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1. Introduction.

This lecture presents an overview of a joint work with J. Basmaji, G. Frey, X.
Wang (all at IEM, Univ. Essen) and L. Merel (Paris). Details and numerical results
will appear elsewhere.

1.1. The work concerns the simplest in general unproved case of ‘Langlands’ phi-
losophy’:

Consider equivalence classes of 2-dimensional, irreducible, continuous, odd Galois
representations over Q:

ρ : Gal(Q/Q) −→ GL2(C)
with Artin conductor N(∈ N) and determinant character det ρ = ε. Here C is
endowed with the discrete topology and Gal(Q/Q) has the natural topology as a
profinite group so that ‘continuous’ implies ‘having finite image’. The determinant
character det ρ is the character on Gal(Q/Q) obtained by composing ρ with the
determinant homomorphism

det : GL2(C) −→ C×.

Then ε = det ρ is a character on Gal(Q/Q) with class field theoretic conductor
dividing N , and that ρ is odd means that ε has value −1 at a Frobenius infinity. By
class field theory we may identify ε with a Dirichlet character modulo N which we
will do in the following. With this identification, ρ is odd if and only if ε(−1) = −1.

It is conjectured that these equivalence classes are in 1-1 correspondence with
the normalized newforms f(z) of weight 1 and nebentypus ε on the congruence
group

Γ0(N) =
{(

a b
c d

)
∈ SL2(Z) | c ≡ 0 (N)

}
(see for example [9] for definitions). More explicitly one expects the Fourier coeffi-
cients of f at ∞:

f(z) =
∞∑
n=1

anq
n, q = e2πiz,

to coincide with the coefficients of the Artin L-series of ρ:

L(s, ρ) =
∞∑
n=1

ann
−s, Re(s) > 1.
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The arithmetical interest of this conjecture is that it will, if true, constitute a
natural extension of class field theory to a truly non-abelian situation.

A deep theorem of Deligne and Serre (cf. [3]) states that if f(z) =
∑
anq

n is
a normalized newform on Γ0(N) of weight 1 and nebentypus ε, then there is a
representation ρ of the above type with Artin conductor N , determinant character
ε and Artin L-series L(s, ρ) =

∑
ann

−s (for Re(s) > 1). A classical theorem of
Hecke (cf. for example [9], chap. 4) now implies that this L-series, enlarged by the
usual Γ-factor, has a holomorphic continuation to the whole complex plane.

With this, a theorem of Weil (cf. [16] or [7]) shows that the above conjecture
conjunctively for all 2-dimensional, irreducible, continuous, odd representations of
Gal(Q/Q) is equivalent to the Artin conjecture for these representations. Recall
that the Artin conjecture for the considered representations claims the existence of
a holomorphic continuation of the associated (enlarged) Artin L-series. For more
information in this connection the reader is referred to [11].

We want to make it clear that from an arithmetical point of view, the interest is
not attached to the Artin conjecture itself. The Artin conjecture (in our case) should
rather be regarded as a concentrated way of expressing a very deep conjecture of a
truly arithmetical (and not analytical) nature.

1.2. Let us now introduce the following notation:

Fix N ∈ N and let ε be a Dirichlet character modulo N with ε(−1) = −1.
Let d(N, ε) denote the number of equivalence classes of irreducible, continuous, 2-
dimensional representations of Gal(Q/Q) with Artin conductor N and determinant
character ε. (This number is obviously finite.) Further let S+

1 (N, ε) denote the
complex vector space generated by the (finite number of) newforms of weight 1 and
nebentypus ε on Γ0(N). From the discussion in 1.1 it follows that

(∗) dimS+
1 (N, ε) ≤ d(N, ε),

and that equality holds if and only if the conjecture in 1.1 is true for all represen-
tations ρ of the above type with Artin conductor N and determinant character ε.
Hence this conjecture may be verified for all such representations simultaneously
by computing the numbers dimS+

1 (N, ε) and d(N, ε) and showing that they are
equal. However, as we shall see, the question of determining these numbers leads
to theoretical problems of independent interest. Before we proceed to the consid-
eration of these, we shall briefly review in what cases the conjectured equality in
(∗) is known to hold.

Together with a representation ρ of the above type, we consider its projectivisa-
tion

ρ : Gal(Q/Q) −→ PGL2(C)
obtained by composing ρ with the canonical homomorphism GL2(C) −→ PGL2(C).
For group theoretical reasons the (finite) image of ρ is either isomorphic to a cyclic
group, to a dihedral group, to the alternating group A4, to the symmetric group
S4, or to the alternating group A5, where however the cyclic case is excluded since
ρ was assumed to be irreducible. We shall distinguish these cases by saying that ρ
is of dihedral-, A4-, S4-, or A5-type respectively.
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Now, if ρ is of dihedral type, then one may by class field theory show that ρ is
associated with a newform as in 1.1. By deep results of Langlands and Tunnell (cf.
[6] and [14]) this is also the case if ρ is of A4- or S4-type. Thus the question of
equality in (∗) is only of interest if there exists a ρ of A5-type with Artin conductor
N and determinant character ε. Here the question of computational verification of
equality in (∗) (for some numerical cases) turns up, since the methods in [6] and
[14] for associating a newform to a ρ of type A4 or S4 do not work, and cannot be
made to work, in the case of a ρ of type A5. We note that there is in the literature
such a computational verification only for one single numerical case (cf. [1]; here
N = 800). The method in [1] can however not be described as an algorithm.

This discussion may now serve as motivation for the following objectives:

(1) To develop an algorithm for verifying equality in (∗) (given N and ε). As
has already been noted this leads to theoretical problems of independent interest.

(2) To provide more non-trivial examples of equality in (∗).

We proceed now to sketch the solution which has been obtained for (1).

2. Computation of d(N, ε)

2.1. We fix N ∈ N and ε a character on the idele class group of Q with conductor
dividing N . In this section there is no reason to restrict our attention to the case
of an odd ε. Furthermore, we shall fix a 2-dimensional, irreducible, continuous,
projective representation

ρ̄ : Gal(Q/Q) −→ PGL2(C).

The image of ρ̄ is finite, and we let K be the fixed field of the kernel of ρ̄. Thus
ρ̄ may be perceived as a finite Galois extension K/Q together with an imbedding

Gal(K/Q) ↪→ PGL2(C).

In this section we want to ask the following question: What is the number of
inequivalent liftings of ρ̄, i.e. continuous representations ρ of Gal(Q/Q) in GL2(C)
with Artin conductor N and determinant character ε, such that

Gal(Q/Q)

ρ

��

ρ̄

&&MMMMMMMMMM

GL2(C) // PGL2(C)

commutes?

2.2. We want to reduce this question to an analogous local one. For this purpose
we introduce the following notation: For each prime number p denote by Dp resp.
Ip the decomposition resp. inertia group of a place of Q above p; we identify Dp

with Gal(Qp/Qp). Now consider the following theorem of Tate (cf. [11]):

Theorem. (Tate): Let θ : Gal(Q/Q) −→ PGLn(C) be an n-dimensional, continu-
ous, projective representation. Suppose that for each prime number p there is given
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a continuous representation θp : Gal(Qp/Qp) −→ GLn(C) which is a lifting of the
restriction θ̄ | Dp, i.e.

Gal(Qp/Qp)

θp

��

θ̄|Dp

&&NNNNNNNNNNN

GLn(C) // PGLn(C)

commutes, and such that the restriction θp | Ip is trivial for almost all p.(Here
GLn(C) −→ PGLn(C) is the canonical projection.)

Then there is a unique lifting θ : Gal(Q/Q) −→ GLn(C) of θ̄ such that

θ | Ip = θp | Ip for all p.

The theorem follows from another theorem of Tate on the vanishing of the Schur
multiplier of Gal(Q/Q) together with the fact that Q has class number 1.

This theorem allows us to reduce the question in 2.1 to certain analogous local
problems: Let ρ̄ be as in 2.1. If p is a prime number, denote by ρ̄p the restriction
of ρ̄ to Dp as above. If ρ̄ is going to have a lifting with Artin conductor N , then ρ̄p
must be unramified for p - N . Assuming this to be the case, each ρ̄p has a lifting
rp such that rp is unramified for p - N (cf. [11] and [12]). The above theorem of
Tate then gives us a unique lifting ρ of ρ̄ such that:

ρ | Ip = rp | Ip for all p.

Now, any other lifting of ρ̄ has the form ρ⊗χ, where χ is a character of Gal(Q/Q).
We have:

det(ρ⊗ χ) = det(ρ) · χ2.

Concerning the question of equivalence of these ‘twists’ ρ⊗χ, one must know for
what characters χ the representations ρ and ρ⊗χ are equivalent. If χ is non-trivial,
this can only happen if Im(ρ̄) is a dihedral group, and this case can be completely
analyzed, as will become clear from the following, by use of the well-known theorem
of Mackey concerning induced representations.

Now, in the above situation the determinant of ρ is given once one knows its
restriction to Ip for all p, and this restriction is det(rp) | Ip. Viewing via local class
field theory the character det(rp) as a character on Qx

p, this restriction is simply the
restriction of det(rp) to the group of units of Zp. Furthermore, if χ is a character
of Gal(Q/Q), then we may by global class field theory view χ as an idele class
character and consider its restriction χp to Qx

p for every p. The Artin conductor of
ρ ⊗ χ is the product of the Artin conductors of rp ⊗ χp for all p, and these latter
conductors depend only on the restrictions of rp and χp to Ip.

It follows from this discussion that we can answer the question of 2.1, if we can
solve the following problem.

Problem: Given a prime number p and a continuous representation:

ϕ̄ : Gal(Qp/Qp) −→ PGL2(C).

determine some lifting ϕ sufficiently explicitly so that:

(a) the restriction of det(ϕ) to the inertia group can be determined,
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(b) the Artin conductor of ϕ ⊗ χ, for χ a character of Gal(Qp/Qp), can be
computed in ‘terms’ of χ.

2.3. In [5] we have given a complete solution of this problem; in fact a slightly
more general problem is considered in [5]. general problem is considered in [5].
This work is in turn based on results of Buhler and Zink ([1] and [19]; see also
[17]). Since both the solution and the methods of obtaining it are rather technical,
we shall, due to considerations of space, only give a very brief sketch of the ideas
involved together with one (simple) example of the results obtained.

Let ϕ̄ be as in the above problem.

Now one has to split up the discussion into two main cases: The image of ϕ̄ is
either a cyclic group, a dihedral group, or is isomorphic to A4 or S4. The ‘A5-type’
is of course excluded, since any Galois extension of a local field has a solvable Galois
group; also, the cyclic case is a priori not excluded since we have not required ϕ̄ to
be irreducible. The cyclic case is however easily seen to be trivial, so that one has
the following two main cases:

(i) Imϕ̄ is a dihedral group,
(ii) Imϕ̄ is isomorphic to A4 or S4.

In the first case one bases oneself on the following description of the liftings of
ϕ̄ (cf. [11]):

Suppose that the ground field is K. Then ϕ̄ provides us with a Galois extension
M/K such that Gal(M/K) is a dihedral group. Except when [M : K] = 4, which
case can be discussed separately, the field M contains a unique quadratic extension
L/K, and Gal(M/L) is cyclic. Now, the restriction of ϕ̄ to Gal(Qp/L) has the form

ϕ̄(g) =
(
ψ(g) 0

0 1

)
modulo C×,

where ψ is a certain character on Gal(Qp/L). Suppose that σ is an element of
Gal(Qp/K) which modulo Gal(Qp/L) generates Gal(L/K). Now any lifting of ϕ̄ is
a representation of the form:

ϕ = IndL/K(ω)

representation induced by ω), where ω is a character on Gal(Qp/L) such that

ω(σgσ−1) = ω(g)ψ(g) for all g ∈ Gal(Q/L).

The conductor of such a ϕ is:

DL/K ·NL/K(f(ω)),

where DL/K is the discriminant of L/K and f(ω) is the conductor of ω. Viewing
ω via local class field theory as a character on L×, we may consider its restriction
to K× : ω | K×. Denoting by α the character on K× of order 2 corresponding to
L/K, the determinant of ϕ is:

detϕ = α · (ω | K×).

Using this description one can now by splitting the discussion into numerous
cases according to the structure of K×, of L/K and of ψ, find answers to (a) and
(b) above.
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In case (ii) (the ‘primitive’ case) one knows that the residue characteristic of the
ground field must be 2. Here we restrict the discussion to the case where the ground
field is Q2 (this clearly suffices, as we have seen in 2.2, for the purpose of answering
the question in 2.1). One can then find that there are exactly 4 possibilities for
ϕ̄ : There is exactly 1 extension of Q2 with Galois group isomorphic to A4, and
exactly 3 extensions with Galois group isomorphic to S4; see [17]. Now, for these
cases one has some general theory: In the first place there is the determination of
the minimal conductor of a lifting of ϕ̄, together with an intrinsic characterization
of those liftings which have minimal conductor; this is due to Buhler and Zink, see
[1] and [19] (and also [17]). Secondly we have the answer to (b) above for a ϕ which
has minimal conductor; see [19]. With this and a detailed analysis of each of the 4
cases above, one can find a satisfactory answer to (a) and (b) if one chooses for ϕ
a certain lifting (depending on the case) with minimal conductor. Let us give just
one example of the results:

The unique A4-extension of Q2 is K/Q2 with

K = Q2

(
θ,
√

1 + 2θ,
√

1 + 2θ2,
√

1 + 2θ4
)
,

where θ is a primitive 7’th root of unity. This gives us a unique representation:

ϕ̄ : Gal(Q2/Q2) −→ PGL2(C)

of A4-type, and this ϕ̄ has a lifting ϕ with the following properties:

Let α be the character on Q×2 corresponding to Q2(
√
−1)/Q2 . We view a

character ψ on Gal(Q2/Q2) also as a character on Q×2 and write f(ψ) for log2 of
the conductor of ψ. Then the determinant of ϕ ⊗ ψ is αψ2. Furthermore, log2 of
the conductor of ϕ⊗ ψ is 5 if f(ψ) ≤ 2, and it is 2f(ψ) if f(ψ) ≥ 3.

2.4. We now return to the situation and notation of 2.1. We have seen how to
reduce the question asked in 2.1 to a finite number of local problems (one for each
prime divisor in N), and we have indicated how one can solve these local problems.
This reduces the problem of determining d(N, ε) to the problem of finding the
potential candidates for the field K in 2.1. Now, if the representation ρ̄ has a
lifting with conductor N , then trivially the smallest possible conductor of a lifting
of ρ̄ is ≤ N ; if one has the results of 2.3 at ones disposal, then one can easily from
this derive explicit bounds for the discriminant of K/Q. Thus it is in principle clear
that one has an algorithm for determining the possible fields K (given N and ε).
The question is how to do this as effectively as possible.

If Gal(K/Q) is a dihedral group or isomorphic to A4 or S4, then the use of class
field theory is the most efficient method for determining the candidates K. The use
of class field theory is possible since Gal(K/Q) is in each of these cases a solvable
group.

Of course this method does not work if Gal(K/Q) ∼= A5. In this case one can,
given N and ε, find explicit bounds, not only for the discriminant of K/Q, but also
for the discriminant of a root field of K by which we mean an extension of degree
5 over Q contained in K. This gives us the problem to be considered in the next
section.
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3. Enumeration of A5-fields

3.1. It is not hard to see that a projective representation ρ̄ : Gal(Q/Q) −→
PGL2(C) with Gal(K/Q) ∼= A5 where K is the fixed field of the kernel of ρ̄, has a
lifting ρ : Gal(Q/Q) −→ GL2(C) with odd determinant character if and only if K
is not real.

From this and from the results of section 2 we conclude that we have to confront
the following problem: Determine all non-real Galois extensions of Q with Galois
group isomorphic to A5 and for which the discriminant of a root field is ≤ D2 for
some fixed number D.

Here the number D has to be chosen so large that such fields actually occur, and
secondly so that one of the (2-dimensional) projective representations associated
with one of the occurring A5-field has a lifting with odd determinant character
and Artin conductor of a ‘moderate’ size. The reason for the second condition will
become apparent in the next section. It turns out (from the table described below)
that one must with these requirements choose D to be at least ≈ 500.

Now, the A5-fields in the above problem will be obtained as splitting fields of
polynomials

f(x) = x5 + a1x
4 + a2x

3 + a3x
2 + a4x+ a5,

where ai ∈ Z, and the problem is to find good bounds for the |ai| so that we may
use computer power to eliminate the uninteresting f ′s. Of course, the classical
theory of geometry of numbers according to Minkowski provides us with bounds on
the |ai| in terms of D, but the reader may convince himself that these bounds lead
even for D = 500 to such a large number of possibilities for f(x) that a computer
search on this basis is absolutely impossible. Hence we have to do better than this.

3.2. We took our starting point in the following theorem of Hunter:

Theorem. (cf. [4]). Suppose that F/Q is an extension of degree 5 with discrim-
inant D. Then there is an algebraic integer θ in F such that F = Q(θ), such
that

|TrF/Q(θ)| ≤ 2,
and such that, denoting by θ1 = θ, θ2, θ3, θ4, θ5 the conjugates of θ,(

5∑
i=1

|θi|2
)4

≤ 8
5
· |D|.

Using this theorem and the fact that the potential f ′s in 3.1 must have precisely
one real root (since the splitting field should be a non-real extension of Q with
Galois group isomorphic to A5) it is not hard to derive rather ‘reasonable’ bounds
for the |ai|. We shall not here write down these bounds but merely be content to
note that they enabled us to solve the problem in 3.1 for the following value of D:

D = 2083.

The reason for choosing this value, which is a prime number, will be recognized
at the end of this section.

With this value of D and the above bounds for the |ai| one then gets a priori
∼ 7, 7 · 109 possibilities for f(x), and one then applies computer power to eliminate
the uninteresting f ′s through the following steps:
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Step 1: Require the discriminant of f(x) to be a square modulo the primes
3, 5, 7, 11, 13, 17, 19, 23 and 29.

Step 2: Require the discriminant of f(x) to be a square in Z.

Step 3: Require f(x) to be irreducible over Z.

Step 4: Require the discriminant of a root field of the splitting field of f(x) to be
≤ 20832.

Step 5: Require the Galois group of a splitting field of f(x) to be isomorphic to
A5.

Step 6: Distribute the remaining f ′s into classes with identical splitting fields.

There is for each step a standard algorithm. Of these, perhaps only the algorithm
involved in step 6 is less well known. For this algorithm the reader may consult
[18].

The total computing time required to perform the six steps was about 280 hours.
The second step was the most time consuming, requiring about 200 hours of com-
puting time. The machine used was an Apollo DN 10000.

The final result of this computation is the complete table of all non-real A5-
extensions of Q for which the discriminant of a root field is bounded by 20832. The
table contains 238 fields; we shall not reproduce the table here, but be content to
give one example of the use of it.

3.3. Consider N = 2083. This is a prime number ≡ 3 (4). Let ε be the Le-
gendre symbol ε(·) =

( ·
2083

)
. It is not hard to deduce that if the representation

ρ : Gal(Q/Q) −→ GL2(C) is of A5-type with Artin conductor N = 2083 and de-
terminant character ε, then the discriminant of a root field of the corresponding
A5-extension of Q is 20832. The aforementioned table shows that there is exactly
one such A5- extension of Q, namely the splitting field of

(∗∗) x5 + 8x3 + 7x2 + 172x+ 53.

Now, there are exactly two non-equivalent representations A5 ↪→ PGL2(C) for
which the fixed field of the kernel of ρ̄ is the splitting field of (∗∗); furthermore a
straightforward analysis shows that each of these has exactly two non-equivalent
liftings (to GL2(C)) with Artin conductor N = 2083 and determinant character ε.

It is not a problem to see that there are no representations ρ : Gal(Q/Q) −→
GL2(C) with Artin conductor 2083 and determinant character ε of type A4 or S4;
on the other hand there are exactly 3 such representations of dihedral type. The
last fact is deduced from the fact that Q

(√
−2083

)
has class number 7 (cf. [11]).

Hence we may conclude that

d(2083, ε) = 2 · 2 + 3 = 7.

There are examples of a similar nature for many other values of N , for example

4 · 487, 4 · 751, 4 · 887, 4 · 919, 25 · 73, 25 · 193 .
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4. dimS+
1 (N, ε)

4.1. For k,M ∈ N and δ a Dirichlet character modulo M with δ(−1) = (−1)k,
we denote by Sk(M, δ) the complex vector space of cusp forms of weight k and
nebentypus δ on

Γ0(M) =
{(

a b
c d

)
∈ SL2(Z)| c ≡ 0 (M)

}
.

These spaces are finite-dimensional. The space Sk(M, δ) always has an integral
basis by which we mean a basis (f1, . . . , fd) over C such that the Fourier coefficients
of any fi are rational integers (cf. [13], Chap. 3).

4.2. Now let us once again fix N ∈ N and let ε be a Dirichlet character modulo N
with ε(−1) = −1.

In order to compute dimS+
1 (N, ε) it obviously suffices to have a general algorithm

for the determination of dimS1(N, ε). The problem here is that a ‘formula’ for
this dimension is not available; this is in contrast to the situation for weight ≥ 2
where such formulas exist and are classical (see for example [2]). To compute the
dimension of S1(N, ε) we shall therefore use the following trick:

For the sake of simplicity, suppose that N has a prime divisor ≡ 3 (4); let p be
such a prime divisor and let η be the Legendre symbol η(·) =

( ·
p

)
. Consider the

Eisenstein series

E =
1
2
h+

∞∑
n=1

∑
d|n

η(d)

 qn , q := e2πiz,

where h is the class number of Q(
√
−p). Then E is a modular form of weight 1 and

nebentypus η on Γ0(p). The form 2E has integers as Fourier coefficients at ∞ and
does not vanish at ∞.

On the other hand we consider the series

θ2(z) =
∑

m≡1 (2)

qm
2/8 , q := e2πiz.

Then θ8
2 is a modular form of weight 4 and trivial nebentypus on Γ0(2); furthermore,

θ8
2 does not vanish in the upper half plane, and among the cusps it vanishes only

at ∞, where it has integers as Fourier coefficients (cf. [10], chap. 1). Defining N ′

to be N if N is even, and N ′ = 2N if N is odd, it is now clear that the map

f 7−→ (2Ef, θ8
2f)

maps S1(N, ε) isomorphically onto the subspace of

S2(N, εη)× S5(N ′, ε)

consisting of pairs (h1, h2) with

(+) h1θ
8
2 = h2 · 2E .

Here we have viewed η as a Dirichlet character modulo N and ε also as a Dirichlet
character modulo N ′. Now, for h1 ∈ S2(N, εη) and h2 ∈ S5(N ′, εη) the forms h1θ

8
2
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and h2 · 2E are elements of S6(N ′, εη). Denote for M ∈ N by m(M) the index of
Γ0(M) in SL2(Z); one has

m(M) = M ·
∏
p|M

(
1 +

(
1
p

))
(cf. [13], chap. 1). For a non-zero element of Sk(M, δ) its order of 0 at ∞ is less
than km(N)/12 (see [10], chap. 1). Hence condition (+) simply means that the
first 1

2m(N ′) Fourier coefficients of h1θ
8
2 − h2 · 2E are all 0. If now d and e are the

dimensions of the spaces S2(N, εη) and S5(N ′, ε) respectively, we then see that if
we have an algorithm for finding (i.e. computing Fourier coefficients of) an integral
basis for each of these spaces, then the problem of computing the dimension of
S1(N, ε) has been reduced to the computation of the rank of a certain d + e by
1
2m(N ′) matrix with coefficients in Z.

If N does not have a prime divisor ≡ 3 (4), one can replace the level N by 8N
in the above, but then the discussion becomes somewhat more complicated.

4.3. We then turn to the problem of determining an integral basis for a space
Sk(M, δ) where k ≥ 2. Here again we have to be very brief and give only a rough
sketch of the ideas involved.

Let R = Z
[

1
6

]
. We consider a certain R[Γ0(M)]-module Lk,δ. As R-module Lk,δ

is the R-module of homogeneous polynomials of degree k − 2 in two variables over
R:

Lk,δ =

{
k−2∑
i=0

aix
iyk−2−i| ai ∈ R

}
.

The action of Γ0(N) on Lk,δ is given by:(
a b
c d

)
xiyk−2−i = δ(d)(ax+ cy)i(bx+ dy)k−2−i.

Now, the Eichler-Shimura isomorphism gives us an exact sequence:

0→ Sk(M, δ)⊕ Sk(M, δ)→ H1(Γ0(M), Lk,δ ⊗ C) r→ L→ 0 .

Here, Sk(M, δ) is the space obtained from Sk(M, δ) by complex conjugating Fourier
coefficients at ∞, and L is a certain space which will not be described here.

This gives an embedding of Sk(M, δ) into the group of fixed points of
(−1 0

0 1

)
in

H1(Γ0(M), Lk,δ ⊗C). Now one constructs a concrete model W of the latter group.
The Hecke operators Tm can be defined on the above cohomology group in a way
which is compatible with the embedding of Sk(M, δ) in W .

In the model W one can find a basis {bi} such that Tmbi ∈ ⊕iZbi for all i and
m. It is now shown (L. Merel) that if w ∈ W is a Z-linear combination of the b′is
and if we define the integers a(i)

m by:

Tmw =
∑
i

a(i)
m bi ,

then for all i, a(i)
0 +

∑
m a

(i)
m qm defines a modular form on Γ0(M) with weight k

and nebentypus δ for some constant a(i)
0 . We have here ignored some technicalities

concerning the definition of Tm if m is not prime to M . Furthermore, it is shown



APPLICATIONS OF MASSIVE COMPUTATIONS: THE ARTIN CONJECTURE. 11

that these forms for ‘generic’ w provide us with an integral basis for the space of
modular forms on Γ0(M) with weight k and nebentypus δ.

The constant a(i)
0 in the above cannot be computed directly, but by explication

of the homomorphism r above, one can easily isolate the cusp forms, and one thus
obtains an integral basis for Sk(M, δ).

This algorithm has been completely implemented (by X. Wang) in Essen and is
working very effectively.

Following the strategy outlined in the above, we have obtained 7 new non-trivial
verifications of the Artin conjecture (corresponding to the 7 values of N mentioned
in 3.3). We shall report on this elsewhere.
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