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Abstract. The Lie Algebras for the open, respectively closed,
Matrix Chain Models offer an interesting laboratory for the study
of various non-trivial mixtures of Heisenberg, Kac-Moody, and Vi-
rasoro algebras as well as sl(∞). The quantum deformed analogue
of these algebras offer a similar opportunity1.

1. Introduction

In a number of papers, [19], [20], [14], [15], and [16], Rajeev and
Lee, and subsequently Lee together with the present author, have stud-
ied various aspects of the open string model, also known as the Open
Matrix Chain model, both from the point of view of physics and math-
ematics. We refer to these for additional motivation, applications to
physics, and background results.

Here, we first give some additional results relating to orderings, to
approximately finite, and to the non-split nature of various algebras.
Moreover, a remarkable scaling property is revealed. After that we
discuss various possible quantizations, and in special cases investigate
relations to quantized Heisenberg, Virasoro, and Kac-Moody algebras.
In this special case, for the Virasoro algebra, there is a close relation to
a recent preprint by J.T. Hartwig, D. Larson, and S. Silvestrov ([11]),
the details of which still remain to be investigated.

Much work has been done on the cohomology of conformal algebras
([1], [3], [4], [5], [7], [8], [9]), see in particular the remarks on p. 78–79
in “Vertex Algebras for Beginners” by V. Kac ([17]) where non-split
extensions of the Virasoro Algebra by conformal modules are classified.
Our work must evidently be related to this although our structures a
priori are simpler. The analogies for the deformed algebras remain to
be worked out.

1This article will appear in the proceedings of 5th International Workshop “Lie
Theory and Its Applications in Physics”, 16 - 22 June 2003, Varna, Bulgaria.
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2. The open string algebra.

Consider the set {0, 1, . . . , (Λ − 1)}, and let WΛ denote the set of
all finite words (of arbitrary length) made up of the integers in this set,
together with the empty word ∅. For K ∈ WΛ, let sK be the function
which is 1 on the symbol K and 0 on all different symbols.

Set |K| = r for a word K = k1k2 . . . kr ∈ W, |∅| = 0, and define the
momentum p of K by

|K|=r∑

i=1

ki.

If K = k1, . . . , kr then in a natural way sK ≡ ek1
⊗ · · · ⊗ ekr

. We
define:

(1) σI
JsK =

(
∑

K1K2K3=K

δK2

J sK1IK3

)
.

Definition 2.1. The open string algebra Ξo is the Lie algebra
generated by these operators under the usual operator bracket. The
above representation is the defining representation, denoted by To.

2.1. Scaling. That the Open String Algebra is very big may also
be ascertained from the following fact which shows that it contains
proper injective images of itself: Choose Λ incommensurable words
W0, W1, . . .WΛ−1 ∈ W. Consider the map

W ∋ K = k1k2 . . . kn
I
7→W1W2 . . .Wn ∈ W.

This map is clearly injective, and also proper unless the words W0,
W1, . . .WΛ−1 are just a permutation of the letters in the alphabet.
We suppress the words from I. One simple example would be ∀I =
0 . . .Λ − 1 : Wi = ii (doubling). It then follows from the defining
commutators of the algebra (see also (8)) that

Proposition 2.2. The map, also denoted I, from Ξo to itself given
by

I : σI
J 7→ σ

I(I)
I(J)

is a Lie algebra monomorphism. It is proper unless I is a permutation
of the letters in the alphabet.
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2.2. Orderings, Weyl decomposition, involutions, Verma-

like modules, unitarity. We say about two sequences A, B that A <

B if either |A| < |B| or, when |A| = |B|, if, at the first index from the
left where they are different, A has the biggest index.

XA
B > XC

D ⇔ AD < BC.

XA
B is positive if and only if A < B.

sA > sB ⇔ A < B.

Then XA
B is positive iff ∀K : XA

B(sK) > sK . We refer to this as the
standard ordering.

More generally, one may consider a function O,

SΛ ∋ K 7→ O(K) ∈ N0

(or, O may even take values in some N
r for some r, where the target

space is ordered by some total ordering.)
Assume that O satisfies

O(A) > O(B)⇒(2)

O(XA) > O(XB) and O(AY ) > O(BY ) ∀X, Y

as well as

O(A) = O(B)⇒(3)

O(XA) = O(XB) and O(AY ) = O(BY ) ∀X, Y.

We may then define an ordering by O:

XA
B is O-positive if and only if O(A) < O(B).

Notice that ordinary lexicographical ordering does not fit into this
scheme. For a thorough discussion of length lexicographic as well as
other orderings, see ([12]).

We now define

Ξ+
O = Span{XA

B | X
A
B is positive},

Ξ0
O = Span{XA

B | O(A) = O(B)},

Ξ−
O = Span{XA

B | X
A
B is negative}.

It follows from the assumptions on the ordering that Each of these
space is a Lie subalgebra and [Ξ0

O, Ξ±
O] ⊆ Ξ±

O. Moreover, [Ξ0
O, Ξ0

O] ⊆ Ξ0
O.

Moreover, we have a Weyl decomposition:

(4) Ξo = Ξ−
O ⊕ Ξ0

O ⊕ Ξ+
O.

We have the following converse:

Proposition 2.3. Suppose a Weyl decomposition into three subal-
gebras as in (4) and with is induced from an ordering O of W as above
and such that [Ξ0

O, Ξ±
O] ⊆ Ξ±

O. Then O satisfies (2) and (3).
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Proof. This follows from e.g. (8) below. Indeed, given K, L and
one of the situations in (2) or (3). Then one may choose A = I = J

prudently in (8) below to cover this situation.

Remark 2.4. For the standard ordering, we actually get [Ξ0
O, Ξ0

O] =
0 since here, Ξ0

O acts diagonally in the defining representation. On the
other hand, e.g. Ξ0

O is not diagonalizable in the adjoint representation
as is easy to see by specific computations. The general decomposition
(4) includes cases of parabolic subalgebras rather than just Borel subal-
gebras.

3. The limits

In the cases above with (Wp some Lie algebra)

0→ sl(∞)→Wp →
(
C[t, t−1]⊗ gl(∞) + C · c

)
→ 0

Furthermore, to any element w ∈ Wp it is possible to find an in-
creasing sequence of matrices Xn(w) ∈ gl(n); n = 1, 2, . . . , r, . . . with
only finitely many non-zero entries in each column and row and such
that w − limn→∞ Xn(w) = X(w) commutes with sl(∞) and such that

(

[
X(wp), X(w′

p)

]
−X([wp, w′

p])) ∈ sl(∞).

This means that some completed algebra Wp is actually split over

sl(∞). Specifically, we assume that each X(w) stays within a finite
distance from the diagonal. Any such algebra can be handled by the
methods of ([14]). Recall that we call a unitary highest weight repre-
sentation of first sl(∞) and then Wp, approximately finite if it origi-
nates in a unitary highest weight representation of some gl(N). Then,

Proposition 3.1. Any (irreducible) unitary highest weight repre-
sentation of an algebra Wp in this class is the tensor product of an ap-
proximately finite unitary representation with a unitary representation

arising as a representation of L̂
′
(gl(∞)) = (C[t, t−1]⊗ gl(∞) + C · c).

We have the following commutation relations in g0,∞:
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[σa, σb] = (a− b)σa+b if (sgn ab) = 1(5)

[σa, Tb] = −b · Ta+b if a + b 6= 0

[Ta, Tb] = 0 if a + b 6= 0

[σa, σb] = (a− b)σa+b − (sgn a) min{a2, b2}Ta+b

if (sgn ab) = −1 and a + b 6= 0,

[σ−a, σa] = −2aσ0 + a2T0 −
(a− 1)a(2a− 1)

6
F0

−

(
1

12
(a + 1)a(a− 1)Z0

)
for a ≥ 0

[T−a, σa] = [σ−a, Ta] = −aT0 +
a(a− 1)

2
F0 for a ≥ 0

[T−a, Ta] = −aF0 for a ≥ 0

[σa, F0] = [Ta, F0] = 0.(6)

Observe that if for a < 0 : σ̃a := σa− aTa and for a ≥ 0 : σ̃a := σa then

[σ̃a, σ̃b] = (a− b)σ̃a+b for a + b 6= 0, and

[σ̃−a, Ta] = −aT0 −
a(a + 1)

2
F0 for a ≥ 0,

[σ̃−a, σ̃a] = −2aσ̃0 +

(
1

6
(a + 1)a(a− 1)F0

)

−

(
1

12
(a + 1)a(a− 1)Z0

)
for a ≥ 0.

Due to the term with F0 in the last formula above, the Virasoro is
indeed sitting in a non-split position. Also observe that the term with
T0 plays the role of a central extension. We study the extensions further
below where, indeed, the most general extension is classified for the q

analogue. The classical result follows easily from this.

4. Quantization of the open string algebra

Our point of departure is the defining representation and three ob-
servations
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σI
J =

∑

E,F∈W

fEIF
EJF ,(7)

(σI
J)B,A =

∑

E,F∈W

δB
EIF δA

EJF =
∑

B=B1B2B3∈W

δB2

I δA
B1JB3

,

σI
JσK

L =
∑

X,Y ∈W
X,Y 6=∅

δK
XJY σXIY

L +
∑

X,Y ∈W
Y 6=∅

δXK
JY σIY

XL(8)

+
∑

X,Y ∈W
X 6=∅

δKY
XJ σXI

LY +
∑

X,Y ∈W

δXKY
J σI

XLY .

Observe that ∑

X,Y ∈W
X,Y ≫∅

δXK
JY σIY

XL =
∑

W∈W
W≫∅

σIWK
JWL , and

∑

X,Y ∈W
X,Y ≫∅

δKY
XJ σXI

LY =
∑

W∈W
W≫∅

σKWI
LWJ .

These formulas explain why the commutator
[
σI

JσK
L , σK

L σI
J

]
is a finite

sum.

We discuss briefly three possible quantizations of this algebra. All
take their point of departure at (7). In the first case, which is the
simplest, we simply set

(9) −→σ I
J(qa) =

∑

E,F∈W

qaφ(EJF )fEIF
EJF .

Here, and throughout, φ denotes a function from W to Z that has
the additivity property: ∀A, B ∈ W : φ(AB) = φ(A) + φ(B). Simple
computations then yield that the analogue of (8) becomes

q−a(φ(K)−φ(L))−→σ I
J(qa)−→σ K

L (qb) =(10)

(
∑

X,Y ∈W
X,Y 6=∅

δK
XJY
−→σ XIY

L (qa+b) +
∑

X,Y ∈W
Y 6=∅

δXK
JY
−→σ IY

XL(qa+b)

+
∑

X,Y ∈W
X 6=∅

δKY
XJ
−→σ XI

LY (qa+b) +
∑

X,Y ∈W

δXKY
J
−→σ I

XLY )(qa+b)).

Thus,
[−→σ I

J(qa),−→σ K
L (qb)

]
q,1

=(11)

q−a(φ(K)−φ(L))−→σ I
J(qa)−→σ K

L (qb) − q−b(φ(I)−φ(J))−→σ K
L (qb)−→σ I

J(qa)

gives a finite sum of operators −→σ X
Y (qa). Also notice that the set of

operators −→σ X
Y (qa) for which a = φ(X)− φ(Y ) form a subalgebra.
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The second quantization is on the face of it a little more dubious.
Here, we namely set

(12) ←−σ I
J(qa) =

∑

E,F∈W

qaφ(E)fEIF
EJF .

and get the following analogue of (8):

←−σ I
J(qa)←−σ K

L (qb) =
∑

X,Y ∈W
X,Y 6=∅

qaφ(X)δK
XJY
←−σ XIY

L (qa+b) +
∑

X,Y ∈W
Y 6=∅

qbφ(X)δXK
JY
←−σ IY

XL(qa+b)

+
∑

X,Y ∈W
X 6=∅

qaφ(X)δKY
XJ
←−σ XI

LY (qa+b) +
∑

X,Y ∈W

δXKY
J qbφ(X)←−σ I

XLY )(qa+b).

Now we have:

∑

X,Y ∈W
X,Y ≫∅

qb(φ(X))δXK
JY
←−σ IY

XL(qa+b) =
∑

W∈W
W≫∅

qb(φ(J))qb(φ(W ))←−σ IWK
JWL ,

and∑

X,Y ∈W
X,Y ≫∅

qa(φ(X))δKY
XJ
←−σ XI

LY (qa+b) =
∑

W∈W
W≫∅

qa(φ(K))qa(φ(W ))←−σ KWI
LWJ .

This means that if we want to define a “quantized Lie bracket”
[·, ·]2,q in analogy to (10), we have got to multiply the second term in

(13) by q−bφ(J)) and the third term in (13) by q−aφ(K)). After that we
subtract the analogous expression with the interchanges a↔ b, I ↔ K,
and J ↔ L.

Finally, there is a third quantization, where we set {z}q = 1−qz

1−q
and

define

(13) σI
J(qa) =

∑

E,F∈W

{φ(EJF )}qafEIF
EJF .

In some sense, this is the one which seems most in spirit with quantum
combinatorics, but which also is farthest from the usual quantizations.
Still, it is well behaved in many ways. We study it below in a simple
case.
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Here we get the following analogue of (8):
←→σ I

J(qa)←→σ K
L (qb)

∑

X,Y ∈W
X,Y 6=∅

δK
XJY (qaφ(X+J+Y )←→σ XIY

L (qa) + qbφ(L)←→σ XIY
L (qb))

+
∑

X,Y ∈W
X,Y 6=∅

δK
XJY (1− qaφ(X+J+Y ) − qbφ(L)←→σ XIY

L (q0)) +

+
∑

X,Y ∈W
Y 6=∅

qbφ(X)δXK
JY
←→σ IY

XL(qa+b) +
∑

X,Y ∈W
X 6=∅

qaφ(X)δKY
XJ
←→σ XI

LY (qa+b)

+
∑

X,Y ∈W

δXKY
J qbφ(X)←→σ I

XLY )(qa+b)

+ terms with equal the corresponding terms for ←→σ K
L (qb)←→σ I

J(qa).

4.1. Left and right operators. Recall that in the classical model
we have the right and left operators in the space spanned by the op-
erators σX

Y . To save time, we give their quantum analogues, where we
use the quantization (9). The classical limit is obvious.

ℓI
J(qa) =

∑

F∈W

qaφ(JF )f IF
JF(14)

rI
J(qa) =

∑

E∈W

qaφ(EJ)fEI
EJ

f I
J (qa) = qaφ(J)f I

J .

These operators, as do the f I
J ’s actually span ideals. We also have the

equations

Λ−1∑

i=0

σIi
Ji(q

a) = σI
J(qa)− rI

J(qa),(15)

Λ−1∑

i=0

σiI
iJ(qa) = σI

J(qa)− ℓI
J(qa),

Λ−1∑

i=0

ℓIi
Ji(q

a) = ℓI
J(qa)− f I

J (qa), and

Λ−1∑

i=0

riI
iJ(qa) = rI

J(qa)− f I
J (qa)

If one uses the second mentioned quantization, the operators ℓI
J in the

second equation of (15) become replaced by their classical limits and,
subsequently, so does the third equation. The rest remain formally
unchanged.
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Returning to (14) we have

ℓI
J(qa)ℓK

L (qb) =
∑

W∈W

δJW
K ℓIW

L (qa+b)qa(φ(K)−φ(L))

+
∑

∅6=W∈W

δJ
KW ℓI

LW (qa+b)qa(φ(K)−φ(L)).

These sums are clearly finite. Again the operators ℓI
J(qa) where φ(I)−

φ(J) ≡ a form a subalgebra.

To cut down on the complexity we may, as in the classical case,
restrict ourselves to the algebras of finite momentum. Also, we will
just look at the left operators. Roughly speaking, The momentum-P
algebra B≤P is the algebra spanned by all f I

J , lIJ , rI
J , and σI

J such that

p(I) = p(J) ≤ P or p(I) = p(J) ≤ P.

It contains the algebra AP defined to be the operators of exact mo-
mentum P .

The general structure is as follows:

0→ Ap → B≤p → B≤p−1 → 0.

Let us finish by a look at the case of the operators ℓI
J at momentum

P = 1: Specifically, set I = 0i10t and J = 0j1. Assume that i = j. We
have

ℓI
J(qa)ℓJ

I (qb)− ℓJ
I (qb)ℓI

J(qa) = ℓI
I(q

a+b)q−r − ℓJ
J(qa+b)qr.

If we assume that f 0i10r

0i10r ≡ q0i10r

f 1
1 then it follows from (15) that modulo

momentum ≥ 2,

ℓ0i10r

0i10r = ℓ0i10r−1

0i10r−1 − f 1
1 qi+r

= ℓ0i1
0i1 − f 1

1 qi+1 1− qr

1− q
.

This equation should be compared to the “classical” (q = 1) situation,
where one sees a Kac-Moody algebra at this place, the r corresponding
to the r in ⊗tr - in standard notation.
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5. q-Virasoro

We have

[a]q = (1− q2a)(16)

[Va, Vb]q = ([b]q − [a]q)Va+b(17)

[Va, Tb]q = [b]qTa+b(18)

[Ta, Tb]q = 0(19)
(
1 + q2c

)
·
[
[Va, Vb]q , Vc

]

q
+ cyclic = 0(20)

(
1 + q2c

) [
[Va, Tb]q , Vc

]

q
+ cyclic = 0(21)

(
1 + q2c

) [
[Ta, Tb]q , Vc

]

q
+ cyclic = 0.(22)

We now introduce a new bracket [·, ·]˜q corresponding to a central
extension. We assume that the new bracket satisfies the same q-Jacobi
identities as does the old. We assume that

[Va, Vb]
˜
q = [Va, Vb]q + gbδa+b,0

[Va, Tb]
˜
q = [Va, Tb]q + hbδa+b,0

[Ta, Tb]
˜
q = [Ta, Tb]q + kbδa+b,0.

Working from the bottom, it follows from the analogue of (22) that

(1 + q2b)[a]qkb − (1 + q2a)[b]qka = 0, hence

Proposition 5.1.

ka =
[a]q

(1 + q2a)
F0

for some constant (central element) F0.

Remark 5.2. The computation of ka rests on equation (22). But
the equation actually just says 0+ cyclic = 0. Thus, the factor (1+q−2c)
might be replaced by any nonzero function of c, and e.g. the following
extension given by k̃a might be considered:

k̃a = (qq − q−a)F̃0.

Now consider the analogue of (21) for the new bracket:

(1 + q2c)[b]q(−ha+b) + (1 + q2b)([a]q − [c]q)(hb)

+(1 + q2a)[b]q(hb+c) = 0.

It follows that h0 = 0. By making sign changes and observing that
(1 + q2a+2c)([−a]q − [−c]q) = (1 + q−2a−2c)([c]q − [a]q) it follows that

(1 + q−2c)[a + c]q(−hc) + (1 + q−2a−2c)([c]q − [a]q)(ha+c)

+(1 + q−2a)[a + c]q(ha) = 0.
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We set ha = [a]q
(1+q−2a)

Ha and obtain, for a + c 6= 0,

([a]q − [c]q)Ha+c − [a]qHa = −[c]qHc.

It follows that

Ha+1 =
1

(q2 − q2a)
([a]qHa − [1]qH1) (a 6= 1)

=
q−2(r+1)[a]q

[a− (r + 1)]q
Ha−r +

[−(r + 1)]q
[a− (r + 1)]q

H1 (a 6= r + 1).

It follows that

Ha = α + β[−a− 1]q

for arbitrary constants α, β, and hence

Proposition 5.3.

ha = (F1 + [−a− 1]qF2)
[a]q

(1 + q−2a)

for central elements F1, F2.

Finally, the analogue of (20) becomes

(1 + q2c)([b]q − [a]q)gc + (1 + q2a)([c]q − [b]q)ga

+(1 + q2b)([a]q − [c]q)gb = 0.

It is easy to see that gc = α is a solution for any constant α, but we
assume that g−c = −gc so α = 0. Equally easy it may be seen that

[c]q
1+q2c is a solution. In our quest for the most general solution we will

from now on assume that g1 = 0. We set Gc = (1 + q2c)gc. Then

(23) ([b]q − [a]q)Gc + ([c]q − [b]q)Ga + ([a]q − [c]q)Gb = 0.

It follows easily that

Ga+1 = q−2 [a + 2]q
[a− 1]q

Ga

and then, that

∀b : Gb = q−2b[b + 1]q[b]q[b− 1]qγ

for some constant γ. Thus, (see also ([11])

Proposition 5.4.

gb =
q−2b[b + 1]q[b]q[b− 1]q

1 + q2b
F4.
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6. General setup

Let P be a (finite-dimensional) algebra with basis pi and suppose
given a representation by automorphisms Oa, a ∈ Z of Z. This could
e.g. be the space of (tails of) functions p : N 7→ Z[q] and with the
automorphism (Oap)(i) = qrap(i + a) if p is homogeneous of degree r.
Define

(24) [pi ⊗ ea, pj ⊗ eb] = (pi ·Oa(pj)− pj ·Ob(pi))⊗ ea+b.

Proposition 6.1. The formula (24) defines the structure of a Lie
algebra on Span{p⊗ ea | p ∈ P, a ∈ Z}.

The above formulas can be obtained by first letting considering
the span of the (tails of the) sequences (1)n∈N, (n),n ∈ N, (qrn)n∈N.
Specifically, T r

a ≡ qriEi,i+a, Vb ≡ (1 − q−2j)Ej,j+b. For later refer-
ence, we also introduce Wc = i · Ek,k+c. Throughout, Ei,j denotes
the usual matrix units. The equations then results from insisting that
OaVb(j) = q2aVb(j +a) and by considering the subalgebra generated by
the functions T r

a , Wc and Vb. The claim is, indeed, that they are closed
under the Lie bracket. The remaining Lie brackets are:

[T r
a , T s

b ] = 0,

[T r
a , Wb] = aT r

a+b,

[Wa, Wb] = (b− a)Wa+b,

[T r
a , Vb] = (1− q2a)T r

a+b, and

[Va, Wb] = (1− q2a)Wa+b + aVa+b.

Set Ta = T 0
a . The commutators may then also be written:

q2aVaVb − q2bVbVa = ([b]q − [a]q)Va+b,

VaTb − q2bWbVa = [b]qWa+b + aVa+b,

VaTb − q2bTbVa = [b]qTa+b,

while the remaining relations involving only the elements Ta and Wb

are the usual, “classical” ones. Observe that when we cut down the
algebra of functions to the one generated by the above mentioned el-
ements, since the Lie bracket between homogeneous elements may be
of lower degree - and inhomogeneous, it is not true that Oa [Xb, Yc] =
[Oa(Xb), Oa(Yc)]. But there will still be relations such as the quan-
tized Jacobi relations (20 -22) above. In some sense we are of course
promoting the defining representation to a higher level - in line with
WbWa+c −WcWa+b = (c− b)Wa+b in the defining representation of the
Witt (Virasoro) algebra. We get the following:

[
Va, [Wb, Wc]q

]

q
+ cyclic = (c− b)[b]q [c]qWa+b+c.
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Likewise, there is a simple relation for the commutators with two W ’s
and one V :

q2a
[
Wa, [Vb, Vc]q

]

q
+

[
Vb, [Vc, Wa]q

]

q

+
[
Vc, [Wa, BB]q

]

q
= (b[a]q[c]q − c[a]q[b]q)Va+b+c.

7. q-Sugawara

It is well known that in the q = 1 situation, the Tx operators may
be used to define the Virasoro algebra. See e.g. [18, Exercise 14.8]:

a > 0 : σa =

∞∑

n=0

T−nTn+a +
1

2

a−1∑

n=1

TnTa−n

a < 0 : σa =

∞∑

n=0

T−n+aTn +
1

2

|a|−1∑

n=1

Tn+aT−n

σ0 =

∞∑

n=0

T−nTn −
1

2
T 2

0

Moreover,

[σa, σb] = (a− b)σa+b + δa+b,0

(
1

12
(a− 1)a(a + 1)Z0

)
.

Moving to the q generic situation, one is lad to new considerations.
First of all, we set

q−aTaTb − q−bTbTa = δa+b,0 [a]′q F0,

where [a]′q is some q integer which is odd as a function of a. Immediately
one is led to the consistency requirement

∀a ∈ Z : F0Ta = q−2aTaF0.

Thus we see that the q analogue of a central extension may be an
extension by an element satisfying covariance rather than invariance.

The q analogue of the Sugawara operators then becomes

a > 0 : σa(q) =

∞∑

n=0

T−nqn+aTn+a +
1

2

a−1∑

n=1

Tnq
a−nTa−n,

a < 0 : σa(q) =

∞∑

n=0

T−n+aq
nTn +

1

2

a−1∑

n=1

Tn+aq
−nT−n,

σ0(q) =

∞∑

n=0

T−nqnTn −
1

2
T 2

0 .
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