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We compute tensor products of representations of the holomorphic discrete
series of a Lie group G, or restrictions to some subgroup G’. A detailed study
is done for the case of the conformal group O(4, 2).

INTRODUCTION

Let D, be a homogeneous bounded domain in C” containing the origin 0.
Let G, be the group of holomorphic transformations of D, and let us consider
a representation T, of G inside a Hilbert space H,, of holomorphic functions
on D, .

As a simple example, suppose that D,_, = {D, N 2, = 0} is a homogeneous
bounded domain in C*~! for a subgroup G,,_, of G,, . We consider the restriction
of the representation T, to G,_, . Clearly, as the Hilbert space H, consists of
holomorphic functions, the restriction map Ry f(21, 25,0 Zpoqs &) —>
f(21, 25 5.y oy, 0) intertwines the representation T, with a representation
T,_, of G,_, inside a space of holomorphic functions on D,_, . The kernel of R,
is the subspace of holomorphic functions in H, which vanish where 2, = 0.
Similarly, the maps R? = ((0/0z,)” - f) |, — are well defined, therefore it is
natural, in order to calculate T, lg,_,» to expand the functions f in H, in
Taylor series with respect to the variable z,, .

Let D = G/K be a Hermitian symmetric space. We will consider a representa-
tion T of G of the holomorphic discrete series. The preceding simple idea of
taking normal derivatives gives us the decomposition of the restriction of 7 to any
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30 JAKOBSEN AND VERGNE

subgroup G’ of G for which G'/K’ is a complex submanifold of G/K (Propo-
sition 2.5).

The tensor product of two representations of the holomorphic discrete
series is included in this study, as it corresponds to the diagonal submanifold
D' =(2,2)CD x D (Corollary 2.6). The idea of considering filtrations
according to the order of vanishing along submanifolds is due to Martens [14],
who used it to compute the characters of the holomorphic discrete series. We
will refer to it as the Martens method. i

Sections 3 and 4 deal with matters relevant to theoretical physics. The problems
arose in connection with the extension to microphysics of the macrophysical
theory of Segal [11]. We have benefited from discussions with B. Orsted,
B. Speh, and I. Segal concerning these problems. The physical significance of
the restriction question for representations of O(4, 2) to O(3, 2) is indicated in
part in our joint note, (Jacobsen et al. [6]) and in part by Segal [11]. The scalar
case has been treated by another method in particularly explicit form by Orsted
[9], who also considered the analogous question for the action of O(p, g) on
S7-1 % §2-1. We believe that Martens method shed some light on these matters,
for the particular case of the group O(2, n).

In Section 3, we study the modules of K-finite functions on the Minkowski-
space R!*" obtained by taking boundary values of holomorphic functions on the
associated homogeneous tube domain R*" 4 {C+, where C+ is the solid light
cone. These modules are the ‘‘positive-energy’’ subspaces of some of the
classical representation of the group O(2, n 4 1) acting by conformal transforma-
tions on the Minkowski space. We give the decomposition of the positive
energy subspace under the Lie algebra of O(2, n). In particular, it is multi-
plicity free. We also obtain information about the Fourier transforms of the
modules.

In Section 4, we study the decomposition of tensor products of unitary repre-
sentations of SU(2,2) in reproducing kernel Hilbert spaces of holomorphic
functions. Our main interest is in the case in which at least one factor in the
tensor product lives in a solution space to a ‘“‘Mass-zero’’ equation. Some of
the results apply equally well to SU(n, n) and Mp(n, R); however, to complete
the analysis some concrete computations are needed, and we only do these for
SU(2, 2). We finish this paragraph by observing that certain differential equa-
tions appear naturally in the decomposition of such tensor products.

We wish to thank M. Kashiwara, E. Gutkin, B. Orsted, I. E. Segal, and B. Speh
for helpful discussions.

1. Tue GENErRAL Case; MODULES

Let G be a Lie group with Lie algebra g. Let G, and G, be connected subgroups
of G with Lie algebras g, and g, . Let 7, be a representation of g, in a finite-
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dimensional vector space V, , let %(g) be the enveloping algebra of g and let

M=Megg,V,)=%)® V., (L1)

gy

be the induced module.
We consider M as a gy-module and let %,(g) C -+ C #,(g) C *-- be the
canonical filtration of %( g). Then the modules

M, = U(g) %n(g)1 @ V7)) (1.2)

clearly form an increasing sequence of g,-modules.

For 2 vector space V we denote by S(V) = @ SMV) the symmetric algebra
of V' with its canonical gradation. We consider the natural action of g; N g,
on glg, -+ go; with this S"(glg; + g») is a g; N g, module.

It is easy to check that the #( g,) module M,/M,,_, is isomorphic to

Ug) & (S™glg+8) @ Vo).

U(g,Mgy)

We assume that we are given a representation 74 of G, in the dual space V' ,'l
of V, , whose differential, also denoted by 7, , equals the contragredient repre-
sentation of 7, . The space (G, Gy, V, ,'l) of analytic functions ¢: G — VT'l for
which, for all (g, g)e G x G,,

o(gg1) = 7i(g) "p(g) (1.3)

can be identified with the space of analytic sections of the bundle
G X, Vi, — GJG,. (1.4)
Gacts on (G, Gy, V, ) by left translation.

For x € g we denote by 7(x) the differential operator which acts on C*-func-
tions ¢ from G to V] by

(@)Xe) = & (g exp 1) 1co (19)
and extend r to %( gc). Clearly, if p € (G, Gy, V,'l) and if xe gy,
(r(®e)(g) = —i(x) e(8)- (1.6)
Forue (g%, ve V. ,and ¢ € J(G, G, , V; ) we now define

( ® v 9)(8) = <o (r(We)e) (1.7

580/34/1-3



32 JAKOBSEN AND VERGNE

and observe that this only depends upon u and v through the image £ of # ® v
in M(g,£ V) The corresponding function is denoted by (£, p)(g), and we
define

<§: (P> - (gr (P)(e)‘ (18)

If G is connected and if, for some ¢ in &G, G, , V,'l), & @y =0forall £in
M(g g, VH)’ then ¢ is zero, since it is assumed to be analytic.
The group G, acts on G/G, , and since

G, e GyJG, N Gy, (1.9)

at the point ¢, the tangent space to the submanifold G, - ¢ of G/G, is g 4 go/g:
and hence the complexified normal space is ( g/g, + £2)° = g%g:® + g.°.
The restriction map Ry: G, Gy, V,) — CUG,, G1 N Gy, V) defined by

(Rop)(82) = () (1.10)

clearly commutes with the action of G, . Moreover, if G, is connected, it is easy
to see that

Ryp =0 VéeM; = Ug)1l ®V,):{&pp =0, (1.11)
Let %, be the kernel of R:
Uy ={pe (G, G, V,)| Ryp = 0}. (1.12)

We can then define a map R, from (7 to (G, , G, N Gy, (V. ®( £+ 2.5))
by
{(Ryp)(ge)y v ® %) = {(r(x)p)(g2), ©>- (1.13)

Here, ve VT'1 ,%€(glgy + &)° and xeg® is chosen to be such that the
equivalence class of x modulo g,¢ +- g,C is x.

That R, is a well-defined map with values in O(G,,GiN Gy, (V. ®
(£%2:° 4+ £.°))) follows by noting that if Ryp is zero, then so is Ry(y)p for
any y in g,© + g,C. Also, if gy € G, N G, , then Adh(g,) leaves g, + g, invariant.

R, can be interpreted as the map which associates to each function ¢ which
vanishes on G, - ¢ the derivatives of p along the “normal directions” to G, - e.

This procedure can of course be continued. We let

Uy ={p | V€€ M,y : Ry(§, ) = O} (1.14)

and define

Ryl y — Gy, Gy N Gy, (Vo @ S™(gefa® + £:.9))  (1.15)
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by
RN ga) v ® B = {(r(B)p)g2), v> (L.16)

where b e %,( g°) is such that its image under the map %,( g% — S™( g% —
S"(g%g:® + g.%) is b.

We will apply this line of thought to the study of certain modules of holo-
morphic functions on Hermitian symmetric spaces.

2. THE CasE oF A HERMITIAN SYMMETRIC SPACE

Let g be a semisimple Lie algebraand let g = & ® p be a Cartan decomposition
of g.We assume that % has a nontrivial center and choose a Cartan subalgebra 4®
contained in k%, and a system of positive roots 4+ of ( g€, 4F) such that

L=k Dpt Dy (2.1)

where pt C 34+ 8% P~ C X e s g% the spaces p* and p~ are abelian subalgebras
of g€ and

(&S, pH1CpH  [RSp71Cp. (2.2)
We also define
e = faed* | g C B9

and (2.3)
dp+ = {aedt | g* C pt}.

The center { of & is one dimensional. We choose 2 € { such that
Vxept: [z, x] = ix. (2.4)

Let G® be the simply connected Lie group with Lie algebra g€, and let K¢,
G, and K be the connected subgroups corresponding to &S, g, and k. The space
D = G/K then has the structure of a Hermitian symmetric space, and the space
of holomorphic functions on D can be identified with the set of analytic functions
¢ on G/K for which r(x)p = 0 for all x in p~. We finally recall that any element
g € G uniquely can be written as

g = exp X (g) * k(g) - exp X_(g) (2.5

where X (g)ept, X (g)ep~, and k(g) e K¢, and that the map g — X,(g)
is an isomorphism of D onto a bounded domain X p*) contained in p* [3, 4].
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We shall use this version of D, and observe that the action of k€ K on D( p*)
is given by Ad(k). In particular, the group exp ¢z acts by

(expt2)é =eft- ¢ for £eD = D(p"). (2.6)

Let 7 be a finite-dimensional irreducible unitary representation of K in V.
We let

O(G, K, V,) = {Analytic functions ¢: G — V, | Vk € K: ¢(gk) = (k) 9(g),
and Vxep:r(x)p = 0}. (2.7)

The group G acts on (G, K, V,) by left translation. We let £€ act on ¥V by the
extension of the contragredient representation of k, and let p~ act trivially. As
before we can then form the module

MESEC@p- V) =2 ® V] (2.8)

24T @p)

and we can define, for any ¢ € 0(G, K, V,) and any £ € M(g% &k @ p~, V), the
function (¢, @)(g)-

If e (G, K, V,), the function (Pp)(g) = 7(k(g)) ¢(g) is invariant under
right translation by K and hence the map ¢ — Pg is an isomorphism between
0(G, K, V,) and (D, V), the space of holomorphic functions from D to V,.
The action of K on @(D, V) becomes

(k- ¢)(&) = 7(k) - $(%71%) (2.9)

and it is then clear from (2.6) that any finite-dimensional subspace of O(D, V),
that transforms according to an irreducible representation of K, consists of
restrictions of polynomials on p* of a certain homogeneity to D. In other words:
If ¢/(G, K, V) denotes the subspace of ¢(G, K, V,) spanned by the K-finite
vectors, and if we identify the polynomials on p+ with S(p~) via the Killing
form, then we have that as K-modules S( p~) via the Killing form, then we have
that as K-modules, 0/(G, K, V,) = S(p-) ® V, .
Similar to (1.5) we define I(x) for x € g, by

d
((=)p)&) = Z plexp — 13g) im0 » (2.10)
and extend / to %( g°).
If we identify ¢/(G, K, V,) with the space of polynomials on p+ with values

in ¥, , and if, for any C-function f on p*,

(EFE) = 5 f(@ + 520) Lo @.11)
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for v, and v in pt, the action of /(x) for x € g€ is given as follows:

If x € p: () P)(o) = —(8(x) P)O),
if x € K%: (I(x) p)(v) = dr() p(v) — (8(x, 2]) p)(e), and
if x € p=: (I(x) pP)(®) = dr([x, ©]) p(0) — 3B([x: ©], o) P)®). (212)

For any v in V7, the function

(b:")(g) = (k(g) " - v (2.13)

belongs to (*(G, K, V,) and satisfies I( p*) ,* = 0. (¢,° is defined on the set
exp p*KC exp p—.) In particular, P.” is the constant function £ — v on D.
We now define a module map IT: %( g% ®qucq,n V. — ¢/(G, K, V) by

(u ® v) = l(u) .7, (2.19)

and let W(r) denote the image of %( g°) @4 Cq,+ V> under IT. It is easy to see
that every g-submodule of ¢/(G, K, V) contains W(r). In particular, W(r) is
irreducible (and hence is the irreducible quotient of %( g% g Caqp+ V) Since
0/(G, K, V,) has the same decomposition under K as %( g% QgCg,n V-, the
preceding remark also shows that @/(G, K, V,) is isomorphic to
U(£%) RuuCep V- if and only if the latter is irreducible.

Consider the following subsets of K:

I=1reK|%g® (< V,isirreducible,
26Coph
and (2.15)
P = {r e K| W(r) is unitarisable].

We shall need the following result:

ProrosiTioN 2.1 [3]. Let reP. Then there exists a reproducing kernel
Hilbert space H(7) such that W(r) C H(7) C (G, K, V) and H(r) is the completion
of W(r). Moreover, if H is a Hilbert space contained in O(G, K, V) on which G
acts unitarily, and if the evaluation map j — J(e) is a continuous map from H to C
then H = H(z). To be precise: As sets, H and H(7) are equal, and the Hilbert
space structures are proportional.

If e P we let T, denote the corresponding unitary representation of G in
H(). Finally we observe that the set P is not known apart from some special
cases [8, 10, 13].

Let gy be a semisimple subalgebra of g such that gy =gy, NED @ N p is a
Cartan decomposition of g, . Assume that p,© = p,® N p+ @ p, N p~. We let
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G, and K, be the connected subgroups of G corresponding to g; and % =
g1 Nk, respectively. By the above assumptions D; = G,/K; is a Hermitian
symmetric space, and in the Harish-Chandra realization D, C D C p*, and
D, = D N p,*. As before we identify 0/(G, K, V) with the space of all poly-
nomials on p.

Since p;* C p* we have that p+ = p;+ D p"+ where p'* is the complement of
it in p*. Corresponding to this we let (x, y) = (%y oy X5, Y1 5, ¥g) De a set of
coordinates on p+, with x € p;+, and y € p'*.

Intuitively speaking we shall decompose G-modules of holomorphic functions
on D under G, by expressing the corresponding functions ¢(x, y) by Taylor
series;

@(x, y) = @(x, 0) + ) vipu(x).
In this spirit we define subspaces €, of 0/(G, K, V) forr =0, 1, 2,..., by

€, = span{P,(x; ,..., x,) ¥1* *** ¥32 | P, is a polynomial

on p* with values in V,, and | | = oy 4 ==* 4 o, = 7}, (2.16)

These subspaces @, are in fact %(g,)-modules as can be seen from (3.12):
If x € p,* then §(x) only differentiates the polynomials through the x-variables,
and if x € ,C dr(x) is a linear operator that leaves both p,* and p'* invariant
whereas 8[x, ©] splits into two terms, one of which is as above, and one which is
a differential operator with first order polynomials in the y-variables as coeffi-
cients. Finally, if x € p,~, one can similarly see that /(x) leaves , invariant.

We have g,© = £, @ p7 @ py~ with 5,® = k0N g€ pt = prNng®, and
P = p~ N g" Hence, with b = k° @ p~,

_glc + b = kC Dot D and g1° N O = kC @p- (2.17)

Thus, g¢/g,® + 8¢ ~ p=/p," as representation spaces for k,* @ p,~ where p,~

acts trivially, and &,€ by the natural representation. p*/p,+ can be viewed as the

space of holomorphic vector fields normal to the domain D; C D at the point e.
The preceding analysis then leads to

ProrosttioN 2.2. ON(G, K, V.) has a filtration by U(g,)-submodules O,
(r =0,1,2,..). The quotients 0,|C,., are canonically isomorphic to O/(G, , K, ,
T @ (S(27[p*))-

CoroLLARY 2.3. Suppose that the representations p of K, occurring in the
decomposition of v @ (ST(ptp,?)), for every r, all are in the set I, for K, (f.
(2.15)). Then the %( g,)-module O'(G, K, V') splits into a direct sum.
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Proof. The functions w = yJ1 - yge - v (ve V) all satisfy: I(p,*)w = 0.
Hence we can send %(g,°) Ra,Copn (V. @ (S(ptp1*))) into O, If the
hypothesis of the corollary is satisfied this map is an isomorphism into a com-
plement of 0, .

We now turn to the case in which G acts unitarily in a Hilbert space H(r) C
0(G, K, V,) in which the point-evaluation maps are continuous, and consider
the decomposition of H(7) under G, . We proceed as in Section 1 and let

H = H(7),
and (2.18)
Hy ={pe H(r)| ¢ e, = 0}.

H, is the kernel of the map Ry: H — O(G, K, V) defined by (Ryg)(g,) = #(g£)-
(We shall continue to use the notation R,, for the maps corresponding to (1.15),
even though the maps here in general are defined on different spaces.) Since H,
clearly is a closed G,-invariant subspace of H, H/H,, and hence R(H), has a
canonical Hilbert space structure. It is easy to see that R(H) = H(G,, K, , V)
is a space of functions on G; in which the point-evaluation maps are continuous.

Let 7|x, = @jesp; be the decomposition of 7| k, into irreducible pieces.
Then canonically (G, , K, , V) = @;e; 0(G, , K, , ;). Since .%(e) = v for
vel’., we see that R(H) intersects each (G, , K, , ;) nontrivially, and it
then follows that

Ry(H) = H(G,, K, I,) = @ H(G,, K, V). (2.19)
jet
The next step is to consider the map R, (cf. (1.13)) from H, to O(G,, K,
V. @ (pt/pr*))- In the present setting, the kernel of R, is seen to be

H, = {peH,| xeg®: Ry(x)p = 0}. (2.20)

We recall: If a sequence of holomorphic functions {f,} converges to a function
f in some region £, uniformly on compact sets, then f is holomorphic in £, and
{fn} converges to f', uniformly on compact sets (Weierstrass). From this it is
easy to see that H is a closed subspace of H,, that the point-evaluation maps are
continuous on Ry(H,), equipped with the Hilbert space structure from Hy/H, ,
and that similar facts are true for all the following steps.

It is then clear that H,/H, ; can be identified with a subspace of H(G,, K, ,
V, ® (S™( p*[p,*))). This subspace will in general be proper (see Sections 3
and 4). However, we do have

ProposiTiON 2.5. Let v €l N P. Then H(7) under the action of G, breaks into

H(r) le, = @ HG ,K,V,® (S*(ptipN)-

n=0
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Furthermore, the modules on the right-hand side are all finite sums of H(u;)'s where
;LiellﬁPICKl.

Proof. H, = {pe H(r)| Rgp = 0 and Ryr(x*)p = O for all r(x*) = r(x;) -+
r(x,) with x,eg% ¢ = l,..., 0, ¢ < n}. We must prove that the map R,,;:
H, - H(G,,K,, V, @ (S p*[p,*))’) is surjective. For this, it is sufficient
to prove that the map from H,, to V. @ (S*Y p*/p,)),

¢ = (Roa@)e) = V. ® (S p* 7)),
is surjective. That is: for any v € I, and any set {x, ,..., x,,} C p* there must
exist a ¢ € H, such that
(r(x) = r(*nin)p)(e) = ©.

In the given case we know that the space of K-finite vectors in H(r) equals the
space of polynomials on D. Hence functions of the form ¢(g) = (k(g))™?
P(X,(g)), where P is any polynomial on D, are all in H(r), and we have

(r(x,) -+ r(xs)p)(e)
d

=7 s P(EXP 8§87 *** €XP S5 11X 41) symerrmsy im0
1 n+1

d
= ds-l A P(syxy + *+* 4 Sp41¥nta) [31="'=s,,+1=0 .
n+1
This completes the proof since evidently P can be chosen such that the last
expression equals v.

CoRrOLLARY 2.6. Let G be as before, and let 7,€ I N P for i = 1,2. Then

H(ry) ® H(ry) = (—_D H(ry @ 1 ® S™(p7))-

Proof. Imbed G in G X G by the diagonal map and apply Proposition 2.5
with G = G X Gand G, = G. (Comment: 7, @ 7, INPC K. .)

We shall now leave the general theory and turn to some special cases particu-
larly important to physics. For these we shall also consider elements  of K that
do not belong to P. Typically, in this cas H(r} will consist of solutions to certain
differential equations, and the restriction to G, will then correspond to fixing
Cauchy data on D, . It is then clear that some of the spaces H, may be rather
small, if not zero, and that H(r) in some cases will equal the direct sum of only
finitely many irreducible representations of G; .
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3. ExampLE: THE Mass Zero EquaTions anp O(2,n + 1)

Consider R2+(+1) with basis (e_; , €, € »... €n,1) and let g(x, x) denote the
quadratic form which, in the given basis, is given by

n+1

g(x, x) = ¥2, + x® — Y &l (3.1
i=1

Let O(2,n 4~ 1) be the group of linear transformations of R*+*+1) leaving
g invariant, G, its connected component containing the identity, and let g,,,,
denote the Lie algebra of G, ,, . The maximal compact subgroup K, of G,
is isomorphic to SO(2) X SO(n -- 1), and any irreducible representation = of
K, ,, is then of the form 7 = (a, p), where the integer « denotes the representa-
tion of 5086 8Im6y — eiad and p is an irreducible representation of SO(n + 1)
in V. =V, . We let = denote the element of g,,, which is the generator of the
subgroup (_&p%0 8106y and consider, as above, the representation T, = T, , of
Gpy in Gy, Kyyy, Vo). Let us denote this module by O(a, p, 2 4 1).

The group G, is imbedded in G,,,; by extending its action on R*+* to R2+(n+1)
in the obvious way. The preceding analysis then shows that the space of K-
finite vectors O/(a, p, 7 + 1) as a %( g,)-module has a filtration for which the
set of composition factors is in a one-to-one onto correspondence by isomor-
phisms to the set

{o+ 4,1, ,m)|1=0,1,2,...and r = 1,2,..., [},

where p; @ - @ py; is the decomposition of p's restriction to SO(n) into
irreducible representations. As is well known this decomposition is multiplicity
free, and it follows that no pair of composition factors are isomorphic as g,-
modules.

We obtain in particular the following as a corollary.

CoroLLARY 3.1. Let 7€ P. The restriction of the representation T, of G,
in H(7) to G, is a direct sum of representations, and is multiplicity free.

We shall analyze the restriction of T, to G,, further for particular representa-
tions,

Let M = R~ denote Minkowski space for n 4+ 1-dimensional space-time.
Let (ey, € ,..., €,,) be a basis and let

X-x =52 — %% — - — x2 (3.2)

The group G, acts on M by (locally defined) conformal transformations. We
recall that a space of solutions to the wave equation can be equipped with a
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Hilbert space structure in which G, acts unitarily [7, 10]. Let us recall the

precise construction involved in the above statement.
Consider the quadratic form ¢’ on R2+(+1) given by

gO) =t — 1t — = — Lt gty . (3.3)

This form has signature (2, # + 1) and the linear group that leaves ¢’ invariant
is then O(2, n 4 1). We extend ¢’ to C2+n+1) by linearity and consider in the
complex projective space the open submanifold

D,,; ={C v|ve ¥t ¢(v,v) =0, and ¢'(v, 7) > 0}. (3.4)

If v = 2,6, + 24+ " + %y 1604 then C- v is in D, , if and only if

B 48pq +22=0, (3.5a)
He g%y + ¥ 2n) Hl 5P — 5P — = ]2, 2>0 (3.5b)
where 2 - 7 = 22 — 2, — -+ — 2,2 = 2%

These equations imply that 2_; (as well as z,,,,) is different from zero, and we
can then normalize v such that z_;, = 1. If v is normalized we let

T(Cv) = T(®) = (2, 21 y-0» Zn) (3.6)

and can then parametrize D by the subset 2,,, = T(D,,,,) C C*+.. Expressed
on £,,, Eq. (3.5b) becomes

(Im z,)2 > (Im 2,)* + - + (Im 2,)% (3.7)

2, 1s a domain with two connected components £, and £, (corresponding
to Im z, = 0). We consider the domain £}, . Its Shilov boundary is the set
{{Ro s 21 vy B €C* | Imz; =0, { =0, 1,..,n} = R*' = M. Finally, if
(20, 21 5y %) 18I0 82, , we let

‘U(ZO » B seens zn) =€, =+ %o + + Fnln — (2’ ' z) €niy - (38)

The group G, acts on C¥**+) by v — g - v. If v — & denotes the natural

map from C2+*+1 onto the projective space P2+(*+1 then g - & = ¢ - v defines
an action of G,,,, on this space which clearly preserves D, , , and which in fact,
since G, is connected, leaves both connected components, D}, ; and Dy, , of
D, ., invariant.
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We now define a function j on CH"V by, if o = 2,6 ; 4 =+ + 2,465,

(o) = 2.1 (3.9)

The function

(& %) =j(g -v)j@)™ (3-10)

is then well defined on G, ,; X D, and there satisfies

j(&182 9) = j(&1> £:9) (82 D)- (3-11)

This means that we can define a family of representations T, of G,,; on
O(Dy1) (o1 O(D5.14)) by

(T(&) ))®) = j(g™ O)f(g79) (3-12)

for a €Z.

As in Section 2, we denote by 0/(«; #n + 1) the space of K-finite vectors of the
representation T, of the group G, acting on O(D7,), and by W(«; # + 1) the
minimal submodule of (#(«; n + 1). We shall below realize these last modules as
modules of functions on £/, , the unbounded realization of G/K.

We consider the function Ron Q,,,; X 0,.,,

R(z, 2) = ¢'(0(2), 97)) = —4(z — )% (3.13)
and define
g %) = (g, 2@)- (3.14)

Since by definition g - o(2) = v(g2), g - v(2) = j{g * v(2)) v(gz). Hence

R(gz, g2') = j(& 2)7'R(», ¥) j(g, &) (3.15)

The stabilizer K of 7 = (¢, 0, 0,..., 0) € 2+ in G, is isomorphic to SO(2) x
SO(n + 1). Hence under 7’s restriction to K the function 2 — K(z,7)~ on
07, transforms by a character of K, and we obtain the irreducible module
W(w, n -~ 1) by letting %(g,.,) act on it.

Ifa = (n — 1)/2,itisknown that ae Pand if o« > (n — 1)/2, a eI N P. We
denote in this case the representation of G, in the space H(a; n 4- 1) of holo-
morphic functions on 2}, by T(x; n + 1).

We are interested in a study of the value oy = (n — 1)/2; in this case we have
the following inclusion: W(og; 2 4 1) € ¢¥(ay; 7 - 1). We will study the decom-
position under g, of both of these modules.



42 JAKOBSEN AND VERGNE

Let us consider the wave operator

62 62 82

on £2,,, . Since (with 22 as in (3.5))
(@) = —2a(n — 1 — 2a)(2?)>Y 3.17)

(2%, for o = (n — 1)/2, is a solution to the wave equation. Moreover, the
module spanned by the function &(z, ¢)~4»—1/2 = (—j(z - i)?)~*-1)/ under the
action of %( g,,) consists of all the k-finite functions ¢ on {(£2},,) that are solu-
tions to [Jo = 0. We let H(%;1) denote the corresponding Hilbert space of
holomorphic functions on £}, , and let Uy,_yy/, denote the representation of
Gn+1 in H (ll'gl

ProposiTION 3.2.  The retriction of Uy,_y);s to G, ts the direct sum of the
representations T(—F— n) and T(%3 711 ).

Proof. Consider the filtration of H(%51) by the closed subspaces

1), = et () | (a2

These spaces are invariant under G, , and clearly, for 7 > 1, H(%;1), is zero
since if ¢, as well as dp/dz,, , is zero on the subset 2, = O and if [Jp =: 0, then¢
is zero everywhere. It thus only remains to be seen that there exists a K-finite
function in H(Z;1) which vanishes on the set 2, = 0, but this follows since the
operator d{0z, on holomorphic functions equals d/dx, where 2z, —= x, + iy,,
and the latter comes from the subgroup of translations on Minkowski space. Thus
(&/0z,)((z + 1)2)~{n-D/2 belongs to H(Z3l) and is clearly proportional to
2((z + )2y,

The space of restrictions to Minkowski space of the span of all K-finite vectors
of the representations T, , o > 2.1 2 , 1s a space of analytic functions. We denote
the restriction map by RM. The subspace RM(0"(%31 ; n + 1) is the positive
energy subspace consider in [6] for n = 3.

The preceding analysis leads to

=0for0 < B < rf.

2,=0

ProposITION 3.3. O'(Z5l , n+ 1) on Q},, splits under U( g,) into a direct sum
of the modules W(251 4 A, n), A =0, 1, 2,... . Each of these submodules is unit-
arizable as a g,-module. The highest wezght vector in W(25L 4 A, n) under the
action of g, is the function z,((z + 1)2)~(A+n-1/2),

Proof. We have seen that @/(%;1 , n 4 1) on 2, has a composition series
given by the modules ¢*(251 4 A, n) with respectto g, . But if « = 721 4 X with
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A = 0, then clearly o > {#=1)=1 where #-1)-1 js the parameter for the wave
equation for G, . Hence /(231 4- A, n) = W(Z5L1 4 ), n), and the conclusion
now follows from Corollary 2.4.

CoroLLArY 3.4. Letpe RM(C/(251, n + 1)). Then, considered as a distribu-
tion, the Fourier transform ¢ is supported by the cone C+ = {ke R*1; k2 >
k24 o+ R2 R =0}

Proof. 'The decomposition of /(251 , n 4 1) under g, is @, W(ZzL + A, n).
We have W(Z51 + X, n) = U(g,) * (x,((x + ©)2)~+*172, Compute the Fourier
transform of the function x,((x + £)?)"+»-D72 If 22}, (%) # 0 and
(FA)~5H D2 — m(s) o+ €%2(k?)*~t dk whenever s > 0. The function m(s) has
a simple zero for s = 0.

Let us consider 5(C+) = {k; ky? = k2 + -+ + k,2; ky > 0}, the boundary
of the cone C, equipped with the surface measure dm(k). If we consider the
distribution f* defined by the function (k2)!s-1 restricted to C+, for s > 0, this
distribution has a meromorphic continuation in s and s{p, f*> tends to
fote ) p(R) dk(k) when s — 0. From

~

() 0 = (2 = 1) s = P R+ T i, )1

' i<p

where py(s, k,) is a polynomial in s and k, of degree 7, we see that for p < s,
the Fourier transform of x%((x 4- £)?)~(s+»-1/2) is supported in the interior of
the cone C+. Letting s — p we see that the Fourier transform of our function is
a sum of a function supported by 5(C+) and a function supported in the interior
of C+.

Now consider the subgroup P, ,; of O(2, n -+ 1) of affine transformations of
the domain 27, , and denote by p, ., its Lie algebra. We have g, = p, -+ k&,
by the Iwasawa decomposition, hence since the function x,((x - u)2)-2+n-1)/2
transforms by a character of k, ~ SO(2) x SO(n), we have W(A + 251 n) =
%(P;t) . (x,,”(a + i)2)_"+("‘”/2.

As the action of %(p,) is given by differential operators with polynomial
coeflicients, the corollary follows.

4. ExampLE: TENSOR PrRoODUCTS OF ANALYTIC CONTINUATIONS OF THE
Horomoreaic DISCRETE SERIES FOR SU(2, 2)

In this example we analyze tensor products of highly singular type for SU(2, 2).
Some of the material applies equally well to SU(n, r) and SP(n, R), and indicates
a direction of attack which may work for other singular restriction problems.
In the end, however, it turns out that to get even some of the simplest cases,
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a detailed knowledge of the representations of holomorphic type of SU(2, 2)
and some concrete computations are needed.

For this case it is easiest to work with the unbounded realization of the
associated Hermitian symmetric space. Specifically, we take the domain to be
D x D, where D = {z€gl(2, C) | (s — 2*)/2i > 0}, and we restrict to the
diagonalin D X D, which we identify with D. We recall from [5] thatif (2, , 2,) €
DxD, g=¢%eSU2,2), and if y = (2 — 2,)/2, then for g-2z =
(az + b)(cz + d)!

(_é’ﬁ_;_ﬁg_) = (3yc* -+ d¥)Yy(cz; + d) L. 4.1)
From now on we let G = SU(2, 2), and let K be the maximal compact subgroup.

To begin with, we need some observations:

If r is a finite-dimensional unitary representation of K in V7., we identify
0(G, K, V) with the space ¢(D, V) of holomorphic functions from D to ¥, and
let, as before, T, denote the corresponding action of G on &(D, V).

Let us be explicit in this case: We have K = {(§ ~2) | (a + ), (a — ib)) e
U(2) x U(2) and det(a + ib}a — ib) = 1}. Let uy = a + ib, and u, = a — ib.
Then 7 is of the form

r = é (det ul ((::) ul) ® (B@ uz)) (4.3)

where ®% denotes the «;th fold symmetrized tensor product. Then with

Jie ) =@ (det(es + @y (@ (e +d)) ® (&3 (zc* + d*)1)),  (44)

i=1

a

for g = (® %) € G, the representation T, on (D, V,) is given by

(T.(8) =) = J(e7 2)Yf(g7=). (4.5)

LeMMa 4.1. Let v, and 7, be given finite-dimensional unitary representations
of K, and let 7y ® 7, = ®R)jes 7; be the decomposition of 7, & 7, , as a representa-
tion of K, into irreducible subrepresentations. Suppose that there exists a reproducing
kernel Hilbert space H of holomorphic functions from D to V. @ V., such that
T, g, s unitary in H, and let H = @, H; be the decomposition of H corresponding
10T, g, = Dies T,. Then the Hilbert space structures on the H;'s can be scaled
in such a way that the reproducing kernel K: D X D — Aut(V, @ V. ) is the
restriction of a function Kg: D X D X D — Aut(V., ® V), holomorphic in
the two first variables, antiholomorphic in the last, in the sense that

YoeelV, @V, Vw e D: K(2, w)o = (RyK (-, -, w)o)(2) (4.6)

2?2
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and such that moreover

YoeV, ®V, Ywe D:

(T2, ® To,)(8) K> w)o)(21 5 22)
= Kg(21, 22, 8%) I @n(8 w) 0. (4.7)

Proof. Let K be a reproducing kernel on H. Then we have [5], for g€ G,
and all 2, w in D

K(gz gw) = Jron(8s 2) K(z, @) J1en,(8 w)* (4.8)

In particular, for all 2in K

K, 7) = ((r, @ m2)(k)) K, i)((71 @ 7a)(R) (4.9)

K(7,7) is a positive (self-adjoint) operator, and we see from (4.9) that each
eigenspace of K(i,%) is invariant under =, ® 7, . Hence K(%,7) commutes with
the extension of r; 9 75 to GL(2, C) X GL(2, C) (cf. (4.3)). K(2, w)is completely
determined by k(z, z), and it follows from (4.8), (4.4), and the above that

k(z, 2) = J1omn(8 1) Jren(8 1)k, 1) (4.10)

where g -7 = 2. It is now clear that %(7,7) can be chosen to be the identity
operator on V,1 RV, Tt Thus we shall assume that

k(z,2) = Jron(8 t) Jnen(s 0% (4.11)

where g -7 = 2. Since ],1®,2(g, 2) = ],l(g, ) ® ],s(g, 2) we can now define
a function Kg (2, 22, w; , %;) on D X D X D X D; holomorphic in 2, , 2, ,
and antiholomorphic in =, , @, by its value on the diagonal

Ké(zl » B2y R, 22) = ]-rl(gl ’ l) ]‘rl(gl ’ 1)* ® ]72(g2 ’ l) ]72(g2 ’ l)* (412)

where g, -1 =z andg, *i = 2,. This is clearly well defined and K g(z,, 2, , w) =
Kg(2, , 22, w, w) is then the desired function.
Finally, the following will be useful:

Lemma 4.2. Let T denote a representation of G in the space of holomorphic
Junctions from D X D to some finite-dimensional vector space V and assume that
there are reproducing kernel Hilbert spaces A, and Ay, both contained in (¥,
(1.14), to which the restriction of T is unitary and irreducible. Assume moreover
that there exists an irreducible unitary representation T, of G in a reproducing
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kernel Hilbert space X, of holomorphic functions from D to V such that R (X)) =
R, (A7) = Ay, (cf. 1.15), and

Rn(T |.7f1) = Rn(T IJ(’Z) = T,R,.

Then A, = A, .

Remark. This means that they coincide as sets and that the Hilbert space
structures are proportional.

Proof. If A, N o, {0} it is obvious by irreducibility, so we assume that
Ay N Ay = {0}. Then the map S from X#; @ X; to the space of holomorphic
functions on D X D with values in V given by

S(f,8) =f+¢g

is injective. The range S(of; @ ;) can therefore be equipped with a Hilbert
space structure. We let )¢ denote this space. It is easy to see that point evaluation
is continuous and hence that " is a reproducing kernel Hilbert space which
accordingly can be decomposed by differentiation and restriction. We know that
we must pick up T,, @ T, by this procedure, but in the step where we use R,
(which is the first nontrivial step) we clearly only get 7', . This means that the
other T, must be picked up in a later step, which, however, is impossible,
since the K-types change under differentiation.
The following is then obvious:

CoROLLARY 4.3. In Lemma 4.2 the group G can be replaced by K provided
one assumes that dim ¢, = dim A, << o0. (And maintain the other hypotheses.)

Remark. This does not imply that there are no multiplicities in the K-types.
We are now ready to turn to the topic of this section: Let T, and T, be two
irreducible unitary representations of G in reproducing kernel Hilbert spaces
H(r,) and H(r;) consisting of holomorphic functions from D to V. and V, ,
respectively, and consider 7, & T, acting unitarily in the reproducing kernel
Hilbert space H(r,) ® H(7,) of holomorphic functions from D x Dto IV, @ V
As in [5] we introduce variables z and y on D x D where, for (z1 , zz) €
D xD
2 + 2
2

2y — 2

(4.13)

and y =

We let
aal aﬂ,l

H,=lpeH, QH |R0<p—0andR(y s

oo

for all & — oy - oy + oy - g grg, (4.14)
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and define maps R, analogous to the preceding cases. If is also convenient
to introduce the notation Q,; for the orthogonal complement of H,, in H, .
Finally, let O(D x D, V, ® V) denote the module of all holomorphic func-
tions from D X D to VTl ® V,2 y let O, y(D X D, V, & V. =) be the analog
of H,, and let /(D x D, V,1 ® sz) denote the space of K-finite vectors in
oD x D, V., ®V,).

Let N(r) denote the dimension of the space of homogeneous polynomials
in four variables of degree 7 (N(r) = ("%3)). We identify this space with ®); gl(2, C)
and let T"(r, , 7,) denote the action of G on the space of functions from D x D
o ®, g2, 0 ® V,1 ® V72 , which on functions of the form f,, ® #, where
Julz s 2) = M(2y,2) ® - ® M(=,,2,) is a function from D X D to
®; g2, C)and kis a function from D X Dto I, ® 17, , is given by

(T7(ry > 72)(8) f1r ® A)(21 5 )
= C>r<) ((c2y + @) TM(g7 2y, g72,)(2c ™ +- d7)7Y)

® (T,, ® T, )(g)h)z1 , 22) (4.15)
forgl =(*%eG.
Let us assume that there is a linear subspace S," of (D X D, ® gl(2, C) ®
VT1 XV, 12) such that:

If fe Sy and Ryf = O then f = 0. (4.16a)
Sy" is invariant under T7(r , 75)(g) for all g in G. (4.16b)

As a basis of ®), gl(2, C) we choose
& = €y ipigiy, = PM, @ @M, ® - & wg 4.17)

3 by

where M, ,..., M, is a basis of gl(2, C), i, + i, + i; + i, = r, and P, denotes
the symmetrization map (projection).
Any function F in ¢(D X D, ®), g2, C) ® (V. &® V.)) can uniquely be
written as
N{r)

F(z;, 2,) = Z e; @ fiz1, ) (4.18)

i1
where f; is a holomorphic function for ¢ = [, 2,..., N(r). Hence we can define
a map P’(ry, 7,) from Sy"to O(D X D, V. ® V. ) by
(P(r1, 1) F(2, 25)
N{r)

== Y, (tr ML) (tr yMy)(er yMo)o(tr yMo)fi(zy , z). (4:19)

=1

580/34/1-4
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Lemma 4.4. (a) Pr(ry, 1) T7(1y, 7)) = T.,1 ® TTSPT(TI , Ta)
(b) Pr(zy, 75) is injective.

Proof. (a) is essentially contained in (4.1).

To prove (b) assume that P7(r, , 7,)F = 0. Then clearly R.P7(r,, 7,)F =0
and since this equals RyF, F is zero by assumption.

One application of this lemma is the following: Consider T7(r,, 7,) and let
7, and 7," be the representations of K given by

Tlr(ul ’ u2) = (M) ® Tl(ul ’ u2)’
and ' (4.20)
T (U 5 4p) = (det w,) (0, @ @ ) @ 7oty , 1p).

r

Then T7(r, , 7,) is in a natural way contained in Tﬁ' ® T, . Of course, ;" and
7,7 are not irreducible representations, but writing them as finite sums of elements
of K, we see that T"(r,, 7,) is contained in a direct sum of representations
1., ® T, , where p,", as well as py", is contained in K.

CoROLLARY 4.5. Let T“x' and Tuz" be as above. If there are reproducing kernel
Hilbert spaces H(p,") and H(u,") of holomorphic functions in which T, . and T, .,
respectively, are unitary, and if T, . ® T, . is contained in T'(ry, 7y), then
T, ® T, is unitary in a reproducing kernel Hilbert space of holomorphic functions.
Restricted to this space, it is unitarily equivalent to T, r@uys-

Proof. The orthogonal complement in H(u,") @ H(u,") of the space of
functions that vanish on the diagonal is a reproducing kernel Hilbert space.
If we apply P7(r,, 7,) the resulting space is one in which point-evaluation is
continuous.

If we only demand that the space S;” (4.16) should be invariant under XK then
Pr(r,, 7,) can be used, by means of Lemma 4.1 and Corollary 4.3, to compare
minimal K-types. This is used in an example below.

We shall say that a representation 7'(7) in @(D, V,) is supported by the forward
light cone C+ = (ke H(2) |detk > 0, tr k > 0} if it is unitary in a space
H(z) CO(D, V,) and if the elements of H(r) are Fourier-Laplace transforms of
functions from C*tto V.

If the above space H(7) is a reproducing kernel Hilbert space, it is easy to see
that there exists a continuous function F,: C*+ — Aut(V,) such that the kernel
K, 1s given by

K (2, w) = fc+ F(k) eitr—umt dp. @.21)

If, for all 2e C+, F,(k) is nonsingular we say that T'(7) is strongly supported
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by C+. By restricting to the point £ € D the K-types in H(r) of a representation
T(r) which is strongly supported by C+ can be found by arguments analogous to
those in the proof of theorem 3.2 in [5].

PropositioN 4.6. If 1€ K and if T(r) is strongly supported by C*, then
o/(D, V) C H(7).

We shall now turn to some concrete example of the above. We recall from
[1, 2, 7] that if = denoctes the defining representation of GL(2, C); =(g) = g,
if 7, denotes the nth fold symmetrized tensor product of 7, and if 7y = 1, then
one can define two series T} (n, o) and Ty(m, B) of representations of G by

(Ty(n, 0)(8) f)(2) = Tulcz + d)7" det(ez + d)~+? f(g12),  (4.22)
and

(To(m, BY8) f)R) = Tm(zc* + d¥) det(zc* + d¥)~BHmi2f(g~1z),

for o, feZ, and n,m > 0. For « > —1 and B > —1 the representations

Ty(n, «) and Ty(m, B) are unitary, irreducible, and strongly supported by C+

in reproducing kernel Hilbert spaces Hi(n, o) and Hy(m, ), respectively.

Ty(n, —1) and Ty,(m, —1) are unitary and irreducible in reproducing kernel

Hilbert spaces Hy(n, —1) and Hy(m, —1), respectively, where Hy(n, —1), as

well as Hy(m, —1), consists of holomorphic solutions to certain wave equations.
Finally, we define

(Ts(n, m, yX2) f)(2)
= 7(cz + d) 1 Q Tp(zc* - d*) det(cz 4 d)f(g12). (4.23)

ProposiTION 4.7 [2]. For v = m -+ 2, Ty(n, m, y) is unitary and irreducible
tn a reproducing kernel Hilbert space Hy(n, m, v).

Proof. For such y the representation T'(n, m,y) can be obtained as the
restriction to the diagonal of T'(%, o) R Ty(m, B) o, 8 = —1, since det(zc* + d*)
= det(cz + d).

Lemma 4.8 [2]. Fory = m 4 2, Ty(n, m, y) is supported by C*.

Proof. The reproducing kernel is given by

g — w1 2 — w* g — wr\~Y
™ % ) ®7m ( 5 —) det ( % ) (4.24)
Lete =y — m — 2. Then the kernel is given by M,, (% ;’f*) det(i:;_:_’f ~2e-m—n

—20®y . . : .
where M n_,,l(z—;%) is a matrix whose entries are polynomials of degree n 4+ m in
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the entries of (2_2':.’*). We know [7] that there are constants ¢, such that for p >0
(oo gpk P2
det (i—hl_) =, f S det 2o d (4.25)

and the proof is completed by observing that the kernel can be obtained by
differentiation of det 2—24%*)*2’5 modulo some correction terms obtainable by
differentiation of functions of the form det(z2il.* y2<etifori = 1.

Remark. It is proved in [2] that for y > m 4 2, Ty(n, m, y) is strongly
supported by C*, whereas for y = m - 2 it is not.

Let T, and T, , be two limit points of the series (4.22). It then remains to be
seen how H(r,) ® H(r,) decomposes. We give a typical example of how the
above approach leads to the answer:

ExampLE 4.1. Ty(n, —1) ® Ty(m, —1). The reproducing kernel K, for
Ty( p, —1) is given by [7, p. 75]

Kz, w) = f o, 7o) T (). (4.26)

Consider T7(r,,1,) and let Ty(r,,7,) be the representation defined by
RyT7(7y , 75) = Ty'(7y , m3)Ry . It is straightforward to see that the corresponding
kernel KJ(2,2;,w) (Lemma 4.1) is the operator which maps (Rs M) ®
7, & v, into

T oyi s — w1 gy — w* (71 , .,
Q((B55) M(BF) ) @ Kim 0o @ Knlzy 0w (4.27)
for Megl2,C), v, € ®"% €2, and v, € ®, C% The map Pr can be chosen in
such a way that the expression in (4.27) is mapped into

(tr( 2, ; 3y )( 2, ;iw* )—1 M (_2_2__2770*_)_1) X Kz, w)v; ® K, (2, (,4102);;

and the question becomes: For which linear combinations of elements of
®s g2, 0 ® (® C?) ® (®; C?) do the corresponding linear combinations
of the functions (4.28) belong to Hy(n, —1) @ Hy(m, —1), This may seem,
especially for large # and m’s, to be a hopeless case. However, there are some
obvious combinations that do work: We write (2, — &) = (2, — w*) —
(2, — w*) and obtain:

tr((z — 2)(3 — w*) M (%, — w*)7)

_tr M(z — w¥)  tr M(z, — w¥)
T det(z, — w¥) det(z; — w*) ’

(4.29)
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where, for M = (71 72), M= (Lm¢ ~m2)- We parametrize the elements & in
H(2) by

_ ko + ky  ky — thy
k= (k2 + thy ky— Ay )’ (4.30)
and we let
0 0 b . @
o | om Tk R, e @)
ok 0 1 0 o 0 ’ )
ok, hy, ok, Ok

Then the operator (tr M(2/0k)) applied to % gives 2M; applied to det % it gives
2 tr Mk, and applied to tr Mk it gives 2 tr MM = 4 det M.

Let us now look at (4.28). According to (4.29) this breaks down into a sums
of terms of the form

(tr M(s, — w¥)°

Mz, — w*)r-*
det(z; — w*)* MENS )R] (tr M(z, — w™))

det(z, — w*)—s

Koz, w)v,.  (4.22)

In this expression, for s > I, and up to a constant,

1

- - K — s—1,itr(z —w*)k
dee =y K @) Lﬂ(k) det ks-1gitrG,~eW dko, | (4.23)

and tr M(z; — w¥*) ef(51=2"% is proportional to (tr M(2/2k)) eitr¢zi—w*k,

From this and the preceding remarks it follows that if e, = (3) € C2, if M =
DOD=0Qifv,=6® - ®e, and if v, =¢; ® - D ¢, , then the
corresponding function (4.28) does indeed belong to Hy(n, —1) & Hy(m, —1).
Thus, for r = 1, the representation Ty(n + m -+ r, 7,7 4+ 2) is contained in
the tensor product. To complete the analysis one could now either examing
functions of the form (4.28) corresponding to the other highest weight vectors,
or compare the K-types. We mention that the K-types for the mass-zero repre-
sentations can be found by combining [7, pp. 100-104] with [12]. These possi-
bilities are mentioned because the tensor product of a mass-zero representation
with a representation supported by C+ can be treated among these lines. How-
ever, for the given case, the intuitively clear result that besides what we pick
up for 7 = 0, the above representations are the only representations that
appear, follows readily from the remarks following Proposition 4.9 below. We
mention that the case Ty(n, —1) ® Ty(m, —1) and Ty(n, —1) ® Ty(m, —1) are
similar, and that the results also can be obtained from [8].
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ProrosiTION 4.9,

Ti(n, —1) ® Ty(m, —1)

min(n,m) ©
= @ Tin+m—209@PTsn+m+r,rr+2)
Q=0 r=1
Ty(n, —1) @ Ty(m, —1)
min{r,m) ©
= P Tynt+m—209 PP Tyr,nt+m+r,n+m+r+2);
s=0 r=1

Tin, —1) ® Ty(m, —1)

:@T(n+r,m—{—r,m+r+2).

r=1

We conclude this article by observing that several interesting phenomena
occur at the decomposition of the tensor product of a mass-zero representation
with 2 mass-zero representation. One such is that most of the representations that
appear in the decomposition themselves live in solution spaces to differential
equations. The simples example of this is the tensor product of U_;, =
T4(0, —1) = T4(0, —1) with itself. Since U_, is unitary in a space of solutions
to [Je = 0, the Hilbert space in which U_; ® U_, acts consists of functions
that are solutions to [, f = [, f = 0. Under the change of variables (4.13)
these equations can be combined into

(O +0O)f =0,

and (4.34)
(2 o _ 0 0 0 b o 04, ,
9x0 oy° 08 oyt 022 Oy* oz8 g8 tl T

where we have used the Pauli matrices as a basis of gl(2, C).

Let us assume for simplicity that f is of the form y,fy + »1 /i + ¥ofe + ¥3fs -
Then f under our method of decomposing tensor products is mapped into a
function & = (hy , by, hy , hy) with b, (2) = fi(z, 2) fori = 0, 1, 2, 3, and hence,
by 4.34), h satisfies the equation

] 0 2 7
hy — o, hy — o, hy — o, hy = 0. (4.35)
If f is of the form Y; p,7( ¥) f; where the p;”’s are homogeneous polynomials of

degree, 7, the resulting equation of course is more complicated.
The Eq. (4.35) is in nature a “gauge-~condition.”” However, it may also indicate

a “conserved current.”’
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A similar phenomenon takes place for the tensor product of any two limits
the series (4.22) and this leads to the conclusion that with the possible excep-

tion of what is picked up for r = (, the representations occurring in the decom-
position cannot be strongly supported by C+.
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