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Introduction. Let T be a unitary (irreducible) repre-

sentation of a group G 1in a space H of holomorphic
functions on a homogeneous domain D < ¢ . The problem
considered here is that of describing the decomposition of

Tn

= ﬁ T . Of special interest is the situation in which
the elements of H are solutions to "wave-equations".
This is of relevance to theoretical physics ([9],[2]).
For the same reason, attention is given to the action of
the symmetric group; an action which, in particular,
defines the subspaces of symmetric and anti-symmetric
tensors.

‘The‘method ﬁe use was developed by Martens [5],
and extended in [4]. The basic idea is to consider a
filtration in H" = g H according to the vanishing on the
diagonal of D % ... x D . This gives the decomposition of

n

T when T 1is strongly supported by the forward light

cone ([4], Proposition 2.5). We paraphrase this result
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in §1. In §2 we show how to further extend this idea to
cover the case of a wave-equation. A detailed knowledge
of the corresponding representations is needed, and for
this reason we restrict our attention to G = SU(m,m)
For the sake of simplicity we only treat the case of a

scalar ("spin zero") wave-equation.

1. Holomorphic discrete series. To fix the notation and

- to introduce the method, we first consider the case in
which the representétion is stroﬁgly supported by the
solid forward light cone (see [4] and below). The
holomorphic discrete series are examples of such, but not
all such are discrete series.

Let G = SU(m,m) and let 1T be an irreducible
unitary representation of the maximal compact subgroup K
of G 1in a finite dimensionai vector space VT . The
elements of K are of the form (g '2) ; (a+ib), (a-ib) €

U(m) xU(m) , and det(a+ib)(a-ib) = 1 . Let u; = (a+id)

and u, = (a=ib) . To begin with we shall work with the

unbounded realization 4 of G/K . Specifically

Z-z% .
b= 1(z € gl(m,C)] 7 € C+] , where C is the space of

+
strictly positive definite mxm matrices. Corresponding
to 7 there is a representation UT of G , holomorphically

induced from 1T , which acts on the space G(ﬁ,VT) of

holomorphic functions f: 5 — V., by




1.1 (U (8)f)(z) = J.(g7h2) (g™ 2)

1t g=(53) €6, gz=3212, andir k €K,

Ik, 1) = J.(k) = 7(k) . U, 1is said to be supported by
the solld forward light cone C+ if it is unitary in a
Hilbert space H(T) © O(4,V.) and if the elements of H(T)
are Fourier-Laplace transforms of functions from C+ to
v, . If H(Tt) 1is a reproducing kernel Hilbert space, it
is easy to see that there exists a continuous function

F.: ct - Hom(V_) such that the kernel K, is given by

_ itr (z-w*)k
1.2 KT(z,w} = j;+ FT(k)e dk

If, for all k € ¢* FT(k) is nonsingular, we say that
UT is strongly supported by o

Assume that U,r is strongly supported by C+ .
Consider

1.3 U = @U = U_ ... U
n

This representation acts on the space of holomorphic

functions f(zy,...,z ) from B x ... x5 to &V_ in
n a7
the obvious way. It is unitary on the subspace
Hn(T) = % H(T) . We consider its restriction to this space.

Introduce new variables




1.4 Yy = 2yt btz and Yy = 2,-2 for i =2,...,n.

Recall that if g = (2 2) € G, then ([4])
1.5 (gz4 -82.) = (z c*-kd*)'l(z -z.)(cz +a' 71
: 82y - &2, 2 17 Zp/lezy tdy

The representation U? is the restriction of a representation

of Gx...xG to the diagonal subgroup G, (=~ G) . Its

1
decomposition is given by [4], Proposition 2.5. We rephrase
this result:

Let, fOI‘ j = 051,2,00- )

&
1.6 H?(T).-.-{feﬁn(-r); (B/Byz)ag...(a/byn) Be(z,...,2)=0

for all |a| =a, + ... +a_ < J)

Here, for each y, and a, , (a/ayi)ai runs through the
set of all constant coefficient differential operators of
degree & in the m2 entries of Yy - The spaces H?(T)
form a decreasing sequence of closed, invariant subspaces
of H™(7T) . To be consistent we let H?(T) = H?l(T) .

The functions in H?(T) are, to the lcwest order in
yg,...,yn » homogeneous pplynomials offdegree J+l

Definition 1.1. @?“l[yg,...,ynj = ¢°71 denotes the set of

n~l(.)

polynomial functions p: (yg,...,yn)~* § V. . ¢~

denotes the subspace of homogeneous polynomials of degree J

i




- n -1 -1
1.7 (JT,n(MP)(Yg:--.:yn) = (T (k)p>(u2 ygulso--:ug yl’lul)

Here 1T =271, and k = (ul,ug) . Let £ p.(7,n) be
n i€1 *
the decomposition of J,r n into irreducible representations
3
(there may be multiplicities) and let U, (7,n) denote the
} i )

representation of G holomorphically induced from pi(T,n)

Proposition 1.2 ({4#]). If U_ is strongly supported by ¢C°

T ?

1.8 B = Fou
yer Pi(mon)

Analogously to Definition 1.1 we can define @2(3) for

the variables ZyseeerZ - K 1s represented on this space

by an action similar to (1.7).

Definition 1.3. T? denotes the subspace of G?(J) that

is annihilated by (B/Syl) = (a/azl + ..o+ 3/3z)

n . C ’ .
T, 1s clearly a submodule which, in a natural way, 1is

J
isomorphic to G?nl(j)

If I[yl} denotes the ideal in C? generated by

the entries of vy, , T? is a complement in G?(j) of

e7(3) N I[yy] . Thus, if C4ly,](i) = €3(1) denotes the

space of (C-valued homogeneous polynomisls of degree i ,




we have

Lemma 1.4,

J
n 1
1.9 (ET(J> = @ Go(l> Tg-l_l .
i=0
K acts on @l by, for q € ¢ and k = (u,,u,)
” 0] ? 0 1’727 ?
‘ -1
1.10 (k-a)(yy) = a(ui'yquy)
. 1,. ™ . .
It is clear that K leaves €0(1)~ 5-1 invariant, and

that its action on this space is given as the tensor

product of (1.10) with its action on T?-i . Equation (1.9)

is then an equality between K-modules.
Let us return to the space Hn(T) . On this space

the symmetric group $8(n) acts by

1.11 c (f;, ® ... ®f ) = f

1 n o(1) & ... @°

o(n)

This action is the tensor product of 8(n)'s natural

action on & VT with its action on sczlar valued functions
n
on 4 x ... x 2 . The spaces H?(T)

n"l,/ .

are invariant, and

thus &(n) acts on C, (J) 5 for each j , and hence, by
isomorphism, on T? . 8(n) also acts on @? by (1.11),
and the above action on T? is in fact, as follows from

these remarks, the restriction of this latter action to




-

that subspace. Cbserve that the direct sum decomposition
(1.9) is invariant under the action of 8(n)

Let @?(j)s denote the subspace of Gh(j) that

transforms under 8(n) according to a given symmetry s ,

ana let (TQ} , (Tn)s , and HD(T)S be defined analogously,

i’s
o]
where T% = £ T% . Then, if £ o.(T,n) denotes the
j=o0 I ier  *

. - . n . . .
decomposition of K's action on (T°) into irreducible

-
o]

: . n , . e
representations, and if (UT)S denotes the restriction of

L L0
UL to H (T)S ’

Theorem 1.5. (U2) = & ™)

The K-types of (T

§)
T S iEIS pi(T!n) 8

can be obtained from the K-types of (@?)s by the recursion

formula

1.12  (T%

2. Wave-eguations. Let us for simplicity consider the

constant coefficient differential operator det(D) =det(3/dz)
which is the (formal) Fourier-Laplace transform of the
function det k on EI (cf. [3], §2). There are other
"Dirac-type" matrix valued constant coefficient differential
operators which can be treated analogously. Take m > 2

Let W denote the representation of G on the

space of holomorphic functions on 5 given by, for




2.1 (W(g)f)(z) = det(cz+d) ™ Pr(g™tz)

This representation corresponds to a discrete point in the
Wallach set ([10]) beyond the analytic continuation. It

is known from [7] (see also [3]) that there exists a
reproducing kernel Hilbert space H of holomorphic

solutions to det(D)e = 0 on 5, in which W is unitary.

In fact ([7], §L.5-4.6), there exists a semi-invariant

measure K on the set b(C+) = {(k€gl(m,C)| k>0 and detk=0)
such that f € H if and only if

et 0T (2K) (i yau(x)

b(C+),du) . As before we let Gé = @é{z]

denote the space of polynomials in the m2 entries of =z

for some ¢ € Lg(

1

Definition 2.1. I(det z) denotes the ideal in c,

generated by det z

Remark: I(det z) 1is clearly a prime ideal.

- 1 1 w“ .

Let Ej= CO[B/SZ] denote the space of constant coefficient
differential operators in the entries of ¢z » and let

I(det D) be defined analogously. There is a natural rairing




-G

between IE% and @é defined as

2.3 <E; ,p; > = E. (p, )(o)
J177dp J1 7o
17 E ‘El(j ) and p, € (El(j ) When j. = j
IR EU S Jo o\’ - RS 2’
(2.3) of course gives the canonical duality between jEé(jl)
X 1.
and @O(Jl) .

Lemma 2.2. Let p € @é . Then (

if <I(detD),p> = O .

Proof: If <I(detD),p> = 0, all derivatives of (det D)p
vanish at O , and hence (detD)p = O . The converse is

obvious.

We can expand any function in H in a power series
at the point 1 € £ . The degree of the leading term is
then K-invariant. Suppose pj(z—i)f(z) € H, that f(i) # 0,
and that pj is a homogeneous polynomial of degree j .
Since detID(pj(z—i)f(z)) = 0, it follows, by comparing
degrees, that detiD(pj(z-i)) = 0 , and hence (det}D)p(j =0 .
Under W(k)'s action on H, for k = {ul,u
. . ool =1
is mapped into det Uy pj(u2 (z 1)ul, .
Lemma 2.3. If P € mé(j) and if (detID)pj = 0 , there

exlsts a holomorphic function f such that (i) #0, and

3
-—

pj(z—i)f(z) € H . .
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Proof: Consider a function Fcp in H of the form

Jltr (Zk)@(

2.4 Fo(z) = | K)dn(k)

If Fo is to be of the form Fw(z) = pj(z-i)f(z) ,
f(i) # 0, clearly

. -trk
2.5 (1) fb(c+) e” FTE g (K)w(k)du(x) = o
for all polynomials Ay of degree @& < J ,
-trk
(11) jb(c+) e T g (k)e(k)du(x) # 0

for some polynomial qj of degree J .

It is easy to see that any function of the form o(k) =

e tqu(k) » where g(k) is a polynomial, is in L2(b(C+),du)
Moreover, He-trkq(k)”2 = 0 if and only if q is zero
on b(C+) . A straightforward orbit argument now implies

that g 1s zero on the set of points where det k = O .

But this set is the locus for the ideal 1I(det k) , hence

2.6 le” ¥ q(x)||, = 0 &= q € I(det k)

e-trk

Assume that o(k) =

a(k) , q(k) £ I(det k) . Then




i
— -

2.7 FD<Z) = j N eltr(z‘l)kq(}{)du(}()
b(C )
- E i‘ N el tr (Z‘«‘l)kdu(k)
“b(C)
= E get (z+1)T7®,
where E , except for a transposition, is q(3/3z) . 1In

particular, E £ I(detD) . Conversely, if E £ I(detD) ,
then q(k) £ I(det k) . The proof is completed by an easy

Gram-Schmidt argument.

- It is now convenient to introduce the bounded version
5 of G/K; £ = [z € gl(mC)| zz* < 1) . The differential
operator det D can, in an obvious way, be extended from

b5 to gl(m,C) , and then restricted to act on holomorphic

functions on £ . The map C :
8 \ _ . l—mo z-1
2. (Cf)(z) = (det(l(z+l)) x(m)

maps H wunitarily onto a reproducing kernel Hilbert space

Hb of holomorphic functions on £, and it is easy to see

hat H, consists of solutions to (det D)g = 0 . Ve let

W, = cWe™t  be th

ct

(¢

corresponding representation of G and

ooserve that if k = (ul,ug) € X,

2.9 (W (k)f)(z) = det ulm-lf(ug zul)




Corcllary 2.4. f is a K-finite vector in H, if and

only if it is a polynomial and (detD)f = 0

Let A' denote the representation of K in IE% which 1is

the contragredient of the representation (£.9) of K in

1 . ~ .
¢y - If k= (ul,ug) € K define Kk = (ug,ul) € K . A is
)

then equivalent to the representation k — wb(K . This

has the following straightforward consequence:

Corollary 2.5. The space Ql(detID) of K-finite sclutions

to (det D)y = 0 is a complement to I(det z) in @é

1

1
Since, for ell i and j in N, det z@-C3(j) ¢ ,

we may state

Corollary 2.6.

N oo [oe) .
2.10  QNaetd) = ¢5 - B F (aet 2)t.cl(d)
: 3=0 i=1
For n > 2 we let W' = ® W, and Y = @ H
> g o b

Even though the domain has changed, we can keep the notation

. . o T
from §1. A function in H, 1is then of the form
3]

2.11 pj+l(y2,...,yn)f(zl,...,zn) ,

where pj+l is a homogeneous polynomial of degree j+1




Let us assume that f 1is not identically zero on the
diagonal Zyg = .. =20 It follows that

2.12 (det D_ )

. pj+1 = 0 for i=1,...,n .

Let Q"(det D) denote the subset of ¢

2.13 Q%(daet D) = (p emgl (det D, )p = 0 for i =1,...,n),

i
and let
2.1k P" = Q%(det D) n T
P? is invariant under X (2.9). Let =% u? denote the
J&J

. . n X .
decomposition of K's action on P into irreducible

representations.

Theorem 2.7. W= 2ou

N
JET u?

Proof: It follows from (2.12) and §1 that W is contained
in the right hand side. To prove the equality, we need

only observe that P? is contained in g° (c.f. the proof
of Proposition 2.5 in [4]), and this follows from

Ccrollary 2.4,

Let In(det z) denote the ideal in @8 generated
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by the functions det zl,...,det z, and let, as before,
I[yl] denote the ideal generated by the entries of
yl = zl + ... F Z, - As a consequence of Corollary 2.5 and

the above we have

Proposition 2.8. The decomposition into irreducible

representations of the action of K on the complement to
1%(det z) + I[y,] in €2 is given by F T (as above).
1 ° jer J

The following is elementary (cf. [1], p. 22)

Lemma 2.9. In(det z) 1is prime.

Corollary 2.10. Let g € Gg »,n>2 . If q- det(zl+...+zn)

s

is in In(det z) , then q 1is in In(det z) .
Proof: Since I%(det z) 1is prime, either g or
det(z1-+...-+zn) is in the ideal. If n > 2 , clearly

det(zl-+...-+zn) is not (m > 2) .

Lemma 2.11. For n > 3,

2,15 I(det 2) N I{yy] = I'(det z) FIlyy)

Proof: Let fl,...,fn €C and assume theat

m O3

. d + ... + T A
Lluet Zl f det

I[yl) . Introduce variables




ZyseeaZ 10Yy Bach f, (i =1,...,n) can be written

as fi =, +'pi s Where Bi € I[yl] and @, 1s a
polynomial in ZysreeszZy 7+ It follows that

2.16 f&_detzl + ...+ fn__ldetzn__1 +-1rldetzn =

@y detz, +... +ta _ det Zn-1 T8 det (zl+. ..+zn_l) te 9 ta,

n .
where q, € Ilyy] and q, €1 (det z)-I[yl] . Thus,

. \
al‘det Zy * oo an~1_det 2.1 * antieu (zli—...+—zn_l,

belongs to I{yl) » and hence is zero. By Corollary 2.10

& is in the ideal generated by det z

n ..,det z

1’ n-1"

n \
and hence & -q; € I"(det z)-I{yl] .

Q" = Q"(det D) is a complement to I"(det z) in Cy by
Corollary 2.5. We let Q? denote the subspace of Qn of

hemogeneous polynomials of degree j , and let

n n n
2.17 P, = n T,
J ? J
From Lemma 2.11 we conclude
Proposition 2.12. For n > 3,
2.18 ! = 3 cl(i).ph
' I 7 4 0V
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This formula is based on the decomposition

2.19 ¢ - I7(det z) - I[y,] + I"(det 2)-I[y,] =

n
0

n

C 0

- 1%(cet z) - I[y;)(e5 - I"(det z))

An equivalent formula can be obtained by using the

decomposition

n n n
2.20 o - Ilyq) - I'(det 2)(C5 - Iyq])

n

The decomposition (2.18) of Qj is, Jjust as (1.9), invariant

under the action of 8(n) . With it, P? can be expressed
in terms of tensor products of the spaces Q? and cé(i)

Moreover, for each j R Q?
from the spaces @é(i) » in a manner analogous to the

can be obtained recursively

derivations of (1.9) and (2.10).

As for the case n = 2 , observe that

2.21  I°(det z) + Ily,] = I(det(zy-z,)) + I[y,]

[ab]
3
L
ct
oy
&
ct

2.22 I(det(zl—zg)) N Ify] = I(det(zl-zg))*l[yl}

Since zq - 2, is equal to the variable y2 we conclude:




3

Proposicion 2.13. The space P2 is, as a K-module,

equivalent to the K-module Ql (Corollaries 2.5 and 2.6).

Let Qi and Qi denote the set of homogeneous polynomials

.
4 . . A .
o even and odd degrees, respectively, in @ , and let

Z Yy, eand T v, denote the decomposition of X on Qi
ier, * i€l

+ -

1 ~

and Q; , respectively. Denote by Hi and H? the symmetric
and antisymmetric subspaces of Hi and define Wi
enalogously.
Proposition 2.1U. o= 2 u, .

3. Concluding remarks. The problem of decomposing tensor

products of infinite-dimensional representations of
G = SU(m,m) has been reduced to the problem of decomposing
tensor products of finite-dimensional representations of

compact groups, e.g. decomposing G?(j) under K . In the

. . - 1
case where T 1s a character, the decomposition of @T was

found by Schmid [8], for more general groups. A related

study is that of Procesi [€]. 1In principle, then, the
3 ERa o 0 3 IR ~N
decomposition of ¢, and more generally of (uT)S , can

pe found from classical invariant theory. In practice, of

course, this 1s quite hard, and we shall not get into this
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