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Let M be the flat Minkowski space. The solutions of the wave equation, the
Dirac equations, the Maxwell equations, or more generally the mass 0, spin s
equations are invariant under a multiplier representation U, of the conformal
group. We provide the space of distributions solutions of the mass 0, spin s
equations with a Hilbert space structure H;, such that the representation U,
will act unitarily on H, . We prove that the mass 0 equations give intertwining
operators between representations of principal series. We relate these represen-
tations to the Segal-Shale-Weil (or “ladder”) representation of (2, 2).

INTRODUCTION

In recent years the conformal group has been proposed for use in
experimental physics as well as in more theoretical considerations (sce
refs. in [20b]). Let R* = (¢, x) = (£, x; , x, , x,) be the flat Minkowski
space; we identify R* with the space H(2) of hermitian 2 x 2 matrices by

) A P L
Y (x2 —ixy t )
Then det x = 2 -~ x> — x,2 — x> = « - &, The group
ral b
G =~ UQ,2) = {gcGL®,C), g — (* A
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where a, b, ¢, d are 2 X 2 complex matrices satisfying ad* — bc* = 1,
cd* = dc*, ab* = ba*} acts on H(2) (up to a set of measure zero) by

g x = (ax + b)(ex + d)L.

This realizes in particular SU(2,2) as a covering group of the
conformal group.
The group G contains Py, = {g such that ¢ = 0, det a = 1} which
is isomorphic to the universal covering group of the Poincaré group.
Let us consider some classical differential operators on Minkowski
space:

(a) The wave operator [] = (¢?/01?) — z;”.’:l(a%xaxf).

(b) Let us denote by x — & the space-reversal

N (ot —x — Xy — LNy
R
— Xy | 1Xy t 4+

We let ¢/dx be the differential operator acting on C*-valued C*
functions on H(2) by

e ¢ 0 . C
- Ty T oo -t
o ot oxy 0x, Oxy
ox ¢ . 0 ¢ %
S S o
| 0%, Oxy ’ ot oxg

The Dirac operator acting on C4-valued C® functions on H(2) is then

i
D_Yv — . 8x’
=0
o%
and
2
D_(O D)'

(¢) Maxwell’s equations.
Let @ be a 2-form on H(2) (i.e., w has 6 components
w - e(x) dxy A dxy - ey(x) drg A dxy 1 ey() diy A dty - hy(x) dt A dxy
+ ho(x) dt A dxg -+ hy(x) dt A dacy).

We consider the equations dw = 8w = 0, where § is the formal
adjoint of d with respect to the Lorentz metric x - x.
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We refer to the equations [ J¢p = 0; D = 0; dw = dw = 0, as
examples of classical mass O equations.

It was first noted by Cunningham and Bateman [3, 4] that Maxwell’s
equations, 8w == dw == 0, are covariant under the group G. More
recently, Kosmann (in a more general geometric context [11]) showed
covariance of the classical mass 0 equations. As a special case of
algebraic results, Kostant [12] derived quasi-invariance properties of
the wave operator. All these results account for the well-known fact
(cf. [8]) that the solutions of mass 0 equations are conformally invariant
under some multiplier representation T, of G.

On the other hand, it is possible to give a Hilbert space structure to
a space of distribution solutions of the mass 0 equations, in which the
restriction of T, to the Poincaré group is unitary and is its usual
representation of mass 0, spin s: (a) corresponds to spin 0, (b) to spin 3,
and (c) to spin 1 ([2]; see also [19]).

In [8], Gross proved unitarity of 7T, under the full conformal
group for s == 1, and discussed the general question. For s = 0, the
proof of unitarity is a special case of [16b, 23]. (See also [18], for
related computations).

We present in this paper a simple proof of the unitarity of the
representations 7', of the group G; furthermore, we show that the
corresponding differential operators are intertwining operators for
representations of principal degenerate series. Let us explain our
method to prove unitarity in the case of (a):

Solutions s of [y = 0 are Fourier transforms of distributions
on the boundary 4(C) of the dual light cone;5(C) = {k = (ky, k1, ks, k3)
such that k) == ¥i_; k;*}. We consider the surface measure dm(k) on
b(C) and define a Hilbert space of solutions by:

A= B — [ ) dm) winh 417 = [ 190 dm(t) < o

p(C)

Let us consider the representation U, of U(2, 2) (which is a represen-
tation of a principal degenerate series):

: )

d

(0.1)

It is easily seen that the restriction T, of U; to the maximal parabolic
subgroup P = {ge G such that ¢ = 0} of G is unitary in 5. It
remains to consider the action of

a

(U f)(x) = det(ex -+ d) = f((ax + b)(ex -+ d) 1), if g = (—~

c
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r 01
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since P and o generate G. o acts by (7(c) f)(x) = (det )7 (—x"1)
on # .

We define ¢ = ¢, -+ ¢_, where ¢_ has support on the boundary
b(C+) of the forward light cone (k, = 0, k2 = Yo, k).

We extend ¢.(x) as a holomorphic function

i) = | et (k) dmk)

“vch)
on the domain D —= {z = x + 2y, x, y€ H(2), y > 0}. It is easy to
compute the reproducing kernel K(z, w) of the Hilbert space #+ =
{1 o, IF =11 |? in L3(dm(k))}. Tt is

K(z, w) = det((z — w*)/2i)1.

The transformation properties of this function under the group G are
immediate, and leads to the unitarity. (In elementary terms, to prove
that T(c) is unitary, we select a particular dense set of functions f, in
J€+, namely, the Fourier transforms of the functions k —» =TTk
restricted to &(C*), for every =z e D, and we compute explicitly the
relation <Ty(@)f. , T(0)fu> — (fr fi>-)

If « = 3 in (0.1), we can prove, by the same methods (see [16b])
that U, acts unitarily in a Hilbert space #; of Fourier transforms of
functions in the dual solid light cone:

C = s b2 o bt o hy? < R

H, = §(£(x) — f et k(R dk; | 9§1." o= f | $(R)|*(det &) dk < 0.
\ c c )

We prove that []o U,(g) = Uy(g) o [, and similar relations for []”.
These are stronger properties than the known relations of covariance
of []. (This relation shows why the space of solution of [] is invariant
under U,(g). Furthermore, it allows us to form some composition
series of the full representation U, , and to relate a subrepresentation
of U, to J#;, thus carrying U, into a space of real mass functions.
That the real mass subspace of the scalar functions was conformally
invariant was conjectured by I.E. Segal.

We extend this method to the case of s > 0, in particular, (b) and (c).
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We also show that D of (b), powers of this as well as higher dimensional
Dirac operators, are intertwining operators for representations of
principal degenerate series.

Let us explain the organization of the article, and make some
bibliographic comments:

Chapter 1 states the invariance properties of kernels similar to
det((z — w*)/2:)"! (Formula I.5.6).

In Chapter II, (1.2) is taken from [13]; we include it for the sake of
completeness.

Sections 1.3, 11.4, and I1.5 are included to motivate our approach,
and are not needed in the proofs.

The representations of mass 0, spin s, can be considered as excep-
tional points arising in the analytic continuation of the holomorphic
discrete series. We consider in Chapter III the “nonexceptional” part
(e.g., « > 1 in (0, 1)). This part was first constructed by Gross and
Kunze [7]. In other words, this chapter deals with the definition of
conformally invariant unitary structures on spaces of functions which
are Fourier transforms of functions supported in the dual solid light
cone.

Chapter IV is concerned with one of the two main problems of
this article: To give a unitary structure on solutions of (a), (b), and (c),
and to show conformal invariance. This chapter can be read inde-
pendently of Chapter III, but the formulas here appear as analytic
continuations of those in Chapter I1I. This procedure for “guessing”
the fundamental formulas (IV.1.1) was suggested to us by K. M. Gross.

Chapter V deals with reducibility properties of principal degenerate
series induced by finite dimensional representations of the maximal
parabolic subgroup P. The representation in the mass 0 solution space
is naturally imbedded as a unitary subspace inside a degenerate
principal series representation, which in general probably is non-
unitarizable as for spin 0 (cf. [21]) and spin O and spin § (cf. [10]).
We study in more detail the mass O equations, and we prove that the
classical differential operators implement intertwining relations. We
include here, for the case of spin 0, a proof communicated recently to
us by M. Kashiwara.

In Chapter VI, we relate the mass 0, spin s, representations to the
Segal-Shale-Weil harmonic-metaplectic representation of U(2, 2)
inside L3(C?). This relates to what physicists call the “ladder-represen-
tations,” a subject studied in particular by Anderson and Raczka [1]
and by Mack and Todorov [15].

Extensions of some of these results have been obtained for U(p, ¢)
and Sp(#n, R) (see {10, 22]).
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I. GEOMETRIC PRELIMINARIES

1. The Flat Minkowski Space

I.1. Let us consider R* = {x == (x,, x; , x5 , ¥3)} With the quadratic
form Q(x) = x,% — %2 — x> — x3%; we denote by O(x, y) = x .y
the associated scalar product, and (R%, Q) is called the flat Minkowski
space.

1.2. We identify R* with the vector space H(2) of 2 x 2 hermitian
matrices by

)

X — (xo + X X ixa)

X — 1y Xy — Xy
we have Trx = 2x,, detx = Q(x), dx = dxy dwx, dx, dx; .

1.3. Let C+C H(2) be the open convex cone of positive definite
hermitian matrices, i.e.,, C* = {y;y, > 0, O(y) > 0}. The group
GL(2,C) acts on H(2) by g-x = gxg*; we have d(g-x) =
[ det g |* dx. The cone C* is the orbit of Id for this action and the
measure (det y)~2 dy is the invariant measure on C+, under the action
of GL(2; C).

1.4. We denote by 5(C*) the boundary of the cone C+, i.e., b(C*) is
the conc of semidefinite hermitian positive matrices k with det & = 0.
If

. <k0 Ry ky +ik3>
Ry —iky kg — k)’

then 6(C+) == {k, ky = 0, ky? = k2 + k,* + ky?} is the boundary of the
forward light cone.

1.5. Similarly we define C~ to be the open convex cone of negative
definite hermitian matrices, and 5(C~) its boundary, i.e.: 5(C~) =
{ky Ry << 0, kg2 = ky* + ky? + kg2,

1.6. The group SL(2, C) acts on H(2) by g - x == gxg*, the form
O(x) = det xis preserved under this action, and this identifies SI.(2; C)
with the universal covering group of SO(1, 3). The boundary of the
forward light cone (without its vertex), and the boundary of the back-
ward light cone are orbits of SI.(2, C) under this action.

1.7. We will consider the isomorphism of H(2) with H(2)* given by
(R, x) = Tr kx = 2(kyxy + kyxy + kyxy -+ kyx3). The dual cone of C+,

{x; Tr (kx) = 0, for x € C*}, is then equal to C+.
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2. The Group U(2, 2)

2.1. Consider C* with basis ¢,,e,,e;,¢,; we write any 4 x 4
complex matrix ¢ by blocks;
)
d

a
c /

where a, b, ¢, d are complex 2 X 2 matrices; if ¢ == AL, with A € C, we
write A instead of a. For example

114 1 0 ¢ 0O
(——A—) means: 010
i1 i 01 0

0z 0 1

Let

represent the hermitian form on C*: p,(x, y) = {p,x, y>. Then p, has
signature (2, —2). If

1
¢ — @ (ﬂ

7

then ¢pyc* = p,, .

2.2. We define G = {g e GL(4; C); gp,g* = pu}.- G is the group
U(2, 2). In order for an element
b
d)

a
o= |
to belong to G it is necessary and sufficient to have

L

ab* = ba*, ad* — bc* =1, cd* = dc*.
3. The Hermitian Symmetric Space D

3.1. Let D = {A; complex subspaces of dimension 2 of C* such that
the restriction of p, to A is negative definite}. The group G acts
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naturally on D (transforming A to g(A), which is a complex subspace of
dimension 2 of C%, and as g preserves p,, , obviously g(}) belongs to D).
Since Ce; P Ce, is a totally isotropic subspace for the form p,, if A
belongs to D, then A N Ce; @ Ce, = {0}, and there exists a unique
linear map =z: Cey; D Cey — Ce; (P Ce, such that A = {v -+ zv;
veCe, 0 Ceyl. As p(v + 2v,v + 20) = —i{e, 3v) + (20, v), A
belongs to D if and only if & — 2* €2C*. In other words, we can
parametrize D by H(2) 4-iCt = {s = x + 1y; ¥ = x*, ye Ct}. D
is then identified with the open subset of 2 X 2 complex matrices 2
such that (z — x*)/2{is positive definite, and so D inherits the complex
structure of a domain in C% for this complex structure the Shilov
boundarv of D is H(2). It is easy to write in these coordinates the
natural action of G on D. If

and if z represents A, then ¢z + d is an invertible 2 X 2 matrix, and
g(2) is represented by 2* = (az + b)(cz +d)y 1 =g 2

3.2. The point ¢, == 7 Id is often written simply 7. The stabilizer
K of 7 is the maximal compact subgroup of G given by

ie., (a + ib)(a + ib)* = 1. The map

I+

is a group isomorphism of K with U(2) x U(2).

b
”); (a +ib,a —ib)e UQ2) x U(2):,

a /

—b
———)—»(a+ib,a~ib)

a !

3.3. It follows from the relations (2.2) that g - =* = (g - 2)*, and
then, up to a set of measure 0, G preserves the Shilov boundary H(2)
of D, and the action is given by g - x = (ax + b)(cx + d)™.

3.4. The group of affine transformations of the domain D is denoted
by P; i.e.,

b
~); ab* = ba*, a € GL(2; C)).

(d*)fl/
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P is a maximal parabolic subgroup of G. If a € GL(2, C), we consider

;a 0
- m__v) ep.

0 (@)t

8@ =

The action of g(a) on D is ga) - (x + iy) = axa™ + iaya*. If
%y = %, € H(2) then

1

oo - [+

and acts on D by u(xy) - (x + iy) = x + x5 + #v. The group P is
isomorphic to the semidirect product of GL(2,C) and H(2); we
remark that the domain D is already homogeneous for the action of P.

3.5. We 1identify the G-homogeneous domain D with G.K by
g—>g- i
3.6. If y € H(2), we write

We consider P_, the parabolic group of G opposite to P; i.¢.,

+

Every element of P_ is written uniquely as o(y)g(a); and every
element of G, except for a set of Haar measure 0, can be written
g = v(y) g(a) u(x). If we consider the G-homogeneous compact
manifold G/P_, the preceding decomposition of an element of G
gives an isomorphism of an open dense subset of G/P_ with H(2);
and the action of G on G/P_ is then given on this open set by g - & =
(ax + b)(cx -+ d).

0

—), a*h = b*a
(a¥)-

3.7. We will also consider the Poincaré subgroup

P, = SL(2, C) %, H(2)
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of the group P. We will call the one parameter subgroup

t

HOES (—
0

acting on D by x — #2z, the scale transformations.

4. Representations of the Group U(2, 2) inside Spaces of Holomorphic
Functions on D

We will consider, if 7 is a representation of K = U(2) x U(2)in a
finite-dimensional vector space V, , the space (7) = {); C* functions
G — V. such that J(gk) = 7(k)™" - (g)} which is the space of C*-
sections of the vector bundle (G x V.)/K — G/K over D. The group
G acts on %(7) by left translations: (I(g,))(g) = ¥(g;"g)-

In the next section we will give explicitly a map J.(g, 2): G X D —
GL(V,) satisfying:

J8182,2) = Jgr, 8 %) ° g, 2),
Tk, i) = 7(k), (4.1)
J(1,2) = 1.

4.2. Then if ¢ € €(r), the function (Pu)(g) = J.g,7) - 4(g) is
invariant by right translations of K| i.e., is a function on D = G/K,
and we write (Pf)(g - 7) = J.(g,7) - $(g). We define the representa-
tion 7’ of G on C* functions on D with values in V. by

(To() ")) = Jg =) flg - =),

and it follows from the relations (4.1) that

I)T °© l(go) = Y‘T(gﬂ) °© P'r .

In fact, the map J (g, 2) will be holomorphic in = € D and hence the
space O(D; V) of holomorphic functions on D with values in ¥V, will
be stable under the representation 7, .

4.3. The universal automorphic factor.

J

Let ' a

-
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be in G and z e D. We define J,(g, 2) = ¢z + d; J; is a map from
G < D into GI(2, C), holomorphic in 2. It is immediate to verify:

Ji(g1g2 5 2) = Ji(g1, 8 %) © Jilgas 3)- (4.4)

We define [y(g, 2) — Ji(g, 2*)* ' = (s¢* + d*)~'and it follows from
(4.4) and (3.3) that also

To182 5 2) = Jolgr, g2 ?) © Jolga s 2);
and also [, is holomorphic in z.
4.5. Let w, == (_{ §) be the reflection element in SL(2; C). We have
wo(g*) gt = g (det g)~* for g € GL(2; C) where, if

R

and so we have Ji(g, 2%) = det(es™ + d) - w0 Jo(g, 2) o wyt.

4.6. Let 7, and 7, be two irreducible holomorphlc representations of
GL(2; ©), and let 7 = 7, (¥ 7, be the holomorphic representation of
GL(2; €C) x GL(2;C) acting on the complex finite dimensional
vector space V, = V. & V, . Choose a scalar product on V., such
that if (g, , &) ¢ GL(2: €) x ‘GL(2; C), (g% &7) — (g1, &)*. The
restriction of this holomorphic representation of GL(2; C) x GL(2; C)
to the real form U(2) x U(2) is irreducible and unitary in this scalar
product. We define J.: G x D — GL(V)) by

Jg, 3) - m(Ji{g, 2) @ 75(Js(g, 2))
= 7 ez 4 d) ® mo((zc* = d¥) ).

If (¢ %eK we have (a* -+ b*) = (a — b))t and J(k 1) =
7i(a + ib) @ 14(a — 1b). Identifying the irreducible representation =
of U(2) x U(2) with the representation that we also call = of K, by
(§ 72 = 7(a + b, a — ib), we have J(k, i) —= 7(k). ], satisfies the
relations (4.1), and we define (7(2)f)(2) = J(g™% 2 Yf(g ' %)
acting on the space @(D, V).

4.7. Let G be the universal covering group of G. Then we can
define the multiplier j;*(g, 2) = (“det(cz + d)’)* by choosing a
branch of the simply connected manifold G > D such that (1, 2) = 1.
Similarly we define j,(g; 2) == (“det(z¢* + d*)”’)* by choosing a
branch of the simply connected manifold G < D such that
72°(1, 2) = 1. We can then define, if x, 8 € R, and 7 is an irreducible
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representation of K, the representation 7, , 4(&) of G on ¢(D; V,) given
by (if # has image g in G)

(Tra o) = (7 2)7 55870 =)t T(g % 27 f (g7 - »).
5. Reproducing Kernels

In the rest of the article, we will be concerned with constructing
Hilbert subspaces #, of O(D, V') where T, will act unitarily. Then the
reproducing kernel K, (z, w) (see I1.3) will be a function on D x D
with values in End(V,) holomorphic in z and antiholomorphic in @
and satisfying in particular:

K7(g 28 u) = ]7(g) w) °© K,,,(Z, w) ° ]‘r(g’ ‘ZU)*

5.1. The universal kernel. If 2 and w are in D, then ¥ — w* is also
in D, and hence is invertible. We consider R;: D x D — GL(2; C)
by Ri(z, w) = ((z — w*)/2i)'; we have R,(i,7) =1, and Ry(2, w) =
(5 — w™)/2i) = —(Ry(=*, w*)*)1; we have R,(i, ) = 1.

R, and R, are holomorphic in 2, antitholomorphic in @. It is easy to
verify that:

Ri(g =g w) = Ji(g 2) o Ry(z, w) o Ju(g, w)*.
Applying the operation =1 on this relation for z* and w* we get
Ry(g - 38  w) = Jog, 7)o Ro(3, w) = Jo(g, w)*.

We define, if 7 = 7, (% 7, is the irreducible holomorphic representa-
tion of GL(2; C) x GL(2; C)

R.:D % D> GL(V,)

by
Rz, w) = m(Ry(2, w)) @ ao(Ro(3, w)) (5.2)
= 7z — w*)/20)7 @ 7y((z — w*)/26).
It follows from (5.1) that
Ri(g - 25 w) = J(g 3) e Rz, w) o J(g, w)*. (5.3)

5.4. On the simply connected manifold D x D we can define

580/24/1-5
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d,(z, w) = det((z — w¥*)/2i) for every « in R following the

R, 8(z, w) = R (2, w) det((z — w*)/20)F,
R‘r,zx,ﬁ(g "8 ‘ZU) :]'a(g’ z)]B(g’ z) ]7(g! 2’) R-r.cx,ﬂ(z’ w)
°© m(g’ w)]h(;(’(_gv—;uv) J‘r(gv 7"‘)*

5.5. Let us define, if w € D and v € I/, , the function f(w, v)(-) by
JAw, v)(2) = R,(2, w) - v which is in the space O(D, V). The relation
5.3 can be rewritten

T(g) - fi(w, ) = [i(g - w, (Jo(g w)*) - ). (5.6)

Consequently, if .Z, is the subspace of (D, V,) defined by the linear
span of the functions f(w, v) for all w in D and v € V, then %, is a
stable subspace of the representation 7, . We will be able to define,
for some special 7’s, a unitary structure on %, .

5.7. We define SU(2, 2) = {ge G;detg = 1}. We remark that
for

b
——), and x € H(2),

a
geSU(2,2), g == (——
cld

det(ex -+ d) is real. This can be seen by observing that if ¢ = 0, then
d = (a*)1, and g e SU(2, 2) implies (det @) = (det a*) = (det a).
Since J(g18:, %) = J(g1,8:x) J(g:, %), the set of g’s for which
det(cx + d) is real for all x in H(2), is a group. This group contains
P N SU(2,2) and also

0 |1

. (ﬁ— —
110,

since of course det x is real. The remark now follows by observing
that these elements generate SU(2, 2).

II. REPRESENTATIONS OF THE GROUP U(2, 2) INSIDE SPACES OF
HoromorpHIC Funcrions, AND ReEproDUCING KERNELS

1.1. We let (D, V,) be the space of holomorphic functions on D
with values in the finite-dimensional vector space V, (1.4.3) and
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consider the representation (7.(g) f)z) = J.(g% 2) (g 2) of
(I. 4.6).

1.2. Let 4. be a Hilbert space of holomorphic functions on D
with values in V.. We assume that for every s € D, the map F' — F(z)
is continuous from JS¢ to V.. Hence there exists a function
K,: D % D— End(V,) called the reproducing kernel of I, such
thit, for everywe Dand ve V,, K (-, w) - vec H#,, and:

<F(w): 7)> = <-F) KT('7 'ZU) : ‘Z’>_;y"r . (13)
We have by definition
(K 21) * 015 Ko(s %) 09 = (K (20, 21) " 01, Vo)

and hence
K (2, w) = K(w, 2)~. (1.4)

1.5. Let ¢,,vy,..., o€V, and 2,,.., 3y D and consider the
linear subspace of .7,

I3 h’
L = ;Z K.(, 2;) - z;, for all possible choices of 2’s and z’sf.
lim1
Then clearly from (1.3) %, is dense in 7, .
Since for
~
lp = Z KT(.’zi) T Vs,
i=1
]\ ‘tl' H2 = Z <K7(zj > 2’2)‘1?2 > vj>»
i
we get that
N
Z <KT(zj y z"z)‘vz ’ 7)7'> f> O (16)
ij=1

2.1. To prove unitarity and irreducibility of certain representations
of U(2, 2) in #, we will use the following

2.2. ProposITION [13]. Let G be a group of holomorphic trans-
Sformations of a complex domain D. Let H be a Hilbert space of holo-
morphic functions on D with values in a vector space V having a repro-
ducing kernel K(z, w). Let J(g, 2) be a continuous function of G < D
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with values in GL(V') and such that for each fixed g in G, [(g, %) is
holomorphic on D, satisfying

](gl'g‘wz):](glrg2'2)°](g2>z)> (2.3)
J(, z) = 1. Then of (TAg)f)z) = J(g =)y f(g" =2, T,is a

unitary representation of G in H if and only if

K(g g @) = J(g 2) o Kz, ) = J(g, w)*. 24

Furthermore, if D is G-homogeneous and if for e, € D the representation
g — J(g, e,) of the stabilizer of e, in G is unitary and irreducible in I,
then T is an irreducible unitary representation of G in H.

2.5. Conversely, let J(g, 2) be a function on G x D with values in
GI(V), holomorphic in = and satisfying (2.3), and let K(x, w) be a
function on D < D with values in End 1V holomorphic in = and anti-
holomorphic in w satisfying (2.4). Suppose that K satisfies the condition
(1. 6) then it is easy to reconstruct from £y (the linear space of functzons
> K(z, w,) - ;) a Hilbert space Hy of holomorphic functions on D, in
which the representation T, will act unitarily, by completing &5 with
respect to the norm

u[\/]z

i ( ) 7/1 n Z <K(w1 ’ z Uy 17)9'\/"
i

3.1. Clearly, if the kernel R, (1.5.2) satisfies the condition (1.6) the
formula (I.5.3) shows that the representation 7, will act unitarily
in some Hilbert space . H,COD; V) completed from all thc functions
i1 R, 7)) - v, in the scalar product i Rz, zv, v We will
analyze in the next paragraphs, for some representatlon 7, the
condition (1.6) by Fourier-Laplace transform as in [16(a)].

4. If = is a unitary representation of K = U(2) » U(2) and if
%(r) = {f; C* functions from G to I’, such that f(gk) - (k)"'f(g)},
then we can define on %(7) an obvious unitary structure, invariant by
left translations, given by

i [, e

We will make this norm explicit after the isomorphism P, (1.4), as an
L2 norm on D. Let S = {(¢ 9); a,b > 0 and u = u, - u, € C}, and
let ds be the left invariant Haar measure on S. Let B == {g(s) u(x);s € S,
x € H(2)} be the Iwasawa subgroup of G the left invariant Haar
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measure on B is db = ds dx. Since any element of G can be written
uniquely as g = bk, be B, ke K, we get that dg == dbdk and if
fe€), 112 = [ f()}, db. The map s> ss* gives a diffeomor-
phism of S with the cone C*; so (det )2 dy = ds. We have

JA&@) w(x) = JAEF)) = ma(s™) Q0 mals),

o(s) ~u(x) - 1 = sxsF b dss*,

() 1x)) = m(s*) @ 7o(s7Y) - Pl -+ dss™),

and finally

i [ ) © iy P+ ), (P ) (det ) d.
Hence if we define
Ho(7) -= EFE(O(D, I",); such that
P [ () @ () Pl i), Bl i)
< (dety)d dvdy < +oo,

then if H°(r) is not zero, the representation 7, acts unitarily and
irreducibly on the Hilbert space H°(t) of holomorphic functions on D.
In this article we will define, even in the case where H°(7) is reduced
to zero, a Hilbert space H, of holomorphic functions on D, where 7,
will act unitarily, for special 7’s.

5. In order to motivate our approach, let us recall some facts about
Ho(r) (but we will not need them in this article). We define [16a],
if F'is in Ho(7),

Fly = (1) |

e-iTr I‘ZF(Z) dx - (1"/772) eTr Ly ‘ e—iTr kxF(x . l:V) ([A\,'
ey v
By the Plancherel theorem:

iy = (1200 [ e 20 800r, (3) @ () - FR), P(R)(det y) 4 dy dk.

We define p(g) = 7,(g) @ (g™ 1) (det g)~2 which is an irreducible
representation of GL(2, C);

TR = [ e bu(v)(det vy dv.

foas
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Then I'(u)(k) converges if and only if k € Ct and H*(7) # {0}. Then:
[ FIE = [ @@RE®R), Py dk < oo,
e

and we also have:

F(x --iy) = (U?) [ e 5B (k) dk

Yoo

as an absolutely convergent integral [16b]. Roughly speaking, we will
construct unitary representations of G in spaces H. of holomorphic
functions having integral representations

F(x - i) = (1)) [( TR () (2K) 1 (k) dk,

where (k) will satisfy the relation

[ TRy bRy, )y de < <o

and I'(1)~! will be constructed by analytic continuation.

III. THE Funcrion I'(n)

1. Let u be any irreducible representation of GL(2, C). We define:

)k — J’w T B y)(det )2 dy

and I'(n) = I'(u)(1), whenever this integral is convergent. In general,
I'(x) = I'(p)(1) is a nonscalar matrix. We will recall the calculation of
I'(n) for the following special cases, where I'(x) will indeed be a
scalar. As I'(u) satisfies the transformation property

T(p)(ghg*) = w(g*)™ T(p)(k) n(g)™

it follows that I'(x)(1) commutes with the restriction of p to the
unitary group U(2); so in the case that this restriction is irreducible
(basically if » is a holomorphic or antiholomorphic representation of
GL(2; ©), then I'()(1) will be scalar.

2. We consider 7, , the natural representation of GL(2;C) in C?,
basis (e, , e,); and we form =, — X, 7, the n-symmetric tensor
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product of 7;; 7, is an irreducible holomorphic representation of
GL(2; C) and acts in the vector space V,, with basis (e,”, el e, ,..., &,")
of dimension n 4 1. We identify V/,, with the space of homogeneous
polynomials of degree n on (C%*; with respect to the natural inner
product, 7,(g*) = 7,(g)*; and define 7, == id, the trivial one-dimen-
sional representation of GI(2; C). We now form the integral

Iy )(k) = [ emmhom (y)(det )2 dy, @2)

C

and I'y(7,, , o) = Iy(7, , o)(1).

2.3. ProposITION [6, 7b, 16a). I'(r,,«) converges in a point
ke Ctif and only if I'\(,, , o)(1) converges; and I'\(r, , a)(1) converges
if and only if « > 1. In this case

Iy 6)(B) = (m/2) D(e — 1) T(a + n)(det B ro(kY).  (2.4)

We recall the proof of this proposition: I')(7,, , «)(k) has the following
transformation property:

Li(rn s 0)(ghg*) = 7(g*) 7 il s a)(R) 7a(g)t i detg |72, (2.5)

as it is seen easily, changing y to 3" = (g*)"lyg~! in the integral. We
will use the parametrization of the cone C* by y = ss* with
s=(% 9% a>0,b>0u=u 4 ucC, ie,

dy = 2a%dabdbdu, duy,  dety —- a%?.

y ("az aii )’

\au | u|? b2

We have 7(s*)e,™ = a"e;", and so {(7(¥) &;*, &,®) = a*". We compute

Ty @) e, ey = | e~ g2 2052223 da b db duy dts .
Ya,b,uy,us

This integral clearly converges if and only if « > 1, and then equals

(7/2) I'(e« — 1) I'(o -+ n); this proves the necessity of the condition.

Using (2.5) (i.e., changing s to s4s) we have that if

=l )

then {I'y(7,, 2)(sy*sy) &, ;> also converges. This means that for
every k in C* the integral giving the coeficient {I'\(r, , a)(k) &,™, ;">
is finite. But the set of ¢’s such that {I'\(r, , «)(k)v, > < + 0 for
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every k in C%, is, by the Schwarz inequality, a vector space which
contains e;". (2.5) shows that this vector space is invariant by the
irreducible representation 7, , hence it is equal to V. Also (2.5)
implies that I'y(r,, , a)(1) is the scalar matrix (7/2) ['(« — 1) I'(x + n),
since the restriction of 7, to U(2) is irreducible. (2.4) then follows
from (2.5).

2.6. CorOLLARY. If « > 1, then

[ o @) el ) et ) (et )
Jou
with (7, , ®) = (¢ — D)oo ++ 1 - 1) = I'(r,, , « = 2)/ (7, , ).
Proof. This follows directly from (2.3) by interchanging the

variables ¥ and k, (and changing the value of «). We rewrite (2.4)
changing the role of k£ and y.

1

-1 N2 ) ~Tr k o
ety TG T T w2 ), ¢ R ek dk,
2.7)
the integral on the right being absolutely convergent for ~ = —1.

This implies that 7,(y~')(det y)=2 for « >> —1 is the ILaplace
transform of the field & — 7, (k) (det k)* of positive operators on C*.
3. Applications to the Positivity of the Kernels
3.1. ProposiTiON. If « > —1, the kernel K, ™(r,, o) on D > D
given by
K (1, @)(z, ) = 7,((z — w*)/20)7" det((z — w*)/2i)*

satisfies the condition (11.1.6).

Proof. By analytic continuation of formula (2.7) it follows that if
2, w are in D, then

2n;44 2a

" JTr (R{z—w*)) &
T R 3 L, T e Ry

as an absolutely convergent integral. Let o,.,ovyel, and
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31 5.y 2nv € D, and let w(k) = Z;-Ll €Tt k5. "Then if K is the function
on the left-hand side

> (K(z, 250, v, = B J‘ {r(R) w(k), w(k)y(det k)* dk = 0,
i c+

where 8 is a positive constant, hence it is positive. We will make this
corollary precise in the following proposition.

3.2. PropositioN. Let o > —1, and let LH(7,, , «) = {i; measur-
able functions on C* with values in V,, , such that

2 : 2n+4+2m N v
15, [ {ra(R) (R), p(R))(det k)* dk < o0}
c+

@) T+ D) e tn+2)
Let us define, for ¢ € £, *(z, , o) and g € D,

(FyH (7 » 2)¢)(2)
DTG DI a2, O k) dEdet Ry dh.

2n+4-—;—2cx

Then the right-hand side is an absolutely convergent integral and
defines a holomorphic function (F,*(r, , x)p) on D with values in V,, .

If
Hy(rn , &) = {FyH (o, )¢5 for g€ Lt (ry, o) with [ Fyt(r, , ) [P = b [I7 .}
then H (7, , o) has reproducing kernel K,*(r, , o).

Proof. f 2 =x-+iy,yeCtandveV,,

KL (0 ©))(2), 2]

211420(

'fwmr@+nra+n+m'

Since [{r, (k) $(k), | < (7,(k) $(R), p(k)>/*(r, (k}v, v)1 /2, by applying
the Schwarz inequality, we get:
I<(Fl+(7n » O‘)d’)(z) ‘v>12

2n+4+2(x

@mrm+nrm+n+n

e TR [ (R) p(R), vl (det k) dk.

[ e (e, wy(det Ry dk - [ 4 12,

= {r(y M, vX(det )22 [ 4 2 (3.3)

Ta,a "
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So the first part of the proposition is proved. The fact that Fy¥(r,, , o)p
is holomorphic is standard (apply the Morera criterion), and also the
inequality (3.3) proves that H;*(r,,a) has a reproducing kernel
K = F*(r, , a)x. We must then have: for every ¢ in Z(7,, , «)
EH (rn 5 )p)®), Do, = Fr(7n s @), K(s ) - 0
= <¢, K('» 'w) : 'v>y1+ .

The first term is

27L+4+2a‘

@2 T + 1) I - n + 2)

the third term is

J" eTrRudr (k) $(k), v(det k)* dk;
C+

2n+472n

E YA CER VB A PE— L Cra(R) B(R), il w) - wy(det B2 dE.

This equality implies that «(k, w) = e~Trk* . gy and then K =
Kyt (r, , o).

4. Unitary Representations of G in O(D, V)
Let G be the universal covering of G. We define, if § € G has image

a
e
¢

Applying the method of paragraph 2, we then conclude

b

#) G, (& %) = rales + )3 %)
d

4.1. TuEOREM. Ifa > —1, the representation

(TiH(rn , )(E)NR) = JiM(7w > )& 2)7° flg? )
is a unitary irreducible representation of G inside H,*(, , «). If o is

an integer strictly greater than —1, this representation is in fact a
representation of the group U(2, 2) itself, given by, if

alb
gt = (—E)
cld

(TyH(rn > )(Q)F)Z) = 7alez + &)t det(ez + d)= f((az + b)(ex + d)7).
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For example, if # = 0, this leads to the family of representations of

U(2,2) alrcady studied in [16b, 24],

(T )3) = detlcz 4 )"+ f((az + b)(ez - d) 1),

We remark that for o = 0 this representation is unitary inside the
Hardy space

H, — YF e 6(DY; sup [ 1F@ + i de = 1P < 2],
z yect \

since Ly*(7,, 0) coincides with L%(C*, dk), and taking the boundary
value, which exist in the L? sense, gives a unitary imbedding of
T(7y, 0) into the unitary principal series representations given by

(T(F ) = det(es + d) f((av + b)ex +d) )
5. Let Tyr, , a)(K) = [o ™ b, (y)Y(det y)2 dy.

5.1. For each element u € M(2; C), we denote by c(«) the cofactor of
u, defined by u o ¢(u) = (det u)Id; the map v — c(u) satisfies c(uv) =
c(v) o ¢(u), and if

v (ul uz)’ o) — (_u4 *u2);

Uy Uy Ugy U,/

in particular, for x = (x,, X1, %y, x3)INH(2), c(x) = (%, —xy, — Xy, —xy)
and ¢ is the space-reversal. We denote by ¢(r,) the representation
g — c(g*) of GL(2; C), i.e., c(r)(g) = 7.(c(g*)), and define ¢(7,) by
c(r,)(g) = 7u(c(g*)). ¢(r,) is then an irreducible antiholomorphic
representation of GL(2; C) in V,, . We have

5.2. The preceding I', function can then be written as

Lyrn s (k) = f e T Me(r,)(y)(det y)~eni2 dy.

We can treat I'y by the same method as for I'; . We will remark here
that as Tr(c(u)) = Tru for u e M(2; C), after changing v into ¢(y),

T, )(R) = [ e Tremr, (3)(det y)xim -2 dy

= I'(7, , — (o + m))(e(k))-

So we have the following:
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5.3. PROPOSITION.  Ty(7
and in this case:

Ty(ry, , a)(k) == (m2) [(—a) I'(~ o« — n — 1) 7,(k)(det k).

«) converges if and only if —(x — n) > 1

no

We change v into ¢(y) == v ! det y in the formula (2.7) (and & into
c(k) in the integral) and get:

Ta(¥)(det y) i)

(72) T = 1)Ir(a h '( e 1107, (e(R))(det k) dk - (5.4)

for « = —1. This implies that 7,(v)(dety) "+ is the laplace
transform of the field & — 7,(c(R))(det k) of positive Hermitian
operators on C'; by analytic continuation we then have

S - W (i 2)

2)144;“

@) T + DI (x —n 41l

’ T (e(R))(det Ry dh. (5.5)

5.6. 'TueoreM. [let ~ - —1. Let ¥, (7, , ) = |b; measurable
functions on C - with values in V', , such that

2)! 412n ‘
LT

S CYTE I Ta T n sy c(R)) ¢k, d(k) (det k) dk -~ n).

Let us define, for ¢ € £, 5z, , ) and x = D,
(Fy (7, 2)b)()

‘)11*4*’
(7)) T 5 N —7n — 7)’

el (e(R)) - d(k)(det k) dik.

Then the right hand side is an absolutely convergent integral and defines a
holomorphic function Fy* (7, , o) on D with values in V.

If Hyf(z, , ~) — Fy (7, , )b, b L7, , v)} then Hy (7, 1) is a
Hilbert space of holomorphic functions having reproducmg kernel
K, (7, , «), where

Kyi(r )z o0y 7,z - w®)20) det((z ~ w®)20) o2

The representation

(Ty (7 DO Lo (ru NE B2 g 9)
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where [y (r,, a)l@ %) — ml(se* = d%)7) jyt (g ) is an
irreducible unitary representation of G inside Hy*(r,, , «). If « is an
integer greater than —1, this representation is a representation of the

group (2, 2) itself given, for g1 == (¢ ), by

(T (7,0 s WO )2) == 7 (sc* = d¥) det(zc* - d*y Cn=D fg ! - 2).

V. Tue ExceprioNaL CAse

We will now consider, =, being fixed, the value « = 1. We will
see it still is possible to give a meaning to the integrals (II1.2.7), or
the ones in (II1.3.2), etc., by analytic continuation: Let &(C*) be the
boundary of the cone C* and let

dm(k) = 3dky dky dRgj(R\® + ky® — ky2)'?

be the measure on 5(C™) parametrized by ki, ky, Ry (Ry?
k= ky* — Rg%). The function (det k) is locally integrable on C*
1f and only 1f a >> —1; its meromorphic continuation as a distribution
has a pole for « = —1, and we have lim,__ (I, ['(a - 1))(det &)* dk ==
dm(k). The integral (I11.2.7), for example, can be rewritten as

4 . 1 T1~74/ (M
P ety ey | T

and as 7,(k) is a polynomial representation of GL(2, C), (k) has still
a meaning for k being any (2 X 2) complex matrix, in particular, for
k in b(C"). The integral (IT1.2.7) will then be replaced, for « = —1,
by the integral with respect to dm(k) of the function e T'#¥7 (k)
restricted to the boundary. This indicates why the formulas (1.1),
etc., will hold. However, we will prove the formulas in this chapter
directly (independently of Section 3).

[.1. PrOPOSITION. Let b(C*) be the boundary of the cone C* and let
dm(R) == dk, dky dk, (2k,); then

() Hdety) o Oy [ e T (k) dm(k)
“bich)
is an absolutely convergent integral, where C, is a positive constant.
Proof. We have
dhy n dky A dky N dky - ((dRy A dRy A dRy)(2k0) A d(det k).
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From the semi-invariance property of dk and det & we then get that
dm(gkg*) == | det g |2 dm(k). We can see that

a(y) [ e k) dm(k)

B(C™")

formally satisfies the transformation property:

a(gyg™) == Tu(g*) T U Y) Ta(g) | det g |72

So by the same reasoning as in Proposition (I11.2.3) we just have to
check the convergence of the integral [, .+ e T"5(7, (k) ,", e,™> dm(k),
and we can conclude that «(1) is a scalar matrix and that a(y) =
o D)7, v) Ydet v) . We write ¢y = (§ §), § = (% 9); then

sk (az ail )
0 au  u |2

and s> se;s* is a parametrization of H(Ct) except for a set E of
measure 0, given by E = {k, = ky = 0, k, = —k,;}. So we have in
these coordinates dm(k) = a da du, du, . As 7,(¢,) is the projection of
V, onto e, {7,(se;s%)es”, e,%> = a**e,™. The integral to be calculated
is thus [ e~@' " g2q da du, du, , which clearly converges, so we get
the formula,

() et )t = Cy [ e ) ().

u(Ch)
Since for each k = ge,g* in b(C™), 7,(k) is a matrix of rank 1, propor-
tional to the projection onto 7,(g) - &%, the formula (1.1) is an integral
representation of the hermitian positive operator ,(y)~'(det y)™' by
projections of rank 1 with respect to a positive measure based on the
boundary b(C*t) of the light cone. We can then conclude in the same
way':

1.2. ProrosiTION. The kernel K *(r,,—1) on D X D given by
K1y, =1z, ) = 7,((z — w*)[20)7L det((z — w*)/2¢)?

satisfies the condition (I11.1.6), and we have:

g —w* \7! 2 —w* \7! — ATT Te(z—we)
- (—‘21' ) det (——27—) =Cf e o) dm(R).
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1.3. ProrosiTiON. Let £ (7,; —1) = {¢; measurable functions on
b(C+) with values in V,, , such that

1812 = | <o) 808 4081 dnl) < o0},
B(C™)

and let us define, for $ € L *(r,, —1) and z € D,

By (s —DB)E) = [ e en, (k) - (k) dm(R);

b(C™)

then the right-hand side is an absolutely convergent integral and defines a
holomorphic function F\*(r,, , — 1) on D with valuesin V.
If
HH (1w, —1) = {F1* (7, —1)¢ for ¢ € L¥(7,, —1),
with || FyH(r , =D [P = [ 41,

then J#,*(r,, ,—1) has reproducing kernel
al(z — w*)[20)L det((z — w*)/24)1

up to a positive constant. The proof is entirely similar to the one of
Proposition (III.3.2).

2. Description of the Space L*(z, , —1)

As 7,(k) is a noninvertible operator, there are functions ¢ in
HH(rn , —1) with norm 0; we denote by ##(r, , —1) the Hilbert
space formed by the equivalence classes of functions in %*(r, , —1)
modulo those of norm zero.

Let £ be in b(C+)

k:(ko—}—kl k2+z‘k3)
By —iky ky— k)

k is a hermitian operator of rank 1; so it is proportional to a projection
e we write k = Tr ke, with 2 = ¢; then k2 = (Tr k)k = 2k, (k) =

2-nkg ", (), and (r, (k) $(R), (B> — 2-7ks™Cr,(K) B(E), 7,(k) $(R)).
So if $(k) has value in V,, 7,(k) $(k) = (k) is a function on b(C+)
taking its values in the one-dimensional subspaces 7,(k)V,, = V,(k);
so we will be able to identify, via the map (k) = 7,(k) #(k), the space
(7 » —1) with the space
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L7, —1) = gz/; measurable functions on 8(C+) such that

(@) (k) € V (k) for almost every & 2.1
2 (R, (k) ]
(b) NgiP = L(Ch _(z—ko)—n—dm(k) < +oo§.

We can then rephrase the preceding theorem as follows:

2.2. THEOREM. Let s € L (7, , —1). Let us define

Bz) = [ TR dm(k).

“H(CT)

Then the right-hand side is an absolutely convergent integral and defines
a holomorphic function i on D, with values in V,, .

Let H1+(Tn ’ __1) == {‘L fOV l/! EL1+(T7L ’ —"1) with f J“z SR K HZ}’
then H *(7, , —1) has reproducing kernel

Ri(my,, — 1)z, w) == m,((z — w*)/20)-* det((z — =*)/2i)~L.
The representation T, , —1) of G defined by
alb
e ()
. _— d /!
(Tt (rn , =1 NR) == malez + d)7F det(ez + )7 f((az -+ b)(ez +-d) )

is a unitary irreducible representation of G inside H *(r, , —1).

2.3. Similarly, we can consider %,%(r,, —1) = {¢$; measurable
functions on &(C™), such that [ {r (c(k)) (k), $(k)> dm(k) <~ - oo} and
Ly*(7, , —1) = {i; measurable functions on 5(C*), such that

(a) for almost every &, (k) € V, (c(k))
(b)  J((R), (k) /(2ko)*) dm(k) <= --co} and get

2.4. TueoreM. If €L, (r, , —1) then the integral

J2) = | (k) dm(k)

“H(CcH)

is absolutely convergent and defines a holomorphic function on D with
values in Vﬂ . If H247(Tn [ I) - {l/;f()i’ l/j €L2+(Tn ) ‘l)v with i ‘/; “2 o
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|| 4113}, then Hy*(r, , —1) has reproducing kernel Ry(t,, —1)(z, w) =
(2 — w*)/2) det((z — w*)/20y~ "V, and the representation

(To(mn > —IN&NB) = 7a(zc™ + d*) det(zc™ + d*)~f(ax + b)(ex + d)7Y)
ts a unitary irreducible representation of G inside Hy*(r, , —1).

3. Restriction of the Representation Ti(t, , —1) to the Poincaré Sub-

group

We consider the Poincaré subgroup P, = SL(2,C) X, H(2)
imbedded in G as described in I. For & in H(2), we consider the
character y;: x — e~ ¥Ttk® of the normal abelian subgroup H(2) of
P,; the natural action of SL(2; C) ony, by (g - x)(x) = x(gx(g*)), 1s
given by g y,t> yp with & = (g*)kg L. Let ¢, = (3 J); the
stabilizer of ¢, under this action of SL(2; C) is the subgroup

. a0
S = (u a’l,)’
with | @ | == 1, and the orbit of ¢, is the cone 6(C*) (apart from the

origin). We denote by dg the invariant measure on SL(2, C)/S corre-
sponding to dm(k). We denote by y,, the character on .S given by

a 0 ) = an

Xn (u al)

We form the representation 7', induced to P, by the unitary character
(5, x) > xu(s) €777 4% of the subgroup S x H(2); the representation
T, is an irreducible representation of P, which is one part of the
representation of mass 0, and spin s = 3z

3.1. ProposITION.  The restriction of the representation Ty(z, , —1)
of the group G to the Poincaré subgroup is the one part of the representa-
tion of mass O and spin $n; the restriction of the representation Ty(r, , —1)
of the group G to the Poincaré subgroup is the other part of the vepresenta-
tion of mass 0 and spin }n.

Proof. Let.oZ, = {¢; SL(2; C) — C, such that ¢(gs) = x,(s) 1é(2)}-
The norm ¢ +— [ .c)/s | $ |? d¢ is an invariant norm by left translation
of SL(2; C); we denote by A4, the Hilbert space of measurable functions
in 27, with finite norm; the representation of mass 0 and spin %7 is
realized in A4, by the following formula (see [22])

(To(go))(8) = B(g5'e), & ESL(2, C),
(Ta(x)b)(g) = exp(—i Tr egg xo(g*) ) blg),  xp€ H(2).

580/24/1-6
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At the point k = geyg*, the one-dimensional subspace V (k) is
spanned by the vector ,(g) e, = v, . We have,

b

M)) Ty, vy\,\’ ’ \/Tn(g*g) e, ey
d

/ a
if g= (m

VL

el ey

as Trk =|a*+|ci? <(v,,v, = (Trk)* = (2k,)". We consider
b(C*) isomorphic to SL(2; C)/S by the map gr>(g*)le,g!; we
define, if € 4, and n = 0, (A$)(g) = #(g) m.((g*)™") - &™ Then A
is invariant by right translation by .S, and defines a function on §(C%),

which at each point & = (g*)l¢g~! has values in V, (k). We have

1 Al7 - = f ((A)(k), (Ap)(R)>/(2ko)") dm(k),

“n(CcH)

and since (7,(g*) ey, 7, (%) "> = (Tr((g*) eog )
1ASIE = | 1) dg
vYG/S

and we have an isomorphism 4 of 4, with L,*(r,, , - 1). We consider
the representation 7y(r,, —1) in L,*(r,, —1) given by for

el H(r,, —1)
(Ty(7a >, = 1)(g)d) = Ta(7n» —1)(80)$-

It is easy to check that if

;a 0
gla) = ( ) is in G with a € GL(2; C),
0 a**]
and
i Xo
u(xy) == (—— —————\’ is in G with x, € H(2),
0 1/
then

(Ta(rn , —1)(g(@)P)(R) = 74(a*) *(det @) (a*ka),
(Tu(ra, —D(u(x))p)(k) == & 1" (k)

and it is immediate to verify that 4 intertwines the two representations
of the Poincaré group SL(2; C) x  H(2). Similarly, if & — ge,g*, the
one-dimensional subspace V,(c(k)) is spanned by the vector w, =

(3.2)
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m(c(g%)) " (7, (c(ep))V, = €57), and <{w,, w,> = (Tr k)". We define,
if w >0 and if ded_,, (Ap)g) = ¢(g) 7.(g) - e". Then A is
invariant by right translation by S, and defines a function on b(C*)
which at each point &k = (g*)"'epg~" has value in V (c(k)), and we
have

TAGIE = | (gl dg.
= REETAY

We consider the representation Ty(r, , —1) in Ly*(r, , —1). It is
easy to check:

(Ty(ry » —1)(g(a))p) (k) = Tn(a)(det a) (det a)* p(a*ka),
(Tolr» —D(W(xe))p)E) == €T (k),

and it is immediate to check that A4 intertwines the two representa-
tions.

(3.3)

V. THE WAVE AND DiIrac EQUATIONS

We consider the space H(r,, —1) of holomorphic functions on
D; by taking boundary values, this Hilbert space can be considered
as a space of distributions on Minkowski space. We shall see that these
distributions are solutions of certain differential equations: for
example, since they are Fourier transforms of distributions with
support on H(CT) (k2?2 = k%2 -+ k% 4 k% Ry = 0), they will be
solutions to the wave equation [J¢ = 0, where

(] = (82/0x2) — (0%00%) — (&%/Ex,2) — (6%/Exy?).

We shall see that H(r, , —1) is contained in the null space of a certain
Dirac operator; furthermore, we will prove some properties of
covariance of these operators. Finally, we specialize to spin 0 and
spin 3 and show that even the most degenerate representations, by
taking quotients by appropriate null spaces, can be carried into the
interior of the (forward) lightcone.

. The Principal Series Representations
Let

S

0

) with a € GL(2, C), ue H(2)\ C U2, 2).
() )
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Let 1 be an irreducible representation of GL(2, C) in a vector space
V,; we consider also u as a representation of P_ by

0
“~) = p(a).

We form €(u) = {¢; C” functions on G with values in ¥/, , such that
$(ep) — u(p (e}

G acts by left translation on %(p). The subspace of functions in €(n)
which are K-finite is the algebraic Harish—Chandra-module of the
principal degenerate series.

Using the map (1.3.4) u: H(2) — G to define an isomorphism of
H(2) with an open dense subset of the compact manifold G/P_ -— U(2),
we can identify %(n) with a subspace of the C*-functions on H(2),
by (I¢)(x) = ¢(u(x)). (This map is clearly not surjective, since not all
C*-functions on H(2) can be extended as C'*-sections of the corre-
sponding vector bundle to the conformal compactification G/P._
of H(2).)

The action of G by left translation becomes

(AN — pllex + d)) f(lax + Bex +d) D) for g2 (0 (1)

We consider the map g — ((¢*)71, g) of GL(2, C) into GL(2,C) ~
GL(2, C). (On the Lie algebra level the map A — (—A4%*, 4) defines
an isomorphism of the complexification of gl(2, C) (considered as a
real algebra) with gl(2, C) < gl(2, C). If 7, and 7, are two holomorphic
representations of GL(2, C), then p(g) = 7 (g* 1) @ 75(g) is an
irreducible representation of GL(2, C). (But not all irreducible
representations of GL(2, C) are obtained; for example, ' det g ! is not,
whereas | det g [* = det g det g* is). We suppose that

w(g) = (g% € ma(g)-

Then the action U, of G can be written (Un(g) f)(x) = 7y(cx + d) ' &
mo(cx -+ d)*f ((ax + b)(cx |- d)™Y), for g8 = (4 5). We define

Tz ¥) - mlex + d) @ ml(ex 4 d)¥).

We will consider the space .2/(n) obtained by taking boundary values
of the functions & — Rz, w) - o for 7 = 7, & 7, (1.5.2), 1e.,

U

x— (v — w¥)[ 2t ) (% — w*)2) - v = R (x, w) - 2.

Since if x€ H(2), we D, »x — w* is in D, hence in particular is
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invertible, 2/(n) = {3 ;.1 Rx, w;) - v;} is a subspace of the C*-
functions on H(2). The formula (I 5. 6) shows that Up leaves .o7(u)
invariant and that the map v — R (x, #)v defines an injection of V.,
into .o7(u) intertwining the representation 7 of K in V' (1.4.6) with the
restriction of Up to K.

1.2. LEMMA. .&/(u) ts contained in the image of €(n) by 1.

Proof. If g = (¢ )€ G, and w e D, then b — w*d is an invertible
matrix; the function

$(w, )(8) = (n((b — w*d)[2i)7) @ 7o((b* — d*w*)[2i) - v

1s easily seen to belong to €(n), and clearly I(¢(w, v))(x) = R, (x, w) - v.

This lemma indicates that whenever an irreducible representation
p of GL(2,C) is extendable to a holomorphic representation of
GL(2, C) x GL(2,C), the principal series will be reducible; the
subspace A(n) (which consists of functions on H(2) having a holo-
morphic extension to D) will be invariant and proper.

2. Imbedding of the Representation T(r, , —1) into the Principal Series

We consider the dense invariant subspace Iry, — ) of H(z, , —1)

consisting of the functions & — b Ry, , —D(z,w;) - z;. The
preceding paragraph shows that there exists, by taking boundary
values, a natural imbedding of Jl(Tn , —-1) into an invariant subspace
(7, , —1) of the principal series representatlons defined by

A1y s —1) = {Tiy Ry(rn s —1)&, w;) - v}, and the corresponding
principal series representation is given by

(U7, — D))y = 7 (cx + dytdet(ex + d) f((ax 4 b)(cx - d)Y),

4 qa b .1

)

Similarly, we let @y(r,, —1) be the dense mvarlant @ubspace of
Hy(z, , —1) consisting of the functions Zz 1 Ro(m, , —1)(5, w

which is imbedded into .Zy(r, , —1) = {¥i, 2(1,,, — 1)(x, w,)z ,}
and the corresponding representation is given by

(Uslr,— 1) F)() == malex + d)*(det(ex + d)*) "D ((ax + b)(ex +d) ).
(22)

Moreover, since for fe Hy(r, , —1)

[KF(R)y ool = [Kf, Ky(ry , —1)(0, 2) - 20 f?
< FIRN Kfry s —D(5 2) - 02
=2 [ f IR (ra(y) Hdet y)t - o, 93,
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any function in H (7, , —1) has boundary value as a distribution,
because it has at most polynomial growth near the boundary (1 = 0).
We call Dy(r,, —1) and Dy(r,, —1) the Hilbert spaces of distribu-
tions obtained by boundary values of H\(r,, --1) and Hy(r,, - 1).
We remark that formula (1.4.5) shows that if

(U(z,, — D) = 7olex - d) Vdet(ex 4 d) ) f((ax - bY)ex ~ d) V)

then the map f — 7,(w,) f with @, from (1.4.5) defines an 1somorphism
of Uy(r, , — 1) with Uy(z, , —1).

We will construct the Dirac operator D, , acting on C"(H(2), 1)
the space of C*-functions on H(2) with values in ¥, , such that the
space Dy(7, , —1) will be annihilated by D, . Furthermore, we will
prove that D, intertwines the representation U(r,, -—1) with a
representation U, of the principal series.

noo

3. Commutation Relations of Differential Operators

Let p and p” be two irreducible representations of GL(2, C); let
D be a ditferential operator (matrix-valued) going from C*(H(2), V)
into C*(H(2), V,’). We want to study the properties D should have in
order to be intertwining between U, and U, 1.e.,

VeeG: Do U(g)  Uo(g)=D.

An immediate observation is that ) must commute with translations,
hence must be constant coeflicient.

Let ¢(x) — [ e Trkr ¢(k) dk define the Fourier isomorphism of the
Schwartz-space on H(2). We define the polynomial function d(k) on
H(2) with values in End (V,,, V) by

(dd) — D). where (dd)(R) - d(k) - B(k).
Then the commutation relation
Do Uyfa) = Upla)y= D for every ae GL(2, ©)
is equivalent to the condition
d(avka) - 1'(a) " d(k) ji(a). (3.1)

4. The Dirac Operators

We consider S* = Ce;” P Ce,*, V' — Ce; @ Ce,, and denote by
v — v the corresponding identification xe, - ve, — xe,” - ve,’.
Likewise, we consider S . Ce; - P Ce, 7, and ¢ — v .
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Let & be any (2 % 2) complex matrix. We define
k )
0

acting on S = St @ S~ We call S the space of spinors. (We have

that d,(k)? = det kI, = Q(k);, so k — d,(k) defines the irreducible
representation of the Clifford algebra constructed from the quadratic

form Q(k).) Observe that d,(k)S+ C S-; d,(k)S— C S*. Also, we recall
that

0

dy(k) - (~
c(R) |

00 = (@%0%y7) — (€%0x,7) — (8%]0%,%) — (8%[0wy?).

We consider the symmetrized tensor product &7 S, naturally
imbedded into &* S.

The identification ¢ — ¢~ of V| with S*; ¢ —» 2~ of ¥V, with S,
give imbeddings B V,, - @* STC Q" S; 8V, > RS- C®" S
by

Bt ® @) = o @ Do,
B'ni(v @\‘ ® 7)) = v ® e ® .
By B we denote the symmetrization on ®@"S; B(z; ® - X z,) —
s, (1/01) v.q) @ +++ & v.(,) which then is a projection onto &y S.
We define injections %: V,_, ® IV, into @* S, i—: V,_, ® V, into
®n S by
(f®w) = BB, (f) ®w),
I(f@w) = BB, (f) @wh).

(Observe that if we let

=1 ¢ ® e ®rL~7

n— 1

then for instance i (e ' @ v) = (I/n) Y ot R - P~ & -+ ® o)
By d, (k) we denote the operator on ®" .S defined by

do(R)(er ® @ v,) = Yoy ® - @ dy(R)os @ -+ 02,

Then & — d,(k) is a linear map from H(2) into End(®" S, ®" S).
Finally, we define d,*(k): V,, > ®" S by d,*(k) f = d(k)B,"f), and
similarly d,~(k)f = d,(k)(B,~(f)).
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4.1. LemMA.
dn+( Vn) g ZT( Vn—l @ Vl)
dni(Vn) c iA(Vn—l ® Vl)

Proof. It is sufficient to prove it for elements of the form o® =

v Rv, veV,. Then

dARE) = 3 v © - © dRr @ Dot
=1 ST

1

= nit (o1 @ c(k)),

d,~(k)(2™) = i @ Q4R ® v

= m(v" 1 Q ko).

In particular, we can consider d,*(k) and d,~(k) as linear maps from
VooV, @V,
We consider the representation

@t 0 .
ocl(a)f( 0 udet a_l) of GL(2,C)inS.

We form «,(a) = @" ay(a) acting in ®* S and p,(a) = (det a) 7, (a).
On the subgroup SU(2,2) of U(2,2), defined by detg = 1, the
function det(cx -+ d) is real, so if we consider C*(H(2), V,,) imbedded
in C*(H(2), ®* S) via Bt or -, the representation U(r,, —1) ®
Uy(7, , —1) of SU(2, 2) can be considered as a subrepresentation of
the representation U, . We define p,” by

pa' (@) = det a—za'ﬂ(d)

— (det @)1 pufa):
4.2. LemMa. Let GL(2, C) be the subgroup of GL(2, C) given by
GL,(2, C) = {a e GL(2, C); det a = det a*}.

Then d,(a*ka) = u,’'(a)7'd, (k) w,(a) for all a € GL,(2, C).
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Proof. The relation is easily verified for n = 1, and having it in
that case,

.“Ln,(a) dn(a*ka)(vl ® e @ ‘vi ® o ® ‘vn)
== Z y(@)y; @ @ p'(a) di(a*ka)o; & - Q) oy(@)v,

= Y ey, @ @ dy(h) ml@e; ® - © w(a,
= (det @) Y oufa)e, @ -+ © ) an(aer @ -+ @ a(a)en

= dy(R) p@)v; ® - @ vy).

4.3. LeMMa. If ke b(C™), the kernel of the operator d,*(k) is
equal to the subspace V, (k) = 7,(R)V, . Likewise, the kernel of d,~(k)
is equal to the subspace V, (c(R)) = 7,(c(R)V, .

Proof. let, for ge GL/(2,C), k' = gkg*. Then V, (k) =
7.(€) * V,(k), and since u,(a) on f+(V,,) coincides with the representa-
tion 7,(a*)"}(det @)~!, Lemma 4.2 proves that

Ker d,"(ghg™) = 7,(g)(Ker d,*(k)).

So it is sufficient to prove that both subspaces coincide for ¢, = (3 J),
but in that case, it is easily seen that they both are Ce,®. Similarly we
see that the kernel of d,7(k) at ¢, is e,®, which is the space V,(c(k)).
We now define the Dirac operator D, , acting on C*((2), ®" S) as
being the Fourier transform of the operator 4, (k). In particular, D,

sends C=(H(2), V,), identified with C=(H(2), ®" S+) into

CAHQ), Vaa @ V1) (440 =L (1@ @ k) © = @ ).

Similarly, D, sends C*(H(2), V,) identified with C*(H(2), ®" S7)
into C*(H(2), V, 1 @ Vi)d, (k) =2 (1 ®  @k® - ®1)). We

refer to these operators as D, * and D, ~.

4.4. ProposITION. The space D,(r, , —1) consists of solutions to
the equation D,"u = 0 (n > 0), and the space Dy(z, , —1) consists of
solutions to the equation D, u = 0. Finally, the space Di(r,, —1)
consists of solutions to [|f = 0.

Proof. Dy(r,, —1) consists of distributions which are Fourier
transforms of distributions whose support is in 5(C7) and has values
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in V,(k) = Ker d,*(k). By similar reasoning the whole proposition
follows.

5. Intertwining Relations for the Dirac Operators Dt and D,
We have

D, Co(H2), V) — C~(H(2), V.1 & .

Let Uy(r,, —1) be the representation of SU(2,2) which contains
D\(r,, , —1), the space of solutions to D, *¢ -= 0, as invariant subspace.
Let U," be the representation of SU(2, 2) given by restricting the
representation U, to the corresponding subspace of functions with
values in 71(},_; ® V).

5.1. ProrosiTioN. D, H(U(r,, —1)(g)) = U/(g) - D," for
g€ SU2,2).

Proof. By Lemma 4.2, this relation is true for every
y )

e

gepP, = (g (a*)"l)’

ae GL,(2, C).

which is a maximal parabolic of SU(2, 2). Let x be an element of the
Lie algebra su(2, 2) of SU(2, 2). We define

(@U\x)$)h) = (d]dt)(Ur(exp tx)b)(h) |- 3

similarly for dU,'(x). Then dU(x) a first order differential operator,
and the relation in (5.1) is equivalent to (b) D,* dU,(x) = dU,'(x)D,*
for every x e su(2, 2). We remark that since D,* has constant coeffi-
cients, (b) is equivalent to (¢) (D, dU(x)$)(0) = (dU,'(x)D,*$)(0).

We know that (c) holds for every element of the Lie algebra of P,
thus we need only check (c) for the elements v == (§ §) with y -~ y* of
su(2,2). We have

(@U(0))(x) = (dldt) 7, (—tyx <= 1) T det(—tyx - DT S@(—tyx 4= 1) 1) [eo,

and a similar formula for dU,'(y); in particular, (dU,'(y)$)(0) = 0,
and the relation to be checked is (D, = dU,( )$)(0) = 0. Let dr,, be the
differential of the representation =, and g(x) = dr,(vx) + (Tr yx)I,
as an operator on V', . Then g(0) = 0. If u € H(2), we let ({(u) f)(x) =
(didt) f(x -+ )],y Then (dU,(n)B)(x) - (x) - $(x) + (E(xya) - $)(x).
Lete,, e, e, e; be a basis of H(2); then &(xyx) = Y e,(x) é(e;) where
the e,(x)’s are homogeneous polynomials of degree 2.
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Since D, is first order, and g(0) = 0,
(D, dU(»)$)0) = D, *(x — g(x) $(0))(0),

hence it only depends on the value of ¢ at 0. Let us choose
¢, € 7y(7, , —1) such that ¢,(0) == #(0), which is always possible.
Since ¢, as well as U (g)p, for all g in G are solutions to D, "u = 0,
we obviously get

D, HdU(3)bs)(0) == 0 = D, (x — g(x) - $:(0))(0).

Evidently Proposition 5.1 implies that the space of solutions to
D, = 01is invariant under the multiplier representation Uy(r, , —1).
We remark that this proof at the contrary uses the weaker assumption
that there exists a sufficiently large (¢(0) arbitrary in the case of a first
order differential operator) invariant subspace of solutions, to conclude
the covariance relation of the operator D ,*.

In an entirely similar fashion we can of course prove:

5.2. ProposiTioN. Let Uy(g) be the representation of SU(2,2)
given by vestricting U, to the subspace of functions with values in
*(V, 1 @ Vy). Then D,~(Uyr, , —1)(g)) = Uy/(g) > D, for all g in
SU(2, 2).

6. The Wave Operator

We consider here the case of a representation induced from a
character y(a) - | det a |72 = y(a)(det a)~I(det «*)~! of the parabolic

0

a e GL(2, C), where y is an arbitrary character of GL(2,C). If

«a b

g1 (") we have
(LN = xl(ex + d)*) | det(ex + d)2f((@x + B)ex -+ d) ).

We also form the representation induced by y(a*)~* | det a 2, and get
(@) = xlex + d) | det(ex = d)2f((ax + B)(ex + d) ).

By the general theory of intertwining operators, there exists at least
one intertwining operator between U, and U,’, as indicated in the
works of Girding [5], and Kunze and Stein [14]. We are here interested
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in the case where the intertwining relation is provided by a differential
operator.

6.1. ProrositioN (M. Kashiwara). Let D be a constant coefficient
differential operator D: (‘°°(H(7\\ > P“(H(?\\ If Do Ux(g) —

U,(g) o D for g — g(a), a€ GL(2, C), then D o Ug) — Uy(g) > D for
all g€ G.

Proof. As in Proposition 5.1, we need only prove

(D dU,(2)$)(0) =0  for v — (0 8), v = ¥,

in su(2, 2). We are given that for

A 0

o4y = (;ﬁ ), Aegl(2,C)
0 | —a*
D dU,(g(A)) — dU(e(A)D,
from which we get
D(E(Ax + xA*)f)(0) = dx(A + A*)(Df)(0). (6.2)

Now, since xvx = (xv)x + Fx(vx), we can express the vector field
&(xovx) as a linear combination of vector fields §(Ax -+ x4*), for
Ae gl(2 C) Specifically, let ¢, e;, ¢, , €5 be a bas1s of H(2) Then
XVX = g 21—0 ¥;(e;vx + xvey) and (xvx) = § 21_0 x; (e - xvey).
We assume proved

E(xox) = ( 3 i E(e;ox 4+ x-vei)xi) — 2Trxv (6.3)

which implies
(D dUy2)$)(0) = D((—dx(xv) +- 2 Tr(xw) 4 £(x2x))$)(0)
=D (z (—dx(eo) + 3é(evx + xvey)) vzf) (0).

Applying (6.2), this becomes

Y. —dx(e) D(x,;f)(0) -+ 4 dx(ev -+ ve;) D(x,f)(0) = 0.

=0
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To prove (6.3), we introduce the formal adjoint £* of a vector field &,

e, [(&f)(x)g(x)dx = [f(x)(€*g)(x) dx for f, g€ C>, f compactly
supported. From the relation

Jf(axa*)g(x) dx .. | deta|™* [f(x) glax(a*) Y dx, for ae GL(2,C),

we get that
EX(Ax + xA*) = —2(Tr A + Tr A%) — &Ax + xA4%),

and from
[ flx(—tex + 1)) g(x) dx = ff(v) det(-+tox + 1)~1 g(x(tox + 1)71) dx,

v € H(2), we get that £¥(xox) = —4 Tr xv — £(xvx). But £*(vow) =
33 £%(e;ox + xvey)x, , and (6.3) follows.
From (6.1) and (3.1) we now get

6.4. PrOPOSITION. Let p(a) = (det a)(det a/| det a |)¢ where ¢ is
any integer. Then [ " intertwines U, and U, .

Remark. In the case n = 1, g even, the subspace []f = 0 is a
proper subspace of the principal series representation. In the case
n = 1, ¢ odd, [] is an invertible operator between the principal series
(in particular, [ ]f = 0 has no K-finite solutions).

7. More about Spin O

We specialize to the representations

(Un(@F)) = det(es + d)me2 f((ax + B)ex + d) )
of SU(2, 2), and have, by Proposition 6.2 that T "U_,(g) = U,(g)[1",
for every g in SU(2, 2). It may be of some interest that this relation

can be proved directly on the group level by observing that since the
transformation properties are obvious on P,, we need only consider

(Cof)(x) = (det %)™ f(—x7Y).
VVC Write Cn = (l,r/dn)c() ) d = det X, and we let

K == xg(0]0x5) 4 x4(0/0x)) - %,(0/0x,) + x4(8]Ex,).
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Then elementary calculations show that

[1Cy = (1/d2) C\[] - 4CodK

KC, = —C,K
Cd" = dC,
[D",d] == 4(n -+ ])nDn—] e 4nKDn—1 (neN)
(7.1H)
[(J, K] = 2[]
1 2n
K ] == F

From this it is easy to get an induction going, to conclude that
[]ndn—zc0 - (l/’dn+2) C()D")

from which the relation follows. A priori, there is a discontinuity at
d = 0. We shall see that in the applications we are going to make,
this does not appear.

Now recall that

f exp(z Tr(z — w*)k) det k* dk = K, det((z — w*)[2i)>2
ct
for « > —1 where K, is a generic constant.

7.2. Lemma. ], det(x — w*)" = 4(r — 1) det(x — w*) " for
all v in R.

Proof. This is easily proved directly. However, it also follows
from the preceding formula, by analytic continuation. From this we
conclude that there are constants ¢, such that

(.7 det((x — w*)/2¢)2
== ¢, det((x — w*)/27)-2", for nin N. (7.3)

To justify the use of the relation (7.1) which we are going to make, we
observe that we have
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7.4. LEMMA. For n == 0, the function ¢,,: G — C given by (for w € D)

b\
-ﬁ)) — (det d)" det(b — w*d) 2
d

“I

ts C* on G, and belongs to the space

€(—n) =- {p; C= functions G — C, such that

0
#)) = det a**"p(g);.

a*

4

Moreover, ¢, (u(x)) = det(x — w¥*)~>

For n in Z, we consider the space

oA (n) = %

u[\/]z

c;(det(x — w,;*)/26)~ ‘7”2’1

which, by Lemma 1.2, is an invariant subspace of the principal series
representation U, , and consists of boundary values of holomorphic
functions on D.

For n > 0, o/*(n) consists of functions whose Fourier transforms
are functions supported by the forward light cone; and we know (III)
that we can complete 2/ *(n) to a Hilbert space D,* of distributions on
Minkowski space in which U, extends to a umtary representation.

For any n, we consider

€(n) == {¢p; C= functions G — C, such that

$(gp) = (det a1 d(g), for p — (

and the map I: €(n) — C*(H(2)) given by

(I)(x) = P(u(x)).

Lemma 7.2 and (7.3) then prove
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7.5. PROPOSITION. Letn = 0. Then .o/ *(n) is contained in the image
(I (—n))-

Similarly we consider
N P
() = Y ¢; det((x — wi)/2i)"“+2’§ = </ *(n).
i=1 /

&/—(n) 1s an invariant subspace of the principal series representation
U, , and consists of boundary values of antiholomorphic functions
on D.

For n = 0, o/—(n) consists of functions whose Fourier transforms
are supported by the backward light cone. Similarly, we can complete
&/ —(n) to a Hilbert space D,,~ of distributions on Minkowski space, and
U, extends to a unitary representation in this space, and .o/ —(n) is also
contained in the image of [J"(I%(-—n)).

We denote by #*+(—n) the subset of functions ¢ in J(%(—n)) for
which [J% e &/*(n). [J* is then a surjective map from #H*(-—n) to
&/ *(n). Similarly we let #~(—n) be the subset of functions ¢ in
I(%(—n)) for which "¢ €.Z/~(n). We let L (—n) = {$ € [(E(—n)),
such that [J% = 0}. The relation T"U_,(g) = U,(g)[ 1" proves that
S (—n), B+*(—n), and HA~(—mn) arc invariant subspaces for the
representation U_, .

We also consider .7 +“(—n) and o/—(—n) for n > 0, and observe
that for n << —2, &/*(n) = .«/~(n), and in this case the spaces consists
of polynomial functions on f(2) of bounded degree (&/#(—2) =
o/~(—2) = C), hence they are finite dimensional subspaces of the

Ficure |
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representation U_, . We put &/(—n) = &/ (—n) @ .o/ (—n). For
n > 1, we have the following diagram of inclusions of invariant
subspaces under the representation U_, (see Fig. 1). (For more

—n

detailed information on the composition series of this representation
see [21].)

If ¢ € C*(H(2)) we write [¢], for the equivalence class containing ¢;
equivalence being modulo solutions to [J%f = 0, i.e.,

[¢], =0 if and only if [ = 0.
The map ¢ - [¢], is a surjection of #+(—n) onto At(—n)/ . F(—n);
we maintain the notation U, for the representation obtained on this

quotient.
We can then conclude:

7.6. ProrosiTION. If ¢ € HB(—n), then

TMU_W(@)bln == Unlg) CIM([$a)-

Since, for n > 0, [ j* gives an isomorphism between #+(—n)/ £ (—n)
and ./t(n), we can turn the space [#+(—n)] of equivalence classes of
functions modulo [T1* = 0, into a pre-Hilbert space, in which U,
will act unitarily, by setting

L[]0 == (", 3™ D rtny -
We observe that Lemma 7.3 shows that we can take a section of the

map [_": B(—n) — ./ (n) by

Z ¢; det((x — w,*)/27) 2+ Z ¢; det((x — w,; )20y

=1

So if ¢ is the linear span of the functions det((x -- @;%)/2{)73,
which are the Fourier transforms of the functions f,, (k) == ¢~/T*#*< in
L¥CY), then & is d(me in [#H—n)], and we have for F, -(x) =
det((x — w;¥*)/27)2
'\/\Fﬂ‘,- ’ Frl'; o dCt((‘ZCj - wz*)’/‘?l)i et2)
[ Fu(B) o (R(det Y di
o
- ((—DT)H Fu,'i st]-\,;'L:(H(Z)) .

580/24/1-7
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So, for all functions ¢, ¢’ in .#, we have

LD = [ (O FE)

We finally remark that the different powers of the multiplier in the
U,’s are in direct correspondence with the different weightings of the
spin 0, mass m representations of the Poincaré group in the given
direct integrals.

8. More about Spin %

We consider here the representations

(Us(r, a)(9)f)(x) = 7(ex - d) " det(ex = d)*2 f((ax + B)(ex + d)),
(Us(ry 2)(g)f)x) = 7(ex + d)* det(ex - d)~9) f((ax -+ b)(ex -+ d)7).

We let 6y, 0, 05, 03 be the basis of H(2) given by the Pauli matrices,
1%’ Oy = ((1) (1))» 0y = (% *2)7 Gy == (2 (1))> O3 = 3~(1.? o) Then, Dy~ =
ico 0(0/0x;); Dyt = o(Dy7) = oq(0/0x,) — Xio 04(0/0x;), and by
Proposition (5.11) and (5.2),

DU (7, —1) = Uy(7, 0)Dy¥,

D, Uy(r, —1) = Uy(r, 0)D;~.
We will now show that we get the same picture as for spin 0, but in
order to do so, we shall have to take the following simple relations for
granted. We keep the notation of paragraph 7, extending it in an
obvious way (e.g.,

K=y g o-(5 )
Then, for H e H(2)
D,~HC, = 4C, -+ d="c(H) C,D,,
Dy e(H)C,y = 4C, - d-1HC,D;*,
(D, d"] = 2nc(H)d",
(Dy*, d] = 2nHd",
(O, e(H)} = 2Dy,

(O, HY = 2D.%,
(K, e(H)] = o(H),
[K, H] = H,

D+C, = —d-1C,D,~ -+ 2d-1HKC,
D~Cy = —d-1C,D,* -+ 2d-'¢(H) KC, .
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8.1. Lemma. Forn =0,
OnD,~d*2HCy = d—""3(H) Co[(3"D,~
(Dytdr2e(HYC, = d—3HC,["D*.

Proof. We will only prove the latter, since the two cases are
entirely similar. We take n = 0:

Dyt d2c(H)C, — d=2Dye(H)Cy -+ [Dy*, d2] ((H)C,
— d-2(4C, -+ d-1HC,Dy+) — 4Hc(H) d-3C,
— d-3HC,D,*.

We will now assume that the relation holds true up to » and compute

C1wHD, == 2e(H)C,

— [ (dDyrdm2c(H)Cy -+ 2Hd2c(H)Cy)

= d[(d " *HC,["Dy") + [4(n + 2)(n + 1) [O* - 4(n — 1) K[]"]
% Dytdn=2c(H)Cy + 2[1d"1C,

= d-" 2O HC, "Dyt
b d(—A(n 1 3) &K - A - 3)(m - 2) d ) HC Dy
+ [4(n + 2)(n + 1) + 4(n -+ DK "2 HC "Dy ]
L 2d-n=3C [Tt

= d-"2H(d-2C,[7] — 4CydK) [ "D+
- 2d- - —d-1C, Dy~ + 2d-*HKCy) ("D, !
— 4(n + 3) dSKHC, "Dyt + 4(n + 2)(n + 3) d7 *HC, T1"Dy*
A 4 2)(n - 1) dBHC Dy
4 d(n 4 1) Kd—=3HCy[ "Dy + 2d-1-3C, [+

— d A HC, D+ 4d-SHKC "Dyt + 4d-n-3HKC, D+
— 4n - 3)dSHC,[1"D,* — &(n + 3) d-"SHKC, "D+

- A(n + 2)(n + 3) d-SHC,[ "D+
+ 4(n - 2)(n + 1) d"3HC, "Dy
— 8(n + 1)(n + 3) d*SHC, "Dy + 4(n + 1) d"3HC, "D,
+ 4(n + 1) d-3HKC,[ "Dy
— d-" SHC,[" Dy
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As in the case of spin 0, once we know a relation is true for g ¢ P

(and in the following case we do, by Lemma 4.5), then it nceds only
be checked at the element
( 0

which is the element corresponding to conformal inversion, since it,
together with P, generate SU(2, 2). But, if we let

v 1)::{0, ”7}‘

we have

and Lemma 8.1 is easily seen exactly to be this remaining verification
in order to have proved the

8.2. ProposiTION. Let

U = (00 - O 6 Ui

Then, for n 2= 0,
(V) U, — L — ) = U(r, n)(F)2mL,

Now we recall the formulas: (ITI1.3.1, II1.5.5). Fora =~ —1
3o (1 g — gpF ol
(~ T *) det (4A 5
25 P2

SRR T G B e BN D
o (7-,‘,"2) F((x Tt ]) F(a’ - 3) “C.u e A(d(t k) dk

- 2a
[ - - ITY k(z--mw*) x
R UV ACERIBACHEY f( ¢ (det ky* dk

( :E,uy )det( = ,;i.w* ) (x4

25 P2x
(#2) T(a - ) Ta - 3)

[ enrre o )(det ke dk.
I
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In order to study quotients of representations, we need the following
simple facts:

8.3. Lemma. For v e C? we D,
Dy det(x — w*) "o == —2n(xy — w¥)Ldet(x — w¥) ¢
Dyt det(x — w*) "0 = —2n(x — w*) det(x — w*) "o
Dy (x — w*) det(x — w*) "0 == (4 -— 2n) det(x — w*) "
Dy (v — w*)det(x — w*) "y = (4 — 2n) det(x — w0*) "o,
relations which follow, for example, (by analytic continuation) from the
preceding relations.

We will describe similar to the case of spin 0 some subspaces of
the C*-functions on H(2) with values in § = S+ @ S—. We recall
that I} -= Ce; @ Ce, is identified via v — v+ to St(v — v~ to 57). We
introduce, for ¢, ,..., v, €V, w;,..., w, € D,

(e, n) ;X det((x — 2,%)/20)" "3 ((x — w, *)[20)1 - @f’z

i=1

C C=(H(2), S*),
A, 1) = %ji det((x — w,*)/28) (v — w,%)/28) - v
C C=(H(2), $7),

and (S, n) = A(r7,n) @ L(v, n). For n > 0, (S, n) consists
of functions whose Fourier transforms are functions supported in the
forward lightcone C+.

We introduce

(X
L) = )Z det{(x — w,%)/2i) 2 v;*

vi=1

C C=(H(2), S*)

N
() = | 3, det((x — w*)/2i) 2 o

C C=(H(2), S-)

and Z(S) = ZL(r) @ ZL(v7). Using the relation ¥2#+1 — Y[]» and
Lemma 8.3, we see that ¥?** is a surjective map of Z(S) onto
(S, n).

We consider the principal series representations U(r, —1 — n) (or
U(r, m)), acting on the subspaces €(S, —1 — n), (or €(S,n)) of
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C*-functions on H(2) with values in .S that can be extended as C*
sections of the corresponding line bundle over G/P.

We know that .7(S, n) C €(S, n) and is an invariant subspace under
the representation U(r, n). Furthermore, for n > 0, .%/(S, n) can be
provided with the structure of a pre-Hilbert space in which U(r, n)
acts unitarily.

We introduce Z(S, —1 -— n) C%(S, —1 — n) to be the subspace of
functions ¢ € (S, —1 — n) such that Y2"i1$ c 27(S, n); it is clearly
an invariant subspace of #(S, —1 — u) under the representation
U(r, —1 -~ n). Similar to the case of spin 0, the spacc Z(S) is
contained, for # > 0, in A(S, -—1 — n), providing a section of the
surjective map

Wl B(S, —1 — n) -» /(S, n).

The space #£(S) is composed of functions whose Fourier transforms
are in L¥(C™).

Also we introduce L(S, —1 — n) = {$ € (S, — 1 — n), such that
Yy2uilg = Q) and (S, -1 —n) is an invariant subspacc of
%(S, —1 — n) under the representation Uz, —1 — n).

Similarly we have

(S, -1 =) CA(S, —1 —n) CH(S, -1 —n)CE(S, -1 - n)

as a sequence of inclusion of invariant subspaces under the representa-
tion U(r, —1 — n). Similarly, if # > 2, we see that .eZ(S, -1 — n) is
composed of polynomial functions on f1(2) of bounded degree; hence
is a finite dimensional subspace of U(r, —1 — n).

We denote by [¢],,., the class of ¢ modulo Y2#+1f == 0; the map
¢ — [#]s,.1 is a surjective map from #(S, —1 — n) onto

AB(S, —1 — n)/ (S, —1 — n).

We still denote by U(r, —1 — n) the corresponding representation of
the group U(2, 2) on this composition factor.

Clearly ¥2+! gives an isomorphism of [#(S, —1 — n)],,., onto
(S, n), so [B(S, —1 -— n)]y,41 inherits the structure of a pre-
Hilbert space, in which the representation U(r, —1 — n) will act
unitarily.

V1. Tur HArRMONIC REPRESENTATION

We consider the group G C GL(C* C GL(R®). T.et p, be the
hermitian form on C* = F as in (1.2.]1) and definc a symmetric
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bilinear (real) form B on V' = R® by B = Im p, . Then, since an
element of G leaves p, stable, this determines an imbedding of G into
Sp(B), where Sp(B) is the symplectic group of transformations of RS
leaving the form B stable. We can then define the metaplectic repre-
sentation of Sp(B) in L3(R?) and restrict this representation (projective)
to G. We will study this restriction R.

We consider the Heisenberg group N with Lie algebran = IV @ RE,
where we have defined the Lie bracket by [¢, '] = —2B(v, v')E
(E is a basis of the one-dimensional center RE of n). We consider
V, = Cey + Cey, Vy, = Cey + Cey. Both V; and ¥V, are totally
isotropic for the form B. If u; = o6, + aze, € V7 and 1, = Bieg -
Boes € Vy Im p,(uy , u) = Re(oyBy + a5B85). We will identify V; and
V, with C? by 4y = (a1, ay), s = (81, Ba), and we write {u; , ty> =
B, - ayB, . There exist a unique irreducible unitary representation
T of N having restriction T'(exp tE) = ¢’* Id to the center exp RE of N.
We can realize T as acting in L%(C?) as follows:

(T(expu)f)u) = " f (@),  wmely,

(T(u) )W) = f(u — wp), uye V.

The group G acts as a group of automorphisms of N by
g - (exp(u +— tE) = exp(g - u + tE), uel, teR.

Since G leaves the center of N stable, the representation T (n) =
T(g™!-n) is unitarily equivalent to 7 (theorem of Stone, Von
Neumann). Hence there exists, for each g € G a unitary operator R(g)
defined up to a scalar of modulus one such that R(g) T(n) R(g)™ =
T(g - n), and this defines a projective representation of G. Actually
the following choices of R(g) determines a representation of U(2, 2)
[7(a)]: If a € GL(2, C),

(R(g(a))f)(u) = det a f(a*u).
If x, € H(2),

(R(u(xo)) )(w) = €™ f (w).
If
0

L)

(R(o)f)(u) = (—1/n?) f exp(—2i Re(u, v5) f(v) do.
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We consider
&, = {¢ € LH(C?) such that ¢(e?u) = e~noh(w)}.

Then %, is stable under the representation R, and we denote by R,
the restriction of R to %, . We have Ly(C) = @, .%, .

The character g+ det g is a unitary character of U(2, 2) which is
trivial on SU(2,2). We consider R(g) = (detg)'R(g). R and R
coincides on SU(2, 2); and we define R, to be the restriction of R to
<5 -

1.1. ProposITION. If n 2= O the representations R, and T\(r, , —1)
are equivalent. If n < 0, the representations R, and Ty(r,, —1) are
equivalent.

Proof. Let u = ue; -+ use, € C?; we form the 2 X 2 complex
matrix
iy O
M(u) — (u2 o)

and have Tr(M(u) M(v)*) = <{u, v). Also, if g € GL(2, C), M(gu) =
gM(u). We define

b(u) = M(u) M(u)* — (’l u [* ulﬁz).

gty | Uy |

We remark that b(u) = b(u') if and only if ' = ¢"u for some 6 € R;
we have b(g - u) = gb(u)g*. As dm(k) is the unique semi-invariant
measure on b(C*) under the transformations k& — gkg* of GL(2, C), it
follows that up to a positive scalar [ ¢(b(w)) du = [,(c+) (k) dm(k)
for any continuous compactly supported function ¢ on 5(C*). At the
point b(u) = M(u) M(u)* be one-dimensional subspace V, (b(u)) is
spanned by the vector

To(M(1)) - e = (wye) -+ uzey)”

(as Tn(M(u)*) : Vn - eln)'
If e Z,, n =0, we define

(Ip)w) = d(w) Tu(Mw)) - & = () (wrer + uper)".
Then (Ip)(ue®®) = (I)(u), so we can define (Ip)(M(u) M(u*)) =
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18(b(w)) = ¢(u) 7,(M(u)) - e,™ as a function on &(C*) with values in the
one-dimensional subspaces 7,(b(x)) - V,,. We have

(r(M(w)) 7, 7o(M(w)) ") = {rp(M(u)* M(w)) &4, 4™
— (g |+ 2 = Tr(b)
also

e [ g%@dm(k)

. 2 $Ta(M(w)) ", (M () &™)
=) 19w Tr(b(w))" du

vB(Ch)

== H (’S H‘fﬂ(c) .

So I defines a unitary isomorphism between %, and L,*(r, , —1). We
will prove that this map intertwines the representation 7(r,, —1)
with the representation R, . It follows from the formulas (IV.3.2)
that I intertwines the operators coming from the maximal parabolic
group P. We need then only check the action of

0|1
. (.__).
—11 0
We define, if we D, fe V,, , the functions

D(w, )(R) == e THET(R) - f.
The collection of functions @(w, f) is a dense set of functions in
L,*(r, , —1) (IV.1.3), and by (IV.1.2) we have
D(w, f)(z) = det((z — w*)[2i) " 7,((z — w*)/2i) -
= Ry(r,,, =)z, w) - f.

A particular case of the relation (I.5.6) becomes

T(rn, —1)g0) ¢, ) = $lgo - @, (Ji(ra, —1)(go, @) ), (1.2)

where (7, , —1)(go, @) = det(c,w + dy) 7 ,(cow + d).

We will then use the following idea: although the operator
T\(7, » —1)(0) acting on L;*(r, , —1) is not easily expressed, never-
theless its action on a dense set of special functions i1s given by the
explicit formula (1.2). We have

P(w, f UM () M(u)¥)
= exp(—i Tr(M(u) M(u)* w™)) 7o (M(@)) - 7o(M(@)*) - f
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We define §(w, f)(u) - e = e~ 7, (M(u)*) - f. So I(f(w, f)) =
D(w, f).

To prove our proposition, it remains only to check that if

0
az(_
—1

1.€.,

(—1/n%) Lz exp(—27 Redu, v)) exp(—iw*v, v)) 7,(M(v)* - f) do

i

T) Ro) (e £) = (—1)(det = o=, 7, %) - f),

= (1) det(@¥)! exp(id(@*) s, 1)) 7o (M) - 7)1+ .

As both sides are antiholomorphic functions of @ in D it is enough
to check this relation for w = 7y, i.e,,

J~ exp(—27 Redu, v)) e~ v o7 (M(0))* - f dv
CZ

= m¥(—i)"(det y) e V0T (M@)*) - r(y) - f (13)
We have for n = 0, y = id, that this relation is true since

J‘ exp(—2i Redu, v)) e=<%v7 dy = e~ 0w

Cc2

Applying the operator (6/0u,)¥(0;0u,)’ to both sides, we get the
relation (1.3) for f = ejfe in V., (since 7,(M(u)*) - ele —=
(@)(@:) €} and y = id),

[ exp(—2i Recu, ) e 0r (M (0))*f do
Ja

(i) e (M(u)*) - f. (1.4)
Changing v to g - v in the integral (1.4), g € GL(2, C), we get the
relation (1.3) for y = g*g.

Similarly, the one-dimensional subspace IV, (c(b(u))) is spanned by
(M (u)*) - e,® = (—Tiye; + Uqey)". We define ford e £, (n = 0)

(Ip)(#) = p(u) Tule(M())*) - e = $(u)(—ihpey +- )"

This gives an isomorphism of #_, onto L, which intertwines R, and
Tyt , —1).
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