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Introduction 

In the papers [3, 10, 11] Resnikoff and Freitag introduced the notion of a singular 
modular form on a tube domain 9 ,  with respect to an arithmetic group of 
transformations of 9.  They proved that, for an appropriately restricted class of 
arithmetic groups F, a modular form of weight k for F is singular if and only if k is 
one of the set of "singular weights" for 9 .  

The condition that a modular form f be singular may be expressed as the 
condition that f be annihilated by a certain constant coefficient differential 
operator. The main object of this paper is to interpret such conditions 
representation-theoretically. Namely, by a well-known procedure, f gives rise to a 
representation Uf of the enveloping algebra of the Lie algebra of the group of 
holomorphic automorphisms of ~ (cf. 3.1). We prove (Theorem 4.8) that "U I is an 
irreducible representation if f is a form of singular weight with respect to any 
arithmetic group F acting on @ ; it then follows (Theorem 3.6) that f is annihilated 
by a specific constant coefficient vector-valued differential operator, which 
depends on the weight of f. This provides a generalization of the results of 
Resnikoff and Freitag. In the course of proving these theorems, we generalize some 
results of Selberg, Maass, Freitag, and Resnikoff I-3, 8, 11] on the homogeneity of 
constant coefficient differential operators on tube domains (Theorem 3.2); our 
proof is rather different from theirs. 

Our main step is the explicit computation (Proposition 2.9) of the irreducible 
quotients of the anti-holomorphic type enveloping algebra representations corre- 
sponding to the singular weights. Here we rely heavily on the Vergne-Rossi 
construction of singular holomorphic representations [13], and its further elab- 
oration in [6]. 

Our results as stated clearly allow for considerable generalization; some 
directions of generalization are suggested in Remark 4.9. In an appendix, we apply 
a mild generalization of the techniques of [6] to simplify Freitag's construction [3, 
19] of holomorphic differential forms on the Siegel modular varieties. 
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0025-5831/82/0259/0227/$03.60 



228 M. Harris and H. P. Jakobsen 

O. Notation 

We use the following standard notation: for a C~ X and a real vector 
space V, we write Coo(X, V) for the space of Coo V-valued functions on X. If G is a 
Lie group, with Lie algebra g, we write exp for the exponential map from 9 to G. 

If V is a complex vector space, Sym" V denotes the nth symmetric power of V 

for a positive integer n, Sym~ and S(V)= @ Sym"E We let V* denote 
n=0 

Hom(V, tF), and S*(V)= @ (Sym" V)*. 
n=0 

In the remainder of this section, we present our notation for tube domains. 
Proofs of the results indicated here can be found in I-1, 13, 14]. 

Let V be a real vector space with Euclidean inner product (,), and let C be an 
open irreducible, homogeneous cone in V, self-adjoint with respect to (,) (for their 
theory, cf. Chap. II of [1]). Let HocGL(V)  denote the connected identity 
component of the subgroup of GL(V) leaving C fixed. Then H o acts as a group of 
linear transformations on the complexification Vr174 of V Let 

= {x + lye Vrlxe V, ye C} be the tube domain over C. Let U o be the group of 
affine transformations of ~ generated by the translations t v, ve V,, defined by the 
formula tv(z)=z+v, zeN. The semi-direct product # = H  o x U o acts on N. Let 
Aut(N) denote the group of holomorphic automorphisms of N, Aut(N) ~ its 
connected component; then 9~ is a (covering group of a) real parabolic subgroup 
of Aut(~) ~ Let G O denote a covering group of Aut(~) ~ containing ~ ;  denote its 
Lie algebra go, and denote the complexification of go by g. The enveloping algebra 
of g is denoted U(g). 

Pick a base point se C, and let K 0 C G O denote the stabilizer of ise ~. Then K o 
is a maximal compact subgroup of G o, with Lie algebra [o. The elements of go, and 
therefore of U(g), act both on the right and on the left on C~ S), for any 
complex vector space S: For Xe  ~o, we have the right (resp. left) action 

(r(X)*f) (g) = d f(g exp(tS))l,= o 

(resp. (l(X),f)(g)= d f(exp(_tX)g)l,=o)) Y f eCoo(Go, S) ; 

the notation r(X)*f and l(X)*f will be used for any Xe  U(g). We have a natural 
map GoON : 

gF-*g.s 

which identifies ~ with the homogeneous space Go/Ko, and the action of l(X) 
preserves Coo(~, ~) ~ Coo(Go/Ko, (13) C C~176 ~), for any Xe  U(g). Let t C g denote 
the complexification of ~0. As a ~-module under the adjoint action, we have the 
decomposition 

where, V X e p + (resp. p-),  lot') gives rise to a vector field on ~ which, at every point 
of ~,  lies in the holomorphic (resp. anti-holomorphic) tangent space. Note that p + 
and p -  are abelian Lie subalgebras of g. 
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We let G be a connected algebraic group over C with Lie algebra g such that 
the connected subgroup of G with Lie algebra go is isomorphic to G O ; we regard 
Go as a subgroup of G. Let K, P+, and P -  denote the connected subgroups of G 
with Lie algebras f, p+, and p -  respectively. It is well known that the 
multiplication map P+ x K x P - - * G  is injective, that G O is contained in its image 
P+KP-,  and that the map Go-*p + obtained by projection on the first factor P+ of 
P+KP-,  followed by the logarithm log+:P+-*p  +, identifies Go/K o with a 
bounded domain No in p+. We let ( :P+KP--*p + denote projection on P+ 
followed by log + . 

The Lie algebra fo contains a Cartan subalgebra t)o of go ; let I) C g denote its 
complexification. For  every root 7 of g relative to t), let g~ denote the correspond- 
ing root subspace ; let HyE/Don [flY, 9-~] be the unique element such that 7(Hy)= 2. 
Choose an ordering on the roots so that p + is a direct sum of positive root spaces; 
the corresponding roots are called positive non-compact. For  each positive non- 
compact root 7, choose Eye gY such that 

[Ey,/2y] = H~ (-= complex conjugation with respect to 9o). 

Note that / ~ e g - Y C p - ;  we let E_y=/]y. Choose a maximal set {71 . . . .  ,Tr} of 
strongly orthogonal non-compact positive roots in the usual way (cf. [4, p. 315]); 
we use the known properties of these roots freely. Define the Cayley transform 

c=i=~ ~[ ~,-E_ 

We assume we have chosen the E~, so that c -1UocCP+,  as is always possible. 
Then we may identify V -  ~ U o (via the map v ~ t , )  with a real form of p+ (via the 
composition of u ~ c -  ~uceP + with log + :P+ -*p+). Moreover, c- IGo~=P+KP-, 
and the map 

~' : G o--* p + ; ~'(g) = ~(C- lg)  

identifies Go/K o ~-~ with the tube domain (also denoted ~) V+ iC C p + ~-V~. The 
fixed point of K o is identified with s. We note finally that, under these hypotheses, 
c-lHocCK. 

We next define the canonical automorphy factor. Let c-l=C+CoC_, with 
c+eP +, cocK. If geGo, let j(g)=j(g, is)=Colgo, where c-19=g+gog_, g• eP +, 
goeK. If z=g~(is)e~, for some gzeGo, let 

j(g, z) = J(ggz)J(gz)- 1, V ge G O . 

Then j(g, z) is well-defined, and has the following obvious properties: 

(0.1.1) j(glg2,z)=j(gl,gz(z))j(gz, z) gl, g2eGo zeN ,  

(0.1.2) j(k, is)=k keK  o, s as above, 

(0.1.3) j (u,z)=l,  Y u e U o ,  z e ~ ,  

(0.1.4) j(h,z)=c-lhc V hel l  o, z e ~ .  

A let 0 be any holomorphic representation of K on a finite-dimensional vector 
space Vo, and let jo(g, z)= o(J(g, z))e GL(Vo), V ge Go, ze ~.  We may think ofjo(g, is) 
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as an element of C~(Go, End(V~)). Then it follows easily from the definitions that 

(0.1.5) r(X)*jo(g, is)=-O V Q as above, X e p - .  

We write the Cartan decomposition of go, with respect to ~o, in the form go 
r 

= [o@Po- LetXi = Ad(c)Hre i=  1, ..., r. Then Xi~ po, and a o = @ NX i is a maximal 
i = 1  

abelian subalgebra of Po, and is a maximal split diagonalizable subalgebra of go- 
Since Go/K o is isomorphic to a tube domain, the set of roots of go with respect to 
a o is of the form 

{__.�89 1 < i < j < r }  (cf. [13, Sect. 2]). 

Let p be the dimension of the root space corresponding to �89 i # j  (this 
doesn't depend on the choice of i#:j). The singular weights (or the Wallach set 
[15]) for N are the half-integers 

( e -  1)p 1 <_e<_r. 
2~ 2 ' 

The regular weights are the real numbers 2 >�89 

1. Homogeneous Differential Operators 

1.1. Let q:K-,GL(Vo) be a holomorphic representation. Any function 
f ~ Coo(N, Vo) induces a function ~f : Go~ Vo, under the identification Go/ K o ~- N of 
Sect. 0. For such an f, define 4)~, oe Coo(Go, Vo) : 

(1.1.1) Of, o(g) = Ja(g, is)- if(g) g~ Go . 

When it does not lead to ambiguity, we denote this correspondence f~--~b. We note 
that 

(1.1.2) c~/,oECoo(G o, Vo)ade--~f {~p~C~176 Vq)ldp(gk)=o(k)-14)(g), 

V g~Go, k~Ko}.  

A function dpsC| Vo) is said to be of holomorphic type if 
r(X)*~=-O, V X e p - .  The following fact is standard (cf. [13, (2.4.2)]): 

1.2 Lemma. Under the above hypotheses, f is holomorphic if and only if Os, o is of 
holomorphic type. 

1.3. Let WCS(p +) be a finite-dimensional subspace invariant with respect to the 
adjoint action of K;  denote the representation of K on W by W likewise. Let 
~e  C~176 Vo)o, and consider Dw~e Hom(W, Coo(Go, Vo)), defined by the formula 

(1.3.1) Dw'4)(X)=r(X)*4) X e  W. 

We may regard Dw~ canonically as an element of Coo(G o, Vo|174 the 
action of K on W* is contragradient to the action on W. Now suppose 
f e  Coo(N, Vo); define 

(1.3.2) (Sw, of) (Z) = Jo| is)" Dw4) i, o(g), 
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where 9K o = zc ~ ~- Go/K o and Joe w*(9, is) acts on Vo| W* in the natural way. 
Then 6w, o f is a well-defined element of C~(N, Vo| W*). Moreover, 6w, Q satisfies a 
homogeneity property: if, for f c C~(~,  Vo), ?~ G o, we define 

(fl QT) (Z) = jQ(7, Z)-  l f(TZ), 

then it follows easily from the left invariance of r(X) and formula (0.1.1) that 

(1.3.3) 6w, o(ftoY) = (g)w, of)l o,| . 

1.3.4. If F s G o is a discrete subgroup, then f c  C~(@, Vo) is (for the purposes of this 
article) called a C~ form for F of type Q if f]o? = f  u 7eF. It follows 
from (1.3.3) that 6w, o takes such forms to C~~ forms of type 0| W* 
for F (any F). 

1.4. Lemma. 1. The Hom(V~, VQ| differential operator 6w, Q is a poly- 
nomial in holomorphic tangent vectors - i.e., a holomorphic differential operator - 
with coefficients in C~(~,  Hom(V o, Vo| W*)). 

2. These coefficients, as functions on ~ = {X + iYc V~IXe V, Ye C}, depend only 
on Y.. 

Proof. 1. In view of the definitions, it is enough to prove, for any anti-holomorphic 
function f on Do, that r(X)*f=-O for all X c p  +. This is essentially the same as the 
proof of Lemma 1.2: For any 9eGo, let fo(Z)=f(gZ) ,  Z e N .  Then f is anti- 
holomorphic <:~fo is anti-holomorphic, u g~Go<:~l(X).fo-O V geGo, X~p +, by 
definition of p+. Now 

(l(X)*fo) (is) = (l(X)*fo) (e) = (r(X)*jTo) (e) = (r(X)*f) (9)- 

This proves 1.4.1. 
2. From (0.1.3) and (1.3.3) it follows that 

6w, o(f(Z+v))=(~Sw, e f ) ( Z + v )  veVCp + , 

from which the assertion is clear. 

1.5. Corollary. Assume that W and Q have the property that, for any holomorphic 
f eC~(N,  Vo), 6w, of  is a holomorphic element of C~ V0| Then 6w, o is a 
holomorphic differential operator with constant coefficients. 

Proof. The hypotheses imply that the coefficients Of6w, o are holomorphic elements 
of C~(Go, Hom(V 0, Vo| W*)). The corollary now follows from 1.4.2. 

2. Singular Representations 

2.1. Let 2~IR. There is a unique homomorphism of Lie algebras A~ :~-~q~ such that 
A~(H~,) = - 2, i=  1, ..., r ; in this way we identify scalar representations of ~ with 
real numbers. The representation A2 integrates to a representation Q~ of the 
universal coverin~ group/s  of K (cf. [13, p. 6]). 

Letting G o, K o, denote the universal covering groups of G O and K o, re- 
spectively, we observe that Go/Ko~Go/K o, and that j(g,z) lifts to a map I-also 
denoted j(g,z)] from r to K (cf. [13]). For 2 e l k  let j~(g,z)=o~(j(9,z)). 
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Consider the following representation U a of G0 on the space ovf(~) of holomor- 
phic functions on ~ :  

(2.1.1) (Ua(g)f) (z) =Jz(g- 1 z)- X f (g-  lz)" 

The results of Vergne and Rossi in [13] imply that 

(2.1.2) When 2 is a regular weight, Ua is unitarizable and 
irreducible on ~ f (~) ;  

(2.1.3) When 2 is a singular weight, U a is unitarizable and 
irreducible on the unique irreducible subspace H a C ~ ( ~ ) .  

The subspace H a may be described explicitly. The group H o has precisely r + 1 
orbits on the closure C of C in V [13, 4.1]. We may denote the orbits (9 e, 
e = 1, ..., r + 1 ; this numbering is unique if we require that ~e be in the closure of 

~e+ 1" 
On each orbit (9 e, there is a measure d/xe, unique up to scalar multiples, which is 

semi-invariant with respect to the action of H 0 on (9 e [13, 4.2]. The space H~) 
~ f H  

- ze consists of functions F of the form 

(2.1.4) F(z)= ~ e2~i(z'~)c~(~)d#e(~) ~p~LZ((_ge, d#e), 

where (,) is the bilinear extension to p + of the given Euclidean inner product on V. 
There is a map from the space s of constant coefficient holomorphic 
differential operators on p+, to the space S*(p +) of polynomials on p+, denoted 
dF-~d, and characterized by the property 

(2.1.5) d(e2rci(z'r de ~c,e(p+), z ,~ep  + ; 

here d differentiates with respect to the z-variable. 
Let Je( S*(P +) be the ideal of polynomials vanishing on (9~, or equivalently on 

the Zariski closure ~t e of tP~ in p +. Then, since d#e is semi-invariant, we see that 

2.2. Lemma. d e ~ ( p  +) annihilates H(e)~leJ e. 

The ideals J~ are described in Sect. 4 below. We note that J~ is prime, because 
~ ,  being the Zariski-closure of an orbit of the connected real Lie group H 0, is an 
orbit of the connected algebraic group H. 

2.3. At this point we make the following trivial observation. The group K acts on 
Z(p+),  which is canonically isomorphic to S(p+), via the adjoint action on p+. Let 
WC Z ( p  § be a K-invariant subspace, so that we have a map 0w : K ~ G L ( W ) ;  let 
Q* : K ~ G L ( W * )  denote the contragradient representation. 

The map 

C~176 r174 W ~  C~176 r f |  

induces a differential operator C~(~,~)~C~176 W*) which is homogeneous 
under H o in the sense that the following formula is satisfied: 

(2.3.1) dw(f(hz)) = Q~v(j(h, z))- l(dwf ) (hz) he Ho, ze 

feC~176162 
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This formula is a direct consequence of the chain rule, once we remember that 
j (h , z )=c- lhceK,  and that hz=Ad(c- ihc) . z  V hello, zep  +. 

2.4. As usual, ce G denotes the Cayley transform. Recall that, for ze ~o C p+, we 
have c-1 exp(z)ep+Kp- ,  and the map z~c-l(z)~f~(c-lexp(z))  takes the boun- 
ded domain ~o to the tube domain ~ C p  § Thus, for any f e  JC(~), 

(2.4.1) def  . 
(ca,f)(z)=Ji,(c i , z ) - i f (c- i (z) )  z e ~  o 

is a holomorphic function on ~o. The map ca, has an obvious inverse, and thus 
induces an isomorphism of Hte) with a space JC'e of holomorphic functions on @o. 

2.5. Lemma. The operator de .Se(p +) annihilates H(e ~ if and only if d annihilates ~[e. 

Proof. There is an element X = ~ -  (E~,-E_~)e g such that c =exp(X). The 
i = 1  

action Ua. of G O on H~e ) induces an action dU e of U(g) on H~e ) ; we let exp(X) be the 
~, dUe(X)" 

operator n ~  on H(e ). For any fell(e), the series defining exp(X)f 
n = 0  

converges uniformly on compact subsets, so it defines a function ~f, which is 
obviously annihilated by all de &e(p +) which annihilate H(e ). But fif coincides with 
ca, f on the open set ~ o n ~ ,  because they are both given locally by the same power 
series. Thus any de ~-q~(p +) which annihilates H(e ) annihilates c j  for any f e  H(e); 
the reverse implication is proved by considering the inverse Cayley transform. 

2.6. We may construct J/ge in another way. Consider the space Dz 
= U(g)| where ~ acts via - A  a on V~* and O- acts trivially; here 2ElR. 
Now Da, as a vector space, is isomorphic to S(p+). This may be identified, via the 
Killing form, with the space of polynomials S*(p-) on p- ,  as follows (cf. [6, Sect. 
2]): If B(X, Y) is the Killing form on g, then XIoX  z . . . . .  X, eSym"(p +) may be 
identified with the polynomial p(Y)= B(Y, XO...B(Y,X,),  Ye p-.  This is clearly a 
ring homomorphism; it is an isomorphism since B places p+ and p-  in perfect 
duality. By transport of structure from D a, S*(p-) becomes a U(g)-module, which 
we denote D(2). 

Similarly, we identify S(p-) with S*(p +). If p(Y) = B(Y, X1)...B(Y,X,)e D(2), q(X) 
= B(X, Y1)...B(X, Ym)e S*(p +), define the pairing 

(2.6.1) (P ,q )=  ~', I-IB(XI, Y~i)) n=m 
a ~ S n  i 

=0 n # m ;  

here S, is the symmetric group on n letters. This extends to a natural pairing 
between S*(~ +) and D(2). In fact, if we define 

(2.6.2) (6(X)q) (Xo) = ~ q(X o + tS)l, = o X ,Xo e p 
+ 

then, when p and q are as above, one sees easily that 

(2.6.3) (p, q) = (6(X 1)...6(X,)q) (0). 
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In particular, D(2) may be identified with the space of constant coefficient 
differential operators on p+, and S*(~ +) may be identified, via transport of 
structure, with the space S(2) of t-finite vectors in the representation of U(g) 
contragradient to Dz. [That S*(p +) contains all the t-finite vectors is clear from 
(2.6.3).] The action of U(g) on S(2) thus obtained is described in (2.12) of [6], where 
these constructions are worked out in greater detail. 

For 2 ~ ,  (~o acts on the space g ( ~ o )  of holomorphic functions on ~o as 
follows : 

(2.6.4) Wz(g)f =(c~Ua(g)c ~ 1)f gE Go, f ~  ~(@o). 

The/s elements are just the polynomials on @o. The description in [6, Sect. 
2] makes it clear that the infinitesimal action of U(g) on the Ko-finite vectors for 
the representation Wx is just the action of U(g) on S(2) described above. 

Now assume 2 = 2 e. Then S(2) contains an irreducible submodule J / f  consist- 
ing of the Ko-finite vectors in -ge. Let ~go C D(2) denote the subspace vanishing on 
~gf under the pairing D(2)| constructed above;let  L~ =D(2)/Jg ~ 

2.7. Lemma. The module Jgf contains the constant functions, and any U(g)- 
submodule of S(2) contains Jl f .  

Proof By [6, (2.12)], the image of U(g) in End(S(2)) contains L~v(p+). But we may 
obtain the constant functions by applying an appropriate constant coefficient 
differential operator to any polynomial. Thus any non-zero U(g)-submodule of 
S(2) contains the constants. Since Jg f  is a non-zero irreducible submodule of S(2), 
both assertions follow from this. 

2.8. Let I'e C Sv(p +) denote the set of d such that a~ Je. The elements of S(p +) may 
be regarded, via their action on S(2), as constant coefficient differential operators 
as in (2.6.2); this is just the usual isomorphism of S(p +) with ~(p+). With this 
identification, let I~CS(p +) denote the ideal corresponding to I'e; then I~ is the 
annihilator in S(p +) of Jt'~, by Lemma 2.5. 

Assume 2 = 2~, e = 1 . . . .  , r. 

2.9. Proposition. Let A be a proper U(g)-submodule of D(2)-~ Dz; let N = D(2)/A. 
The followin9 are equivalent: 

1. N is an irreducible U(g)-module. 
2. A = I~ (under the identification S(p +) --- S*(p-) = D(2)). 
3. N is unitarizable. 

Prooj. 1)=~2). By Lemma 2.7 and duality, any proper U(g)-submodule of Dz is 
contained in J~. 
2)=~1) N=D(2)/I  e is the t-finite contragradient to ugh. Since the latter is 
irreducible, so is the former. 
2)=~3) Because H~), and therefore vge, is unitarizable. 
3)~2) Let A ~ = {f~ S(2) l ( f  a)  = 0 V a~ A}. Assume A 4: I~. Then A ~ 4= Jt 'f. Now 
D/A is unitarizable ~ A ~  {t-finite vectors in Horn(D/A, ~)} is unitarizable. Take 
any U(g)-invariant subspace M'CA ~ such that M ' ~ J g f = A  ~ Then M ' = 0  by 
Lemma 2.7. 
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3. Cyclic Representations 

3.1. Let 2~IR, and let Vx denote the space ~, viewed as a f-module under the 
representation A~. Let f be a holomorphic F:valued function on ~ ;  let q5 = ~b:, Q. 
Denote by 3r the space of functions on G O of the form r(X)*ffg, X~ U(9). Then U(g) 
acts on 3r and by (1.1.2) and Lemma 1.2, ~/:y is naturally a U(9)-quotient of Dx. 
Assume now 2 = 2e for 1--< e-----r. Let ~r = ie.y::; then ~W: is a U(g)-submodule of 
~ : ,  and ~:/~r is the unique non-trivial irreducible quotient of ~ :  (by Proposition 
2.9 and transport of structure). 

Let A C Da be a f-invariant subspace. We say A is a highest f-type if r(X)*a 
= 0  V a~A, XEp- .  Our case-by-case analysis in 4.1-4.5 wilt show that 

(3.1.1) Every ideal I e is generated, over S(p+), by a K-invariant 
subspace A e of Sym~(p +). 

We claim that 

(3.1.2) The subspace We=Ae| of Dz is a highest f-type. 

In fact, let W' be the image of p - |  e in Dz under the mapX| X e p - ,  
f s  W e. If we denote the roots of [ in p+ by 71,---,7,, then the weights of b on W e 

are all of the form - A ~ +  ~ eiTi, with ~ cti=e, and the roots on p-  are -71 . . . . .  
i = 1  i = l  

-7, , ;  thus the weights on W' are of the form - A +  ~ ~iTi, ~ c~i=e-1. But the 
i = 1  i = 1  

image of S(p+)| in D a is invariant under the whole of U(g) by (3.1.1), and in 
particular contains W'. A comparison of weight spaces now shows that W' = 0. 

3.2. Theorem. Let 6e=aa,,a . 'C~(~ ,  V~e)~C~(~, V~,| Then fie is a holomor- 
phic vecwr-valued differential operator with constant coefficients, and 

re(fix3) = (6ef)l~, | 

for all 7~ G o. 

Proof. It follows from (3.1.2) that the image of ~b = ~b:, 0~ in C~176 V~,| under 
the map q~(X~r(X)*qb, X ~ A e )  , is of holomorphic type, for any holomorphic 
function f The lemma now follows from Lemma 1.2, Corollary 1.5, and (1.3.3). 

3.3. Remark. As a statement about the covariance properties of the constant 
coefficient differential operator fie, Theorem 3.2 generalizes previous theorems of 
Selberg, Maass, Freitag, and Resnikoff (cf. [-8, 3, 10]); see also Kostant I-7] and 
Jakobsen 1,5]. In general, the operator in question is obviously homogeneous with 
respect to the subgroup ~ C G  0 [cf. (2.3.1)]; the hard part is proving the 
transformation property with respect to an element of G O corresponding to 
inversion in the associated Jordan algebra. Most proofs of such transformation 
rules invoke a Fourier-Laplace transform at some stage. Our proof is no different 
in this respect, although the Fourier analysis is mostly in the paper 1,13] of Vergne- 
Rossi. However, a purely algebraic proof may also be given : The homogeneity of 
fie is equivalent to the statement that the unique irreducible quotient of the module 
U(g)| identified with a space of Va-valued polynomials on p+, is 
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strictly smaller than the set of all V~ -valued polynomials on p* ; i.e., that certain 
(specific) K-type are "missing". Observe in this connection that from this point of 
view the generalization of Theorem 3.2 to higher-dimensional holomorphic 
representations of K, along the lines of 1.3 and 3.1, is straightforward. However, 
the full set of holomorphic representations of K that give rise in this way to 
covariant matrix-valued constant coefficient differential operators is not known. 
But partial results are available, and in particular, for the 2e's in question, the 
needed determination of the space of "missing" K-types also follows from the 
algebraic results of Wallach [16]. 

In Sect. 4 we give a more precise description of the operators 6 e. 

3.4. We now consider a discrete subgroup F C G o such that 
1) F is arithmetic for some q-structure on G; 
2) F n  U o is a lattice L in U o ---V. 
Let f be a holomorphic automorphic form on @ of weight 2 for F [cf. (1.3.4)]. 

Then f has a Fourier expansion 

(3.4.1) f (z)= ~ al,e 2ni(r'z), 
I" EL" 

where (,) is the inner product of 2.1 on p+ 3 V3L,  and /2=  {l'~ Vl(l', l)~Ti V lEL}. 
We assume that a r +0  implies that l' is in the closure C of C in V; this assumption 
is automatic ("Koecher's principle") unless G O ~-SL(2, IR). 

Evidently, if de Z#(p +), then 

(3.4.2) d f(z) = ~ ar~l(l')e 2~i(r'z) 

Now the homogeneity property (1.3.3) of fie, restricted to the case ~ =hsHo, is 
identical with the formula (2.3.1) satisfied by the constant coefficient operator dae. 

3.5. Lemma. 6e=dA. 

Proof It follows from work of Schmid [18] that, under the action of H o on s 
induced by its linear action on ~ C p+, the representations of H o occur with 
multiplicity one. The lemma now follows from (2.3.1) and the above remarks, since 
~e is necessarily of the form d w for some WC s 

We have essentially proved the following theorem: 

3.6. Theorem. Let 2 = 2 e, and let f be a holomorphic Vz-valued function. Let ~U: be 
defined as in 3.1, with c~=~b:,Q~. Assume f has the Fourier expansion (3.4.1). The 
followin9 are equivalent: 

(a) 6ef=O. 
(b) a t, ~=O=~l' ~d) e. 
(c) "1/": is an irreducible U(~)-module. 
(d) "/: e is a unitarizable U(g)-module. 

Proof The equivalence of (a) and (b) follows immediately from (3.4.2) and 3.5. Now 
by the definition of6e, (a) is equivalent to the statement r(X)*~b = 0  V X e A  e. The 
equivalence of (a), (c), and (d) now follows from Proposition 2.9. 

In Sect. 4 we identify the spaces A~, and the operators fie, in terms of Jordan 
algebras, and apply the theorem to known cases. 
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4. A List of Orbits and Applications 

We describe the orbits  ~e |in terms of the s tandard  matr ix  realizations of  the 
domains  ~ .  This mater ia l  is well known ; we review it (without proofs) in order  to 
identify our  opera tors  6 e with the homogeneous  differential opera tors  discussed by 
Frei tag [3] and Resnikoff  [10, 111. 

The classes of  irreducible tube domains  are listed in tu rn ;  for this mater ia l  we 
refer to [2, 12, 9, 1]. 

4.1. G O = SU(r, r), K o =S(U(r)x U(r))=(U(r)x U(r))nSU(r, r), in the s tandard  no- 
tat ion ; C = {r x r positive-definite Hermi t ian  matrices} ; ~ = {r x r complex mat -  
rices z[(z-t~)/2i>O}. Then p+ is identified with the space M ,  of  all r x r complex 
matrices,  and  H 0 = {h~R~: R (GL(r, ~))[deth = det/7} ; here Rr is Well 's restriction 
of  scalars functor  [17], and  in the condit ion on determinants  we are thinking of h 
as an element of  GL(r ,~) .  The Zariski  closure H of H o in G is 
{(gl, g2) ~ GL(r,  ~)  • GL(r ,  ~)[detgl  = detg2} ; H acts on M r by (gi, 92)(X)= 91Xtgz, 
X s M  r, (g~,gz)~H. The orbits in M r under  this act ion are the sets Ce of r x r  
matrices of rank e -  1, 1 -<e-< r + 1. The ideal J~ is generated by the subspace 
Ae C Syme(p +)*, 1 _-< e_-< r, generated by the e x e minors  of  the matr ix  realization 
of p+. 

The number  p of  Sect. 0 in this case equals 2, and the singular weights are 
0,1 . . . .  , r - 1 .  

The  remaining cases follow the same format ,  and the presentat ions are 
correspondingly  abbreviated.  

4.2. G O = Sp(r, IR), K o = U(r) 
C = {r • r positive-definite real symmetr ic  matrices} 
~ =  {r x r complex symmetr ic  matr ices with positive-definite imag- 
inary part} 
p + ~ S r = {all complex symmetr ic  matrices} 
H o = GL(r,  R) ;  H = GL(r,  C) 
g(X) =tg- 1Xg- 1 ; g~ H, XE S r. 

H-Orbi t s  : t~  = {r x r complex symmetr ic  matr ices of  rank  e -  1 }, 1 =< e < r + 1. 
J~ generated (as ideal) by ,4eCSym~(p+) *, 1 - < e < r  
Ae generated (as space) by e x e minors  on S, 

p = 1 ; singular weights = 0,1, 1, ~, ..., r-12 

4.3. G O = SO*(4r), K o = U(2r). 
C = {r x r positive-definite quaternionic  Hermi t ian  matrices} 

= tube domain  in p § ~ ~r = {2r x 2r al ternat ing complex matrices} 
H o = U*(2r); H = GL(2r,  C) 
g(X)=gXtg g~H, X ~  r. 

H-Orbi t s  : 6~ = {2r x 2r al ternat ing matr ices of  rank  2e}, 1 < e ~ r + 1. 
J,e generated (as ideal) by ,4~CSym~(p+) * 1 < e < r  
A~ generated (as space) by Pfaffians of  restrictions of  a variable 
a l ternat ing matr ix  to 2e-dimensional  subspaces  of  IF 2r 
p = 4; singular weights = 0 ,  2, 4 . . . . .  2 r -  2. 
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4.4. G O = SO(2, q)O (connected component),  K o = SO(2) x SO(q), r = 2 

C = f o r w a r d  light cone:  {X 1 > l / X 2 +  . . . + X  2 in Nq} 
= tube domain in p + ~ ~q 

H o = SO(l, q -  1) x {positive real homotheties of  Nq} 
H = S O ( Q )  x ~ • where Q ( x ) = x  2 __X 22 --  . . .  --Xq,2 X = ( X  D . . . ,Xq)U.~q  

(fl, t)(X)=t.fl(X), (fl, t)~ H, X ~ r  ~. 

H-Orbi ts :  (91 =o r ig in ;  ( 9 2 = { X ~ q - { O } l Q ( X ) = O }  ; (_93=r 
J1 generated (as idea l )by  A 1 =(~a+) * 
J2 generated (as ideal) by Q~Sym2(p+) * 

p - q -  2; singular weights = 0, q - 2 
2 

4.5. G o = a real form of E v ; K o = compact  real form of E 6 • SO(2) 
C = {positive-definite 3 • 3 octonion matrices} 

= t u b e  domain in 27-dimensional exceptional complex Jordan al- 
gebra 3~ ~ p + ; r = 3 
H o =rea l  form of E 6 • GL(1);  H = E  6 • GL(1) 
H-orbits  on 3O3 (following [9]):  
(9~ = origin 
(gz = {locus of  quadratic map a ~ a  x a of [9]} - (91 
(93 = {elements of g3 of reduced norm zero} - ~2 
(94 = 3O3 - ~3 
Je generated (as ideal) by elements of  Syme(p § e = 1, 2, 3. 
p = 8 ; singular weights = 0, 4, 8, 12. 

4.6. In [10, 11], Resnikoff introduces, for each group G o and each e = l  . . . . .  r, a 
constant coefficient differential operator  F te~ and a polynomial function a--',a tel on 
the complex simple Jordan algebra attached to G o, of degree e +  1, each with 
values in a certain vector space @~, such that 

(4.6.1) ~ '~(a)  = a te] . 

It follows easily from his definitions and 4.1-4.5 that, in an appropriate  basis, we 
may identify ~e with A* and the Jordan algebra with p+ in such a way that a tel is 
the natural A*-valued polynomial  function on p+ canonically associated to 
/]e C Syme(p +)*. Thus, we may conclude 

4.6.2. Lemma. With the above identifications, Resnikoff 's operator V tel is the same as 
the operator fie. 

4.7. Henceforward, we assume ~ = I-] Ni, Go = [-[ Gg, where ~g is an irreducible 
i=1 i=1 

tube domain of  rank r i and G~ is a real group, constructed as before, acting on @i. 
We generalize other notat ion likewise to the reducible case. We assume G has a Q- 
rational structure, and let F C G O be an arithmetic group with respect to that Q- 
structure. Our  singular weights are indexed by #-tuples _2=(2~,, ...,2~" ). Here 
2e, =(el-1)p~/2,  1 < e  i < r i, where pi is the dimension of  the appropriate root  space 
in the Lie algebra gg. 
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Let f be a holomorphic automorphic from on ~,  of weight 2 with respect to F;  
let ~b =q~I, ~_~" That the following lemma should be true was suggested to the 
authors by Freitag: 

4.7.1. Lemma. If-2 is a singular weight, then (a~L2(F\Go). 

Proof. We need the basic facts about reduction theory, for which we refer to [16]. 
Let AoCG o be the subgroup with Lie algebra %, and let N O be a maximal 
unipotent subgroup of G o, normalized by A o, which contains U o. The Iwasawa 
decomposition is then G O = NoAoK o. Let S C A 0 be a maximal Q-split torus, let M 
be the maximal connected Q-anisotropic subgroup of G which centralizes S, and 
let U'C N O be the unipotent radical of a minimal Q-parabolic subgroup P C G 
containing AoN o. Let O be a compact subset in the group (MU')o of R-valued 
points of MU'. Let A be the set of simple roots of G relative to the minimal Q- 
parabolic pair (P, S). If t is a positive real number, and if S O is the group of IR- 
valued points of S, let 

St={s~So[~(s)>=t for all a~A}. 

Let ~ = ~ , . ~ = O S ' K  o be the corresponding Siegel domain. To check that 
(pc L2(F\Go) it suffices, by reduction theory, to check that ~b is square integrable on 
6.  

Let ~ ' ~  be the image of ~ under the map G o - ~  of Sect. 0. It follows easily 
from our assumption (cf. 3.4) that f is "holomorphic at the boundary" that f is 
bounded on ~ '  (cf. [23, p. 183]). We thus have to check that 

(4.7.1.1) j" [j~(g, is)-2ldg< oo, 

where dg is Haar measure on G O and we write j~_ instead of jo_~. This may be 
rewritten (cf. [4, Chap. X] and [16, Lemma 1.9]) 

(4.7.1.2) ~ ~ S [j~(coak, is)- 216(a)- l dmda dk, 
S t Ko  

where 6 is the determinant of the adjoint representation of S on the Lie algebra of 
U', or, what is the same thing, the determinant of the adjoint representation of S on 
the Lie algebra of No, and d~o, da, and dk are Haar measures on (MU')o, So, and 
K o, respectively. To check that (4.7.1.2) is finite, it suffices to check 

(4.7.1.3) ~ [j~(a, is)1- 2 •(0")- ida< oo. 
St  

Let z(a)= [jz(a, is)l-26(a)-x, for all a~A o. Then Z is a real-valued character of 
A o, to which we may associate a linear form dZ:ao~llL For each i= 1 . . . . .  #, let 

. . . . . .  ) be the set of strongly orthogonal roots in G~ of A~, and write 

dx = c .  ~'~ + % ( ~ -  ~ 1--1) �9 
i j=2  

From the definition of S t we see (cf. [16, Lemma 1.9]) that (4.7.1.3) is a consequence 
of the following statement : 

(4.7.1.4) c l j<0,  Vi, j .  
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We may check (4.7.1.4) on each IR-factor separately. We thus assume go is 
lR-simple, ~ is irreducible of rank r, and ).= 2 e is a singular weight. Now the 
contribution to dz of 6-1 is 

~ ~ \ 2 / 

= - ~ (p(i-  1)+ 1)~,, 
i = 1  

while the contribution from [jz(a, is)[ - z  is (cf. 2.1) 

1 " r~l~ 
J I 

If (4.7.1.4) is true for e=r, it is afortiori  true for e<r;  we thus assume e=r .  
Then we compute: 

(4.7.1.5) d z =  ~--~1 ( i - r - 1 ) ( 2 ( i - 1 ) +  1)(e~-e~_ ~), 

where we write % = 0, for simplicity. Then (4.7.1.4), and thus the Lemma, follows 
from (4.7.1.5). 

4.7.2. Corollary. I f  2_ is a singular weight, and f is an automorphic form with respect 
to F of weight, 2, then ~lFy C L2(F\Go). 

Proof This follows directly from the Lemma by a standard argument based on 
Theorem 1, Sect. 8 of [22]. (This reference was pointed out to us by Labesse.) 

4.8. Theorem. Suppose f is a holomorphic modular form on ~, of singular weight 
- -  1 2_ - (2el, .... ~.Ue,), for F. Let I7[ie~J be the differential operator V re'J, defined above, acting 

on functions on ~ via the factor ~i, i= 1 ..... p. Then 

(4.8.1) ~e ' J f -O ,  i=1  ..... #. 

Moreover, the representation ~Uf of U(fl) is irreducible. Finally, if F satisfies 
conditions 1) and 2) of 3.4, then the Fourier coefficient a r of f is zero unless 

i = 1  

Proof It follows from Corollary 4.7.2 that UI is unitarizable. The irreducibility of 
~/'s now follows from Proposition 2.9. Then (4.8.1) follows from Lemma 4.6.2, as in 
the proof of Theorem 3.6, and the final statement is a consequence of Lemma 4.6.2 
and Theorem 3.6. 

4.9. Remarks. Special cases of Theorem 4.8 were obtained by Resnikoff [10] and 
Freitag [3] ; in both cases the methods differ from ours. It is not hard to generalize 
our argument to the case of domains not of tube type. 

It is possible to define singular forms, in certain cases, when 2 is replaced by a 
vector-valued representation. Are the conclusions of Theorem 4.8 still true in that 
case? The representations for which singular forms can possibly exist have been 
classified: cf. [24-26]. 
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When G O = Sp(n, IR) and F CSp(n, Q), Howe has proved a generalization of 
Theorem 4.8 by showing that a singular f can be represented as a linear 
combination of theta functions : cf. his preprint [21] and also Freitag's article [20]. 
One expects such a theorem to be true more generally. 

We note that Lemma 4.7.1 and Corollary 4.7.2 hold more generally if we 
merely assume that 2 is less than or equal to the maximum singular weight 
attached to @. But unless -2 is itselfa singular weight, the representation D_~ has no 
unitarizable quotient [13, 15]. It follows that there are no holomorphic modular 
forms of weight _2 in the given range unless -2 is in fact singularJ 

Appendix: Construction of Holomorphic Differential Forms (After Freitag) 

This appendix sketches Freitag's construction of differential forms on the Siegel 
modular varieties, from the viewpoint of the present paper. Essentially all 
computations are left to the reader. The exposition is based upon a seminar talk 
given by one of the authors at Harvard, at the invitation of Professor David 
Mumford. 

A.1. In this section, G O is the metaplectic two-fold cover of Sp(n, IR), and the 
notation in effect is that of 4.2 ; in particular K is a covering group of GL(n, P) and 

p+ and p -  are matrix spaces. Let N -  n(n+ 1) = d i m ~ .  
2 

For  any holomorphic representation o:K--,GL(Vo) , let DQ= U(g)| 
where p -  operates trivially, and f by the (differential of the) contragredient 
representation to 0, on V*. As in Sect. 2 and [6, Sect. 2.14], we may realize the 
unique irreducible quotient H e of D o as a [-submodule of the space of V*-valued 
polynomials on p-  (we are interchanging p + and p-  relative to Sect. 2 and [6]). 
When 0=detk, we write D k and H k instead of D o and H o. Thus, arguments 
analogous to those in Sect. 2 show that H , -1  may be identified with the 

2 
f-submodule of S*(p-)| annihilated by the constant coefficient differential 

2 
operator p~,l of degree n in the coordinates of p- .  This ~,1 is the same as the one 
introduced in Sect. 4, except that p+ is replaced by p- .  In particular 

H,-I3Si(p-)*| for 0 < i < n ;  
2 2 

Likewise, the representation H.~31 is identified with a subspace of 
S*(p- * p - ) |  and 2 

(A.1.2) dim(Si(p- O)p-)*| (V~_22Q* /H~2, nSi(p- (Dp-)*| (V,,~2_~2Q*)= 2. 

We can make (A.1.2) more precise: Under the diagonal action of [, S"(p-(Dp-)* 
contains an (n+ 1)-dimensional subspace B isotypic for the (differential of the) 

1 See Note added in proof of p. 244 
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representation det -2, and every one-dimensional f-submodule of S"(p-@p-)* is 
contained in B. If we let (Z~, Z~), ~ = 1 ..... N, be the coordinates on p-  Gp -, then 

B-- ( ~  B+, where B i consists of polynomials on p-  @p- of degree i (resp. n -  i) in 
i=0  

{Z]} (resp. {Z~}). It is easy to see that 
n - i  

Since H,_ 1 is a unitarizable U(9)-module, the tensor product H~_ z i is completely 
2 2 

reducible under the diagonal action of U(fl). Any f-submodule W*C H,~21 which is 
2 

annihilated by the diagonal action of p-  gives rise to a homomorphism 
~pw:Ow~H~,J1 of U(9)-modules. If W* CS'(p-0)p-) |  (V. ~-2/* with O<i<n, then 

2 ] 
it follows from (A.I.1) and a simple argument that qJw lifts to a homomorphism 
~Pw:Dw~D,~21 ; ~w must be injective, since D,~ is U(p+)-torsion-free. 

2 2 
As in [6, 2.12], p-  acts on S*(p- ~)p-) by differentiation of polynomials. Let 

E =  [ V,~ ]*. Then any E-valued polynomial in {Z~-  Z~, ~= 1, ..., N} generates a 
, T  / 

f-invariant subspace W* annihilated by p- ,  as above, and the p--torsion in 
S*(p- 0)p-) is spanned by the set of such W*. Thinking of {Z] } as coordinates of 
symmetric matrices, as in 4.2, we see that the ( n -  1) x ( n -  1) minors of the matrix 
(ZI -Z2) ,  tensored by E, span such a subspace W*_ x CSn-l(p-O)p-)| By the 
preceding remarks, we obtain an imbedding ~w.-1 :Dw.-1 ~D,%Zl, since n - 1  < n. 

2 

A.2. Now let fx and f2 be holomorphic G-valued functions on N; lift them to 
n-X 

functions ~x and ~b 2 on Go, as in (1.1.1), with 0 = d e t T .  Then 'Uf, and ~Ui~, defined 
.n@2 _ ~  as in 3.1, are U(g)-quotients of D,-  1. Let ~ .L.,-x s~ | be the natural map, 

2 
and let 2 

~{{f,,S2} = / 1 ; ~  ) '  

Then ~r is generated by a p--torsion subspace, isomorphic (over ~) to W*_ 1, 
which by the procedure of 1.1, duality, and restriction to the diagonal in ~ • ~,  
defines a holomorphic I4I,_ x-valued function {fl, f2} on ~. It is easy to check that 
the bundle (2 ~- 1 of N -  1 forms on is canonically isomorphic to the homogeneous 
vector bundle on ~ ~ Go/K o arising from the representation of K o on W,_ 1 ; thus 
we may regard {fx, f2} as an ( N -  1)-form on ~. If f l  and f2 are modular forms of 

n - 1  
weight ~ on ~ with respect to some arithmetic group F, then {fl,f2} is a 

F-invariant ( N -  1)-form. Since {fl, f2} is obtained from a polynomial function of 
degree n - 1  in {Z 1 -Z2},  we 'see that 

(A.2.1) {f~, f2} = ( -  1)"-' {/2,L} �9 

If d denotes covariant differentiation, then 

(A.2.2) d{f~, f2} = ( -  1)"- ld{f2, f~}. 
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N o w  the same argument  as in the p roof  of  Corol lary  1.5 shows that  
f l  |  ~ {fl, f2} is a constant  coefficient differential opera tor  of  total degree n -  1 
in f~|  Moreover,  the table in 4.2 easily implies that  there are f-invariant 
pairings 

Z:~ fle:(A*|174 ( , _ e _ , |  1 [nota t ion  as in (3.1.1)], 

unique up to scalar multiplication, and the argument  of  3.5 implies that 
n - - t  

(A.2.3) {f~,fz} = ~ a~fle(a, f , |  
e=O 

for some set of  a~e ~. Similarly, d{ f  1, fz} corresponds,  by the procedure of  1.1, to 
(the restriction to the diagonal of) an element ~be ~Uy, |162 which is annihilated 
by p - .  It follows from (A.1.3), by a simple argument,  that  

A.2.4. Lemma. Let B' C D~- 2 ~ be the d e t -  ~" + 1)_isotypic subspace for K. Then the p --  
2 

torsion in B' is oj dimension two, generated by 

(an_l(~Vn21)(~Vn~21 and Vn:~21_Q(An_IQVn~-2! ) . 

By the argument  of  3.5, it follows f rom A.2.4 and (A.2.2) that  

(A.2.5) d{fl ,  f2 } = c(Vtnlf 1 "f2 + ( -  1)"- lf~. l~nlf2)co, 

where co is the differential form dZ ~/x .../~ dZ n and c is a nonzero constant ;  here 
Z ~ are the matrix coordinates on ~ .  

By a uniqueness a rgument  analogous to the proof  of  3.5, we can show that  
{fl ,f2},  as defined here, is a constant  multiple of  the differential opera tor  
int roduced in [3] with the same notation. Then (A.2.5) corresponds to Lemma 3.1 
of  [3]. It is easy to see that  (A.2.5) and the particular normalizat ions of  the fie 
determine the constants  a e uniquely. In particular one may  obtain from (A.2.3) and 
(A.2.5), with a min imum of computat ion,  sufficient information about  {f~,J2} to 
carry out  the argument  in [19] proving the non-rationali ty,  in case n = 8 k + l ,  
n > 9, of  the Siegel modular  variety Sp(n, Z ) \~ .  
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Note added in proof. Professor E. Freitag has kindly informed us that he has proved this result by 
classical methods. 


