DOUBLE QUANTUM SCHUBERT CELLS AND
QUANTUM MUTATIONS

HANS P. JAKOBSEN

ABSTRACT. Let p C g be a parabolic subalgebra of s simple finite dimensional Lie algebra
over C. To each pair w® < w® of minimal left coset representatives in the quotient space
W,\W we construct explicitly a quantum seed Qg(a,c). We define Schubert creation and
annihilation mutations and show that our seeds are related by such mutations. We also
introduce more elaborate seeds to accommodate our mutations. The quantized Schubert
Cell decomposition of the quantized generalized flag manifold can be viewed as the result
of such mutations having their origins in the pair (a,¢) = (¢,p), where the empty string
¢ corresponds to the neutral element. This makes it possible to give simple proofs by
induction. We exemplify this in three directions: Prime ideals, upper cluster algebras, and
the diagonal of a quantized minor.

1. INTRODUCTION

We study a class of quadratic algebras connected to quantum parabolics and
double quantum Schubert cells. We begin by considering a finite-dimensional
simple Lie algebra g over C and a parabolic sub-algebra p C g. Then we consider
a fixed Levi decomposition

p=I1+u, (1)
with u # 0 and [ the Levi subalgebra.

The main references for this study are the articles by A. Berenstein and A.
Zelevinski [3] and by C. Geiss, B. Leclerc, J. Schroer [15]. We also refer to [22]
for further background.

Let, as usual, W denote the Weyl group. Let W, = {w € W | w(A")NAT C
AT()} and WP, by some called the Hasse Diagram of G\ P, denote the usual
set of minimal length coset representatives of W,\W. Our primary input is a
pair of Weyl group elements w®, w*® € WP such that w® < w®. We will often, as
here, label our elements w by “words” a; w = w*, in a fashion similar, though
not completely identical, to that of [3]. Details follow in later sections, but we
do mention here that the element e in W is labeled by ¢ corresponding to the
empty string; e = w*® while the longest elements in WW? is labeled by p.
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To each pair w®, w* as above we construct explicitly a quantum seed
QCI(aa C) = (CQ(a7 C), [’q(av C), BQ(ao C)) (2)

The cluster C,(a,c) generates a quadratic algebra A,(a,c) in the space of
functions on U, (n).

After that we define transitions
QQ(av C) — Q(J(ala Cl)' (3)

We call our transitions quantum Schur (creation/annihilation) mutations and
prove that they are indeed just (composites of ) quantum mutations in the sense
of Berenstein and Zelevinski. These actually have to be augmented by what we
call creation/annihilation mutations which are necessary since we have to work
inside a larger ambient space. To keep the full generality, we may also have to
restrict our seeds to sub-seeds.

The natural scene turns out to be

Q,(a,b,¢) := (Cy(a, b,¢), Ly(a, b, c), By(a, b)), (4

which analogously is determined by a triple w®, w®, w® € W? such that w® <
w? < wt,
Later we extend our construction to even
Qe ..., v, vy) and Ay (v, ..., v, ty), (5)

though we do not use it here for anything specific.

It is a major point of this study to establish how our seeds and algebras can
be constructed, inside an ambient space, starting from a single variable (indeed:
none). In this sense the quantized generalized flag manifold of (G/P), as built
from quantized Schubert Cells can be built from a single cell. Furthermore, we
prove that we can pass between our seeds by Schubert creation and annihilation
mutations inside a larger ambient space.

N~—

This sets the stage for (simple) inductive arguments which is a major point of
this article, and is what we will pursue here.

We first prove by induction that the two-sided sided ideal I(det5 ) in A, (a,¢)
generated by the quantized minor det$‘ is prime.

Then we prove that each upper cluster algebra U(a, ¢) equals its quadratic
algebra A, (a,¢).

There is a sizable overlap between these result and results previously obtained
by K. Goodearl M. Yakimov ([16],[17]).

We further use our method to study the diagonal of a quantum minor.

The idea of induction in this context was introduced in [20] and applications
were studied in the case of a specific type of parabolic related to type A,.
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Further ideas relating to explicit constructions of compatible pairs in special
cases were studied in [21].

2. A LITTLE ABOUT QUANTUM GROUPS AND CLUSTER ALGEBRAS

2.1. 2.1 Quantum Groups. We consider quantized enveloping algebras U =
U,(g) in the standard notation given either eg. by Jantzen ([23]) or by Berenstein

and Zelevinsky ([3]), though their assumptions do not coincide completely. To
be completely on the safe side, we state our assumptions and notation, where
it may differ: Our algebra is a Hopf algebra defined in the usual fashion from
a semi-simple finite-dimensional complex Lie algebra g. They are algebras over
Q(q). @ denotes a given set of roots and throughout, Il = {ay, a9, ..., ar} a
fixed choice of simple roots. Our generators are then given as

{Eom Fom Ka}aeﬂa

but we will allow elements of the form K" for any integer weight. W denotes
the Weyl group defined by .

Finally we let {A, | a € II} denote the set of fundamental weights. We
assume throughout that the diagonalizing elements d, are determined by

Va € I1: (A, ) = d,. (6)

Lemma 2.1 ((2.27) in [14]). Let a; € . Then

(07 + 1)(A3) + D a(Ay) = 0.
j#i

2.2. Quantum Cluster Algebras. We take over without further ado the
terminology and constructions of ([3]). Results from [15] are also put to good
use.

Definition 2.2. We say that two elements A, B in some algebra over C
q-commute if, for some r € R:

AB = ¢’ BA. (7)

To distinguish between the original mutations and the more elaborate ones we
need here, and to honor the founding fathers A. Berenstein, S. Fomin, and A.
Zelevinski, we use the following terminology:

Definition 2.3. A quantum mutation as in [3] is called a BFZ-mutation.
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2.3. A simple observation. If a = (a1, as,...,an) and f = (f1, fo, ..., fu)
are vectors then

Lemma 2.4. ([20])
L) =(HT & Vi: X;X®= ¢ X°X,. (8)

In particular, if there exists a j such that Vi : f; = —0;; then the column
vector a can be the jth column in the matriz B of a compatible pair.

However simple this actually is, it will have a great importance later on.

3. ON PARABOLICS

The origin of the following lies in A. Borel [4], and B. Kostant [30]. Other
main contributors are [2] and [40]. See also [6]. We have also found ([39])
useful.

Definition 3.1. Let w € W. Set
d,={ac At |wlac AT} =wA)NAT.

We have that ¢(w) = ((w™!) = |D,)].
We set &, = A'(w).
From now on, we work with a fixed parabolic p with a Levi decomposition
p=1I1+u, 9)
where [ is the Levi subalgebra, and where we assume u # 0,
Let
Definition 3.2.
W, = {fweW|o, CAT()},
WP = {fweW|d, C AT (u)}.
WP is a set of distinguished representatives of the right coset space W,\W.

It is well known (see eg ([39])) that any w € W can be written uniquely as
w = wpw? with w, € W), and w? € W7,

One defines, for each w in the Weyl Group W, the Schubert cell X,,. Thisis a
cell in P(V), the projective space over a specific finite-dimensional representation
of g. The closure, X,,, is called a Schubert variety. The main classical theorems
are
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Theorem 3.3 (Kostant,[30]).
G/P = Upewr Xp.
Theorem 3.4 ([40]). Let w,w’ € WP. Then
X C Xy
if and only w' < w in the usual Bruhat ordering.

If W' = w,,@ and wy, = wp® with Wy, w,, € W and all Weyl group elements
reduced, we say that w,, <j w,, if @ # e. This is the weak left Bruhat order.

4. THE QUADRATIC ALGEBRAS

Let w = 54,5q, - - - Sa, De an element of the Weyl group written in reduced
form. Following Lusztig ([35]), we construct roots v; = w;_1(c;) and elements
Zy, € Uy(ny).

The following result is well known, but notice a change ¢ — ¢! in relation
to ([22]).

Theorem 4.1 ([32],[31]). Suppose that 1 <i < j <t. Then
ZZ'Z]' = qi(%’%)ZjZZ' + Rij,

where Ri; is of lower order in the sense that it involves only elements Zj,
with © < k < j. Furthermore, the elements

AV ASYAL
with ay,as, ..., a € Ny form a basis of Uy(ny,).

Our statement follows [23],[24]. Other authors, eg. [32], [15] have used the

other Lusztig braid operators. The result is just a difference between ¢ and ¢ *.
Proofs of this theorem which are more accessible are available ([8],[24]).

It is known that this algebra is isomorphic to the algebra of functions on
U,(n,) satisfying the usual finiteness condition. It is analogously equivalent to
the algebra of functions on U, "(n,,) satisfying a similar finiteness condition. See

eg ([15]) and ([23]).
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5. BASIC STRUCTURE

Let w” be the maximal element in WP, It is the one which maps all roots in
A*(u) to A™. (Indeed: To A~ (u).) Let wy be the longest element in W and
wy, the longest in the Weyl group of [, Then

wPwr = wy. (10)
Let w* = o0y,04,---0;, € WP be written in a fixed reduced form. Then

{(w*) = r. We assume here that » > 1. We set e = w*® and {(w®) = 0 where ¢
denotes the empty set, construed as the empty sequence. We also let v denote

the sequence 71,19, ...,%, if t # ¢. If a sequence s corresponds to an analogous
element w® € W? we define
s <t w <pw (11)
Set
AW ={Bi, -, B} (12)

Definition 5.1. Let b denote the map Il — {1,2,..., R} defined by b(«;) =
i. Letme:{1,2,...,r} = II be given by
ft(j) = ;. (13>
If 7(j) = a we say that a (or o,) occurs at position j in w*, and we say
that T ' () are the positions at which o occurs in w. Set
T = b o T,. (14)
. is construed as a map whose image is the empty set.

Recall from ([22]):

Definition 5.2. Let w* € WP be given and suppose s € Im(m). Then
s = m(n) for some n and we set w, = o0;0;,---0; . Suppose w, =
w10 wo . ..wo; and w; € W\ {e} fori > 1. Further assume that each w; is

reduced and does not contain any o; . We denote this simply as n <> (s,t).
We further write 3, <+ Bs; and

Wy > Wsy (15)
if m,s,t are connected as above. It is convenient to set wso = e for all
se{l,2,...,R}.

For a fized s € {1,2,..., R} we let s, denote the mazimal such t. If there

is no such decomposition we set t = 0. So, in particular, s, = 0, and s, is
the number of times o occurs in w*. Finally we set (cf. ([22]))

Ur) ={(s,t) e NxNy |1 <s<Rand0<t< s} (16)
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Notice that if (s,t) € U(t) then we may construct a subset U(s,t) of U by
the above recipe, replacing w® by w;;. In this subset ¢ is maximal. Likewise, if

s < t we have of course U(s) C U(r) and may set U(r\ 5) = U(r) \ U(s).

6. KEY STRUCTURES AND BACKGROUND RESULTS

6.1. Quantized minors. Following a construction of classical minors by S.
Fomin and A. Zelevinsky [14], the last mentioned and A. Berenstein have intro-
duced a family of quantized minors A,y ,.» in [3]. These are elements of the
quantized coordinate ring O,(G). The results by K. Brown and K. Goodearl

([5]) were important in this process.
The element A5 ,.) is determined by u,v € W and a positive weight A\. We
will always assume that u < v.

6.2. Identifications. There is a well-known pairing between U= and U= ([23])
and there is a unique bilinear form on U, (n). With this we can identify (U/=)*
with &=. One can even define a product in (U,(n))* that makes it isomorphic
to U,(n) [15]. We can in this way identify the elements A,.) .\ with elements
of U=.

6.3. Key results from [3] and [15]. The quantized minors are by definitions
functions on U, (g) satisfying certain finiteness conditions. What is needed first
are certain commutation relations that they satisfy. Besides this, they can be
restricted to being functions on U, (b) and even on U, (n). Our main references
here are ([3]) and ([15]); the details of the following can be found in the latter.

Lemma 6.1 ([3]). The element A,y indeed depends only on the weights
uX, v, not on the choices of u,v and their reduced words.

Theorem 6.2 (A version of Theorem 10.2 in [3]). For any A\, € P*, and
s, s, t,t' € W such that

0(s's) = L(s") + L(s), £(t't) = L(t') + £(1),
the following holds:

(sMi)—(Alts) A

As’s)\,t’)\As’u,t’tu =dq s’u,t’tuAs’s)\7t’)\-

It is very important for the following that the conditions essentially are on the
Weyl group elements. The requirement on A, i is furthermore independent of
those.
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An equally important fact we need is the following g-analogue of [14, Theo-
rem 1.17]:

Theorem 6.3 ([15], Proposition 3.2). Suppose that for u,v € W and i € 1
we have l(us;) = l(u) + 1 and l(vs;) = (v) + 1. Then

—d; —aj;
Ausi(nws (0 Duaotn) = (@) Dus,anwng Durgwsin) T LT Auiy i)
JF#i
(17)
holds in O,(g).
(That a factor g% must be inserted for the general case is clear.)
One considers in [15], and transformed to our terminology, modified elements
Dey = DS (18)
We suppress here the restriction map p, and our K" is denoted as Ay | in [15].
The crucial property is that

K "Ne, = q—(n,&—m)Agth—n. (19)
The family Dy, satisfies equations analogous to those in Theorem 6.2 subject
to the same restrictions on the relations between the weights.
The following result is important:

Proposition 6.4 ([15]). Up to a power of q, the following holds:
Zea = Dy, (A)w? (0 (20)

We need a small modification of the elements D, of [15]:
Definition 6.5.
Ee, = qi& &+t p, (21)
It is proved in ([29]), ([38])) that Eg, is invariant under the dual bar anti-

homomorphism augmented by ¢ — ¢~'.
Notice that this change does not affect commutators:

DlDQ = anQDl = ElEQ = angEl (22)
Definition 6.6. We say that
Ly < Ee (23>

if € =8'sh,n=1t\ & = s'uwandn, = t'ty and the conditions of Theorem 6.2
are satisfied.
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The crucial equation is
Corollary 6.7.

Efﬂ? < E&Jh = E€’77E§17771 - q(g_n7£1+nl)E§17771E§,77' (24)

6.4. Connecting with the toric frames.

Definition 6.8. Suppose that /\;, i = 1,...,r 1s a family of mutually q-
commuting elements. Let ny,...,n, € Z. We then set

N([am =a"]] A0 (25)
i=1 i=1

where ¢ s determained by the requirement that

qg AL APAT = @A AR A (26)
It is easy to see that
Ve S N([[ 2w =N -25 (27)
i=1 i=1

It is known through [3] that eg. the quantum minors are independent of the
choices of the reduced form of w;. Naturally, this carries over to w*. The qua-

dratic algebras we have encountered are independent of actual choices. In the
coming definition we wish to maintain precisely the right amount of indepen-
dence.

Let us now formulate Theorem 6.3 in our language while using the language
and notation of toric frames from [3]. In the following Theorem we first state a
formula which uses our terminology, and then we reformulate it in the last two
lines in terms of toric frames M. These frames are defined by a cluster made
up by certain elements of the form E, to be made more precise later.

Theorem 6.9.
EusiAi,vsiAi — N<EusiAi,vA7;EuAi,vsiAiEu_Ali’vAi) (28)

—aﬁ -1
+ N (H Eu(Aj),U(Aj))EU(Ai)vv(Ai)

j#i
- M(Eusz(Az),U(Az) + Eu(Ai)msi(Ai) - Eu(Ai),v(Ai)) (29)
+ MY =aiEun) ) — Bua)on)- (30)

JF#
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Proof of Theorem 6.9: We first state a lemma whose proof is omitted as it is
straightforward.

Lemma 6.10. Let A¢, be a family of g-commuting elements of weights &,
k=1,...,r in the sense that for any weight b:

Vk=1,...,7: K’Ag = ¢"WA, K. (31)
Let a be defined by

Ag - Ag = q N - A

Furthermore, let by, ..., b, be integer weights. Then
(AgAg, -+ - Ag YK K2 - K = (33)
gt (A KM) (A, K*) -+ (Ag, K'), and,
(Ag K) - (Ag K™) =
-
)

(32)

T

T

20 Shce = Zea)beli) (A KD -
(Ag K™) - (Dg K™
q %(Zk<£ Ze<k)(bf gk ((A&Kbl) CEEI (A§7Kbr)) .

A¢ K, so that

T

Finally,
¢ “(AgAg -+ Ag )KNK® - K = (34)
g P Ee) G N (A KM (Ag K™)) .
We apply this lemma first to the case where the elements ;. are taken from the
set {—sign(ax;)(ulr — vAy) | ar; # 0} and where each element corresponding

to an ai; < 0 is taken —ay; times. Then r = Ek#|aﬂ| + 1. The terms

considered actually commute so that here, a = 0. The weights b, are chosen in
the same fashion, but here b, = sign(ax;)(vAx). We have that

> (b, &) = <Z bﬁ;Zﬁk) - Z bk, &k). (35)

£k
It follows from (2.1) that >, b, = —vs;\; and >, & = (us;Ai —vs;A;). Now
observe that for all k: —(vAg, (u — v)Ag) = %(gk,gk). Let & = (us; — vs;)A;.

The individual summands in >, (bg, &) can be treated analogously. Keeping
track of the multiplicities and signs, it follows that

qia(AglA& - Agr)KbleQ - Kb” = (36)
q_i(fofo)"‘% >k Ek(fkafk)N ((A&Kbl) o (Angbr)) .
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Let us turn to the term
—a; -1 —vs;A;
q dlAusiAia'UAiAUAia'UsiAiAuAi,UAZ‘K o <37)

We can of course set K vsidi — [{—vAi [(—vsili [(vAi - Fyrthermore, it is known
(and easy to see) that
1
AuAi,vAiAUAuUSi,AiAUSiAi,UAi — (38)
—2d, ~1
q AUSlAl ,’UAl' Aqu ,”USiAi AU,AL,’UAL 9

so that o = d; here. We easily get again that > ,by = —vs;\; and >, & =
(U87A7 — USi)\i).

Let us introduce elements F, = i€ <A, K~ It then follows that
(c.f. Theorem 6.3)

n -1
EUSq:Az‘,USMy: - N(EUSiAiavAiEUAiavsiAiEuAimAi) (39)

[—Qji r—1
+ N T E ia) Bathwiann
J#t

The elements F¢ , differ from the elements Eé,n by a factor which is ¢ to an
exponent which is linear in the weight (¢ — n). Hence an equation identical to
the above holds for these elements. ]

7. COMPATIBLE PAIRS

We now construct some general families of quantum clusters and quantum

seeds. The first, simplest, and most important, correspond to double Schubert
Cells:

lete<s<t<ov<p.

Set
U™ = {(a,§) € Up) | ac < j < av},
UR = {(a,5) €Up) | a < j < an},
Ut = {(a,7) €U(p) | as < Jj < as},
U = {(a,§) € U(p) | as < j < ai}
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Further, set

Uit = Uty (40)
Uu,t — Ud,e,t. (41)
It is also convenient to define
Definition 7.1.
E(ij) = Ep sup n (0Si<j<s). (42)
For j' > s; we set
E{(s,j") = Eu(s,j"). (43)
For j" < sy we set
E{(s, ') = Es(j', s0)- (44)
Finally, we set
Cl(t,0) = {E{(s,j) | (s,5') € U"*"}, (45)
Cy(s,t) = {E{(s,4);(s,5) € U}, (46)
ciy) = Citp), and (47)
Cé‘(t) = Cg(s,t). (48)

It jis clear that C/(t,0) C C(t) for any v > t and C!(s,t) C Cu(t) for any
s <t

Lemma 7.2. The elements in the set Cg(t) are g-commuting and the ele-
ments in the set Cj(t) are g-commuting.

The proof is omitted as it is very similar to the proof of Proposition 7.19 which
comes later.

Definition 7.3. AY(t,v) denotes the C-algebra generated by Ci(t,v) and
Al(s,t) denotes the C-algebra generated by Ci(s,t). Further, Fi(t,v) and
F/(s,t) denote the corresponding skew-fields of fractions. Likewise, Lgl(t, b)
and L};(s,t) denote the respective Laurent quasi-polynomial algebras. Fi-
nally, Egl(t, v) and Ly(s,t) denote the symplectic forms associated with the
clusters C;l(t, v), and C/(s, 1), respectively.
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Definition 7.4. Whenever a < b, we set
Vs € Im(mp) : det®® := E oy o, (49)
We conclude in particular that

Proposition 7.5. The elements detg’p q-commute with all elements in the
algebra Al(t) and the elements deti' q-commute with all elements in the

algebra Al(t).

Definition 7.6. An element C' in a quadratic algebra A that q-commutes
with all the generating elements is said to be covariant.

As a small aside, we mention the following easy generalization of the result in
([22]):
Proposition 7.7. It a < b, then the spaces Aj(a,b) and .Acql(a, b) are qua-
dratic algebras. In both cases, the center is given by Ker(w® + w®). The
semi-group of covariant elements in generated by {det®® | s € Im(m)}.

We now construct some elements in L¢(t) and LY(t) of fundamental impor-

tance. They are indeed monomials in the elements of [Cj(t)}il and [Cé‘(t)}il
respectively.

First a technical definition:
Definition 7.8. p(a, j, k) denotes the largest non-negative integer for which

p . .p
Wik plagik) Nk = Wi M

We also allow E,(j,j) which is defined to be 1.
Here are then the first building blocks:
Definition 7.9.
Y(a,j) € Ut:
H’fi(%]) E, (a’w )Ea(abj - 1) Haka<0 Ek(k’t7p(a7j7 k))aku (50)
V(a,j) € UM with j < ay :
B{(a, 7) := H(a, j)(H(a,j + 1)) (51)
The terms E(k, p(a, j,k)) and E,(a, j — 1) are well-defined but may become
equal to 1. Also notice that, where defined, H(a, j), B{(a, j) € Li(t).
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Lemma 7.10. If E¢, < H(a,j) in the sense that it is less than or equal to
each factor E, ,, of Hi(a,j) (and < is defined in (23)), then

B¢ Hi(a,j) = ¢ ) gi(a, ) E,. (52)
If B¢,y > H{(a,j), then
E&nth(a; j) = q(_g_n’Wt(a“))th(a: 7)Eey- (53)

Proof. This follows from (23) by observing that we have the following pairs
(€1,7m) occurring in Hi(a, /)
(wW'Ag, wla, j)AL), (W'Ag, wla, j)oul,),
and
(—w'Ay, —w(a, 7)A;) with multiplicity (—az,).
Furthermore, as in (2.1), Ay +0,Aq+ >, agaAr, = 0 and, equivalently, 2A, +
Zk CLkaAk = Q4 - U]

Proposition 7.11. Y(a, j), (b, j') € U j < a, the following holds:
E{(b, /") B(a, j) = ¢ 202 B (a, j) B (b, '), (54)

Proof. It is clear from the formulas (52-53) that if an element E¢, either

is bigger than all factors in B¢(s,j) or smaller than all factors, then it
commutes with this element. The important fact now is that the ordering
is independent of the fundamental weights A; - it depends only on the Weyl

group elements. The factors in any H¢ are, with a fixed t, of the form
Eia,wn, O Egp, woo,n, for some w > w'. The elements E¢, = E(b, j') we
consider thus satisfy the first or the second case in Lemma 7.11 for either
terms H{(a, j) and Hl(a,j+1). Clearly, we then need only consider the in-
between case H{(a, j) < E¢, < Hl(a,j+1), and here there appears a factor

q_z(f’“t(%)) in the commutator with & = w'A;. This accounts for the term
—2(Ay, ag)dap. Finally, if @ = b the previous assumption forces j = j'. O

Let us choose an enumeration
Cf]i(t) ={c1,¢9,...,0N} (55)

so that each (a, j) <> k and let us use the same enumeration of the elements
Bl(a, 7). Set, for now Bi(a,j) = by, if (a, j) <+ k. Let us also agree that the,
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say n, non-mutable elements det'® of Cj(t) are written last, say numbers
N—-n+1,N—n+2,...,N —n. Then, as defined,

ijl,...,N—n:bj:qO‘chij (56)
k
for some integers b;; and some, here inconsequential, factor ¢®. The sym-

plectic form yields a matrix which we, abusing notation slightly, also denote
L4(t) such that

Vi,j=1,...,N: (Ef]l(t))ij = \j (57)
and
Vi,j=1,...,N :cjc; = ¢Mcjc. (58)
Similarly, we let BY(t) denote the matrix
Vz':l,...,Nijl,...,N—n:(Bf]l(t))ij:bij. (59)
Then, where defined,
Cz'bj = H q)\ikbkjbjci, (60)
k

and Proposition 7.11 may then be restated as

Vi=1,.. . NVj=1,..,N—n:> laby = —2(A, a,)d;, (61)
k

where we assume that i <> (s, ().
We have then established

Theorem 7.12. The pair (LL(t), BL(t)) is a compatible pair and hence,
Q;(t) = (C(1). £(1). By(V) (62)

is a quantum seed with the n non-mutable elements det®, (s,s,) € U(t).
The entries of the diagonal of the matriz D = (B2(t))TL(t) are in the set
{2(Asy05) | s=1,..., R}.

It b > t, we let (Eg(t, 0), Bg(t, v)) denote the part of the compatible pair

d d d d
(L5(t), B;(t)) that corresponds to the cluster C(t,v) and we let Qf(t,v) be

the corresponding triple. It is then obvious by simple restriction, that we in
fact have obtained
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Theorem 7.13. The pair (L1(t,0), Bi(t,0)) is a compatible pair and hence,

Qq(t,v) := (Cy(t,v), L(t,v), By(t, v)) (63)
is a quantum seed with the n non-mutable elements dett®, (s,s,) € U%(t,v).

The case of C/(t) is completely analogous: Define
Definition 7.14.
Htu(av.]) = Ea(j7 a”t)Ea(j - 1,@{) H Ek(p(a7j7 k)a k’c)aka (1 S] < at)a

Bi(a,j) = H{(a,j+ 1)(Hf‘(a,j))a1 (1<j<a) (64)

The terms E(p(a, j, k), k) are well-defined but may become equal to 1. Notice
also the exponents on the terms H{'.

The terms F(p(a, j, k), ki) are well-defined but may become equal to 1. As
defined, H{(a,j), and B{(a, j) are in Lg(t).
Proposition 7.15. Y(a, j), (b,j') € U, 1 < j the following holds:
E{(b,j") By (a, j) = ¢* 0% B (a, §) B (b, §'). (65)

We then get in a similar way
Theorem 7.16. The pair (L5(t), B;(t)) is a compatible pair and hence,
Q (1) == (Cy (1), Ly (1), By (1)) (66)

is a quantum seed with the n non-mutable elements det®!, (s,s;) € UY(t).

Naturally, we even have
Theorem 7.17. The pair (L}(s,t), B;(s,t)) is a compatible pair and hence,
Qq(s,t) := (C(s,0), Ly(s, 1), B(s, 1)) (67)

is a quantum seed with the n non-mutable elements det®', (s,s;) € U'(s, t).

We now wish to consider more elaborate seeds. The first generalization is
the most important:
Let
e<a<b<c<p, but a #c. (68)
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d o Ao - ' db\ mydey _ mydbic
Cq(a7b7c) T {Ea(saj) ’ (CL,])E(U \M )_U }7 (69>
Ci(a,b,c) = {E!(s,j) | (s,j) € (U \U") = U} (70)
In (69), a = b is allowed, and in (70), b = ¢ is allowed.

Definition 7.18.
Cy(a,b,c) = Cg(a, b,c) UC;(a,b,b),
o . U d
Cy(a,b,c) == C;/(a,b,c) UC,(b,b,c).

Proposition 7.19. The elements of Cy(a,b,c) and C7(a,b,c), respectively,
q-commute.

Proof. The two cases are very similar, so we only prove it for the first case.
We examine 3 cases, while using the following mild version of Theorem 6.2:
Agsapy and Ay, py, ¢ commute for any A, p € P*, and s, ,t,¢' € W for
which £(s's) = 0(s") + £(s), (t't) = £(t') + £(¢t).
Case 1: Ei(s,t) and Ed(sy,t1) for (s,t) € UL and (s,t) <
A=A, u=A;,s=1,8=w" and t' = w(s,1t),t't = w(s1,11).
Case 2: E{(s,t) and E!(s1,t1) for (s,t) € U and (s,t) >
A=Ag,p=A,,t=11=w’and s’ = wP(s1,t1),5's = w(s,t).
Case 3: E(s,t) and E4(s1,t;) for (s,t) € U™ and (s1,t1) € UH**: Set
A=A p=AN,, 8 =w" s=wb(s,t), ' =w’ and t't = wP(s1,t1). H
Notice that the ordering in U%** (Case 2) is the opposite of that of the
two other cases.

(81, tl)I Set

(s1,t1): Set

We also define, for a < b,

C,(a,b) = C/(a,b,b), and (71)
d d
C,(a,b) = Ci(a,a,b).

We let L£,(a,b,c) and £5(a, b, c) denote the corresponding symplectic ma-
trices. We proceed to construct compatible pairs and give the details for
just Cy(a,b,c). We will be completely explicit except in the special cases

u _ a,b : : a,b,c :
E, AwbA, = det” where we only give a recipe for By (s, sq). Notice, how-

ever, the remark following (77).
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b Bl(s,j) if (s,j) € Up"S
B™(s,7) = - | uab : (72)
Bi(s,j) if (s,j) € Uy

We easily get from the preceding propositions:

Proposition 7.20. Let E(b,j') € Cy(a,b,¢) and let BS*(s, j) be as in the
previous equation. Then

E(b, ') By (s, j) = q 2500 BEO< (s, ) E(b, 7). (73)

and Bfl"b’c(s,j) is in the algebra A,(a,b,c) generated by the elements of
C,(a,b,¢).

This then leaves the positions (s,s.) € U and (s,s,) € U“** to be
considered. Here, the first ones are considered as the non-mutable elements.
In the ambient space A,(a,b,c), the positions in remaining cases define
elements that are, in general, mutable.

The elements in these cases are of the form F a5 .05, for some s. To give

a recipe we define the following elements in 4,(a, b, ¢):
Eg’bvc(s, Sq) 1= (74)

(Héb(s, sa+ 1) HI(s, s + 1))_1 Ey(sq, 8p)* 1o, <0 Er(ka, ko)™

If w(s, s+ 1) = w'w,o, and w(s, sp+1) = w°

v = wbwy this takes the simpler form

3 _ a
wyos, and if we set u = ww,,

na,b,c 1 —Qks Oks Qks
Bq (57 S ) EuasAs,vA uAs,vasA H WAL, vA H EUAk,WbAk H EwaAk#«UbAk'

Aks<0 Aks<0 Uks<0
(75)

Proposition 7.21.
vg : Ew“Ag7w[’Ang’b7c(S7 SCI) = q_Q&IS()\s’QS)Bg’b’C(S? Sa)EwaAg,wag' (76)

Besides this, Bf]"[”c(s, Sq) commutes with everything in the cluster except pos-
sibly elements of the form
Ew“Ag,wb&;yAga and Ewa@IAg,waw

with 1 < w, < w, and 1 <@, < w,.
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The exceptional terms above are covered by Proposition 7.20 which means
that we can in principle make a modification Bgv[’"(s,sa) — Bg’bv‘(s,sa)
where the latter expression commutes with everything except Eap, ,va,
where we get a factor g~ 2(As0),

If w, = 1 we get a further simplification where now v = w®w, and v = w":
39,0, _ 1 -1 —aks
Bg C(S7 Sa) — E’LLO'SAS,’UASEUAS,UJSAS H Eu/il:,vAk‘ (77)

Oks<0
Here we actually have Bg’[”‘(s, Sa) = B3"(s,54), and this expression has
the exact form needed for the purposes of the next section.

We let By(a,b,¢) and B{(a,b,c) denote the corresponding symplectic ma-
trices and can now finally define our quantum seeds:

Q,(a,b,¢) := (Cyla, b,¢), Ly(a, b, c), By(a,b,c)). (78)
Definition 7.22.
Qo(a,b,¢) == (CJ(a,b,¢), Lo(a,b,¢), B (a,b,c)). (79)

According to our analysis above we have established

Theorem 7.23. They are indeed seeds. The non-mutable elements are in
both cases the elements det$ ;s € Im(m,e).

Let us finally consider a general situation where we are given a finite
sequence of elements {w' }!" | € WP such that

e<t<---<t, <p. (80)
Observe that
V(s,t) € U(ry) : wz’;t) = w?s’t). (81)
It may of course well happen that for some a, and some v; < t;,
WA, = wWIA,. (82)

Definition 7.24. Given (80) we define

Colte, ... b1, ty) = Cg(tl,tn_l,tn) UC,(t1,t,v1) U .. (83)
= | iU | Cl e tny).
0<2i<n 0<2j<n—1

It is also convenient to consider
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Co(vy, o svy1,t) = Cf(t,va,v,) U Cg(tQ,tn_l,tn) U... (84)
= U C:;(ti, Uitl, Vn—z‘+1) U U Cg(tjﬂ, Cn—j, tn—j+1)-
0<2i<n 0<2j<n—1

Notice that
Coltr, . tuo1,t) = Co(vr,tno1, %) UC(tr, ..., tua, tyr)  (85)

Cg(tl, R A tn) = Cg(tl, To, tn) U Cq(tz, ce ,tn_l,tn)

For the last equations, notice that C;l(e, t,r)=0= C;l(t, t,t).

Proposition 7.25. The spaces

Co(re, .o t1,t) and Cylty, .. v 1,ty) (86)
each consists of q-commuting elements.
Proof. This is proved in the same way as Proposition 7.19. ]

Our goal is to construct seeds out of these clusters using (and then gener-
alizing) Proposition 7.23.

With Proposition 7.25 at hand, we are immediately given the correspond-
ing symplectic matrices

Lo(tr, s tao1,t) and Lo(tr, ..., o1, t). (87)
The construction of the accompanying B-matrices
Bg(tl, P vV [ tn) and Bq(tl, B vV [ tn) (88)

takes a little more work, though in principle it is straightforward. The idea
is in both cases to consider an element in the cluster as lying in a space

Co(ti, tnis tnis1) U Cp(ti, tigt, tuei) S Colti, Taiy taisr) or (89)
Cor(ti, Tigt, Tnoitt) UCH (tist, iy tnig1) © Colvi, tist, tuig1)  (90)

as appropriate. Then we can use the corresponding matrices B,(t;, tp—i, th—i+1)
or Bg(ti, tii1,ty_ir1) in the sense that one can extend these matrices to the

full rank by inserting rows of zeros. In this way, we can construct columns
even for the troublesome elements of the form E(ay,,a.,) that may belong

to such spaces. Indeed, we may start by including E(a.,.,,ac,.,) (n even)
2 2
or E(a., ,,0,,, ) (n odd) in a such space in which they may be seen as

mutable. Then these spaces have new non-mutable elements which can be
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handled by viewing them in appropriate spaces. The only ones which we
cannot capture are the elements det""™ = E(sq,, s¢, ).

Definition 7.26. In both cases, the elements det;"™, s € Im(m.,) are the
non-mutable elements. We let Ny(v1,¢,) denote the set of these.

Proposition 7.27.
Qultr, . tu1, %) and Qg(ty, ..., vy 1,t,) (91)
are quantum seeds.

8. MUTATIONS

Here is the fundamental setup: Let w®, w® w® € W? satisfy
a<cand a<b <c. (92)

Definition 8.1. A root v € A™(¢) is an increasing-mutation site of
w® € WP (in reference to (a,b,c)) if there exists a reduced form of w® as

W' = QoW (93)
Let WP 3 w® = o,w®. It follows that
W = who,, (94)

for a unique s € Im(my). Such a site will henceforth be called an m™ site.

We will further say that v is a decreasing-mutation site, or m~ site
(in reference to (a,b,¢)) of W® € WP in case there exists a rewriting of w°
as wb = Jywb" with a < W € WP, Here,

w® =W og, (95)

for a unique s € Im(my). We view such sites as places where replacements
are possible and will use the notation

my . (a,b,¢) = (a,b',¢), (96)
and

m, . (a,b,¢) = (a,b”,¢), (97)

respectively, for the replacements while at the same time defining what we
mean by replacements.

Notice that a = b and b’ = ¢ are allowed in the first while b = ¢ and b” = a
are allowed in the second.
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Furthermore,
Mg : (a,b,¢) = (a,by,¢)
denotes the composition of any finite number of such maps mic (in any

order, subject to the limitations at any step stipulated above)
We will further extend the meaning of mq . also to include the replacements

Cy(a,b,¢) = Cya, by, c),
and even
Q(a,b,¢) = Qq(a, by, ¢).
At the seed level, we will refer to the replacements as Schubert mutations.
Stmalarly, we can define maps mﬁf, and after that mutations as composites

mg . Qoa,b,c) = Qp(a, by, c).

We need to define another kind of replacement: Consider
a<b<b<ec (98)

Definition 8.2. We say that (a,b,¢) is a d-splitting of (a,¢) if
Cy(a,b,¢) =Cyla,c).
In this case we will also say that (a,c) is a d-merger of (a,b, ).

To make this more definitive, one might further assume that b is maximal
amongst those satisfying (98), but we will not need to do this here.

Similarly,
Definition 8.3. We say that (a,b,¢) is a u-splitting of (a,c) if
Cy(a,b,¢) =C(a,c).

Similarly, we will in this case also say that (a,c) is ¢ u-merger of (a, b, c).

Our next definition combines the two preceding:

Definition 8.4. A Schubert creation replacement

ag. : (a,¢) = (a,by,c)
consists i a d-splitting

(a7 c) % (a7 b? c)

followed by a replacement mq, applied to (a,b,c). A Schubert annihilation
replacement

Qg (a,b1,¢) = (a,c)
15 defined as the reverse process.
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Schubert creation/annihilation mutations aﬁf are defined analogously;
agy : Qo(a,c) — Qo(a, by, c),
and
age = Qo(a, by, c) = Qr(a,c).

We finally extend these Schubert creation/annihilation mutations into (we
could do it more generally, but do not need to do so here)

Qq(tl, R A tn) — Qq(tl, R ) TR 7tni1)
by inserting/removing an t, between tn and tayy (n even) or between (25}
and tsn (n odd). Similar maps are defined for the spaces Qg(vy, ..., tn-1,tn).

In the sequel, we will encounter expressions of the form B (u,v,s);

B(“? U, S) — E;crlsAs,vAsE;Als,vasAs H EZ?\Sk,vAk (99>
QAks<0
where
E(ul, vA)B(u,v,s) = ¢ 28 B(u, v, s) E(uls, vAy), (100)

and where B(u,v,s) commutes with all other elements in a given cluster.

Definition 8.5. We say that B(u,v, s) implies the change
EuAs,vAs — EuasAs,vasAS-

We will only encounter such changes where the set with Eya_ 44, removed
from the initial cluster, and s, 0.4, added, again is a cluster.

We further observe that a (column) vector with —1 at positions corre-
sponding to E,s A, v, and Eya, vo.a, and ags at each position corresponding
to a Eya, pa, With aps < 0 has the property that the symplectic form of the
original cluster, when applied to it, returns a vector whose only non-zero
entry is —2(As, ) at the position corresponding to Eya, ,a,. Hence, this
can be a column vector of the B of a potential compatible pair.

Even more can be ascertained: It can be seen that the last two lines of

Theorem 6.9 precisely states that with a B matrix like that, the following
holds:

Proposition 8.6. The change Ey, oa, = Eus A, w00, implied by B(u,v, s)
1s the result of a BFZ mutation.
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Theorem 8.7. The Schubert mutation
Q,(a,b,¢) = Qu(a, b’ ¢)

implied by a replacement mctc as in (96) is the result of series of BFZ mu-
tations.

Proof. The number s is given by (94) and remains fixed throughout. We do
the replacement in a number of steps. We set Q,(a, b, ¢) = Q,(a,b,¢)(0) and
perform changes

Q,(a,b,¢) = Q,(a,b,c)(0) — (101)
Q,(a,b,¢)(1) = - = Qu(a, b, ¢c)(ty) = Qqy(a, b, ¢).

We will below see that t)g = s — sq — 1. We set

If0<t<t,:Qua,b,c)(t) = (Cyla,b,c)(t), Ly(a,b,c)(t), By(a,b,c)(t)).
(102)
The intermediate seeds Q,(a, b, ¢)(t) with 0 < t < ¢y are not defined by

strings @ < b < &. At each t-level, only one column is replaced when passing
from By(a,b,¢)(t) to By(a,b,c)(t + 1), and here (77) is applied. Of course,
the whole B matrix is given by (72) and (75) for a suitable seed.

Specifically, using (77) we introduce a family of expressions B as in (99)

Bt (s.6) = BL vvinnwnn Butsnnann, LBt srnn, o, (103)
— (E{(s,5q 4+t + 1)El(s, 54 + 1)) HE[, (5,P(, 8,84 + £ + 1)) "%,
implying the changes
Ei(s,sq+1t) — Ey(s,sq+t+1). (104)
If w(s,sq +t+1) = w0, and v = w® then this corresponds to

((utasASa UAS) (utAs; UO—SAS) (UAja UAj)ajS)_l (105>

Here are then in details how the changes are performed:
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Step(0) :
C,(a,b,¢) > El(s, 55 4+ 1)

d

E(s,5q) € Cy(a,6(0),¢) (renaming),
Bg’b’c(s,sa) B (0).¢ “(s,0) (renaming),
L,(a,b,c) L,(a,b(0),¢) (renammg),
Step(1) : (implied by B ( 0)),
Cy(a,6(0),¢) > Ey(s,8q4) — Eg(s,sa+1)€ Cd(a b(1),¢),
B (s, 50+ 1) — B (s, 1) (by (77)),

Ll

1

L,(a,6(0),¢) — L,(a,b(1),c) (implied),
Step(2) : (tmplied by Bzﬂ(l)’c(s, 1)),

Cla,b(1),c) 2 Ey(s,sa+1) — Ei(s,sa+2) € Cl(a,b(2),¢),

Step(t + 1) : (¢mplied by Bz;i(t)’c(s, t)),
Co(a,b(t),c) > Bi(s,sa+t) — Eg(s,sa+t+1)€Cla,b(t+1),c),
¢ a,b(t),c
By (s, 80 +t) — B (s, ) (by (77)),

m+

L,(a,b(t),¢c) — Ly(a,b(t+1),¢) (implied).
The last step is t = s — 54 — 1. b(0) = b, b(sp — s — 1) = b'.
It is easy to see that all intermediate sets indeed are seeds.

What is missing now is to connect, via a change of basis transformation
of the compatible pair, with the “E, F”” matrices of [3]. Here we notice that
both terms

(Eg (s, 50+t + 1) Ep(s,sa+1) (Ep(s, sa+1) " (106)
and

[T LGB 5. 50+ 4+ 1) (B (5,50 + 1) (107)
have the same ¢-commutators as Ef(s,sq +t + 1). The two possibilities
correspond to the two signs in formulas (3.2) and (3.3) in [3].
Indeed, the linear transformation

E(t): Ey(s,sq+t) = —Eg(s,5q+t+1)— Eg(s,sq+1t) — Ey (s, sqa+t) (108)
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results in a change-of-basis on the level of forms:
L,(a,b(t),¢) = Ly(a,b(t+1),¢) = ET(#)L,(a,b(t),c)E(t), (109)
B (s 1) = BT (s 1+ 1) = B@)B™ (s, t)F(t),

m+
where F(t) is a truncated part of E(t)T (the restriction to the mutable
elements).
With this, the proof is complete. [

Theorem 8.8. Any Q,(t1,...,t,_1,t,) can be obtained from Q,(e,p) as a
sub-seed and any Qg(v1,...,v,-1,t,) can be obtained from Qg(e,p) as a sub-

seed through a series of Schubert creation and annihilation mutations. These
mutations are, apart from the trivial actions of renaming, splitting, merging,
or simple restrictions, composites of BFZ-mutations.

Proof. Apart from mergers and splittings (Definition 8.4), the mutations are
composites of mutations of the form Q,(a,b,¢) — Q,(a, b, ¢). O

Corollary 8.9. The algebras Ag’“’c and Ay™° are mutation equivalent and

indeed are equal. We denote henceforth this algebra by A%°. This is the
quadratic algebra generated by the elements 5.4 with cq < d < c,.

We similarly denote the corresponding skew-field of fractions by F*.

9. PRIME

Definition 9.1.
detg’c = Ew“As,w‘As- (110)

Theorem 9.2. The 2 sided ideal I(dety*) in A,(a,c) generated by the co-
variant and non-mutable element dety* is prime for each s.

Proof. Induction. The induction start is trivially satisfied. Let us then divide
the induction step into two cases. First, let Z, be an annihilation-mutation
site of w® such that w* = o,wW" = w0, with w € W?. We have clearly
Ay(a,¢) = Ay(a,cq) U I(dets®). Furthermore, A (a,¢) \ Ay(a,¢1) = L(Z,),
where [;(Z,) denotes the left ideal generated by Z,. We might as well
consider the right ideal, but not the 2-sided ideal since in general there will
be terms R of lower order, c.f. Theorem 4.1.
It follows that
detg’c = M127 + M, (111)
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where My, My € Ay (a,¢1) and My # 0. Indeed, M; is a non-zero multiple

of dety™. (If s = 1 then M; = 1 and My = 0.) We also record, partly for
later use, that Z, g-commutes with everything up to correction terms from

A, (a,cr).
Notice that we use Corollary 8.9.

Now consider an equation

detyp1 = paps (112)
with p1, pa, p3 € Ay(a,¢). Use (111) to write for each i = 1,2,3
pi = Z(deti“)’“Ni,k (113)
k=0
where each N;j € Lg(a,¢;) and assume that N;og # 0 for i = 2,3 Then
0 # NoaNos € Ly(a, cq1). At the same time,
NO’QNO’?, = Z(detg’c)k]%’k (114)
k=1
for certain elements le € Ly(a,c;).

Using the linear independence ([3, Proposition 10.8]) we easily get a con-
tradiction by looking at the leading term in det$).

Now in the general case, the s in det}® is given and we may write w® =
w20, where o, does not occur in w. Let w® = w%0,. It is clear that
det?® = dety and by the previous, dety is prime in A,(a,¢;). We have
that A,(a, ¢;) is an algebra in its own right. Furthermore,

Ay(a,¢) = Ay(a, )2y, ..., 25, ], (115)
where the Lusztig elements Z,,,...,Z, are bigger than the generators of

Agy(a,¢1). In a PBW basis we can put them to the right. They even generate

a quadratic algebra flq in their own right! The equation we need to consider
are of the form

p1p2 = detyps (116)
with p1, pa,p3 € Ay(a,c). The claim that at least one of p;,ps contains a
factor of det;S follows by easy induction on the A, degree of pips, i.e. the
sum of the 4, degrees of p; and ps. O
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10. UPPER
Let w*, w* € WP and a < ¢.

Definition 10.1. The cluster algebra A (a,c) is the Z[q]-algebra generated
in the space Fy(a,c) by the inverses of the non-mutable elements Ny(a,c)
together with the union of the sets of all variables obtainable from the initial
seed Q,(a, ) by composites of quantum Schubert mutations. (Appropriately

applied)
Observe that we include N,(a, c) in the set of variables.

Definition 10.2. The upper cluster algebra Uy(a, ¢) connected with the same
pair w*,w* € WP is the Z|q]-algebra in F,(a,c) given as the intersection of
all the Laurent algebras of the sets of variables obtainable from the initial
seed Qq)(a, ¢) by composites of quantum Schubert mutations. (Appropriately
applied

Proposition 10.3.
Ay(a,¢) CAy(a,c) C Uya,c).

Proof. The first inclusion follows from [15], the other is the quantum Laurent
phenomenon. Il

Remark 10.4. Our terminology may seem a bit unfortunate since the no-
tions of a cluster algebra and an upper cluster algebra already have been
introduced by Berenstein and Zelevinsky in terms of all mutations. We only
use quantum line mutations which form a proper subset of the set of all
quantum mutations. However, it will be a corollary to what follows that the
two notions in fact coincide, and for this reason we do not introduce some
auxiliary notation.

Theorem 10.5.
U,(a,¢) = A,(a, o)[(det™) s s € Im(7.)].

Proof. This follows by induction on ¢(w) (with start at ¢(w®) + 1) in the
same way as in the proof of [20, Theorem 8.5], but for clarity we give the
details: Let the notation and assumptions be as in the proof of Theorem 9.2.
First of all, the induction start is trivial since we there are looking at the
generator of a Laurent quasi-polynomial algebra. Let then v € U,(a,c). We
will argue by contradiction, and just as in the proof of [20, Theorem 8.5],
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one readily sees that one may assume that u € A,(a, ¢1)[(detd) !, detd].
Using (111) we may now write

u = (Z “pi(dety™) ) (dety )7, (117)

with p; € Ay(a,¢1), pi ¢ I(dety®), and k; > 0. Our assumption is that
p > 0. recall that the elements dety and dety‘ are covariant and define
prime ideals in the appropriate algebras. Using the fact that Ug(a,c) is
an algebra containing A,(a, ), we can assume that the expression in the
left bracket in (117) is not in I(dety) and we may further assume that
pi # 0= k; < p. To wit, one can remove the factors of dety*, then remove
the terms with k; > p, then possibly repeat this process a number of times.

Consider now the cluster Cj(a,¢). We know that u can be written as a
Laurent quasi-polynomial in the elements of C;(a, ). By factoring out, we
can then write

u=p J] ( )", (118)
(c,d)eUuma:¢
where p € A,(a,¢), and a.q > 0. We will compare this to (117). For the
sake of this argument set U*¢) = {(¢,d) € U"*) | aeq > 0}.
Of course, dety € C¥(e,t).

“Multiplying across”, we get from (117) and (118), absorbing possibly
some terms into p:

O Z'pi(det) ) [ (B, d)* = p(detd)”. (119)
i=0

(c,d)eUmase

Any factor of dety in p will have to be canceled by a similar factor of
E!(s,0) in the left-hand side, so we can assume that p does not contain no

factor of det™. After that we can assume that (s,0) ¢ U since clearly
dety™ ¢ I(dety”). Using that k; < p it follows that there must be a factor of
(det3™) in [T (. gcquac (B¢ (c, d))*. Here, as but noticed, d = 0 is excluded.
The other terms do not contain Z;; but (dety™) does. This is an obvious
contradiction. O
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11. THE DIAGONAL OF A QUANTIZED MINOR

Definition 11.1. Let a < b. The diagonal, Dyap,)wea,)s 0f Euea,)we(a,) 5
set to
Dya(a)wi(ry) = 4" Zs,sat1 "+ Ls,sps (120)
where
Lssy - Lssetl = q2aZ5,8a+1 v Dss, TR (121)

where the terms R are of lower order

Proposition 11.2.
Eurawr ) = Dasa e +R

The terms in R are of lower order in our ordering induced by <. They can
in theory be determined from the fact that the full polynomial belongs to the
dual canonical basis. ([3],[15]).

Proof. We prove this by induction on the length s, — s, of any s-diagonal.
When this length is 1 we have at most a quasi-polynomial algebra and here
the case is clear. Consider then a creation-mutation site where we go from
length r to r + 1: Obviously, it is only the very last determinant we need
to consider. Here we use the equation in Theorem 6.3 but reformulate it in

terms of the elements E¢ ,, cf. Theorem 6.9.

Set w® = w'o, and consider Ea(a,)wer(a,)- 1ts weight is given as

wbl (As) - wu(As> — /Bs,sa+1 R o Bs,sbJrl-

In the recast version of Theorem 6.3, the terms on the left hand side are
covered by the induction hypothesis. The second term on the right hand
side contains no element of the form Z;, —and it follows that we have an

equation

(Zs,sr2+ Zsso) Bun(nywii(ng) = (Zssgr2+* Lssyr1)(Zosor1 -~ Lss,) T R
(122)
The claim follows easily from that. ]

Recall that in the associated quasi-polynomial algebra is the algebra with
relations corresponding to the top terms, i.e., colloquially speaking, setting
the lower order terms R equal to 0. Let

Ao, (8g) 0ty (A) = Zsil """ Zst. (123)

The following shows the importance of the diagonals:
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Theorem 11.3.

ANy oAy g Ay oA, = quUyAil,vyAildu~Ai0,v~Ai0 &
Doy o hig Dy As orohs, = qGDul-Ail701-Ai1Du~AiO,v~AiO +R
In particular, if the two elements EU'AiOaU'AiO L?ul./\h?vl./\i1 q-commute:
Eypiy v hig Buy Ay oy ::qGEhyAhmyAquMvaAm

then G can be computed in the associated quasi-polynomial algebra:

_ G
dU'Aioav'AiOdul'Ail;vl'Ail =49 Dul’Ailavl'Aildu‘Aioav’AiO'

31

(126)

(127)

Remark 11.4. One can also compute G directly using the formulas in [3].

Remark 11.5. The elements E¢, that we consider belong to the dual canoni-
cal basis. As such, they can in principle be determined from the highest order

terms Dy .
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