A CLASS OF QUADRATIC MATRIX ALGEBRAS
ARISING FROM THE
QUANTIZED ENVELOPING ALGEBRA U, (A1)
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ABSTRACT. A natural family of quantized matrix algebras is introduced. It includes the

two best studied such. Located inside U, (A2,—_1), it consists of quadratic algebras with the

2

same Hilbert series as polynomials in n° variables. We discuss their general properties and

investigate some members of the family in great detail with respect to associated varieties,
degrees, centers, and symplectic leaves. Finally, the space of rank r matrices becomes a

Poisson submanifold, and there is an associated tensor category of rank < r matrices.

1. INTRODUCTION

Over the past few years many articles have constructed and investigated multiparameter
quantum groups, [1], [3], [6], [7], [8], [9], [12], [14], [17], [18], [24], [27]. Most of the time
this has been done from the point of view of quantum function algebras. A central feature
has always been that the algebra in question should be a Hopf algebra; indeed, many may
feel that this is a requirement for using the terminology ‘quantum group’. Nevertheless,
we now introduce yet another multiparameter family for which the following hopefully will
serve as arguments in favor of including them among the objects of ‘quantized mathematics’
— even though they need not even be bialgebras. They are all, however, subalgebras of a
fundamental bialgebra. Our point of view will be that the underlying classical space should
be a Hermitian symmetric space rather than a (reductive) Lie group. In the present context
we will only consider the Hermitian symmetric space corresponding to SU(p, ¢) and thus end
up by quantized p x ¢ matrices. Actually, we will only consider p = ¢ = n though it is
a strength of this approach that p and ¢ may be different. All members of the family are
quadratic algebras with the same Hilbert series as polynomials in n? variables.

Our family is contained inside the quantized enveloping algebra of su(n,n). It includes the
standard (or ‘offical’) quantum matrix algebra M,(n) as well as the so-called Dipper Donkin
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algebra D,(n), and has indeed a sizable overlap with all previous families. But the way they
appear is new. Actually, all members are cross sections of a semidirect product of any one
of them with the abelian algebra C[L1,..., Ly, 1], where Ly, ..., Lo, 1 are the generators of
the quantum enveloping algebra corresponding to the fundamental weights.

The inclusion of the mentioned algebras in our family shows that some members may be
closely related to Hopf algebras, but this is by far true for all of them. But there may be
other ingratiating features such as ‘nice varieties’, ‘nice representations’, or, simply, ‘nice
relations’. Along with the two mentioned, we pay special attention to 3 more, explicitly
defined, quadratic algebras: Ji'(n) (which like M (n) and D,(n) define a Poisson Lie group
structure on GL(n,C)), JZ(n) (which, through its Poisson structure, is related to Dy(n)),
and J)(n) (which is related to J'(n)).

For these specific algebras, we determine the varieties, degrees, centers, and discuss the
dimensions of the symplectic leaves. For the general members we discuss the symlectic struc-
tures and the relation to a symplectic structure on M(n,C) x T?"~'. Specifically, the pro-
jections of the symplectic leaves in M (n,C) x T?"~! onto the first factor (according to some
splitting) gives what we call the symplectic loaves; orbits of symplectic leaves under a 2n — 1
dimensional scaling group. Also quantum determinants are investigated, and some represen-
tation theory is included. Finally, we discuss the rank r matrices.

More specifically: in Section 2 we introduce the algebras and prove that they are iterated
Ore extensions. In Section 3 we list briefly some major results of De Concini and Procesi
about the degree of an algebra. In Section 4 we discuss the quantum determinants and
Laplace expansions and in Section 5 we study the Poisson structures. For use, among other
things, in determining degrees, we study some modules in Section 6. We have affixed the
name Verma to these (but they are defined in terms of the opposite diagonal). In Section 7
we introduce the specific algebras D (n), J7'(n), J)(n), and J?(n) and we find their canonical
forms. The associated varieties (in the terminology of quadratic algebras) are determined in
Section 8, and in Section 9 we discuss the symplectic leaves. The centers are determined in
Section 10, the quantum algebra C[L{',... L3l ] x, M$(n) is analyzed in Section 11 and,

finally, in Section 12 the rank r matrices are considered.



QUADRATIC MATRIX ALGEBRAS 3

2. DEFINITIONS, ORE, BACKGROUND

Fix an nxn Cartan matrix A = (a;;) of finite type. Then there exists a vector (dy, ds, - - , dp)
with relatively prime positive integral entries d; such that (d;a;;) is symmetric and positive
definite. Let TT = {ay,...,a,} denote a choice of simple roots and let the usual symmetric

bilinear form on the root lattice ) be given as
(21) (Oéi|04j) = diai]’.

Let P denote the weight lattice generated by the fundamental dominant weights Ay, ..., Ay,

where

Let ¢ € C* be the quantum parameter. As usual, for n € Z and d € Z, we let

2.3 1o = (6™ = a7/ (" = 47, [l = [1)a2)a- [
(24) ") =l = el for j ez o) | ] =1
J d 0 d

We shall omit the subscript d when d = 1.
Following [2], let g be the finite dimensional simple Lie algebra with Cartan matrix (a;;).
The enveloping algebra U, (g) is the C-algebra on generators E;, F; (1 <i<n), L, =L,,, i =

1,...,n, and the following defining relations:

(2.5) LiL;=L;L;, LL7'=L;7'Li=1

LEj = ¢ E;L;, L;F; = ¢; " F; L,

EiF; — FyE; = 517'%,%]' =1,2--,n
q i — q_ i

- 1 - ij 1-a;;—s
> (-1 E; " E;E; =0, if i # j
s=0 S d:
— 1 — aj
> (-1 Y ETWTRE =0, ifi #
s=0 S

d;

where for & = > n;\; € P, L¢ == HjL;lj, Ko, =11, LY, and ¢; = q%.

J
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Let g be a finite dimensional Lie algebra corresponding to a noncompact hermitian sym-

metric space. We have

(2.6) U(g) =U(p U®UPT),

where p~ and p* are abelian subalgebras of g, which are furthermore invariant under the

maximal compact subalgebra £, and where
(2.7) g=p ®tdp".

In [13], a quantum version of the above decomposition was found:
(2.8) Uy(g) = AU, (8)A™,

where A~ and A" are quadratic algebras. We will describe the quadratic algebras A™ explic-
itly in case of su(n,n); the construction of A~ is similar. For a simple compact root vector

E, and E, an arbitrary element of U, (g) of weight «, set

(2.9) (adE,)(E,) = E,E, — ¢‘*" E,E

a~u

where, as usual, {(«, u) = %

In case of Ay, _1 = su(n,n), the set of simple compact roots breaks up into two orthogonal

sets:

(2.10) Ye=Avi,ve, vy U{ i, o, 1}
Thus

(2.11) E,E, =E, E,,

for all 4, j.

Assume moreover that these roots have been labeled in such a way that

(2]‘2) <ﬁa M1> = <ﬁa V1> = </‘Liaﬂi+1> = <Vi’ Vi+1> = _]-’ for all iaja

where (3 is the unique noncompact simple root.

We can then define

(2.13) Zij = (adE,, ) (adEm)(adEl,j_l) - (adE,,)(Es) fori,j =1,2,--- ,n.
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In [14], it was proved that the quadratic algebra A is generated by Z; j,4,j = 0,1, ,n—1,

and is isomorphic to the standard quantized matrix algebra M, (n) whose defining relations

are:
(2.14) ZijZik = qZixZijitj <k,
ZijZrj = qZy;Zijiti <k,
ZijZey = ZsuZ;jifi<s,t<j,
Zi,st,t = Zs,tZi,j + (q — q_l)Zi,tZs,j ifi < S,j < t’
where 7, j, k,s,t =1,2,...,n, and ¢ € C is the quantum parameter.

Definition 2.1. Let ¢ = (Ciy--+,Cny 1,0+, 6n) € PP, Let Z” = ZijL¢Le,. Let MP(n)
be the subalgebra generated by ZJ foralli,j = 1,2,...,n. The algebra M(f(n) 18 called a
modification of My(n), or a modified algebra.

Observe that according to this terminology, M,(n) itself is also a modified algebra.
Let p' = gy + -+ 4+ pq fori = 2,3,....n,u" =0and ¥ = vy + -4 v; 4 for j =
2,3,...,n,v' =0. We denote by o; ; = u' + S+ 1/ the root of Z; ; in the enveloping algebra.

The generators of M¥(n) satisfy the following relations:

(2‘15) Nm, Ni,k — q(ai,k‘§i+fj)_(ai,jKH‘ka‘lZi’kZi’j if j < F,
JiiZn = qealGre) -G 7 7 i <k
Zi,st,t = q(as’tKiJrgj)i(ai’j‘CS+£1)ZS’tZZ"j ifi<sandt < j,
Zi’st’t = gloslGrg) (e \Cs%t)Zs’th,

+(q — g V)glosdlt&) syt 7 7 if i < s and j < £

For later use we consider the following relations
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(2.16) TijTik = q(ai,k\CiJr&j)*(az‘,j\Ci+§k)+1xi’kxi’j if § <k,
iy = G T@LIGREG i G <k,
iy = @Ot =@ty i i < s and t <
Ti ey = @Gty g if i < s and j <t

Definition 2.2. The algebra M§ (n) whose defining relations are those of (2.16) is called the

assoctated quasipolynomial algebra.

Definition 2.3. Write the equations (2.16) in the form z; jzs; = qh[i’ﬂa[s’ﬂzs,tzi,j. The n? x n?

matrix
(2.17) M(MZ(n) = {hij s}

is called the defining matriz of M?(n).

Theorem 2.4. Let MP(n) be any modified algebra. Then Mg (n) is in fact an iterated Ore
extension and hence a domain. Its Hilbert series is the same as that of the commutative

polynomial ring in n? variables. Hence, (2.15) are the defining relations of the modified

algebra Mg (n).

Proof. To prove that M (n) is an iterated Ore extension, we start from the base field C and
add generators Z; ; one by one according to lexicographic ordering. For each (s, t), let M (s, 1)
be the subalgebra of M$(n) generated by Z;.; with (i,7) < (s,t). Then by the relations of

the algebra Mg (n), the subalgebra M(s,t) is spanned by the ordered monomials in that set

of generators. Let S = M(s,t)(Zs;). By the PBW theorem for quantum enveloping algebras

(125], [21]), we see that M(s,t) C S and S is a free M (s, t)-module with basis 1, Z; ;, Z?

Z’]’

By (2.15), we see that for each a € M (s,t) we have

(218) Zi,ja = as,t(a)Zi,j + DS’t(CL).
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Again by the PBW theorem, we see that o,,(a) and D;,(a) are uniquely determined and

therefore o, is an automorphism of M (s,?) and D;, is a o, -derivation. Hence,
(219) S = M(Sat)[as,taDs,t;Zs,t]-

This completes the proof. O

3. THE DEGREE OF A PRIME ALGEBRA

The main tool used to compute the degree of M(n) is the theory developed in [5] by De
Concini and Procesi. Indeed, our situation (c.f. Theorem 2.4) is such that we may specialize

their result into the following

Proposition 3.1. The degree of MZ(n) is equal to the degree of the associated quasipolyno-
mial algebra My (n).

It is well known that a skew-symmetric matrix over Z such as our matrix M(Mg(n)) can

be brought into a block diagonal form by an element W € SL(Z). Specifically, there is a

0 —1m;
W € SL(Z) and a sequence of 2 X 2 matrices S(m;) = , i =1,..., N, with

m; € 7 for each i = 1,..., N, such that

diag(S(my),...,S(my),0) with N = "22_1, if n is odd

(31) W-M(ME(n)) W'= )
diag(Si(m1),...,S(my)) with N = &, if n is even
Definition 3.2. Any matriz of the form of the right-hand-side in (3.1) will be called a canon-

ical form of M(M(n)).

Thus, a canonical form of M(Mf(n)) reduces the associated quasipolynomial algebra to
the tensor product of twisted Laurent polynomial algebras in two variables with commutation
relation xy = ¢"yx. As a special case of [5, Proposition 7.1] it follows in particular that the
degree of a twisted Laurent polynomial algebra in two variables is equal to m/(m,r), where
(m,r) is the greatest common divisor of m and r. The formula for the general case follows

easily from this.
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4. THE MODIFIED DETERMINANT AND THE MODIFIED LAPLACE EXPANSION

The quantum determinant det, of M,(n) is defined as follows (][23]):

(4.1) dety = Socp, ()71 0(1) Z2.02) * * T (m)-

Definition 4.1. An element x € M,(n) is called covariant if for any Z;; there ezists an

integer n; ; such that
(42) ZEZZ"]‘ = qn” Zi’jf,E.
Clearly, Z,,, and Z, are covariant.

Let p < n be a positive integer. Given any two subsets I = {iy,ig, -+ ,i,} and J =
{j1, 72, . jp} of {1,2,...,n}, each having cardinality p, it is clear that the subalgebra of
M,(n) generated by the elements Z; ;, with r,s = 1,2,...,p is isomorphic to M,(p), so we
can talk about its determinant. Such a determinant is called a subdeterminant of det,, and
will be denoted by det, (I, J). If I ={1,2,...,n}\ {i},J ={1,2,....n}\ {j}, det (I, ]) will
be denoted by A(i, j).

The following proposition was proved by Parshall and Wang ([23]) (their ¢ is our ¢~ 1):

Proposition 4.2. Let i,k < n be fized integers. Then

n n

(4.3) Sipdety = > (—a) " ZijAk, ) = Y (—a) T A(i, §) Zn;

J=1 J=1

n

(4.4) Z Y EZAGE) = (—q) A1) Zi

The above formulas are called the quantum Laplace expansions. In the following we will
establish the modified versions of these expansions.

Clearly, there is an element det? € M (n) such that
(45) detsni,jL—QL—fj = detq.

The element det! is called the modified determinant of M$(n). Similarly we define the
modified subdeterminant det¥ (7, .J) of M¥(n) and, if I = {1,...,n}\{i} and J = {1,...,n}\
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{7}, A®(i,j) = det$(I,J). Let w;; be the weight of A®(i, ) in U,(g). It follows easily that

we have

n

(4.6) 6i,kdet§’ — (_q)j*kq*(’wi,j GitE) Zi,jAg(k; ])

<.
Il
—_

3

_ (_q)i*jq*(ak,j 7Zr;ﬁk,t¢j(CT+§’))Ag"(i, j)Zk,j

<.
Il
—

3

— (_q)j*kqf(’wj,kij‘i‘gi)Zjﬂ.Ag’(j, k)

<.
Il
—

3

- (_q)i*jq*(aj,k:Zr;éj,t;ék(CT+§t))Ag’(j, i) Zj -

<.
Il
—

The above formulas are called the modified quantum Laplace expansions.

By using induction on s it is easy to prove that

Lemma 4.3. Ifi < k and j < then
Z} 2y = @G sl GHe) 7, 7 4 qlewt GG ong G (g — 12 2551 7, Zy .

Corollary 4.4. If q is an mth root of unity, then ZZ’:’; s central for all i,5 =1,2,...,n.

5. SYMPLECTIC STRUCTURES

We denote by Ag, Ay, ..., A,,_, the fundamental weights corresponding to the simple roots
B,v1,..., tim_1. Let \; be any one of these, let ¢ € C*, and define a map \;(c) : Mp(n)
Mp(n) by

(5.1) Xi(c)(Zs,t) = stz

3

Observe that }i(q)(Zs,t) = LiZS,tL;I.
Let Smui denote the group generated by the maps As(ci), A, (ca), ..., A, (con_1) for

Cly...,Con_1 € C*. Obviously we have:

Lemma 5.1. S, is contained in the automorphism group of qu(n), s independent of q

and @, and is isomorphic to (C*)**~1.
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Observe that Spui also acts on M (n, C) via (5.1).
Lemma 5.2. For x = (Y1, %2, ,Yn, b1, P2, -+, b)) € (C)?", let the automorphism X of
M¥(n) be given by
(52) X(Z’L,]) == w2¢]Z’L,] fO’I" all Z,] == 1, 2, .. N
Then x is implemented by an element of Sy

Proof. Write the fundamental dominant weights as Ag, Ay, ..., \,,_,. Clearly \s(c) is just
multiplication by ¢, A, (¢) corresponds to x = (1,...,1,¢,...,¢,1,...,1), and \,.(¢) corre-
P Y € Au(c) P X = ( ) ;(0)

i n—i n
sponds to x = (1,...,1,1,...,1,¢,....c). Notice that the action of X! = (¢,...,¢,1,...,1
P X = ( | 29 X =(. ol
n 7 n—j n n
equals the action of x" = (1,...,1,¢,...,¢). The claim follows easily from this. O
———— N —

n n
We consider M¥?(n) where € is a primitive mth root of unity for some positive integer
m # 2. Let Z¢ denote the part of its center generated by the elements ZZ"; For an n x n

matrix a = {a;;} let R(a) denote the quotient
(53) R(a) = M (n)/1(Z]} - ai;),

and let m, denote the canonical projection.
This gives us a bundle of algebras over M (n, C) and M#(n) may be considered as a space

of global sections of this bundle by the prescription

(5.4) MP(n)> Z: Z(a) =7(Z) € R(a).
For a € M(n,C), let the C algebra homomorphism ¥, : Z2 — M(n, C) be defined as
(5.5) U,(Z) = ay.

Similar to [4] we obtain for each M¥#(n) a Poisson structure {-,-}, on M(n,C) defined by

(identifying coordinates and coordinate functions)

(5.6) (a5, as}o(a) = U, <lim;[ZTj, Zg;]) ,

gem(qgm™ — 1)

where the right hand side commutator is computed in M (n).
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We shall occasionally denote the Poisson structure from M,(n) (corresponding to o =

(0,...,0)) as {-,-}o. Let

1
(57) R = 5 Z ei,j A ej,i,

1<i<j<n
where {e; ;} denotes the standard basis of M (n,C). Then it is easy to see that the Poisson
tensor 7(g) at g € M(n,C) is given as 7(g) = —2(I; R —r; R). The factor -2 is of no practical
importance, but we wish to keept this difference between the structure defined by (5.6) and
the one (on the regular points) considered in ([26]) and ([11, Appendix A]). Specifically, the

present Poisson structure is given as follows:

(5.8) {Zij, Zixto = ZipZi;ifj <k,
{Zij, Zrjto = Zp;Zijifi <k,
{Zij, Zs4}o = 0ifi <s,t <y,
{Zij, Zss}o = 2Zs,7Z;;ifi<s,j<t.
The Hamiltonian vector field 8;; corresponding to a;; is then given by
(5.9) b,j(as)) = {aij, a5}y, hence
0ij = ;{azj, ast}pa%st-
The Hamiltonian vector field 6 corresponding to an arbitrary C'*°-function f may then be

defined as

0
(510) 0f = — Zest(f) 8ast,

or, equivalently,

(5.11) o= <%> 0.

tj
It is clear that the assignment D to each a of a subspace in T, (M,(n) given by
(5.12) M(n,C) 3 a— Dla) = {(a) | f € O},

is an involutive distribution.



12 JAKOBSEN AND ZHANG
Definition 5.3. By a symplectic leaf L we mean a mazimal integral manifold of D. By a

symplectic loaf we mean a set of the form Spmuu(L) where L is a symplectic leaf.

It is well known (see e.g. [11]) (and is also elementary to see directly here) that the action

by Snuie normalizes the Hamiltonian action.

Along with the Hamiltonian vector fields 6;; we may also consider derivations d;; of M¥#(n),

defined by

g—e m(qm _ 1)[Zm Z]a

VK
for an arbitrary element Z € M#(n).

If we think of Z as a section of the above bundle, it is clear that d;; is a lifting of 6;;. More

generally, for any C'*°-function f and any section Z we may define

(5.14) 0p(2)=> <88ait> 0st(Z),

and we write

(5.15) Vo

Proposition 5.4. Parallel transport along an integral curve of a Hamiltonian vector field

gives rise to an algebra isomorphism between fibers.

Proof. The above V is a connection along symplectic leaves, hence the following argument
makes sense: Consider two parallel sections, s; and s5 along an integral curve of a Hamiltonian

vector field 6. Then
(516) VQH (81 . 52) = (5[{(81 : 82) = (V9H81)52 + 51(V9H82) = 0.
Thus, parallel transport yields the isomorphism. O

We wish to show now that the loaves for the various quantizations of n x n matrices are the
same. In order to do that, we introduce an auxiliary Poisson manifold M(n,C) x (C*)**~!,
Actually, this Poisson manifold seems to be of fundamental importance.

Consider the subalgebra of U, (g) generated by the elements Z; ;, 4,7 =1,...,nand L;, i =

1,...,2n — 1. This may be viewed, in an obvious way, as a semi-direct product

(517) C[Litla IR Létnlfl] Xs M‘?(n)
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for any p € P?™~'. Using this, a construction analogous to (5.6) makes M (n,C) x (C*)**~!

into a Poisson manifold where, if /;,...,/5,_; denote the standard coordinate functions on

((C*)Qn_17 and ¢ = (617 cee 76272—1)’

(5.18) {aijast}o(a, ) = {aij,as},(a) (as it were)
{tkaij}o(a, 0) = (M | ig)aiily

{4} o(a,l) = 0.

Lemma 5.5. A symplectic loaf in M(n,C) defined by the Poisson structure {-,-}, is equal
to the projection onto the first factor in M(n,C) x (C*)**~L of a symplectic leaf in the full

space.

Proof. The flow of the Hamiltonian vector field 6, is as follows:

(5.19) ({ag}, 0) — ({ePrleatq 1 0

while the flow of 6,,, on (a, (y,. .., ls,_1) is equal to the old flow in the first factor a = ({a;;})
while £}, — eQklasidg, for k=1,...,2n — 1. O

If P = (Cl: .. -;Cn;fl; .. gn) write
2n—1

(5.20) G = Zgj)\j fori=1,...,n, and
j=1

2n—1

& = Zflj)\] fori=1,...,n.
7=1
Define, for i, j = 1,...,n the functions ¢/{ and ¢7 on (C*)**~" by
(5.21) Gi(l) = TN and
Gi(l) = I
Observe that if we define the functions a;;(a, ¢) = a;j(a)y;(¢)¢;(¢) then we may write

(5.22) {aij, ag}o = Z CEZ?;))’,((i’,g)dabflcd
(a,b),(c,d)
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where the coefficients CEZ,J;)’,((SC’,Q) are the constants in
(5.23) {aij, a5}, = Z cgi”jb))”((i”%aabacd.
(a,b),(c,d)

The following is then obvious either from the above or from the way the different algebras

are constructed

Lemma 5.6. The Poisson structure on M(n, C) x (C*)?"~! obtained from @ is equal to that

corresponding to p = 0 expressed in the coordinate system ({a;;}, 0)(a, £) = ({aiji(€)p; ()}, 0).

Proposition 5.7. The symplectic loaves are the same in M(n,C) for all choices of p.

Proof. This follows directly from Lemma 5.5 and Lemma 5.6 since {a;;1;(¢)¢;(¢)} according

to Lemma 5.2 can be obtained from {a;;} through the action of Spu.

We shall investigate further the various Poisson structures in Section 9.

6. VERMA AND CYCLIC MODULES

We now introduce and study some modules which turn out to be very useful.

Definition 6.1. For an integer m set

(6.1) . m if m is odd
. m =

5 if m is even

Definition 6.2. Suppose our modified algebra M$(n) satisfies

(6.2) Vi j ¢ Zipir-iZinsi-j = Zinr1—i Zipri-ie

O

Let A = (A1,..., \n) € C" and let I(A) be the left ideal in M§(n) generated by the elements

Z-,j with i + 7 > n+ 2 together with the elements Zk,nﬂ,k — X fork=1,...,n and ZZ"}' with

i+ j < n. The restricted Verma module M,(A) is defined as
(6.3) My (A) = Mg (n)/I(A).

We denote by vy the image of 1 in the quotient.
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Remark 6.3. [t seems natural to affiz the name Verma to these modules since they do have
much of the flavour of the usual ones. Notice, however, that what corresponds to the Cartan

subalgebra is here the opposite diagonal.

Theorem 6.4. Let m > 2 be an integer. Then the restricted Verma-module M, (A) with the
highest weight A = (A1, Ao, -+, \y) s irreducible if and only if \; # 0 for all i.

Proof. This was proved for the case of M,(n) in [15]. We can extend this result to the present

situation by considering the induced module

(6.4) ML) 1= (CILEY, oo LEL D o M (n)) @y My (),

where C[Li!,..., L3 ], denotes the quotient of C[LY", ..., L3} ] generated by the elements
L™ —1fori=1,...,2n — 1. Consider the subspace S = C[L{',..., 3! ] ®c C-vy. We
know that M,(n) is a subalgebra of C[L{",... Ly ] x, M¢(n) and it follows that the
commutative algebra {Z; ,11; | i =1,...,n} C M,(n) leaves S invariant. Hence, there is a
common eigenvector v;, and it follows easily that S = C[L{',..., Ly ] ®c C - v; and that

A= (A\i,...,\,) with all \; # 0. In fact,

(6.5)
CILT", ..., Ly _y] X MP(n) ®@pe(ny Mo(A) = CILT', ..., Lo 4] %3 My(n) @, ) My(A).

Finally observe that

(6.6) {z € My(A) 1| Zij-2=0 VZy;e MP(n) withi+j>n+2}

(6.7) = {zeM,N)1|Zi; - =0 VZ ;€ My(n) with i+ j > n+ 2},
and that this set of primitive vectors is invariant under the subalgebras {Zi,nﬂ,i | i =

L.ooony, {Zipi1i|i=1,...,n}, and C[LF, ... L3 ]. O

Corollary 6.5. Rank M(M¥(n)) > n* —n, where M(M$(n)) is the defining matriz of the
algebra M (n), provided M (n) satisfies (6.2).

To deal with the case of Jg(n), especially with m is even, we now introduce the concept of

a “restricted minimally generalized Verma module for .J?(n)”
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Definition 6.6. Let A = (\y,...,\,) € C*, let ¢ € C, and let I°(A, ¢) be the left ideal in
Jg(n) generated by the elements Zi,j with i+7 > n+2 together with the elements Zk’n+1_k_Ak
for k = 1,...,n and the element Z,’l"fl’l — ¢. Let I9(A, ¢) denote the left ideal in JY(n)
generated by I°(A\, ¢) together with the elements Zl”}' fori+j=mn (except (i,7) = (n—1,1)).

The restricted minimally generalized Verma module M°(A, ®) is given as

(6.8) MO(A, ¢) = Jg(n)/T°(A, ).

We denote by Ux ¢ the image of 1 in the quotient.

Theorem 6.7. The module MO(A, ¢) is irreducible for ¢ = 1 and A = (1,...,1). It has

dimension m - (m')("*=n=2)/2,

Proof. This follows by a mixture of the proofs of Theorem 3.7 and Theorem 3.11 in [15].
By the irreducibility of the Baby Verma module for the case of J{(n — 1) (based on the
generators Zi,j withi=1,...,n—1and j =2,...,n), it follows that any invariant subspace

must contain a primitive vector v, of the form
(6.9) Up = 21112;1 T Z}i’f127?71,1 “Upp e,

where the power a may be 0 or m'.

By looking at the action of an if follows that
(6.10) v, = (24234 2+ B 20025 - 24 Zn 10 Zk2) - 211 - Thg + -

It is now easy to see that the assumption that v, is primitive leads to the same contradictions
as those in the proof of Theorem 3.7 in [15].

Observe that Z,T_’Ll - Upe is a primitive vector which is different from vy ¢ if m is even.
However, it does not generate a non-trivial invariant subspace since we can multiply it with

Z,’;”_’M and thus get back to the highest weight vector. Also observe that we can separate it

~ !

from the highest weight vector since ZMZT_IM = —Z,T_MZM. O

Remark 6.8. The modules M°(A\, ¢) are generically irreducible.
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Remark 6.9. One may wonder why the generalized Verma modules of [15] no longer are
irreducible. (If they were, one would get a contradiction with the degree). The reason is that

the vector
(6.11) ZyT—l,lzyT—Q,Q T Z{?}n—l " VA

1$ a non-trivial primitive vector.

Remark 6.10. The modules m may of course be defined for a wide class of alge-
bras. The unitarity result will hold provided that there are non trivial relations Z; jZ; 4 ; =
@*ZivajZi; with ¢¢ # 1 and likewise in the column variable; Z; ;Z; jvp = q*Z; j1uZij. This
condition is not satisfied by J;(n).

7. SOME QUADRATIC ALGEBRAS

We now introduce four quantized matrix algebras; each has its own justification. We shall
see that they all are modifications of M,(n). We further compute their degrees as functions

of n and m.

The so-called Dipper Donkin quantized matrix algebra D,(n) is an associative algebra over

the complex numbers C generated by elements D; ;,7,j = 1,2,...,n subject to the following
relations:
(71) Di,jDs,t = qu,tDi,j ifi >s andj <t,

Di,jDs,t = Ds,tDi,j + (q — ]-)Ds,jDi,ta if 7 > s and j > 1,

Di,jDi,k == Di,kDi,j for all i,j, k.

Secondly, let Jg(n) be the associative algebra generated by elements J; ; fori,5 =1,...,n

and defining relations:

(72) Ji,jJs,t - qs+t7i7jJs,tJi,j7 if (5 - Z)(t - ]) S 0’

(7.3) " T =" T i+ (g — g7 ) g Js if s >dand t >
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Thirdly, let JZ(n) be the associative algebra generated by elements M, ;,i,j = 1,2,...,n

subject to the following relations:
(7.4) M; ;Ms, = M, M,;;if (s —1i)(t—j) <0,

qM; jMy, = q "My M;;+ (q—q "YM; M, ; ifi < s and j < t,
where 7,7, k, s,t=1,2,...,n.

Finally, let J;(n) be the associative algebra generated by elements NN;; subject to the

following relations:
(7.5) NijNyi = ¢ ""2ANGN,,, if s >4, and t < j,
NijNsi = ¢ 'NgN;j, if s>i, andt =
qt_j_lNi,st,t — qS—i—le’tNi’j + (¢ — q_l)Ni,th,j if s>i7andt>j.
To make it easier to write up the following relations, we define the symbols L(),,) and

L(A,,) to be the real number 1.

Proposition 7.1. Let

(7.6) Dij = ZiyL(\) 'L\, 05 = 1,2, n.

~—— ~——

Let D,(n) be the subalgebra generated by these elements. Then Dy(n) is isomorphic to
Dq_2(n).

Proof. By direct calculations we see that the l/)\;j’s satisfy the defining relations of D,(n)

with the quantum parameter ¢=2. By the PBW theorem for the enveloping algebra, the

Hilbert series of D,(n) is equal to that of the Dipper Donkin quantized matrix algebra. This
completes the proof. O

Similarly we have
Proposition 7.2. The algebra Jg(n) is 1somorphic to the algebra generated by the elements
(7.7) Jig = ZigL(Ag) "L\, LN,
the algebra qu(n) 15 1somorphic to the algebra generated by the elements

(7.8) M;j = ZiiL(A\,) " 'L(N\,) i, =1,2,...n,
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and the algebra J} (n) is isomorphic to the algebra generated by the elements

(7.9) Nij = ZijL(Ag) " L(\,) ' L(\y,) fori,j=1,...,n.

The degrees of the algebras M,(n) and D,(n) were computed in [15] and [16]. They are
n—2)(n—-1 2
m”‘l(m’)( n=1)

J(n), JZ(n), and .J}(n). We denote the defining matrices of these algebras by MJ(n), M(n),

and m!% ], respectively. We now sketch a computation of the degrees of

and M7 (n), respectively.

Lemma 7.3. Consider the quasipolynomial algebra J?(n). Let
(7.10)  X(1) = zi11%92 Tny, and
X(j) = T1T25+41 " Tn—j+1nTn—j+1,1Tn—j+2,2 " " Tn,j forj=2,3,....n.
Then we have
(7.11) ,,X(1) = ¢ A OX (D, for all s,t =1,2,...,n and
v, X(j) = q("’l)("“’s’”X(j)xs,t foralls,t=1,...,nand j =2,3,...,n.
Hence X (j)a}n """ and X(1)z{""** are central elements of the quasipolynomial algebra

Jg(n) forall j =2,3,...,n, where r is the smallest positive integer such that rm —n+1 > 0.

Proof. This follows by checking directly the four cases s vs. n— 75+ 1, and ¢t vs. j, where vs.

either is < or >. O

0 1 2 .
Theorem 7.4. Let D, = and D; = forj =2n+1,... 25" A
-1 0 -2 0

canonical form of J)(n) is diag(Dy, Dy, ..., Dy2_,,0,...,0).
Proof. By the central elements we already found we know that
(7.12) rank My (n) < n” —n.

Thus, by Corollary 6.5, rank(MJ) = n* — n. Next, it is easy to see by direct inspection of
the defining matrix that in case m = 2, the degree is 2. But it then follows by Theorem 6.7
that the entries of a canonical form of Jg(n) all are powers of the integer 2, except 1 which

can only be D;. Indeed, by Theorem 6.7 the form must be as stated. U
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Now let us consider the algebra J;(n).
Proposition 7.5. rank M;(n) = n* —n.

Proof. Let I(n) = {[i,j] | i,j = 1,2,...,n} with lexicographic order. The skew-symmetric

matrix MJ(n) can be written as follows:

(7.13) Mo(n) = H + 2M(n),

q

where H = (A j)(s,0)7j.s0=1 and hjijsg = s+t —1—j.

We have already proved that rank MJ(n) = n* —n. Obviously, the rows of H can be
generated by T = (1,1,---,1) and W which is the (1,n)-th row of H. If we sum up all the
rows of MZ(n) we get a vector X = (v;;) € C", where z;; = #{[s,1] € I(n) | s > i,t >
y=#{lstleln)[s<it<jl=m—-1)n—j)-(-1)0G-1)=m-Dn+1-i-j)
This means that X is (n — 1) times the (1, n)-th row of H. So

(7.14) n® —n—1<rank M;(n) <n’—n+1.

However, rank M;(n) must be an even integer, so we get the result. O
0 2\ : |

Theorem 7.6. Let D; = fori=1,2,..., 25" Then a canonical form of MZ(n)
-2 0

is diag(Dy, Dy, -+, D,2_,,,0,...,0).

2

Proof. We now know that the rank of M7 (n) is n* — n and the entries of a canonical form of

MZ(n) are clearly all even. Hence the assertion follows Theorem 6.4. O

The final case, J;'(n), is more difficult to handle. We know from experiments that the

P
canonical form contains matrices of the form with p > 1. Indeed, the maximal
-2 0

occuring p, as a function of n, appears to be increasing. We shall be content to compute the
rank of the canonical form (which gives the degree when m is “good”):

Let B be the integral anti-symmetric matrix with entries by; ;) [, defined by
(7.15) b[i,j},[s,t} = —-2ifs >7and t < j,
(7.16) bijlisy = 2ifi>sand j <t, and

(7.17) b[i,j},[s,t} = 0 otherwise .
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Let H be the integral anti-symmetric matrix with entries hjy; j,;5,0 = s — 4+ j — t. Then it
is obvious that H is of rank two and the rows of H is spanned by the 1 x n® row P = (rsy)

with 7, = s — ¢ and the 1 x n?

row T in which all entries are 1. The defining matrix of
Ji'(n) is then equal to H + B.

Consider the sum of the (k, k)th rows of B for all k =1,2,---  n. This is —2P. Hence the
rank of H + B is the same as the rank of B since it has got to be even. But B is the twice

the transposed of the defining matrix of D,(n). Thus we obtain

Proposition 7.7. The rank of M} (n) is n* if n is even and n* — 1 if n is odd.

We end this section by illustrating how closely related e.g. J7(n) and J(n) are: Let Aj
be the quantum plane i.e. an associative algebra generated by x,y subject to the following

relation:
(7.18) yr = qry.

Lemma 7.8. Let Z,j = 2"y @ M;; for all i,j. Then the ZJ generate a subalgebra of
Ay ® JZ(n) which is isomorphic with J)(n).

Proof. If (s —i)(t — j) <0, then

(7.19) ZijZsy = o yx*ty @ M; ; My,
(7'20) _ qs-l—txi—l—j—l—s—i—tyQ Q Mz’,st,t — qs+t—z‘—jxs+ty$i+jy ® Ms,tMi,j
(7.21) =" 202y

If s >i,t > j, we have

(7_22) q1+j7tZi’st’t _ q1+j+s[xi+j+s+ty2 Q Mi,st,t]
(7.23) = /P @ (T M M + (g — ¢ ) M; M )]
(7.24) = ¢TI Zi A (0= 0 a2y

This completes the proof. O
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Remark 7.9. Similarly, one can embed J7(n) into Ay @ JJ(n) by the map 7 : J;(n) —
Ay ® J,, defined by

(7.25) M;; v 2y @ Z;;.

8. THE VARIETIES OF THE ALGEBRAS .J{(n), JZ(n), J7'(n), AND D,

In this section we consider the associated varieties of the modified algebras. Let V' be a
complex linear space and let T (V') be the tensor algebra on V. Let R C V ®V be a subspave
and let (R) be the ideal of T'(V') generated by R. Set A = T(V)/(R). This is a quadratic
algebra. The elements of V' ® V' may be viewed as bilinear forms on P(V*) x P(V*): If
(81) f: Zai,jaji@)xj €R

i,j

and (p,q) € P(V*) x P(V*), then
(8.2) f(p,q) = Z i ;7i(p)z;(q).
i.j
Hence we may associate to R the subvareity
(8.3) I'(R) :={(p.q) € P(V*) x P(V)" | f(p,q) =0 forall f€ R}.

We call T'(R) the associated variety.

In [28] the associated variety of the standard quantized matrix algebra was determined.
Among other thing it turned out to be independent of the quantum parameter ¢q. In this
section we (again) assume that the ¢> # 1 and we consider first the associated variety I'") of
the algebra .JJ(n). In some sense, this is the nicest.

Let ((ai;), (bi;)) € 9, where (a;;) and (b;;) are two n X n complex matrices. Then we

have
Lemma 8.1. Let the notations be as above. Then a;; = 0 if and only if b; ; = 0.

Proof. We assume that as; # 0 for some (s,t) and a;; = 0 but b; ; # 0. By
(8.4) aibie = q" ;b

we have a;, =0 for all £ =1,2,...,n.
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If (s —4)(t — j) <0 we have
(8.5) i jbsy = ¢ ag b

which implies that b; ; = 0. Contradiction.

If s> i and ¢t > j we have
(8.6) ql_t+jai,jbs,t = qS_i_las,tbi,j + (¢ — q_l)ai,tbs,j

which together with a;;, = 0 imply b; ; = 0 which again is a contradiction.
Similarly one can prove that if s < i and ¢t < j we also get b; ; = 0. This completes the

proof. O
Lemma 8.2. If (a;;) is a rank one n x n complex matriz, then ((a;;), (¢ a;;)) € TY.
Proof. By direct verification. O

Lemma 8.3. Let ((a;;), (bi;)) € T and suppose that (a;;) is a rank one complex matriz.

Then b; j = q¢"a;; for alli,j=1,2,...,n.

Proof. We assume that a; ; # 0 for some (4, j), then b; ; # 0 and by multiplying through by
some non-zero complex number we can assume that b; ; = ¢"a; ;.

For any (s,t), if (s —4)(t — j) < 0 we have
(8.7) i ey = ¢ ag b,

s+t

s0 bst = ¢*as .

If s >iandt > j, we have
(8-8) ¢ "aibsy = ¢* " agbig 4 (g — g aighs;.

Since bs; = ¢**a, ; and since rank 1 of the matrix (a; ;) implies that a; a,; = a; jas;, we get
bs,t = q5+ta5,t-
Similarly, one can prove that if s < i and ¢t < j then bs; = ¢**a,. This completes the

proof. O

Now we assume that the matrix (a;;) is indecomposable. Let a;; be the first non-zero

entry in the matrix (a; ;) according to the lexicographic ordering and assume b; ; = ¢"*/a, ;.
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Let
(8.9) L ={(i.4) | bij = ¢ a1},
(8.10) L ={(i.5) | bi; # ¢ ais}.

Then it is easy to see that if a;x # 0 and (i, k) € I, for some k, then (i,j) € I, for all j.
Similarly, if a; ; # 0 and (k, j) € I, for some k, then (4, j) € I; for all i. Indeed, if (k,1) € I
and if (s — k)(t — 1) <0 then (s,t) € I,. Since I, # 0 and (a; ;) is indecomposable, it follows

easily that I} = I(n), i.e. b;; = ¢"*a,; for all 4, j. For any i < s and j < t we have
(8.11) ¢ aibey = ¢ laggbig + (g — ¢ ai b,

Hence a; jas; = a;,a, ;. This proves that rank(a, ;) = 1.
Now we assume that the matrix (a; ;) is decomposable. Then rank(a; ;) > 2. Let a; ja,,; #
0,(i,7) € I, (s,t) € I,. As above, (s—i)(t—j) < 01is impossible. So without losing generality

we assume that s >4 and ¢t > j. We then must have a;; = a,; = 0. By
(8.12) q17t+jai,jbs,t = q87i71a5,tbi,j + (¢ — qil)ai,tbs,j

we get that by, = ¢*T'72b,, for (s,t) € I,. More generally this proves that the matrix (a; ;) is

in fact a direct sum of indecomposable matrices,
(813) (ai,j) = diag(Dl, DQ, e ,Dr),

where each D;’s is either zero or of rank one. Furthermore, the above analysis of how the
relation between as; and by, follows from I; clearly implies (since ¢* # 1), that at most two

of them are non-zero. Summarizing, we have proved

Theorem 8.4. Let q be generic or q is an mth root of unity (m # 2). Let ((a; ), (bi;)) € T'2.
Then the matriz (a;;) is either of rank one and b;; = ¢"*a;; for all 1,5 or (a;;) of the

following form:
(8.14) (a;j) = diag(0,0,...,0,D,0,--+,0,D5,0,---,0)
where D; are rank one matrices. In this case,

(8.15) (b;;) = diag(0,0, -+, T1,0,+-+,0,T5,0,-- - ,0)
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where Ty = (¢ a; ;), To = (¢ 2a; ;).
Let us now consider the variety I'; of .JZ(n).

Theorem 8.5. Let ((a; ), (bij)) € I'Z. Then the matriz (a;;) is either of rank one and

bi; =a;; for alli,j or (a;;) of the following form:

(8.16) (a;;) = diag(0,0,---,0,Dy,0,--+,0,D5,0,---,0)

where D; are rank one matrices (of arbitrary shape). Then

(8.17) (b; ;) = diag(0,0,--- ,71,0,--+,0,75,0,---,0)

where Ty = Dy, Ty = q ?Ds.

Proof. The proof is almost the same as that of J)(n). O

Theorem 8.6. Let I'2 denote the variety of Dy(n) and let ((ai;), (b)) be a point in T'D.

Then either there exists a non-zero 1 X n row R and a ¢ € C* such that

0 0
0 0
R qR
0 0
0 0
cR qcR
0 0
0 0
or (a;;) = diag(Ay, Ag, -+, Ay) where A; is a 1 X s; complex row vector for some positive

integer s; and (b;;) = (a;;).
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Proof. Consider the relations (7.1) and let ((a;;), (b;;)) be a point in the variety I'(D,,). First

of all an elementary computation shows that a;; = 0 = b;; = 0. Moreover,

(819) aijbik = aikbi]‘ for all i,j, k.
Hence there exist ¢y, ¢y, - -+, ¢, € C* such that
(8.20) bij = cia;j for all i,j =1,2,---  n.

If there exist ¢ > s and j < ¢ such that a;;a, # 0, then
(8.21) aijbst = qasibij,

and so ¢, = gc;. Thus it is impossible to have three non-zero entries a;j, a, a; such that
1>s>1land j <t<k.

For i > s and j > t, if a;;a5a,5a: # 0, then
(8.22) aijbst = astbij + (q — 1)asjbit.

Therefore a;jas = agja;.

The above argument proves that for any 2 x 2 submatrix

Qg Qg
(8.23) b

Qit Qg5

if all entries are non-zero, the rank is 1. But we can furthermore see that the number of zero

entries cannot be 1. In fact, if a;; or ay is zero, by
(824) aijbst = astbij + (q — ]-)asjbit

we get agja; = 0. If a;; = 0 but the other entries are non-zero then, since a;;a, # 0, we get

cs = qc;. But
(8.25) Qijbst = stbij

implies that ¢; = ¢; which is a contradiction. Similarly one can dismiss the case a; = 0 but

the other entries are non-zero.
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If rank(a;;) = 1, then there exists a non-zero 1 x n row R such that

iR
dy R
d, R
for certain constants d;, ... ,d,. By the above observations, at most two d; are non-zero and

the first assertion follows.

If rank(a;;) > 2 there exists a non-degenerate submatrix

(8.27) ot (o
it Qg
By the above argument we must have a,; = a;; = 0. If the matrix (a;;) does not have a
2 x 2 submatrix with all entries non-zero then (a;;) = diag(A;, Ay, -+, A,) where A; is a
1 x s; complex row vector for some positive integer s; and by the above discussion we must
have (b;;) = c(a;;) for some ¢ € C*. If there is a rank one 2 x r submatrix S with all entries
are non-zero and we assume that r > 2 is maximal among the possible choices, then there
are some non-zero entries in (a;;) outside S because rank(a;;) > 2. Clearly, those non-zero
entries cannot sit in the middle of, on top of, or below the matrix S, since there are no triples
ij, Ggt, a, Of non-zero entries with 4 > s > [ and j < ¢ < k. Now assume that there is a
non-zero ay; located to the lower right the submatrix S. Let the numbers of the two rows
of the submatrix S be r and ¢ with » < ¢. Hence we have three non-zero entries a, a,;, a;;
where a,;, a;; are entries in S and r < ¢ <[ and j < k. Obviously a;; = a,;, = ay = 0 and
so ¢ = ¢, = ¢, but ¢, = q¢; since both a,; and a;; are non-zero and this is a contradiction.
Similarly one can dismiss any other location of a non-zero entry outside of S. But this means
that the rank of (a;;) is 1 which is contrary to our assumption. Hence the matrix (a;;) does

not have a rank 1 2 x r submatrix with all entries non-zero. Therefore
(8.28) (a;;) = diag(Ay, Ag, -+, Ap)

where A; is a 1 X s; complex row vector for some positive integer s;. It is then clear that the

matrix (b;;) must be a multiple of the matrix (a;;). This completes the proof. O
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Theorem 8.7. Let I}, be the variety of Ji'(n) and let ((ai;), (bij)) be a point in I';. Then

either there exists a non-zero n X 1 column R and a ¢ € C* such that

(8.29) (aij) = (0,---,0,R,0,---,0,cR,0,---,0)
and
(830) (bl]) = (0, ,O,RI,O,... 70,Cq2RI,O,"' ,0)
T14 qlizrlz
T2 ¢* 'y , _
where R = and R = or (a;;) = diag(A;, Ag, -+, Ayn) where A; is an
Tni qnilrni

s; X 1 complex column for some positive integer s; and (by;) = (¢" 7 a;;).
Proof. This follows by arguments analogous to those in the proof for D,(n). O

9. STRUCTURE AND DIMENSIONS OF SYMPLECTIC LEAVES

The dimensions of the symplectic leaves in the case of the reqular points of M(n,C) can be
computed by the method of the Manin double [26], [19] as explained in e.g. [11]. Specifically,
let n* denote the set of strictly upper and lower triangular matrices in M (n,C), and let
N#* = exp(n®). Let h denote the diagonal subalgebra of M (n, C), let hy denote the subalgebra
of h consisting of trace 0 elements, and let Hy denote the diagonal elements of determinant
1. By Bf we denote the upper and lower triangular matrices, respectively, in SL(n,C)
and we denote the analogous subgroups of GL(n,C) by B*. Identify SL(n,C) with the
diagonal in Dy = SL(n,C) x SL(n,C). Let SL,(n,C) denote the subgroup of Dy generated
by N*T x 1,1 x N, and Ay = {z,27' | # € Hy}, and denote by sl,(n,C) the Lie algebra of
this subgroup. Analogously, define GL,(n,C) and g¢l,.(n,C) by removing the determinant 1
and trace 0 condition from Ay and hg, respectively.

We denote by (-,-) the standard bilinear form (x,y) = trzy both on M(n,C) and on
sl(n, C), and we define the bilinear form B on M (n,C) x M(n,C) by

(0.1 Bl(er, ) (22,12)) = 5 ({1, 22) = n. 1))

Through the bilinear form B, sl.(n,C) is identified with sl(n,C)* and gl,(n,C) with
M(n,C)*.
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The traditional setting is to view SL,(n,C)/T, where ' = {x € Hy | 2* = 1}, as sitting

inside Dy/SL,(n,C). The latter is a Poisson manifold, and SL,(n,C)/I" is an open Poisson
submanifold.

Let « € sl,(n,C). Through the bilinear form B above, « induces a right invariant 1-form

a,(z) on SL(n,C). The right dressing vector field p(a) is defined by

(9:2) Ve € U(M(n, Q) = (pa(@), &) = mular (), §).

Secondly, a € sl,.(n,C) gives rise to a vector field on SL,(n,C)/T" through the left action
on Dy/SL,(n,C), and this can be lifted to a vector field o(a) on SL(n,C). The key result is
then

Theorem 9.1 ([26],[19]). For all x € SL(n,C),

(9:3) pr(@) = =04 (a).

It follows from the above ([11]) that SL(n,C) is a disjoint union of the sets Ly, o, =
By wi By N BywyB, where (wy,wy) € W x W. Each set L, ., is a union of symplectic leaves
of the same dimension. This dimension may be computed by placing one self at a good point
in Dy/SL,(n,C), e.g. [w1,ws] even though this, when w; # ws, is not in SL,(n,C)/I.

This picture extends in an obvious way to GL(n,C). In particular, we have the following

Corollary 9.2. The symplectic loaves in GL(n,C) are precisely the sets

(94) BerlBJr ﬂBwaBf.

Let us now take a closer look at the Poisson brackets (5.18)
(95) {lk, ai,j} = ()\k; ai,j)ai,jlk.

In this expression, (Mg, q; ;) is exactly the exponent of the multiplication operator A (5.1).

Thus, it follows that if 6), denotes the vector field defined by ), then

(96) {lk,ai,j} = lkdam(ﬁk)
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Let s; denote the rth scalar row operator and s the jth scalar column operator. Then
s; acts from the left and s from the right. Specifically, let d; denote the diagonal matrix in

gl(n,C) with 1 at the ith place and zeros elsewhere. Then
r d td; c d td;
(9.7 SIZ) = Lo 2) and $1(2) = o (26),

We now wish to determine the Poisson structure on M (n, C) obtained through a modifica-
tion p. The functions z; ;’s are transformed into z; j¢;1);. Recalling that the Poisson bracket
{f, g} only depends on df and dg, it follows easily, letting [, — 1, that the modified Poisson

bracket {w,&}" between two 1-forms w, & on M(n, C) is given as

(9.8) {w, & ={w", ¢} =
{w, €3+ 2 {wlst)de, & + 2op {wsp)vn, € + {w, E(sp)dn} + {w, (s}

Let us for the rest of this section assume that the modifications are of the form Zi,j =
Z; j0iv; where ¢; only involves the fundamental roots corresponding to 3, pi, ..., ftn—1, and
where ; only involves the fundamental roots corresponding to 3,1y, ...,1,_1. We let (c.f.
Lemma 5.2) z; and y; denote the right and left invariant vector fields, respectively, corre-

sponding to ¢; and v}, 7,5 = 1,...,n. Specifically,

(9.9) {on, &} = &(mr), and {ehy, &} = E(yn).
Then
(9.10) {w, &} =

E(pw) + Qg wldp)me) + £, wldp)yn) +w () E(dp)zx) +w (X, E(dR)yr)-

Summarizing,

Proposition 9.3. Let p, denote the dressing vector field corresponding to the 1-form w in
the unmodified Poisson structure and let p!, denote the dressing vector field defined by w with

respect to the modified Poisson structure. Then,

O1) = s+ Y wldn+ S wldy— S whd — 3 w(yf)d
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Let
(9.12) T :de/\:c,C and TQZde/\yk
k k

be elements in h A h, where we indentify x; and gy, with their values at 0 and where h denotes

the diagonal subalgebra of g = M (n, C).
Corollary 9.4. The modifications considered have the form (c.f. (5.7))

(9.13) 7(9) = 7(9) + (lg)+ (r2) + (rg)u(r1).

This class of modifications is of the form considered by Semenov-Tian-Shansky in [26].
Indeed, viewed under appropriate identifications as a skew-symmetric map g — g, any 7 =

ZlSKan eij Neji+r, with r € h A h, satisfies the Yang-Baxter identity

(9.14) [P X, 7Y] =7 (X, Y]+ [X,7Y]) - [X,Y], X,Y € g.
We introduce the following elements of h for k =1,... n:
(915) hk:dk+1++hn and ak:k(d1++dn),

where, naturally, h, is defined to be 0. We then have

Algebra Tk Yk
D,(n) —hy, hy,
Jg(n) —hy, —ay | —hp — ag
JZ(n) —hy, —hy,
Ji(n) | —hy —ag | hy +a

The following then follows from Propositions 7.1 and 7.2.

Proposition 9.5. Consider the following elements in M (n,C) A M(n, C),

(9.16) r= Z ea/\e,a,rg:de/\hk, and rs:de/\ak.
k=1

aeNT k=1
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The Poisson structures ms(g), mp(g), mso(g), and 75:(g) on M(n,C) corresponding to the

algebras My(n), Dq(n), J3(n), and J)(n) are then given as follows:

(9.17) m5(g) = —(lg)«r + (rg)"r, 7p(9) = —(lg)«(r — o) + (ry)*(r — 1)
m10(g) = —(lg)s(r + 10 +75) + (1g)*(r —ro —15), Ws=(9) = —(Iy)s(r +10) + (rg)*(r — 1)

T (g) = —(lg)s(r —ro —15) + (rg)"(r —ro — 75).

The following is an easy consequence of [26, Theorem 2, p. 1242]
Proposition 9.6. Multiplication M(n,C) x M(n,C) — M(n,C) induces Poisson mappings

(9.18) M(n,C)p x M(n,C);: — M(n,C),-

M(n,C)ym x M(n,C)jo — M(n,C)jo.

In case r{ = —ry, the dimensions may be computed by the method devised by Semenov-
Tian-Shansky. Indeed, these dimensions have already been computed in [6] and [12]. In case
r1 # —ry it seems to be difficult to obtain the answer in full generality. However, in case
w1 = wy = w one may obtain satisfactory results:

When computing at the point [(w,w)] it is easy to see that the only Hamiltonian (dressing)
vector fields that are being modified are those corresponding to elements of the form (a, —a) €

gl,(n,C), where a € h. (Observe that we have to move into gl(n,C)). Set
(9.19)  VNa € h: Tr(a) = {a,dy) - yxr — {a,yx) - dp and T1(a) = {(a,dy) - 2x — {a, xy) - d.

When we compute at the point [(w, w)] we make all vector fields into right actions. Observe

1

that o(a) x [(w,w)] = [(a-w,a™ ' - w)] = [(w(w law), w(w e w)] = [(w,w)].

Proposition 9.7. The modified dressing vector vector field corresponding to a € h is given

by

(9.20) pla)Tr(w™ " aw) + w™ (T (a))w.
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The right hand side of (9.20) may be identified with an element of h. Let L, denote the

linear map h ~ h given by
(9.21) h>a— Ly(a) =Tgr(w 'aw) + w Ty (a))w.

We can now give formulas for the dimensions of some symplectic leaves for the modifications

we have considered, where we use the known formula ([11]) from the standard case.

Proposition 9.8. The dimension of the symplectic leaf through the point (w,w) is given as

2-l(w)+rank L,.

In general it appears to be difficult to compute rank L in terms of w. However, we have

the following partial result.

Proposition 9.9. Let wy denote the longest element of the Weyl group. Then L, is zero for
JJ(n) and JZ(n) whereas in the cases of Dy(n) and J'(n), the rank of Ly, is n for n even

and n — 1 for n odd.

Proof. Tt is easy to see that there are many cancellations and simplifications in this special
case. Thus, the claim about .J{(n) and J?(n) follows by easy inspection. For the remaining
cases, one is quickly reduced to finding the rank of (e.g.) Tp. For D,(n) the matrix of Ty
is skew-symmetric with 1’s below the diagonal; a matrix with the stated rank. For Ji'(n) it
is slightly more complicated, but after a few simple manipulations, one may decompose the
matrix into an invertinle 4 X 4 matrix and a skewsymmetric matrix M whose ¢, jth entry
below the diagonal is ¢ — j + 1. The last is the sum of a rank 2 matrix A (with entries
a;; = i—7j) and a matrix as for the case of the Dipper Donkin algebra. But a combination of
the columns of A, namely the column vector with 1’s at all places, is in the span of M. The

claim follows from this, since the rank must be even. O

10. THE CENTERS OF THE ALGEBRAS JJ(n), JZ(n), AND J;'(n)

In [15] and [16] the center of the standard quantized matrix algebra and the center of
the Dipper-Donkin quantized matrix algebra were determined explicitly. A strategy one
may try when computing the center of any modified algebra in our family is the following:

Our modification is based on the standard quantized matrix algebra M,(n). In [15] it was
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proved that the subdeterminants in the left upper or right lower corner are covariant. Since
our modifications are by multiplication by some monomials in the L;’s, the corresponding
modified subdeterminants are still covariant. Although for different modified algebra one
may need to use different method to compute its degree, it seems that we can get the whole
center of the modified algebra by combining the modified subdeterminants in some proper
ways (c.f. [15] and [16]). As already seen in Section 7, there is a close relationship between
the size of the center and the degree. We now first look at the center of Jg(n) since by

Lemma 7.3, the center of its associated quasipolynomial algebra Jg(n) is within reach.

For any B = (b;;)};—, € JQ(n)(Zy) we define

(10.1) JP =T

[2Y

where the factors are arranged according to lexicographic ordering. We denote the generators

of J9(n) by z;,4,j =1,2,...,n, and define the symbol 2B analogously in terms of the same
ordering.

Let C be the center of J{(n) and C the center of W. For any P € C, the leading term of
P must be of the form ¢J?, ¢ € C, for some B = (aij)ij=1 € Mn(Zy). For any Jy; the leading
term of P.Jy; is cq™! . JBTPkl wwhere ry, = Z(i,j)>(k,l)(k +1—i—j)bi; + Zi>k,j>l 2b; j. The
leading term of Jy, ;P is cq'*t JB+Erl where I, = doy<knETI—k=Dbij =237, 4 i bij.
Since PJy; = Jy P we get ¢! = ¢" and this implies that ¢X? is a central element of the

twisted polynomial algebra .J?(n). Hence we can define a map A : C' — C by
(10.2) P cXP

if the leading term of P is cJ?,c € C.
Clearly, A(P) = 0 implies P = 0.

Theorem 10.1. Let q be a primitive mth root of unity and let s be the minimal positive

integer such that sm —n+1 2> 0. Then

m-—r, .r

(a) If m is odd, then the center of JO(n) is generated by 7, x1'; "z}, |

1,J forr:l,_..,m—l,
:vm_"HX(j) for j =2,3,....n, and xm—n+2X(1).

(b) If m is even, m = 2m' say, then the center of JO(n) is generated by x%m%,x’fﬂx;’l

forr=1,...,m—1, x’f’;lX(j) for 7 =2,3,...,n, and x’f’;?X(l).
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Proof. By Theorem 7.4 and Proposition 3.1 we know that the degree of the quasipolynomial

algebra J?(n) is:

e~ n‘—m—2

(10.3) deg J2(n) =m - (m')

The result now follows from [5, Proposition 7.1]. O

In the following, the quantum determinants are those corresponding to Jg(n). Let

(10.4) J(k) =

det,({1,2,...,k},{n —k+1,--- n})det,({k,k +1,--- ,n}, {1,2,....n— k+1}),
for k =2,3,...,n and
(10.5) J(1) = det,.
Then we have

Theorem 10.2. Let q be a primitive mth root of unity for some odd positive integer m.
Then the center of J(n) is generated by the elements JI, J(k)J7 " for all k =2,3,...,n,

(K
J{,’ln_TZ-i'QJ(]_), and J{,,ln_rjg’l forr- r = ]_, 2’ e, M.

Proof. Let C' be the central subalgebra generated by the central elements stated in the
theorem. For any Y € C' we use induction on the leading term of Y to prove that Y belongs
to C'. By Theorem 10.1, we know that there is a central element Y’ € C’ which has the same

leading term as that of Y. Hence, Y — Y’ € C'. This completes the proof. O

Similarly, we get

Theorem 10.3. Let q be a primitive mth root of unity for some even positive integer m =
2m'. The center of Jg(n) is generated by the elements Ji”"j' Jj’f;' fori,j=1,2,...,n, J(lﬁ)Jffn_"Jrl

fork=2.3,...,n, Jﬁln_"J’QJ(l), and J7 "Iy forr=1,2,... m.

We next consider the center of the algebra J7(n). Let M (k) be the minor det,({n — k +
IL,n—Fk+2,---,n},{1,2,...,k}) and let 7 be the anti-automorphism sending M, ; to M, .

Then in a similar way we get
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Theorem 10.4. Let q be a primitive mth root of unity (odd or even) and let C' be the
center of the algebra J;(n). Then C is generated by the elements M, My, My, and

M(E)'T(M(n —k+1)")dety”™" fork=2,3,....n—1andr=1,2,...,m—1.
Finally, we consider J7'(n). Let ¢ be a primitive mth root of unity and let A = (ay) €
M, (Z.) where

(10.6) ag, = 1if s+t is even,

(10.7) as, = m—1if s+1¢1is odd.

Let J(n) be the associated quasipolynomial algebra of J7(n), and denote the generators

(n—2)A—T —

Proposition 10.5. The element N is a central element of J7(q) provided that n is

odd.

Proof.

(10.8) Nz’j NA = qzs,t(sfi*tﬂ)(*l)sHJF? Yo Y (s 23, Z{;%(*I)SHNAN—U

= qj*iNAN—ij for all 4, j.

Since n is odd we have

(10.9) S5 —i— 4 (1) = i )T = =

s,t s,t

3 n n j—1
(10.10) 23 ) (-1t —2) Ny (-t =,
s=1 t=j5+1 s=1 t=1
and
(10.11) N, N' = ¢ 26-"N"N; for all i, j.
This completes the proof. O

Let I = {t+1,t+2,---,n},J ={1,2,--- ,n —t}, and let ¢, = det,(I,J). Let I* =
{1,2,- t},J* ={n—t+1,n—1t+2,--- ,n} and let ¢; = det,(I*, J*), where the determinant
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is the modified determinant. Let ay = n — 3,a; = (n — 2) if i is odd and 7 # 1, and

a; = (n—2)(m —1) if i is even. Set

(10.12) Q(n) = H;’leinj:mj“*f“.

7

Then the element Q(n) is a central element of .Ji(n). Due to our weaker result concerning the
canonical form in this case, we also need an extra assumption on m for our result concerning

the center of .J7(n).

Theorem 10.6. Let q be an mth root of unity for some “good” integer m. Then the center
of J;(n) is generated by N[ for alli,j =1,2,--- n if n is even and is generated by N;7' and
Q(n) for alli,j =1,2,-+- n if n is odd.

11. C[LE', ... LE! ] x, M#(n)

As should hopefully be clear from the preceeding sections, A, = C[L', ..., Li! ] X MP(n)

is, in some sense, the most fundamental algebra. We here briefly study some of its properties.

Proposition 11.1. C[LF', ... L3 ] x, M¥(n) is an iterated Ore extension.
Proof. Since the elements L; are covariant, this is obvious. O
Obviously, C[Li", ..., Ly,_,] X, MZ(n) is a quadratic algebra, and the associated quasipoly-
nomial algebra may be taken to be C[LF!, ..., L3l |] x, M (n).
0 1 0 2
Theorem 11.2. Let S; = fori=1,2,--+ . 3n—3 and S; = for 3 =
-1 0 -2 0

3n—2,---, "2;". Then diag(Sy, Sa, - - - ,S@#, 0,---,0) is a canonical form of the algebra

CILY',.... Ly 1] xs MP(n). In particular, the degree is given by
(11.1) deg An = m3n—3(ml)(n—2)(n—3)/2'

Proof. This relies heavily on the result (and method) for M,(n) ([15]). Write down the

defining matrix for the associated quasipolynomial algebra. This may be taken in the form

M C
—-C*" 0

(11.2)
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where M is the defining matrix of M,(n). But it is easy to see that C' can be used to remove

the first n rows and columns of this matrix together with rows and columns i - n 4+ 1 for
1 =1,...,n— 1. This is done at the expense of 2n — 1 blocks . What remains is

-1 0
exactly the defining matrix M,(n — 1). The result follows immediately from this. O]

Recall that the usual coproduct on M,(n) is given as
(113) A(ZZJ) = Z Zi,a X Za,j-

Though we know from experiments that it is not possible to define coproducts on all modified
algebras M¢(n), it is interesting that it is possible to define a structure of bialgebra (in fact,

several, due to a certain ambiguity) on C[L,... L3 |] x, M,(n):

Lemma 11.3. Define A(Z; ;) as in (11.3) and set

(11.4) A(Lﬂi) = L, ®1,
A(L,;) = 1®L,,
A(Lg) = Lol

S(ZZ-J):&J and Vizl,...,Zn—l: S(Ll)zl
Then this is a bialgebra structure on C[LE', ... L3 ] x, My(n).
Proof. This follows easily from the way M,(n) is constructed, c.f. (2.13). O

Remark 11.4. More generally, one may set A(Lg) = L ® L% for any pair a,b of integers
with a +b = 1.

12. RANK R

In this section we shall consider the subsets of lower rank matrices. To begin with we
consider the standard quantum matrix algebra M, (n) and M (n, C) with the standard Poisson

structure. As usual, ¢ is a primitive mth root of unity.
Proposition 12.1. In M,(n),

(12.1) (dety({Z;}))™ = det({Z]5}).
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Proof. By the quantum Laplace expansion, the quantum determinant is a sum of g-commuting
terms (c.f. [15]). The claim then follows easily by the quantum binomial formula. O
Corollary 12.2.

(12.2) Vs,t=1,...,n{Z, det({Z;;}} = 0.

Proof. This follows easily since both Z™ and det, are central elements (c.f. [15]). O

Lemma 12.3.

(12.3) {Zij, Ay =200 (-1) Zo A5 =Y (=1)" 7 ZiyA}).

<1 i<t

Proof. We use induction on n. The formula is true for n = 2. By Laplace expansion we have

i1 n
(124 TR NI AVID SIS ISPAYI
s=1 s=i+1
Hence
(12.5)
{Zij, Aj} =

i—1 s— 2 i—1 s— 2 n §— Gy
St (F1) T 2o Z g, AT = 230 (1) 2 2 A = 3 (1) 2 {2, AT
Applying the inductive hypothesis to A}, and changing the enumeration appropriately, we

get
' s—1 i—1 .
(12.6) {Zi; A5} = =2 (1) Z AT +2 ) (1) 7 Z, AT -2 (—1)! 70 Z A
r=1 r=s+1 j<li

fors=1,2,...,i—1.

Similarly, we have

(12.7) {Zig: AJ3Y =200 (-1 Z A7 = D (=12 AL)

r<i i<l

fors=1+1,...,n.
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Now we get

(12.8) {ZJ,Ag} =
2T 2 ST ()T Z AT + 2 2 S (1) Z, AT
—2 Y Zoa Xy () 2 AL = 2 (<) T 2, 2 AT
Y (1) 2 Y (1) T g A 4 2 Y (S 1) 2 3 (— )T 2y AT

The assertion now follows by considering the Laplace expansion of A7 along the first column

for r < i and of A} along the first column for j < I. O

By the same method it follows that

Lemma 12.4.

(12.9) {(Zij, AT} = (-1 *Z Ay =Y (-1) 72 AL

k<j s>j
Proposition 12.5. In the space of all polynomials on M(n,C), the ideal generated by all
r X r minors is tvariant under Hamiltonian flow.

Proof. By, if necessary, deleting and/or renaming columns and rows, this follows from Corol-

lary 12.2, Lemma 12.3, and Lemma 12.4. ]

Corollary 12.6. The space of matrices of rank r is preserved by Hamiltonian flow in the

standard Poisson structure.

Proof. We know by Proposition 12.5 that the space of matrices of rank < r is invariant. But
clearly, the rank cannot decrease along a Hamiltonian flow since by reversing time it would
then be possible to increase rank. O
Proposition 12.7.

(12.10) AZD) =25 @ 27,

Proof. Similar to the proof of Proposition 12.1. O

The following is important because all tensor categories are important.
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Corollary 12.8. The space of matrices of rank less than or equal to r form a tensor category.
Indeed, if in two representations 7y, Ta, {ZZ"}} is represented by matrices A and B, respectively,

then it is represented by A - B in the tensor product.

Remark 12.9. Special cases of the above is when A?> = a - A for some rth root a of 1 (e.g.
a=1).

Turning, finally, to the other Poisson structures on M(n, C) defined by our modifications,
we recall that according to Proposition 9.3, the modified vector fields differ from the original

ones by left and/or right multiplication operators. Hence

Corollary 12.10. The space of matrices of rank < r is preserved by Hamiltonian flow for a

modified Poisson structure.

As for tensor categories, we do not have as precise results for the modified algebras, but
observe that it is possible to start with two irreducible modules I, I, of a modified algebra
Mg’(n). These may then be induced to the semi-direct product, and the tensor product may
be formed of the induced representations according to Lemma 11.3. Finally, the result may

be decomposed into irreducible M (n) modules.
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