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Introduction

The cyclotomic trace map provides a comparison of the algebraic K-theory
spectrum with a pro-spectrum {TR"},>1 that is built from the cyclic fixed points
of topological Hochschild homology. In the long paper [8] we used this comparison
and an approximate evaluation of the structure of the pro-spectrum {TR"},,>1 to
completely determine the p-adic K-theory of a mixed characteristic local field K. In
this paper we completely determine the structure of the pro-spectrum {TR"},,>1 for
the algebraic closure K of the local field K. This leads us to formulate a conjecture
for the structure of the pro-spectrum {TR"},>; for the local field K. We also
determine the structure of the absolute de Rham-Witt complex of the valuation
ring V in the field K.

Let V be a complete discrete valuation ring with quotient field K of character-
istic 0 and with perfect residue field k of odd characteristic p. In the paper [8] we
constructed a map

-k

T J

K (k) K(V) K(K) —2 K(k)[-1]

N

T(k) — = T(V) —1= T(V|K) —2= T(k)[-1]

from the localization sequence in algebraic K-theory to an analogous cofibration
sequence relating the topological Hochschild spectra T'(k) and T(V) and a new
topological Hochschild spectrum T'(V|K). The circle group T acts on the terms of
the lower sequence, and one defines

TR"(V|K;p) = T(V|K)"

to be the fixed points of the subgroup Cjn-1 C T of the indicated order. Asn > 1
varies, these spectra form a pro-ring-spectrum whose structure map

R: TR™(V|K;p) — TR" 1 (V|K;p)
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is called the restriction map. We proved in op. cit. that the homotopy groups
TRy (VIK;p) = m(TR™(V|K; p))
of this pro-ring-spectrum form a Witt complex over the ring V endowed with the
canonical log-structure given by the canonical inclusion
a:M=K'NV<—V.
We further showed that there exists an initial Witt complex WnQ‘(ZV M) over the
log-ring (V, M) (denoted by anl(lv Ay 1D 0. cit.) and that the canonical map

Wa{y oy — TRG(VIK; p)

is an isomorphism, for ¢ < 2. The main result of op. cit. was the evaluation, up to
pro-isomorphism, of the homotopy groups with Z/p”-coefficients

TR, (V|K; p, Z/p") = mq(TR™(V|K; p), Z/p")
in the case where the field K contains the p”th roots of unity. Indeed, we showed
in op. cit., Thm. C, that, as n > 1 varies, the canonical maps

WanV,M) ® SZ/p” (ppe) — TRZ(WK;}?, Z/p")

that take a generator ¢ € p,» to the image by the cyclotomic trace maps of the
associated Bott element ¢ € Ky(K,Z/p’) form an isomorphism of pro-abelian
groups. However, if the field K does not contain the pth roots of unity, the
structure of the pro-abelian groups TR, (V|K;p,Z/p”) is presently unknown.

In this paper we consider the colimit spectra

TR™(V|K;p) = colim TR" (V4| Ka;p)

where, on the right-hand side, K, ranges over all finite field extension of K that
are contained in an algebraic closure K of K, and where V, and V' are the integral
closures of V' in K, and K, respectively. The canonical map

W”Q?V,M) — TRZ(V|K;]D)

is an isomorphism, for ¢ < 2, but the statement for the higher homotopy groups
with Z/p?-coefficients is not valid for K as isomorphisms of pro-abelian groups are
generally not preserved under infinite colimits. The purpose of this paper is to
completely determine the p-adic homotopy groups

TRy (V|K;p, Zy) = 7(TR"(V|K; p), Zy).

We recall that, for any spectrum X, the p-adic homotopy groups are related to the
integral homotopy groups by a natural short-exact sequence

0 — Ext(Qp/Zyp, 74(X)) — 74(X, Zp) — Hom(Qp/Zp, mq—1(X)) — 0.
The right-hand term is also written T}, (my—1(X)) and called the p-primary Tate

module of the group 7,1 (X). It is not difficult to see that WnQ‘(I‘—/ ) 1S 2 divisible

group, for ¢ positive, and hence we obtain a canonical isomorphism
TR (V|K:p, Z,) = T,(TR} (V]K: p) <= T, (W Ly ).
This, in turn, induces a map of graded TRy (V|K; p, Z,)-algebras
STRg(V\R;p,Zp)(Tp TR1(V\K;P)) - TRZ(WRJIL Zp)

by using the multiplicative structure on the right-hand side.
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THEOREM A. The group TRZ(V|K;p) is divisible, if ¢ > 0, and uniquely di-
visible, if ¢ > 0 and even. The p-primary Tate module T, TR} (V|K;p) is a free
module of rank one over TRy (V|K;p,Z,), and the canonical map

STRg(V\f(;p,Zp)(Tp TR?(V\KW)) - TRZ(WK;]% Zp)
is an tsomorphism.

We note the formal analogy with the following result by Suslin [11, 12] on
the algebraic K-theory of the field K. The group K,(K) is divisible, if ¢ > 0, and
uniquely divisible, if ¢ > 0 and even; the Tate module T,,K1 (K, Z,) is a free module
of rank one over Ko(K,Z,), and the canonical map

SKO(KZP)(TpKl(K)) - K*(X,Zp)
Is an isomorphism. -
The ring TR (V/|K;p,Zy) is canonically isomorphic to the ring W,, (V)" given
by the p-completion of the ring of (p-typical) Witt vectors in V. We determine the

structure of this ring following the work of Fontaine [4]. To state the result, we
first let Ry be the ring given by the limit of the diagram

V/pV &V [pV &V /pV & -
with the Frobenius as structure map. The ring Ry is a perfect [F,-algebra and an
integrally closed domain whose quotient field is algebraically closed. We show that
there is a surjective ring homomorphism
Op: W(Ry) = Wo(V)

whose kernel is a principal ideal with a generator given as follows. We choose a
sequence € = {5(”)}7j>1 of compatible primitive p¥~!th roots of unity in V C K.
The sequence ¢ determines, by reduction modulo p, an element of Ry that we also
denote by €. We let &, € Ry be the unique p"th root of ¢, and let [e,] € W(Ry)
be the Teichmiiller representative. Then ([e] —1)/([en] — 1) generates the kernel of
#,,. Moreover, the maps 0,, satisfy that Ro6,, =6,,_1 and Fof, =6, _10F.

We give a similar complete description of the structure of the p-primary Tate
module T, TR} (V|K;p). The K-theory Bott element 3. = X which is defined to
be the image of ¢ = {¢(")},>1 by the canonical isomorphism

T,(K") = T, K1 (K)
is a KO(I_(,ZP)—mOdule generator. But the TR-theory Bott element 3., = ETS
which is defined to be the image of 8. by the cyclotomic trace map
T,K,(K) — T, TR} (V|K; p)
is not a generator of the TRy (V|K;p, Z,)-module on the right-hand side. Instead
we have the following result.

THEOREM B. Let € = {6(”)}1}21 be a compatible sequence of p~‘th roots of
unity in V. C K. Then the following statements hold.
(i) The W, (V) "-module T, TRT(V|K;p) has a generator ., such that

6&,71 = en([gn} - 1) * Qg -
(ii) The restriction and Frobenius maps

R,F: T, TR}V|K;p) — T, TR} (V|K;p)
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take e pn to O, (([en—1] —1)/([en] = 1)) - aen—1 and ac 1, respectively.
(i1i) The action of the Galois group Gk = Gal(K/K) is given by

o, =x(0) - On(([en] = 1)/([€7] = 1)) - e,
where x: Gk — Aut(up~) = Zy, is the cyclotomic character.

We remark that parts (ii) and (iii) of Thm. B are easy consequences of part (i)
and the fact that R(8: ) = F(Ben) = Be,n—1. Since in positive degrees the integral

homotopy groups TR?(VH_( ;p) are divisible we obtain a canonical isomorphism
TRZ(VH_(;p, Q,/Zy) = TRZ(VU—(;p, Zp) @ Qp/Zy.

Hence Thms. A and B also determine the structure of the G x-modules on the
left-hand side. The following conjecture was first formulated in [6].

CONJECTURE. For all positive integers q, the canonical map
TR;I(V|K;p, Qp/Zy) — TR;J(V|K5P» QP/ZP)GK

is an isomorphism of pro-abelian groups and the higher continuous cohomology
groups of the pro-G rc-module TR (V|K;p, Qp/Z,) vanish.

We use Thms. A and B and a theorem of Tate [13] to show that the rational
cohomology groups H{, (G, TR (V|K;p,Q,)) vanish for i > 0 and ¢ > 0. We
hope that similar methods will make it possible to understand the structure of the
cohomology groups H,..(Gx, TR (V|K;p,Q,/Zp)) in question.

Finally, Thms. A and B determine the structure of the p-adic topological cyclic
homology groups TCy(V|K;p,Z,). Indeed, we obtain the following new result.

THEOREM C. The cyclotomic trace induces an isomorphism
K(I(Kv Zp) l) ch(vu?apv Zp)a
for all integers q.

We remark that the common group in the statement of Thm. C is canonically
isomorphic to the Gx-module Z,(q/2), if ¢ is a non-negative even integer, and is
zero, otherwise. We also note that the vanishing of TC,(V|K;p,Z,), for ¢ odd
(including ¢ = —1), is an immediate consequence of the fact that the quotient field
of the F)-algebra Ry is algebraically closed.

The paper is organized as follows. Sect. 1 determines the structure of the ring
W, (V); Sect. 2 contains the proofs of Thms. A and B with the exception of the
existence of the generator a., which is proved in Sect. 3; and the final Sect. 4
concerns Galois cohomology.

The results of this paper were reported in expository form in [6].

It is a great pleasure to thank the University of Tokyo and Takeshi Saito in
particular for their hospitality during the writing of parts of this paper. The author
also expresses his sincere gratitude to an anonymous referee who read an earlier
version of this paper with extreme care and made numerous helpful suggestions.

1. Witt vectors

1.1. In this section we determine the structure of the ring

Wo(V) = TRy (V|K;p, Zy)
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that is given by the p-completion of the ring of (p-typical) Witt vectors of length
n in V. This follows the work of Fontaine [4]. We refer the reader to [9, Sect. 1.1]
for generalities on Witt vectors.

We say that a ring A is p-complete if the canonical map from A to the p-
completion A" = lim,, A/p” A is an isomorphism, or equivalently, if the p-adic topol-
ogy on A is complete and separated.

LEMMA 1.1.1. Let A be a p-complete and p-torsion free ring. Then W (A) is
again a p-complete and p-torsion free ring.

PROOF. Since A is p-torsion free then so is W,,(A4), and hence, the sequences

0 — A/p" A L Wi (A)fp Wi (A) D W1 (A) /5" Wi 1 (A) — 0

are exact. It follows, by induction, that W, (A) is a p-complete ring. Taking limits
over n, the exact sequences

0 — Win(A) 25 Wi (A) — Wi (A)/p* Wi (A) — 0
give rise to an isomorphism
W(A) /"W (A) > Tin(W, (A)/p W (4)).

Taking the limit over v and using that limits commute, we find that the lower
horizontal map in following diagram is an isomorphism.

W (A) —— lim, Wi, (A)

| |

W (A) —— limy, (W, (A)).

The right-hand vertical map is an isomorphism, since W,,(A) is a p-complete ring,
and the top horizontal map is an isomorphism for trivial reasons. Hence, the left-
hand vertical map is an isomorphism as stated. O

LEMMA 1.1.2. Let A be a ring without p-torsion. Then the canonical maps
W(A) — W(A") and W,,(A)" — W,(A")" are isomorphisms.

PROOF. Since A is p-torsion free, the canonical map A/p’A — A"/p? A" is an
isomorphism. Hence, inductively, so are the induced maps
Wi (A)/p" Wy (A) = Wi (AY) /p" Wi (A7),
for all n > 1. Using that W, (A) and W,,(A") are p-torsion free, we conclude that
W(A)/p"W(A) = W(A)/p"W(A).

Hence, the induced map of limits over v is an isomorphism, and this is the statement
of the lemma. 0

LEMMA 1.1.3. Let A be a p-complete and p-torsion free ring. Then the canonical
projection

h}}l W(A) — lilgn W(A/pA)

is an isomorphism, and the inverse is given as follows. Let x = {x(m)}m>1 be an
element of limp W(A/pA), and let 3™ € W(A) be liftings of the individual x(™).
Then the sequence {FF(£(m+k))}, 50 converges in the p-adic topology to an element
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(M) € W(A), and the sequence & = {2™},,>1 is the element of limp W (A) whose
image by the canonical projection is x.

PROOF. We first show that the canonical projection is an isomorphism. To
this end, we consider the six-term exact sequence associated with the following
short-exact sequence of limit systems.

0— W(pA) - W(A) - W(A/pA) — 0.
It follows that it suffices to show that limp W(pA) and R!limp W(pA) vanish.
These groups are given by the kernel and cokernel, respectively, of the map
id—o: H W(pA) — H W(pA),
m2=1 m2=1

where o maps the mth factor to the (m — 1)st factor by the Frobenius. Since A is
p-torsion free, the ghost map defines an isomorphism

w: W(pA) = HpSHA.

s>0

So the map in question is isomorphic to the map
id—o: Hps'HA — Hps'HA

where the products ranges over s > 0 and m > 1 and where o maps the (s, m)th
factor to the (s—1,m—1)st factor by the canonical inclusion p***A — p*A. Hence,
id —o is an isomorphism with inverse
(id—o)~ ! = Z o”.
n>=0
The series on the right converges since A is p-complete.

It remains to show that the inverse of the canonical projection is given as
stated. We must show that the sequence { F*(#(™*%))1,( converges with a unique
limit, and since the p-adic topology on W (A) is complete and separated, it suffices
to show that the sequence is Cauchy. To this end, we first note that a sequence
{Zs}s>0 is in the image of the ideal W (pA) by the ghost map

w: W(A) — AN
if and only if x, € p*T1 A, for all s > 0. Now
ws (FF(FH)) = wepy (207HH)

(jém+k))ps+k +p(i,gm+k))l)s+k71 + .. +pé+ki.g7-:4;:k)

which shows that
wS(Fk+1(5:(m+k+1))) — wS(Fk(i(erk))) e psthtig
Hence the sequence {F*(z(m*5))}, 5 is Cauchy as desired. O

LEMMA 1.1.4. Let A be a p-complete and p-torsion free ring. Then the canonical
projection induces an isomorphism

hlgn W(A) — h}gl Wi (A).
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PROOF. We consider the exact sequence of limit systems with nth terms
0 — W(A) L5 W(A) 25 W, (4) — 0.
The structure maps in the middle and right-hand limit systems are given by the
Frobenius, and the structure map in the left-hand limit system is given by multi-
plication by p. The induced six-term exact sequence takes the form
0—lmW(A4) — lig_‘n W(A) — li}I?Il Wn(A)
P

— R'lim W (A) — R lim W (4) — R! lim W, (4) — 0.
p

The first and fourth terms vanish since the p-adic topology on W (A) is separated
and complete, respectively. The lemma follows. (I

1.2. Let V be a complete discrete valuation ring with quotient field K and
perfect residue field & of mixed characteristic (0 p). Let K be an algebraic closure
of K and let V be the integral closure of V in K. Let

V' =1limV /p"V
n

be the p-completion of V, and let K~ be the quotient field of V. Then K" is again
algebraically closed [1, Chap. 2, Thm. 12]. The valuation on K extends uniquely to
a valuation on K (resp. K) with value group the additive group of rational numbers
and V (resp. V") is the valuation ring. In particular, V (resp. V") is an integrally
closed local ring of dimension one. However, V' (resp. V") is not a noetherian ring.
We normalize the valuation on V (resp. V") such that v(p) = 1.

Let 2,y € V and suppose that 2P = y?. Then v(z —y) > 1/(p — 1). Indeed, we
have x = (y with (¥ =1, and hence, x —y = (( — 1)y. But ¢ — 1 is either zero or a
uniformizer of Q,(u,), and thus, v(( —1) > 1/(p — 1).

We follow [9, Sect. 1.1] and write [a], € W, (A) for the Teichmiiller represen-
tative of @ € A. We note that the notation a,, was used instead of [a],, in [8].

LEMMA 1.2.1. The map 0),: V. — W, (V)/pW,.(V) given by 0, (x) = [z]? is
a surjective ring homomorphism whose kernel is the ideal of elements of valua-
tion greater than or equal to (1 —p~™)/(p — 1). Moreover, R(¢](z)) = 0,_,(x),
F(6;,(z)) = 0;,_1(2"), and V(8;,_,(z)) = 0, ((—pz)?").

PROOF. We recall from [8, Lemma 3.1.2] that for every ring A, and for all
x,y € A, we have

[z]5 + [Wlh = ([2ln + [y]n)" = ([z + yln)”
in Wy, (A)/pWp(A). Moreover, if p is odd, then in addition
V(1) = [=pln
in W,(A)/pW,(A) by op. cit., Lemma 3.1.1. It follows that the map 6/, is a ring
homomorphism and that ¢, ((—p)?_ ) = V(1). By easy induction, we find
0o (=) ) = [l V(L) = Vi ([a]),
which shows that !, is surjective. Moreover, 0/, (z) € VW, (V)/pV W, (V) if and
only if v(z) > (1 —p~*)/(p — 1). O
COROLLARY 1.2.2. The Frobenius F: W, (V)" — W,,_1(V)" is surjective.

—(i+1)
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PROOF. It follows from Lemma 1.2.1 that the statement holds after reduction
modulo p. Let W,, ,(V) = W,,(V)/p*W,, (V). Then an induction argument based
on the diagram

v—1

0 ——— Wit (V) —2— Wiy (V) ——— W1 (V) —— 0
| g |
0 —— W11 (V) 2 W10 (V) —— W10 (V) —— 0

shows that the statement is true after reduction modulo p?, for all v > 1. Since the
vertical maps in the diagram above are all surjective, the sequence of kernels

0—Kp1— Kpy— Kpy_1—0

is exact. Hence, the sequence of limit systems
0= Knpp = Wao(V) = War1,0(V) = 0
gives an exact sequence
0 — lim K,y — lim W, (V) KN lim W—1,0(V) — 0.
The derived limit R!lim, K, , vanishes since the structure maps are surjective. [
Following Fontaine [4] we define Ry to be the limit of the diagram
SV /pV S VvV SV /pV,

where ¢ is the Frobenius. We note that the map of limits induced from the following
map of towers of multiplicative monoids is an isomorphism.

7 7 7
Ll
sV /pV V/pV —2=V /pV.

The horizontal maps are given by raising to the pth power. Indeed, given an
element x = {z(")},51 € Ry, we choose liftings (") € V of 2(*). Then the sequence
{(zm+))P™ ), S converges in V" and the limit

£ = lim (TP

m—00

is independent of the choice of liftings #(*) of z(*). We define a valuation vg of Ry
by vr(z) = vi~(#1)). We note that the kernel of the canonical projection

pry: Ry — V/pV
is equal to the ideal of elements of valuation greater than or equal to 1.
ProprosITION 1.2.3. There is a natural surjective ring homomorphism
On: W(Ry) — W, (V)

whose kernel is a principal ideal. If ¢ = {E(”)}U>1 is a compatible sequence of
primitive p*~'th roots of unity in V considered as an element of Ry, and if €,
is the unique p™th root of e, then ([e] — 1)/([en] — 1) generates the kernel of 0,,.
Moreover, the maps 6,, satisfy that Ro6, =6,_1 and Fof, =6, _10F.
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PRrROOF. We consider the ring isomorphism
b W (Rg) — i W (V)
defined to be the composite of the following isomorphisms.
W(Ry) = lim W(V /pV) < lim W)y = lim Wa(V).

The first map is an isomorphism since the underlying set of the Witt ring W (A) is
the product of copies of A indexed by the set of non-negative integers; the second
map is an isomorphism by Lemma 1.1.3; and the third map is an isomorphism by
Lemma 1.1.4. The map of the statement is then induced from the composite

W (Ry) £ W(Ry) L tim W, (V) 22 W, (7).
We first show that 6,(&,) = 0. The map F™~! takes [em] to [€:m—(n—1)], and the
canonical isomorphism

W (Ry) = W(lién V/pV) = lim W (V/pV)

takes [e] to the sequence {[e,(:})]}U;l. To find the image of this sequence by the
inverse of the canonical isomorphism

lim W(V /pV) < lim W(V),

we use the formula given by Lemma 1.1.3 but with a particular choice of liftings #(*)

to W (V)" of the elements [5,(:))] of W(V /pV). Let &, = {5,(:)}1;;1 be a sequence of

elements in V' such that 5,(:)

negative, and such that (E,SJH)) = (U) , for all v > 1. Then we choose x,(c V) = [ ECU)].
Since these elements are already compatlble under the Frobenius map, we find that

also ic,(:) = [55:)]

is a primitive p**?~1th root of unity, for k+v —1 non-

. Hence, the image of the sequence {[5,(:)]}@1 by the inverse of
the isomorphism above, is the sequence {[ég))]}v%. But this sequence is mapped
to 1 by the composite

lim W (V)" = lim W (V) 2 WL (V)

if and only if £ < —(n — 1). In particular, 6,,(&,) is zero as stated.
It remains to show that &, generates the kernel of 6,,. We show inductively
that for all v > 1, the induced map

Onw: Wv(RV)/(fn,v) - Wn(V)/p”Wn(V)

is an isomorphism. Here &, , = ([e]v — 1)/([en]v — 1) is the image by the canon-
ical projection of &, in W, (Ry/). In the basic case v = 1, we have the following
commutative diagram.

pr On,1 _
Ry —— Ry /(&n,1) —— W, (V) /pW,, (V)
-
0 i
Ry — s V JpV —s Wi (V) /p Wi (V).

By Lemma 1.2.1, the kernel of the composition of the maps in the lower row is equal
to the ideal of elements of valuation greater than or equal to (1—p~™)/(p—1). The
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element &, 1, which generates the kernel of the composition of the maps in the top
two, has valuation
1 1 1—p"
VR(&n,1) =VRr(e—1) —vRr(en — 1) = — = .
( ) ( ) ( ) p_l(p—l) pn—l(p_ 1) 1_p—1

Since ¢! is an isomorphism and vr (¢~ (x)) = p~tvg(z), it follows that 6, ; is an

isomorphism as desired.
Finally, to prove the induction step it suffices to show that the top row in the
following diagram is exact.

1

1

0—— Ry /(Ent) = Wo(Rp)/(€n ) —2 Wy 1(Bp)/ (Enw1) —— 0
0
)

NJ{‘gn,l J{ v "’Jgn,v—l
v—1 ¥
(V

0 —— Wi (V) /p ——— W (V) /p* ————— W, (V) /p"" ———0

But the sequence

0—— Ry 2 Wy (Ry) —2 Wy_1 (Ry) —— 0

is exact, since Ry is a perfect IF,-algebra, and the element &, € Ry is a non-zero-
divisor. It follows, inductively, that &, ., € W, (Ry) is a non-zero-divisor and that
the sequence in question is exact. ([l

ADDENDUM 1.2.4. There is a ring isomorphism
b W(Ry) = i Wy (V)

given by ¥(a) = {0,(F~ "V (a))} 1. Moreover, Rot =1 o F~L.

ProOOF. We showed at the beginning of the proof of Prop. 1.2.3 that the map
1 is an isomorphism. The statement that R o1 = 1) o F~! follows easily from the
formula Ro 6, = 0,,_1. O

1.3. We conclude this section with some miscellaneous results about the Witt

rings W(Ry;) and W, (V). The following result is [4, 1.3.1].

ProrosiTiON 1.3.1. The ring Ry is a perfect Fp-algebra and an integrally
closed domain whose quotient field is algebraically closed and complete with respect
to the valuation vr with valuation ring Ry . O

ADDENDUM 1.3.2. The ring W(Ry;) is an integral domain.

Proor. It suffices, by Prop. 1.3.1, to show that if A is an IF,-algebra and an
integral domain, then W (A) is an integral domain. Suppose, conversely, that W (A)
is not an integral domain. We show that we can find a zero-divisor z € W(A) such
that © + VW (A) is a zero-divisor in A = W(A)/VW(A). Let xz,y € W(A) be
non-zero and suppose ry = 0. We write z = V*(2') and y = V*(y’) with s and ¢ as
large as possible. Assuming that s > t,

vy = VIOV = VI EV)) = 9V E )
We claim that W(A) has no p-torsion. Granting this, we see that '’ + VW (A) is
a zero-divisor in A = W(A)/VW (A). It remains to prove the claim. Since A is an
F,-algebra, we have p = V(1), and hence, for a € W(A), pa = V(1)a = V(F(a)).
We must show that F: W(A) — W(A) is a monomorphism. Again since A is
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an Fp-algebra, F' is induced from the Frobenius ¢: A — A. But p: A — Ais a
monomorphism since A is a domain. ([

COROLLARY 1.3.3. Let ¢ = {e™},>1 be a compatible sequence of primitive
p?~Lth roots of unity considered as an element of Ry, and let €, be the unique p"th
root of €. Then for every non-negative integer q, the following sequence is exact.

—EE e (o) = 0
v)— 0.

0— w(E,) L wiRry)

PRrROOF. Let a = ([e1]n — 1)/([e2]n — 1). Then the zeroth Witt coordinate is
ag = a(0) = (g1 — 1)/(ea — 1). We show by induction on n > 1 that the sequences

[e1]n—1 1—aW, (e~ 1)
_—

0 —— Wi (Fp) W (Ry) Wn(Ry) ——0

are exact. The basic case n = 1 and the induction step are similar. Indeed, it
will suffice to show that for all n > 1, the top horizontal sequence in the following
diagram is exact.

0 0 0
()" 1  apt e y
0 Fp R(/ R(/ 0
Vn—l Vn—l Vn—l
n—1 1—aW, (o~ 1!
0 —— W (F,) — 2! W (Ry) Y W.(Ry) ——0
R R R
le1)n—1—1 A 1—aWn_1(¢™ 1)
0 —— W1 (Fp) — W1 (Ry) Z S W1 (Ry) ——0
0 0 0

We mention that the upper right-hand square commutes since
n—1
aV' N z) = VY F  a)2) = Vel 2)

and similar for the upper left-hand square. To prove that the top horizontal se-
quence in the diagram above is exact we compose the right hand map in the sequence
with the isomorphism ¢: Ry — Ry,. The composite map takes x to ¥ — agnx.
Since Ry is an integrally closed domain whose quotient field is algebraically closed,
the exactness follows. O

LEMMA 1.3.4. The p™th roots of unity in the ring W, (V)" are the p™ elements

of the form [(],, where ( is a p™th root of unity in the ring V".

PrROOF. The number of p™th roots of unity in the ring V: is equal to p™.
Hence it suffices to show that every p™th root of unity in W, (V)" is of the form
[€]r, where ( is a p™th root of unity in V". Now an element a € W, (V)" is a p™th

root of unity if an only if the image of a by the ghost map

w: W, (V) — (V)™
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is a p™th root of unity. Indeed, the ghost map is an injective ring homomorphism
since the ring V" has no p-torsion. This, in turn, is equivalent to the statement
that for all 0 < i < n, the ghost coordinates

i i—1 . .
w; =af +pal A+ +pTral | +pla;

are p™th roots of unity in V°. We show by induction on 0 < i < n that ag is a

p™th root of unity in V" and that ai,...,a; are equal to zero. The statement for
i = 0 is trivial since ag = wp. So we assume that ag is a p”*th root of unity and
that a; = -+ = a;_1 = 0 and must show that also a; = 0. The defining equation

for the ith ghost coordinate yields the equation
w; — agl = pla;.
Since w; and ag are both p™th roots of unity, the left-hand side is either zero or an

element of valuation at most 1/(p — 1). Similarly, the right-hand side is either zero
or an element of valuation at least . It follows that a; = 0 as desired. [l

REMARK 1.3.5. In the proof of Lemma 1.3.4 we have used that p is an odd

prime. If p = 2, the 2™th roots of unity in Wn_(V)A are instead the elements of the

form +[(],, where ( is a 2"th root of unity in V. Hence, the number of 2"'th roots
of unity in W,, (V)" is equal to 2™, if n = 1, and 2™, if n > 1.

2. The algebraically closed case

2.1. In this section we determine the structure of the groups
TRy (VIK;p. Z,) = m(T(VIK) " Z,)

and prove Thms. A and B of the introduction. We first extend some of the results
from [8] to the algebraically closed case.
The p-completion and p-cocompletion of a spectrum X are defined by

X' = F(M(Qy/2Zp, -1), X)
X =M(Qp/Zy, -1) AN X
respectively [3]. Here M(Q,/Z,,—1) is a Moore spectrum for the group Q,/Z,
concentrated in degree —1. We write 7,(X,Z,) and 7,(X,Q,/Z,) for the ¢th ho-
motopy group of X" and X, respectively. There are natural short-exact sequences
0 — Ext(Qp/Zy, msX) — 75(X,Z,) — Hom(Qp/Zp, m5-1X) — 0
0= To41 X @ Qp/Zy — 75(X, Qp/Zy) — Tor(ms X, Qp/Zp) — 0
which relate the integral homotopy groups and the homotopy groups with Z,-
coefficients and with Q,,/Z,-coefficients. A map of spectra induces a weak equiv-
alence after p-completion if and only if it induces an isomorphism of homotopy
groups with Z/p-coeflicients.
Let T be the circle group and let C,. be the subgroup of order r. We begin with

the following lemma from equivariant homotopy theory. We refer to [8, Sect. 4] for
the definition and properties of the Tate spectrum.

LEMMA 2.1.1. Let X be a T-spectrum and suppose the m: X vanishes for t < 0.
Then the canonical map of Tate spectra

H(T, X) — holim H(Cp», X)

becomes a weak equivalence after p-completion.
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PrROOF. We show first that the map
(F(Ey, X)T)y — holim (F (Ex., X)Crmy
is a weak equivalence. This can be rewritten as
F((Ey) , X)) = F((hocolim T/Cpry. A E.),X)T
with the map induced from the canonical map
(hocglimT/Cpn+ ANEY) — (Ey) .
This is a weak equivalence of pointed T-spaces if and only if the map
(hocglim T/Cpny) — (S°)
is a weak equivalence of pointed spaces. The latter is easily verified by calculating

homotopy groups.
We next show by induction that for s > 0, the canonical map

(B A F(Ey. X))") — (holim(E, A F(E., X))%" )y
is a weak equivalence. The basic case s = 0 was proved above. To prove the
induction step we consider the cofibration sequence
Fysq— Es — »25T, — YE. 1.
It shows that it suffices to show that the map
(5T, A F(Ey, X)T) — (horllim(ZQSTJr ANF(E{, X))%m)

is a weak equivalence. Since the inclusion X — F(EL,X) is a non-equivariant
equivalence, we may instead show that the map

(Z*T A X)TY — (horllim(Ezs?I‘Jr A X))

is a weak equivalence. We now use the weak equivalence of T-spectra
LF(Ty,X) =Ty AX
to rewrite the latter map as
(B2 RP(T,, X)T) — (ho}lim(225+1F(T+, X)),
As in the basic case s = 0, we can rewrite this map as the map
»2EHp(TL), X)) — EZSHF((hocglim T/Cpoy ATy), X)T
induced from the canonical map
(hocglim']I‘/Cpmr ATy) — (Ty) .

We see that this is a weak equivalence of pointed T-spaces by calculating homotopy

groups as before.
Finally, we consider the diagram

((Es A F(E4, X))T)" — holim,, ((Es A F(E, X)) )

| J

((E A F(E4, X))T) — holim,, (E A F(E4, X)) )
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where the lower horizontal map is the p-completion of the map of the statement.
The top horizontal map is an equivalence by what was shown above. Moreover, it
follows from the proof of the induction step above that the map of ith homotopy
groups induced by each of vertical maps become isomorphisms for s sufficiently
large. This uses that 7 X vanishes for t < 0. This completes the proof. O

Let G be a finite group, and let 7" be a G-spectrum. There is a natural whole
plane spectral sequence called the Tate spectral sequence

(2.1.2) E2,(G,T) = H*(G,m(T)) = mess(H(G,T))

that converges conditionally in the sense of [2, Def. 5.10] to the homotopy groups of
the Tate spectrum and whose E2-term is given by the Tate cohomology of G with
coefficients in the homotopy groups of T considered as G-modules. The spectral
sequence was first constructed in this generality in [5], but see also [8, Sect. 4].

LEMMA 2.1.3. Let G be a finite group and let {T,} be a filtrered colimit system
of G-spectra. Suppose that for all i € Z, there exists constants r and ¢ (indepen-
dent of ) such that ET, (G,T,) = E;‘LS(G,TQ), for all s € Z, and such that

EQZ-_S(G,TQ) vanishes if s < c. Then the canonical map
hocolim H(G, T,,) — H(G, hocolim T,,)
is a weak equivalence of spectra.

PRrROOF. Let Filg H(G, T,), where s ranges over the integers, be the filtration
of H(G,T,) from [8, Sect. 4] which gives rise to the Tate spectral sequence (2.1.2).
It induces a filtration of hocolim, H(G, T, ), and the canonical map

hocolim H(G, T,,) — H(G, hocolim T,,)

is filtration preserving. The filtration of the right-hand term gives rise to the
spectral sequence E* (G, hocolim,, Ty, ). The filtration of the left-hand term gives rise
to the colimit of the spectral sequences Ex (G,T,). Since Tate cohomology preserves
filtered colimits, the map of spectral sequences induced by the map of the statement
is an isomorphism. Hence we are done once we prove that both spectral sequences
converge strongly. This is the case for each of the sequences E’*(G,Ta). Indeed,
this follows from [2, Thm. 8.2] since the sequences are conditionally convergent
and collapse at the E"-term. Since this is true for all «, the spectral sequence
E* (G, hocolim,, T,,) also converges strongly. We must show that the sequence

colim E*(G, T,) = m, hocolim H(G, T,,)

converges strongly. It suffices by loc. cit. to show that the spectral sequence con-
verges conditionally which, by definition, means that

lim colim 7; Fil, H(G, T, ) = R* lim colim m; 41 Fil, H(G, T,,) = 0.
S o S (03

But the assumptions imply that 7; Filg H(G,Ta) vanishes for s < ¢ and for all a.
The lemma follows. ([l

We can now prove the following generalization of [8, Addendum 5.4.4].
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PROPOSITION 2.1.4. Let k be a perfect field of odd characteristic p, and let
Ko be the quotient field of the ring of Witt vectors W (k). Let K be an algebraic
extension of Ky and let V' be the integral closure of W (k) in K. Then for all
n,v = 1 and all ¢ = 0, the map

[ 7 (TR™(V| K p), Z/p") — 7q(H(Cpn, T(V|K)), Z/p")

is an tsomorphism.

PRrROOF. The statement was proved for finite field extensions in loc. cit. We
write K = colim, K, as the filtered colimit of all finite subextensions of Ky con-

tained in K. Let V, be the integral closure of W (k) in K,. The colimit of the V,
maps isomorphically onto V', and hence, the induced map of T-spectra

hocolim T'(V,|Ky) — T(VIK)
«
induces an isomorphism on homotopy groups. We claim that also the induced map
of Cpn-1-fixed point spectra
hocolim TR" (V4 |Kq; p) — TR™(V|K;p)
(03
induces an isomorphism of homotopy groups. To prove the claim, we recall that
by [7, Thm. 2.2], there is a cofibration sequence of spectra
H.(Cpnr, T(VIK)) % TR"(V|K;p) < TR (VK p)

that we call the fundamental cofibration sequence. The left-hand term is the Borel
spectrum whose homotopy groups are the abutment of a natural strongly convergent
first-quadrant spectral sequence

EZ (Cpn—1, T(V|K)) = Hy(Cpn—1,7(T(V|K))) = mps(H.(Cpn-r, T(V|K))).
It follows that the induced map
hocolimH. (Cpn, T(Vy | Ky)) — H.(Cpn, hocolim T'(V,| Ky))
induces an isomorphism of homotopy groups. The claim then follows by easy in-

duction over n > 1.
Finally, we use Lemma 2.1.3 to show that the canonical map

hocolim F(Cyn, T(Vi| K4 )) — H(Cpn, hocolim T(V,| Ky))
« «

induces an isomorphism of homotopy groups with Z/p-coefficients. It suffices by
an easy induction argument to consider the case v = 1. Since the Moore spectrum
M, for Z/p is a finite spectrum, the canonical map

M, AH(Cypn, T(Va | K)) — H(Cpn, My AT (Vo | Ka))

is a weak equivalence. Hence, it suffices to verify the hypotheses of Lemma 2.1.3
for the colimit system of Cpn-spectra {T,, }, where T,, = M, AT(V,|K,). It suffices
as in the proof of [8, Thm. 5.4.3] to consider the case where K, contains the pth
roots of unity. The differential structure of the spectral sequences

Eg,t(CP"aTa) = ﬁis(cp"a'ﬁt(Ta» = 7rs+t(H(Cp"aTa))

was determined completely in op. cit., Thm. 5.5.1. In particular, it was shown there
that for all « and for all 7 > 2(p"*1 —1)/(p — 1),

E"(Cyn, To) = E®(Cp, T).
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This verifies the first of the two hypotheses of Lemma 2.1.3. The structure of the
bi-graded abelian group E*°(Cpn,T,) was determined in op. cit., Lemma 5.5.3. It
follows, in particular, that for all @ and for all ¢ > 2(p"*' —1)/(p — 1) — 1,

E$(0p7z 5 Ta) = 0
This verfies the second hypothesis of Lemma 2.1.3 and hence the proposition. [

2.2. It follows from [8, Thm. 3.3.8] that TRZ(V\K’;p) is zero, if ¢ is negative,
and that the canonical map of Witt complexes

W, Q'(IV )~ TR} (V|K;p)

is an isomorphism in degrees ¢ < 2. Indeed, both sides preserve filtered col-
imits. The following result concerns the structure of the de Rham-Witt groups
on the left-hand side. The definition of the W, (V)-module ,W,,Q? is given

. ) (V1)
in op. cit., Sect. 3.2.

ProrosITION 2.2.1. The group W, Q(V v
uniquely divisible, for all ¢ > 2. Moreover, for all ¢ > 0, the sequence is exact:

is divisible, for all ¢ > 1, and

0 — L, W, 09 Now,08 &,

(V1) w1y 7 Wn- 19 — 0.

(VM)

PROOF. We first show that the sequence of the statement is exact. It suffices
by [8, Prop. 3.2.6] to show that the left-hand map is injective. For ¢ < 1, this follows
from the proof of op. cit., Thm. 3.3.8. For ¢ > 2, we claim that the canonical map

1
Ly F" Q(VM hW”QE]V M)

is an isomorphism and that the common group is uniquely divisible. The injectivity
of the map NV follows since the composite
109 104
F Q(v M) hWnQ(V M) — W Q(V NI — F Q(V NI)

is given by multiplication by p"~!. To prove the claim, it suffices to show that

the group QY v i) is divisible, for ¢ > 1, and uniquely divisible, for ¢ > 2. Indeed,
this follows immediately from op. cit., Lemma 3.2.5. We write K = colim, K,
as the filtered colimit of all finite Sub—extensmn K, of K contained in K. Then
V = colim,, V,,, where V,, is the integral closure of V in K, and the canonical map
i
co(lxlmQ(VmM )~ Q(V 1)
is an isomorphism. It follows from op. cit., Lemmas 2.2.3 and 2.2.4 that the common
group is divisible, for ¢ > 1, and uniquely divisible, for ¢ > 2, as desired. This
completes the proof that the sequence of the statement is exact.

Since the group hWan‘—/’ i 15 uniquely divisible, for ¢ > 2, an easy induc-
tion argument based on the exact sequence of the statement shows that the group
W2 v i 1s uniquely divisible, for ¢ > 2, as stated. We will prove in Prop. 2.2.3
below that the group W, Q(v 1) is divisible. |

We next consider the integral homotopy groups

TH, (V|K) = TR}(V|K: p)

of the topological Hochschild spectrum T'(V|K).
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LEMMA 2.2.2. The group TH,(V|K) is divisible, for all ¢ > 0, and uniquely
divisible, for ¢ > 0 even. Moreover, for all integers q, the canonical map

Q?V,M) — TH,(V|K)

is a rational isomorophism.

PROOF. We write V = colim,, V,, as the filtered col_imit of the integral closure
of V in the finite sub-extensions K, of K contained in K. Then the canonical map

colim TH, (Vo |K,) — TH,(V|K)

is an isomorphism. We recall from [8, Rem. 2.4.2] that for ¢ positive and even, the
groups TH,(V,|K,) are uniquely divisible, and from op. cit., Prop. 2.3.4, that for
all integers ¢, the canonical map

Q — TH, (V4| K,)

((ZvouMa)
is a rational isomorphism. Hence the same holds for the groups TH,(V|K). It
remains to show that for ¢ positive and odd, the group TH,(V|K) is divisible. To
this end, we consider the homotopy groups with Z/p-coefficients
TH,(V|K,Z/p) = mo(T(V|K), Z/p).
It follows from op. cit., Thm. B and from the isomorphism at the beginning of the
proof, that there is a canonical isomorphism of log-differential graded rings
Oy iy ®z Szypin} = TH(VIK,Z/p).

1

But, as we saw in the proof of Prop. 2.2.1 above, Q(\'/ 1) is a divisible group, and

hence this isomorphism becomes
Sv v {r} 2 THL(V|K, Z/p).

In particular, the homotopy groups with Z/p-coefficients are concentrated in even
degrees. It follows that for ¢ odd, the middle group in the short-exact sequence

0— THq(V|K)/p — THq(V|K,Z/p) — THq_l(V|R)[p] —0

vanishes, and therefore, TH,(V|K) is divisible as stated. Here A[p] denotes the
subgroup of elements of order p in the abelian group A. O

PROPOSITION 2.2.3. The group TRZ(VH_(;p) s divisible, if ¢ > 1, uniquely
divisible, if ¢ > 2 is even, and for all integers q, the canonical map

WnQ‘(I‘—/,M) — TRy (V|K;p)
is a rational isomorphism. Moreover, the restriction map
R: TR (V|K;p) — TRIN(V|K; p)
is surjective, for all integers q and all n > 2.
PrROOF. We again use the fundamental cofibration sequence
H.(Cpn1, T(V|K)) 25 TR™(V|K;p) < TR (V|K;p)

which we used above in the proof of Prop. 2.1.4. We shall here follow the notation
from [8, Sect. 3.3] and write

WIR(V|K:p) = 7y (HL(Cpo s, T(V|K))).
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The long-exact sequence

LW TRM(VIK; p) &5 TRE(VIK; p) 25 TREH(V|K;p) & -

and the spectral sequence

B2, = Hy(Cpos, FI 7V TH(V|R)) = 4 TR, (V]K; p)

are both sequences of W,,(V)-modules. We recall from op. cit., Lemma 3.3.3 that,

in addition, there is a canonical map of W, (V')-modules
hWnQ((I‘ZM) - hTRZ(V|K7p)
which explains the choice of notation.
We first show that the edge-homomorphism of the spectral sequence above

FI TH(VIK) — 2 TRy (VK p)

is an isomorphism, if ¢ > 0 and even, and an injection whose cokernel is a p-
torsion group of bounded exponent, if ¢ > 0 and odd. Since the Cpn-1-action on
T(V|K) extends to an action by the full circle group T, the induced C,n-1-action
on homotopy groups is trivial. Hence, Lemma 2.2.2 shows that Eit is zero, if s > 0
and s + t is even, and a p-torsion group of bounded exponent, if s > 0 and s + ¢ is
odd. For degree reasons, the only possible non-zero differentials are

d': By g (ro1) = Eog

T

with 7 > 2 and ¢ even. But this is a map from a p-torsion group to a uniquely
divisible group and therefore is zero. Hence, all differentials in the spectral sequence
are zero, and the edge-homomorphism is as stated. It follows that , TRy (V[K;p)
is a uniquely divisible group, if ¢ > 0 is even, and the sum of a uniquely divisible
group and a torsion group, if ¢ > 0 is odd.

We next show that for all ¢, the canonical map
is a rational isomorphism. To this end, we consider the following diagram.

n—1
FI, gy s Wl

| |

Fr— TH,(V|K) — # TRI(V|K; p).

The lower horizontal map is the edge homomorphism of the spectral sequence and
the remaining maps are the canonical ones. The top horizontal map is a rational
isomorphism by the proof of Prop. 2.2.1, and the left-hand vertical map is a rational
isomorphism by Lemma 2.2.2. Finally, we proved above that the lower horizontal
map is a rational isomorphism.

We proceed to show that the restriction map is surjective, or equivalently,
that the long-exact sequence of homotopy groups associated with the fundamental
cofibration sequence breaks into short-exact sequences

0 — ,TRZ(V|K;p) 25 TR (V|K;p) & TRITY(V|EK; p) — 0.

It suffices to prove that this sequence is exact for g even. Indeed, this implies that
the boundary map in the long-exact sequence is zero, for all q. The sequence above
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is short-exact for ¢ = 0 by [7, Thm. F]. So we assume that ¢ > 2 and even and
consider the following diagram.

N R
0 —— 1Wall(y gy ——— WSy sty —— Wo a1y ry ——0

J | |

0 —— W TR (V|K;p) —— TR](V|K;p) —s TRI (V| K; p) —— 0.

The top sequence is exact by Prop. 2.2.1, and we proved above that the left-hand
vertical map is an isomorphism. Moreover, the lower left-hand map is injective.
Indeed, the composite

F7VTH,(VIK) = 4 TRE(VIK; p) Y TR2(VIK; p) s F2 U TH, (VK
which is given by multiplication by p”~!, is an isomorphism, and we proved above
that the left-hand map is an isomorphism. It follows, by induction on n > 1, that
the lower sequence is exact and that the middle vertical map is an isomorphism as
desired.

It remains to prove that TR (V|K;p) is divisible, if ¢ > 0 and odd. As in the
proof of Lemma 2.2.2, we show that if ¢ > 0 and odd, the middle group in the
following short-exact sequence vanishes.

0 — TRy (V|K;p)/p — TRy (V|K;p,Z/p) — TRy_1(V|K;p)[p] — 0.
To prove this, we recall from Prop. 2.1.4 that for ¢ > 0, the map
I': TR}(V|K;p,Z/p) — mg(H(Cpn, T(V|K)),Z/p)
is an isomorphism. We use the Tate spectral sequence
E2,(Cpn) = H™*(Cpn, TH(V|K, Z/p)) = 7o 44 (H(Cp, TH(V|K)), Z/p)
to evaluate the right-hand side. As in the proof of Lemma 2.2.2, we find that

E2(Cp") = Ay jpviunt @ py S(//p(/{til, K}

with the generators u,,, t, and  in bidegrees (—1,0), (—2,0) and (0, 2), respectively.
We recall from [8, Sect. 4.4] that there is a map to this spectral sequence from the
spectral sequence

E2(T) = SV/pV{tila /i} = W*(H(T,T(V|K)),Z/p)

which on the E2-terms is given by the obvious inclusion. For degree reasons, all
differentials in the latter spectral sequence are zero. It follows that all possible
non-zero differentials in the former spectral sequence are multiplicatively generated
from a non-zero differential on the class u,,. Since T(V|K) is a T(W (k)| Ky)-module
spectrum, [8, Prop. 5.5.4] shows that

pntl_g il g

POy = g - () T,

where p,, € Z/p is a unit. We conclude that

~ ptl_1
E*(Cpn) = Sy pr it w}/ (7777 ),

which is concentrated in even degrees as desired. (I
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2.3.  We consider the homotopy groups with Z,-coefficients of TR (V|K;p).
We recall that for any spectrum X, the p-adic homotopy groups are related to the
integral homotopy groups by a natural short-exact sequence

0 — Ext(Qp/Zyp, mg(X)) — 7¢(X, Zy) — Hom(Qp/Zp, mg—1(X)) — 0.

The right-hand term is also written T}, (my—1(X)) and called the p-primary Tate
module of the group m;_1(X). In the case at hand, the left-hand term (resp. the
right-hand term) vanishes for ¢ > 0 (resp. for ¢ > 0 and odd) since TRy (V|K;p) is
divisible (resp. torsion-free). In particular, we obtain a canonical isomorphism
TR (V|K;p, Zp) = Ty TRY(V|K;p) <~ TanQzV,M)

which, in turn, gives rise to a map of graded W,,(V)*-algebras
Sw, 7 (ToWaly ) = TRUVI|K; p, Zy).
We first consider this map for n = 1.

1

LEMMA 2.3.1. The p-primary Tate module TpQ(‘—/ 1) is a free V-module of rank

one and the canonical map

STy zy) — THL(V|K, Zp)

is an isomorphism.

PROOF. We have a canonical isomorphism

1 ~ o m
Ty 5y — i Q) (™)

of the p-primary Tate module and the limit over m > 1 of the p™-torsion subgroups.
Let v™) € V, m > 1, with v() = —p and (v(™*V)P = (™) Then

Uy ™) = V/p™V - dlog o™,
Indeed, the case m = 1 follows from [8, Cor. 2.2.5], and the general case is proved
by induction using the following diagram.

m—1

0 V/pV - V/pmV ——V/p" 'V ——0

ldlogv(l) ldlogv(m) J{dlogv(m_l)

00— QL il —— Qg ™) —2 Q4 o ] ——

The lower horizontal sequence is canonically identified with the coefficients sequence
0 — THz(V|K,Z/p) — THa(V|K,Z/p™) — THo(V|K,Z/p™ ') — 0

which is exact since TH,(V|K,Z/p") is zero for q odd. It follows that the p-primary
Tate module TPQ%V ) is a free V™-module of rank one and that £ = {dlogv("™ },,>;
is a generator. It remains to show that the composite map

S2ATH(VIK) 224 TH(V|K) A TH(VIK) £ TH(V|K)
induces an isomorphism of homotopy groups in degrees ¢ > 2. Since this is a map
between p-complete spectra, it suffices to show that the induced map of homotopy

groups with Z/p-coefficients is an isomorphism in degrees ¢ > 2. But this follows
from [8, Thm. BJ. O
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The following result together with Prop. 2.2.3 above completes the proof of
Thm. A of the induction.

PROPOSITION 2.3.2. The p-primary Tate module T, Wy, Q V) is a free module
of rank one over W, (V)" and the canonical map

Sw, (7 (ToWaly ) = TRI(V|K; p, Zy)
s an isomorphism.
Proor. We know from Prop. 2.1.4 that the map
P: TR™(V|K;p) — H(Cpr, TH(V|K))

induces an isomorphism of homotopy groups with Z,-coefficients in non-negative
degrees. It follows from Lemma 2.3.1 that the Tate spectral sequence

EY, = H™*(Cpr, TH(V|K, Zy)) = moss (H(Cpn, TH(V|K)), Zp)

takes the form E2 = Sv v {tEh, £} with ¢ and & in bi-degrees (—2,0) and (0,2),
respectively. Since all non-zero elements are located in even total degree, all differ-
entials are zero and the groups TR{ (V|K;p,Z,) are concentrated in even degrees.
Moreover, the spectral sequence is multiplicative, and multiplication by ¢~ !induces
an isomorphism of E;X; onto ESJr2 .- Let ay, € TRY (V|K;p,Z,) be a homotopy class
such that F(an) is represented in the spectral sequence by the element t~!. Then
multiplication by a,, induces an isomorphism

TR, (VI|K;p,Zy) = TRy o(V|K;p, Zy)
for all positive integers q. This proves the proposition. (I

ADDENDUM 2.3.3. The Frobenius
F: TRZ(V|K;p, Zy) — TRZﬁl(VHi(;p, Zy)
18 surjective.
PROOF. For ¢ = 0, the statement is that F': W, (V)" — W,,_1 (V)" is surjective
which we proved in Cor. 1.2.2. Hence it suffices by Prop. 2.3.2 to show that
F: TRy (V|K;p,Z,) — TRY " (V|K;p, Z,)
takes a W, (V) -module generator to a W,,_(V)-module generator. By Prop. 2.1.4
we may instead show that the map
F: my(H(Cpn, T(V|K)), Zp) = ma(H(Cpnr, T(V|K)), Zy)

takes a W, (V) -module generator to a W, _1(V)-module generator. It follows from
the construction of the Tate spectral sequence that the latter map induces a map
of Tate spectral sequences that on E2-terms is given by the map

Sy 1At 5} = Sy o {tT k)
that takes generators t and  on the left-hand side to the generators ¢ and « on the
right-hand side and that maps V /p"V to V/p"~'V by the canonical projection;
see [8, Sect. 4]. The element t~1 on the left-hand side represents a W,,(V)™-module
generator of o (H (Cpn, T(V|K)), Zp) and the element ¢~ on the right-hand side
represents a W,,_1 (V) -module generator of 7y (H(C’pnq ,T(V|K)),Zy,). This com-
pletes the proof. O
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We conclude this paragraph with a brief discussion of the homotopy groups
with Q,/Z,-coefficients of the spectrum TR"(V|K;p).

LEMMA 2.3.4. Let A be a divisible abelian group and let T,,(A) be the p-primary
Tate module of A. Then there is a canonical isomorphism

Tor(A, Qp/Zy) = T,(A) @ Qp/Zy.
PROOF. Since A is a divisible abelian group, the short-exact sequence

0 Z — Z[2] » Qy/Z, — 0

induces a short-exact

0 — Hom(Q,/Z,, A) — Hom(Z[%],A) — Hom(Z,A) — 0

that is usually written
0—T,(A) - V,(4) - A—0.

This sequence, in turn, gives rise to a six-term exact sequence

0 — Tor(T},(A), Qp/Zp) — Tor(Vy(A), Qp/Zp) — Tor(A,Qp/Zy)
— Tp(A) ® Qp/Zp — Vp(A) ® Qp/Zp — A® Qp/Zp — 0.

To prove the statement of the lemma, it suffices to prove that the second and fifth
terms of this sequence vanish. But this follows immediately from the exact sequence
at the beginning of the proof considered as a flat resolution of Q,/Z, and from the
fact that V;,(A) is a Z[;]-module. O

COROLLARY 2.3.5. For all integers q and all positive integers n, there is a
canonical isomorphism of abelian groups

TR (V|K;p,Qp/Zp) = TR (V|K;p, Zp) @ Qp/Zp.

Proor. This follows immediately from Thm. A, Lemma 2.3.4, and from the
definition of homotopy groups with Q,/Z,-coefficients which we recalled at the
beginning of Sect. 2 above. O

2.4. Lete= {5(”)}v>1 be a sequence of primitive p’~th roots of unity in K
that are compatible in the sense that (5(”+1))p = ¢("), The sequence ¢ is a generator

of the p-primary Tate module T,,(K*), and the image by the canonical isomorphism
T,(K*) = T,K,(K)

is the associated K-theory Bott element (3. = 3X.

LEMMA 2.4.1. The image of the K-theory Bott element 85X by the map

T, K (K) — T, TR} (V|K:p)

induced by the cyclotomic trace is the element (., = ET,FL‘ = {dlog,, e },>1.

PROOF. We recall from [8, Sect. 2.3] that the map

dlog,: M =V NK*— TR} (V|K;p)

is defined to be the composite of the canonical inclusion « :7]\_4 — K*, the canonical
isomorphism K* — K;(K), and the cyclotomic trace K;(K) — TRY(V|K;p). The
stated formula is now clear. (]
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The TR-theory Bott element
/85,71 = gT,S € TP TR?(V|K’p) ; TanQ%f/"M)
satisfies that R(8,c) = F(Bn,e) = Bn-1,- and hence defines a Bott element
Be = BTF = {Bentnzt € liprWnQ%‘—,)M).

The right-hand group is a free module of rank one over the ring lim g W,, (V)" which
we identify with the ring W (Ry) via ring isomorphism

b W(Rg) = lim W, (V)
of Addendum 1.2.4. The Bott element 3., however, is not a generator. Instead
we shall prove the following result. Let e, = {5(v+")}v>1. We denote by e,

the corresponding element of the ring Ry and by [e,] the associated Teichmiiller
representative of the Witt ring W(Ry).

PROPOSITION 2.4.2. There exists a uniqgue W (Ry)-module generator

: 1

with the property that B. = ¥([e1] — 1) - ac.
The uniqueness part of Prop. 2.4.2 follows immediately from Addendum 1.3.2;

the existence part is proved in Sect. 3 below. We conclude this section with the
proofs of Thm. B and C of the introduction.

Proor or THM. B. We first prove the statement (i) of Thm. B. It follows
from Addendum 2.3.3 that the canonical projection

pryt T WaQty i) — LWally )
is surjective. Similarly, Cor. 1.2.2 shows that the canonical projection

Pr, o 1iP{n W, (V) — W, (V)

is surjective. Moreover, the domain (resp. the range) of the map pr, ; is a free
module of rank one over the domain (resp. range) of the map pr,, . It follows that
the map pr,, ; takes a generator to a generator. Hence, the class defined by

Qe p = Prn,l(as) € TanQ%v,m

is a W, (V)-module generator. Finally,
Ben = Prn,l(ﬂa) = prn,1(1/)([51] -1)- )
=pr,0(¥([e1] = 1)) - pr, i (ae) = Onllen] —1) - acn
as stated.

We next consider the statement (i) of Thm. B. It is immediate from the
definition of a. , that F(as ) = @ n—1. The restriction map induces a self-map

BRT 1 . 1

of a free W(Ry )-module of rank one. Hence there exists an element & € W(Ry)
such that R(a.) = ¥(€) - ae, and since W(Ry;) is an integral domain, this element
¢ is unique. Since R(8:) = B¢ and f. = 9([e1] — 1) - ae, we find that

P(ler] = 1) - e = R(¢([ea] = 1) - ac) = ¢([e2] = 1) - R(exe)
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which shows that £ = ([e1] — 1)/([e2] — 1). The stated formula now follows from
Addendum 1.2.4.

The proof of statement (iii) of Thm. B is similar to the proof of statement (ii)
above. We have 87 = x(o) - B and . = ¥([e1] — 1) - @ which shows that

P([e7] = 1) - af = x(0) - ¥(le1] = 1) - e
This is an equation among elements of a free module of rank one over an integral
domain. Hence, we obtain

af =x(0) - P((lea] = 1)/([e7] = 1)) - e
and apply Addendum 1.2.4 to obtain the stated formula. O
Proor OoF THM. C. Let TF(V|K;p) be the homotopy limit spectrum
TF(V|K;p) = ho}}mTR"(V|K;p)
where the structure map in the limit system is the Frobenius map. The restriction
and Frobenius maps give rise to self-maps of the spectrum TF(V|K;p) and the

topological cyclic homology spectrum TC(V|K;p) is defined to be the homotopy
equalizer. Hence, the homotopy groups form a long-exact sequence

.= TCy(VIEKsp) = TFy(VIKsp) =5 TFy(VIK:p) % TCpa (VIK:p) = ...
and we have the Milnor short-exact sequence
0— R lim TRy, (V|K;p) — TF(V|K;p) — lim TR, (V|K;p) — 0.
The same is true for the homotopy groups with Z,-coefficients. It follows from
Thms. A and B that the map
eom: W(Ry) — TFou(V|K:p, Zy)

that takes a to ¥(a)-al* is an isomorphism, for all non-negative integers m, and that
the groups in odd degrees are zero. Moreover, the following diagram commutes.

W(Ry) L} TF2m(V|K; D, Zp)

J( ) W e JR

ge,m — =
W(Ry) TF2, (VIK;p, Zp).

The statement of the theorem now follows from Cor. 1.3.3. O

3. The generator a.

3.1. We obtain the generator a. from the Thom class A_j, in topological K-
theory associated with negative the canonical line bundle over P<(C). We first
recall some standard facts about topological K-theory.

Let ku be the connective cover of the p-completion of the spectrum representing
periodic complex K-theory. This is a ring spectrum whose homotopy groups

T (ku) = Sz, {0}

is the polynomial algebra over Z,, on the Bott element 3 = $*“ of degree 2.

The canonical projection f: T — {1} from the circle group to the trivial group
gives rise to an adjoint pair of functors (f*, f.) between the stable homotopy cat-
egory and the T-stable homotopy category. (The functor f. was left out of the
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notation in the bottom row of the diagram at the beginning of the introduction.)
We consider the Tate spectrum of the T-spectrum f*ku obtained from the spectrum
ku in this way. The Tate spectral sequence takes the form

E? = Sy {t*', B} = m. (H(T, f*ku))
with the generators ¢t and 3 located in bi-degrees (—2,0) and (0, 2), respectively.
Since the non-zero groups are all located in even total degrees, it follows that all
differentials are zero. Hence, the graded ring . (H(T, f*ku)) is the tensor product
of a power series algebra and a Laurent polynomial algebra over Z, on generators
h and A_p, that represent ¢3 and ¢t~!, respectively. We now explicitly choose a pair
of generators h and A\_p,.

Let L = O(1) be the canonical line bundle over P>°(C) and define P>, (C) to be
the Thom spectrum of the virtual bundle —sL. We recall that P>, (C) may be given
the structure of a CW-spectrum with one cell in every even dimension greater than
or equal to —2s. Moreover, it follows from [10, Prop. I1.4.4] that for all integers s,
there is a canonical isomorphism

T2s (H(Ta f*ku)) = K (Pios ((C)a ZP)
The right-hand side is a free K°(P°(C), Z,,)-module of rank one generated by the
standard Thom class A_gy, of the virtual bundle —sL. Moreover, the product
K—Zs(Pios((C)’ Z,) ® K28 (P, (C), Zp) — K—Q(s+s’)( ‘iO(SJrS,)((C), Zyp)

takes A\_sp @ Ay t0 A_(s4¢yr- This defines the generator A_p. We define the
generator h = [L] — 1 € K°(Pg(C),Z,) to be the class of the reduced canonical
line bundle. Let 3 € K~2(P>(C),Z,) be the image of the Bott element 3 by the
composite of the canonical maps

“2(8°,2y) = K2 (P5°(C), Zp) — K *(PX(C), Zp).
The class B is represented in the spectral sequence by the element 3 and the product
E°(P5°(C), Z,) ® K~*(P%(C), Z,) — K~*(P%(C), Zy)
takes ([L] — 1) ® A_L to f.
ProroSITION 3.1.1. The graded ring
m.(H(T, f*ku)) = €D K ~2*(P>,(C), Zy)
s€Z

is the tensor product of the power series algebra and the Laurent polynomial algebra
over Z, generated by the class [L] — 1 € K°(Pg(C),Z,) of the reduced canonical
line bundle and by the standard Thom class A_1, € K 2(P>(C),Z,) of negative
the canonical line bundle, respectively. Moreover

B=(L]-1) s

3.2. It follows from theorems of Suslin [11, 12] that the spectrum ku and the
p-completion of the algebraic K-theory spectrum K (K) are weakly equivalent ring
spectra and that we can choose a weak equivalence of ring spectra

te: ku = K(K)
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such that the induced map of homotopy groups takes the Bott element § to the
Bott element 5.. We obtain a map of T-ring spectra

T.: f*ku — T(V|K)
as the adjoint of the composite of the map ¢ and the trace map
tr: K(K) — f.T(V|K)"
We also recall from Lemma 2.1.1 that the canonical map
H(T, T(V|K)) — ho%;mﬂ(cpn,T(mf()y
is a weak equivalence and from Prop. 2.1.4 that the map
[ TRM(V|K;p) — H(Cp, T(VIK))

induces an isomorphism of homotopy groups in non-negative degrees. Moreover,
the definition of the map I'), [8, Sect. 1.1] shows that F oI, =T',,_; o F. Hence
there is a well-defined multiplicative map in the stable homotopy category

I: TF(V|K;p) = holim TR™(V|K;p) — H(T, T(V|K))
which induces an isomorphism of homotopy groups in non-negative degrees. Let
#o0 H(T, f*ku) — H(T,T(V,K)")
be the map of T-Tate spectra induced from the map 7.
LEMMA 3.2.1. The map 7. takes the class 3 to the class f(ﬁg).

PROOF. We recall [8, Sect. 1.1] the following commutative diagram of spectra
and multiplicative maps.

TR™(V|K;p) ——— TR™ 1 (V|K; p)

lrn lf‘n 1

H (Cpoer, T(V|K)) 2 B(Cyps, T(V| ).

All maps in this diagram are compatible with the respective Frobenius maps. Hence,
we obtain a well-defined commutative diagram of spectra and multiplicative maps
in the stable homotopy category

(3.2.2) TF(V|K;p) — 22— TF(V|K;p)"

I I
_ h “ _
H(T, T(V|K)) = H(T, T(V|K))
and Prop. 2.1.4 shows that the vertical maps indupe isomorphisms of homotopy
groups in non-negative degrees. The Bott element ( is defined to be the image of

the Bott element 3 = 3** by the map of homotopy groups induced by the following
composite map

ku L H (T, f* k) £ (T, f*ku).
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Moreover, the following diagram commutes

h A~
feu ———— H(T, f*ku) ——— (T, f*ku)

Jtr OtLe JT‘; l;.e

TR(V|K; p) —— H(T, 7(V|K)) —2— B(T, T(V|K))

The map of homotopy groups induced by the left-hand vertical map takes the Bott
element 3 = B*% to the Bott element 3. = BIF. Since the restriction map

R: TFy(V|K;p, Z,) — TF(V|K;p, Zy)

fixes (., and since the diagram (3.2.2) commutes, the composition of the lower
horizontal maps in the diagram above takes the Bott element (. to the class I'(3;).
The lemma follows. O

LEMMA 3.2.3. The map 7. takes the class [L] to the class T(¢([€}])) for a
possibly different sequence &' = {&'™M},,51 of primitive p"~th roots of unity in V".

ProoOF. We recall from Addendum 1.2.4 that the restriction map

R: TFo(V|K;p,Z,) — TFo(V|K;p, Zp)
takes 9([e]) to ¥([e}]). Hence, in view of the diagram (3.2.2), it suffices to prove
that the map of homotopy groups induced by the map
7 H (T, f*ku) — H (T, T(V|K)")
takes the class [L] to T'(¢([€'])). Let
7Lt B (s, fht) — B (s, T(V|KY)

be the map induced by the map 7.. The maps Téﬁn are compatible with the Frobe-
nius maps such that we have a map of pro-spectra

{rlntnz1: {H (Cpnms, frhu) bnzy — {H(Cpoos, T(VIE)) o1

Moreover, there is a commutative diagram of spectra

’
T

H (T, f*ku) : H(T,T(V|K))

| J

holimp H* (Cyn—1, f*ku) — holimp H " (Cpn—1, T(V|K)")

where the lower horizontal map is induced by the map of pro-spectra {7/, }. The
vertical maps are weak equivalences by the proof of Lemma 2.1.1. The Atiyah-Segal
completion theorem shows that as a ring

v

mo(H " (Cprr, f1Ru)) = Zplta] /(87 = 1)
where ¢, is the image of [L], and Prop. 2.1.4 shows that the ring homomorphism
Tp: Wo(V) — mo(H (Cpn-1, T(V|K)))

is an isomorphism. Hence the map of pro-spectra {Tén} induces a map of pro-rings

= {a™ s {Zp[ta) /(" Vst — Wa(V) Juz1-
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The map @ determines and is determined by the sequence a = {a(™}, >, where
a™ = a™(t,) is a p"~'th root of unity in W, (V)" and where F(a(™) = a(»=1).
We claim that for all n > 1, the map @™ is injective or equivalently that a(™ is
a primitive p"~!th root of unity. Indeed, the map 7/, induces a map from the
spectral sequence

E2, = H™*(Cpn-r, my(ku)) = Toyt(H (Cpn—r, f*ku))

N

to the spectral sequence
Eit = H_S(Cpn—17T(V|R)A) = 7Ts+t(H'(Opn—1,T(V|[_{)A)).

The map of E?-terms is injective and, for degree reasons, all differentials in the two
spectral sequences are zero, so the induced map of E*°-terms is also injective. Hence
the induced map of homotopy groups is injective as claimed. Finally, Lemma 1.3.4
shows that a = {[¢'™],}n>1, where &’ = {¢/(M},>; is a sequence of primitive
p"~th roots of unity in V" such that (¢/™)? = &/(»=1)_ The statement follows
since the isomorphism ¢ of Addendum 1.2.4 takes [¢'] to {[¢'™],}n>1. O

REMARK 3.2.4. We expect that the two sequences €’ and ¢ in the statement of
Lemma 3.2.3 are equal.

PROOF OF PROP. 2.4.2. We recall from the proof of Prop. 2.3.2 that the Tate
spectral sequence associated with the T-spectrum T'(V|K) takes the form

E? = Sp-{t*! K} = 1. (H(T, T(V|K)), Z,)

where the generators ¢ and « are located in bi-degrees (—2,0) and (2,0). Since the
non-zero groups are concentrated in even total degree, all differentials are zero. It
follows that any class a € TFy(V|K; p,Z,) whose image by the map

I': TF(V|K;p) — H(T, T(V|K))
represents t ! € Egyo is a TFo(V|K;p, Z,)-module generator. Let

o€ lilgnTanQ%V’ ) — TF2(V|K;p, Zy)

to be the unique class such that I'(a) = 7.(A_r). Since § = ([L] = 1) - A_p by
Prop. 3.1.1 and since Lemmas 3.2.1 and 3.2.3 show that the composite

o (H(T, f*ku)) T mo(H(T, T(V|K)), Z,) <~ TFo(V|K;p, Z,)
takes ([L] — 1) - A_ to ¢([e}] — 1) - o and 3 to B = BT, we find that

d(ler] = 1) - o= Be.

We claim that v = ([e]] — 1)/([e1] — 1) is a unit in W(Ry). Indeed, this is the
case if and only if the image u = (¢} — 1)/(e; — 1) by the canonical projection
W(Ry) — Ry is a unit in Ry. But Ry is a valuation ring and
1 1
vr(@) = vr(ey —1) —vr(e —1) = b1 o1 0,
so 4 is a unit. Hence a. = v¥(u) - « is a generator of TFy(V|K;p,Z,) and the
formula B; = 9¥([e1] — 1) - a holds as desired. O



TOPOLOGICAL CYCLIC HOMOLOGY 29

4. Galois invariants

4.1.  We show in Prop. 4.1.3 below that in positive degrees, the rational ho-
motopy groups TRy (V|K;p,Q,) have vanishing Galois cohomology.

LEMMA 4.1.1. For every ring A, the ghost map induces an isomorphism
wR1l: W,(4) ®Z[E] = A" ® Z[].

1 1
P P
PRrROOF. Suppose first that A is p-torsion free ring, possibly without unit. Then
the ghost map restricts to an isomorphism
n—1
w: Wy (pA) = Hps+1A.
s=0
Hence we have a map of short-exact sequences

0—— Wn(pA) —— Wn(A) — Wn(A/pA) —0

Lo |

n—1 n—1 n—1
o T r+a—— T a—— T amta—o.
s=0 s=0 s=0

Since Z[%] is flat over Z, we get an induced map of short-exact sequences

0—— Wa(pA) @ Z[J] —— W, (A) @ Z[1] —— W (A/pA) @ Z[}] —— 0

L | |

n—1 n—1 n—1
0— [[prtaezi] — [[4A0Zi] — [[4/r A e Z[i] —o.
s=0 s=0 s=0

The right hand terms are both zero. Hence, the middle vertical map is an isomor-
phism. Finally, for a general ring A, we write A = P/I where P, and hence I, is a
ring without p-torsion. Then the diagram

0—— Wa(D) ® Z[1] —— W (P) ® Z[1] —— W, (A) ® Z[1] —— 0

J~ L |

n—1 n—1 n—1
0—— 1ozl —— [[Pezlil —— [[4A©Z[] —0
s=0 s=0 s=0
completes the proof. ([

LEMMA 4.1.2. For all n,q > 1, the canonical inclusion

W (V) - B2, = Wy (V) - ol

e,n

becomes an isomorphism after inverting p.

Proor. By Lemma 4.1.1, the ghost map induces an isomorphism

n—1

w: Wo(V)[5] = H K"
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And since fB.,, = O,([en] — 1) - Qe n, it suffices to show that ghost map takes the
element 0, ([e,] — 1) = [Egn)]n — 1 to a unit. But

n n n n)ip?—1
w(e™]n = 1) = (] = LM — 1, R ),

and since €gn) is a primitive pth root of unity, the ghost coordinates are all non-

Zero. O

PROPOSITION 4.1.3. Let ¢ be a positive integer. Then the continuous cohomol-
ogy group He,.(Gx, TRy (V|K;p,Qyp)) is zero, for all i > 0.

PrOOF. By Lemma 4.1.2, we have a canonical isomorphism of G g-modules
Wa(V) @z, Qp(m) = TRy, (VIK;p, Qp).
The V-filtration of the left-hand side is finite of length n, and

gy Wa (V) @z, @p(m) = K (m).
But Tate [13] has shown that H¢ ,(Gx, K (m)) is zero, for all i > 0, provided that
m > 0. d
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