Submitted exclusively to the London Mathematical Society
doi:10.1112/0000/000000

THE TOWER OF K-THEORY OF TRUNCATED POLYNOMIAL
ALGEBRAS

LARS HESSELHOLT

Introduction

Suppose that A is a regular noetherian ring that is also an Fp-algebra. Then it was proved
by the author and Madsen [6, 8, 4] that there is a long-exact sequence

—2i _ Vm —2i m
e Do Wir1 95— @ Wiy 24— Ko (Alz]/ (™), () — -+

which expresses the K-groups of the truncated polynomial algebra A[z]/(z™) relative to the
ideal () in terms of the groups W, Q9% of big de Rham-Witt forms; see also [5]. We remark that
in the papers [6, 8, 4] the result was stated and proved under the more restrictive assumption
that the ring A be a smooth Fj-algebra. However, since Popescu [14] has proved that every
ring A as above can be written as a filtered colimit of smooth [Fp-algebras, the general case
immediately follows. In this paper, we consider the map of relative K-groups

fe: Kgp(Alz]/(2™), (2)) = Kqp1(Af2]/(z"), (2))

induced by the canonical projection
[+ Alal/(2™) — Alal/ (2").

To state the result, we recall from [8] that the big de Rham-Witt groups W, Q% are modules
over the ring W(A) of big Witt vectors in A. In particular, they are modules over W(F,). The
ring W(F,,) is canonically isomorphic to the product indexed by the set of positive integers not
divisible by p of copies of the ring Z, of p-adic integers. A unit a of the total quotient ring of
W(F,) determines a divisor div(a) on W(F,) and, conversely, the unit « is determined, up to
multiplication by a unit of W(F,), by the divisor div(c). The ring W,.(F,) of big Witt vectors
of length r in F,, determines a divisor on W(F,) that we denote by div(W,(F,)).

THEOREM A. Let A be a regular noetherian ring and an Fp-algebra. Then the canonical
projection f: Alx]/(x™) — Alz]/(z™) induces a map of long-exact sequences

—2i  Vm —2i m
s s Wit 4 — @i Won(i4n 2 —— Ko (Ala]/ (@), () — -+

| l |

—2; Va —2i n
= Do Wir1 Q5 — @50 Wi Q% ¥ —— Ko (Afz]/ (@), (x)) — -

where the right-hand vertical map is the map of relative K-groups induced by the canonical
projection, where the middle vertical map takes the ith summand of the domain to the ith
summand of the target by the composition

W (i) Q42— Wiy QG — W (i41) 2%
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of the restriction map and the multiplication by an element o = «a,(m,n, i) of W(FF,) that is
determined, up to a unit, by the effective divisor

div(a) = Y (div(Wo i1y (Fp)) — div(Wy 41y (Fp))),
0<h<i

and where the left-hand vertical map is zero.

The divisor div(a,(m,n,4)) not only depends on the integers m, n, and i, but also on the
prime number p. In more detail, recall that the length of a module M over a ring R is the
length s of a longest ascending chain Mo & My & --- & My of R-submodules of M. If a longest
chain does not exists, the module M is said to have infinite length. A Z,-module M of finite
order p® has length s. Then the lengths as Z,-module of the domain and target of the map

fe: Kaipa (Fplal/(2™), (2)) — Kaig1(Fplz]/(2"), (x))
are equal to (m — 1)(¢ + 1) and (n — 1)(i + 1), respectively, and hence, do not depend on the
prime p. By contrast, the lengths as a Z,-module of the kernel Ky, 1(F,[z]/(z™), (z™)) and
cokernel Ko;(Fp[z]/(x™), (™)) of this map are arithmetic functions of the prime number p.
We note that, if div(ay,(m,n, 7)) > div(W,;41)(Fp)) then the multiplication by o map
Me: Wn(i+1)ﬂ?4_2i - Wn(i+1)ﬂ?4_2i

is zero. We examine the divisor «,(m,n,i) and prove the following result.

THEOREM B. Let A be a regular noetherian ring and an IF-algebra and assume that A
is finitely generated as an algebra over the subring AP C A of pth powers. Let m and n be
positive integers with m > n + 1. Then there exists an integer qo > 1 such that the map

fe: Kgp(Alz]/(2™), (2)) = Kqp1(Af2]/(z"), (2))

induced by the canonical projection is zero, for all ¢ > qq.

The main purpose of the paper [8] was to evaluate the Nil-groups of the truncated polynomial
rings A[x]/(x™). We recall that, for every ring R, the ring homomorphisms 7: R — R[t] and
€: R[t] — R defined by n(a) = a and €(f) = f(0) give rise to a direct sum decomposition

Ko (R[t]) = Kg11(R) & K (R[t], (2))-
The second summand on the right-hand side is the Nil-group
Nily(R) = Kq+1(R[t], (1))

which measures the extent to which the functor K, fails to be homotopy invariant. The
group Nil,(R) is zero, if the ring R is regular. This implies that, for R = Afx]/(z™) with A
regular, the canonical map

Nil, (Afz]/(z™), () — Nily(A[z]/(z™))

is an isomorphism. The ring homomorphisms n: R — RJt] and e: R[t] — R also give rise to a
direct sum decomposition of big de Rham-Witt groups

WSy = Weldly © Wel{pg (1)-
Hence, if A is a regular noetherian ring and an F,-algebra, the long-exact sequence at the
beginning of the paper implies the long-exact sequence

—21 VTVL —21 : m
AR — @@o WiJrlQ((]A;],(t)) — @z;o Wm(i+1)Q€A§],(t)) —— Nily(Afz]/(@™)) — -
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which expresses the Nil-groups of A[z]/(2™) in terms of the relative groups of big de Rham-
Witt forms. The map V,, is injective, if p does not divide m, but is generally not injective,
if p divides m. We remark that [10, Thm. B] gives an explicit description of the middle and
left-hand terms of this sequence as functors of the big de Rham-Witt groups of the ring A. In
particular, the group Nil,(Afz]/(x™)) is non-zero, for all integers ¢ > 0 and m > 1. We note
that Nil,(Afz]/(2™)) is zero, for ¢ < 0 [1, Chap. XII, Prop. 10.1]. Thm. A above immediately
implies the following result.

THEOREM C. Let A be a regular noetherian ring and an Fp-algebra. Then the canonical
projection f: Alz]/(x™) — Alx]/(z™) induces a map of long-exact sequences

—2i Vin —2i . m
e @z;o WiHQ((ZA[t],(t)) E— @@0 Wm(i+1)Q((1A[t],(t)) — 1\11111(14[37]/(9’j ) —

| | I

—92i Vi —92i . n
e —> ®i>0 Wi"‘lQ((]A[?S],(t)) — @i>0 Wn(iH)Q‘(IA[i]y(t)) —=— Nil, (A[z]/(2")) — -+~
where the middle vertical map takes the ith summand of the domain to the ith summand of
the target by the composition
—21 res —27 Ma —21
Wangie)@ap 1) = W+ Qap ) — > Wi+ Hap. )

of the restriction map and the multiplication by the element a = ap(m,n,i) of Thm. A, and
where the left-hand vertical map is zero.

Similarly, Thm. B above immediately implies the following result.

THEOREM D. Let A be a regular noetherian ring and an F,-algebra and assume that A
is finitely generated as an algebra over the subring AP C A of pth powers. Let m and n be
positive integers with m > n + 1. Then there exists an integer qo > 1 such that the map

fe: Nilg(Afz]/(2™)) — Nily (Afz]/(2"))

induced by the canonical projection is zero, for all ¢ > qo.

We remark that, if A is an Fp-algebra and m is a power of p, then Alz]/(z™) is equal to the
group algebra A[C,,] of the cyclic group of order m with generator 1 + x.

All rings considered in this paper are assumed to be commutative and unital. We write T
for the multiplicative group of complex numbers of modulus 1.

Finally, the author would like to express his gratitude to an anonymous referee for a number
of helpful suggestions on improving the exposition of the paper.

1. p-typical decompositions

The long-exact sequences that appear in Thm. A of the introduction have canonical p-typical
product decompositions. We here recall the p-typical decomposition and state the equivalent
Thm. 1.5.

We recall from [8, Cor. 1.2.6] that the big de Rham-Witt groups W,Q% decompose as
a product of the p-typical de Rham-Witt groups W,Q% of Bloch-Deligne-Illusie [11]. More
generally, there is a big de Rham-Witt group WsQ9 associated to every subset S C N of the
set of positive integers stable under division. The group WyQ is zero, the group W, Q9% is the
big de Rham-Witt group associated to the set of positive integers less than or equal to r, and
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the p-typical de Rham-Witt group W,Q9% is the big de Rham-Witt group
W = Wi, pe-1302%.
For every pair of subset 7' C S C N stable under division, there is a map
res: WgQ — W Q% (restriction).

We mention that, if S C N is the union of a family of subsets S, C N each of which is stable
under division, then the restriction maps induce an isomorphism

WgQ = limWg_ Q5.
res

We also mention that every subset S C N stable under division is equal to the union of the
subsets (s) C N, s € S, where (s) is the set of divisors of s. Let S C N be a subset stable under
division, let s be any positive integer, and let S/s be the set of positive integers ¢ such that
st € S. Then there are maps

Fy: WsQf — Wg,,Q9 (Frobenius)
Vi: W04 — WsQf (Verschiebung).

Now, let S C N be a finite subset stable under division, and let j be a positive integer that is
not divisible by p. We define the non-negative integer u = u,(S, j) by

u,(S, ) = card(S/j N {1,p,p% ... }) = card(S N {4, pj, p*s, ... })
and note that u is non-zero if and only if j € S. We then let
nj: W% — W, Q%

be the composite map

F; res
WsQi —J) WS/jQZ} i} W{17P7~~,p“*1}9?4 ESa WUQZ‘

and define
n: WgQf — H W, Q4%
J

to be the map given by the maps n; as j ranges over the set I, of all positive integers not
divisible by p. The map 7 is an isomorphism, for every Z,-algebra, by [8, Cor. 1.2.6]. We
remark that, on the right-hand side, the factors indexed by j ¢ S are zero. The maps res, F,
and V; are also expressed as products of their p-typical analogs

R =res: W,Q% — W,_1QY (restriction)
F =F,: W,Q% — W,_1Q% (Frobenius)
V =V, We_1Q% — W,Q% (Verschiebung).

Let T C S C N be a pair of subsets stable under division. Then there is a commutative diagram

W — [T, W%

J{res lresﬂ

WTQZ‘ —)n Hj Wu/QZ‘,

where u = u, (S, 7) and v’ = up(T, j), and where the map res” takes the factor indexed by an
integer j € T that is not divisible by p to the factor indexed by the same integer j by the map
R*~*" and annihilates the remaining factors. Similarly, let S C N be a subset stable under
division, and let s be a positive integer. We write s = p¥s’ with s’ not divisible by p. Then
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there are commutative diagrams

W€y —— T, Wl

e o] |

W) sQ —— [T, Wu—o Q%

where u = u,(S5, j), and where the maps F and V! are defined as follows: The map F' takes
the factor indexed by an integer j € S that is not divisible by p, but is divisible by s’, and
satisfies p”; € S to the factor indexed by the integer j/s’ € S/s by the map F¥ and annihilates
the remaining factors. The map V7 takes the factor indexed by j € S/s not divisible by p to
the factor indexed by s'j € S by the map s'V".

Specializing to the case S = {1,2,...,m(i + 1)}, we define

sp(m,i,§) = up(S,j) = card({1,2,...,m(i + 1)} N {4, pj, p%5, ... }). (1.1)

The integer s,(m, i, ) is non-zero if and only if 1 < j < m(i+1), and in this case, is the unique
integer s such that p*~j < m(i + 1) < p*j. Suppose now that A is a regular noetherian ring
and an IFp-algebra. It is then straightforward to verify that the p-typical decomposition of the
top long-exact sequence in the diagram in Thm. A of the introduction takes the form

72 m/VU 72
D P W T Do
i>0 jeEm/I, i>0 jel,

5 Ken(ARl/@™), @) & @ @ We o o

i>0 jem'I,

(1.2)

where s = s,(m,1,7), where m = p"m’ with m’ not divisible by p, and where I, is the set of
positive integers not divisible by p. Similarly, the bottom long-exact sequence in the diagram
in the statement of Thm. A takes the form

_9; nlvw _9i
@ D W T DD wer
i>0 jen’I, i>0 jel,

S Kga(All/ @), (@) & @ @ Wi -

i>0 jen'l,

(1.3)

where t = s,(n,,7), and where n = p“n’ with n’ not divisible by p.
Finally, we explain the p-typical decomposition of the divisor div(a,(m,n,4)) that appears
in Thm. A. Let . C W(F,) be the subset of non-zero-divisors. Then the map

div: (L 'W(F,))*/W(F,)* — Div(W(F,))
is injective. We refer to [3, §21] for the general theory of divisors. Let also S C W (F,,) be the
subset of non-zero-divisors, and let
ord: (L TTW(F,))"/W(E,)" = [ (ST W(E))/W(E,) = ] 2
JEIp JEIp

be the composition of the isomorphism induced by the ring isomorphism 7 and the isomorphism
given by the p-adic valuation. We recall the function s,(m, ¢, j) from (1.1) above. The p-typical
decomposition of the ring W, (;4.1)(F,) immediately implies the following result.

LEMMA 1.4. For every a € (%~ 'W(F,))*, the following are equivalent:
(1) div(a) = diV(Wm(ifl)(Ep))-
(ii) ord(a) = (sp(m,i,j) | j € Ip)-
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The following statement is equivalent to Thm. A of the introduction. The proof is given in
Sect. 5 below.

THEOREM 1.5. Let A be a regular noetherian ring and an Fp-algebra. Then the canon-
ical projection f: A[z]/(z™) — Alz]/(z"™) induces a map of long-exact sequences from the
sequence (1.2) to the sequence (1.3) that is given, on the lower left-hand terms, by the map

fe: Ko(Alz]/(2™), (2)) — K.(Alz]/(2"), (2))

induced by the canonical projection, on the upper right-hand terms, by the map that takes the
(i,7)th summand of the domain to the (i, j)th summand of the target by the composite map

_9; Rsft, _9; Me _9;
w42 s w02 - w0d-

where the right-hand map is multiplication by a p-adic integer o = ay,(m,n, i, j) whose p-adic
valuation is given by the sum

Up(ap(mvna Za])) = Z (Sp(ma hv]) - Sp(na h,])),
0<h<i

and, on the upper left-hand terms, by the zero map. Here s,(m, 1, j) is the integer (1.1).

REMARK 1.6. (i) The integer s,(m,h,j) — sp(n,h,j) is equal to the number of positive
integers r such that n(h +1) < p"~1j < m(h +1). _ _

(i) We recall from [11, Prop. 1.3.4] that the map mq: W:Q% > — WiQ% > given by the
multiplication by a p-adic integer « of p-adic valuation v factors canonically

W02 By, a2 e gy a2
t8ép t—vsé g toeA

as the composite of the surjective restriction map R" and an injective map m,,. There is no
analog of this factorization for the big de Rham-Witt groups. Indeed, the quotient of W(F,)
by the ideal generated by the element a,(m,n,i) € W(F,) that appears in Thm. A is generally
not of the form Wg(F,) for some subset S C N that is stable under division.

2. Topological Hochschild homology

The proof of Thm. A of the introduction is based on the following result which we proved
in [6, Prop. 4.2.3]: For every F,-algebra A, there is a long-exact sequence

s limp TRYY (A) = limpg TRY, (4) —— K1 (Ala]/ (™), () —
which expresses the groups Kg41(Afz]/(x™), (z)) in terms of the RO(T)-graded equivariant
homotopy groups of the topological Hochschild T-spectrum T'(A). (The corresponding long-
exact sequence of homotopy groups with finite coefficients is valid for every ring A.) We briefly
recall the terms in this sequence.

The topological Hochschild T-spectrum T(A) associated with the ring A is a cyclotomic
spectrum in the sense of [7, Def. 2.2]. In particular, it is an object of the T-stable homotopy
category. Let X\ be a finite dimensional orthogonal T-representation, let S* be the one-point
compactification, and let C,. C T be the subgroup of order r. Then one defines

TR, _\(A) = [SY A (T/Cr)+, S* NT(A)]r
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to be the abelian group of maps in the T-stable homotopy category between the indicated
T-spectra. Suppose that r = st. Then there are maps

Fy: TR;_,(A) — TR;_,(A) (Frobenius)

Ve: TR,y (A) — TR _,(4) (Verschiebung)
induced by maps fs: (T/Cy)+ — (T/Cr)+ and vs: (T/Cr);r — (T/C¢)+ in the T-stable
homotopy category that are defined as follows. The map f, is the map of suspension T-spectra
induced by the canonical projection pr: T/C; — T/C,. The map v, is the corresponding
transfer map. To define it, we choose an embedding ¢: T/C; — X into a finite dimensional
orthogonal T-presentation. The product embedding (¢, pr): T/Cy — A x T/C, has trivial

normal bundle, and the linear structure on A determines a preferred trivialization. Hence,
the Pontryagin-Thom construction gives a map of pointed T-spaces

SAA(T/C) . — SMA(T/Cy) 4

and vy is the induced map of suspension T-spectra.

The isomorphism p,: T — T/Cs given by the sth root induces an equivalence of categories
P from the T/C,-stable homotopy category to the T-stable homotopy category. The additional
cyclotomic structure of the T-spectrum T'(A) gives rise to a map of T-spectra

et pi(T(A)%) — T(A).
Suppose again that » = st. Then we get a map of RO(T)-graded equivariant homotopy groups
Rs: TRy _\(A) — TRZ?X (A) (restriction),

where X' = p*(A\%) is the T/Cj-representation A considered as a T-representation via the
isomorphism p,. The map Ry is defined to be the composition

TR, _\(A) = [STA(T/Cy)4,S* AT(A)]r < [ST A (T/Cy) 4, S A T(A)]nc,
S5 (8 A(T/Cy)4, 8N A p2(T(A))]r — [S7 A (T/Cy)4, ¥ AT (A)lx = TR, 5/ (A)

of the canonical isomorphism, the isomorphism p¥, and the map induced by rs. It is proved
in [7, Addendum 3.3] that there is a canonical isomorphism of rings

&: W(T> (A) = TRS (A)

from the ring of big Witt vectors in A corresponding to the subset (r) C N of divisors of r.

The isomorphism ¢ is compatible with the restriction, Frobenius, and Verschiebung operators.
We return to the long-exact sequence of [6, Prop. 4.2.3] displayed at the beginning of the

section. In the middle and left-hand terms, the representation \; is defined to be the sum

M=Cd)eCd-1)a- - -aC(1),
where C(i) = C with T acting from the left by 2 - w = z*w, and where

d=d(m,r) = [T_l]

m

is the largest integer less than or equal to (r—1)/m. The limits range over the set of all positive
integers and the set of positive integers divisible by m, respectively, and the structure map in
both limit systems is the restriction map. We note that if r = st then

Ps ()\dC(st)) = Nd(m,t)

as required. To prove Thm. A of the introduction, we first prove the following general result
which does not require the ring A to be regular or noetherian. The proof of this result is given
in Sect. 3 below.
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THEOREM 2.1. Let A be an F,-algebra, and let f: Alz]/(z™) — Alz]/(z™) be the canonical
projection. Then there is a map of long-exact sequences

o limp TR/ (A) —2 g TR, (4) — 5 Ky (Ala]/(2™), (2) — -+

| | |

ol TR (A) 7 limg TR, (4) — 5 Ky (Ala]/ (27, (1) —— -+

where d = d(m,r) = [(r — 1)/m] and e = d(n,r) = [(r — 1)/n], where the right-hand vertical
map is the map of relative K-groups induced by the canonical projection, where the middle
vertical map is the map of limits defined by the maps

vm,n,r)q: TRy, (A) = TRy (A)

induced by the canonical inclusions ¢(m,n,r): S — S*e and where the left-hand vertical
map is zero. The corresponding statement for the homotopy groups with finite coefficients is
valid for every ring A.

We show in Lemma 2.6 below that the limits that appear in the statement of Thm. 2.1
stabilize. In particular, the corresponding derived limits vanish.

The long-exact sequences of Thm. 2.1 admit a p-typical decomposition analogous to the
p-typical decomposition of the big de Rham-Witt groups which we discussed in Sect. 1 above.
In the remainder of this section, we recall this decomposition and state the equivalent version
Thm. 2.5 of Thm. 2.1.

It is proved in [6, Prop. 4.2.5] that the groups TR, _,(A), which appear in the statement of
Thm. 2.1, decompose as a product of the p-typical groups

TRy_(4;p) = TRE., (A) = [S7A (T/Cpur) 4, S* AT(A)lr.
u—1,./

To state the result, we first write r = p*~ 17/, where r’ is not divisible by p. Let j be a divisor
of ', and let X' = N (j) = p:,/j()\cr’/i). We let

75+ TRG_x(4) — TRy (A;p)

be the composite map

F; . R,/ w—
TR_(A) —— TR, (4) — TR?"

g—N (A) ] TRZ’*A/ (147 p)

and define

v: TRy_\(A) = [ TR\ (4;p)
i

be the product of the maps ; as j ranges over the divisors of r’. The map ~ is an isomorphism,
for every Z)-algebra A, by [6, Prop. 4.2.5]. We remark that this decomposition is analogous
to the p-typical decomposition of the big de Rham-Witt groups W<T>Q?4 that we discussed in
Sect. 1 above. Indeed, let j be a positive integer not divisible by p. Then the integer u,({r), j)
is equal to u = v,(r) + 1, if j divides 7/, and is zero, otherwise. The maps R, Fs, and V; are
similarly expressed as products of their p-typical analogs

R=R,: TRy_\(4;p) — TRZ:}\, (A;p)  (restriction)
F = F,: TRY_,(A;p) — TR (A;p)  (Frobenius)
V="V, TRZ_){(A;p) — TRy_,(4;p) (Verschiebung).
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Suppose that r = st and write s = p¥s’ and ¢t = p* U~ !¢ with s’ and ¢ not divisible by p.
Then there are commutative diagrams

TR;_,(A) ——II,; TRy_\ (4;p) TR;_,(A) ——II,; TRy_\ (4;p)
lRS le VST lFS VJT ng
TR,y (A) —— T1; TRZ3.(4; p), TR._\(A) —— TI; TRLZY (A;p)

where the maps R, F), and V] are defined as follows: The map R) takes the factor indexed by
a divisor j of ¢’ to the factor indexed by the same divisor j of ¢’ by the map RY and annihilates
the factors indexed by divisors j of 7/ that do not divide ¢'. The map F takes the factor
indexed by a divisor j of #/ that is divisible by s’ to the factor indexed by the divisor j/s" of
t' by the map FY and annihilates the remaining factors. Finally, the map V¥ takes the factor
indexed by the divisor j of ¢’ to the factor indexed by the divisor s’j of ' by the map s'V?.

It is now straightforward to check that the p-typical decomposition of the top long-exact
sequence in the diagram in the statement of Thm. 2.1 takes the form

. u—v m'V? . u
=TT TR () =TTt TR, (4sp)

jem’l, jel, (2.2)
m 6 : u—v )
S Kga(Alr]/(@), () = ]I Im TRy, (Aip) — -
jem’'I,
where m = p¥m’ with m/ not divisible by p, and where d = d,(m, u, j) is defined by
u—1 .
. g1
dp(m, u, j) = { - } : (2.3)

In the top line, the right-hand product ranges over the set I,, of positive integers not divisible by
p, and the left-hand product ranges over the subset m’I, C I,,. Similarly, the bottom long-exact
sequence in the diagram in the statement of Thm. 2.1 takes the form

. u—w n'vv . u
ce— H h}rznTquAe (4;p) —— H h}énTquAe (4;p)
jen'ly Jjelp

5 Kpa(Ald/@"), @) 5[] im TR, (Aip) -

jeEN'I,

(2.4)

where n = p”n’ with n’ not divisible by p, and where e = d,(n, u, j). It follows that Thm. 2.1
above is equivalent to the following statement:

THEOREM 2.5. Let A be an F,-algebra, and let f: Alz]/(z™) — Alz]/(z™) be the canon-
ical projection. Then there is a map of long-exact sequence from the sequence (2.2) to the
sequence (2.4) that is given, on the lower left-hand terms, by the map

for Kio(Alz]/(2), () — K. (Alz]/ ("), (2))
induced by the canonical projection, on the upper right-hand terms, by the map that takes the
jth factor of the domain to the jth factor of the target by the map

tp(m,n, j)g: lilrzn TRy_»,(A;p) — h]Izn TRy, (A;p)

induced from the canonical inclusions t,(m,n, j,u): SAe — S*e and, on the upper left-hand
terms, by the zero map. The corresponding statement for the homotopy groups with Z/p'Z-
coefficients is valid for every ring A.
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The following result shows that the limits that appear in the statements of Thms. 2.1 and 2.5
stabilize. In particular, the corresponding derived limits vanish. It also shows that, for every
integer ¢, the products that appear in (2.2) and (2.4) are finite.

LEMMA 2.6. Let u,u’ > 1 and m > n > 1 be integers, and let j be an integer not divisible
by p. Let d = dy(m,u,j) and d' = dp(m, v, j), and let e = dp(n,u,j) and e = dp(n, v, j).
Then, in the commutative diagram,

tp(m,m,5)q

limp TRy, (A;p) limp TRy (A4;p)

lpru/ lpl‘u/

Lp(m,n,j,u/)q

TRZ—,\d, (A;p) TRZ—,\E/ (k;p),

the left-hand vertical map is an isomorphism, if ¢ < 2d,(m, v’ + 1, j), and right-hand vertical
map is an isomorphism, if ¢ < 2d,(n, v’ +1, j).

Proof. Let r be a positive integer, let d = dy(m,r,7), and let d = dp(m,r—1,7). It follows
from [7, Thm. 2.2] that there is a long-exact sequence

¢ = Hy(Cpror, T(A) A S) 55 TRI_, (A;p) = TR;“\ (Asp) = -,

The Borel homology group that appear on the left-hand side is the abutment of a first quadrant
homology type spectral sequence

B2, = Hy(Cpr1, TRy (A;p)) = Hyps(Cprr, T(A) A SA3),

and the groups TR;_/\J(A;p) are zero, for ¢ < 2d. Hence, the map R in the long-exact sequence
above is an isomorphism, for ¢ < 2d. The lemma follows. O

3. The cyclic bar-construction

In this section, we prove Thm. 2.1 above. We first recall the structure of the topological
Hochschild T-spectrum of the truncated polynomial algebra A[z]/(z™). The reader is referred
to [5] for details on the topological Hochschild T-spectrum and the cyclic bar-construction. We
will write X[—] to indicate a cyclic object with r-simplices X|[r].

We showed in [7, Thm. 7.1] (see also [5, Prop. 4]) that there is an .Z#-equivalence

a: NY(II,) NT(A) — T(Alx]/(z™))

where N (I1,,,) is the geometric realization of the cyclic bar-construction N (I1,,,)[—] of the
pointed monoid I1,, = {0,1,z,22, ..., 2™} with base point 0 and with 2™ = 0. A map of
T-spectra is an %-equivalence, if it induces an equivalence of C,-fixed point spectra, for all
finite subgroups C, C T, and hence, we have induced isomorphisms

[STA(T/Cr)4, N¥ (L) AT (A)]r = [ST A (T/Cr )4, T(Alz]/(2™))]r = TRy(Alz]/(2™)).
Moreover, the following diagram commutes
N (M) AT(A) —— T(Az]/(@™))
[ |
N (I,) AT(A) —— T(Alz]/ (™)),

where f: Alz]/(2™) — Alz]/(z™) and f’: II,, — II,, are the canonical projections.
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The cyclic bar-construction of II,, decomposes as the wedge sum of pointed cyclic sets
N () [=] = \/ N (I, 6) (-],
i>0
where N (Il,,,1)[—] C N%(IL,)[—] is the sub-pointed cyclic set whose k-simplices are the

(k + 1)-tuples (x%,... 2%), where ig + -+ + iy = 4, and the base-point 0. The geometric
realization decomposes accordingly as a wedge sum of pointed T-spaces

NY () = \/ N% (1L, ).
i>0
The homotopy type of the pointed T-space N (II,,,4) was determined in [6, Thm. B]. The
result is that N (II,,,0) is the discrete space {0, 1} and that for positive i there is a canonical
cofibration sequence of pointed T-spaces

T Ac,,,, S 25 Th Ag, S 5 N (I, i) & T4 Ac,,,, S™,

where d = d(m, i) = [(i — 1)/m]. The left-hand term is understood to be a point, if m does not
divide . More precisely, there is a canonical homotopy class of maps of pointed T-spaces

fa: N (I, 1) — cone(T4 Ac,,,. S™ 25 T4 Ag, S™)

from N (II,,,4) to the mapping cone of the map pr and any map in this homotopy class is a
weak equivalence of pointed T-spaces. The canonical projection f’: IL,, — II,, induces a map
of cofibration sequences which we identify in Prop. 3.2 below. But first, we recall from [6, §3]
how the homotopy class of maps 04 is defined.

We view the standard simplex A*~! as the convex hull of the set of group elements C; inside
the regular representation R[C;]. Let (; € C; C T be the generator (; = exp(2my/—1/i), and
let A*=™ C A"l be the convex hull of the group elements 1,(;,.. .,d_m. As a cyclic set,
N (I1,,,4)[—] is generated by the single (m — 1)-simplex (z, ..., x). Based on this observation,
we showed in [6, Lemma 2.2.6] that there is a T-equivariant homeomorphism

¢: Ty A, (ATH/Cp - AT™) 25 N (I, ).
The regular representation R[C;] has the canonical direct sum decomposition

R[CH] = Cs)®d---aC(l)®R, ifi=2s+1,
Yl e e Cl)@RGR., ifi=25+2,

so if d < s, or equivalently, if 2d < ¢, there is a canonical projection
Tq - R[Cl] — (C(d) b D C(l) = )\d-

Suppose first that md < ¢ < m(d 4+ 1). We showed in [6, Thm. 3.1.2] that, in this case, the
image of C; - A*™™ C R[C;] does not contain the origin 0 € \4. Hence, we may compose 74
with the radial projection away from a small ball around 0 € Ay to get a Cj-equivariant map

0q4: A1/C; - AT — D(Ag)/S(Ng) = SM
whose homotopy class is well-defined. The composite map of pointed T-spaces

A -t , . id A6
04z N (1L, i) —— T4 A, (A71/C; - Ai=m) S5 1 Ap S

is then the desired map 6. Its homotopy class is well-defined and [6, Prop. 3.2.6] shows that
it is a weak equivalence.

Suppose next that ¢ = m(d + 1). We let A\ C Ag41 be the image of the canonical inclusion
L2 Ag — Agy1 and let /\j‘ C Ada41 be the orthogonal complement of X, C Agy1. The canonical
projection from Ag41 to C(d + 1) restricts to an isomorphism of A\J onto C(d + 1), and we
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define C!, C A to be the preimage by this isomorphism of C,, C C(d + 1). It follows again
from [6, Thm. 3.1.2] that the image 7441 (C; - A*"™) does not contain the origin 0 € A\g41 and,
in addition, [6, 3.3.5] shows that

Tar1(Ci - AT™) NN = C,.
We pick a small open ball B C A\g41 ~\ Cl, around a point in S(A+) and define
U= (C;-B)NSAgt1) € S(Aa+1)-

If the ball B is small enough, then the composition of the projection mz41 and the radial
projection away from a (different) small ball around 0 € Ay defines a C;-equivariant map

Og: AH/Ci - AT — D(Aat1)/(S(Aar1) N U)

whose homotopy class is well-defined. Let C(C,,) = {0} * C,,, € D(C(d+ 1)) be the unreduced
cone with base C,, C C(d + 1) and with cone point 0 € C(d + 1). Then the canonical
homeomorphism of D(C(d + 1)) x D(Ag) onto D(Ag+1) induces an inclusion into the target of
the map ¢/, of the pointed Cj-space

C(Cp) x D(A\g)
C(Cr) x S(Ag) UCp, x D(N\g)

One immediately verifies that this inclusion is a strong deformation retract of pointed C;-spaces.
Hence, the map 6/, defines a homotopy class of maps of pointed C;-spaces

Oq: ATH/Cp - AT (805 ) A SA

= (8% C,,) A SH.

The composite map of pointed T-spaces

fg: NY(ITn, i) —— Ty Ag, (A1/C; - A=) 2% 1A (S0 % ) A SM)

is the desired map 04. Tts homotopy class is well-defined and [6, Prop. 3.3.9] shows that it is a
weak equivalence. In preparation for the proof of Prop. 3.2 below, we first prove the following
key result.

LEMMA 3.1. Let m and n be positive integers with m > n.
(i) If md < i <m(d+1) and ne < i < n(e+ 1), then d < e and the diagram

A=1/Cy - AT _ba SHa
lpr JL
A/C - A s g

commutes up to Cj-equivariant homotopy. Here the right-hand vertical map ¢ is the canonical
inclusion of S*¢ in Se.
(ii) If md < i < m(d + 1) and i = n(e+ 1), then d < e and the diagram

Aifl/ci L Am # Gha
F
AY/Cy A (504 C,) A SN

commutes up to Cj-equivariant homotopy. Here the right-hand vertical map ¢ is the canonical
inclusion of S*@ in S*¢ followed by the canonical inclusion of S*¢ = SOASA< in (SO% ) ASHe.
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(iii) If i = m(d + 1) and ne < i < n(e+ 1), then d < e and the diagram

A A 2 (80 4 0) A S

Ao A —— G
commutes up to Cj-equivariant homotopy. Here the right-hand vertical map ¢ is the canonical
inclusion of (8% * Cy,) A S* in (SO % S(C(d + 1))) A S*@ = Sra+1 followed by the canonical

inclusion of S*a+1 in SAe,
(iv) If i =m(d + 1) = n(e+ 1), then d < e and the diagram

A A 2 (80 4 0) A S

F
A1/ A (805 C) A S

commutes up to Cj-equivariant homotopy. Here the right-hand vertical map ¢ is the canonical
inclusion of (8% * Cy,) A S* in (SO + S(C(d + 1))) A S*@ = Sra+1 followed by the canonical
inclusions of S*@+1 in SA¢ and of S*¢ = SO A S*¢ in (S % C,,) A S*e.

Proof. We first consider the case (i). Let \e — Ag C Ac be the orthogonal complement of
Ad C Ae. Then there is a canonical Cj-equivariant homeomorphism
D(A = Ag) x D(Aa) = D(A.)
which restricts to a Cj-equivariant homeomorphism
D(Xe — Aa) X S(Aa) US(Ae — Aa) X D(Ag) = S(\e).
We note that the composition
AFL/Cy A PG AL A e DM /S ()

of the left-hand vertical map and the lower horizontal map in the diagram of part (i) of the
statement factors through the map
D()\e — )\d) X D()\d)
D(/\e — /\d) X S()\d)

— D(Ae)/S(Ae)

induced by the canonical homeomorphism above. But the latter map is homotopic to the
composite map
D(Ae — )\d) X D(}\d) pro
—
D()\e — )\d) X S()\d)

D(Xa)/S(Aa) = D(Xe)/S(Ae)

by the C;-equivariant homotopy induced from the radial contraction
h: D(Ae — Ag) X [0,1] = D(Ae — Ag)

defined by h(z,t) = tz. This homotopy, in turn, induces a C;-equivariant homotopy from the
composite ¢ o 04 to the composite 6, o pr in the diagram in part (i) of the statement.
In the case (ii), we note similarly that the composition

6 C(Cy) x D(\e)
T 0(Cy) x SO) UC, x DA

Ai_l/C’i . Ai—m i Ai—l/ci . Ai—n
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of the left-hand vertical map and the lower horizontal map in the diagram in part (ii) of the
statement factors through the canonical projection
C(Cy) x D(Ae) _ C(Cp) x D(Xe)
C(Cr) x S(Ae) C(Cr) x S(Ae) UC, x D(Ae)
Again, the latter map is homotopic to the composition
C(Cn) X D()\e) pry . C(Cn) X D()\e)
— D(X.)/S(Ae
T xS0y PRI = G500 U Cn x DO

by the C;-equivariant homotopy induced from the radial contraction

h: C(Cy) x [0,1] — C(C)

defined by h(z,t) = tz. This homotopy induces the desired homotopy from the composite map
t 0 64 to the composite map 6. o pr in the diagram in part (ii) of the statement.

In the case (iii) of the statement, one proves as in the proof of part (i) of the statement that
the composite map prof, is homotopic to the composition

. . Og41 L
AT/Ci - AT =25 D(Aa1)/S(Aar1) = D(Ae)/S(Ae).
But the map 6041 is homotopic to the composition
C(Cp) x D(Aa)
C(Cr) x S(Ag) U Cp, x D(N\g)

Indeed, this is a direct consequence of the construction of the map A4. This proves the case (iii)
of the statement. Finally, the proof of the case (iv) is analogous to the proof of the case (i).
This completes the proof. [l

AL/C; - AT L D(Aas1)/S(Nas1)-

PROPOSITION 3.2. Let m > n > 1 be integers and f’: II,, — II,, the canonical projection.
Let i > 1 be an integer, and set d = [(i — 1)/m] and e = [(i — 1)/n]. Then there is a homotopy
commutative diagram of pointed T-spaces

T Ac,, SM —2= T A, SN — NV (I, i) —2— ET4 Ac,,,, SM

| [ |

T4 Acy,, S —2s Ty Ag, S —— N¥(IL,, i) —2— ET4 Ac,,,, S,

i/n

where the rows are cofibration sequences, the map id A¢ is induced from the canonical inclusion
of A\g in A\, and the map * is the null-map. The domain (resp. target) of the map x* is understood
to be a point if m (resp. n) does not divide i.

Proof. As we recalled above, the statement that the rows in the diagram of the statement
are cofibration sequences of pointed T-spaces is equivalent to the statement that the maps
of T-spaces 04 are weak equivalences, and the latter statement is [6, Props. 3.2.6, 3.3.9]. The
statement that the diagram commutes follows immediately from Lemma 3.1 upon applying
the functor that to a pointed C;-space X associates the pointed T-space T4 A¢, X with the
exception of the statement that the left-hand vertical map is null-homotopic. Only the case (iii)
needs proof. In this case, we have a homotopy commutative diagram of pointed C;-spaces

pry 19}

Cpy N SN SAa (89 % Cpp) A SA ——— 2Cp . A S
S(C(d+ 1)) 4 A S>a A —— % GAat 0 L BS(C(d+1))4 A SN
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which shows that the composite map ¢ o pry is null-homotopic. It follows that the composite
map of pointed T-spaces
T+ /\Ci/m SAd K? T+ /\CZ S)\d ﬂ) T+ /\CZ S)\d+1

is null-homotopic as desired. O

Proof of Thm. 2.1. The proof that the horizontal sequences in the diagram in the statement
are exact is given in [7, Prop. 4.2.3]. A direct, and perhaps more detailed, proof that the
isomorphic sequences (2.2) and (2.4) are exact is given in [5, Prop. 11]. It is immediately clear
from either proof that Prop. 3.2 implies that the diagram in the statement commutes. [l

4. The map t.: TRy,  (A;p) — TR;_,, (4;p)

The topological Hochschild T-spectrum T'(A) gives rise to a generalized equivariant homology
theory on the category of pointed T-spaces defined by

T(A)g"(X) = ng" (X AT(A)) =[S A(T/Cp)4, X AT(A))n,

and the map of the title is equal to the map of these homology groups induced by the canonical
inclusion ¢: S*e-1 — S« We will evaluate this map in Prop. 4.2 below but, in preparation,
we first prove a general result about T-spectra. We define a T-spectrum to be an orthogonal T-
spectrum in the sense of [13]. The category of T-spectra is a model category and the associated
homotopy category, by definition, is the T-stable homotopy category. Moreover, the category
of T-spectra has a closed symmetric monoidal structure given by the smash product which
induces a closed symmetric monoidal structure on the T-stable homotopy category. We give
the T-stable homotopy category the triangulated structure defined in [9, §2].
Let T be a T-spectrum, and let C,. C T be the subgroup of order r. We define
me(T) =[S A(T/Cp)+, Tl

q

to be the set of maps in the T-stable homotopy category between the indicated T-spectra. In
particular, TR}y (A) = 7¢"(5* AT(A)). There are canonical isomorphisms

mg(T) = [S9,T] = [STA(T/Cr)+, T ryc, = [S1 A (T/Cr), Tle = mg " (T),

where, in the middle term, T¢ denotes the C,-fixed point T/C,-spectrum, and where, on the
left-hand side, T¢" denotes the underlying non-equivariant spectrum of this T/C,-spectrum.
We consider the cofibration sequence of pointed T-spaces

T, 5 S04 5 2, gL AT, = 3T,
where 7 collapses T onto the non-base point of S°, and where ¢ is the canonical inclusion. We
identify the underlying pointed spaces of S2 and S¢() by the isomorphism
©: §% — s

that takes the class of (a,b) in S? = ST A S to the class of a+by/—1 in S, The composition
of ¢ and O defines a map in the non-equivariant stable homotopy category

o: St —T,.

The cofibration sequence above induces a cofibration sequence in the non-equivariant stable
homotopy category, and the latter sequence splits. We thus obtain a direct sum diagram in the
non-equivariant stable homotopy category

g ™
1 — — Q0
§ —=2T, =5
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where i is the section of 7 that takes the the non-base point in S° to 1 € T, and where the
map k is the corresponding retraction of the map o. We define the map

d: w?r (T) — ﬂfh(T) (Connes’ operator)

to be composition

Lo Prx Hox
Tg(T) — = w41 (T4 AT ) —= 71 (T/Cr) 4 ANT) —— mg41 (T7),

where the left-hand map is left multiplication by o, where the middle map is induced by the
isomorphism p,: T — T/C, defined by the rth root, and where the right-hand map is induced
from the left action by T on the underlying non-equivariant spectrum of T'. It anti-commutes
with the suspension isomorphism in the sense that the following diagram anti-commutes:

d
7 (T) —— qu;l (T)

lsusp (-1) lsusp

Cr d Cr
T 1 (BT) —— 7 [ (ET).
Moreover, dd(z) = n - d(z) and F,dV,(z) = d(z) + (r — 1)n - 2, where n € m1(S) is the Hopf
class, and, if T is a ring T-spectrum, d is a derivation for the multiplication; see [4, §1]. If A
is an F,-algebra, then multiplication by 7 is zero on 7 (T'(A)). Hence, in this case, Connes’
operator is a differential and satisfies F,.dV, = d.

LEMMA 4.1. Let T be a T-spectrum, and let v and j be relative prime positive integers.
Then, for every integer q, there is a commutative diagram

susp P sus
mq-1(T) & g (T) — (ST AT) @ main (ST AT)

li*eai* TK*GBN*

71 (T/Cp)e AT) D 7g(T/C4 AT)  my(T/C)s AT) @ Tqur (T/Cy)x AT)
ldVTJrVT T(FT,FTd)
7 ((T/Cy)+ AT) 7 ((T/Cy)+ AT),

where the top horizontal map is the suspension isomorphism. Moreover, the compositions of
the left-hand vertical maps and the right-hand vertical maps are both isomorphisms.

Proof. The general formulas that we recalled before the statement show that
(e @ 5.) 0 (Fr, Fyd) o (dVy + V) 0 (i @) (2,9) = (5 0 d 08,) (@), (5 0 d 0.0) (1)),

and one verifies that k. o d o i, is equal to the suspension isomorphism. This shows that the
diagram commutes. It was proved in [10, Prop. 3.4.1] that the composition of the left-hand

vertical maps is an isomorphism, provided that r = p¥~! is a power of a prime number p. The

proof in the general case is completely similar. O

Suppose now that r is a divisor in a. Then the isomorphism
0: 8% — SC(@)
is an isomorphism of pointed C).-spaces. We define

@: S2ASTUA(T/Cr)y — SC@ A SIA(T/C,)
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be the isomorphism of pointed T-spaces that takes the class of (x,y,2C)) to the class of
(zp(x),y, 2C,.). It follows that, if r is a divisor in a, we have an isomorphism

80!1 TR;A&,I (A) — TRZ+2—>\E (4)
defined by the composition
TR; 5, ,(A) = [STA(T/Cr)4, 5 AT(A)lr
2R, [SC@ A SIA(T/C ), SE@ A §Aa=1 AT (A)]r
2L ISP ASTA(T/CL)y, ST A S AT(A)lr = TRL,5 y, (A)
We write ¢ for the inverse of <p!.

PROPOSITION 4.2. Let A be a Z,)-algebra, let a,u > 1 be integers, and let v = v(a,u) be
the minimum of u and vy(a) + 1. Then there are natural long-exact sequences

TRy 1_y, ,(A;p) @ TRy, (A;p) TRy 1y, (A5p) @ TRy, (A;p)
dVu—v e pry
TR, (A:p) TR, (A;p)
Ly L.=0
TRZ—,\G (4;p) TRZ—/\Q (4;p)
(o F¥~Y = F“~ 7 d) iny
TR, 5. (Aip)®TRI_,_,_(Aip)  TRI_, (Ap) ®TRL,_,_,(Aip)

where the left-hand sequence is valid, for v < u, and where the right-hand sequence is valid,
for v = u.

Proof. We consider the cofibration sequence of pointed T-spaces
S(Cla))y = 8° 4 §€@ 25 §1 A S(C(a))
and the induced cofibration sequence in the T-stable category
S(Cla)s AT =T 2 8@ AT 25 61 A S(Cla)) AT
where T = S*«—1 A T(A). We also abbreviate r = p“~!. The associated exact sequence of

equivariant homotopy groups takes the form

, Y, a o o,
7O (S(Cla)) s AT) = 787 (T) 5 2Cn (S50 AT) 2 27 (S(Cla))4 AT,
where 9 is the composition of 9., and the inverse of the suspension isomorphism. We identify this
sequence with the long-exact sequences of the statement. The terms ﬁgT (T) and 7TqCT (SC@OAT)
are equal to TRy_, ~ (A;p) and TR;_, (A;p), respectively, and the map ¢} is equal to the

map tx. It remains to identify the remaining term and the two maps «, and 9,.
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Suppose first that u = v such that C(a) is C,-trivial. Then the map i: S° — S(C(a))+ that
takes the non-base point in S° to 1 € S(C(a)) is Cp-equivariant and defines a section of the
map 7, in the exact sequence of equivariant homotopy groups above. This completes the proof
in the case u = v.

We next assume that v < v and consider first the case v = 1 such that a and r are relatively
prime. The map i: S — S(C(a))+ is a non-equivariant section of the projection m. The
following diagram commutes

’ ’
T D,

T4-1(S(C(@)4 A T) @ my(S(C(@) AT) =25 7,1 (T) @ 7y (T)

-/ -/
Tz* D1,

mq-1(T) @ my(T)

and the composite map (7}, ® 7,) o (ix @ i) is the identity. Since S(C(a))4+ is isomorphic to
(T/C,)+ as a pointed T-space, Lemma 4.1 shows that the composition of the left-hand vertical
maps is an isomorphism. We use this isomorphism to identify the left-hand term of the exact
sequence of equivariant homotopy groups above. The composition of this isomorphism and the
map 7, is equal to the map

dVe + Vo TRy, (Aip) @ TR, (A;p) — TRY 5. (4;p)

as stated. Similarly, the following diagram commutes

7 (SE@ AT) = 71 (S(C(a)4 AT)

q

l(Fr,FTd) l(Fr,Frd)

74 (SCO AT) & 701 (SE@ AT) 225 74 1 (S(C(a)) 4 AT) & 74(S(Cla)) 4 AT).

lsuspl ok @susp ! ok,
Tg—2(T") & mg—1(T)

and the composition of the lower horizontal map and the lower right-hand vertical map is equal
to the map ¢y @ ¢y. Finally, Lemma 4.1 shows that the composition of the right-hand vertical
maps is equal to the inverse of the map dV,i, @ V,i.. This completes the proof in the case
where 1 =v < u.

Finally, we suppose that 1 < v < u and abbreviate r = p*~1, t = p*~!, and s = p*~?. We
recall that the root isomorphism p;: T — T/C} induces an equivalence of categories p; from
the T/Cy-stable category to the T-stable category. There is a commutative diagram

’
T

7O (S(C(a))4 A T) ——s 7&"(T) ey 7 (SC@ A T) 22— 757 (S(C(a)) 1 A T)

L, T

)
. ™ v - d .
7O (S(C()) 4 AT') T 78 (1) —y 783 (856) ATY) 2y 2Cr (S(C()) s AT,
where T = S*a—1 A T(A) and T' = p;(T), and where j = a/t. The vertical maps are
the composition of the isomorphism pj: WET/C" (X)) — w?s (pf(X©*)) and the canonical
isomorphism of ﬂqu (X) and m? n/Ct (X ). The case of the lower sequence was treated above.

This completes the proof. O
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REMARK 4.3. Let A be a regular noetherian ring that is also an [F,-algebra. There is a
statement similar to Lemma 4.2 above for the p-typical de Rham-Witt complex of A. Suppose
that v < u. Then there is a long-exact sequence sequence

v

B

L wat e w,0f —2 W04 Lo w04 s w0l e w,ast =2

where o = dV¥~? 4+ V¥~V and § = (F*~Y, —F“~?d). This sequence is a more precise version of
the statement [12, III (3.3.3.3)]. We outline the steps in the proof. First, the basic case A = F,,
is clear. Next, one uses [10, Thm. B] to show that the exactness of the sequence for A implies
the exactness of the sequence for A[z]. Third, one uses [10, Prop. 6.2.3] or [11, Prop. I.1.14] to
conclude that the sequence is exact whenever A is a smooth F,-algebra. Finally, one uses the
theorem of Popescu [14] that every regular noetherian Fp-algebra is a filtered colimit of smooth
F,-algebras and the fact that, being an initial object, the de Rham-Witt complex commutes
with colimits.

5. Proof of Thm. A

In this section we evaluate the maps ¢,(m,n, j), that appear in the statement of Thm. 2.5.
This proves Thm. 1.5 and hence the equivalent Thm. A. We first recall the following result
which was proved in [7, Prop. 9.1].

PROPOSITION 5.1. Let a and u be positive integers. Then for every non-negative integer i,
there exists an isomorphism

opla,u,i): Wi(Fp) = TR;FA& (Fp;p),

where the length r = rp(a, u, 1) is given by

u, if a < 1,
rp(a,u,i) = Su—s, iffa/p’] <i<la/p*~1] and 1< s < u,
0, ifi < [a/p* 1.

The group TR;_ (F,;p) is zero, if q is a negative or odd integer. In addition, the isomorphisms
op(a,u, i) may be chosen in such a way that the square diagrams

op(a,u,i)

TRgi—/\a (Fp?p)
VT lF VT lF
op(a,u—1,i) u—1
Wi_1(Fp) TRy, (Fp; p),

where r = r,(a,u, ), commute.
We recall the integer functions s,(m,i,j) and d,(m,u, j) defined in (1.1) and (2.3).

COROLLARY 5.2. Let m,u,u’ > 1 and i > 0 be integers, let j > 1 be an integer that is not
divisible by p, and let d = d,(m,u,j) and d' = d,(m, v, j). Then the canonical projection

pry: ligl TR%,M (Fp;p) — TRgi,)\d/ (Fp;p)

is an isomorphism, if p*j > m(i + 1), and the common group is a cyclic W(F,)-module of

length s,(m, i, j). The group limg TRy _, ,(Fy;p) is zero, if q is a negative or odd integer.
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Proof. We proved in Lemma 2.6 that the map of the statement is an isomorphism, provided
that i < d,(m,u’ +1,7) = [(p*'j — 1)/m]. This constraint on the integer u’ is equivalent to
the inequality ¢ + 1 < [(p“,j — 1)/m], which is equivalent to i + 1 < (p“/j — 1)/m, which,
in turn, is equivalent to the stated inequality m(i + 1) < p* j. Finally, a similar calculation
based on Prop. 5.1 shows that the length of the W (IF,)-module limg TRy;_,,(Fp;p) is equal
to sp(m,i,j) as stated. O

LEMMA 5.3. Let m >n > 1, u > 1, and i > 0 be integers. Let 1 < j < m(i 4+ 1) be an
integer that is not divisible by p, and let d = d,(m,u, j) and e = d,(n,u, j). Then the map

lp (ma nvja U)Qi : TRgif)\d (Fp;p) - TRgif)\e (]Fp;p)
takes a generator of the domain to the product of a generator of the target and an element
o = ap,(m,n, i, j,u) of W(F,) with p-adic valuation
vp(a) = Z 1engthW(FP)TR;§f’;\1j (Fp;p),
d<a<e

where v(u,a) = min{u, vy(a) + 1}.

Proof. The canonical inclusion ¢,(m,n, j,u): Ay — A is equal to the composition of the
canonical inclusions ¢t: Ay—1 — A, for d < a < e. Since the groups TRy _, (F,;p) are zero, for
q odd, Prop. 4.2 above identifies the cokernel of the map

Lyt TRgi_,\afl(Fp;p) - TR;i—Aa (Fp;p)

with the W (IF,)-module TR;(Z;S (Fp;p). Equivalently, ¢, takes a generator of the domain to
the product of a generator of the target and an element o/, € W(F,) of p-adic valuation
vp(ay,) = lengthy,(x ) TR;&Q (Fp; p).

The lemma follows. O

We proceed to manipulate the sum that appears in Lemma 5.3. To this end, we fix the
positive integer u, and consider the bi-graded Fp-vector space E(u) defined by the associated
graded for the p-adic filtration of the W (F,)-modules that appear in Lemma 5.3,

E(w)ia = @ er, TRY"Y (Fps p).
r=0

The following results identifies the structure of this bi-graded F,-vector space.

LEMMA 5.4. The bi-graded Fp-vector space E(u) is isomorphic to the bi-graded Fp-vector
space defined by the sum of symmetric algebras

Au) = @ S]Fp{zrvar}a
1<r<u

where deg z,, = (p"~!,1) and deg o, = (0,1).

Proof. The statement is equivalent to the equality
dimp, A(u)q,; = lengthyy g ) TR;&’;\IZ (Fp;p),

which we verify by direct calculation. If @ < ¢, then A(u),,; has basis

v(u,a)—1 v(u,a)—1

a_i—a ,a/p_i—a/p a/p i—a/p
zioy Yy Vo, s Tyl w(u.a)
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so dimp, A(u)q,; = v(u,a) as required. Similarly, if a/p* < i < a/p*~* with 1 < s < v(u,a),
then A(u)g,; has basis

a/p® _i—a/p® _a/p°T' i—a/p°T! a/p i—a/p
szrl Js+1 :Cs+2 Js+2 3t ’zv(u,a) Uu(u,a)

v(u,a)—1 v(u,a)—1

which shows that dimg, A(u)e; = v(u,a) — s as desired. Finally, if i < a/p*™®~!, then
A(u)q,; = 0. This completes the proof. O

PROPOSITION 5.5. Let m >n > 1 and i > 0 be integers, and let 1 < j < m(i + 1) be an
integer that is not divisible by p. Then the map

Lp(m,n,j)gi: h};n TRgi—Ad (Fp;p) - h]l%n TRiQLi—/\e (Fp;p),

where d = dp(m, u, j) and e = d,(n, u, j), takes a generator of the domain to the product of a
generator of the target and an element o = a,(m,m,i,5) of W(F,) with p-adic valuation

Up(a) = Z (Sp(ma hvj)isp(na hv]))

0<h<i

Proof. By Cor. 5.2 above, we may instead consider the map
tp(m,n, jyu)oi: TRy s, (Fp;p) — TRy (Fp;p),

for a fixed positive integer u with p*j > m(i + 1). We showed in Lemma 5.3 above that this
map takes a generator of the domain to the product of a generator of the target and an element
o = ap,(m,n, i, j,u) of W(F, ) whose p-adic valuation is given by the sum

vp(a Z lengthy, )TRU(u a)( F,;p)
d<a<e

where v(u,a) = min{u, vy(a) + 1}. We show that this sum is equal to the sum v,(a) of the
statement. It follows from Lemma 5.4 that

vp() = dimp, (dgieA )

The Fp-vector space on the right-hand side has a basis given by the elements zFol, where
1<r < u, and where k and | are non-negative integers such that k+1=iand d < p" "'k < e.
Therefore, we have

vp(d)= Y card{0<k<i|d<p 'k<e}= Y card{l<k<i|d<p T'k<e}

1<r<u 1<r<u
= Z card{l<r<u\d<pT_1k<e}: Z card{l<r<u\d<pT_1(h+1)<e}
1<k<i 0<h<i
= Z (card{l <r<u|ld<p '(h+1)} —card{l <r <ule<p  'h+1)}),
0<h<i

where, we recall, d = dj,(m, u, j) and e = d,(n, u, j). The inequality d < p"~!(h+1) is equivalent
to the inequality (p“~1j — 1)/m < p"~!(h + 1) which, in turn, is equivalent to the inequality

P <m(h+1).

Suppose that s = s,(m, h, j) satisfies 1 < s < u. Then p*~1j < m(h+ 1) < p®j. Therefore, the
inequality p“~!j < m(h + 1) is equivalent to the inequality u—1 < s— 1. Hence,

card{l1 <r<u|d<p '(h+1)}=card{u— (s — 1) <r <u} =s=s,(m,h,j).
Finally, if m(h + 1) < j, we also find that
card{1 <r<u|d<p '(h+1)} =0=s,(m,h,j).
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The proof that card{1 <7 <u|e<p " !(h+1)} = s,(n,h, ) is similar. O

Proof of Thm. A.  We prove the equivalent Thm. 1.5. Suppose that A = F,,. We first identify
the sequences (2.2) and (1.2) and the sequences (2.4) and (1.3). Let m > 1 and ¢ > 0 be integers,
and let j > 1 be an integer not divisible by p. We know from Cor. 5.2 that, if u’ > 1 is an
integer such that p* j > m(i + 1), then the canonical projection

pr,: ligl TRy, (Fp;p) — TRgi,)\d, (Fp;p),

where d = dp(m,u,j) and d' = dp(m, v/, j), is an isomorphism. Hence, the composition of
the isomorphism o,(d’,v’,¢) of Prop. 5.1 and the inverse of the isomorphism pr,, defines an
isomorphism

Tp(m,i, j,u'): We(Fp) — li}I:{n TR, 5, (Fp;p),
where s = sp(m, ,7). Then, if p* > m(i+1), we define
(m,i,u) @ Wi(F,) — H lingRgFAd(Fp;p)
Jjelp JEIp

to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the map 7,(m, ¢, 7, v'). Similarly, we define

m,z,u @ | H hmTR ( ;D)
jem' Iy jem'I,

where m = p"m’ with m’ not divisible by p, where s = s,(m, 1, j), and where d = dp(m,u, j),
to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the isomorphism given by the composition of o,(d’, v’ — v,i) and the
inverse of the isomorphism

pr, : liII_{n TRy -\, (Fp;p) — TRy, 2, (Fpip).

Then, for every «’ such that p* > m(i + 1), the diagram

@ Ws 71 @WS(FI’)

jem'I, jel,

l‘r;(m,i,u') J‘rp(m,i,u’)

. U—v m'V? . u
H hgl TRy, (Fpsp) —— H hgl TR, (Fpip)

jeEM’'Ip JEIp

commutes. This identifies the sequences (2.2) and (1.2). However, we do not know that the
family of isomorphisms o, (a, u, ) in Prop. 5.1 can be chosen with the additional property that,
if both p* > m(i+ 1) and pv > m(i + 1), the isomorphisms 7,(m, %, v') and 7,(m,%,u”) are
equal. Therefore, we choose v’ = u/(m, ) to be the unique integer that satisfies

P < m(i+1) < pt

and use the isomorphisms 7,(m,,u') and 7,,(m,4,u’) to identify (2.2) and (1.2). We use the
same u’ = u’(m, i) and the isomorphisms 7;,(n, i, ") and 7, (n, i, u’) to identify the sequences (2.4)
and (1.3). In particular, the sequences (1.2) and (1.3) are exact as proved in [6, Thm. 4.2.10].
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Finally, Prop. 5.5 shows that there is a commutative diagram

Wi (Fp) —s Wy (Fp)) — s W, (F,)

lﬂ)(m%ﬂu/) lﬂ)("a@jau/)

limp TR;i—Ad (Fp; ) limp TRgi—/\e (Fp5 D)

tp(m,n,i,j)

where the map m, is given by multiplication by an element oo = a,(m,n,4,5) € W(F,) with
p-adic valution

U;D(a) = Z (Sp(ma hvj) _S;D(na hvj))'

0<h<i

This completes the proof of Thm. 1.5 for A =F,.
Suppose next that A is any regular noetherian ring that is also an [Fp-algebra. The groups

limg TRy _ ), (A; p) were evaluated in [8, Thm. 2.2.2], but see also [5, Thm. 16]. By the universal

property of the de Rham-Witt complex, there is a canonical map of graded rings
§u: Wul2y — TR (A;p)

that commutes with R, F, V, and d. Let m > 1 and ¢ > 0 be integers, and let v’ = u/(m, ).
Let j be an integer not divisible by p, and let s = s,(m,,5). We consider the map

@p(m, g,4, 5, u'): lim W Q% @) We(Fp) — lim TRy, (A;p)

defined by the composition
lim W Q4™ @y, Ws(Fp) — lim TR, _2i(A;p) ®wr,) lim TRy, (Fp;p)
— UmTRy_5;(4;p) ®ww,) im TRy, (4;p) — Im TRy, (4;p),

q—21 q—Ad

where the first map is induced by the maps &, @ 7,(m, 7, j, u'), where the second map is induced
from the unit map n: F,, — A, and where the last map is induced by the T'(A)-module spectrum
structure on S*@ A T(A). It follows from [5, Thm. 16] that the maps @&,(m,q,i,j,u’) factor
through the canonical projections

pr, ®id: im W Q4™ @w(r,) Wa(Fp) — W24
and that the induced maps w,(m, ¢, i, j,u’) define an isomorphism

Wp(mv Qaj) = @wp(mv q, iajv ul): @ WSQ?472Z- :—> h}%n TRngd (Avp)a

i>0

where v’ = u/(m, i) and s = sp(m, 1, j). We define

wp(m,q): P w25 — ] lim TR, (4:p)
i>0 jeI, jel,

to be the isomorphism that takes the j summand on the left-hand side to the jth factor on the
right-hand side by the isomorphism wy(m, g, j). We define the isomorphism

wy(m,q): @ P Wi - ] lim TRZY (A;p)

i>0 jem'I, jem'l,
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in a completely similar manner substituting the isomorphisms 7, (m,i,j,u') for the isomor-
phisms 7,(m, ¢, j, ) in the definition of wy(m, ¢). Then the diagram

@@Wé qu 2i m'V? @@Wﬂq 2%

i>0 jem’I, i>0 jel,

lw;(m,q) lwp(qu)

.H lim TR (A; p) —>HhmTR (A;p)
jem'I, jEI,

commutes. Hence, the isomorphisms wy,(m, g) and w;,(m, ¢) identify the sequences (2.2) and (1.2).
In particular, the sequence (1.2) is exact. Similarly, the isomorphisms wy(n,¢) and wy,(n,q)
identify the sequences (2.4) and (1.3). Finally, we have a commutative diagram

o Rt 9% Ma iy
W02 — 042 Ty,

lwp(m,q,id,u/) lwp(",qmj,u/)

limpg TRq A (4;p) tp(moming) limp TRZ;_/\e (4;p),

where the top horizontal map m, is multiplication by the same element o = ay,(m, n, i, 5) of
W (FF,) as in the basic case A = F,,. This completes the proof of Thm. 1.5. O

6. The divisor div(a,(m,n,i))

In this section we examine the divisor div(ay,(m,n,4)) which appears in the statement of
Thm. A and prove the precise Thm. 6.3 below. We then use this result to derive Thm. B of the
introduction and Thm. 6.5 below. We recall the integer function s,(m, 1, j) defined in (1.1).

LEMMA 6.1. Suppose that the integer t = s,(n, 1, j) satisfies

m-—n pt—1

-j = 2t.
mn p—1

Then 'Up(Oép(m,TL, Za])) 2 Sp(na Za])

Proof. We recall that
vplap(m,n,i, §)) = Y (sp(m, B, §) = sp(n, D, ).
0<h<i

In this sum, every summand is non-negative, and the summand indexed by & is positive if and
only if there exists an integer r > 1 with

n(h+1) <p ™' <m(h+1).

We estimate the number of indices 0 < h < ¢ that satisfy this inequality, for some r > 1. For
a given r > 1, the number of integers h that satisfy the inequality

n(h+1) <p™~lj <m(h+1)

is at least
r—1,

(m—n)p"""j
mn

-1
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If t = sp(n,i,7) = 0, then the statement of the lemma is trivially true. So assume that ¢ > 0.
Then ¢ is the unique integer that satisfies p=1j < n(i + 1) < p’j. Now, if 1 < r < ¢, then

n(h+1) <p"~1j <p'7li <n(i+ 1),
implies that h < ¢. Therefore, we find

r—1 .

w Z (m—n)p"j m—n pt—1
’Up(Oép(m,n,’L,]))} (Til) = — . — -j—t.
1<r<t b

Hence, if the latter integer is greater than or equal to ¢, or equivalently, if

_ t_
mon Pl ooy

)

mn p—1

then vy, (ap(m, n,4,7)) = sp(n,i,7). O

LEMMA 6.2. Suppose that i > n/(m —n) and vy(a,(m,n,i—1,5)) = sp(n,i —1,5). Then
also Up(ap(mvnaiaj)) > Sp(naiaj)'

Proof. The assumption that ¢ > n/(m — n) implies that mi > n(i + 1) which, in turn,
implies that s,(m,i —1,7) = sp(n,i,7). Suppose vy(ay(m,n,i—1,5)) = sp(n,i —1,7). Then

Up(ap(man7i7j)) = Up(ap(svn’i - 17j)) + sp(mai - 1aj) - S;D(nai - 17j) > S;D(mai - Lj)'
The statement follows. O

THEOREM 6.3. The divisor div(cy,(m,n, 1)) satisfies the following:
(i) For every pair of integers m > n > 1 and for every prime number p, there exists an
integer ig = ig(m,n, p) such that, for all integers i > io,

div(ap(m, n,i)) = div(Wy 41 (Fp)).

(ii) For every pair of integers m > n > 1, the integer io(m,n, p) tends to infinity as the prime
number p tends to infinity.

(iii) For every integer n > 1 and every prime number p, there exists an integer mqo = mq(n,p)
such that, for all m > mq(n,p) and for all integers i > 0,

diV(Oép (ma n, Z)) 2 diV(Wn(i-l-l) (IFP))

Proof. We first prove the statement (i), which, by Lemma 1.4 is equivalent to the statement
that there exists an integer ig = ig(m,n,p) such that, for all positive integers j not divisible
by p, vp(ap(m,n,i,5)) = sp(n,i,7). Suppose first that j > 2mn/(m — n). Then

t t
m-n p —1.j>2.p —1
p—1
and, for every prime number p and every integer ¢ > 0, the right-hand side is greater than
or equal to 2¢. Therefore, Lemma 6.1 shows that v,(a,(m,n,4,7)) = sp(n,i, ), for all ¢ > 0.
Suppose next that 1 < j < 2mn/(m — n). Then the inequality of the statement of Lemma 6.1
is satisfied, if ¢ is large enough. Since ¢ = s,(n,,7) tends to infinity as ¢ tends to infinity, it
follows that there exists an integer io(m, n, p, j) such that v,(a,(m, n, i, 5)) > sp(n, i, 5), for all
i = io(m,n,p,j). This proves that part (i) of the statement holds with ig(m, n, p) equal to the
maximum of the integers io(m, n,p,j), where 1 < j < 2mn/(m — n).

We next prove (ii). Suppose that p > m(i+1). Then, for every integer 0 < h < i, and for every
integer 1 < j < n not divisible by p, s,(m, 4, j) = sp(n,i,7) = 1, and hence, v, (ap(m,n,i,7)) <
sp(n, i, j). Therefore, if p > m(i+1), then ig(m, n, p) > i. It follows that ig(m, n, p) > [(p—1)/m]
which tends to infinity as p tends to infinity.

mn p—1
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Finally, we prove (iii). For fixed ¢ and j, the integer s,(m,1,j) tends to infinity as m tends
to infinity. Hence, there exists mg = mo(n,p,i,7) such that vy(a,(m,n,i,5)) = sp(n,i,j),
for m > mo(n,p,i,j). Assume that mo(n,p,1,j) is chosen minimal with this property. Then
an induction argument based on Lemma 6.2 shows that mg(n,p,i,5) < mo(n,p,i — 1,7), if
i = n/(m —n). Moreover, if j > n(i + 1), then s,(n,4,j) = 0, and therefore, mo(n, p,i,j) = n.
This shows that (iii) holds with mg(n, p) equal to the maximum of the finitely many integers
mo(n,p,i,5), where 0 <i<n/(m—n)and 1 <j<n(E+1). O

LEMMA 6.4. Let A be an F,-algebra and suppose that A is generated by N elements as an
algebra over the subring AP of pth powers. Then, for every subset S C N stable under division,
the big de Rham-Witt group WgQY is zero, if ¢ > N + 1.

Proof. Tt suffices to show that, for all u > 1, the p-typical de Rham-Witt group W, Q%
is zero, if ¢ > N + 1; compare Sect. 1 above. We first show that Q% is zero, if ¢ > N.
By assumption, there exists a surjective ring homomorphism f: AP[zq,...,zy] — A from a
polynomial algebra in finitely many variables over AP. The induces map

. O q
e QAP[zl ..... en] Q4
is again surjective. Moreover, every element of of the domain is a sum of elements of the form
w =ndz;, ...dx;,

where 0 < s < N, where 1 <41 < --- < iy < N, and where n € Q%,°. Now, we claim that

f«(n) = 0 unless s = ¢. Indeed, the element 1 € Q%" can be written as a sum of elements of
the form bodby ... dbg—s, where by, ..., bs—s € AP, and

Fulbodby . ..dbg_y) = f(bo)df (by) . .. df (bg—s)-

But f(b;) = a?, for some a; € A, and hence, df (b;) = d(a?) = pa?~'da; = 0. Tt follows that the
image of f. is zero, if ¢ > N. This shows that Q% is zero, if ¢ > N, as stated.

Finally, we show by induction on u > 1 that W, Q% is zero, if ¢ > N + 1. The case u = 1
holds, since the canonical map Q% — W1Q% is an isomorphism. Finally, the induction step
follows from the exact sequence

—1+dvu—1

0t @it 2 W%~ Wy 104 —— 0

which is proved in [9, Prop. 3.2.6]. U

Proof of Thm. B. Since m > n+1, we can choose n < k < m and write f as the composition
of the canonical projections g: Alx]/(z™) — A[z]/(z*) and h: Alz]/(z*) — Alz]/(z™). We
consider the following maps of long-exact sequences from Thm. A.

—92 m 0 —1-27
o Dyno Wina ) Q42— Ky (Af2]/ (™), () —— Byng Wira Q7% —— -
lgi lg* JO
o @imo Wi ) Q4 — Ko (Afa] /(2%), (2)) —2— @ng Wii1 Q2 —— -
lh; lh* lo
—92; n 0 —1-24
c = Do Wa(a) Q42— K1 (Afz]/(2), (2)) —— @Byng Wita Q7% —— -+

It follows from Lemma 6.4 and Thm. 6.3(i) that there exists an integer go such that both the
maps ¢, and h. are zero, for ¢ > qo. Finally, a diagram chase based on the diagram above
shows that the composite map f, = h. o g, is zero, for ¢ > qo. O
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Suppose that A is a regular noetherian ring and an F,-algebra. We let
gt Wiy Q4™ = K (Afz]/ ("), (2))
be the ith summand of the map ¢ in the long-exact sequence

Vi

E— @i>0 WiHQ?ax_% E— @i>0 Wn(i+1)Q,q4_2i —— Kgpa1(Afz]/(a™), (x)) — - - .

We show that the image of the map ¢ has the following interpretation.

THEOREM 6.5. Let A be a regular noetherian ring that is also an F,-algebra, and let n be
a positive integer. Then

() im (fi: Kq(Ala]/(@™), (@) — Kq(Al2]/(2"), (2))

m>n

= im (50: Wnﬂi_l — Ky (Alz]/(2™), (x)))

Proof. Let g: Alz]/(z™) — Alz]/(2*) and h: A[z]/(2*) — A[z]/(z™) be the canonical
projections, with m > k& > n. A diagram based on the diagram from the proof of Thm. B
above shows that, for every integer ¢ > 0, we have inclusions

i (Dm0 Won(ien Q%5 205 @00 Wiy Q5 5 Koy (Alz)/(a7), (2)))
C im (Kqar (Af2]/(2™), (2)) 25 Koer(Ale]/ (), ()
Cim (Bizo Wi %2 25 @isg Wagis )24 ¥ S Kopa(Alz)/ (27), (@)

!/

The maps k', g, and h, map the summand indexed by i = 0 to the summand indexed by i =0
by the appropriate restriction map, which is surjective. Thm. 6.3 shows that, on summands
indexed by i > 1, the maps h’ g, and h. are zero, if m is sufficiently large. The statement
follows. O

REMARK 6.6. Let k be a perfect field of positive characteristic p, and let n be a positive
integer. It follows from Thms. A and 6.3 that, for m > n, the composite map

n 6 m n
Wity (k) = Kaia (kla]/(a"), () = Kz (k[a]/(2™), ("))
induces an isomorphism
AL W) (k) /VaWisr (k) = Kai(k[2]/(2™), (™).
We expect that, for i = 1, the map A/, is equal to the map A,, of Stienstra [16, Cor. 3.6].

REMARK 6.7. One generally expects that, for every scheme X, there exists an Atiyah-
Hirzebruch type spectral sequence

B, = H'™* (X3 Z(1) = Ko (X)

from the motivic cohomology of X to the algebraic K-theory of X. Such a sequence has been
constructed in the case where X is a smooth scheme over a field [17]. However, in general,
there presently does not exist a definition of motivic cohomology that could serve as the
E?%-term of a spectral sequence of this form. However, see [2, 15]. The long-exact sequence
relating K (A[z]/(z™), (z)) and the big de Rham-Witt groups and Thm. 6.5 suggests that, for
X = Spec(A[z]/(z™)), where A is a regular noetherian Fp-algebra, the spectral sequence takes
the form

E;,t = WSQZ_(S_I) &) W(s+1)an4_s = Kert(A['T]/(zn)v (I))
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with the d!-differential induced by the Verschiebung operator
—(s—1 —(s—1
V,: Wl e w0l Y

and with all higher differentials zero. The E?-term is of this hypothetical spectral sequence
then is our candidate for the value of the motivic cohomology groups of A[z]/(x™) relative to
the ideal (x). We note that this value of the motivic cohomology groups is in agreement with
the Beilinson-Soulé vanishing conjecture that H1(A[x]/(z™), (z); Z(t)) is zero, for g < 0.
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