} are

~always highest-weight-vectors:)~If y-is-strictly-greater then the value -2t which
ys A v} vanishes then y1 A ya A ys A ys A 09 is non-zero, and hence this forces
p < —2, hence A > a+ b+ 3 to ensure a non-empty set of p’s. If ys A¢f vanishes
then ¥1 A yg A ys A v vanishes, hence p < —3/2 and thus A > a 4+ b+ 9/4 is
required. Of course, a major problem here is that F(4)] is not o{7)-invariant
but only o(5)-invariant. However, we can proceed in analogy with the similar
cases for B(n,m) and D(n,m) and check that all o(7) representations obtained
are finite dimensional. This is indeed the cage as follows quite easily from the
strong requirements on the size of A compared to that of a (cf. the proof of
Proposition 10.2 and (below) of Proposition 10.6).

Case II1.
(10.38) A+vp=(A+1a+1bn/2).

ProprosiTion 10.6. In case III the pon-trivial unitarizable highest weight
representations corresponding to an involution w in which €5 = —1 occur exactly
when ey = —1. In this case, for A = (A a,b, p/2}, there is unitarity exactly in
the following cases:

i}A—a>3 b2>5/2, and
a~b—AiA<3u/2 <min{(~9/4a+b—- XA —~a~—b).

i) 3p/2 = a — b — X, provided that
a—b—Xx<mn(~3/2,A~a~b), A\—a>2 b6>2 anda>b
i) 3p/2 = a + b — X, provided that
a+b~ A< (~9/4) A—a>3 andb> 2

iv) 341/2 = A — a — b, provided that
A—a—b<(-9/4), A~a> 2 and b > 5/2.

Procf. 1t is easy to see that the sign of the first order elements in F{4)] A
70 corresponding t0 ¥y, ¥z, and ys is the opposite of the sign corresponding to
Z1,%g, 23,24, and x5, and by looking at where they vanish it follows easily that
g9 = —1. In the present situation F(4)] is only invariant under the A;-algebra
generated by ki(.,_.,). However, the philosophy of e.g. the proof of Proposition
10.2 can still be applied. We begin by proving that b > 0: If not, then we
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must have z5 A v] = y3 A 99 = 0 since they both define illegal o(7) types. This
implies that 34/2 = a — A, Now consider 25 A v}. This in non-zero as follows
easily by direct computation (provided that pF0 pp=a=X=0is the
trivial representation). Thus there is a non-zero vector which is a highest weight
vector for ke, ., and which defines an illegal o(7) highest weight. Thus, b = 0 is
impossible. Now; itis clear that we must be in the printerval between the value
where y3 A v is zero and the value where either o4 A v} or z5 A v} vanishes
(whatever happens first). We consider now the ki(es—ey) module F(4)7 AV It
we are at none of the endpoints of the above mentioned interval then, by using
T1,Y1,%3,Ys, and zp, we can lower the weight on e, by —%eg? hence b > 5/2,
Likewise, by using 3,73, and 2, we can see that A — a > 3. We have that
Y1 Ay Ays Al is non-zero and this implies that 4 < -3/2 or, equivalently, that
3p6/2 < —9/4. Observe that because b # 0, the place where y; vanishes never
coincides with the places where x, and zy vanish.

Now suppose that y; vanishes. Then we can only conclude that A—~a > 2 and
b > 2. However, here y; A v§ is a non-zero illegal highest whight vector for of 7)
unless ¢ > b.

If z5 vanishes then we get b > 2 again, and if 74 vanishes, we only get A—a > 2.
The conditions on 34/2 follow analogously.

Finally, we shall make some remarks about the quotients we have to take (cf.
the proof of Proposition 10.2). The ideal we have to remove is generated by a
subspace 5 of

(10.39) UETIA(F4)T) 4.

As previously, we have to make sure that we do not remove everything so that we
end up with a zero dimensional vector space. Again, what we specifically need to
investigate is whether A(F(4)]) applied to S could give us v{ back. However,
if it could, this would imply that we inside AF(4)7) ® V would have some
highest weights for o(7) which do not define finite dimensional representations
(as follows by duality), and these cases have already been carefully removed to
ensure the unitarity (finite dimensionality) on o(7). O

PROPOSITION 10.7. In case III the noop-trivial unitarizable highest weight
representations corresponding to an involution w in which 5 = 1 occur exactly
when eg = —1. In this case there is unitarity precisely when:

i)b25/2,n25and>\<—~§§~a~b—2.

,,,,,,, 373, e

) BS 2 n 5 and A= S s

Proof. All the leading coefficients in <z A v,z A0 >, z € F(4)7, bave the
same sign and it follows easily from this that ¢y = —1. That we must have b #0
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follows in analogy with the similar fact in the preceding proof. Clearly then,
the last possible place of unitarity is the place where the highest weight vector
whose vﬁ coeflicient is y; A vg, vanishes. In this range, z; Azy Az A T4 Mg A UR
is non-zero and hence n > 5. This, on the other hand, also implies, as is easily
seen, that all o(2,5) requirements are met. If we are below the place where
the mentioned vector vanishes, it follows, by looking at z1, v, T3;yy, and ey in
unison, that & > 5/2. Right at the point where the vector vanishes we can only
conclude that b > 2. .

Case IV.
(10.40) f;+p:(A+2?&+1,b7§~1}.

PRrOPOSITION 10.8. In case IV the non-trivial unitarizable highest weight
representations corresponding to an involution w in which £5 = 1 occur exactly
when ¢y = —1. In this case there is unitarity precisely when:

3

Jn>7b625/2 and A< —a~b— .
3
in>702>2, a,nd)\:maw_g}___gl_

Proof. This follows in analogy with the previous cases. Again it is y; which is
important. Observe that y; A vg always is a highest weight vector {(asis z7 A v9).
It is also y; which imposes conditions on n whereas Ty, Y1, 27,5, and 2z can be
used to impose restrictions on §. [

PrOPOSITION 10.9. In case IV the non-trivial unitarizable highest weight
representations corresponding to an involution w in which e; = —1 occur exactly
when e = ~1. I this case there is unitarity precisely when:

i) =A—a—-b<3u/2<-A—a+b, and b > 5/2.
i) b>2 3u/2=—A—a-b
H)b> 2 3u/2=—A—a+b

Proof. This also follows in analogy with previous cases. Here, 11 A 2 and
z7 A v} are always highest weight vectors, and the signs on the inner products
are different. By inspection it follows that 314/2 must be in the interval between
the places where these vectors vanish. Observe that F (4)7 is invariant under the
su(3) generated by the roots e; — ey and ey — e3. We omit further details. [

Finally, the following results are obtained anagously. We omit the proofs.
Case V.
3 1 1 n 1
10.41 A ={\ -, _’b R
( ) +p (+2a+2 +t55 2)
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PROPOSITION 10.10. In case V the non-trivial unitarizable highest weight
representations corresponding to an involution w in which e = 1 occur exactly

when £o = —1. In this case there is unitarity precisely when:
. 3n
PJn>6,b>2 and A= —a+b— —.
4
3 3n
11)%26, 5255 B,Bd}xs—éi*b—“;‘“‘l‘

Prorosirion 10.11. In case V the non-trivial unitarizable highest weight
representations corresponding to an involution w in which e5 = —1 occur exactly
when eq = —1. In this case there is unitarity precisely when

—A—a+b<3u/2<-A+a~b, andb> 2.



CHAPTER 11

G(3)

We have
52111) G‘gﬁegt}:x"%:{ and G§$C1 —mG3 %Y QZ“
where the Gy in the tensor product denotes the irreducible 7 dimensional repre-

sentation of (s,
Let €1, 9,63, and & denote vectors such that

{e1,61) = (€9, 69) = {gg,63) = 2 = —(6,6),
{ei,6/) = —1 i?#g, and
(11.2) (£5,6) = 0 for all 4,

and such that, moreover, e; + ¢ + £3 = (. The sets of even and odd roots are
{11,3} !l.g Z{Ei b 5;;,"5_.:52',?&25} é:sg == {mvziéf,ﬁ:é}‘

We represent Gy as in Fig. 11.4:

bggy -~ b—g3 -+ S~gg -+ & -~ febgg - bbeg Sy

1 i 1 T T i

Fig. 11.4

Up to W equivalence there are four sets of simple roots, 3\, > ., > 5, and 3_,.
We choose the standard ordering on G5 and Ay and can then indicate the sets
of positive and negative roots i G(3);, as determined by ¥ ,, > ., 2., and Y ,,
by two rows of signs corresponding to (11.4):

1 Z] = {€g,63 — £2,61 + éﬂ}



(1)
(111)
(IV)
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G——o&=0
Fig. 11.5

Fig. 11.10

24 ={eg ~ £4,6, 25 ~ 8.

5

1G3
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@<L () O

Fig. 11.11
SR i R
— - = = 4+ +

Fig. 11.12

Identifying H with H”, the co-roots become
‘ 1 . 1
{11.13) he, = €2, heyeey = —?;(53 —&9), and figs = ———é:ﬁ.

Further we list the “p”’s corresponding to the four cases:

Jt

3
pr = 2e9 + 383 — 25, pir = &3 + 283 — =4,
2 2
) 1 1,
(11.14) prir =&z +&3 — 55\ and prv = €3+ gé’.

Let 795 be a non-zero reot vector belonging to the root 26 in A; and let z_o5
be defined analogously and such that {226, 2—26] = has.

It is clear that in order to have a unitarizable module with respect to some
involution w of G(3), w restricted to G2 must be the compact tovolution. If we

put

(11.15) w(yy ) = g7, and
)

wlzys) = €52-28,

so that €% = a"g = 1 for some appropriate non-zero root vectors i and z7, then
we get easily, in analogy with Chapter 10:

LEvMA 11.1. In order to have non-trivial unitarity, €5 = —1.

(It is furthermore clear that the sign €q stays constant on the odd part.)

The four cases can be analyzed in completely analogy with the previous chap-
ter. In fact, the analysis is quite simple since Gz has to be compact, 20 one just
has {0 be careful in relation to the non-invariance of ihe sets of negative odd
roots under G in the cases 11, 111, and IV. Moreover, it is in all four cases the
root corresponding to either y1 or 27 (which in this connection amounts 1o the
same) whose vanishing one has to consider. We omit further details.

In the following, let A = (aeg, bes, %,u,é ) be a highest weight for which (acz,bey)
defines a finite dimensional representation of Gz, i.e. for which b - a € Iy and

20 € Ng.
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PRroOPOSITION 11.2. There are non-trivial unitarizable modules for G(3) in
case I exactly when g¢ = 1 {and 5 = —1). In this case there is unitarity exactly
when:

p< —3a-—-3b-6.

ProposiTion 11.8. There are non-trivial unitarizable medules for G{(3) in
case II exactly when eq = 1 (and ¢5 = ~1). In this case there is unitarity exactly
when:

(1) p<~-3a-3b-12 2, b~a>»2 and 2a>5

(2} ;j*wgw“?bw'” b a:/'é, afdzu,:;__

ProrosiTiON 11.4. There are non-trivial unitarizable modules for G(3) in
case III exactly when ¢q = 1 (and 5 = —1). In this case there is unitarity
exactly when:

(1) p<-3a~3b-5 b-a>3 and2a> 4.
2y p=-3a-3b-5 b—a>3, and 2a > 3.

ProrosiTION 11.5. There are non-trivial unitarizable modules for G(3) in
case IV exacily when ¢g = 1 (and g5 = —1). In this case there is unitarity
exactly when:

(1) p<-—-3a~3~4, b—a>2, and 2ea > 6.
(2) wu=-3a—3b—4, b-a>2 and2a>5.



CHAPTER 12

D21, 0}

There are two Dynkin diagrams of this superalgebra;

O—®—0

and

Fig. 12.1
The Cartan matrix is

F'o 1 al
(12.2) Da=]-1 2 0

(-1 0 2

The roota are, expressed in terms of linear functions £31,€2, and ¢z,
(123} A@:{izig,?{l‘:l,z’g}, ﬁl; 2{.&5}:&:531’53}A

Up to W-equivalence there are four systems of simple roots. However, three
of these are equivalent by permutation of the indices, and for this reason we will
only consider two systems, one of the three together with the fourth.

We choose non-zero root vectors ey, eq, €3, e4, fi,f2, fa, fa, such that

{12.4) e = —¢e1+eg—e3, by = %kga + %ihggz -+ -;Ehggg,
€y =€y ‘3~ &g, hy = %}égﬁi + E;;Ehzgz + %hggw
€3 = — €y +eg+ag, by = %hggi ¢ :; 3:‘5352 35253? and
es =6+ et eg,  hy= é—i% + 2.;&; ~ Zhaes.
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We choose f; to have weight equal to minus the weight of ¢;, and we assume that
fori=1,2,34,

(12.5} {653]%] Zh«g’.

(This is different from the convention in 17
We let kg, denote the usual root vectors for the three siy’s defined by the
roots £2¢;, ¢ = 1,2, 3. We consider now an anti-linear anti-involution w and we

put
(126) w(kg&,) == ‘Eisz‘c;_X fori = 1, 2, 35

and w(el) = Eof;.
An easy computation, completely parallel to the one in Chapter 10, then gives
LEmma 12.1.
wlez) = EoE fo,

w(es) = EgEs f3, and

w(es) = EoE1E3 f4 = —FpFs fu.

In particular, &) -5y -85 = —1.

We now return to the possible sets of positive root vectors in Gy. As mentioned
previously, there are essentially 2. We choose these such that the ordering on
the three sl,'s of (5 is the usual.

Case I,

(12.7.a) Nj; = span {e;, ey, e3,e4}.
Case I1.

(12.7.b) N = span {fi,es e3,e4}.

For each of these there are four possibilities of the signs €1,%22, and Z3 as
indicated by a),b),c), and d) below:

£ £ £3

a) -1 -1 -1

(12.8) b) +1 -1 +1
c) +1 +1 -1

d) ~1  +1  +1

We have the following picture of Gy (Fig. 12.9):
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€3 [
e e i
/1 s
/ an
Sz / D !
B e, ek
! €1 ! ] €2 !
L )
2e5 Ve e
// 252
fal/ f3l
@M“ —‘—"‘:* m"”‘"“‘}&'
LEY
Fig. 12.¢

It is easy to see that in both case (I) and (II), the cases ¢) and d) are equivalent
in the sense that A”z and N, respectively, are symmetricial under a change of
indices 1 « 3. Thus, we will omit case d) from further consideration.

One important consequence of Lemma 12.1 is that we always have at least
one —1 ie. there is always at least one non-compact sly involved. It ic then
natural to concentrate on this. Thus, in case a) and ¢) we will assume that the
representations corresponding to Z; and ¥, are fixed and we will examine the
unitarity as the last parameter varies. Likewise in case b) in whick only the
“middle” representation, the one corresponding to Z5, will be allowed to vary.

In Case I, we have

{12.10) (A+p) = ({1 + Dhe, + (ng = Dhe, + (13 + 1he,),

where A = (n3,n3,m3) is the given highest weight. We compute the equations
(A+p)(h;)=0fori=1,23,4:

byt (mi+ 1)+ (a+1)ne—1) +alng +1) =0,
by i=(ni+ 1)+ (a+1)(ny~ 1)+ alnz +1) =0,
hs: (i +1)+(a+1)ny = 1) —alng +1) =0, and
(12.11.5) ha:—=(ny + 1)+ (a+1){ne —1) —aln; +1) = 0.
PROPOSITION 12.2. In case I there are no non-trivial unitarizable modules

_.corresponding to the signs in a). For the cases b) and c) there.is unitarity.. . - ,
precisely for the following values of the parameters:

b) (¢+ 1)z <0 and

0) na < min {(1 + 1 (E(ny + 1) + alng + 1))),0}.
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i) Ho>0andn, =1+ E-_I;T(P{n; +1) — afng + 1)).
H) If-1<a<O0andny, =1+ (= +1) + alng + 1)).
i) o< —1andn, =1+ 5—’;’3‘-{(%1 +1) = olng + 1)),

¢} a-E <0 and

egent

o) n 2 4 and ng < min {1 + s(Em +1) % (0 + 1)(ng - 1)), -2},
i) Ifa>0, ny >3, &Edﬁg:-—ﬁtﬂ-«%@{ng—«l)~i.

) f~1<a<0,n23 and ng = 2l 4 Lty gy _ g

i) Ifor < =1, my > 3, and mg = 24l _ (et gy g

Proof. Consider < fiAd%, fi A vy >fori=1,2,34 In case a) and ¢} we look
at these expressions as functions of ng. It follows from Lemma 12.1 and {12.4)
that in case a) the sign on the leading (first order) term is Ep-afori=13and
~Ega fori = 2.4, whereas in ) the sign on all terms is Eo-ev. In case b) we lock at
the expressions as functions of n, and it follows similarly that the leading terms
all have sign Zg(a + 1). Since, in the equations (12.11.1}, those corresponding to
f1 and f3, when solved for {n3+1), give apposite values, and similarly for f, and
fa, it follows that there can be no unitarity in case a). (Observe that the triple
n,72,m3) = (—=1,1,~1) is not allowed here, all three must he negative.) The
analysis of case b} is very similar to that of ¢) and for this reason we only give
the details for ¢): Let sly {(4),4 = 1,2,3, be the sly’s corresponding to the roots
2e4,4 = 1,2, 3. Then N7 is invariant under sl3(1) and sl5(3). We have that 3
is a non-positive real number and it is clear that for

t(n1 + 1)+ (@ + Ding — 1) 1}
!

{12.12) g < miz&{

there is unitarity as far as A(NZ) is concerned. Tt is also easy to see that no
matter what value « has, the minimum is obtained in the equation corresponding

to either A1, hy, or hy. We observe that f; AvQ, fu A fy A uR, and fs A f Ad

always are-highest weights; and the equations corresponding t0'¢ = 1,2, 3 in fact
correspond to the vanishing of these three, respectively. It then follows easely
that for ng strictly greater than the minimum, there can be no anitarity. If ng
satisfies the inequality then, because of fi A fo AvY, ny must be less than or

equal to —2 to insure unitarity on sl2(3).
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It finally remains to check each of the three values of ny for which one of the
three mentioned highest weight vectors vanishes. This is straightforward, and
one has only to make sure that the given value of ng is sufficiently negative (at
i=10ri=3, ng < —1 suffices, at 7 = 2 we must still have ny < ~2). O

We now go to Case 11 This is obtained by exchanging ey and f;. Here,
(12.13) (A+p) = (e, + Mgy + ey ),
and the equations (A + p}{h;) =0, 1 =1,2,3,4, are

(12.14.15 hi: ny+(a+ng +ang =0,
ho o ny 4 (a+ Dng + ang = 0,
hy: mny+(a+ ng —ang =0, and

hyi: ni+(a+1)ny —ang =0.

The analysis now proceeds in complete analogy with case 1. Indeed, several
computations can be used again with obvious changes. Naturally, the conditions
one obtains by demanding that A(Ng) @ V should define unitarizable sly(i)
modules for ¢ = 1,2, 3 are different from the previous case. However, it is clear
how these conditions are found. Thus, noticing the partial sls{(¢)-invariance of
N g‘?i one easily obtains:

ProrosiTioN 12.3. In case I there are non-trivial unitarizable modules only
corresponding to the cases b) and c¢). Here, there is unitarity precisely for the
following values of the parameters

b) la+1)E; <0 and
o) n; > 2, ng > 2, and ny < min {fﬁ{inl ﬁng},wl}.
iy fa>0,n 2 1,ng > 2,and ng = ;_%L——f{—n; — ang).

i) F-1<a<0,n >2 n3>1andny = ;—h(——ni + ang).

i) fo<~1,n 21,13 >1, andng = g—i;-i—(-km — ang).

¢y a-Eg <0 and

0) n1 > 2, no > 2, and ng < min {L(xn; + (@ + 1)ny), -1}

i) fa>0,n >1,n>2 andng = -2 — &tlp,y,
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) f-1<a<0 n >2 ny>1, &HdTlgz%'f*gflﬁz‘

i) fa<—1,n >1,ny>1, and ng = o (aH}ng,

&




CHAPTER 13

FURTHER DEVELOPMENTS

In this final chapter we return to the representations in Chapter 5 and use
these to illustrate that there are still many things that need to be investigated
about the representations we have treated in this paper.

One of the most pleasing aspects of our analysis of the unitarizable high-
est weight modules for simple (finite dimensional) Lie algebras was that it led
directly, and was almost equivalent to, the analysis of covariant differential op-
erators: The full description followed immediately once the singular unitary rep-
resentations, i.e. those for which the hermitian form was positive semi-definite
with a non-trivial radical, had been determined. Those radicals on the other
hand gave rise to homomorphisms between generalized highest weight modules
and then, by duality, to covariant differential operators. {See [12]; especially p.
71-73, [9], and[15]; notably p. 424-425, about these matters. )

In the present situation we have the chance of seeing again (some) of the
singular representations from above since unitarizable highest weight modules
of su(p,q), sp(n,R), and o(n,2) are among the building blocks for the modules
here. Furthermore, by analogy there will be some (super-jcovariant differential
operators at the points where the hermitian forms become degenerate.

All singular representations.

It follows easily from the analysis in Chapier 5 that there are modules in
which at least some of the occurring su(p,¢) modules are singular. We will
go one step further and call an A(m,n) representation ail-singular if all the
su(p, g)-modules occurring are singular.

THEOREM 13.1. In the case corresponding to Theorem 5.2 there are only all-
singular representations when b, = 0 and G = jg. In this case, where furthermore
o = 0f(+), there is when A = ig —p, ig—p— 1, ... yip = p—min{ig — 1,4 — 1},
Furthermore, in what corresponds to Theorem 5.4, we must also be in case b ).
In the latter case the modules are all-singular when A = 0, ~1,.. ., min{ig —
1,70 — 1}.

Proof. It follows easily by looking at the possible values of A that we must
always be in ”case b)”. In case of Theorem 5.2, if g # jo we can always make some

diagrams which are non-singular. Exactly when q = jy do we have a situation

112
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in which, at the most singular value of A a = af(=). The full result then
follows easily from this. Analogous arguments then yield the part corresponding
to Theorem 5.4.

Covariant differential operators.

Let us specialize to the case treated in Theorem 5.2, In this case, the space of
negative odd vectors is G1®Qy. In complete analogy with the above mentioned
situation for singular unitary representations of simple Lie algebras we then have:

THEOREM 13.2. In the situation corresponding to Theorem 5.2, if for a given
pair (A, a) which makes the corresponding module unitarizable the o is either in
the discrete set above o (+) or in the discrete set below ay(~), then there is a

homomorphism between generalized highest weight modules for A(m,n) whose
image is contained in the given module,

Also, by duality, it follows that there is what perhaps should be called &
covariant differential operator between the dual modules, but, since we always
have

13.1) (/\(@z @ Qz)), = (/\(Qz @ Qz)) ,

this operator can also be viewed ag a multiplication operator. In fact, we are
somewhat uncertain about if there is a natural, say, geometrical interpretation
of these operators.

The most complicated operators will be those corresponding to the discrete set
below a}(~) since here, due to the commutation rules, the element which defines
the homomorphism will consist of products of all the variables q;,q,, and w—.
Above a(+) the analogous element will belong to A(Qs).

Infinite dimensional algebras.

We finish with a brief look at the limits as some of the dimensions go to infinity.
By this concept we mean that several of the series of classical Lie superalgebras
also make sense in the limit where we allow oo x oo matrices with only finitely
many entries different from zero. Thus, in A(n,m) we can replace m or n, or
both, by co. We can also g6 into the finer decomposition of Alp +¢,n) as in
Chapter 5 and let all, or some, of the integers p, ¢, n £0 to infinity. Asan example
we mention:

THEOREM 13.3. In Theorem 5.2, there are unitarizable modules correspond-
ing to formally replacing either i) n by oo or ii) p by oo, but not both at the
same time. In case ii) it is & further requirement for the existence of unitarizable
modules that the quantity p — iy remains finite in the limit as p — oo,
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Proof.
Returning to the proof of Theorem 5.2, we have

/‘\(:““[\"Yl 2‘”;\70‘“?'“@“*”3: and

(13.2) Ae=Ny=—=by —n+1-2¢—(p—ip).

The allowed values of X are, according to the proof of Theorem 5.2, smaller than
either A, — Ny or A, — Ny, and if so, there is indeed unitarity. The claim follows
immediately from this. Observe that p — iy is the number of non-zero a;’s. [
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