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Introduction

In the papers [3, 10, 11] Resnikoff and Freitag introduced the notion of a singular
modular form on a tube domain 2, with respect to an arithmetic group of
transformations of 2. They proved that, for an appropriately restricted class of
arithmetic groups I', a modular form of weight k for I' is singular if and only if k is
one of the set of “singular weights” for 2.

The condition that a modular form f be singular may be expressed as the
condition that f be annihilated by a certain constant coefficient differential
operator. The main object of this paper is to interpret such conditions
representation-theoretically. Namely, by a well-known procedure, f gives rise to a
representation ¥, of the enveloping algebra of the Lie algebra of the group of
holomorphic automorphisms of & (cf. 3.1). We prove (Theorem 4.8) that ¥ is an
irreducible representation if f is a form of singular weight with respect to any
arithmetic group I" acting on @ ; it then follows (Theorem 3.6) that f is annihilated
by a specific constant coefficient vector-valued differential operator, which
depends on the weight of f This provides a genecralization of the results of
Resnikoff and Freitag. In the course of proving these theorems, we generalize some
results of Selberg, Maass, Freitag, and Resnikoff [3, 8, 11] on the homogeneity of
constant coefficient differential operators on tube domains (Theorem 3.2); our
proof is rather different from theirs.

Our main step is the explicit computation (Proposition 2.9) of the irreducible
quotients of the anti-holomorphic type enveloping algebra representations corre-
sponding to the singular weights. Here we rely heavily on the Vergne-Rossi
construction of singular holomorphic representations [137, and its further elab-
oration in [6].

Our results as stated clearly allow for considerable generalization; some
directions of generalization are suggested in Remark 4.9. In an appendix, we apply
a mild generalization of the techniques of [6] to simplify Freitag’s construction [3,
19] of holomorphic differential forms on the Siegel modular varieties.

*  Partially supported by NSF Grant MCS 77-04951
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0. Notation

We use the following standard notation: for a C*-manifold X and a real vector
space ¥, we write C*(X, V) for the space of C* V-valued functions on X. If Gis a
Lie group, with Lie algebra g, we write exp for the exponential map from g to G.

If V is a complex vector space, Sym”V denotes the nth symmetric power of V

for a positive integer n, Sym®V=C, and S(V)= @ Sym"V. We let V* denote
n=0
Hom(¥, ), and S*(V)= @ (Sym"V)*.
n=0

In the remainder of this section, we present our notation for tube domains.
Proofs of the results indicated here can be found in [1, 13, 14].

Let V be a real vector space with Euclidean inner product (, ), and let C be an
open irreducible, homogeneous cone in ¥, self-adjoint with respect to (,) (for their
theory, cf. Chap. II of [1]). Let H,CGL(V) denote the connected identity
component of the subgroup of GL(¥) leaving C fixed. Then H,, acts as a group of
linear transformations on the complexification V=VQzxC of V. Let
D ={x+iyeVyxeV, yeC} be the tube domain over C. Let U, be the group of
affine transformations of & generated by the translations t,, ve ¥, defined by the
formula t(z)=z+v, ze Z. The semi-direct product #=H,x U, acts on %. Let
Aut(?) denote the group of holomorphic automorphisms of 2, Aut(2)° its
connected component ; then & is a (covering group of a) real parabolic subgroup
of Aut(2)°. Let G, denote a covering group of Aut(2)° containing £ ; denote its
Lie algebra g, and denote the complexification of g, by g. The enveloping algebra
of g is denoted U(g).

Pick a base point seC, and let K, C G, denote the stabilizer of ise 2. Then K|,
is a maximal compact subgroup of G, with Lie algebra ;. The elements of g,, and
therefore of U(g), act both on the right and on the left on C¥(G,,S), for any
complex vector space S: For X eg,, we have the right (resp. left) action

(X)) g)= £ 11 expl -

[re. (1008 @)= 5 SXP(= X0l 0)] ¥ FEC(GorS):

the notation r(X)*f and {X)xf will be used for any Xe U(g). We have a natural
map G,—D:

gr=>g-s
which identifies 2 with the homogeneous space G,/K,, and the action of I(X)
preserves C*(9,C)x C®(Gy/Ky, ©)CC®(G,, T), for any X e U(g). Let £Cg denote

the complexification of f,. As a I-module under the adjoint action, we have the
decomposition ‘

g~iPp T ®p~,
where, VX ep™ (resp. p7), I(X) gives rise to a vector field on 2 which, at every point

of 9, lies in the holomorphic (resp. anti-holomorphic) tangent space. Note that p*
and p~ are abelian Lie subalgebras of g.
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We let G be a connected algebraic group over € with Lie algebra g such that
the connected subgroup of G with Lie algebra g, is isomorphic to G, ; we regard
G, as a subgroup of G. Let K, P*, and P~ denote the connected subgroups of G
with Lie algebras ¥, p*, and p~ respectively. It is well known that the
multiplication map P* x K x P~ -G is injective, that G, is contained in its image
P*KP~,and that the map G,—p ™" obtained by projection on the first factor P* of
P*KP~, followed by the logarithm log™ :P*—p*, identifies G,/K, with a
bounded domain 2, in p*. We let {:P"KP~—-p™ denote projection on P*
followed by log™*.

The Lie algebra f, contains a Cartan subalgebra b, of g,; let hCg denote its
complexification. For every root y of g relative to b, let g” denote the correspond-
ing root subspace; let H eih,n[g’, ™ 7] be the unique element such that y(H )=
Choose an ordering on the roots so that p " is a direct sum of positive root spaces;
the corresponding roots are called positive non-compact. For each positive non-
compact root y, choose E eg’ such that

[E,.EJ=H, (=complex conjugation with respect to g,).

Note that E,eg™"Cp~; we let E_ =E,. Choose a maximal set {y,,...,7,} of
strongly orthogonal non-compact positive roots in the usual way (cf. [4, p. 315]);
we use the known properties of these roots freely. Define the Cayley transform

! T
c=]] exp(— Z[Ew—E_w]>eG.
i=1

We assume we have chosen the E so that ¢ “1UycCPY, as is always possible.
Then we may identify V~ U, (via the map vtt,) w1th a real form of p* (via the
composition of u—c~'uce P* with log™:P* —»p™). Moreover, ¢ 'G,2P*KP~,
and the map

{:Go—pt:  ((g)=Uc'g)

identifies G,/K,2~2 with the tube domain (also denoted 2) V+iCCp* ~ V. The
fixed point of K, is identified with s. We note finally that, under these hypotheses,
¢ 'HyeCK.

We next define the canonical automorphy factor. Let ¢™!'=c, coc_, with
c,€P* coeK. If ge Gy, let j(g)=j(g,is)=cy ‘g Where ¢ 'g=g.gog_, g+ €P*,
go€ K. If z=g,(is)e 2, for some g,€G,, let

i9.2)=jgg.)ig.) ", VY geG,.

Then j(g, z) is well-defined, and has the following obvious properties:

0.1.1) 9192, 2)=jg1, 9,292, 2) 91,9,6Go 269,
0.1.2) jlk,is)=k keK,, s asabove,
(0.1.3) ju,2)=1, YuelU,, z€92,

(0.1.4) jh,z2)=c"*hc¢ VY heH,, z€9.

A let ¢ be any holomorphic representation of K on a finite-dimensional vector
space V,, and let j (g, z2) = 0(j(g, z))e GL(V,), V g€ G, ze 2. We may think of j (g, is)
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as an element of C*(G,, End(V))). Then it follows easily from the definitions that
0.1.5) rX)xj(g,is)=0 Vg asabove, Xep~

We write the Cartan decomposition of g,, with respect to f,, in the form g,
=1,®po. LetX;=Ad(c)H,, i=1,...,r. Then X;ep,, and a, = @ RYX, is a maximal

abelian subalgebra of p,, and is a maximal split dlagonahzable subalgebra of g,.
Since G4/K,, is isomorphic to a tube domain, the set of roots of g, with respect to
a, is of the form

{£3oyta) 1<i<j<r} (cf [13, Sect. 2]).

Let p be the dimension of the root space corresponding to j(;+«,), i+ (this
doesn’t depend on the choice of i#j). The singular weights (or the Wallach set
[157) for @ are the half-integers

The regular weights are the real numbers A>1(r— 1)p.

1. Homogeneous Differential Operators

L1. Let ¢:K—>GL(V,) be a holomorphic representation. Any function
feC®(2,V,) induces a function 1 Gy—V,, under the identification Gy/K,~2 of
Sect. 0. For such an f, define ¢, ,€ C™(G,, V)):

(1.1.1) b9 =ifg:i8) ' flg)  g€G,.

When it does not lead to ambiguity, we denote this correspondence f»¢. We note
that

def

(1.1.2) B, ,£C=(Go, V,), = {pe C*(Gy, V)| plgk) = o(k) ™ *p(g)
Y geG,, keK,}.

A function ¢eC*(G,,V,) is said to be of holomorphic type if
rX)*¢=0, V Xep~. The following fact is standard (cf. [13, (2.4.2)]):

1.2 Lemma. Under the above hypotheses, f is holomorphic if and only if ¢ reisof
holomorphic type.

1.3. Let WCS(p") be a finite-dimensional subspace invariant with respect to the
adjoint action of K; denote the representation of K on W by W likewise. Let
$eC*(Gy, V,),, and consider Dy, e Hom(W, C*(G,, V,)), defined by the formula

(1.3.1) DypX)=rX)x$p XeW.

We may regard Dy ¢ canonically as an element of C*(Gy, V,@ W¥),gy+; the
action of K on W* is contragradient to the action on W. Now suppose
feC®(2,V,); define

(1.3.2) Ow, SNZL)=j,owgi8) Dy (9),
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where gK,=z€ 2~Gy/K, and j,gwg,is) acts on V,Q W* in the natural way.
Then dy, , f is a2 well-defined element of C*(2, V,® W*). Moreover, dy, , satisfies a
homogeneity property: if, for fe C*(2, V), ye G, we define

(@D =], D7 f(Z),

then it follows easily from the left invariance of r(X) and formula (0.1.1) that

(1.3.3) 5W, g(flg)’) =(5W,qf)‘g,®w*3’ .

1.3.4. If I'CG, is a discrete subgroup, then fe C*(Z, V) is (for the purposes of this
article) called a C*-automorphic form for I of type ¢if fl,y=f V yeI. It follows
from (1.3.3) that éy, , takes such forms to C*-automorphic forms of type o® W*
for I' (any I).

1.4. Lemma. 1. The Hom(V,, V,®@ W*}-valued differential operator dy , is a poly-
nomial in holomorphic tangent vectors — i.e., a holomorphic differential operator —
with coefficients in C*(2, Hom(V,, V,® W*)).

2. These coefficients, as functions on @ ={X +iYeV|XeV, YeC}, depend only
on Y.

Proof. 1. In view of the definitions, it is enough to prove, for any anti-holomorphic
function f on Dy, that r(X)* f=0for all Xep™. This is essentially the same as the
proof of Lemma 1.2: For any geG,, let f(Z)=f(gZ), ZeP. Then f is anti-
holomorphic <« f is anti-holomorphic, V geG <IX)+f,=0 V geG,, Xep™, by
definition of p* Now

(X)) (i5)=(1X)* [,) () = (r(X)* £, () =(r(X)* ) (g) .

This proves 1.4.1.
2. From (0.1.3) and (1.3.3) it follows that

O, (f(Z+0)=0p S)(Z+v) veVCp®
from which the assertion is clear.

1.5. Corollary. Assume that W and ¢ have the property that, for any holomorphic
feC®(D,V,), oy, f is a holomorphic element of C*(D,V,QW*). Then dy, , is a
holomorphic differential operator with constant coefficients.

Proof. The hypotheses imply that the coefficients of 6, , are holomorphic elements
of C*(Gy, Hom(V,, V,® W*)). The corollary now follows from 1.4.2.

2. Singular Representations

2.1. Let AeIR. There is a unique homomorphism of Lie algebras A, :f—C such that
AyH,)=—4,i=1,...,r; in this way we identify scalar representations of f with
real numbers The representation A, integrates to a representation g, of the
universal covering group K of K (cf. [13, p- 61).
Letting Gy, K,, denote the universal covering groups of G, and K,, re-
spectively, we observe that GO/KO_GO/KO, and that j(g, z) lifts to a map [also
denoted j(g,z)] from Gox,@ to K (cf. [13]). For AeRR, let jilg, 2)=0,(j(g, 2)).
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Consider the following representation U, of G, on the space #(2) of holomor-
phic functions on 2:

(2.11) U N@=jxg™ 2 flg™'2).
The results of Vergne and Rossi in [13] imply that

(2.1.2) When A is a regular weight, U, is unitarizable and
irreducible on #(2);

(2.1.3) When A is a singular weight, U, is unitarizable and
irreducible on the unique irreducible subspace H, C #(2).

The subspace H, may be described explicitly. The group H, has precisely r+1
orbits on the closure C of C in V [13, 4.1]. We may denote the orbits 0,,
e=1,...,r+1; this numbering is unique if we require that @, be in the closure of
(ge +1°

On each orbit @, there is a measure du,, unique up to scalar multiples, which is
geml -invariant w1th respect to the action of H, on ¢, [13, 4.2]. The space H,
“H 1, consists of functions F of the form

(2.1.4) F@)= [ 2™=99(8)du &)  Pe X0, du,),
Oe

where (,) is the bilinear extension to p™ of the given Euclidean inner product on V.
There is a map from the space Z(p*) of constant coefficient holomorphic
differential operators on p*, to the space S*(p*) of polynomials on p*, denoted
d—d, and characterized by the property

2.15) A =d(E)e*™=D;  deL(p*), zep”;

here d differentiates with respect to the z-variable.
Let J,CS*(p*) be the ideal of polynomials vanishing on (), or equivalently on
the Zariski closure &, of 0, in p*. Then, since dy, is semi-invariant, we see that

2.2. Lemma. de #(p™") annihilates (E)¢>deJ

The ideals J, are described in Sect. 4 below. We note that J, is prime, because
., being the Zariski-closure of an orbit of the connected real Lie group H,, is an
orbit of the connected algebraic group H.

2.3, At this point we make the following trivial observation. The group K acts on
Z(p*), which is canonically isomorphic to S(p™), via the adjoint action on p*. Let
WCZ(p*) be a K-invariant subspace, so that we have a map gy, : K—GL(W); let
o} : K—GL(W?*) denote the contragradient representation.

The map

C(2,OW-C*(2,0) [f®d-df

induces a differential operator C*(2,C)—C*(2, W*) which is homogeneous
under H, in the sense that the following formula is satisfied:

(2.3.1) dp(f(hz)) =0} (j(h,2)) " '(dy f)(hz) heH,, 2
feC*(2,0).
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This formula is a direct consequence of the chain rule, once we remember that
jh,z)=c"'hce K, and that hz=Ad(c " *hc)-z Y heH,, zep®.

2.4. As usual, ce G denotes the Cayley transform.d lf{ecall that, for ze 2,Cp*, we
have ¢~ lexp(z)e P*KP~, and the map z—¢™ }(z2)={(c™ ! exp(z)) takes the boun-
ded domain 2, to the tube domain 2Cp™*. Thus, for any fe#(2D),

(2.4.1) . N@=)(c L) e @) 262,

is a holomorphic function on %,. The map ¢, has an obvious inverse, and thus
induces an isomorphism of H,, with a space .#, of holomorphic functions on 2,

2.5. Lemma. The operator de L(p*) annihilates H,, if and only if d annihilates /.

Proof. There is an element X = —Tn ) (E,,—E_,)eg such that c=exp(X). The
i=1

13

action U, _ of G, on H,, induces an action dU, of U(g) on H, ; we let exp(X) be the

< dU X))
operator Y. E(Y )
n=0 N

converges uniformly on compact subsets, so it defines a function ¢f, which is
obviously annihilated by all de #(p*) which annihilate H (- But ¢f coincides with
¢, f on the open set 2,n P, because they are both given locally by the same power
series. Thus any de #(p*) which annihilates H (o annihilates ¢, f for any feH,;
the reverse implication is proved by considering the inverse Cayley transform.

n H,. For any feH, the series defining exp(X)f

2.6. We may construct .#, in another way. Consider the space D,
=U(8)®yue,-)Vi'> where T acts via — A, on V;* and p~ acts trivially; here AcIR.
Now D,, as a vector space, is isomorphic to S(p*). This may be identified, via the
Killing form, with the space of polynomials $*(p~) on p~, as follows (cf. [6, Sect.
2]): If B(X,Y) is the Killing form on g, then X,°X,°...oX,eSym"(p*) may be
identified with the polynomial p(Y)=B(Y,X,)...B(Y,X,), Yep~. This is clearly a
ring homomorphism; it is an isomorphism since B places p* and p~ in perfect
duality. By transport of structure from D,, $*(p~) becomes a U(g)-module, which
we denote D(A).

Similarly, we identify S(p ) with S*(p*). If p(Y)=B(Y,X,)...B(Y,X,)e D(3), ¢(X)
=B(X,Y,)...B(X, Y, )eS*(p "), define the pairing
(2.6.1) {p,q>= Zs [IBX, Y, n=m

oeSy i

=0 n*m;

here S, is the symmetric group on n letters. This extends to a natural pairing
between S*(p*) and D(A). In fact, if we define

d
(2.6.2) (6(X)q) (X o) = 77 Ao+ Xl =0 X,Xoep”
then, when p and q are as above, one sees easily that

(2.6.3) P> =(0X,)...0(X,)q9) (0).
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In particular, D(1) may be identified with the space of constant coefficient
differential operators on p*, and S*(p*) may be identified, via transport of
structure, with the space S(A) of f-finite vectors in the representation of U(g)
contragradient to D,. [That S*(p*) contains all the -finite vectors is clear from
(2.6.3).] The action of U(g) on S(A) thus obtained is described in (2.12) of {6], where
these constructions are worked out in greater detail.

For AR, G, acts on the space #(%,) of holomorphic functions on Z, as
follows:

(2.6.4) W) f =(c;U@c; Vf  geGo,  feH(Dy).

The K ,-finite elements are just the polynomials on 9. The description in [6, Sect.
2] makes it clear that the infinitesimal action of U(g) on the K,-finite vectors for
the representation W, is just the action of U(g) on S(4) described above.

Now assume 1= 4,. Then S(1) contains an irreducible submodule .#/ consist-
ing of the K -finite vectors in .#,. Let .#° CD(4) denote the subspace vanishing on
! under the pairing D(1)®S(4)—C constructed above; let L, =D(1)/.#2.

2.7. Lemma. The module .#! contains the constant functions, and any U(g)-
submodule of S(1) contains M.

Proof. By [6, (2.12)], the image of U(g) in End(S(4)) contains #(p*). But we may
obtain the constant functions by applying an appropriate constant coefficient
differential operator to any polynomial. Thus any non-zero U(g)-submodule of
S(%) contains the constants. Since .4 is a non-zero irreducible submodule of S(1),
both assertions follow from this.

2.8. Let I,C £(p*) denote the set of d such that de J . The elements of S(p*) may
be regarded, via their action on S(4), as constant coefficient differential operators
as in (2.6.2); this is just the usual isomorphism of S(p*) with Z(p*). With this
identification, let 1,CS(p*) denote the ideal corresponding to I,; then I, is the
annihilator in S(p*) of .#,, by Lemma 2.5.

Assume A=2,e=1,..,r.

2.9. Proposition. Let A be a proper U(g)-submodule of D(1)~D,; let N=D(A)/A.
The following are equivalent :

1. N is an irreducible U(g)-module.

2. A=1, (under the identification S(p*)~S*(p”)=D(2)).

3. N is unitarizable.

Proof. 1)=>2). By Lemma 2.7 and duality, any proper U(g)-submodule of D, is
contained in J,.

2)=1) N=D(4)/I, is the f-finite contragradient to .#;. Since the latter is
irreducible, so is the former.

2)=>3) Because H,, and therefore .#,, is unitarizable.

3)=>2) Let A°={feS(A)|{f,ap=0 V acA}. Assume A=+, Then A%+ .#/. Now
D/A is unitarizable =>A4° = {-finite vectors in Hom(D/A, €)} is unitarizable. Take
any U(g)-invariant subspace M’'CA° such that M'@.#/=A°. Then M'=0 by
Lemma 2.7.
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3. Cyclic Representations

3.1. Let AeR, and let V, denote the space €, viewed as a f-module under the
representation A,. Let f be a holomorphic V;-valued function on Z;let ¢=¢, , .
Denote by 77, the space of functions on G, of the form r(X)+¢, X € U(g). Then U(g)
acts on ¥, and by (1.1.2) and Lemma 1.2, 7/ f is naturally a U(g)-quotient of D,.
Assume now A=4, for 1Se=<r. Let # =1V ; then # is a U(g)-submodule of
Vi and ¥ /W s the unique non-trivial 1rreducxble quotlent of ¥, (by Proposition
2. 9 and transport of structure).

Let ACD, be a f-invariant subspace. We say A4 is a highest t-type if r(X)*a
=0 VaeA, Xep™. Our case-by-case analysis in 4.1-4.5 wili show that

(3.1.1) Every ideal 1, is generated, over S(p™), by a K-invariant
subspace A, of Sym®(p*).

We claim that
(3.1.2) The subspace W,= A, @V} of D, is a highest t-type.

In fact, let W’ be the image of p " ® W, in D, under the map X ® f—r(X)xf, Xep~,
feW,. If we denote the roots of h in p* by Y1s - Tme then the weights of h on W,

.5

are all of the form — A, + Z oy, With Z a;,=e, and the roots on p~ are —y,, ..

i=1 i=1
m

—7v,.: thus the weights on W’ are of the form — A+ Z Vi Z o, =e—1. But the

image of S(p*)®W, in D, is invariant under the whole of U( ) by (3.1.1), and in
particular contains W'. A comparison of weight spaces now shows that W' =0,

3.2. Theorem. Let 6,=6,, ; :C*(9,V, )»C*(2,V, ®A¥). Then d, is a holomor-
phic vector-valued differential operator with constant coefficients, and

5e(fllg’y):(5ef)lle, ®A2V
for all yeG,,.

Proof. It follows from (3.1.2) that the image of ¢ =¢ . in C*(G, V; ® A¥), under
the map ¢ X —r(X)*¢p, Xe A,), is of holomorphic type, for any holomorphic
function f. The lemma now follows from Lemma 1.2, Coroliary 1.5, and (1.3.3).

3.3. Remark. As a statement about the covariance properties of the constant
coefficient differential operator J,, Theorem 3.2 generalizes previous theorems of
Selberg, Maass, Freitag, and Resnikoff (cf. [8, 3, 10]); see also Kostant [7] and
Jakobsen [5]. In general, the operator in question is obviously homogeneous with
respect to the subgroup 2CG, [cf (2.3.1)]; the hard part is proving the
transformation property with respect to an element of G, corresponding to
inversion in the associated Jordan algebra. Most proofs of such transformation
rules invoke a Fourier-Laplace transform at some stage. Our proof is no different
in this respect, although the Fourier analysis is mostly in the paper [13] of Vergne-
Rossi. However, a purely algebraic proof may also be given: The homogeneity of
9, is equivalent to the statement that the unique irreducible quotient of the module
U(®)®yey+)Vs,, identified with a space of V; -valued polynomials on p*, is
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strictly smaller than the set of all ¥, -valued polynomials on p™; i.e., that certain
(specific) K-type are “missing”. Observe in this connection that from this point of
view the generalization of Theorem 3.2 to higher-dimensional holomorphic
representations of K, along the lines of 1.3 and 3.1, is straightforward. However,
the full set of holomorphic representations of K that give rise in this way to
covariant matrix-valued constant coefficient differential operators is not known.
But partial results are available, and in particular, for the 4.s in question, the
needed determination of the space of “missing” K-types also follows from the
algebraic results of Wallach [16].
In Sect. 4 we give a more precise description of the operators J,.

3.4. We now consider a discrete subgroup I'C G, such that

1) I is arithmetic for some @-structure on G;

2) I'nU, is a lattice L in Uy V.

Let f be a holomorphic automorphic form on 2 of weight 4 for I" [cf. (1.3.4)].
Then f has a Fourier expansion

34.1) f@=Y a2,
Yel’
where (, ) is the inner product of 2.1 onp* DV DL, and L={l'eV|(I,)eZ VleL}.
We assume that a, £0 implies that [ is in the closure C of C in V; this assumption
is automatic (“Koecher’s principle”) unless G, ~SL(2, R).
Evidently, if de Z(p*), then

(3.4.2) df(z)= Z ar&(l')elni(l',z)

Now the homogeneity property (1.3.3) of d,, restricted to the case y=he H,, is
identical with the formula (2.3.1) satisfied by the constant coefficient operator d , .

3.5. Lemma. §,=d, .

Proof. 1t follows from work of Schmid [18] that, under the action of H, on £(p™)
induced by its linear action on ZCp™*, the representations of H, occur with
multiplicity one. The lemma now follows from (2.3.1) and the above remarks, since
J, is necessarily of the form dy, for some WC Z(p™*).

We have essentially proved the following theorem:

3.6. Theorem. Let A=4,, and let f be a holomorphic V,-valued function. Let ¥, be
defined as in 3.1, with ¢=¢ ,.. Assume f has the Fourier expansion (3.4.1). The
following are equivalent :

(a) 6,f=0.

(b) a, +0=>1l'ed,.

(¢) ¥ is an irreducible U(g)-module.

(d) ¥ is a unitarizable U(g)-module.

Proof. The equivalence of (a) and (b) follows immediately from (3.4.2) and 3.5. Now
by the definition of J,, (a) is equivalent to the statement r(X)*¢=0 V XeA,. The
equivalence of (a), (c), and (d) now follows from Proposition 2.9.

In Sect. 4 we identify the spaces A,, and the operators J,, in terms of Jordan
algebras, and apply the theorem to known cases.
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4. A List of Orbits and Applications

We describe the orbits O 2in terms of the standard matrix realizations of the
domains 2. This material is well known ; we review it (without proofs) in order to
identify our operators J, with the homogeneous differential operators discussed by
Freitag [3] and Resnikoff [10, 11].

The classes of irreducible tube domains are listed in turn; for this material we
refer to [2, 12, 9, 1].

4.1. Gy=SU(r,r), Ko=S(U(r) x U(r))=(U(r) x Ur))nSU(r,r), in the standard no-
tation; C={rxr positive-deﬁnite Hermitian matrices}; 2 ={r X r complex mat-
rices z|(z—'z)/2i>0}. Then p* is identified with the space M, of all  x r complex
matrices, and H,= {he Rog (GL(r, C))ldeth=deth} ; here Ry is Weil’s restriction
of scalars functor [17], and in the condition on determinants we are thinking of A
as an element of GL(r,L). The Zariski closure H of H, in G is
{(21,8,)e GL(r, €) x GL(r, €)|detg, =detg,} ; H acts on M, by (g,,49,) (X)=g,X'g,,
XeM,, (g;,g,)eH. The orbits in M, under this action are the sets @, of rxr
matrices of rank e—1, 1<e<r+1. The ideal J, is generated by the subspace
A CSym‘*(p )*, 1Se=r, generated by the e x e minors of the matrix realization
of pt

The number p of Sect. 0 in this case equals 2, and the singular weights are
0,1,...,r—1.

The remaining cases follow the same format, and the presentations are
correspondingly abbreviated.

4.2. Go=Sp(r,R), K,=U(r)
C = {r x r positive-definite real symmetric matrices}
@D ={rxr complex symmetric matrices with positive-definite imag-
inary part}
p* ~S,={all complex symmetric matrices}
H,=GL({r,R); H=GL(r,T)
gX)='g"'Xg~';geH, XeS,.

H-Orbits: @,={r xr complex symmetric matrices of rank e— 1}, 1<e<r+1.
J, generated (as ideal) by A, CSym®(p*)*, 1<esr
A, generated (as space) by ¢ x e minors on S,
1.3 r—1
=1; singul ights=0,-1,%, ...,——.
p singular weights =0, 3 3
4.3. Gy =S0%4r), K,=U(2r).
C ={r x r positive-definite quaternionic Hermitian matrices}
2 =tube domain in p* ~ .o/, = {2r x 2r alternating complex matrices}
=U*?2r); H=GLQ2r, )
gX)=gX'g geH, Xed,.

H-Orbits: @,={2r x 2r alternating matrices of rank 2e}, 1Sesr+1.
J, generated (as ideal) by A, CSym*(p*)* 1 <exr
A, generated (as space) by Pfaffians of restrictions of a variable
alternating matrix to 2e-dimensional subspaces of €%
p=4; singular weights=0,2,4,...,2r—2,
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4.4. G, =80(2,9)° (connected component), K,=SO(2) x SO(g), r=2
C=forward light cone: {X,> |/X5+...+X? in R%}
9 =tube domain in p* =~
Hy=S80(1, q—1) % {positive real homotheties of R?}
H=80(Q)xC*, where Q(x)=x%—x5—...—xJ, x=(x, ..., x,)€C*
B, 1) X)=t-BX), (B,t)eH, XeC.

H-Orbits: @, =origin; 0,={XeC'—{0}|0(X)=0}; 0,=C"—(0,00))
J, generated (as ideal) by A, =(p™)*
J, generated (as ideal) by Qe Sym?(p*)*
q—2
0, >
4.5. Gy =a real form of E,; K,=compact real form of Eg x SO(2)
C = {positive-definite 3 x 3 octonion matrices}
% =tube domain in 27-dimensional exceptional complex Jordan al-
gebra &,x~p*;r=3
H,=real form of E¢ x GL(1); H=E4x GL(1)
H-orbits on &, (following [9]):
(¢, =origin
0, = {locus of quadratic map a—axa of [9]} -0,
0, = {elements of &, of reduced norm zero} — 0,
O,=&,—0,
J, generated (as ideal) by elements of Sym*(p*)*, e=1,2,3.
p=38; singular weights=0,4,8,12.

p=q—2; singular weights =

4.6. In [10, 11], Resnikoff introduces, for each group G, and each e=1,...,r, a
constant coefficient differential operator M and a polynomial function a—a' on
the complex simple Jordan algebra attached to G, of degree e+1, each with
values in a certain vector space @,, such that

(4.6.1) T Na)=at.

It follows easily from his definitions and 4.1-4.5 that, in an appropriate basis, we
may identify @, with A* and the Jordan algebra with p* in such a way that g1 is
the natural A}-valued polynomial function on p* canonically associated to
A,CSym®(p*)*. Thus, we may conclude

4.6.2. Lemma. Withthe aboveidentifications, Resnikoff”soperator V'€ is thesameas
the operator 4.

4.7. Henceforward, we assume 2= [] 2%, G,= [] G}, where &' is an irreducible
i=1 i=1

tube domain of rank r; and Gy, is a real group, constructed as before, acting on &',

We generalize other notation likewise to the reducible case. We assume G has a Q-

rational structure, and let I'C G, be an arithmetic group with respect to that Q-

structure. Our singular weights are indexed by u-tuples A=(4,,...,4; ). Here

Ao =le,— 1)p'/2, 1 Se,<r,, where p' is the dimension of the appropriate root space

in the Lie algebra gj,
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Let f be a holomorphic automorphic from on 2, of weight 4 with respect to I';
let ¢=¢, ,,. That the following lemma should be true was suggested to the
authors by Freitag:

4.7.1. Lemma. If 1 is a singular weight, then ¢pe L*(I'\G,).

Proof. We need the basic facts about reduction theory, for which we refer to [16].
Let 4,CG, be the subgroup with Lie algebra a,, and let N, be a maximal
unipotent subgroup of G,, normalized by A4,, which contains U,. The Iwasawa
decomposition is then G, =N,A4,K,. Let S C 4, be a maximal @Q-split torus, let M
be the maximal connected @-anisotropic subgroup of G which centralizes S, and
let U'CN, be the unipotent radical of a minimal ®@-parabolic subgroup PCG
containing A,N,. Let Q be a compact subset in the group (MU’), of R-valued
points of MU'. Let A be the set of simple roots of G relative to the minimal @-
parabolic pair (P, S). If t is a positive real number, and if S, is the group of R-
valued points of S, let

St={seSylls)=t forall acd}.

Let €=8, ,=Q5'K, be the corresponding Siegel domain. To check that
¢ LHI'\G,) it suffices, by reduction theory, to check that ¢ is square integrable on
e.

Let 2% be the image of © under the map Gy,— 2 of Sect. 0. It follows easily
from our assumption (cf. 3.4) that f is “holomorphic at the boundary” that f is
bounded on &' (cf. [23, p. 183]). We thus have to check that

4.7.1.1) lislg, is)~*|dg < o0,
&

where dg is Haar measure on G, and we write J, instead of j, . This may be
rewritten (cf. [4, Chap. X] and [16, Lemma 1.9]) )

4.7.1.2) I 1§ liswok, is)”%8(c) ' dwdo dk,

2 8t Ko

where ¢ is the determinant of the adjoint representation of S on the Lie algebra of
U’, or, what is the same thing, the determinant of the adjoint representation of S on
the Lie algebra of N, and dw, do, and dk are Haar measures on (MU’),, S,, and
K, respectively. To check that (4.7.1.2) is finite, it suffices to check

4.7.1.3) “i;_(a, is)) “28(c) 'do< .
sl
Let y(a)=|j,(a, is)|"28(a)”*, for all ae A,. Then y is a real-valued character of

Ay, to which we may associate a linear form dy:a,—IR. For each i=1, ..., 4, let
(o, ..., %, ) be the set of strongly orthogonal roots in G of A}, and write

L3 ri
dy= % (Cno‘? + ) cij(a;‘_a}—l))'
i=1 j=2

From the definition of §* we see (cf. [16, Lemma 1.9]) that (4.7.1.3) is a consequence
of the following statement :

(4.7.1.4) c;<0, Vij.
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We may check (4.7.1.4) on each R-factor separate]y We thus assume g, is
R-simple, 2 is 1rreduc1ble of rankr, and A=4, is a smgular weight. Now the
contribution to dy of 1 i

_ d _ o;+a; o;—o
e 3 (5 )+( )

— Y (pli= 1)+ D,

i=1

while the contribution from |j,(a, is)| 2 is (cf. 2.1)

p(e; 1)(.2 oci) = p(e; D(i (r—i+1)(ai~a,~_1)+r°<1)-

i=1 i=2

If (4.7.1.4) is true for e=r, it is a fortiori true for e<r; we thus assume e=r.
Then we compute:

4.7.1.5) dy = _; (i—r—1)(§(i—1)+1>(oci—oci_1),

where we write a, =0, for simplicity. Then (4.7.1.4), and thus the Lemma, follows
from (4.7.1.5).

4.7.2. Corollary. If 1 is a singular weight, and f is an automorphic form with respect
to I' of weight, 4, then ¥, C2(I'\G,).

Proof. This follows directly from the Lemma by a standard argument based on
Theorem 1, Sect. 8 of [22]. (This reference was pointed out to us by Labesse.)

4 8. Theorem. Suppose f is a holomorphic modular form on @, of singular weight
A=QL, .., A,,), for I'. Let Vied pe the differential operator Vied defined above, acting
on functlons on @ via the factor &', i=1,...,u. Then

4.8.1) Vledf=0, i=1,..,p.

Moreover, the representation ¥, of U(g) is irreducible. Finally, if I satisfies
conditions 1) and 2) of 3.4, then the Fourier coefficient a, of f is zero unless

re [10..
i=1

Proof. It follows from Corollary 4.7.2 that ¥ is unitarizable. The irreducibility of
¥, now follows from Proposition 2.9. Then (4.8.1) follows from Lemma 4.6.2, as in
the proof of Theorem 3.6, and the final statement is a consequence of Lemma 4.6.2
and Theorem 3.6.

4.9, Remarks. Special cases of Theorem 4.8 were obtained by Resnikoff [10] and
Freitag [3] ; in both cases the methods differ from ours. It is not hard to generalize
our argument to the case of domains not of tube type.

It is possible to define singular forms, in certain cases, when 4 is replaced by a
vector-valued representation. Are the conclusions of Theorem 4.8 still true in that
case? The representations for which singular forms can possibly exist have been
classified : cf. [24-26].
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When G,=Sp(n,R) and I' CSp(n, @), Howe has proved a generalization of
Theorem 4.8 by showing that a singular f can be represented as a linear
combination of theta functions: cf. his preprint [21] and also Freitag’s article [20].
One expects such a theorem to be true more generally.

We note that Lemma 4.7.1 and Corollary 4.7.2 hold more generally if we
merely assume that A is less than or equal to the maximum singular weight
attached to &. But unless / is itself a singular weight, the representation D; has no
unitarizable quotient [13, 15]. It follows that there are no holomorphic modular
Jorms of weight J in the given range unless ) is in fact singular!

Appendix: Construction of Holomorphic Differential Forms (After Freitag)

This appendix sketches Freitag’s construction of differential forms on the Siegel
modular varieties, from the viewpoint of the present paper. Essentially ali
computations are left to the reader. The exposition is based upon a seminar talk
given by one of the authors at Harvard, at the invitation of Professor David
Mumford.

A.l. In this section, G, is the metaplectic two-fold cover of Sp(n,IR), and the
notation in effect is that of 4.2 ; in particular K is a covering group of GL(n, C) and

n(n+1) —dim g

2

For any holomorphic representation ¢:K—~GL(V)), let D,= U(8)® yqe, -\ Vi
where p~ operates trivially, and I by the (differential of the) contragredient
representation to g, on V. As in Sect. 2 and [6, Sect. 2.14], we may realize the
unique irreducible quotient H, of D, as a f-submodule of the space of V*-valued
polynomials on p~ (we are interchanging p* and p~ relative to Sect. 2 and [6]).
When g=det", we write D, and H, instead of D, and H, Thus, arguments
analogous to those in Sect. 2 show that H,-: may be identified with the

p* and p~ are matrix spaces. Let N=

2
t-submodule of $*(p )® V=1 annihilated by the constant coefficient differential
2
operator V" of degree n in the coordinates of p~. This ™ is the same as the one

introduced in Sect. 4, except that p™ is replaced by p~. In particular
Ha-1 DS *®Wt: for 0Zi<n;
2 2

dim (s"(p-)*@) vty /HumS”(p_)*(@ 0 ) =1.
2 | 2 2

Likewise, the representation HP?2, is identified with a subspace of
$*p” P )Q(2A I, and :
2

(A.L1) H:?;}ias*‘(p‘@p—)*@(lff_i)* 0<i<n,
2 v 2

2

(A.12) dim (sf(p- ®p )*® (Vﬁ)*/H&mSi(p” DPV® (Vﬁ)*):;
2 2

We can make (A.1.2) more precise: Under the diagonal action of I, S"(p~ @p~)*
contains an (n+ 1)-dimensional subspace B isotypic for the (differential of the)

1 See Note added in proof of p. 244
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representation det ™2, and every one-dimensional f-submodule of $"(p~ @p 7 )* is
contained in B. If we let (Z3, Z3), =1, ..., N, be the coordinates on p~ @p ", then
B= @ B;, where B; consists of polynomials on p~ @p~ of degree i (resp. n—i) in

{Z“} (resp {Z5}). It is easy to see that
n=1
(A.1.3) HY? m(B@ (V,,@%)*) =P B® (V,,@P,)*.
=z )/ = =z

Since H,,_ 1 isa unitarizable U(g)-module, the tensor product H®? 1 iscompletely

reducible under the diagonal action of U(g). Any f-submodule W* C H®?, which is

annihilated by the diagonal action of p~ gives rise to a homornorphism
Py Dy o> HP? L) of U(g)-modules. If W*CS{(p~ ®p7)® (Vf}i)* with 0<i<n, then

2
it follows from (A.1.1) and a simple argument that vy, lifts to a homomorphism
Py Dy —DR2 5 Py, must be injective, since DF?; is U(p™)-torsion-free.

) 3
As in [6, 2.12], p~ acts on S*(p~ ®p~) by differentiation of polynomials. Let
E= ( V23 )* Then any E-valued polynomial in {Z% —Z%, a=1, ..., N} generates a

f—lnvarlant subspace W* annihilated by p~, as above, and the p~-torsion in
S*(p~ @p7) is spanned by the set of such W*. Thinking of {Z}} as coordinates of
symmetric matrices, as in 4.2, we see that the (n— 1) x (n— 1) minors of the matrix
(Z,—Z,), tensored by E, span such a subspace W* , CS" '(p” @p )QE. By the
preceding remarks, we obtain an imbedding §y | :DW"_1—>D?;_2_1, since n—1<n.
2
A2, Now let f, and f, be holomorphic C- Valued functions on Z; lift them to
functions ¢, and ¢, on G4, asin (1. 1 1), with o= det 2 . Then ¥7; and ¥ , defined
as in 3.1, are U(g)-quotients of D" L Let n:D2? 1 =Y, @75, be the natural map,

and let

Vi =mPw, _ Dy, ).

Then ¥{,, ,, is generated by a p~-torsion subspace, isomorphic (over ) to W, ,,
which by the procedure of 1.1, duality, and restriction to the diagonal in 2 x 9,
defines a holomorphic W, 1-valued function {f,, f,} on 2. It is easy to check that
the bundle Q¥ ! of N~ 1 forms on is canonically isomorphic to the homogeneous
vector bundle on 2~ G,/K,, arising from the representation of K, on W,_,; thus
we may regard {f, f,} as an (N —1)-form on 2. If f, and f, are modular forms of

. -1 . . . .
weight 12— on 9 with respect to some arithmetic group I', then {f,, f,} is a

T-invariant (N — 1)-form. Since {f,, f,} is obtained from a polynomial function of
degree n—1in {Z, — Z,}, we see that

(A21) U =071 fi}

If d denotes covariant differentiation, then

(A22) dify f}=(=0"""d{fy, fi}.
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Now the same argument as in the proof of Corollary 1.5 shows that
[i® 1, {1, f,} is a constant coefficient differential operator of total degree n— 1
in fi®f,. Moreover, the table in 4.2 easily implies that there are f-invariant
pairings

ﬁe:(A:‘®V )®<Af—e—1®Vu>’*W1—1 [notation as in (3.1.1)],
2

n—1
2

unique up to scalar multiplication, and the argument of 3.5 implies that

n—1

(A23) {fu1}= X aBLO.f1®0, 1 .f»)

e=0
for some set of a,eC. Similarly, d{f}, f,} corresponds, by the procedure of 1.1, to
(the restriction to the diagonal of) an element ®€ ¥, ® ¥, which is annihilated
by p~. It follows from (A.1.3), by a simple argument, that

A2.4. Lemma. Let B'CD2, be the det™"* V-isotypic subspace for K. Thenthep™ -
2
torsion in B' is of dimension two, generated by

2 2

(An_1®Vn*-_1)®Vn*-_1 and Vntl@(A"Al@V,.t_l).
2 2

By the argument of 3.5, it follows from A.2.4 and (A.2.2) that
(A.2.5) dify, fo} = C(V["]f1 fi+ (=1 1f1 : mez)w >

where w is the differential form dZ' A ... AdZ" and c is a nonzero constant; here
Z* are the matrix coordinates on 9.

By a uniqueness argument analogous to the proof of 3.5, we can show that
{f1, f>}, as defined here, is a constant multiple of the differential operator
introduced in [3] with the same notation. Then (A.2.5) corresponds to Lemma 3.1
of [3]. It is easy to see that (A.2.5) and the particular normalizations of the f3,
determine the constants g, uniquely. In particular one may obtain from (A.2.3) and
(A.2.5), with a minimum of computation, sufficient information about {f}, f,} to
carry out the argument in {19] proving the non-rationality, in case n=8k+1,
n>9, of the Siegel modular variety Sp(n, Z)\2.
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