A spin-off from highest weight representations:;

Conformal covariants, in particular for 0(3,2).

Hans Plegner Jakobsen
Mathematics Institute, Universitetsparken 5
DK-2100 Copenhagen ¢, Denmark

0. Introduction

Let D = G/K be a hermitian symmetric space of the non-compact type
and let E, =G X V. be holomorphic vector bundles over U ;

i=t1,2 , de%lned by fl%lte dimensional representatlons Ty of a
maximal compact subgroup K of the group G of holomorphic transfor-
mations of 0 . Denote by Fh(ETi) the space of holomorphic sections
of ETi and let UTi denote the representation of G on Fh(ETi)
obtained from left translation of G on Er

Consider a differential operator .

(0.1) D: s € Fh(ET ) - Ds € Fh(ET )

1 2
Definition. D is covariant if
(0.2) Vg € G Vs € Fh(ET ): DU, (g)s = U. (g)Ds

1 1 2
The bundles E.  may be parallellized; then I‘h(ET ) becomes the
i .
space 0(V. ) of V. -valued holomorphic functions on » and D
i i

becomes a matrix-valued differential operator.
We may restrict (0.2) to the Shilov boundary of D0 ; for appropriate
realizations of ¥ and for suitable choices of G , among the spaces

obtained as such are n-dimensional Minkowski space as well as U(n) ,
n=1,2,... . Secondly, the representations involved are of positive (or
one-sided) energy. For these as well as more abstract reasons, one is

interested in
Problem I: Determine all such (D,T1,T2), and more generally,

Problem IT: i) Determine all invariant subspaces of O(VT ) and

identify the subquotients. ii) In particular, determine 1which



subspaces correspond to kernels of differential operators.

Let g denote the Lie algebra of G . We note here that, due to
analyticity, D is covariant if and only if
(0.3) vE € 0(V_ )vx € g : DAU_ (x)f < dU_ (x)Df ,
T T T
1 1 . 2
where dU denotes the differential of the representation U . In

fact, as explained in [4] or [7], the problem is completely (modulo
coverings of G) equivalent, by duality, to the algebraic problem of
determining all homomorphisms between tertain highest weight modules
(= vacuum vector representations) of g . We remark that such a homeo-
morphism into a vacuum vector representation is completely determined
by a second vacuum in fhe given space. We further remark that by this
transformation, even the space 0 seems to disappear from the discus-
sion. In some sense this is true, and this imblies that the results
hold for a number of different realizations, but, in fact, one reali-
zation is still there; as a subset of a subspace of the complexifica-
tion of 1

In the following sections we explain in more detail about the highest
weight modules involved. Then we turn to the special case § = so(3,2)=
sp(n,R) and describe a complete solution to the classification problem.
It should be noted that this is an example of a group with two root
lengths. We have also recently obtained the full classification for
su(2,2) , and state the result without proof. The details for su(2,2)
will appear in [8] in which also a more detailed (but still far from

complete) bibliography is given.

Finally, it should be remarked that our Problem II, though quite
formidable in its full generality, still is only a special case of the
programs of Dobrev ([3], and references therein) and of Angelopoulos

([11). (See also these proceedings.)

1. Simple Lie algebras

A Lie algebra g is called simplé if it contains no ideals except 0
and itself, and such that, furthermore, 1§ 1is non-abelian. Then

g = [g,8] . We will assume that 1§ is complex, but usually we will
have in mind that g is the complexification of some specific real

Lie algebra g 8 = (Q]R)(t = 3R Oy C .



Let h be a Cartan subalgebra of g . Then, under the adjoint action,

h can be diagonalized simultaneocusly. Let o € h* and set

o}

(1.1) g {x € g | Yh € h: [h,x] = a(h)x!}

Further set

1

(1.2) A ={a € h* | g%+ {0}}

A is called the set of roots, and ga is the space of root-vectors-
o

belonging to o . It is a fact that Va € A: dim¢g =1, and
o € Ae —a €A T
On g there is a symmetric bilinear form B ; the killing form, and

the restriction of B to h induces, via duality, a non-degenerate
form (.,.) on h* and hence on A . On the real span of A , this

form is real and positive definite. Furthermore,

Z(BIO()
.3. ’ < > = —— .
(1.3.) arB €& = <UBGE (o,0) ¢ Z
For o € A let hae;[g“,g_“] c h  be determined by a(ha) = 2 . Then
(1.4) <o, B> = B(ha)
Set
(1.5) Sa(B) =8 - B(ha)u
Then Sa(A) = A, and the reflexions Sa ;, & € A, generate the so-

called Weyl group of A

Finally the elements in a basis ¥ o0of A are called the simple roots.

A decomposes according to ¥ into
(1.6) A=A UA

where A+ denotes the set of roots whose coordinates w.r.t. Z all
are non-negative integers, and AT = —A+ . (A good reference to this

section is [61.)

2. Highest weight modules

Fix a basis ¥ of A . Set



+ o - -

1
(2.1) g = X 3 O g = X q o, and let o =% I  «
acn” acn” > aen*
Then
(2.2) g =g ®heg

We let U(g) denote the universal enveloping algebra of g . It
follows from (2.2) that

(2.3) U(g) = UaH)umu(gh)

Let A € h* . The Verma module M(A) of highest weight A 1is defined

as follows:

1) M(A) is a representation space of U(g) and contains

a vector wv such that

(2.4) ii) vh € h: h-vA = A(h)-vA
+
iii) VX € g PRV, = 0
2) M(A) is maximal in this respect. (M(A) = U(g ) ® vy

as a representation of h)

More generally, a highest weight module of h.w. A 1is a module that

satisfies 1) above. A special instance of this is a generalized Verma

module Mp(A) which is a quotinet of M(A) and cofresponds to induc-
tion from a (not necessarily minimal) parabolic p . We shall be
interested in generalized Verma modules corresponding to holomorphic
induction, and for that reason we only furnish the details for this

case:

Assume from now on that 5§ corresponds to a hermitian symmetric space

(a good reference for what follows is [5]). Let

(2.5) =k ©®

SR r © "R

be a Cartan decomposition of the underlying real Lie algebra. Then (2.2)

decomposes further into
(2.6) g =5 &k ®@ho®k” ®p  where
2.7 k= )%=r"ener", p=p%=p" 05, and

R

0™ = s 071 = 0



In the present case there is a unique simple non-compact root R

(gB c p+) , and I~{B} 1is a set of simple roots for ki = [k,k]

(We have that k = k1 ® n(k) where n(k) 1is the 1-dimensional center
of ki n(k) = Chy L)

Y
r
Let h1 = hn k1 and let Yy denote the highest root (g satis-

fies: Yy + Y +
g o q and vx € g% vy e€ k' : [x,y] = 0). Then A € h*

can be written as

(2.8) A= (AO,A) where AO = A]h and A= A(hY )

‘ 1 r
From now on we assume:
(2.9) Yu € I~{B}: AO(hp) € N U {0} and ANE R.

It follows that AO determines a finite dimensional representation
V(AO) of k1 ;
(2.10) V(AO) = U(k1)/I

where I 1is a left ideal in U(k1) . If V(AO) is given together
with its highest weight vector VAO ; I 1is determined as I =

{u € U(k1)l u-vAO = 0}. However, usually it is the other way around;
I determines V(AO) .

The generalized Verma module M A) is defined by'

k(
(2.11) M (M) = U(g) ® . V(A)

Ukep )
where V(AO) is extended to a representation V(A) of U(k & p+) by

letting hO act by A(ho) and letting p+ act as zero. Clearly,

(2.12) My (A) = U(p ) @ V(A)

as a representation of k . PFurther, if X(A) = u(g)-I-vA then
_ M(p)

(2.13) Mk(A) = /A(A)

is a réalization of Mk(A) as a quotient of M(A) .

3. Homomorphisms between highest weight modules

Let R, and R, be highest weight modules of h.w.'s A and A1 ’
1



A

to RA which commutes with the representations. In particular,

@(VA1) = $A1 € R, is a vector which satisfies 1) ii) and iii) in (2.4)

respectively. A homomorphism ¢ of RA1 into R is a map from Ry

for A1 . We assume that ¢ is non-trivial i.e. that VA £ 0 .
Conversely, if a non-zero vector in R gatisfies 1) ii) and iii),
then one can clearly define a map o: M(A1) - RA , and out of © one
can construct a map of any given quotient of M(A1) into an appropri-
ate subquotient of RA . It is also clear that it may happen that the
induced map between a quotient of RA1 and a quotient of R, may be

zero.

In particular, a map o: M(A1) - M(A) may induce the trivial map from

~In this area, the most important theorem is the BGG (Bernstein—-Gelfand-

Gelfand) theorem. To formulate it we need:

Definition 3.1. Let x,y € h* . A sequence of roots vy s.-./rYy is

said to satisfy condition (A) for the pair (y,y) if

ii) Put  xq = ¥y and x, = SY ee Sy
i 1

. Then

0
<

vi=1,...,k: <Xi—']'Yi> € IN.

Under these circumstances, (y,y) is said to satisfy (B) .

Theorem 3.2 (BGG; [2]). 1) There is a non-zero homomorphism from
M(A,) if and only if (A +p, A+p) satisfies (&) . ii) If there is
a homomorphism from a (sub—)quotient of M(A1) to a (sub-)quotient of

M(A) , then (A1+p, A+p) satisfies (n) .

+ + :
Let A = {a € A+| ga c p } be the set of non-compact positive roots.

The following is proved in [7].

Corollary 3.3, If there is a non-trivial homomorphism from Mk(A1)

to a (sub-)quotient of Mk(A) , then (A1+p, A+p) satisfies (A)

with a sequence YqreeerYi of positive non-compact roots.



4, 0(3,2) = sp(2,R)

The following realization of g = ¢(3,2) = sp(2,R) 1is convenient
because it displays p+ and p_ directly as k-representation spaces.
Let

(4.1) k' = , and h.= [x",%x77,
(4.2) po= , and
+
(4.3) poo=
Then
(4.4) R=¢k" ®@¢k ©¢h and g=kep 6z .
We let 212y and Z denote the elements of p  corresponding to an
entry 1 at the appropriate place in (4.2), and we let z;,zg, and z;

denote the analogous elements of p+ in (4.3). Also let

+ + +
(4.5) ha = [za,za] ’ hb = [zb,zb] p and hc.= [zc,zc] .

The elements hk’ ha’ hb’

Y . We denote these by yu,B,a, and y, respectively. As before, B

and hC are all of the form h? for roots

is the simple non-compact root, and vy = Y. is the highest root.

We identify h and h* with ¢2 . Let e, and e, be the usual
basis vectors. Then

{4.0) g = 2e2 ’ o = e1+e2 y Y = 2e1 ' and no= e e,
Furthermore,

(4.7) ha = e, hb = e1+e2 ’ hC = e and hk = e1—e2

A generalized Verma module A 1s determined by

(4.8) A = (X, A=n) ; n€ N U {0}, and p = (2,1) .

In the following, n will be held fixed and X will be allowed to

vary. The following is obtained, by trial and error, from Corollary 3.3.



Lemma 4.1. If there is a non-trivial homomorphism Mk(A1) - Mk(A)
then the sequence of reflexions corresponding to the sequence of roots

in condition (A) is, for A in the given intervals satisfying

throughout that 2X € % ; and furthermore, whenever S or SB
take part, satisfying that X € 7Z :
A < -1 :  None
n ,
-1 <A < 5—2 : SY (n > 1)
n
(4.9) 5 1 <A <n-2: Sa ' Sysa (n > 1)
n-2 < A < n : S
o
n < A SB ’ SaSB ;y S (= SYSGSB)

We have from (2.12) that Mk(A) is genrated by expressions of the form
ZqtesetZy ® v with ZqreeerZy € R and v € V(A) . It is obvious
that k preserves the degree r of such an expression. To describe
the representations of k which occur in a general Mk(A) we must
first describe the k-representation in U(p ) : Let

- 12
(4.10) det z = z, 2 7%y .

The highest weight vectors of U(g) as a k-representation are then
(4.11) zcr det z° : r,s € N U {0}.

This is obvious from the representation theory of U(2) . Observe that
the k1 weight of (4.11) is r and that the degree is r+2s . The
@-product U{p ) ® V(A) is then easily computed either directly from
the U(2)-theory or from [9]. Recall that V(A) denotes'the k-repre-
sentation defined by (AO,A) . Observe that if A = (A,A-n) and if a
k—-irreducible subspace of k1—weight N  occurs in the ®—producﬁ_of
degree d expressions in ((p ) with V(A) , then if 2d > n+n ,

the U(p ) terms must all contain a factor of detz .

We list here the relevant commutators

(k"2 1 = -z, , [k ,z.) = -2z, [k ,z2.] = 0
[k ,2,1 =0 , [k 2.1 = =2z , [k ,z.] = -z
(4.12) [x,z71 =0 (x",zp] = 227, (k7,201 = 2]
x 1 = kT, (<*,h 1 =0, [k ,h ) = -k
(250251 = 0 [20:2] = k: IRl = 22

[ZEIZa] =k r [Z;—)IZC] =k ’ [Z;lzb] =k




The following is then straightforward

Lemma 4.2. Inside U(gm) ,

z;detzS :=ssdetzs_1zc(ha-k3/2-s) modulo U(g)-k+
(4.13) zgdetzS ==—sdetzs_1 (zb/2(hb-+3-2s)-zck—) modulo U(g)k+
2 det z° = s det 25 Nz _(h_ +3/2-8) -2k /2) modulo U(g)k’

Observe that the representation space in U(p ) whose highest weight
vector is given by (4.11), 1is spanned by the elements ((ad]{—)lzcr).
det 75 for 1=0,...,r

_ r _ ‘ r-1 _ r+1 _
Since p ® (g g ) =detz ®p ©® Q@ n , one can easily establish
S s

the following (it suffices to prove the first)

Lemma 4.3. Let ¢ = ([3)+1)—1(4B+2)_1 . Inside U(p_) ’
z (ad k_)azg = (2B-0+2) (2p-a+1)e (ad k)° z(B:+1 +
23-a(a—1)(23+1)_1detz(adlgﬁa_2 zg—1
(4.14) z, (adx)) %28 = ~2(2p-a+1) +e(ad k> 1 zg” ¥

dop (2p+1)  Tdet z (ad k)° ‘1zgf1

o _B-1

e(ad k) + 4p(2p+1) det z(ad k") z?

i

zZ (adk—)(xzB O(+22E’+1
a c c
For later use we observe that if a vector v # 0 in a k-representation
space satisfies that x".v = 0 and hk-v = n.v for an integer n> 1,
then

(4.15) (za + n zbk + n (n-1) 2.

(k)%) ov
is a highest weight vector in @V of k1—weight n-2
Likewise,

(4.16) (zy

+ 25F1z K ).v
c
is a highest weight vector; its weight is n , and it suffices that

N be a positive integer.

a _
Lemma 4.4. Let v € (® g ) ® V(A) be a highest weight vector of

weight n = y+n-x and let 2d = x+y . Then, if n>0 (4.16) defines



a non-zero element of U(p ) ® V(A) ; and if 1 > 1 + 8o does (4.15).

Proof. The two cases are similar, so we only consider (4.16). With

no loss of generality we can assume that v does not contain a factor

of detz. 1In particular, we may assume that x < n . It follows
that
Xty n
_ -\ %, 2 - [y iy L
(4.17) v = (adk ) Z + v + terms from U(p ) ® spanl(k ) VAI
i=1

Thus, it suffices to consider the vA—coefficient of (4.16), i.e.

Xty Xty
> - - x 2 -1 - x+1 2
(4.18) zb(adlc ) Z + 2 (y+n-x) zC(ad]< ) Z.
This, however, is easily computed to be, with & = (x+y+2)_1(x+y+1)_ '
28 (y+1) [=1+y (y+n-x) "1 (aa k) ¥* 1 z_ 2
(4.19) Xty
-1 -1 -, X1 2
+ (x+y+T1) 20k (X+y) [T+ (x+1) (y+n—-x) 'Jdetz - (adk ) Z.,
and this is clearly always non-zero. 0

Let us now turn to the problem of determining when there can be a
homomorphism into Mk(A) . First of all, we proved in ([7], Proposi-
tion 1.6) that anything of the form S? with v long defines a
homomorphism. In case 2A ¢ 27 , the same argument implies that S
defines a homomorphism, since it is the only possible non-compact root
at such A's . 1In fact, it is possible to find another sequence which
satisfies condition (A) for the pair (S, (A+p) ,A+p) if and only if A
is an integer, and X > n-1 . By a result due to Boe, it follows (cf.
[7], Proposition 1.4) that for Z-1< A <n-1 and 2\ € %, S,
does define a homomorphism. In the remaining cases for S, as well as
for SySa ?nd SO(SB ,
g in U(gp ) ® V(A) which satisfies

one is led to consider a highest weight vector

k+q =0

)
=
Q

it

(4.20) g —
det z” g for some s € N

o]
Q
]

We will always assume that the s in b) is the biggest possible such.
Let us further assume that the weight Ay of g is (hqr A -n,) . It
then follows from (4.13) that

1



1

(4.21) s det z°° z (A, +3/2+s)q + detz®z g = 0

o +

1

Due to the fact that the ideal generated by detz is prime, and due
to the assumption that s is biggest possible (g does not contain a
factor det z) , it follows that

(4.22) M + 3/2 + 8 =0

This equation has three interesting consequences: i) only one s is
possible, 11i) A1 , and hence A must satisfy: 2Xx § 2Z , and
iii) —A1 >5/2 (s > 1)

Returning to Sysa and SGS it is easy to see (cf. the remarks

. B ' .
following (4.11)) that 1f a homomorphism exists, it must be defined
for a g of the form (4.20). Hence, since both exist only if 2A € 27,
this is impossible. Finally, there can be no multiplicities for Sa

due to consequences i) and iii).

This still leaves open the question whether some quotinets exist which
are not defined by homomorphisms. However, Lemma 4.4 together with an
easy count of multiplicities (cf. the proof for su(2,2) in [8]) gives

that there are no such quotients. Observe that at the situation din

sp(2,IR) corresponding to the place in su(2,2) where a non-homo-
morphic quotient exists, namely SYSG with A = (n-2)/2 (n even),
the corresponding k-type does not belong to U(y ) ® V(A) . We can

then state:

Theorem 4.5. For g = sp(2,R), all quotients of Mk(A) are‘defined
by homomorphisms, and there are no multiplicities. For n fixed, in
the language of (4.9) the full list of non-trivial homomorphisms into
Mk(A) is obtained for A in the intervals below satisfying tﬁe
requirement that 2)A € % :

SliA<Fm2 s (n > 2)
(4.23) 5-1<XA<n-3/2: s (n > 1)
n-1/2<A : SB when X € %, Sa when A §& % .

5. g = Su(zlz)

Let e;,e,,e; be the standard basis of 1R” . Then the positive



non—-compact roots are
+
(5.1) A= {p = e,=€,, Gy T e ey, O, = e, teq, and Y=Yr=e1+e2}

The positive compact roots are

+

(5.2) Ac = {y = e teq, and v = e2—e3}
We have that p = (2,1,0) and the A's that define the .Mk(A)'s are
of the form
+ -
(5.3) A = (r, p"éﬂr iz_m) '
with n,m € W U {0} . Below we assume that n > m and write
A+p = (2,%X,y) . Thus, y > 0 , and in the following, z € Z+y

throughout.

Theorem 5.1. [8] Let M

highest weight A = (z,x,y)-p . Then the subspace structure is

k(A) be the generalized Verma module of

defined by homomorphisms except in the case maked by Q . There are

no multiplicities:

i) x > y+1:
Z < =X None
-x < z < -y=1 S
7Y Y
-y < z2 <y S
— (X2
y+1 <z < x-1 Sa1’ Saz, S()(1SO(2
Z = X None
+1 < S
x+1 < z 8
ii) X = y+1:
z < 1-x None
1-x < z < x~1 Sy
- 2
Z = X S. S
%4 xs
x+1 < z SB' S, S



iii)

-x < z < -1 SY
z =1 s%, saz, so(1so(2, sYsu1sa2(Q) (x > 2)
1 <z < x-1: 801,Sa2, 80(180(2
zZ = X 80(180(2
x+1 < z : SB' Sa1sa2
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