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Introduction

Let K be a complete discrete valuation field of characteristic zero with residue field
kK of characteristic p > 0. Let L/K be a finite Galois extension with Galois group
G = GL/K and suppose that the induced extension of residue fields kL/kK is separable.
By the normal basis theorem, L is always a projective K[G]-module. But the ring of
integers OL is a projective OK [G]-module if and only L/K is tamely ramified. For wildly
ramified extensions, the structure of OL as an OK [G]-module is very complicated and
quite far from understood. We propose that the ring of Witt vectors W·(OL) is a more
well-behaved object. Indeed, we show that for a large class of extensions L/K, the pro-
abelian group H1(G, W·(OL)) is zero. We conjecture that this is true in general.

We recall that the ramification groups define a finite filtration

G = G−1 ⊃ G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gv−1 ⊃ Gv = {1}

of G by normal subgroups. The quotient G/G0 is canonically isomorphic to the Galois
group of the extension kL/kK of residue fields, the quotient G0/G1 is cyclic of order
prime to p, and the quotients Gi/Gi+1, i ≥ 1, are elementary abelian p-groups. Hence, it
suffices to show that H1(G, W·(OL)) is zero, if L/K is a totally ramified cyclic extension
of order p. Let σ be a generator of the Galois group, and let t be the integer given by
vL(σ(πL)− πL) = t + 1. Then 1 ≤ t ≤ peK/(p− 1).

Theorem. Let L/K be a totally ramified cyclic extension of order p and suppose that
t > eK/(p− 1). Then the pro-abelian group H1(GL/K ,W·(OL)) is zero.

In general, the higher groups Hi(GL/K ,W·(OL)), i > 1, are non-zero. Hence, the
theorem may be viewed as an additive version of Hilbert’s theorem 90.

The conjecture is equivalent to the statement that the canonical inclusion

W·(OK)/pvW·(OK) ∼−→
(
W·(OL)/pvW·(OL)

)G

is an isomorphism of pro-abelian groups, for all v ≥ 1. Indeed, the cokernel of this map is
isomorphic to the subgroup of H1(G, W·(OL)) of elements killed by pv. But this subgroup
is equal to the whole group, if v is greater than or equal to the p-adic valuation of [L : K].

It was this equivalent statement of the conjecture that was the original motivation
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for proving it. To explain this, let Kv = K(µpv ). It follows from [2, theorem 5.12] and
from [4, théorème 1(1)] that for all v ≥ 1, the inclusion of Milnor K-groups

KM
q (K)/pv ∼−→ (KM

q (Kv)/pv)G

is an isomorphism. By analogy, we conjecture that for all v ≥ 1, the canonical inclusion
of de Rham-Witt groups

W· Ωq
(OK ,MK)/pv →

(
W· Ωq

(OKv ,MKv )/pv
)G

is an isomorphism of pro-abelian groups. (The definition of the de Rham-Witt groups is
given in [3, §3].) The theorem of this paper establishes the case q = 0, for instance, if K

is absolutely unramified.

We shall always normalize the valuation vL on L such that the valuation of a uni-
formizer πL ∈ OL is equal to 1.

This paper was written while the author was visiting the Issac Newton Institute for
Mathematical Sciences in Cambridge, England. It is a pleasure to thank the institute for
its hospitality and support and for the excellent working conditions it provided. Finally,
I wish to thank Spencer Bloch and Vic Snaith for much help and encouragement.

Proof of the theorem

1. A preliminary reduction

Let L/K be a finite Galois extension with Galois group G. Then for all m,n ≥ 1, we
have a short-exact sequence of G-modules

0 → Wm(OL) V n

−−→ Wm+n(OL) Rm

−−→ Wn(OL) → 0.

The induced sequence of G-fixed sets again is exact. For as a set, Ws(OL) is equal to
the s-fold product of copies of OL, and OG

L = OK . Hence, we have an exact sequence of
cohomology groups

0 → H1(G, Wm(OL))
V n
∗−−→ H1(G, Wm+n(OL))

Rm
∗−−→ H1(G, Wn(OL))

∂−→ H2(G, Wm(OL))
V n
∗−−→ H2(G, Wm+n(OL)) −→ . . . .

Lemma 1.1. Let m ≥ 1 be an integer and suppose that the map

Rm
∗ : H1(G, Wm+n(OL)) → H1(G, Wn(OL))

is equal to zero, for n = 1. Then the same is true, for all n ≥ 1.

Proof. Suppose that for some m = m0 ≥ 1, the map

Rm
∗ : H1(G, Wm+1(OL)) → H1(G,OL)

is equal to zero. Then the same is true, for all m ≥ m0. The long-exact sequence of
cohomology groups shows that for all m ≥ m0, the map

V∗ : H1(G, Wm(OL)) ∼−→ H1(G, Wm+1(OL))

is an isomorphism. It follows that for all m ≥ m0 and all n ≥ 1, the iterated map

V n
∗ : H1(G, Wm(OL)) ∼−→ H1(G, Wm+n(OL))
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is an isomorphism, and this, in turn, implies the lemma.

Suppose that L/K is a cyclic extension, and let σ be a generator of the Galois group.
We recall that for every G-module M , the cohomology group Hi(G, M) is canonically
isomorphic to the ith cohomology group of the complex

M
1−σ−−−→ M

tr−−→ M
1−σ−−−→ M

tr−−→ M → . . . ,

where for a ∈ M , tr(a) is the sum of the Galois conjugates of a. In the case at hand, we
have a canonical isomorphism

H1(G, Wm(OL)) ≈ Wm(OL)tr=0/(σ − 1)Wm(OL).

In the following we shall often identify the cohomology group on the left with the group
on the right.

2. The main argument

Let L/K be a totally ramified cyclic extension of order p, and let σ be a generator of
the Galois group G = GL/K . The filtration of G by ramification groups takes the form

G = G1 = · · · = Gt ⊃ Gt+1 = {1},

where t is the integer given by vL(σ(πL)− πL) = t + 1.

Lemma 2.1. For all a ∈ OL, vK(tr(a)) ≥ (vL(a) + t(p− 1))/p.

Proof. This follows from the following formula from [6, chap. V, §3].

tr(mn
L) = mr

K ,

where r = [(d + n)/p] and d = (t + 1)(p− 1).

Lemma 2.2. For all x ∈ OL, vK(tr(xp)− tr(x)p) = eK + vL(x).

Proof. To prove the statement, we now use that, by the multinomial formula,

tr(x)p − tr(xp) =
∑

I

p!
i0! . . . ip−1!

xi0σ(x)i1 . . . σp−1(x)ip−1 ,

where the sum runs over tuples (i0, . . . , ip−1) of integers 0 ≤ i0, . . . , ip−1 < p with sum
i0 + . . . ip−1 = p. The summand I = (1, . . . , 1) has valuation

vK(p! · xσ(x) . . . σp−1(x)) = eK + vL(x),

so it suffices to show that the sum of the remaining summands has strictly greater
valuation. The cyclic group of order p acts on the set of tuples I 6= (1, . . . , 1) by cyclically
permuting the coordinates, and the action is free. The partial sum of the summands with
indices belonging to the orbit through (i0, . . . , ip−1) is equal to

p!
i0! . . . ip−1!

tr(xi0σ(x)i1 . . . σp−1(x)ip−1).

It follows from lemma 2.1 that the valuation of this element is greater than or equal to
eK + vL(x) + 1. This proves the lemma.
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Corollary 2.3. Suppose that t > eK/(p− 1). Then for all x ∈ OL,

vK(tr(xp)) = eK + vL(x).

Proof. We have from lemma 2.1 that

vK(tr(x)p) = pvK(tr(x)) ≥ t(p− 1) + vL(x) > eK + vL(x).

The statement thus follows from lemma 2.2.

Comparing the statements of lemma 2.1 and corollary 2.3, we obtain the following
well-known inequality [6, chap. IV, §2, exer. 3(c)].

1 ≤ t ≤ peK/(p− 1).

We next recall the structure of H1(G,OL) from [5, theorem 2]. We let πL ∈ OL be a
uniformizer, let 1 ≤ µ ≤ p− 1 be an integer, and define

xµ =
∏

0≤i<µ

σi(πL).

Then vL(xµ) = µ, and hence the elements xµ, 1 ≤ µ ≤ p − 1, and the unit 1 form an
OK-basis of OL. We define

yµ = (σ − 1)xµ,

y′µ = yµ/π
(µ)
K ,

where (µ) is the greatest integer less than or equal to (µ + t)/p. One can show that
vL(yµ) = µ + t and vL(y′µ) = µ + t− p(µ). It follows that the elements yµ and y′µ, where
1 ≤ µ ≤ p− 1, form an OK-basis of (σ− 1)OL and O tr=0

L = OL ∩ (σ− 1)L, respectively.
Hence, as an OK-module,

H1(G,OL) ≈
p−1⊕
µ=1

OK/m
(µ)
K · y′µ.

Since t ≤ peK/(p−1), we have (µ) ≤ eK/(p−1). In particular, H1(G,OL) is annihilated
by p. Let k be the residue field of OK , and let W be a complete discrete valuation ring
such that W/pW is isomorphic to k. Such a ring W always exists [1, proposition 1.1.7].
In addition, there exists a ring homomorphism f : W → OK such that the induced map
of residue fields is the identity. It follows that, if πK ∈ OK is a uniformizer, then f in-
duces an isomorphism W [πK ]/(φK(πK)) ∼−→ OK , where φK(X) ∈ W [X] is an Eisenstein
polynomial of degree eK . Hence, as a W -module, H1(G,OL) is a k-vector space with a
basis given by the classes of πi

Ky′µ, where 1 ≤ µ ≤ p− 1 and 0 ≤ i < (µ).

Lemma 2.4. Suppose that x ∈ O tr=0
L represents a non-zero class in H1(G,OL). Then

vL(x) ≤ t− 1.

Proof. We can write every x ∈ O tr=0
L uniquely as a sum

x =
p−1∑
µ=1

(
(µ)−1∑
i=0

αµ,i πi
Ky′µ +

eK−1∑
i=(µ)

βµ,i πi
Ky′µ),

where αµ,i, βµ,i ∈ W . Moreover, the class in H1(G,OL) represented by x is zero if and
only if αµ,i ∈ pW , for all 1 ≤ µ ≤ p− 1 and 0 ≤ i ≤ (µ)− 1.
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We first note that the elements πi
Ky′µ, with 1 ≤ µ ≤ p − 1 and 0 ≤ i ≤ (µ) − 1, have

valuation at most t− 1. Indeed, if we write t = pt′ + ε with 0 < ε ≤ p, then

(µ) = [(µ + t)/p] = t′ + [(µ + ε)/p],

which is less than or equal to t′ and t′+1, respectively, as µ+ ε < p and µ+ ε ≥ p. Hence
vL(πi

Ky′µ) is less than or equal to t− 2 and t− 1, respectively.
Let x ∈ O tr=0

L be a general element. The summands αµ,i πi
Ky′µ, with αµ,i not divisible

by p, all have distinct valuations less than or equal to t − 1. The summands αµ,i πi
Ky′µ,

with αµ,i divisible by p, have valuation greater than or equal to eL, and

eL = peK ≥ peK/(p− 1) ≥ t > t− 1.

Finally, the summands βµ,i πi
Ky′µ have valuation greater than or equal to t+1. It follows

that if x represents a non-zero class in H1(G,OL), then the valuation of x is at most
t− 1.

Proposition 2.5. Suppose that t > eK/(p− 1). Then the map

Rm
∗ : H1(G, Wm+1(OL)) → H1(G,OL)

is equal to zero, provided that pm > t.

Proof. Let a = (a0, . . . , am) ∈ Wm+1(OL)tr=0 represent a class in the domain of
the map of the statement. Then a0 ∈ O tr=0

L represents the image of that class by the
map of the statement. Suppose that the latter class is non-zero. Then, by lemma 2.4,
vL(a0) ≤ t− 1. To prove the proposition, we show that

vL(as) ≤ t− ps,

for all 0 ≤ s ≤ m, and that

vL(as) = vK(tr(as+1)),

for all 0 ≤ s < m. The proof is by induction. So assume the inductive hypothesis for
m− 1. In the proof of induction step we use that the following equation holds.

tr(apm

0 ) + p tr(apm−1

1 ) + · · ·+ pm−1 tr(ap
m−1) + pm tr(am) = 0.

Inductively, we can estimate the valuation of all but the last summands on the left. If
0 ≤ s ≤ m− 1, then induction and corollary 2.3 show that

vK(ps tr(apm−s

s )) = (s + 1)eK + pm−1−svL(as),

and if 0 ≤ s < m− 1, we have

vK(ps tr(apm−s

s )) = (s + 1)eK + pm−1−svL(as)

= (s + 1)eK + pm−1−svK(tr(as+1))

≥ (s + 1)eK + pm−1−(s+1)(vL(as+1) + t(p− 1)).

Since t(p− 1) > eK , it follows that for 0 ≤ s < m− 1,

vK(ps tr(apm−s

s )) > vK(ps+1 tr(apm−(s+1)

s+1 )),

and hence, the equation above shows that

vK(pm−1 tr(ap
m−1)) = vK(pm tr(am)).
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On the one hand, we have, by induction and by corollary 2.3, that

vK(pm−1 tr(ap
m−1)) = meK + vL(am−1) ≤ meK + t− pm−1,

and on the other hand, we have from lemma 2.1 that

vK(pm tr(am)) = meK + vK(tr(am)) ≥ meK + (vL(am) + t(p− 1))/p.

This proves the induction step.

Proof of the theorem The theorem of the introduction follows immediately from propo-
sition 2.5 and lemma 1.1.

Remark 2.6. We end with a few comments on H2(GL/K ,W·(OL)). In general, this is
a module over the pro-ring W·(OK). But if the residue field k is perfect, there exists a
canonical ring homomorphism

ρ : W (k) → W·(OK),

which allows us to view H2(G, W·(OL)) as a W (k)-module. The ring homomorphism
ρ is defined as the composite W (f) ◦ λ, where f : W (k) → OK is the unique ring ho-
momorphism such that the induced map of residue fields is the identity, and where
λ : W (k) → W (W (k)) is the unique ring homomorphism such that wnλ = Fn, for all
n ≥ 0. Here wn : W (A) → A is the nth ghost component, and F : W (k) → W (k) is the
Frobenius.

Let L/K be a totally ramified cyclic extension of order p. Suppose in addition that p

divides t, or equivalently, that t = peK/(p− 1). Then, if k is perfect,

lengthW (k) H2(G, W·(OL)) = peK/(p− 1).

For the proof of proposition 2.5 identifies the left hand side with the sum over all integers
s ≥ 0 of the cardinality of the set of integers v prime to p such that

(1− p−s)eK/(1− p−1) ≤ v < eK/(1− p−1) = peK/(p− 1).

But the function which to v associates a = psv− (ps−1 + · · ·+p+1)peK gives a bijection
between this set and the set of integers 0 ≤ a < peK/(p − 1) which satisfy that vp(a −
peK/(p− 1)) = s.
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