
A CLASS OF QUADRATIC MATRIX ALGEBRASARISING FROM THEQUANTIZED ENVELOPING ALGEBRA Uq(A2n�1)HANS PLESNER JAKOBSEN AND HECHUN ZHANG1;2Abstract. A natural family of quantized matrix algebras is introduced. It includes thetwo best studied such. Located inside Uq(A2n�1), it consists of quadratic algebras with thesame Hilbert series as polynomials in n2 variables. We discuss their general properties andinvestigate some members of the family in great detail with respect to associated varieties,degrees, centers, and symplectic leaves. Finally, the space of rank r matrices becomes aPoisson submanifold, and there is an associated tensor category of rank � r matrices.1. IntroductionOver the past few years many articles have constructed and investigated multiparameterquantum groups, [1], [3], [6], [7], [8], [9], [12], [14], [17], [18], [24], [27]. Most of the timethis has been done from the point of view of quantum function algebras. A central featurehas always been that the algebra in question should be a Hopf algebra; indeed, many mayfeel that this is a requirement for using the terminology `quantum group'. Nevertheless,we now introduce yet another multiparameter family for which the following hopefully willserve as arguments in favor of including them among the objects of `quantized mathematics'{ even though they need not even be bialgebras. They are all, however, subalgebras of afundamental bialgebra. Our point of view will be that the underlying classical space shouldbe a Hermitian symmetric space rather than a (reductive) Lie group. In the present contextwe will only consider the Hermitian symmetric space corresponding to SU(p; q) and thus endup by quantized p � q matrices. Actually, we will only consider p = q = n though it isa strength of this approach that p and q may be di�erent. All members of the family arequadratic algebras with the same Hilbert series as polynomials in n2 variables.Our family is contained inside the quantized enveloping algebra of su(n; n). It includes thestandard (or `o�cal') quantum matrix algebra Mq(n) as well as the so-called Dipper Donkin1Permanent address: Dept. of Applied Math, Tsinghua University, Beijing, 100084, P.R. China2The second author is partially supported by NSF of China1



2 JAKOBSEN AND ZHANGalgebra Dq(n), and has indeed a sizable overlap with all previous families. But the way theyappear is new. Actually, all members are cross sections of a semidirect product of any oneof them with the abelian algebra C [L1 ; : : : ; L2n�1], where L1; : : : ; L2n�1 are the generators ofthe quantum enveloping algebra corresponding to the fundamental weights.The inclusion of the mentioned algebras in our family shows that some members may beclosely related to Hopf algebras, but this is by far true for all of them. But there may beother ingratiating features such as `nice varieties', `nice representations', or, simply, `nicerelations'. Along with the two mentioned, we pay special attention to 3 more, explicitlyde�ned, quadratic algebras: Jnq (n) (which like Mq(n) and Dq(n) de�ne a Poisson Lie groupstructure on GL(n; C )), Jzq (n) (which, through its Poisson structure, is related to Dq(n)),and J0q (n) (which is related to Jnq (n)).For these speci�c algebras, we determine the varieties, degrees, centers, and discuss thedimensions of the symplectic leaves. For the general members we discuss the symlectic struc-tures and the relation to a symplectic structure on M(n; C ) � T 2n�1. Speci�cally, the pro-jections of the symplectic leaves in M(n; C ) � T 2n�1 onto the �rst factor (according to somesplitting) gives what we call the symplectic loaves; orbits of symplectic leaves under a 2n� 1dimensional scaling group. Also quantum determinants are investigated, and some represen-tation theory is included. Finally, we discuss the rank r matrices.More speci�cally: in Section 2 we introduce the algebras and prove that they are iteratedOre extensions. In Section 3 we list brie
y some major results of De Concini and Procesiabout the degree of an algebra. In Section 4 we discuss the quantum determinants andLaplace expansions and in Section 5 we study the Poisson structures. For use, among otherthings, in determining degrees, we study some modules in Section 6. We have a�xed thename Verma to these (but they are de�ned in terms of the opposite diagonal). In Section 7we introduce the speci�c algebras Dq(n), Jnq (n), J0q (n), and Jzq (n) and we �nd their canonicalforms. The associated varieties (in the terminology of quadratic algebras) are determined inSection 8, and in Section 9 we discuss the symplectic leaves. The centers are determined inSection 10, the quantum algebra C [L�11 ; : : : ; L�12n�1] �s M}q (n) is analyzed in Section 11 and,�nally, in Section 12 the rank r matrices are considered.



QUADRATIC MATRIX ALGEBRAS 32. Definitions, Ore, BackgroundFix an n�n Cartan matrixA = (aij) of �nite type. Then there exists a vector (d1; d2; � � � ; dn)with relatively prime positive integral entries di such that (diaij) is symmetric and positivede�nite. Let � = f�1; : : : ; �ng denote a choice of simple roots and let the usual symmetricbilinear form on the root lattice Q be given as(�ij�j) = diaij:(2.1)Let P denote the weight lattice generated by the fundamental dominant weights �1; : : : ; �n,where (�ij�j) = �ijdj:(2.2)Let q 2 C � be the quantum parameter. As usual, for n 2 Z and d 2 Z+ we let[n]d = (qdn � q�dn)=(qd � q�d); [n]d! = [1]d[2]d � � � [n]d;(2.3) 0@nj1Ad = [n]d!=[n� j]d![j]d! for j 2 Z+ n f0g;0@n01Ad = 1:(2.4)We shall omit the subscript d when d = 1.Following [2], let g be the �nite dimensional simple Lie algebra with Cartan matrix (aij).The enveloping algebra Uq(g) is the C -algebra on generators Ei; Fi (1 � i � n), Li = L�i ; i =1; : : : ; n, and the following de�ning relations:LiLj = LjLi; LiL�1i = L�1i Li = 1(2.5) LiEj = q�iji EiLi; LiFi = q��iji FiLi;EiFj � FjEi = �ijK�i �K��iqdi � q�di ; i; j = 1; 2; � � � ; n1�aijXs=0 (�1)s0@1� aijs 1Adi E1�aij�si EjEsi = 0; if i 6= j1�aijXs=0 (�1)s0@1� aijs 1Adi F 1�aij�si FjF si = 0; if i 6= j;where for � =Pni�i 2 P , L� := �jLnjj , K�i =Qj Lajij , and qi = qdi.



4 JAKOBSEN AND ZHANGLet g be a �nite dimensional Lie algebra corresponding to a noncompact hermitian sym-metric space. We have U(g) = U(p�)U(k)U(p+);(2.6)where p� and p+ are abelian subalgebras of g, which are furthermore invariant under themaximal compact subalgebra k, and whereg = p� � k� p+:(2.7)In [13], a quantum version of the above decomposition was found:Uq(g) = A+Uq(k)A�;(2.8)where A� and A+ are quadratic algebras. We will describe the quadratic algebras A+ explic-itly in case of su(n; n); the construction of A� is similar. For a simple compact root vectorE� and E� an arbitrary element of Uq(g) of weight �; set(adE�)(E�) = E�E� � qh�;�iE�E�;(2.9)where, as usual, h�; �i = 2(�;�)(�;�) .In case of A2n�1 � su(n; n), the set of simple compact roots breaks up into two orthogonalsets: �c = f�1; �2; � � � ; �n�1g [ f�1; �2; � � � ; �n�1g:(2.10)Thus E�iE�j = E�jE�i ;(2.11)for all i; j:Assume moreover that these roots have been labeled in such a way thath�; �1i = h�; �1i = h�i; �i+1i = h�i; �i+1i = �1; for all i; j;(2.12)where � is the unique noncompact simple root.We can then de�neZi;j = (adE�i�1) � � � (adE�1)(adE�j�1) � � � (adE�1)(E�) for i; j = 1; 2; � � � ; n:(2.13)



QUADRATIC MATRIX ALGEBRAS 5In [14], it was proved that the quadratic algebraA+ is generated by Zi;j; i; j = 0; 1; � � � ; n�1,and is isomorphic to the standard quantized matrix algebra Mq(n) whose de�ning relationsare: Zi;jZi;k = qZi;kZi;j if j < k;(2.14) Zi;jZk;j = qZk;jZi;j if i < k;Zi;jZs;t = Zs;tZi;j if i < s; t < j;Zi;jZs;t = Zs;tZi;j + (q � q�1)Zi;tZs;j if i < s; j < t;where i; j; k; s; t = 1; 2; : : : ; n, and q 2 C is the quantum parameter.De�nition 2.1. Let } = (�1; : : : ; �n; �1; : : : ; �n) 2 P 2n. Let ~Zi;j = Zi;jL�iL�j . Let M}q (n)be the subalgebra generated by ~Zi;j for all i; j = 1; 2; : : : ; n. The algebra M}q (n) is called amodi�cation of Mq(n), or a modi�ed algebra.Observe that according to this terminology, Mq(n) itself is also a modi�ed algebra.Let �i = �1 + � � � + �i�1 for i = 2; 3; : : : ; n; �1 = 0 and �j = �1 + � � � + �j�1 for j =2; 3; : : : ; n; �1 = 0. We denote by �i;j = �i+ � + �j the root of Zi;j in the enveloping algebra.The generators of M}q (n) satisfy the following relations:
~Zi;j ~Zi;k = q(�i;kj�i+�j)�(�i;j j�i+�k)+1 ~Zi;k ~Zi;j if j < k;(2.15) ~Zi;j ~Zk;j = q(�k;j j�i+�j)�(�i;j j�k+�j)+1 ~Zk;j ~Zi;j if i < k;~Zi;j ~Zs;t = q(�s;tj�i+�j)�(�i;j j�s+�t) ~Zs;t ~Zi;j if i < s and t < j;~Zi;j ~Zs;t = q(�s;tj�i+�j)�(�i;j j�s+�t) ~Zs;t ~Zi;j+(q � q�1)q(�s;tj�i+�j)�(�s;j j�i+�t) ~Zi;t ~Zs;j if i < s and j < t:

For later use we consider the following relations



6 JAKOBSEN AND ZHANGxi;jxi;k = q(�i;kj�i+�j)�(�i;j j�i+�k)+1xi;kxi;j if j < k;(2.16) xi;jxk;j = q(�k;j j�i+�j)�(�i;j j�k+�j)+1xk;jxi;j if i < k;xi;jxs;t = q(�s;tj�i+�j)�(�i;j j�s+�t)xs;txi;j if i < s and t < j;xi;jxs;t = q(�s;tj�i+�j)�(�i;j j�s+�t)xs;txi;j if i < s and j < t:
De�nition 2.2. The algebra M}q (n) whose de�ning relations are those of (2.16) is called theassociated quasipolynomial algebra.De�nition 2.3. Write the equations (2.16) in the form zi;jzs;t = qh[i;j];[s;t]zs;tzi;j. The n2�n2matrix M(M}q (n)) = fh[i;j];[s;t]g(2.17)is called the de�ning matrix of M}q (n).Theorem 2.4. Let M}q (n) be any modi�ed algebra. Then M}q (n) is in fact an iterated Oreextension and hence a domain. Its Hilbert series is the same as that of the commutativepolynomial ring in n2 variables. Hence, (2:15) are the de�ning relations of the modi�edalgebra M}q (n).Proof. To prove that M}q (n) is an iterated Ore extension, we start from the base �eld C andadd generators ~Zi;j one by one according to lexicographic ordering. For each (s; t), letM(s; t)be the subalgebra of M}q (n) generated by ~Zi;j with (i; j) < (s; t). Then by the relations ofthe algebra M}q (n), the subalgebra M(s; t) is spanned by the ordered monomials in that setof generators. Let S =M(s; t)( ~Zs;t). By the PBW theorem for quantum enveloping algebras([25], [21]), we see that M(s; t) � S and S is a free M(s; t)-module with basis 1; ~Zi;j; ~Z2i;j; � � � .By (2.15), we see that for each a 2M(s; t) we have~Zi;ja = �s;t(a) ~Zi;j +Ds;t(a):(2.18)



QUADRATIC MATRIX ALGEBRAS 7Again by the PBW theorem, we see that �s;t(a) and Ds;t(a) are uniquely determined andtherefore �s;t is an automorphism of M(s; t) and Ds;t is a �s;t-derivation. Hence,S =M(s; t)[�s;t; Ds;t; ~Zs;t]:(2.19)This completes the proof.3. The degree of a prime algebraThe main tool used to compute the degree of M}q (n) is the theory developed in [5] by DeConcini and Procesi. Indeed, our situation (c.f. Theorem 2.4) is such that we may specializetheir result into the followingProposition 3.1. The degree of M}q (n) is equal to the degree of the associated quasipolyno-mial algebra M}q (n).It is well known that a skew-symmetric matrix over Z such as our matrix M(M}q (n)) canbe brought into a block diagonal form by an element W 2 SL(Z). Speci�cally, there is aW 2 SL(Z) and a sequence of 2 � 2 matrices S(mi) = 0@ 0 �mimi 0 1A ; i = 1; : : : ; N; withmi 2 Z for each i = 1; : : : ; N , such thatW �M(M}q (n)) �W t = 8<: diag(S(m1); : : : ; S(mN); 0) with N = n2�12 , if n is odddiag(S1(m1); : : : ; S(mN)) with N = n22 , if n is even :(3.1)De�nition 3.2. Any matrix of the form of the right-hand-side in (3.1) will be called a canon-ical form of M(M}q (n)).Thus, a canonical form of M(M}q (n)) reduces the associated quasipolynomial algebra tothe tensor product of twisted Laurent polynomial algebras in two variables with commutationrelation xy = qryx. As a special case of [5, Proposition 7.1] it follows in particular that thedegree of a twisted Laurent polynomial algebra in two variables is equal to m=(m; r), where(m; r) is the greatest common divisor of m and r. The formula for the general case followseasily from this.



8 JAKOBSEN AND ZHANG4. the modified determinant and the modified Laplace expansionThe quantum determinant detq of Mq(n) is de�ned as follows ([23]):detq = ��2Dn(�q)l(�)Z1;�(1)Z2;�(2) � � �Zn;�(n):(4.1)De�nition 4.1. An element x 2 Mq(n) is called covariant if for any Zi;j there exists aninteger ni;j such that xZi;j = qni;jZi;jx:(4.2)Clearly, Z1;n and Zn;1 are covariant.Let p � n be a positive integer. Given any two subsets I = fi1; i2; � � � ; ipg and J =fj1; j2; � � � ; jpg of f1; 2; : : : ; ng, each having cardinality p, it is clear that the subalgebra ofMq(n) generated by the elements Zir;js with r; s = 1; 2; : : : ; p is isomorphic to Mq(p), so wecan talk about its determinant. Such a determinant is called a subdeterminant of detq, andwill be denoted by detq(I; J). If I = f1; 2; : : : ; ng n fig; J = f1; 2; : : : ; ng n fjg, detq(I; J) willbe denoted by A(i; j).The following proposition was proved by Parshall and Wang ([23]) (their q is our q�1):Proposition 4.2. Let i; k � n be �xed integers. Then�i;kdetq = nXj=1(�q)j�kZi;jA(k; j) = nXj=1(�q)i�jA(i; j)Zk;j(4.3) = nXj=1(�q)j�kZj;iA(j; k) = nXj=1(�q)i�jA(j; i)Zj;k:(4.4)The above formulas are called the quantum Laplace expansions. In the following we willestablish the modi�ed versions of these expansions.Clearly, there is an element det}q 2M}q (n) such thatdet}q�i;jL��iL��j = detq:(4.5)The element det}q is called the modi�ed determinant of M}q (n). Similarly we de�ne themodi�ed subdeterminant det}q (I; J) ofM}q (n) and, if I = f1; : : : ; ngnfig and J = f1; : : : ; ngn



QUADRATIC MATRIX ALGEBRAS 9fjg, A}(i; j) = det}q (I; J). Let wi;j be the weight of A}(i; j) in Uq(g). It follows easily thatwe have �i;kdet}q = nXj=1(�q)j�kq�(wi;j ;�i+�) ~Zi;jA}q (k; j)(4.6) = nXj=1(�q)i�jq�(�k;j ;Pr 6=k;t6=j(�r+�t))A}q (i; j) ~Zk;j= nXj=1(�q)j�kq�(wj;k;�j+�i) ~Zj;iA}q (j; k)= nXj=1(�q)i�jq�(�j;k;Pr 6=j;t6=k(�r+�t))A}q (j; i) ~Zj;k:The above formulas are called the modi�ed quantum Laplace expansions.By using induction on s it is easy to prove thatLemma 4.3. If i < k and j < l then~Zsi;j ~Zk;l = qs(�k;l;�i+�j)�s(�i;j ;�k+�l) ~Zk;l ~Zsi;j + q(�k;l;�i+�j)�(�k;j ;�i+�l)(q � q1�2s) ~Zs�1i;j ~Zi;l ~Zk;j.Corollary 4.4. If q is an mth root of unity, then ~Zmi;j is central for all i; j = 1; 2; : : : ; n.
5. Symplectic structuresWe denote by ��; ��1; : : : ; ��n�1 the fundamental weights corresponding to the simple roots�; �1; : : : ; �n�1. Let �i be any one of these, let c 2 C � , and de�ne a map ��i(c) : M}q (n) 7!M}q (n) by ��i(c)( ~Zs;t) = c(�s;tj�i) ~Zs;t:(5.1)Observe that ��i(q)( ~Zs;t) = Li ~Zs;tL�1i .Let Smult denote the group generated by the maps ���(c1); ���1(c2); : : : ; ���n�1(c2n�1) forc1; : : : ; c2n�1 2 C � . Obviously we have:Lemma 5.1. Smult is contained in the automorphism group of M}q (n), is independent of qand }, and is isomorphic to (C �)2n�1.



10 JAKOBSEN AND ZHANGObserve that Smult also acts on M(n; C ) via (5.1).Lemma 5.2. For � = ( 1;  2; � � � ;  n; �1; �2; � � � ; �n) 2 (C �)2n, let the automorphism �� ofM}q (n) be given by ��(Zi;j) =  i�jZi;j for all i; j = 1; 2; : : : ; n:(5.2)Then �� is implemented by an element of Smult.Proof. Write the fundamental dominant weights as ��; ��1 : : : ; ��n�1. Clearly ���(c) is justmultiplication by c, ���i(c) corresponds to � = (1; : : : ; 1| {z }i ; c; : : : ; c| {z }n�i ; 1; : : : ; 1| {z }n ), and ���j(c) corre-sponds to � = (1; : : : ; 1| {z }n ; 1; : : : ; 1| {z }j ; c; : : : ; c| {z }n�j ). Notice that the action of �l = (c; : : : ; c| {z }n ; 1; : : : ; 1| {z }n )equals the action of �r = (1; : : : ; 1| {z }n ; c; : : : ; c| {z }n ). The claim follows easily from this.We consider M}� (n) where � is a primitive mth root of unity for some positive integerm 6= 2. Let Z}� denote the part of its center generated by the elements ~Zmi;j. For an n � nmatrix a = fai;jg let R(a) denote the quotientR(a) =M}� (n)=I( ~Zmi;j � ai;j);(5.3)and let �a denote the canonical projection.This gives us a bundle of algebras over M(n; C ) and M}� (n) may be considered as a spaceof global sections of this bundle by the prescriptionM}� (n) 3 ~Z : ~Z(a) = �a( ~Z) 2 R(a):(5.4)For a 2M(n; C ), let the C algebra homomorphism 	a : Z}� 7!M(n; C ) be de�ned as	a( ~Zmij ) = aij:(5.5)Similar to [4] we obtain for each M}� (n) a Poisson structure f�; �g} on M(n; C ) de�ned by(identifying coordinates and coordinate functions)faij; astg}(a) = 	a�limq!� 1m(qm � 1)[ ~Zmi;j; ~Zms;t]� ;(5.6)where the right hand side commutator is computed in M}q (n).



QUADRATIC MATRIX ALGEBRAS 11We shall occasionally denote the Poisson structure from Mq(n) (corresponding to } =(0; : : : ; 0)) as f�; �g0. Let R = 12 X1�i<j�n ei;j ^ ej;i;(5.7)where fei;jg denotes the standard basis of M(n; C ). Then it is easy to see that the Poissontensor �(g) at g 2 M(n; C ) is given as �(g) = �2(l�gR� r�gR). The factor -2 is of no practicalimportance, but we wish to keept this di�erence between the structure de�ned by (5.6) andthe one (on the regular points) considered in ([26]) and ([11, Appendix A]). Speci�cally, thepresent Poisson structure is given as follows:fZi;j; Zi;kg0 = Zi;kZi;j if j < k;(5.8) fZi;j; Zk;jg0 = Zk;jZi;j if i < k;fZi;j; Zs;tg0 = 0 if i < s; t < j;fZi;j; Zs;tg0 = 2Zs;tZi;j if i < s; j < t:The Hamiltonian vector �eld �ij corresponding to aij is then given by�ij(ast) = faij; astg}; hence(5.9) �ij = Xst faij; astg} @@ast :The Hamiltonian vector �eld �f corresponding to an arbitrary C1-function f may then bede�ned as �f = �Xst �st(f) @@ast ;(5.10)or, equivalently, �f =Xij � @f@aij� �ij:(5.11)It is clear that the assignment D to each a of a subspace in Ta(Mq(n) given byM(n; C ) 3 a 7! D(a) = f�f(a) j f 2 C1g;(5.12)is an involutive distribution.



12 JAKOBSEN AND ZHANGDe�nition 5.3. By a symplectic leaf L we mean a maximal integral manifold of D. By asymplectic loaf we mean a set of the form Smult(L) where L is a symplectic leaf.It is well known (see e.g. [11]) (and is also elementary to see directly here) that the actionby Smult normalizes the Hamiltonian action.Along with the Hamiltonian vector �elds �ij we may also consider derivations �ij ofM}� (n),de�ned by �ij( ~Z) = limq!� 1m(qm � 1)[ ~Zmi;j; ~Z];(5.13)for an arbitrary element ~Z 2M}� (n).If we think of ~Z as a section of the above bundle, it is clear that �ij is a lifting of �ij. Moregenerally, for any C1-function f and any section ~Z we may de�ne�f ( ~Z) =Xst � @f@ast� �st( ~Z);(5.14)and we write r�f ~Z = �f ( ~Z):(5.15)Proposition 5.4. Parallel transport along an integral curve of a Hamiltonian vector �eldgives rise to an algebra isomorphism between �bers.Proof. The above r is a connection along symplectic leaves, hence the following argumentmakes sense: Consider two parallel sections, s1 and s2 along an integral curve of a Hamiltonianvector �eld �H . Thenr�H (s1 � s2) = �H(s1 � s2) = (r�Hs1)s2 + s1(r�Hs2) = 0:(5.16)Thus, parallel transport yields the isomorphism.We wish to show now that the loaves for the various quantizations of n�n matrices are thesame. In order to do that, we introduce an auxiliary Poisson manifold M(n; C ) � (C �)2n�1.Actually, this Poisson manifold seems to be of fundamental importance.Consider the subalgebra of Uq(g) generated by the elements Zi;j; i; j = 1; : : : ; n and Li; i =1; : : : ; 2n� 1. This may be viewed, in an obvious way, as a semi-direct productC [L�11 ; : : : ; L�12n�1]�s M}q (n)(5.17)



QUADRATIC MATRIX ALGEBRAS 13for any } 2 P 2n�1. Using this, a construction analogous to (5.6) makes M(n; C ) � (C �)2n�1into a Poisson manifold where, if `1; : : : ; `2n�1 denote the standard coordinate functions on(C �)2n�1, and ` � (`1; : : : ; `2n�1),faij; astg}(a; `) = faij; astg}(a) (as it were)(5.18) f`k; aijg}(a; `) = (�k j �i;j)aij`kf`r; `sg}(a; `) = 0:Lemma 5.5. A symplectic loaf in M(n; C ) de�ned by the Poisson structure f�; �g} is equalto the projection onto the �rst factor in M(n; C ) � (C �)2n�1 of a symplectic leaf in the fullspace.Proof. The 
ow of the Hamiltonian vector �eld �`k is as follows:(fastg; `) 7! (fe(�kj�s;t)astg; `)(5.19)while the 
ow of �ast on (a; `1; : : : ; `2n�1) is equal to the old 
ow in the �rst factor a = (faijg)while `k 7! e(�k j�s;t)`k for k = 1; : : : ; 2n� 1.If } = (�1; : : : ; �n; �1; : : : �n) write�i = 2n�1Xj=1 �ji �j for i = 1; : : : ; n; and(5.20) �i = 2n�1Xj=1 �ji�j for i = 1; : : : ; n:De�ne, for i; j = 1; : : : ; n the functions  }i and �}j on (C �)2n�1 by i(l) = �2n�1�=1 `�jij ; and(5.21) �i(l) = �2n�1�=1 `�jij :Observe that if we de�ne the functions ~aij(a; `) = aij(a) i(`)�j(`) then we may writef~aij; ~astg0 = X(a;b);(c;d) c(i;j);(s;t)(a;b);(c;d)~aab~acd(5.22)



14 JAKOBSEN AND ZHANGwhere the coe�cients c(i;j);(s;t)(a;b);(c;d) are the constants infaij; astg} = X(a;b);(c;d) c(i;j);(s;t)(a;b);(c;d)aabacd:(5.23)The following is then obvious either from the above or from the way the di�erent algebrasare constructedLemma 5.6. The Poisson structure on M(n; C ) � (C �)2n�1 obtained from } is equal to thatcorresponding to } = 0 expressed in the coordinate system (f~aijg; `)(a; `) = (faij i(`)�j(`)g; `).Proposition 5.7. The symplectic loaves are the same in M(n; C ) for all choices of }.Proof. This follows directly from Lemma 5.5 and Lemma 5.6 since faij i(`)�j(`)g accordingto Lemma 5.2 can be obtained from faijg through the action of Smult.We shall investigate further the various Poisson structures in Section 9.6. Verma and cyclic modulesWe now introduce and study some modules which turn out to be very useful.De�nition 6.1. For an integer m setm0 = 8<: m if m is oddm2 if m is even :(6.1)De�nition 6.2. Suppose our modi�ed algebra M}q (n) satis�es8i; j : ~Zi;n+1�i ~Zj;n+1�j = ~Zj;n+1�j ~Zi;n+1�i:(6.2)Let � = (�1; : : : ; �n) 2 C n and let I(�) be the left ideal in M}q (n) generated by the elements~Zi;j with i+ j � n+2 together with the elements ~Zk;n+1�k��k for k = 1; : : : ; n and ~Zm0i;j withi + j � n. The restricted Verma module M}(�) is de�ned asM}(�) =M}q (n)=I(�):(6.3)We denote by v� the image of 1 in the quotient.



QUADRATIC MATRIX ALGEBRAS 15Remark 6.3. It seems natural to a�x the name Verma to these modules since they do havemuch of the 
avour of the usual ones. Notice, however, that what corresponds to the Cartansubalgebra is here the opposite diagonal.Theorem 6.4. Let m > 2 be an integer. Then the restricted Verma-module M}(�) with thehighest weight � = (�1; �2; � � � ; �n) is irreducible if and only if �i 6= 0 for all i.Proof. This was proved for the case ofMq(n) in [15]. We can extend this result to the presentsituation by considering the induced moduleM}(�) "= �C [L�11 ; : : : ; L�12n�1]m �s M}q (n)�
M}q (n) M}(�);(6.4)where C [L�11 ; : : : ; L�12n�1]m denotes the quotient of C [L�11 ; : : : ; L�12n�1] generated by the elementsLmi � 1 for i = 1; : : : ; 2n � 1. Consider the subspace S = C [L�11 ; : : : ; L�12n�1] 
C C � v�. Weknow that Mq(n) is a subalgebra of C [L�11 ; : : : ; L�12n�1] �s M}q (n) and it follows that thecommutative algebra fZi;n+1�i j i = 1; : : : ; ng � Mq(n) leaves S invariant. Hence, there is acommon eigenvector v~�, and it follows easily that S = C [L�11 ; : : : ; L�12n�1]
C C � v~� and that~� = (~�1; : : : ; ~�n) with all ~�i 6= 0. In fact,C [L�11 ; : : : ; L�12n�1]�s M}q (n)
M}q (n) M}(�) = C [L�11 ; : : : ; L�12n�1]�s Mq(n)
Mq(n) M0(~�):(6.5)Finally observe thatfx 2M}(�) " j ~Zi;j � x = 0 8 ~Zi;j 2 M}q (n) with i+ j � n + 2g(6.6) = fx 2M}(�) " j Zi;j � x = 0 8Zi;j 2Mq(n) with i+ j � n+ 2g;(6.7)and that this set of primitive vectors is invariant under the subalgebras f ~Zi;n+1�i j i =1; : : : ; ng, fZi;n+1�i j i = 1; : : : ; ng, and C [L�11 ; : : : ; L�12n�1].Corollary 6.5. RankM(M}q (n)) � n2 � n, where M(M}q (n)) is the de�ning matrix of thealgebra M}q (n), provided M}q (n) satis�es (6.2).To deal with the case of J0q (n), especially with m is even, we now introduce the concept ofa \restricted minimally generalized Verma module for J0q (n)"



16 JAKOBSEN AND ZHANGDe�nition 6.6. Let � = (�1; : : : ; �n) 2 C n , let � 2 C , and let I0(�; �) be the left ideal inJ0q (n) generated by the elements ~Zi;j with i+j � n+2 together with the elements ~Zk;n+1�k��kfor k = 1; : : : ; n and the element ~Zmn�1;1 � �. Let I0(�; �) denote the left ideal in J0q (n)generated by I0(�; �) together with the elements ~Zm0i;j for i+ j = n (except (i; j) = (n� 1; 1)).The restricted minimally generalized Verma module M0(�;�) is given asM0(�; �) = J0q (n)=I0(�; �):(6.8)We denote by v�;� the image of 1 in the quotient.Theorem 6.7. The module M0(�; �) is irreducible for � = 1 and � = (1; : : : ; 1). It hasdimension m � (m0)(n2�n�2)=2.Proof. This follows by a mixture of the proofs of Theorem 3.7 and Theorem 3.11 in [15].By the irreducibility of the Baby Verma module for the case of J0q (n� 1) (based on thegenerators ~Zi;j with i = 1; : : : ; n� 1 and j = 2; : : : ; n), it follows that any invariant subspacemust contain a primitive vector vp of the formvp = ~Zi11;1 ~Zi22;1 � � � ~Zikk;1 ~Z�n�1;1 � v�;� + : : : ;(6.9)where the power � may be 0 or m0.By looking at the action of ~Zn;2 if follows thatvp = ( ~Zi11;1 ~Zi22;1 � � � ~Zikk;1 + � � ~Zi11;1 ~Zi22;1 � � � ~Zik�1k;1 ~Zn�1;1 ~Zk;2) � ~Z�n�1;1 � v�;� + : : : :(6.10)It is now easy to see that the assumption that vp is primitive leads to the same contradictionsas those in the proof of Theorem 3.7 in [15].Observe that ~Zm0n�1;1 � v�;� is a primitive vector which is di�erent from v�;� if m is even.However, it does not generate a non-trivial invariant subspace since we can multiply it with~Zm0n�1;1 and thus get back to the highest weight vector. Also observe that we can separate itfrom the highest weight vector since ~Zn;1 ~Zm0n�1;1 = � ~Zm0n�1;1 ~Zn;1.Remark 6.8. The modules M0(�; �) are generically irreducible.



QUADRATIC MATRIX ALGEBRAS 17Remark 6.9. One may wonder why the generalized Verma modules of [15] no longer areirreducible. (If they were, one would get a contradiction with the degree). The reason is thatthe vector ~Zm0n�1;1 ~Zm0n�2;2 � � � ~Zm01;n�1 � v�;�(6.11)is a non-trivial primitive vector.Remark 6.10. The modules M0(�; �) may of course be de�ned for a wide class of alge-bras. The unitarity result will hold provided that there are non trivial relations Zi;jZi+a;j =q�Zi+a;jZi;j with q� 6= 1 and likewise in the column variable; Zi;jZi;j+b = q�Zi;j+bZi;j. Thiscondition is not satis�ed by Jzq (n).7. some quadratic algebrasWe now introduce four quantized matrix algebras; each has its own justi�cation. We shallsee that they all are modi�cations of Mq(n). We further compute their degrees as functionsof n and m.The so-called Dipper Donkin quantized matrix algebra Dq(n) is an associative algebra overthe complex numbers C generated by elements Di;j; i; j = 1; 2; : : : ; n subject to the followingrelations: Di;jDs;t = qDs;tDi;j if i > s and j � t;(7.1) Di;jDs;t = Ds;tDi;j + (q � 1)Ds;jDi;t; if i > s and j > t;Di;jDi;k = Di;kDi;j for all i; j; k:Secondly, let J0q (n) be the associative algebra generated by elements Ji;j for i; j = 1; : : : ; nand de�ning relations: Ji;jJs;t = qs+t�i�jJs;tJi;j; if (s� i)(t� j) � 0;(7.2) q1�t+jJi;jJs;t = qs�i�1Js;tJi;j + (q � q�1)Ji;tJs;j if s > i and t > j:(7.3)



18 JAKOBSEN AND ZHANGThirdly, let Jzq (n) be the associative algebra generated by elements Mi;j; i; j = 1; 2; : : : ; nsubject to the following relations:Mi;jMs;t = Ms;tMi;j if (s� i)(t� j) � 0;(7.4) qMi;jMs;t = q�1Ms;tMi;j + (q � q�1)Mi;tMs;j if i < s and j < t;where i; j; k; s; t = 1; 2; : : : ; n.Finally, let Jnq (n) be the associative algebra generated by elements Ni;j subject to thefollowing relations:Ni;jNs;t = qs�t�i+j�2Ns;tNi;j; if s � i; and t < j;(7.5) Ni;jNs;t = qs�iNs;tNi;j; if s > i; and t = jqt�j�1Ni;jNs;t = qs�i�1Ns;tNi;j + (q � q�1)Ni;tNs;j if s > i and t > j:To make it easier to write up the following relations, we de�ne the symbols L(��n) andL(��n) to be the real number 1.Proposition 7.1. Let gDi;j = Zi;jL(��i)�1L(��j ); i; j = 1; 2; : : : ; n:(7.6)Let D̂q(n) be the subalgebra generated by these elements. Then D̂q(n) is isomorphic toDq�2(n).Proof. By direct calculations we see that the gDi;j's satisfy the de�ning relations of Dq(n)with the quantum parameter q�2. By the PBW theorem for the enveloping algebra, theHilbert series of D̂q(n) is equal to that of the Dipper Donkin quantized matrix algebra. Thiscompletes the proof.Similarly we haveProposition 7.2. The algebra J0q (n) is isomorphic to the algebra generated by the elementsJi;j = Zi;jL(��)�(i+j)L(��i)�1L(��j )�1;(7.7)the algebra Jzq (n) is isomorphic to the algebra generated by the elementsMi;j = Zi;jL(��i)�1L(��j)�1; i; j = 1; 2; : : : ; n;(7.8)



QUADRATIC MATRIX ALGEBRAS 19and the algebra Jnq (n) is isomorphic to the algebra generated by the elementsNi;j = Zi;jL(��)�i+jL(��i)�1L(��j ) for i; j = 1; : : : ; n:(7.9)The degrees of the algebras Mq(n) and Dq(n) were computed in [15] and [16]. They aremn�1(m0) (n�2)(n�1)2 and m[n22 ], respectively. We now sketch a computation of the degrees ofJ0q (n), Jzq (n), and Jnq (n). We denote the de�ning matrices of these algebras byM0q(n),Mzq(n),and Mnq (n), respectively.Lemma 7.3. Consider the quasipolynomial algebra J0q (n). LetX(1) = x1;1x2;2 � � �xn;n and(7.10) X(j) = x1;jx2;j+1 � � �xn�j+1;nxn�j+1;1xn�j+2;2 � � �xn;j for j = 2; 3; : : : ; n:Then we havexs;tX(1) = q(n�2)(n+1�s�t)X(1)xs;t for all s; t = 1; 2; : : : ; n and(7.11) xs;tX(j) = q(n�1)(n+1�s�t)X(j)xs;t for all s; t = 1; : : : ; n and j = 2; 3; : : : ; n:Hence X(j)xrm�n+11;n and X(1)xrm�n+21;n are central elements of the quasipolynomial algebraJ0q (n) for all j = 2; 3; : : : ; n, where r is the smallest positive integer such that rm�n+1 � 0.Proof. This follows by checking directly the four cases s vs. n� j +1; and t vs. j, where vs.either is � or >.Theorem 7.4. Let D1 = 0@ 0 1�1 01A and Dj = 0@ 0 2�2 01A for j = 2; n + 1; : : : ; n2�n2 . Acanonical form of J0q (n) is diag(D1; D2; : : : ; Dn2�n2 ; 0; : : : ; 0).Proof. By the central elements we already found we know thatrankM0q(n) � n2 � n:(7.12)Thus, by Corollary 6.5, rank(M0q) = n2 � n. Next, it is easy to see by direct inspection ofthe de�ning matrix that in case m = 2, the degree is 2. But it then follows by Theorem 6.7that the entries of a canonical form of J0q (n) all are powers of the integer 2, except 1 whichcan only be D1. Indeed, by Theorem 6.7 the form must be as stated.



20 JAKOBSEN AND ZHANGNow let us consider the algebra Jzq (n).Proposition 7.5. rankMzq(n) = n2 � n.Proof. Let I(n) = f[i; j] j i; j = 1; 2; : : : ; ng with lexicographic order. The skew-symmetricmatrix M0q(n) can be written as follows:M0q(n) = H + 2Mzq(n);(7.13)where H = (h[i;j];[s;t])ni;j;s;t=1 and h[i;j];[s;t] = s+ t� i� j.We have already proved that rankM0q (n) = n2 � n. Obviously, the rows of H can begenerated by T = (1; 1; � � � ; 1) and W which is the (1; n)-th row of H. If we sum up all therows of Mzq(n) we get a vector X = (xi;j) 2 C n2 , where xi;j = #f[s; t] 2 I(n) j s > i; t >jg �#f[s; t] 2 I(n) j s < i; t < jg = (n� i)(n� j)� (i� 1)(j � 1) = (n� 1)(n+ 1� i� j).This means that X is (n� 1) times the (1; n)-th row of H. Son2 � n� 1 � rankMzq(n) � n2 � n+ 1:(7.14)However, rankMzq(n) must be an even integer, so we get the result.Theorem 7.6. Let Di = 0@ 0 2�2 01A for i = 1; 2; : : : ; n2�n2 . Then a canonical form of Mzq(n)is diag(D1; D2; � � � ; Dn2�n2 ; 0; : : : ; 0).Proof. We now know that the rank of M zq (n) is n2 � n and the entries of a canonical form ofM zq (n) are clearly all even. Hence the assertion follows Theorem 6.4.The �nal case, Jnq (n), is more di�cult to handle. We know from experiments that thecanonical form contains matrices of the form 0@ 0 2p�2p 01A with p > 1. Indeed, the maximaloccuring p, as a function of n, appears to be increasing. We shall be content to compute therank of the canonical form (which gives the degree when m is \good"):Let B be the integral anti-symmetric matrix with entries b[i;j];[s;t] de�ned byb[i;j];[s;t] = �2 if s � i and t < j,(7.15) b[i;j];[s;t] = 2 if i � s and j < t, and(7.16) b[i;j];[s;t] = 0 otherwise :(7.17)



QUADRATIC MATRIX ALGEBRAS 21Let H be the integral anti-symmetric matrix with entries h[i;j];[s;t] = s� i + j � t. Then itis obvious that H is of rank two and the rows of H is spanned by the 1� n2 row P = (r[s;t])with r[s;t] = s � t and the 1 � n2 row T in which all entries are 1. The de�ning matrix ofJnq (n) is then equal to H +B.Consider the sum of the (k; k)th rows of B for all k = 1; 2; � � � ; n. This is �2P . Hence therank of H + B is the same as the rank of B since it has got to be even. But B is the twicethe transposed of the de�ning matrix of Dq(n). Thus we obtainProposition 7.7. The rank of Mnq (n) is n2 if n is even and n2 � 1 if n is odd.We end this section by illustrating how closely related e.g. Jzq (n) and J0q (n) are: Let A2be the quantum plane i.e. an associative algebra generated by x; y subject to the followingrelation: yx = qxy:(7.18)Lemma 7.8. Let ~Zi;j = xi+jy 
 Mi;j for all i; j. Then the ~Zi;j generate a subalgebra ofA2 
 Jzq (n) which is isomorphic with J0q (n).Proof. If (s� i)(t� j) � 0; then~Zi;j ~Zs;t = xi+jyxs+ty 
Mi;jMs;t(7.19) = qs+txi+j+s+ty2 
Mi;jMs;t = qs+t�i�jxs+tyxi+jy 
Ms;tMi;j(7.20) = qs+t�i�j ~Zs;t ~Zi;j:(7.21)If s > i; t > j, we haveq1+j�t ~Zi;j ~Zs;t = q1+j+s[xi+j+s+ty2 
Mi;jMs;t](7.22) = qj+s[xi+j+s+ty2 
 (q�1Ms;tMi;j + (q � q�1)Mi;tMs;j)](7.23) = qj+s�1�i�j ~Zs;t ~Zi;j + (q � q�1) ~Zi;t ~Zs;j:(7.24)This completes the proof.



22 JAKOBSEN AND ZHANGRemark 7.9. Similarly, one can embed Jzq (n) into A2 
 J0q (n) by the map � : Jzq (n) �!A2 
 Jn de�ned by Mi;j 7! xyi+j 
 ~Zi;j:(7.25) 8. The varieties of the algebras J0q (n), Jzq (n), Jnq (n), and DnIn this section we consider the associated varieties of the modi�ed algebras. Let V be acomplex linear space and let T (V ) be the tensor algebra on V . Let R � V 
V be a subspaveand let (R) be the ideal of T (V ) generated by R. Set A = T (V )=(R). This is a quadraticalgebra. The elements of V 
 V may be viewed as bilinear forms on P(V �)� P(V �): Iff =Xi;j �i;jxi 
 xj 2 R(8.1)and (p; q) 2 P(V �)� P(V �), thenf(p; q) =Xi;j �i;jxi(p)xj(q):(8.2)Hence we may associate to R the subvareity�(R) := f(p; q) 2 P(V �)� P(V )� j f(p; q) = 0 for all f 2 Rg:(8.3)We call �(R) the associated variety.In [28] the associated variety of the standard quantized matrix algebra was determined.Among other thing it turned out to be independent of the quantum parameter q. In thissection we (again) assume that the q2 6= 1 and we consider �rst the associated variety �0n ofthe algebra J0q (n). In some sense, this is the nicest.Let ((ai;j); (bi;j)) 2 �0n, where (ai;j) and (bi;j) are two n � n complex matrices. Then wehaveLemma 8.1. Let the notations be as above. Then ai;j = 0 if and only if bi;j = 0.Proof. We assume that as;t 6= 0 for some (s; t) and ai;j = 0 but bi;j 6= 0. Byai;jbi;k = qk�jai;kbi;j;(8.4)we have ai;k = 0 for all k = 1; 2; : : : ; n.



QUADRATIC MATRIX ALGEBRAS 23If (s� i)(t� j) � 0 we have ai;jbs;t = qs+t�i�jas;tbi;j(8.5)which implies that bi;j = 0. Contradiction.If s > i and t > j we haveq1�t+jai;jbs;t = qs�i�1as;tbi;j + (q � q�1)ai;tbs;j(8.6)which together with ai;t = 0 imply bi;j = 0 which again is a contradiction.Similarly one can prove that if s < i and t < j we also get bi;j = 0. This completes theproof.Lemma 8.2. If (ai;j) is a rank one n� n complex matrix, then ((ai;j); (qi+jai;j)) 2 �0n.Proof. By direct veri�cation.Lemma 8.3. Let ((ai;j); (bi;j)) 2 �0n and suppose that (ai;j) is a rank one complex matrix.Then bi;j = qi+jai;j for all i; j = 1; 2; : : : ; n:Proof. We assume that ai;j 6= 0 for some (i; j), then bi;j 6= 0 and by multiplying through bysome non-zero complex number we can assume that bi;j = qi+jai;j.For any (s; t), if (s� i)(t� j) � 0 we haveai;jbs;t = qs+t�i�jas;tbi;j;(8.7)so bs;t = qs+tas;t.If s > i and t > j, we haveq1�t+jai;jbs;t = qs�i�1as;tbi;j + (q � q�1)ai;tbs;j:(8.8)Since bs;j = qs+jas;j and since rank 1 of the matrix (ai;j) implies that ai;tas;j = ai;jas;t, we getbs;t = qs+tas;t.Similarly, one can prove that if s < i and t < j then bs;t = qs+tas;t. This completes theproof.Now we assume that the matrix (ai;j) is indecomposable. Let ai;j be the �rst non-zeroentry in the matrix (ai;j) according to the lexicographic ordering and assume bi;j = qi+jai;j.



24 JAKOBSEN AND ZHANGLet I1 = f(i; j) j bi;j = qi+jai;jg;(8.9) I2 = f(i; j) j bi;j 6= qi+jai;jg:(8.10)Then it is easy to see that if ai;k 6= 0 and (i; k) 2 I1 for some k, then (i; j) 2 I1 for all j.Similarly, if ak;j 6= 0 and (k; j) 2 I1 for some k, then (i; j) 2 I1 for all i. Indeed, if (k; l) 2 I1and if (s� k)(t� l) � 0 then (s; t) 2 I1. Since I1 6= ; and (ai;j) is indecomposable, it followseasily that I1 = I(n), i.e. bi;j = qi+jai;j for all i; j. For any i < s and j < t we haveq1�t+jai;jbs;t = qs�i�1as;tbi;j + (q � q�1)ai;tbs;j:(8.11)Hence ai;jas;t = ai;tas;j. This proves that rank(ai;j) = 1.Now we assume that the matrix (ai;j) is decomposable. Then rank(ai;j) � 2. Let ai;jas;t 6=0; (i; j) 2 I1; (s; t) 2 I2. As above, (s�i)(t�j) � 0 is impossible. So without losing generalitywe assume that s > i and t > j. We then must have ai;t = as;j = 0. Byq1�t+jai;jbs;t = qs�i�1as;tbi;j + (q � q�1)ai;tbs;j(8.12)we get that bs;t = qs+t�2bs;t for (s; t) 2 I2. More generally this proves that the matrix (ai;j) isin fact a direct sum of indecomposable matrices,(ai;j) = diag(D1; D2; � � � ; Dr);(8.13)where each Di's is either zero or of rank one. Furthermore, the above analysis of how therelation between as;t and bs;t follows from I1 clearly implies (since q2 6= 1), that at most twoof them are non-zero. Summarizing, we have provedTheorem 8.4. Let q be generic or q is an mth root of unity (m 6= 2). Let ((ai;j); (bi;j)) 2 �0n.Then the matrix (ai;j) is either of rank one and bi;j = qi+jai;j for all i; j or (ai;j) of thefollowing form: (ai;j) = diag(0; 0; : : : ; 0; D1; 0; � � � ; 0; D2; 0; � � � ; 0)(8.14)where Di are rank one matrices. In this case,(bi;j) = diag(0; 0; � � � ; T1; 0; � � � ; 0; T2; 0; � � � ; 0)(8.15)



QUADRATIC MATRIX ALGEBRAS 25where T1 = (qi+jai;j); T2 = (qi+j�2ai;j).Let us now consider the variety �zn of Jzq (n).Theorem 8.5. Let ((ai;j); (bi;j)) 2 �zn. Then the matrix (ai;j) is either of rank one andbi;j = ai;j for all i; j or (ai;j) of the following form:(ai;j) = diag(0; 0; � � � ; 0; D1; 0; � � � ; 0; D2; 0; � � � ; 0)(8.16)where Di are rank one matrices (of arbitrary shape). Then(bi;j) = diag(0; 0; � � � ; T1; 0; � � � ; 0; T2; 0; � � � ; 0)(8.17)where T1 = D1; T2 = q�2D2.Proof. The proof is almost the same as that of J0q (n).Theorem 8.6. Let �Dn denote the variety of Dq(n) and let ((aij); (bij)) be a point in �Dn .Then either there exists a non-zero 1� n row R and a c 2 C � such that
(aij) =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0...0R0� � �0cR0...0

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA
and (bij) =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0...0qR0...0qcR0...0

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA
(8.18)
or (aij) = diag(A1; A2; � � � ; An) where Ai is a 1 � si complex row vector for some positiveinteger si and (bij) = (aij).



26 JAKOBSEN AND ZHANGProof. Consider the relations (7.1) and let ((aij); (bij)) be a point in the variety �(Dn). Firstof all an elementary computation shows that aij = 0 =) bij = 0. Moreover,aijbik = aikbij for all i; j; k:(8.19)Hence there exist c1; c2; � � � ; cn 2 C � such thatbij = ciaij for all i; j = 1; 2; � � � ; n:(8.20)If there exist i > s and j � t such that aijast 6= 0, thenaijbst = qastbij;(8.21)and so cs = qci. Thus it is impossible to have three non-zero entries aij; ast; alk such thati > s > l and j � t � k.For i > s and j > t, if aijastasjait 6= 0, thenaijbst = astbij + (q � 1)asjbit:(8.22)Therefore aijast = asjait.The above argument proves that for any 2� 2 submatrix0@ ast asjait aij 1A ;(8.23)if all entries are non-zero, the rank is 1. But we can furthermore see that the number of zeroentries cannot be 1. In fact, if aij or ast is zero, byaijbst = astbij + (q � 1)asjbit(8.24)we get asjait = 0. If asj = 0 but the other entries are non-zero then, since aitast 6= 0, we getcs = qci. But aijbst = astbij(8.25)implies that ci = cs which is a contradiction. Similarly one can dismiss the case ait = 0 butthe other entries are non-zero.



QUADRATIC MATRIX ALGEBRAS 27If rank(aij) = 1, then there exists a non-zero 1� n row R such that
(aij) = 0BBBBBB@ d1Rd2R� � �dnR

1CCCCCCA(8.26)
for certain constants d1; : : : ; dn: By the above observations, at most two di are non-zero andthe �rst assertion follows.If rank(aij) � 2 there exists a non-degenerate submatrix0@ ast asjait aij 1A :(8.27)By the above argument we must have asj = ait = 0. If the matrix (aij) does not have a2 � 2 submatrix with all entries non-zero then (aij) = diag(A1; A2; � � � ; An) where Ai is a1 � si complex row vector for some positive integer si and by the above discussion we musthave (bij) = c(aij) for some c 2 C � . If there is a rank one 2� r submatrix S with all entriesare non-zero and we assume that r � 2 is maximal among the possible choices, then thereare some non-zero entries in (aij) outside S because rank(aij) � 2. Clearly, those non-zeroentries cannot sit in the middle of, on top of, or below the matrix S, since there are no triplesaij; ast; alk of non-zero entries with i > s > l and j � t � k. Now assume that there is anon-zero alk located to the lower right the submatrix S. Let the numbers of the two rowsof the submatrix S be r and t with r < t. Hence we have three non-zero entries alk; arj; atjwhere arj; atj are entries in S and r < t < l and j < k. Obviously alj = ark = atk = 0 andso cl = cr = ct, but cr = qct since both arj and atj are non-zero and this is a contradiction.Similarly one can dismiss any other location of a non-zero entry outside of S. But this meansthat the rank of (aij) is 1 which is contrary to our assumption. Hence the matrix (aij) doesnot have a rank 1 2� r submatrix with all entries non-zero. Therefore(aij) = diag(A1; A2; � � � ; An)(8.28)where Ai is a 1� si complex row vector for some positive integer si. It is then clear that thematrix (bij) must be a multiple of the matrix (aij). This completes the proof.



28 JAKOBSEN AND ZHANGTheorem 8.7. Let �nn be the variety of Jnq (n) and let ((aij); (bij)) be a point in �nn. Theneither there exists a non-zero n� 1 column R and a c 2 C � such that(aij) = (0; � � � ; 0; R; 0; � � � ; 0; cR; 0; � � � ; 0)(8.29)and (bij) = (0; � � � ; 0; R0; 0; � � � ; 0; cq2R0; 0; � � � ; 0)(8.30)
where R = 0BBBBBB@ r1ir2i� � �rni

1CCCCCCA and R0 = 0BBBBBB@ q1�ir1iq2�ir2i� � �qn�irni
1CCCCCCA or (aij) = diag(A1; A2; � � � ; An) where Ai is ansi � 1 complex column for some positive integer si and (bij) = (qi�jaij).Proof. This follows by arguments analogous to those in the proof for Dq(n).9. Structure and dimensions of symplectic leavesThe dimensions of the symplectic leaves in the case of the regular points ofM(n; C ) can becomputed by the method of the Manin double [26], [19] as explained in e.g. [11]. Speci�cally,let n� denote the set of strictly upper and lower triangular matrices in M(n; C ), and letN� = exp(n�). Let h denote the diagonal subalgebra ofM(n; C ), let h0 denote the subalgebraof h consisting of trace 0 elements, and let H0 denote the diagonal elements of determinant1. By B�0 we denote the upper and lower triangular matrices, respectively, in SL(n; C )and we denote the analogous subgroups of GL(n; C ) by B�. Identify SL(n; C ) with thediagonal in D0 = SL(n; C ) � SL(n; C ). Let SLr(n; C ) denote the subgroup of D0 generatedby N+ � 1; 1� N�, and A0 = fx; x�1 j x 2 H0g, and denote by slr(n; C ) the Lie algebra ofthis subgroup. Analogously, de�ne GLr(n; C ) and glr(n; C ) by removing the determinant 1and trace 0 condition from A0 and h0, respectively.We denote by h�; �i the standard bilinear form hx; yi = trxy both on M(n; C ) and onsl(n; C ), and we de�ne the bilinear form B on M(n; C ) �M(n; C ) byB((x1; y1); (x2; y2)) = 12(hx1; x2i � hy1; y2i):(9.1)Through the bilinear form B, slr(n; C ) is identi�ed with sl(n; C )� and glr(n; C ) withM(n; C )� .



QUADRATIC MATRIX ALGEBRAS 29The traditional setting is to view SLr(n; C )=�, where � = fx 2 H0 j x2 = 1g, as sittinginside D0=SLr(n; C ). The latter is a Poisson manifold, and SLr(n; C )=� is an open Poissonsubmanifold.Let � 2 slr(n; C ). Through the bilinear form B above, � induces a right invariant 1-form�r(x) on SL(n; C ). The right dressing vector �eld �(�) is de�ned by8� 2 
1(M(n; C )) : h�x(�); �i = �x(�r(x); �):(9.2)Secondly, � 2 slr(n; C ) gives rise to a vector �eld on SLr(n; C )=� through the left actionon D0=SLr(n; C ), and this can be lifted to a vector �eld �(�) on SL(n; C ). The key result isthenTheorem 9.1 ([26],[19]). For all x 2 SL(n; C ),�x(�) = ��x(�):(9.3)It follows from the above ([11]) that SL(n; C ) is a disjoint union of the sets L!1;!2 =B+0 !1B+0 \B�0 !2B�0 where (!1; !2) 2 W �W . Each set L!1;!2 is a union of symplectic leavesof the same dimension. This dimension may be computed by placing one self at a good pointin D0=SLr(n; C ), e.g. [!1; !2] even though this, when !1 6= !2, is not in SLr(n; C )=�.This picture extends in an obvious way to GL(n; C ). In particular, we have the followingCorollary 9.2. The symplectic loaves in GL(n; C ) are precisely the setsB+!1B+ \B�!2B�:(9.4)Let us now take a closer look at the Poisson brackets (5.18)flk; ai;jg = (�k; �i;j)ai;jlk:(9.5)In this expression, (�k; �i;j) is exactly the exponent of the multiplication operator ��k (5.1).Thus, it follows that if �k denotes the vector �eld de�ned by ��k, thenflk; ai;jg = lkdai;j(�k):(9.6)



30 JAKOBSEN AND ZHANGLet sri denote the rth scalar row operator and scj the jth scalar column operator. Thensri acts from the left and scj from the right. Speci�cally, let di denote the diagonal matrix ingl(n; C ) with 1 at the ith place and zeros elsewhere. Thensrif(Z) = ddt jt=0f(etdiZ) and scjf(Z) = ddt jt=0f(Zetdj ):(9.7)We now wish to determine the Poisson structure on M(n; C ) obtained through a modi�ca-tion }. The functions zi;j's are transformed into zi;j�i j. Recalling that the Poisson bracketff; gg only depends on df and dg, it follows easily, letting lk ! 1, that the modi�ed Poissonbracket f!; �g� between two 1-forms !; � on M(n; C ) is given asf!; �g� = f!�; ��g =(9.8) f!; �g+Pk f!(srk)�k; �g+Pk f!(sck) k; �g+ f!; �(srk)�kg+ f!; �(sck) kg :Let us for the rest of this section assume that the modi�cations are of the form ~Zi;j =Zi;j�i j where �i only involves the fundamental roots corresponding to �; �1; : : : ; �n�1, andwhere  j only involves the fundamental roots corresponding to �; �1; : : : ; �n�1. We let (c.f.Lemma 5.2) xi and yj denote the right and left invariant vector �elds, respectively, corre-sponding to �i and  j, i; j = 1; : : : ; n. Speci�cally,f�k; �g = �(xk); and f k; �g = �(yk):(9.9)Then f!; �g� =(9.10) �(�!) + �(Pk !(drk)xk) + �(Pk !(dck)yk) + !(Pk �(drk)xk) + !(Pk �(dck)yk):Summarizing,Proposition 9.3. Let �! denote the dressing vector �eld corresponding to the 1-form ! inthe unmodi�ed Poisson structure and let ��! denote the dressing vector �eld de�ned by ! withrespect to the modi�ed Poisson structure. Then,��! = �! +Xk !(drk)xk +Xk !(dck)yk �Xk !(xrk)dk �Xk !(yck)dk:(9.11)



QUADRATIC MATRIX ALGEBRAS 31Let r1 =Xk dk ^ xk and r2 =Xk dk ^ yk(9.12)be elements in h^h, where we indentify xk and yk with their values at 0 and where h denotesthe diagonal subalgebra of g =M(n; C ).Corollary 9.4. The modi�cations considered have the form (c.f. (5.7))~�(g) = �(g) + (lg)�(r2) + (rg)�(r1):(9.13)This class of modi�cations is of the form considered by Semenov-Tian-Shansky in [26].Indeed, viewed under appropriate identi�cations as a skew-symmetric map g ! g, any ~r =P1�i<j�n ei;j ^ ej;i + r, with r 2 h ^ h, satis�es the Yang-Baxter identity[~rX; ~rY ] = ~r ([~rX; Y ] + [X; ~rY ])� [X; Y ]; X; Y 2 g:(9.14)We introduce the following elements of h for k = 1; : : : ; n:hk = dk+1 + � � �+ hn and ak = k(d1 + � � �+ dn);(9.15)where, naturally, hn is de�ned to be 0. We then haveAlgebra xk ykDq(n) �hk hkJ0q (n) �hk � ak �hk � akJzq (n) �hk �hkJnq (n) �hk � ak hk + akThe following then follows from Propositions 7.1 and 7.2.Proposition 9.5. Consider the following elements in M(n; C ) ^M(n; C ),r = X�24+ e� ^ e��; r0 = nXk=1 dk ^ hk; and rs = nXk=1 dk ^ ak:(9.16)



32 JAKOBSEN AND ZHANGThe Poisson structures �s(g), �D(g), �J0(g), and �Jz(g) on M(n; C ) corresponding to thealgebras Mq(n); Dq(n); J0q (n), and J0q (n) are then given as follows:�s(g) = �(lg)�r + (rg)�r; �D(g) = �(lg)�(r � r0) + (rg)�(r � r0)(9.17)�J0(g) = �(lg)�(r + r0 + rs) + (rg)�(r � r0 � rs); �Jz(g) = �(lg)�(r + r0) + (rg)�(r � r0)�Jn(g) = �(lg)�(r � r0 � rs) + (rg)�(r � r0 � rs):The following is an easy consequence of [26, Theorem 2, p. 1242]Proposition 9.6. Multiplication M(n; C ) �M(n; C ) !M(n; C ) induces Poisson mappingsM(n; C )D �M(n; C )Jz ! M(n; C )Jz(9.18) M(n; C )Jn �M(n; C )J0 ! M(n; C )J0 :In case r1 = �r2, the dimensions may be computed by the method devised by Semenov-Tian-Shansky. Indeed, these dimensions have already been computed in [6] and [12]. In caser1 6= �r2 it seems to be di�cult to obtain the answer in full generality. However, in case!1 = !2 = ! one may obtain satisfactory results:When computing at the point [(!; !)] it is easy to see that the only Hamiltonian (dressing)vector �elds that are being modi�ed are those corresponding to elements of the form (a;�a) 2glr(n; C ), where a 2 h. (Observe that we have to move into gl(n; C )). Set8a 2 h : TR(a) = ha; dki � yk � ha; yki � dk and TL(a) = ha; dki � xk � ha; xki � dk:(9.19)When we compute at the point [(!; !)] we make all vector �elds into right actions. Observethat �(a) ? [(!; !)] = [(a � !; a�1 � !)] = [(!(!�1a!); !(!�1a�1!)] = [(!; !)].Proposition 9.7. The modi�ed dressing vector vector �eld corresponding to a 2 h is givenby ~�(a)TR(!�1a!) + !�1(TL(a))!:(9.20)



QUADRATIC MATRIX ALGEBRAS 33The right hand side of (9.20) may be identi�ed with an element of h. Let L! denote thelinear map h !7! h given byh 3 a 7! L!(a) = TR(!�1a!) + !�1(TL(a))!:(9.21)We can now give formulas for the dimensions of some symplectic leaves for the modi�cationswe have considered, where we use the known formula ([11]) from the standard case.Proposition 9.8. The dimension of the symplectic leaf through the point (!; !) is given as2 � `(!) + rankL!.In general it appears to be di�cult to compute rankL in terms of !. However, we havethe following partial result.Proposition 9.9. Let !` denote the longest element of the Weyl group. Then L!` is zero forJ0q (n) and Jzq (n) whereas in the cases of Dq(n) and Jnq (n), the rank of L!` is n for n evenand n� 1 for n odd.Proof. It is easy to see that there are many cancellations and simpli�cations in this specialcase. Thus, the claim about J0q (n) and Jzq (n) follows by easy inspection. For the remainingcases, one is quickly reduced to �nding the rank of (e.g.) TL. For Dq(n) the matrix of TLis skew-symmetric with 1's below the diagonal; a matrix with the stated rank. For Jnq (n) itis slightly more complicated, but after a few simple manipulations, one may decompose thematrix into an invertinle 4 � 4 matrix and a skewsymmetric matrix M whose i; jth entrybelow the diagonal is i � j + 1. The last is the sum of a rank 2 matrix A (with entriesai;j = i� j) and a matrix as for the case of the Dipper Donkin algebra. But a combination ofthe columns of A, namely the column vector with 1's at all places, is in the span of M . Theclaim follows from this, since the rank must be even.10. The centers of the algebras J0q (n), Jzq (n), and Jnq (n)In [15] and [16] the center of the standard quantized matrix algebra and the center ofthe Dipper-Donkin quantized matrix algebra were determined explicitly. A strategy onemay try when computing the center of any modi�ed algebra in our family is the following:Our modi�cation is based on the standard quantized matrix algebra Mq(n). In [15] it was



34 JAKOBSEN AND ZHANGproved that the subdeterminants in the left upper or right lower corner are covariant. Sinceour modi�cations are by multiplication by some monomials in the Li's, the correspondingmodi�ed subdeterminants are still covariant. Although for di�erent modi�ed algebra onemay need to use di�erent method to compute its degree, it seems that we can get the wholecenter of the modi�ed algebra by combining the modi�ed subdeterminants in some properways (c.f. [15] and [16]). As already seen in Section 7, there is a close relationship betweenthe size of the center and the degree. We now �rst look at the center of J0q (n) since byLemma 7.3, the center of its associated quasipolynomial algebra J0q (n) is within reach.For any B = (bi;j)ni;j=1 2 J0q (n)(Z+) we de�neJB = �J bi;ji;j ;(10.1)where the factors are arranged according to lexicographic ordering. We denote the generatorsof J0q (n) by xi;j; i; j = 1; 2; : : : ; n, and de�ne the symbol xB analogously in terms of the sameordering.Let C be the center of J0q (n) and C the center of J0q (n). For any P 2 C, the leading term ofP must be of the form cJB; c 2 C , for some B = (ai;j)ni;j=1 2Mn(Z+). For any Jk;l the leadingterm of PJk;l is cqrk;lJB+Ek;l where rk;l = P(i;j)>(k;l)(k + l � i � j)bi;j +Pi>k;j>l 2bi;j. Theleading term of Jk;lP is cqlk;lJB+Ek;l where lk;l =P(i;j)<(k;l)(i+ j � k � l)bi;j � 2Pi<k;j<l bi;j.Since PJk;l = Jk;lP we get qlk;l = qrk;l and this implies that cXB is a central element of thetwisted polynomial algebra J0q (n). Hence we can de�ne a map � : C �! C byP 7! cXB(10.2)if the leading term of P is cJB; c 2 C .Clearly, �(P ) = 0 implies P = 0.Theorem 10.1. Let q be a primitive mth root of unity and let s be the minimal positiveinteger such that sm� n+ 1 � 0. Then(a) If m is odd, then the center of J0q (n) is generated by xmi;j; xm�r1;n xrn;1 for r = 1; : : : ; m� 1,xsm�n+11;n X(j) for j = 2; 3; : : : ; n, and xsm�n+21;n X(1).(b) If m is even, m = 2m0 say, then the center of J0q (n) is generated by xm0i;jxm0j;i ; xm�r1;n xrn;1for r = 1; : : : ; m� 1, xn�11;n X(j) for j = 2; 3; : : : ; n; and xn�21;n X(1):



QUADRATIC MATRIX ALGEBRAS 35Proof. By Theorem 7.4 and Proposition 3.1 we know that the degree of the quasipolynomialalgebra J0q (n) is: deg J0q (n) = m � (m0)n2�n�22 :(10.3)The result now follows from [5, Proposition 7.1].In the following, the quantum determinants are those corresponding to J0q (n). LetJ(k) =(10.4)detq(f1; 2; : : : ; kg; fn� k + 1; � � � ; ng)detq(fk; k + 1; � � � ; ng; f1; 2; : : : ; n� k + 1g);for k = 2; 3; : : : ; n and J(1) = detq:(10.5)Then we haveTheorem 10.2. Let q be a primitive mth root of unity for some odd positive integer m.Then the center of J0q (n) is generated by the elements Jmi;j; J(k)Jm�n+11;n for all k = 2; 3; : : : ; n,Jm�n+21;n J(1), and Jm�r1;n Jrn;1 for r = 1; 2; : : : ; m.Proof. Let C 0 be the central subalgebra generated by the central elements stated in thetheorem. For any Y 2 C we use induction on the leading term of Y to prove that Y belongsto C 0. By Theorem 10.1, we know that there is a central element Y 0 2 C 0 which has the sameleading term as that of Y . Hence, Y � Y 0 2 C 0. This completes the proof.Similarly, we getTheorem 10.3. Let q be a primitive mth root of unity for some even positive integer m =2m0. The center of J0q (n) is generated by the elements Jm0i;j Jm0j;i for i; j = 1; 2; : : : ; n; J(k)Jm�n+11;nfor k = 2; 3; : : : ; n, Jm�n+21;n J(1), and Jm�r1;n Jrn;1 for r = 1; 2; : : : ; m.We next consider the center of the algebra Jzq (n). Let M(k) be the minor detq(fn � k +1; n � k + 2; � � � ; ng; f1; 2; : : : ; kg) and let � be the anti-automorphism sending Mi;j to Mj;i.Then in a similar way we get



36 JAKOBSEN AND ZHANGTheorem 10.4. Let q be a primitive mth root of unity (odd or even) and let C be thecenter of the algebra Jzq (n). Then C is generated by the elements Mmi;j;M1;n, Mn;1, andM(k)r�(M(n � k + 1)r) detm�rq for k = 2; 3; : : : ; n� 1 and r = 1; 2; : : : ; m� 1.Finally, we consider Jnq (n). Let q be a primitive mth root of unity and let A = (ast) 2Mn(Z+) where ast = 1 if s+ t is even;(10.6) ast = m� 1 if s + t is odd:(10.7)Let Jnq (n) be the associated quasipolynomial algebra of Jnq (n), and denote the generatorsof Jnq (n) by Nij.Proposition 10.5. The element N (n�2)A�I is a central element of Jnq (q) provided that n isodd.Proof. Nij NA = qPs;t(s�i�t+j)(�1)s+t+2Pis=1Pnt=j+1(�1)s+t�2Pns=iPj�1t=1 (�1)s+tNANij(10.8) = qj�iNANij for all i; j:Since n is odd we haveXs;t (s� i� t+ j)(�1)s+t =Xs;t (�i + j)(�1)s+t = j � i;(10.9)
2 iXs=1 nXt=j+1(�1)s+t � 2 nXs=i j�1Xt=1 (�1)s+t = 0;(10.10)and Nij N I = q(n�2)(j�i)N INij for all i; j:(10.11)This completes the proof.Let I = ft + 1; t + 2; � � � ; ng; J = f1; 2; � � � ; n � tg, and let �t = detq(I; J). Let I� =f1; 2; � � � ; tg; J� = fn�t+1; n�t+2; � � � ; ng and let ��t = detq(I�; J�), where the determinant



QUADRATIC MATRIX ALGEBRAS 37is the modi�ed determinant. Let a1 = n � 3; ai = (n � 2) if i is odd and i 6= 1, andai = (n� 2)(m� 1) if i is even. Set
(n) = �ni=1�aii �nj=2 an�j+1j :(10.12)Then the element 
(n) is a central element of Jnq (n). Due to our weaker result concerning thecanonical form in this case, we also need an extra assumption on m for our result concerningthe center of Jnq (n).Theorem 10.6. Let q be an mth root of unity for some \good" integer m. Then the centerof Jnq (n) is generated by Nmij for all i; j = 1; 2; � � � ; n if n is even and is generated by Nmij and
(n) for all i; j = 1; 2; � � � ; n if n is odd.11. C [L�11 ; : : : ; L�12n�1]�s M}q (n)As should hopefully be clear from the preceeding sections, An = C [L�11 ; : : : ; L�12n�1]�sM}q (n)is, in some sense, the most fundamental algebra. We here brie
y study some of its properties.Proposition 11.1. C [L�11 ; : : : ; L�12n�1]�s M}q (n) is an iterated Ore extension.Proof. Since the elements Li are covariant, this is obvious.Obviously, C [L�11 ; : : : ; L�12n�1]�sM}q (n) is a quadratic algebra, and the associated quasipoly-nomial algebra may be taken to be C [L�11 ; : : : ; L�12n�1]�s M}q (n).Theorem 11.2. Let Si = 0@ 0 1�1 01A for i = 1; 2; � � � ; 3n � 3 and Sj = 0@ 0 2�2 01A for j =3n � 2; � � � ; n2+n2 . Then diag(S1; S2; � � � ; Sn2+n2 ; 0; � � � ; 0) is a canonical form of the algebraC [L�11 ; : : : ; L�12n�1]�s M}q (n). In particular, the degree is given bydegAn = m3n�3(m0)(n�2)(n�3)=2:(11.1)Proof. This relies heavily on the result (and method) for Mq(n) ([15]). Write down thede�ning matrix for the associated quasipolynomial algebra. This may be taken in the form0@ M C�Ct 0 1A ;(11.2)



38 JAKOBSEN AND ZHANGwhere M is the de�ning matrix of Mq(n). But it is easy to see that C can be used to removethe �rst n rows and columns of this matrix together with rows and columns i � n + 1 fori = 1; : : : ; n� 1. This is done at the expense of 2n� 1 blocks 0@ 0 1�1 0 1A. What remains isexactly the de�ning matrix Mq(n� 1). The result follows immediately from this.Recall that the usual coproduct on Mq(n) is given as�(Zi;j) =X� Zi;� 
 Z�;j:(11.3)Though we know from experiments that it is not possible to de�ne coproducts on all modi�edalgebras M}q (n), it is interesting that it is possible to de�ne a structure of bialgebra (in fact,several, due to a certain ambiguity) on C [L�11 ; : : : ; L�12n�1]�s Mq(n):Lemma 11.3. De�ne �(Zi;j) as in (11.3) and set�(L�i) = L�i 
 1;(11.4) �(L�j ) = 1
 L�j ;�(L�) = L� 
 1;"(Zi;j) = �i;j and 8i = 1; : : : ; 2n� 1 : "(Li) = 1:Then this is a bialgebra structure on C [L�11 ; : : : ; L�12n�1]�s Mq(n).Proof. This follows easily from the way Mq(n) is constructed, c.f. (2.13).Remark 11.4. More generally, one may set �(L�) = La� 
 Lb� for any pair a; b of integerswith a + b = 1. 12. Rank rIn this section we shall consider the subsets of lower rank matrices. To begin with weconsider the standard quantum matrix algebraMq(n) andM(n; C ) with the standard Poissonstructure. As usual, q is a primitive mth root of unity.Proposition 12.1. In Mq(n), (detq(fZi;jg))m = det(fZmi;jg):(12.1)



QUADRATIC MATRIX ALGEBRAS 39Proof. By the quantum Laplace expansion, the quantum determinant is a sum of q-commutingterms (c.f. [15]). The claim then follows easily by the quantum binomial formula.Corollary 12.2. 8s; t = 1; : : : ; n fZs;t; det(fZi;jgg = 0:(12.2)Proof. This follows easily since both Zmi;j and detq are central elements (c.f. [15]).Lemma 12.3. fZi;j; Aijg = 2(Xs<i (�1)i�sZs;jAsj �Xj<t (�1)t�jZi;tAit):(12.3)Proof. We use induction on n. The formula is true for n = 2. By Laplace expansion we haveAij = i�1Xs=1(�1)s�1Zs;1Ai;sj;1 � nXs=i+1(�1)s�1Zs;1Ai;tj;1:(12.4)Hence fZi;j; Aijg =Pi�1s=1(�1)s�1Zs;1fZi;j; Ai;sj;1g � 2Pi�1s=1(�1)s�1Zs;jZi;1Ai;sj;1 �Pns=i+1(�1)s�1Zs;1fZi;j; Ai;sj;1g:(12.5)
Applying the inductive hypothesis to As1, and changing the enumeration appropriately, weget fZi;j; Ai;sj;1g = �2 s�1Xr=1(�1)i�rZr;jAr;sj;1 + 2 i�1Xr=s+1(�1)i�rZr;jAr;sj;1 � 2Xj<l (�1)l�jZi;lAi;sl;1(12.6)for s = 1; 2; : : : ; i� 1.Similarly, we havefZi;j; Ai;sj;1g = 2(Xr<i (�1)i�rZr;jAr;sj;1 �Xj<l (�1)l�jZi;lAi;sl;1)(12.7)for s = i+ 1; : : : ; n.



40 JAKOBSEN AND ZHANGNow we get fZi;j; Aijg =(12.8) �2Pi�1s=1Zs;1Ps�1r=1(�1)i�rZr;jAr;sj;1 + 2Pi�1s=1Zs;1Pi�1r=s+1(�1)i�rZr;jAr;sj;1�2Pi�1s=1 Zs;1Pj<l(�1)l�jZi;lAi;sl;1 � 2Pi�1r=1(�1)r�1Zr;jZi;1Ai;rj;1�2Pns=i+1(�1)s�1Zs;1Pr<i(�1)i�rZr;jAr;sj;1 + 2Pns=i+1(�1)s�1Zs;1Pj<l(�1)l�jZi;lAi;sl;1:The assertion now follows by considering the Laplace expansion of Arj along the �rst columnfor r < i and of Ail along the �rst column for j < l.By the same method it follows thatLemma 12.4. fZi;j; Anj g =Xk<j (�1)j�kZi;kAnk �Xs>j (�1)j�sZi;sAns :(12.9)Proposition 12.5. In the space of all polynomials on M(n; C ), the ideal generated by allr � r minors is invariant under Hamiltonian 
ow.Proof. By, if necessary, deleting and/or renaming columns and rows, this follows from Corol-lary 12.2, Lemma 12.3, and Lemma 12.4.Corollary 12.6. The space of matrices of rank r is preserved by Hamiltonian 
ow in thestandard Poisson structure.Proof. We know by Proposition 12.5 that the space of matrices of rank � r is invariant. Butclearly, the rank cannot decrease along a Hamiltonian 
ow since by reversing time it wouldthen be possible to increase rank.Proposition 12.7. �(Zmi;j) = nX�=1 Zmi;� 
 Zm�;j:(12.10)Proof. Similar to the proof of Proposition 12.1.The following is important because all tensor categories are important.



QUADRATIC MATRIX ALGEBRAS 41Corollary 12.8. The space of matrices of rank less than or equal to r form a tensor category.Indeed, if in two representations �1; �2, fZmi;jg is represented by matrices A and B, respectively,then it is represented by A �B in the tensor product.Remark 12.9. Special cases of the above is when A2 = a � A for some rth root a of 1 (e.g.a = 1).Turning, �nally, to the other Poisson structures on M(n; C ) de�ned by our modi�cations,we recall that according to Proposition 9.3, the modi�ed vector �elds di�er from the originalones by left and/or right multiplication operators. HenceCorollary 12.10. The space of matrices of rank � r is preserved by Hamiltonian 
ow for amodi�ed Poisson structure.As for tensor categories, we do not have as precise results for the modi�ed algebras, butobserve that it is possible to start with two irreducible modules I1; I2 of a modi�ed algebraM}q (n). These may then be induced to the semi-direct product, and the tensor product maybe formed of the induced representations according to Lemma 11.3. Finally, the result maybe decomposed into irreducible M}q (n) modules.References[1] M. Artin, W. Schelter, and J. Tate, Quantum deformations of GLn, Comm. Pure Appl. Math. 44,879{895 (1991).[2] C. De Concini and V.G. Kac, Representations of quantum groups at root of 1, Progress in Math. 92,471{506. Birkh�auser (1990).[3] C. De Cocini, V.G. Kac, and C. Procesi, Quantum coadjoint action, J. Amer. Math. Soc. 5, 151-189,(1992).[4] C. De Concini and V. Lyubashenko, Quantum function algebra at roots of 1 , Adv. in Math. 108, 205{262(1994).[5] C. De Concini and C. Procesi, Quantum groups. Lecture notes in mathematics 1565, 31{140 Springer(1993).[6] M. Constantini and M. Varangnolo, Quantum double and multiparameter quantum groups, Comm. Alg.22, 6305-6321 (1994)
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