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Lecture one: Schemes

This lecture establishes some basic language, including:
@ Three ways of looking at schemes,
@ Quasi-coherent sheaves,
@ and the example of projective space.
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Affine Schemes

Let A be a commutative ring. The affine scheme defined by A is
the pair:

Spe¢A) = (Sped¢A), On).

The underlying set of SpedA) is the set of prime ideals p C A. If
| C Ais an ideal, we define

V(1)={pCAprime|I £p}C Spe¢A).
These open sets form the Zariski topology with basis

V() =V((F)) = {p|f ¢p} = Spe¢A[L/f]).
The sheaf of rings O, is determined by
Oa(V(f)) = A[1/f].
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Schemes as locally ringed spaces

SpedA) is a locally ringed space: if p € Sped¢A), the stalk of Oa
at p is the local ring A,,.

A scheme X = (X, Ox) is a locally ringed space with an open
cover (as locally ringed spaces) by affine schemes.

A morphism f : X — Y is a continuous map together with an
induced map of sheaves

Oy —f. 0y

with the property that for all x € X the induced map of local
rings

(Ov)ix)—(Ox)x
is local ; that is, it carries the maximal ideal into the maximal
ideal.
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Schemes as functors

If X is a scheme we can define a functor which we also call X
from commutative rings to sets by by

X(R) = Sch(Spe¢R), X).

Spe¢A)(R) = Rings (A, R).

A functor X : Rings;—Sets is a scheme if and only if
© X is a sheaf in the Zariski topology;

@ X has an open cover by affine schemes.
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Example: projective space

Define a functor P" from rings to sets: P"(R) is the set of all
split inclusions of R-modules

N—_——RNM1

with N locally free of rank 1.

For 0 <i < nlet U; C P" to be the subfunctor of inclusions j so
that

N— g PR

is an isomorphism. Then the U; form an open cover and
Ui 2 A"
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Geometric points

If X is a (functor) scheme we get (locally ringed space) scheme
(IX],0x) by:
@ |X| is the set of (a geometric points) in X: equivalence
classes of pairs (F,x) where F is a field and x € X (F).
@ An open subfunctor U determines an open subset of the
set of geometric points.
© Define Ox locally: if U = Spe¢A) — X is an open
subfunctor, set Ox (U) = A.

The geometric points of Spe¢R) (the functor) are the prime
ideals of R.

If X is a functor and R is a ring, then an R-point of X is an
element in X (R); these are in one-to-one correspondence with
morphism Spe¢R) — X.
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Schemes as ringed topoi

This notion generalizes very well.

If X is a scheme let X' denote the category of sheaves of sets
on X. Then X is a topos:

@ X has all colimits and colimits commute with pull-backs
(base-change);

@ X has a set of generators;
© Coproducts in X are disjoint; and
@ Equivalence relations in C are effective.

If X is a scheme, Ox € X and the pair (X, Ox) is a ringed
topos.

[Slogan] A ringed topos is equivalent to that of a scheme if it is
locally of the form SpedA).
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Quasi-coherent sheaves

Let (X, Ox) be a scheme and F a sheaf of Ox-modules. Then
F is quasi-coherent if is locally presentable as an Ox-module.

Definition

An Ox module sheaf is quasi-coherent if for ally € X there is
an open neighborhood U of y and an exact sequence of
sheaves
[C) B () B =
o @i Flu — 0.

If X = Spe¢A), then the assignment F — F(X) defines an
equivalence of categories between quasi-coherent sheaves
and A-modules.
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Quasi-coherent sheaves (reformulated)

Let X be a scheme, regarded as a functor. Let Aff /X be the
category of morphisms a : Spe¢A) — X. Define

Ox (Spe¢A) — X) = Ox(a) = A.

This is a sheaf in the Zariski topology.
A quasi-coherent sheaf F is sheaf of Ox-modules so that for
each diagram

Spe¢B)

f X
e

SpedA)

the map
f*F(a) = B ®a F(a) — F(b)

is an isomorphism.
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Example: O(k) on P"

Morphisms a : Spe¢A) — P" correspond to split inclusions
N AN+
with N locally free of rank 1. Define Opn-module sheaves
O(-1)(a)=N
and
O(1)(a) = Homa(N, A).
These are quasi-coherent, locally free of rank 1 and O(1) has
canonical global sections x;

N ‘>An+lL>A.
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Exercises

1. Show that the functor P" as defined here indeed satisfies the
two criteria to be a scheme.

2. Fill'in the details of the final slide: define the global sections
of sheaf and show that the elements x; there defined are
indeed global sections of the sheaf O(1) on P".

3. The definition of P" given here can be extended to a more
general statement: if X is a scheme, then the morphisms

X — P" are in one-to-one correspondence with locally free
sheaves F of rank 1 over X generated by global sections s;,
0<i<n.

4. Show that the functor which assigns to each ring R the set of
finitely generated projective modules of rank 1 over R cannot
be scheme.
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Lecture 2: Derived schemes

In this lecture we touch briefly on the notion of derived
schemes. Topics include:

@ An axiomatic description of ring spectra;
@ Jardine’s definition of sheaves of spectra;
@ Derived schemes (in the Zariski topology) and examples.
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Spectra

We need a good model for the stable homotopy category. Let S
be a category so that

@ S is a cofibrantly generated proper stable simplicial model
model category Quillen equivalent to the
Bousfield-Friedlander category of simplicial spectra;

@ S has a closed symmetric monoidal smash product which
gives the smash product in the homotopy category;

@ the smash product and the simplicial structure behave well;
@ andsoon.
Symmetric spectra (either simplicially or topologically) will do.
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Commutative ring spectra

A commutative monoid A in S is a commutative ring spectra:
there is a multiplication map

ANA—A

and a unit map
SO—A

so that the requisite diagrams commutes.
There are A-modules with mulitplications AAM — M.
There are free commutative algebras:

Sym(X) =V Sym,(X) =V (X"")/Zq
=V (EZn)+ Ag, XM

These categories inherit model category structures
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Sheaves of spectra

Let X be a scheme. A presheaf of spectra is a functor

F . { Zariski opens in X }°? — S.

Theorem (Jardine)

Presheaves of spectra form a simplicial model category where
E—=F
@ is a weak equivalence if £, — F, is a weak equivalence for
allp € X;
@ £ — Fis acofibration in £(U) — F(U) is a cofibration for
all U.

A sheaf of (ring or module) spectra is a fibrant/cofibrant object.
Jardine proves an analogous theorem for ring and module
spectra for an arbitrary topos.
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Global sections

Let X be a scheme and F a sheaf on X. If {U,} is an open
cover, let U the associated category. Then

HO(X, F) =T(X, F) = F(X) = Sh(X, F)
=lim 7.

If F is a sheaf of spectra these become:

RI(X,F) ~Fgp, (X, F)
~ holimy, F.

And the derived nature of the subject begins to appear. There
is a spectral sequence

HS(X, mF) = m_sRT(X, F).
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Theorem (Lurie)

Let X be a space and O a sheaf of ring spectra on X. Then
(X, 0) is a derived scheme if

@ (X,m0) is a scheme; and
@ 7O is a quasi-coherent 7o module for all i.

This looks like a definition, not a theorem. There is a better
definition using topoi.
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Derived affine schemes

Let A be a ring spectrum. Define Spe¢A) by
@ Underlying space: Spe¢moA); and
@ O: sheaf associated to the presheaf

V() = Spe¢moA[L/f]) — A[L/f].

Remark
A[1/f] is the localization of A characterized by requiring

Spe¢A[1/f],B) C Spe¢A, B)

to be subspace of components where f in invertible. Such
localizations can be done functorially in the category of ring
spectra.
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Derived schemes: the category

Lurie’s result above is actually part of an equivalence of
categories:

Theorem (Lurie)

A morphism f : (X,0x) — (Y, Oy) of derived schemes is a pair
(f,¢) where
o f: X — Y is a continuous map;
@ ¢: Oy — f,0x is a morphism of sheaves of ring spectra
so that
(f,m09) : (X, m0X) — (Y, moY)

is @ morphism of schemes.

The collection of all morphisms f : (X, 0x) — (Y,Oy)is a
space.
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Derived schemes as functors

If X is a derived scheme, we write

X : Ring spectra — Spaces
for the functor
X(R) = Dsch (Spe¢R), X).

Example

The affine derived scheme A! is characterized by
AY(R) = Q*R.
The affine derived scheme Gl; is characterized

Gly(R) € Q°R.

to be the subsets of invertible components.
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Example: Derived projective space

Define P"(R) to be the subspace of the R-module morphisms

which split and so that moN is locally free of rank 1 as a
moR-module.

The underlying scheme of derived P" is ordinary P". The
sub-derived schemes Uy, 0 < k < n of those g with

N =gt PR
an equivalence cover P". Note

Uk(R) = A"(R) 22 Q®R*",
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Exercise

1. Let A be an E..-ring spectrum and M an A-module. Assume
we can define the symmetric A-algebra Sym, (M) and that it has
the appropriate universal property. (What would that be?) Let
A = S be the sphere spectrum and let M = v,S (Vv = coproduct
or wedge). What is Spe¢Symg(M))? That is, what functor does
it represent?

2. Suppose n =1 and x € Symy(M) is represented by the
inclusion S = M — Symg(M). What is Spe¢Symg(M)[1/x])?
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Open-ended exercise: the tangent functor

3. IfR is aring, then R[¢] ©'R[x]/(x2). This definition makes

sense for E.-ring spectra as well. If X is any functor on rings
(or E-ring spectra) the tangent functor Ty is given by

R — X(R[d]).

Explore this functor, for example:
@ Show that Ty is an abelian group functor over X;
@ If x : Spe¢A) — X is any A-point of X, describe the fiber

TX,X = Spe¢A) Xx Tx.

© (More advanced) Show that this fiber is, in fact, an affine
scheme.
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Lecture 3: Flat, smooth, and étale maps

This lecture introduces some of the other standard topologies.
We discuss:

@ Descent and derived descent;

@ smooth and étale maps;

@ the new topologies and the sheaves in them; and
@ briefly mention the cotangent complex.
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Flat morphisms

A morphism of rings A — B is flat if B @4 (—) is exact. Itis
faithfully flat if it creates isomorphisms.

Definition

A morphism f : X — Y of schemes is flat if for all x € X, O is a
flat O (xy-algebra. The morphism f is faithfully flat if is flat and
surjective.

A morphism A — B of E.-ring spectra is flat if
@ 7oA — 7B is a flat morphism of rings;
Q 7B ®rya mnA = m,B for all n.
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A bar construction

Let X — Y be a morphism of schemes and let

€: Xe—Y

be the bar construction. Faithfully flat descent compares
sheaves over Y with simplicial sheaves on

Xo = {X**1}.
If X = Spe¢B) — Spe¢A) =Y are both affine; this is Spe¢—) of
the cobar construction

n: A—{B®*1},
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Descent

A module-sheaf F, on X, is:
© module sheaves F, on Xy;
@ for each ¢ : [n] — [m], a homomorphism 6(¢) : ¢*Fn — Fm;
© subject to the evident coherency condition.

Definition

Such a module sheaf is Cartesian if each F, is quasi-coherent
and 6(¢) is an isomorphism for all ¢.

If £ is a quasi-coherent sheaf on Y, ¢*€ is a Cartesian sheaf on
Xe.

Descent: If f is quasi-compact and faithfully flat, this is an
equivalence of categories.
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Derived Descent

A chain complex F, of simplicial module sheaves is the same
as simplicial chain complex of module sheaves.

Definition

Let F, be a chain complex of simplicial module sheaves on X,.
The F, is Cartesian if

@ each 0(¢) : ¢*Fn — Fm is an equivalence;
@ the homology sheaves H;(F,) are quasi-coherent.

If £ is a complex of quasi-coherent sheaveson Y, ¢*€ is a
Cartesian sheaf on X,.

Derived descent: This if f is quasi-compact and faithfully flat,
this is an equivalence of derived categories.
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Etale and smooth morphisms

There are not enough Zariski opens; there are too many flat
morphisms, even finite type ones; therefore:

Suppose we are given any lifting problem in schemes

Spe¢A/l) —

with | nilpotent and f flat and locally finite. Then

Definition

© f is smooth if the problem always has a solution;
@ f is étale if the problem always has a unique solution.
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Examples: Etale and smooth morphisms

B =A[X,....Xn]/(P1,.--,Pm) IS

@ étale over A if m = n and de{(dp; /9x;) is a unit in B;
@ smooth over A if m < n and the m x m minors of the partial
derivatives generate B.

Any étale or smooth morphism is locally of this form.

@ Fp[x]/(xP" —x) is étale over Fp.

@ Any finite separable field extension is étale.

© A[x]/(ax?+ bx +c) is étale over A if b? — 4ac is a unit in A.
Q F[x,y]/(y? — x%) is not smooth over any field F.
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Etale maps as covering spaces

Letf : X — Y be étale and separated and U C Y be open. Any
section s of

UxyX—U

is an isomorphism onto a connected component.

For the analog of normal covering spaces we have:
Definition
Letf : X — Y be étale and G = Autx (Y ) (the Deck

transformations). Then X is Galois overY if we have an
isomorphism

G x X—X xy X
(9,%x) = (9(x), ).
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Etale topology

Let X be a scheme. The étale topology has
@ étale maps U — X as basic opens;
@ acover { Vi — U } is afinite set of étale maps with
11Vi — U surjective.
Notes:

@ every open inclusion is étale; so an étale sheaf yields a
Zariski sheaf;

@ Define Ox (U — X) = Oy(U); this is the étale structure
sheaf.

© There are module sheaves and quasi-coherent sheaves for
the étale topology.
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Zariski versus étale sheaves

The inclusion of a Zariski open U — X is rigid: Autx (U) = {e}.
An étale open U — X need not be rigid: Auty (U) # {e} in
general.

Let I be field and X = SpegF).

@ Module sheaves in the Zariski topology on X are [F- vector
spaces.

@ Module sheaves in the étale topology on X are twisted,
discrete F — Gal(F/F)-modules.
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Etale morphisms for spectra

A morphism f : A — B of ring spectra is étale if
@ 7oA — moB is an étale morphism of rings; and
@ 7B @ a mA — 7B is an isomorphism.
Compare to:

Definition (Rognes)

Let A — B of ring spectra and let G = Auta(B). The morphism
Galois if

@ BApB — F(G4,B); and
e A—B"® =F(G,,B)®
are equivalences.

Hypotheses are needed: G finite or “stably dualizable”.
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The cotangent complex

Letf : X — Y be a morphism of schemes. Let Dery ,y be the
sheaf on X associated to the functor

Spe¢R) —— X

7
-

l // !
)

SpedR[d) — Y

This is representable: Dery ;v = Homo, (Q2x v, Ox ). The
cotangent complex Ly y is the derived version.
Suppose f is locally finite and flat, then

O fisétaleifand only if Ly )y = 0;

© f is smooth if and only if Ly ;v =~ Qv and that sheaf is
locally free.
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Exercises

1. Let (A, T') be a Hopf algebroid. Assume T is flat over A. Then
we get a simplicial scheme by taking Spe¢—) of the cobar
construction on the Hopf algebroid. Show that the category of
Cartesian (quasi-coherent) sheaves on this simplicial scheme
is equivalent to the category of (A, I')-comodules.

2. Let A — B be a morphism of algebras and M an A-module.
Show that the functor on B-modules

M — Defa(B, M)

is representable by a B-module Qg . Indeed, if | is the kernel
of the multiplication map B @ B — B, then Qg s = 1/12.

3. Calculate Let B = F[x, y]/(y? — x3) where F is a field. Show
that Qg is locally free of rank 1 except at (0, 0).

Paul Goerss TAG

Lecture 4: Algebraic stacks

We introduce the notion of algebraic stacks and quasi-coherent
sheaves thereon. Topic include:

@ Stacks of G-torsors and quotient stacks;

@ Projective space as a stacks;

@ Quasi-coherent sheaves versus comodules;

@ Deligne-Mumford stacks and their derived counterparts.
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Sheaves of groupoids

Let S be a scheme (usually Spe¢R)). Stacks are built from
sheaves of groupoids G on S.

Let (A,T) be Hopf algebroid over R. Then

G = { Sped¢l) == Spe¢A) }

is a sheaf of groupoids in all our topologies.

Given U — S and x € G(U), get a presheaf Auty
Auty(V — U) = Isogv)(X|v, X|v)-

G is a prestack if this is sheaf. Hopf algebroids give prestacks.
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Effective descent and stacks

Let G be a prestack on S and let NG be its nerve; this is a
presheaf of simplicial sets.

Definition
G is a stack if NG is a fibrant presheaf of simplicial sets.

This is equivalent to G satisfying the following:
Effective Descent Condition:  Given
@ acoverV; — U andx € G(Uj);
@ isomorphisms ¢ : XilvixuV; = Xilvixpv;s
@ subject to the evident cocyle condition;
Then there exists x € G(U) and isomorphisms ¢; : X; — X|y;.
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Example: Principal G-bundles

Hopf algebroids hardly ever give stacks. Let’s fix this.
Let A be a Hopf algebra over a ring k and

G = Spe¢A\) — Spe¢k) =S

the associated group scheme.

Definition

A G-scheme P — U over U is a a G-torsor if it locally of the
form U x5 G.

The functor from schemes to groupoids
U — { G-torsors over U and their isos }

is a stack. This is the classifying stack BG.
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Example: Algebraic homotopy orbits

Let X be a G-scheme. Form a functor to groupoids

G-map
P — X
U torsor |
U

This is the quotient stack X xg EG = [X/G/S].
If A'is our Hopf algebra, A a comodule algebra, then
(A,T =A®AN)is asplit Hopf algebroid and

Spe¢A) xg EG

is the associated stack to the sheaf of groupoids we get from
(A N).
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Example: Projective space

Consider the action

AL Gm—A”“
(ags-.-;an) X A — (agA,...,an\)
Define P" — A™1 xg EGp by
Iso(R,N) — AN
{N— RM+1 }— 1
Spe¢R)
We get an isomorphism

P" = (A" — {0}) xG,, EGm.
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Morphisms and pullbacks

A morphism of stack M — A is a morphism of sheaves of
groupoids. A 2-commuting diagram

N

N2

is specified natural isomorphism ¢ : pf — g.

Given My — =N =2 M, the pull-back My x M, has
objects

(x € M1,y € M2, 6 :(x) = g(y) € N).
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Representable morphisms

Definition

A morphism M — N is representable if for all morphisms
U — N of schemes, the pull-back

U xy M

is equivalent to a scheme.

A representable morphism of stacks A" — M is smooth or étale
or quasi-compact or - - - if

U xy M—U

has this property for all U — .
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Algebraic Stacks

Definition

A stack M is algebraic if
© all morphisms from schemes U — M are algebraic; and,
@ there is a smooth surjective map g : X — M.

M is Deligne-Mumford if P can be chosen to be étale.
X xg EG is algebraic with presentation

X—X xg EG

if G is smooth. Deligne-Mumford if G is étale.
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Quasi-coherent sheaves

A quasi-coherent sheaf F on an algebraic stack M:
@ for each smooth x : U — M, a quasi-coherent sheaf F(x);
@ for 2-commuting diagrams

coherent isomorphisms F(¢) : F(y) — f*F(x).

Descent: If X — M is a presentation then

{ QC-sheaves on M } ~ { Cartesian sheaves on X, }
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Example: Quasi-coherent sheaves and comodules

Suppose M = X xg EG where
@ G = Spe¢A) with A smooth over the base ring;
@ X = Spe¢A) where A is comodule algebra.

Then X = Spe¢A) — M is a presentation and

Spe¢A) x o Spe¢A) = Sped¢A ® A) = Spegl).

We have

{ Cartesian sheaves on X, } ~ { (A,')-comodules }.
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Derived Deligne-Mumford stacks

Theorem (Lurie)

Let M be a stack and O a sheaf of ring spectra on M. Then
(M, O) is a derived Deligne-Mumford stack if

@ (M, 7o0) is a Deligne-Mumford stack; and
@ 70 is a quasi-coherent sheaf on (M, moO) for all i.

Paul Goerss TAG

Exercise

Let Gm be the multiplicative group and BG, its classifying
stack: this assigns to each commutative ring the groupoid of
Gm-torsors over A. Show that BG, classifies locally free
modules of rank 1; that is, the groupoid of Gm-torsors is
equivalent to the groupoid of locally free modules of rank 1.
The proof is essentially the same as that of equivalence
between line bundles over a space X and the principle

Gl (R)-bundles over X. Here are two points to consider:

1. If N is locally free of rank 1, then Isos(A, N) is @ Gy-torsor;
2. If P is a Gy, torsor, choose a faithfully flat map f : A — B so
that we can choose an isomorphism ¢ : f*P = Gp,. If

di : B — B ® B are the two inclusions then ¢ determines an
isomorphism d;Gm — dgGm — which must be given by a

u € (B®a)*. Then (B, 1) is the descent data determining a
locally free module of rank 1 over A.
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Lecture 5: Elliptic curves

We discuss the compactified moduli stack of elliptic curves and
its derived analog, thus introducing the Hopkins-Miller theorem
and topological modular forms. Included are

@ Weierstrass versus elliptic curves;
@ an affine étale cover of Mey;
@ a brief discussion of modular forms.
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Weierstrass curves

Definition
A Weierstrass curve C = C, over aring R is a closed
subscheme of P2 defined by the equation

y2 +aixy + agy = x° + ax? + agXx + ag.

The curve C has a unique point e = [0, 1,0] when z = 0.

@ C is has at most one singular point;
@ C is always smooth at e;
@ the smooth locus Cq, is an abelian group scheme.
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Elliptic curves

Definition
An elliptic curve over a scheme S is a proper smooth curve of

q
genus 1 over S C —— S with a given section e.
e

Any elliptic curve is an abelian group scheme:

if T — S is a morphism of schemes, the morphism

{T -points of C}—Pic™)(C)
P— Z7YP)

is a bijection.
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Comparing definitions

Let C = C,4 be a Weierstrass curve over R. Define elements of
R by

by, = ai + 4a;

b, = 2a4 + aja3

be = a% + 4ag

Cyq = b% — 24b,
ce = b3 + 36byb, — 216bg
(12)*A =c} -2

Then C is elliptic if and only if A is invertible. All elliptic curves
are locally Weierstrass (more below).
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1.) Legendre curves: over Z[1/2][\, 1/ (X — 1)]:

y2=x(x —1)(x — A)

2.) Deuring curves: over Z[1/3][v,1/(v® + 1)]:

y24+3uxy —y =x°

3.) Tate curves: over Z[r]:

y2+xy =x3+7

~0.) The cusp: y2 = x5.
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The stacks

Isomorphisms of elliptic curves are isomorphisms of pointed
schemes. This yields a stack Meg.

Isomorphisms of Weierstrass curves are given by projective
transformations

X = p X 1
y — ;1,‘3y + /J,_ZSX +t

This yields an algebraic stack
Mweier = AS xc EG

where G = SpedZ]r, s, t, u*1]).
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Invariant differentials

q
Consider C Z—=S . Then e is a closed embedding defined by
e

an ideal Z. Define

we = G.I/7% = q.0¢s.

@ wc is locally free of rank 1; a generator is an invariant
1-form;

@ if C = C, is Weierstrass, we can choose the generator

dx
Na=——————;
= oy ax + ag
@ if C is elliptic, a choice of generator defines an

isomorphism C = Cg,; thus, all elliptic curves are locally
Weierstrass.
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Modular forms

The assignment C/S — w¢ defines a quasi-coherent sheaf on
Me[[ or MWeier-

Definition
A modular form of weight n is a global section of w®".

The classes ¢4, cg and A give modular forms of weight 4, 6,
and 12.

Theorem (Deligne)

There are isomorphisms
Z[ca, ¢, A /(3 — ¢ = (12)3A) — HO(Megp, w®*)
and

Zca, co, Al/(c3 — ¢ = (12)°A) — HO(Mweier, ")
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The compactified Deligne-Mumford stack

We have inclusions

Meil c Meé[ C Muweier

where

@ My classifies elliptic curves: those Weierstrass curves
with A invertible;

@ M.y classifies those Weierstrass curves with a unit in
(c3.¢5. D).

The algebraic stacks Mez and Moy, are Deligne-Mumford
stacks.

Paul Goerss TAG

Topological modular forms

Theorem (Hopkins-Miller-Lurie)

There is a derived Deligne-Mumford stack (Mege, O'°P) whose
underlying ordinary stack is Meg.

Define the spectrum of topological modular forms tmf to be the
global sections of O"P.

There is a spectral sequence

HS (Mg, w®') = mo_stmf.

Paul Goerss TAG



Exercises

1. Calculate the values of c4 and A for the Legendre, Deuring,
and Tate curves. Decide when the Tate curve is singular.

2. Show that the invariant differential 7, of a Weierstrass curve
is indeed invariant; that is, if ¢ : C; — Cy is a projective
transformation from one curve to another, then ¢*ny = una.

3. The j-invariant Me¢ — P! sends an elliptic curve C to the
class of the pair (c3, A). Show this classifies the line bundle
w@lz_

Remark: The j-invariant classifies isomorphisms; that, the
induced map of sheaves mg Mgy — P! is an isomorphism.
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Lecture 6: The moduli stack of formal groups

We introduce the moduli stack of smooth one-dimensional
formal groups, whose geometry governs the chromatic
viewpoint of stable homotopy theory. We include

@ periodic homology theories;

@ a brief discussion of formal schemes;
@ the height filtrations; and

@ the Landweber exact functor theorem.
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Periodic homology theories

Let E* be a multiplicative cohomology theory and let

WE = E~082 = E2.

Then E is periodic if
@ Ey.q=0forallk;
@ wk is locally free of rank 1;
Q we ®g, E2n — E2n42 is an isomorphism for all n.

A choice of generator u € wg is an orientation ; then
E. = Eo[u*?].
The primordial example: complex K -theory.
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Formal schemes

If X is a scheme and Z C O is a sheaf of ideals defining a
closed scheme Z. The nth-infinitesimal neighborhood is

Zh(R)={f e X(R) |f*I"=0}.
The associated formal scheme:

Z =colimZ,.

If X = Spe¢A) and Z defined by | C A, then
Z E'spi(A).
For example

Spf(Z[[x]])(R) = the nilpotents of R.
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Formal groups

If E* is periodic, then

G = Spf(E°CP>)
is a group object in the category of formal schemes —a
commutative one-dimensional formal group .
If E* is oriented, ECCP>™ = E°[[x]] and the group structure is
determined by
E°[[x]] = E°CP™ — E°(CP™® x CP®) = E°[x, y]]
X+ F(X,y) =X+ Y.

The power series is a formal group law ; the element x is a
coordinate .
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Example: elliptic spectra

Let C : Spe¢R) — Mgy be étale and classify a generalized
elliptic curve C. Hopkins-Miller implies that there is a periodic
homology theory E (R, C) so that

Q@ E(R,C)o =R;
Q E(R,C)2 Zux;
Q Geroe) =Ce.

Hopkins-Miller says a lot more: the assignment
SpecR) ——= A1 —E(R,C
{ Speg )étale Meg } (R,C)

is a sheaf of E.-ring spectra.
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The moduli stack of formal groups

An Isomorphism of formal groups over a ring R

¢:G1— G
is an isomorphisms of group objects over R. Define M4 to be
the moduli stack of formal groups.

If G; and G, have coordinates, then ¢ is determined by an
invertible power series ¢(x) = agX + agx? + - --.

There is an equivalence of stacks

SpegL) xa EA ~ Mg

where L is the Lazard ring and A is the group scheme of
invertible power series.
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Invariant differentials

q
Let G ?e S be a formal group. Then e identifies S with the

1st infinitesimal neighborhood defined the ideal of definition Z
of G. Define
we = 0.Z/7? = 0.Qg)s.
This gives an invertible quasi-coherent sheaf w on Myq:
@ wg is locally free of rank 1, a generator is an invariant

1-form;
o if S = Spe¢R) and G has a coordinate x, we can choose
generator
dx
= ———— e R[[x]ldx = Qg/s;
/el Fx(0.%) € R[[x]]dx G/S:

o if E is periodic, then wg, = Ez = we.
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Height of a formal group

Let G be a formal group over a scheme S over FFp. There are
recursively defined global sections

Vi € HO(S, 0l Y
so that we have a factoring
p
G @ G

ifand only if vy = v, = -+ =v,_; = 0. Here F is the relative
Frobenius.

Then G has height greater than or equal to n.
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The height filtration

We get a descending chain of closed substacks over Z ;)

Mig =2 M(2) <=2 M(2) =2 M(3) <+ < M()
and the complementary ascending chain of open substacks

U(0) CUL) SUR) C - € M.

Over Z,) there is a homotopy Cartesian diagram

Me[g — Muweier

L

UR2) —— Mg
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The height filtration

We get a descending chain of closed substacks over Zp,

Mig L2 Mm(1) 222 M2) 220 M@B) <~ M(0)
and the complementary ascending chain of open substacks

U(O) CUL) CUR)C - € M.

Over Z,) there is a homotopy Cartesian diagram

./\;lege — Muweier

flatl lnot flat

U2) —— My
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Flat morphisms (LEFT)

Suppose G : Spe¢R) — My, is flat. Then there is an
associated homology theory E(R, G).

More generally: take a “flat” morphism A" — My and get a
family of homology theories.

Theorem (Landweber)

A representable and quasi-compact morphism N — Mygq of
stacks is flat if and only if v,, acts as a regular sequence; that is,
for all n, the map

Vo : £.0/Ty — 1.0/ @ WP 2

is an injection.
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The realization problem

Suppose N is a Deligne-Mumford stack and

fr N — My
is a flat morphism. Then the graded structure sheaf on
(On)s = {wi

can be realized as a diagram of spectra in the homotopy
category.

Problem

Can the graded structure sheaf be lifted to a sheaf of E.-ring
spectra? That is, can N be realized as a derived
Deligne-Mumford stack? If so, what is the homotopy type of the
space of all such realizations?
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Exercises

These exercises are intended to make the notion of height
more concrete.

1. Letf : F — G be a homomorphism of formal group laws over
aring R of characteristic p. Show that if f’(0) = 0, then

f(x) = g(xP) for some power series g. To do this, consider the
effect of f in the invariant differential.

2. Let F be a formal group law of F and p(X) =X +¢ - -+ +F X
(the sum taken p times) by the p-series. Show that either

p(x) = 0 or there in an n > 0 so that

p(x) = upxP" +--- .

3. Discuss the invariance of up under isomorphism and use
your calculation to define the section v, of w®"~1,
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An exercise about LEFT

4. One direction of LEFT is fairly formal: show that
G : Spe¢R) — My is flat that then the v; form a regular
sequence.

The other direction is a theorem and it depends, ultimately, on

Lazard’s calculation that there is an unique isomorphism class
of formal groups of height n over algebraically closed fields.
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Lecture 7: Derived global sections

In this lecture and the next we outline an argument for
calculating the homotopy groups of tmf. Here we introduce:

@ coherent cohomology and derived pushforward;
@ cohomology versus comodule Ext;
@ how to calculate the cohomology of projective space.
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Coherent cohomology

Definition

Let X be an algebraic stack and F a quasi-coherent sheaf on
X. The coherent cohomology of F is the right derived
functors of global sections:

H3(X, F) = H°RT(F).

Warning: | may need hypotheses on X, but I will be vague
about this.

If X is derived Deligne-Mumford stack, we have a descent
spectral sequence

HS(X,TF'[OX) - ﬂtstr(Ox).
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Cech complexes

Suppose X — Y is faithfully flat. We have the simplicial bar
construction
€: Xe—>Y.

We get a spectral sequence

7SH (X, " F) = HSTY(Y, F).

If U is affine, HS(U, F) = 0 for s > 0.

If X = UU; is where & = {U;} is a finite affine cover of Y
separated, we get an isomorphism with coherent cohomology
and Cech cohomology

HS(Y,F) = H(U, F).
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Comodules and comodule Ext

Let M be a stack and suppose Spe¢A) — M is a flat
presentation with the property that

SpecA) x o1 Spe¢A) = SpegA).
Then (A,T) is a Hopf algebroid and we have
HS(X, F) = Ext} (A, M)
where M = ¢*F is the comodule obtained from F.

Example: M =X xg EG with X = Spe¢A) and G = SpedA).
Herel = A®A.
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Example: the Adams-Novikov E,-term

Let G : Spe¢l) — My, classify the formal group of the
universal formal group law. Then E(L, G) = MUP is periodic
complex cobordism. We have

Spegl) x a1, Speg¢l) = Spe¢W ) = Spe¢MUP;MUP)

where
+1
W = L[ag" ag,az,...].

Then

H® (Mg, w®') 22 Exty, (L, MUPy)
= Extyue.mue (Z2MUP,, MUP,.).

This is not really the E,-term of the ANSS so we must talk
about:
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Gradings: the basics

@ A graded R-module is a R[u*]-comodule;
@ A graded ring gives an affine Gy-scheme.

© The Lazard ring L is graded:
X ey = p((1x) + (1y)-
Q@ W =L[aZ’ a,.. ] is graded:
(o1)(x) = p~ (ux).

© Weierstrass curves: X — u=2X,y — p~3y.
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Gradings and cohomology

Let H = Spe¢A) be an affine group scheme with an action of
Gm and let
G = H x G, = SpedA[p™Y])

be the semi-direct product. Let X = Spe¢A) be an affine right

G-scheme. Then (A,,l. = A, ® A,) is a graded Hopf algebroid.
HS(X xg EG,F) = Ext_(A,,M,).

where M, = F(Spe¢A) — X xg EG).

Q@ H3 (Mg, w®) = Exty \y (Z#*MU., MU,);
Q HS(MWeier,uJ@t) =3 Extf\*(ZZ‘A*,A*).
@ H*(A™! xg, EGm,F) = Mo.

Paul Goerss TAG



Derived push-forward

Given f : X — Y and a sheaf F on X, then f,F is the sheaf on

Y associated to
U — HO(U xy X, F).

If F is quasi-coherent and f is quasi-compact, f..F is
guasi-coherent.

There is a composite functor spectral sequence

HS(Y, R, F) = HTY(X, F).

If higher cohomology on Y is zero:

HO(Y,RY.F) = HY(X, F).

Paul Goerss TAG

Example: projective space

Let S, = Z[Xo, - - ., Xa] With |x| = 1.

We examine the diagram

i

AL {0} AN+

.

P" =A™ X EGn.
We must calculate (the global sections) of

Rjij*Opnt1 “=" Rjsj*Ss.
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Example: the affine case

Let X = Spe¢R) and j : U — X the open defined by an ideal
| =(ay,...,an). If Fis defined by the module M, then j,j*F is
defined by K where there is an exact sequence

0—-K —>HM[*]—>HM[a al

There is also an exact sequence
0—-IhM—-M-—->K—=0

where
MM ={x €M | I"x = 0 for some n }.
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Local cohomology

Ifi : U — Y is the open complement of a closed sub-stack
Z C Y define local cohomology by the fiber sequence

RMzF — F — Ri,i*F.

If X = SpedA) and Z is define by | = (ay, ..., ax) local
cohomology can be computed by the Koszul complex

e ]—o0.
ax

M HHM[f]HHM[f]H“.HM[al

Since Xo, ..., Xn € S, is a regular sequence:
RIS, = S./(X§°, ..., X3°)

and R'M1S, =0, t #n+ 1.
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Lecture 8: Topological modular forms

This lecture computes the homotopy groups of tmf via the
descent spectral sequence, emphasizing the role of
Weierstrass curves and Serre duality.
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The spectral sequence

Compute
HS(./\;leu, w®t) — m_stmf

when 2 is inverted. Can do p = 2 as well, but harder.
We have a Cartesian diagram

U—2—>45

|

Meu 4>i Muweier

where U is the open defined by the comodule ideal

I =(c3,A).
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Cohomology of Meier, p > 3.

Any Weierstrass curve is isomorphic to a curve of the form
y2 =x3 — (1/48)cux — (1/216)cq
and the only remaining projective transformations are
(x,y) = (2%, 1 7%).

Then
Spe¢Z(p)[c4, Ce]) — MWeier

is a presentation. There is no higher cohomology and
HO(MWeienW@*) = Z(p)[c4; Ce]

with |c4| = 8 and [cg| = 12. Note A = (1/(12)%)(c? — c2).
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Cohomology of Meier, p = 3.

Any Weierstrass curve is isomorphic to a curve of the form
y? =x%+ (1/4)bz + (1/2)bz + (1/4)bs
and the remaining projective transformations are
(%.y) = (2% +1,07%).

Then
Spe¢Zz)[bz, ba, bg]) — Muweier

is a presentation and
HS(MWeien UJt) = EXHS'(ZZtA*-,A*)

with
A.=Zp)lba,babe]  and T =Ar]

with appropriate degrees.
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Some familiar elements (Rezk)

In the Hopf algebroid (A,,T.), we have

nr(b2) = ba +12r
so there is higher cohnomology:
H* (Muweier, w®*) = Zg)[Ca4, Ce, Al[a, 5]/1
where |a| = (1,4) and |3] = (2,12). Here | is the relations:

¢ —c2 =(12)°A
3a=33=0
cia =¢3=0.

Note: A acts “periodically”.
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A property of local cohomology

To compute
HS (Muweier, Rlisw*) = HM (Mg, w*)
we compute RTjA, where | = (c3, A).
Note: if Vi = V/J then RT| = RI;.
Forp > 3we take | = (3, A) and J = (c4, Cg).
R2T|A, = Zp)[ca, Col/ (657, €8°).
and

_ Zpylca, cel, s=0;
HS (Megp,w*) =

Zpylca, cel/(cg°,c8°%), s=1.
Note the duality. The homotopy spectral sequence collapses.
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Local cohomology for tmf, p = 3

At p = 3 there are inclusions of ideals
(c3.8) C (¢4, ) S (Cs,€6,8) =3 = VI

where
e2 = 12A.

Since J is not generated by a regular sequence we must use: if
J = (I,x) there is a fiber sequence

RMM — RMM — RMOMIL/X].

We take | = (c4,€6) and J = (Cq, €6, A).
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Duality at 3

Let A, = Z(3)[b2, by, be].

Proposition
RS A, =0if s # 2 and RZ A, is the A-torsion in A, /(c§°, e°).

Corollary (Duality)

R2T w10 = 73 with generator corresponding to 12/c4e6 and
there is non-degenerate pairing

Ry w ™ @uw' — RNy w0 = 74

We now can calculate r.tmf, at least it p = 2.
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The differentials and extensions

The crucial differentials are classical:

dsA =ap?  (Toda
doAa = 5%  (Nishida)

There is also an exotic extension in the multiplication: if z is the
homotopy class detected by Aq, then:

az = .
In fact, z = {a, a, 3%) so

az = ala, a, 82) = (@, )2 = B2
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Lectures 9 and 10: Lurie’s realization result

This final (longer) lecture discusses
@ p-divisible groups;
@ how they arise in homotopy theory;
@ Lurie’s realization result;
@ the impact of the Serre-Tate theorem; and

@ gives a brief glimpse of the Behrens-Lawson
generalizations of tmf.
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p-divisible groups

Pick a prime p and work over Spf(Zy); that is, p is implicitly
nilpotent in all rings. This has the implication that we will be
working with p-complete spectra.

Definition

Let R be aring and G a sheaf of abelian groups on R-algebras.
Then G is a p-divisible group of height n if
@ pk: G — G is surjective for all k;
Q G(p) = Ker(pk : G — G) is a finite and flat group scheme
over R of rank p*";
Q colimG(pk) = G.

This definition is valid when R is an E..-ring spectrum.
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Examples of p-divisible groups

Formal Example: A formal group over a field or complete local
ring is p-divisible.

Warning: A formal group over an arbitrary ring may not be
p-divisible as the height may vary “fiber-by-fiber”.

Etale Example: Z/p> = colim Z/p* with

7/p* = Spe¢map(Z/p",R)).

Fundamental Example: if C is a (smooth) elliptic curve then

is p-divisible of height 2.
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A short exact sequence

Let G be p-divisible and Gyo; be the completion at e. Then
G/Gqor is étale ; we get a natural short exact sequence

0— Gjor =G — Get— 0

split over fields, but not in general.
Assumption: We will always have Gy, of dimension 1.

Classification: Over a field F = F a p-divisible group of height
n is isomorphic to one of

M x (2/p>)"*
where I is the unique formal group of height k. Also

AUt(G) = Aut(T) X Gly_i (Zp).
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Ordinary vs supersingular elliptic curves

Over F, cha(F) = p, an elliptic curve C is ordinary if Cor(p>°)
has height 1. If it has height 2, C is supersingular .

Over an algebraically closed field, there are only finitely many
isomorphism classes of supersingular curves and they are all
smooth.

If p > 3, there is a modular form of A of weight p — 1 so that C
is supersingular if and only if A(C) = 0.
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p-divisible groups in stable homotopy theory

Let E be a K(n)-local periodic homology theory with associated
formal group

SpE°CP™®)) = Spf{moF (CP™, E)).

We have
F(CP>*,C) =IlimF(BCp,E).

Then
G = colim SpegmoLk (n—1)F (BCpn, E))

is a p-divisible group with formal part

Gror = Spf(moF (CP™, LK(n—l)E))-
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Moduli stacks

Define Mp(n) to be the moduli stack of p-divisible groups
@ of height n and
Q with dim Gyor = 1.

There is a morphism

Mp(n)_’Mfg
G Gtor

@ The stack Mp(n) is not algebraic, just as Mg is not. Both
are “pro-algebraic”.

@ Indeed, since we are working over Zp We have to take
some care about what we mean by an algebraic stack at
all.
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Some geometry

Let V(k) C Mp(n) be the open substack of p-divisible groups
with formal part of height k. We have a diagram

V(k — 1) —= (k) —= Mp(n)

Uk —1) —=Uk) ——=U(N) —— Mg

@ the squares are pull backs;

@ V(k) —V(k —1) and U(k) — U(k — 1) each have one
geometric point;

@ in fact, these differences are respectively

B Aut(l'k) x BGly_k(Zp) andB Aut(I"y).
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Lurie’s Theorem

Theorem (Lurie)

Let M be a Deligne-Mumford stack of abelian group schemes.
Suppose G — G(p) gives a representable and formally étale
morphism

M—Mp(n).

Then the realization problem for the composition
M HMp(n)—»Mfg

has a canonical solution. In particular, M is the underlying
algebraic stack of derived stack.

Remark: This is an application of a more general
representability result, also due to Lurie.
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Serre-Tate and elliptic curves

Let Mgy, be the moduli stack of elliptic curves. Then

Meuw—Mp(2)  C+ C(p™)

is formally étale by the Serre-Tate theorem.

Let Co be an M-object over a field F, with cha([F) = p. Let
g : A — [ be a ring homomorphism with nilpotent kernel. A
deformation of Cp to R is an M-object over A and an
isomorphism Cy — g*C. Deformations form a category
Def p (]F, Co).

Theorem (Serre-Tate)

We have an equivalence:

Defe(F, Co) — Def v, (2)(F, Co(P™))
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Topological modular forms

If C is a singular elliptic curve, then Csm = Gy or
Csm(p™) = multiplicative formal group
which has height 1, not 2. Thus
Meur—Mp(2)

doesn't extend over Me; that is, the approach just outlined
constructs tmf [A~?] rather than tmf.
To complete the construction we could
@ handle the singular locus separately: “Tate K -theory is
E.”; and
@ glue the two pieces together.
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Higher heights

There are very few families of group schemes smooth of
dimension 1. Thus we look for stackifiable families of abelian
group schemes A of higher dimension so that
@ There is a natural splitting A(p*>°) = Ag x A; where Ag is a
p-divisible group with formal part of dimension 1; and
@ Serre-Tate holds for such A: Defy p ~ Defp r.

This requires that A support a great deal of structure; very

roughly:

(E) EndA) should have idempotents; there is a ring
homomorphism B — EndA) from a certain central simple
algebra;

(P) Deformations of A(p>) must depend only on deformations
of Ap; there is a duality on A — a polarization.

Paul Goerss TAG

Shimura varieties

Such abelian schemes have played a very important role in
number theory.

Theorem (Behrens-Lawson)

For each n > 0 there is a moduli stack Sh, (a Shimura variety )
classifying appropriate abelian schemes equipped with a
formally étale morphism

Sth— Mop(n).
In particular, the realization problem for the surjective morphism

Shy — U(n) € My

has a canonical solution.

The homotopy global sections of the resulting sheaf of E..-ring
spectra is called taf: topological automorphic forms.
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