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THE TOWER OF K-THEORY OF TRUNCATED POLYNOMIAL

ALGEBRAS

LARS HESSELHOLT

Introduction

Suppose that A is a regular noetherian ring that is also an Fp-algebra. Then it was proved
by the author and Madsen [6, 8, 4] that there is a long-exact sequence

· · · //
⊕

i>0Wi+1Ω
q−2i
A

Vm
//
⊕

i>0Wm(i+1)Ω
q−2i
A

ε
// Kq+1(A[x]/(xm), (x)) // · · ·

which expresses the K-groups of the truncated polynomial algebra A[x]/(xm) relative to the
ideal (x) in terms of the groupsWrΩ

q
A of big de Rham-Witt forms; see also [5]. We remark that

in the papers [6, 8, 4] the result was stated and proved under the more restrictive assumption
that the ring A be a smooth Fp-algebra. However, since Popescu [14] has proved that every
ring A as above can be written as a filtered colimit of smooth Fp-algebras, the general case
immediately follows. In this paper, we consider the map of relative K-groups

f∗ : Kq+1(A[x]/(xm), (x)) → Kq+1(A[x]/(xn), (x))

induced by the canonical projection

f : A[x]/(xm)→ A[x]/(xn).

To state the result, we recall from [8] that the big de Rham-Witt groups WrΩ
q
A are modules

over the ring W(A) of big Witt vectors in A. In particular, they are modules over W(Fp). The
ring W(Fp) is canonically isomorphic to the product indexed by the set of positive integers not
divisible by p of copies of the ring Zp of p-adic integers. A unit α of the total quotient ring of
W(Fp) determines a divisor div(α) on W(Fp) and, conversely, the unit α is determined, up to
multiplication by a unit of W(Fp), by the divisor div(α). The ring Wr(Fp) of big Witt vectors
of length r in Fp determines a divisor on W(Fp) that we denote by div(Wr(Fp)).

Theorem A. Let A be a regular noetherian ring and an Fp-algebra. Then the canonical
projection f : A[x]/(xm)→ A[x]/(xn) induces a map of long-exact sequences

· · · //
⊕

i>0Wi+1Ω
q−2i
A

Vm
//

��

⊕

i>0Wm(i+1)Ω
q−2i
A

ε
//

��

Kq+1(A[x]/(xm), (x)) //

��

· · ·

· · · //
⊕

i>0Wi+1Ω
q−2i
A

Vn
//
⊕

i>0Wn(i+1)Ω
q−2i
A

ε
// Kq+1(A[x]/(xn), (x)) // · · ·

where the right-hand vertical map is the map of relative K-groups induced by the canonical
projection, where the middle vertical map takes the ith summand of the domain to the ith
summand of the target by the composition

Wm(i+1)Ω
q−2i
A

res
// Wn(i+1)Ω

q−2i
A

mα
// Wn(i+1)Ω

q−2i
A
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of the restriction map and the multiplication by an element α = αp(m, n, i) of W(Fp) that is
determined, up to a unit, by the effective divisor

div(α) =
∑

06h<i

(

div(Wm(h+1)(Fp))− div(Wn(h+1)(Fp))
)

,

and where the left-hand vertical map is zero.

The divisor div(αp(m, n, i)) not only depends on the integers m, n, and i, but also on the
prime number p. In more detail, recall that the length of a module M over a ring R is the
length s of a longest ascending chain M0  M1  · · ·  Ms of R-submodules of M . If a longest
chain does not exists, the module M is said to have infinite length. A Zp-module M of finite
order ps has length s. Then the lengths as Zp-module of the domain and target of the map

f∗ : K2i+1(Fp[x]/(xm), (x)) → K2i+1(Fp[x]/(xn), (x))

are equal to (m− 1)(i + 1) and (n − 1)(i + 1), respectively, and hence, do not depend on the
prime p. By contrast, the lengths as a Zp-module of the kernel K2i+1(Fp[x]/(xm), (xn)) and
cokernel K2i(Fp[x]/(xm), (xn)) of this map are arithmetic functions of the prime number p.

We note that, if div(αp(m, n, i)) > div(Wn(i+1)(Fp)) then the multiplication by α map

mα : Wn(i+1)Ω
q−2i
A →Wn(i+1)Ω

q−2i
A

is zero. We examine the divisor αp(m, n, i) and prove the following result.

Theorem B. Let A be a regular noetherian ring and an Fp-algebra and assume that A
is finitely generated as an algebra over the subring Ap ⊂ A of pth powers. Let m and n be
positive integers with m > n + 1. Then there exists an integer q0 > 1 such that the map

f∗ : Kq+1(A[x]/(xm), (x)) → Kq+1(A[x]/(xn), (x))

induced by the canonical projection is zero, for all q > q0.

The main purpose of the paper [8] was to evaluate the Nil-groups of the truncated polynomial
rings A[x]/(xm). We recall that, for every ring R, the ring homomorphisms η : R → R[t] and
ε : R[t]→ R defined by η(a) = a and ε(f) = f(0) give rise to a direct sum decomposition

Kq+1(R[t]) = Kq+1(R)⊕Kq+1(R[t], (t)).

The second summand on the right-hand side is the Nil-group

Nilq(R) = Kq+1(R[t], (t))

which measures the extent to which the functor Kq+1 fails to be homotopy invariant. The
group Nilq(R) is zero, if the ring R is regular. This implies that, for R = A[x]/(xm) with A
regular, the canonical map

Nilq(A[x]/(xm), (x)) → Nilq(A[x]/(xm))

is an isomorphism. The ring homomorphisms η : R → R[t] and ε : R[t] → R also give rise to a
direct sum decomposition of big de Rham-Witt groups

WrΩ
q
R[t] =WrΩ

q
R ⊕WrΩ

q
(R[t],(t)).

Hence, if A is a regular noetherian ring and an Fp-algebra, the long-exact sequence at the
beginning of the paper implies the long-exact sequence

· · · //
⊕

i>0Wi+1Ω
q−2i
(A[t],(t))

Vm
//
⊕

i>0Wm(i+1)Ω
q−2i
(A[t],(t))

ε
// Nilq(A[x]/(xm)) // · · ·
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which expresses the Nil-groups of A[x]/(xm) in terms of the relative groups of big de Rham-
Witt forms. The map Vm is injective, if p does not divide m, but is generally not injective,
if p divides m. We remark that [10, Thm. B] gives an explicit description of the middle and
left-hand terms of this sequence as functors of the big de Rham-Witt groups of the ring A. In
particular, the group Nilq(A[x]/(xm)) is non-zero, for all integers q > 0 and m > 1. We note
that Nilq(A[x]/(xm)) is zero, for q < 0 [1, Chap. XII, Prop. 10.1]. Thm. A above immediately
implies the following result.

Theorem C. Let A be a regular noetherian ring and an Fp-algebra. Then the canonical
projection f : A[x]/(xm)→ A[x]/(xn) induces a map of long-exact sequences

· · · //
⊕

i>0Wi+1Ω
q−2i
(A[t],(t))

Vm
//

��

⊕

i>0Wm(i+1)Ω
q−2i
(A[t],(t))

ε
//

��

Nilq(A[x]/(xm)) //

f∗

��

· · ·

· · · //
⊕

i>0Wi+1Ω
q−2i
(A[t],(t))

Vn
//
⊕

i>0Wn(i+1)Ω
q−2i
(A[t],(t))

ε
// Nilq(A[x]/(xn)) // · · ·

where the middle vertical map takes the ith summand of the domain to the ith summand of
the target by the composition

Wm(i+1)Ω
q−2i
(A[t],(t))

res
// Wn(i+1)Ω

q−2i
(A[t],(t))

mα
// Wn(i+1)Ω

q−2i
(A[t],(t))

of the restriction map and the multiplication by the element α = αp(m, n, i) of Thm. A, and
where the left-hand vertical map is zero.

Similarly, Thm. B above immediately implies the following result.

Theorem D. Let A be a regular noetherian ring and an Fp-algebra and assume that A
is finitely generated as an algebra over the subring Ap ⊂ A of pth powers. Let m and n be
positive integers with m > n + 1. Then there exists an integer q0 > 1 such that the map

f∗ : Nilq(A[x]/(xm))→ Nilq(A[x]/(xn))

induced by the canonical projection is zero, for all q > q0.

We remark that, if A is an Fp-algebra and m is a power of p, then A[x]/(xm) is equal to the
group algebra A[Cm] of the cyclic group of order m with generator 1 + x.

All rings considered in this paper are assumed to be commutative and unital. We write T
for the multiplicative group of complex numbers of modulus 1.

Finally, the author would like to express his gratitude to an anonymous referee for a number
of helpful suggestions on improving the exposition of the paper.

1. p-typical decompositions

The long-exact sequences that appear in Thm. A of the introduction have canonical p-typical
product decompositions. We here recall the p-typical decomposition and state the equivalent
Thm. 1.5.

We recall from [8, Cor. 1.2.6] that the big de Rham-Witt groups WrΩ
q
A decompose as

a product of the p-typical de Rham-Witt groups WsΩ
q
A of Bloch-Deligne-Illusie [11]. More

generally, there is a big de Rham-Witt group WSΩq
A associated to every subset S ⊂ N of the

set of positive integers stable under division. The group W∅Ω
q
A is zero, the group WrΩ

q
A is the

big de Rham-Witt group associated to the set of positive integers less than or equal to r, and
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the p-typical de Rham-Witt group WsΩ
q
A is the big de Rham-Witt group

WsΩ
q
A =W{1,p,...,ps−1}Ω

q
A.

For every pair of subset T ⊂ S ⊂ N stable under division, there is a map

res: WSΩq
A →WT Ωq

A (restriction).

We mention that, if S ⊂ N is the union of a family of subsets Sα ⊂ N each of which is stable
under division, then the restriction maps induce an isomorphism

WSΩq
A

∼−→ lim
res
WSαΩq

A.

We also mention that every subset S ⊂ N stable under division is equal to the union of the
subsets 〈s〉 ⊂ N, s ∈ S, where 〈s〉 is the set of divisors of s. Let S ⊂ N be a subset stable under
division, let s be any positive integer, and let S/s be the set of positive integers t such that
st ∈ S. Then there are maps

Fs : WSΩq
A →WS/sΩ

q
A (Frobenius)

Vs : WS/sΩ
q
A →WSΩq

A (Verschiebung).

Now, let S ⊂ N be a finite subset stable under division, and let j be a positive integer that is
not divisible by p. We define the non-negative integer u = up(S, j) by

up(S, j) = card(S/j ∩ {1, p, p2, . . . }) = card(S ∩ {j, pj, p2j, . . . })
and note that u is non-zero if and only if j ∈ S. We then let

ηj : WSΩq
A →WuΩq

A

be the composite map

WSΩq
A

Fj
// WS/jΩ

q
A

res
// W{1,p,...,pu−1}Ω

q
A WuΩq

A

and define

η : WSΩq
A →

∏

j

WuΩq
A

to be the map given by the maps ηj as j ranges over the set Ip of all positive integers not
divisible by p. The map η is an isomorphism, for every Z(p)-algebra, by [8, Cor. 1.2.6]. We
remark that, on the right-hand side, the factors indexed by j /∈ S are zero. The maps res, Fs,
and Vs are also expressed as products of their p-typical analogs

R = res: WsΩ
q
A →Ws−1Ω

q
A (restriction)

F = Fp : WsΩ
q
A →Ws−1Ω

q
A (Frobenius)

V = Vp : Ws−1Ω
q
A →WsΩ

q
A (Verschiebung).

Let T ⊂ S ⊂ N be a pair of subsets stable under division. Then there is a commutative diagram

WSΩq
A

η
//

res

��

∏

j WuΩq
A

resη

��

WT Ωq
A

η
//
∏

j Wu′Ωq
A,

where u = up(S, j) and u′ = up(T, j), and where the map resη takes the factor indexed by an
integer j ∈ T that is not divisible by p to the factor indexed by the same integer j by the map
Ru−u′

and annihilates the remaining factors. Similarly, let S ⊂ N be a subset stable under
division, and let s be a positive integer. We write s = pvs′ with s′ not divisible by p. Then
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there are commutative diagrams

WSΩq
A

η
//

Fs

��

∏

j WuΩq
A

F η
s

��

WS/sΩ
q
A

η
//

Vs

OO

∏

j Wu−vΩq
A,

V η
s

OO

where u = up(S, j), and where the maps F η
s and V η

s are defined as follows: The map F η
s takes

the factor indexed by an integer j ∈ S that is not divisible by p, but is divisible by s′, and
satisfies pvj ∈ S to the factor indexed by the integer j/s′ ∈ S/s by the map F v and annihilates
the remaining factors. The map V η

s takes the factor indexed by j ∈ S/s not divisible by p to
the factor indexed by s′j ∈ S by the map s′V v.

Specializing to the case S = {1, 2, . . . , m(i + 1)}, we define

sp(m, i, j) = up(S, j) = card({1, 2, . . . , m(i + 1)} ∩ {j, pj, p2j, . . . }). (1.1)

The integer sp(m, i, j) is non-zero if and only if 1 6 j 6 m(i+1), and in this case, is the unique
integer s such that ps−1j 6 m(i + 1) < psj. Suppose now that A is a regular noetherian ring
and an Fp-algebra. It is then straightforward to verify that the p-typical decomposition of the
top long-exact sequence in the diagram in Thm. A of the introduction takes the form

· · · →
⊕

i>0

⊕

j∈m′Ip

Ws−vΩq−2i
A

m′V v

−−−−→
⊕

i>0

⊕

j∈Ip

WsΩ
q−2i
A

ε−→ Kq+1(A[x]/(xm), (x))
∂−→

⊕

i>0

⊕

j∈m′Ip

Ws−vΩq−1−2i
A → · · ·

(1.2)

where s = sp(m, i, j), where m = pvm′ with m′ not divisible by p, and where Ip is the set of
positive integers not divisible by p. Similarly, the bottom long-exact sequence in the diagram
in the statement of Thm. A takes the form

· · · →
⊕

i>0

⊕

j∈n′Ip

Wt−wΩq−2i
A

n′V w

−−−→
⊕

i>0

⊕

j∈Ip

WtΩ
q−2i
A

ε−→ Kq+1(A[x]/(xn), (x))
∂−→

⊕

i>0

⊕

j∈n′Ip

Wt−wΩq−1−2i
A → · · ·

(1.3)

where t = sp(n, i, j), and where n = pwn′ with n′ not divisible by p.
Finally, we explain the p-typical decomposition of the divisor div(αp(m, n, i)) that appears

in Thm. A. Let S ⊂W(Fp) be the subset of non-zero-divisors. Then the map

div : (S −1W(Fp))
∗/W(Fp)

∗ → Div(W(Fp))

is injective. We refer to [3, §21] for the general theory of divisors. Let also S ⊂ W (Fp) be the
subset of non-zero-divisors, and let

ord: (S −1W(Fp))
∗/W(Fp)

∗ ∼−→
∏

j∈Ip

(S−1W (Fp))
∗/W (Fp)

∗ ∼−→
∏

j∈Ip

Z

be the composition of the isomorphism induced by the ring isomorphism η and the isomorphism
given by the p-adic valuation. We recall the function sp(m, i, j) from (1.1) above. The p-typical
decomposition of the ring Wm(i+1)(Fp) immediately implies the following result.

Lemma 1.4. For every a ∈ (S −1W(Fp))
∗, the following are equivalent:

(i) div(a) = div(Wm(i+1)(Fp)).
(ii) ord(a) = (sp(m, i, j) | j ∈ Ip).
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The following statement is equivalent to Thm. A of the introduction. The proof is given in
Sect. 5 below.

Theorem 1.5. Let A be a regular noetherian ring and an Fp-algebra. Then the canon-
ical projection f : A[x]/(xm) → A[x]/(xn) induces a map of long-exact sequences from the
sequence (1.2) to the sequence (1.3) that is given, on the lower left-hand terms, by the map

f∗ : K∗(A[x]/(xm), (x)) → K∗(A[x]/(xn), (x))

induced by the canonical projection, on the upper right-hand terms, by the map that takes the
(i, j)th summand of the domain to the (i, j)th summand of the target by the composite map

WsΩ
q−2i
A

Rs−t
// WtΩ

q−2i
A

mα
// WtΩ

q−2i
A ,

where the right-hand map is multiplication by a p-adic integer α = αp(m, n, i, j) whose p-adic
valuation is given by the sum

vp(αp(m, n, i, j)) =
∑

06h<i

(

sp(m, h, j)− sp(n, h, j)
)

,

and, on the upper left-hand terms, by the zero map. Here sp(m, i, j) is the integer (1.1).

Remark 1.6. (i) The integer sp(m, h, j) − sp(n, h, j) is equal to the number of positive
integers r such that n(h + 1) < pr−1j 6 m(h + 1).

(ii) We recall from [11, Prop. I.3.4] that the map mα : WtΩ
q−2i
A → WtΩ

q−2i
A given by the

multiplication by a p-adic integer α of p-adic valuation v factors canonically

WtΩ
q−2i
A

Rv
// Wt−vΩq−2i

A

mα
// WtΩ

q−2i
A

as the composite of the surjective restriction map Rv and an injective map mα. There is no
analog of this factorization for the big de Rham-Witt groups. Indeed, the quotient of W(Fp)
by the ideal generated by the element αp(m, n, i) ∈W(Fp) that appears in Thm. A is generally
not of the form WS(Fp) for some subset S ⊂ N that is stable under division.

2. Topological Hochschild homology

The proof of Thm. A of the introduction is based on the following result which we proved
in [6, Prop. 4.2.3]: For every Fp-algebra A, there is a long-exact sequence

· · · // limR TR
r/m
q−λd

(A)
Vm

// limR TRr
q−λd

(A) ε
// Kq+1(A[x]/(xm), (x)) // · · · ,

which expresses the groups Kq+1(A[x]/(xm), (x)) in terms of the RO(T)-graded equivariant
homotopy groups of the topological Hochschild T-spectrum T (A). (The corresponding long-
exact sequence of homotopy groups with finite coefficients is valid for every ring A.) We briefly
recall the terms in this sequence.

The topological Hochschild T-spectrum T (A) associated with the ring A is a cyclotomic
spectrum in the sense of [7, Def. 2.2]. In particular, it is an object of the T-stable homotopy
category. Let λ be a finite dimensional orthogonal T-representation, let Sλ be the one-point
compactification, and let Cr ⊂ T be the subgroup of order r. Then one defines

TRr
q−λ(A) = [Sq ∧ (T/Cr)+, Sλ ∧ T (A)]T
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to be the abelian group of maps in the T-stable homotopy category between the indicated
T-spectra. Suppose that r = st. Then there are maps

Fs : TRr
q−λ(A)→ TRt

q−λ(A) (Frobenius)

Vs : TRt
q−λ(A)→ TRr

q−λ(A) (Verschiebung)

induced by maps fs : (T/Ct)+ → (T/Cr)+ and vs : (T/Cr)+ → (T/Ct)+ in the T-stable
homotopy category that are defined as follows. The map fs is the map of suspension T-spectra
induced by the canonical projection pr: T/Ct → T/Cr. The map vs is the corresponding
transfer map. To define it, we choose an embedding ι : T/Ct ↪→ λ into a finite dimensional
orthogonal T-presentation. The product embedding (ι, pr) : T/Ct → λ × T/Cr has trivial
normal bundle, and the linear structure on λ determines a preferred trivialization. Hence,
the Pontryagin-Thom construction gives a map of pointed T-spaces

Sλ ∧ (T/Cr)+ → Sλ ∧ (T/Ct)+

and vs is the induced map of suspension T-spectra.
The isomorphism ρs : T → T/Cs given by the sth root induces an equivalence of categories

ρ∗s from the T/Cs-stable homotopy category to the T-stable homotopy category. The additional
cyclotomic structure of the T-spectrum T (A) gives rise to a map of T-spectra

rs : ρ∗s(T (A)Cs)→ T (A).

Suppose again that r = st. Then we get a map of RO(T)-graded equivariant homotopy groups

Rs : TRr
q−λ(A)→ TRt

q−λ′ (A) (restriction),

where λ′ = ρ∗s(λ
Cs) is the T/Cs-representation λCs considered as a T-representation via the

isomorphism ρs. The map Rs is defined to be the composition

TRr
q−λ(A) = [Sq ∧ (T/Cr)+, Sλ ∧ T (A)]T

∼←− [Sq ∧ (T/Cr)+, SλCs ∧ T (A)Cs ]T/Cs

∼−→ [Sq ∧ (T/Ct)+, Sλ′ ∧ ρ∗s(T (A)Cs)]T → [Sq ∧ (T/Ct)+, Sλ′ ∧ T (A)]T = TRt
q−λ′(A)

of the canonical isomorphism, the isomorphism ρ∗
s , and the map induced by rs. It is proved

in [7, Addendum 3.3] that there is a canonical isomorphism of rings

ξ : W〈r〉(A)
∼−→ TRr

0(A)

from the ring of big Witt vectors in A corresponding to the subset 〈r〉 ⊂ N of divisors of r.
The isomorphism ξ is compatible with the restriction, Frobenius, and Verschiebung operators.

We return to the long-exact sequence of [6, Prop. 4.2.3] displayed at the beginning of the
section. In the middle and left-hand terms, the representation λd is defined to be the sum

λd = C(d)⊕ C(d− 1)⊕ · · · ⊕ C(1),

where C(i) = C with T acting from the left by z · w = ziw, and where

d = d(m, r) =

[

r − 1

m

]

is the largest integer less than or equal to (r−1)/m. The limits range over the set of all positive
integers and the set of positive integers divisible by m, respectively, and the structure map in
both limit systems is the restriction map. We note that if r = st then

ρ∗s(λ
Cs

d(m,r)) = λd(m,t)

as required. To prove Thm. A of the introduction, we first prove the following general result
which does not require the ring A to be regular or noetherian. The proof of this result is given
in Sect. 3 below.
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Theorem 2.1. Let A be an Fp-algebra, and let f : A[x]/(xm)→ A[x]/(xn) be the canonical
projection. Then there is a map of long-exact sequences

· · · // limR TR
r/m
q−λd

(A)
Vm

//

��

limR TRr
q−λd

(A) ε
//

��

Kq+1(A[x]/(xm), (x)) //

��

· · ·

· · · // limR TR
r/n
q−λe

(A)
Vn

// limR TRr
q−λe

(A) ε
// Kq+1(A[x]/(xn), (x)) // · · · ,

where d = d(m, r) = [(r − 1)/m] and e = d(n, r) = [(r − 1)/n], where the right-hand vertical
map is the map of relative K-groups induced by the canonical projection, where the middle
vertical map is the map of limits defined by the maps

ι(m, n, r)q : TRr
q−λd

(A)→ TRr
q−λe

(A)

induced by the canonical inclusions ι(m, n, r) : Sλd → Sλe , and where the left-hand vertical
map is zero. The corresponding statement for the homotopy groups with finite coefficients is
valid for every ring A.

We show in Lemma 2.6 below that the limits that appear in the statement of Thm. 2.1
stabilize. In particular, the corresponding derived limits vanish.

The long-exact sequences of Thm. 2.1 admit a p-typical decomposition analogous to the
p-typical decomposition of the big de Rham-Witt groups which we discussed in Sect. 1 above.
In the remainder of this section, we recall this decomposition and state the equivalent version
Thm. 2.5 of Thm. 2.1.

It is proved in [6, Prop. 4.2.5] that the groups TRr
q−λ(A), which appear in the statement of

Thm. 2.1, decompose as a product of the p-typical groups

TRu
q−λ(A; p) = TRpu−1

q−λ (A) = [Sq ∧ (T/Cpu−1)+, Sλ ∧ T (A)]T.

To state the result, we first write r = pu−1r′, where r′ is not divisible by p. Let j be a divisor
of r′, and let λ′ = λ′(j) = ρ∗r′/j(λ

Cr′/j ). We let

γj : TRr
q−λ(A)→ TRu

q−λ′(A; p)

be the composite map

TRr
q−λ(A)

Fj
// TR

r/j
q−λ(A)

Rr′/j
// TRpu−1

q−λ′(A) TRu
q−λ′ (A; p)

and define

γ : TRr
q−λ(A)→

∏

j

TRu
q−λ′(A; p)

be the product of the maps γj as j ranges over the divisors of r′. The map γ is an isomorphism,
for every Z(p)-algebra A, by [6, Prop. 4.2.5]. We remark that this decomposition is analogous
to the p-typical decomposition of the big de Rham-Witt groups W〈r〉Ω

q
A that we discussed in

Sect. 1 above. Indeed, let j be a positive integer not divisible by p. Then the integer up(〈r〉, j)
is equal to u = vp(r) + 1, if j divides r′, and is zero, otherwise. The maps Rs, Fs, and Vs are
similarly expressed as products of their p-typical analogs

R = Rp : TRu
q−λ(A; p)→ TRu−1

q−λ′ (A; p) (restriction)

F = Fp : TRu
q−λ(A; p)→ TRu−1

q−λ(A; p) (Frobenius)

V = Vp : TRu−1
q−λ(A; p)→ TRu

q−λ(A; p) (Verschiebung).
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Suppose that r = st and write s = pvs′ and t = pu−v−1t′ with s′ and t′ not divisible by p.
Then there are commutative diagrams

TRr
q−λ(A)

γ
//

Rs

��

∏

j TRu
q−λ′ (A; p)

Rγ
s

��

TRr
q−λ(A)

γ
//

Fs

��

∏

j TRu
q−λ′ (A; p)

F γ
s

��

TRt
q−λ′(A)

γ
//
∏

j TRu−v
q−λ′′(A; p), TRt

q−λ(A)
γ

//

Vs

OO

∏

j TRu−v
q−λ′ (A; p)

V γ
s

OO

where the maps Rγ
s , F γ

s , and V γ
s are defined as follows: The map Rγ

s takes the factor indexed by
a divisor j of t′ to the factor indexed by the same divisor j of t′ by the map Rv and annihilates
the factors indexed by divisors j of r′ that do not divide t′. The map F γ

s takes the factor
indexed by a divisor j of r′ that is divisible by s′ to the factor indexed by the divisor j/s′ of
t′ by the map F v and annihilates the remaining factors. Finally, the map V γ

s takes the factor
indexed by the divisor j of t′ to the factor indexed by the divisor s′j of r′ by the map s′V v.

It is now straightforward to check that the p-typical decomposition of the top long-exact
sequence in the diagram in the statement of Thm. 2.1 takes the form

· · · →
∏

j∈m′Ip

lim
R

TRu−v
q−λd

(A; p)
m′V v

−−−−→
∏

j∈Ip

lim
R

TRu
q−λd

(A; p)

ε−→ Kq+1(A[x]/(xm), (x))
∂−→

∏

j∈m′Ip

lim
R

TRu−v
q−1−λd

(A; p)→ · · ·
(2.2)

where m = pvm′ with m′ not divisible by p, and where d = dp(m, u, j) is defined by

dp(m, u, j) =

[

pu−1j − 1

m

]

. (2.3)

In the top line, the right-hand product ranges over the set Ip of positive integers not divisible by
p, and the left-hand product ranges over the subset m′Ip ⊂ Ip. Similarly, the bottom long-exact
sequence in the diagram in the statement of Thm. 2.1 takes the form

· · · →
∏

j∈n′Ip

lim
R

TRu−w
q−λe

(A; p)
n′V w

−−−→
∏

j∈Ip

lim
R

TRu
q−λe

(A; p)

ε−→ Kq+1(A[x]/(xn), (x))
∂−→

∏

j∈n′Ip

lim
R

TRu−w
q−1−λe

(A; p)→ · · ·
(2.4)

where n = pwn′ with n′ not divisible by p, and where e = dp(n, u, j). It follows that Thm. 2.1
above is equivalent to the following statement:

Theorem 2.5. Let A be an Fp-algebra, and let f : A[x]/(xm) → A[x]/(xn) be the canon-
ical projection. Then there is a map of long-exact sequence from the sequence (2.2) to the
sequence (2.4) that is given, on the lower left-hand terms, by the map

f∗ : K∗(A[x]/(xm), (x)) → K∗(A[x]/(xn), (x))

induced by the canonical projection, on the upper right-hand terms, by the map that takes the
jth factor of the domain to the jth factor of the target by the map

ιp(m, n, j)q : lim
R

TRu
q−λd

(A; p)→ lim
R

TRu
q−λe

(A; p)

induced from the canonical inclusions ιp(m, n, j, u) : Sλd → Sλe , and, on the upper left-hand
terms, by the zero map. The corresponding statement for the homotopy groups with Z/piZ-
coefficients is valid for every ring A.
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The following result shows that the limits that appear in the statements of Thms. 2.1 and 2.5
stabilize. In particular, the corresponding derived limits vanish. It also shows that, for every
integer q, the products that appear in (2.2) and (2.4) are finite.

Lemma 2.6. Let u, u′ > 1 and m > n > 1 be integers, and let j be an integer not divisible
by p. Let d = dp(m, u, j) and d′ = dp(m, u′, j), and let e = dp(n, u, j) and e′ = dp(n, u′, j).
Then, in the commutative diagram,

limR TRu
q−λd

(A; p)
ιp(m,n,j)q

//

pru′

��

limR TRu
q−λe

(A; p)

pru′

��

TRu′

q−λd′
(A; p)

ιp(m,n,j,u′)q
// TRu′

q−λe′
(k; p),

the left-hand vertical map is an isomorphism, if q < 2dp(m, u′ + 1, j), and right-hand vertical
map is an isomorphism, if q < 2dp(n, u′ + 1, j).

Proof. Let r be a positive integer, let d̃ = dp(m, r, j), and let d̃′ = dp(m, r− 1, j). It follows
from [7, Thm. 2.2] that there is a long-exact sequence

· · · → Hq(Cpr−1 , T (A) ∧ Sλd̃)
N−→ TRr

q−λd̃
(A; p)

R−→ TRr−1
q−λd̃′

(A; p)→ · · · .
The Borel homology group that appear on the left-hand side is the abutment of a first quadrant
homology type spectral sequence

E2
s,t = Hs(Cpr−1 , TR1

t−λd̃
(A; p))⇒ Hs+t(Cpr−1 , T (A) ∧ Sλd̃),

and the groups TR1
q−λd̃

(A; p) are zero, for q < 2d̃. Hence, the map R in the long-exact sequence

above is an isomorphism, for q < 2d̃. The lemma follows.

3. The cyclic bar-construction

In this section, we prove Thm. 2.1 above. We first recall the structure of the topological
Hochschild T-spectrum of the truncated polynomial algebra A[x]/(xm). The reader is referred
to [5] for details on the topological Hochschild T-spectrum and the cyclic bar-construction. We
will write X [−] to indicate a cyclic object with r-simplices X [r].

We showed in [7, Thm. 7.1] (see also [5, Prop. 4]) that there is an F -equivalence

α : N cy(Πm) ∧ T (A)→ T (A[x]/(xm))

where N cy(Πm) is the geometric realization of the cyclic bar-construction N cy(Πm)[−] of the
pointed monoid Πm = {0, 1, x, x2, . . . , xm−1} with base point 0 and with xm = 0. A map of
T-spectra is an F -equivalence, if it induces an equivalence of Cr-fixed point spectra, for all
finite subgroups Cr ⊂ T, and hence, we have induced isomorphisms

[Sq ∧ (T/Cr)+, N cy(Πm) ∧ T (A)]T
α∗−−→ [Sq ∧ (T/Cr)+, T (A[x]/(xm))]T = TRr

q(A[x]/(xm)).

Moreover, the following diagram commutes

N cy(Πm) ∧ T (A)
α

//

f ′

∗
∧id

��

T (A[x]/(xm))

f∗

��

N cy(Πn) ∧ T (A)
α

// T (A[x]/(xm)),

where f : A[x]/(xm)→ A[x]/(xn) and f ′ : Πm → Πn are the canonical projections.
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The cyclic bar-construction of Πm decomposes as the wedge sum of pointed cyclic sets

N cy(Πm)[−] =
∨

i>0

N cy(Πm, i)[−],

where N cy(Πm, i)[−] ⊂ N cy(Πm)[−] is the sub-pointed cyclic set whose k-simplices are the
(k + 1)-tuples (xi0 , . . . , xik ), where i0 + · · · + ik = i, and the base-point 0. The geometric
realization decomposes accordingly as a wedge sum of pointed T-spaces

N cy(Πm) =
∨

i>0

N cy(Πm, i).

The homotopy type of the pointed T-space N cy(Πm, i) was determined in [6, Thm. B]. The
result is that N cy(Πm, 0) is the discrete space {0, 1} and that for positive i there is a canonical
cofibration sequence of pointed T-spaces

T+ ∧Ci/m
Sλd

pr−→ T+ ∧Ci Sλd
ε−→ N cy(Πm, i)

∂−→ ΣT+ ∧Ci/m
Sλd ,

where d = d(m, i) = [(i− 1)/m]. The left-hand term is understood to be a point, if m does not
divide i. More precisely, there is a canonical homotopy class of maps of pointed T-spaces

θ̂d : N cy(Πm, i)→ cone(T+ ∧Ci/m
Sλd

pr−→ T+ ∧Ci Sλd)

from N cy(Πm, i) to the mapping cone of the map pr and any map in this homotopy class is a
weak equivalence of pointed T-spaces. The canonical projection f ′ : Πm → Πn induces a map
of cofibration sequences which we identify in Prop. 3.2 below. But first, we recall from [6, §3]
how the homotopy class of maps θ̂d is defined.

We view the standard simplex ∆i−1 as the convex hull of the set of group elements Ci inside
the regular representation R[Ci]. Let ζi ∈ Ci ⊂ T be the generator ζi = exp(2π

√
−1/i), and

let ∆i−m ⊂ ∆i−1 be the convex hull of the group elements 1, ζi, . . . , ζ
i−m
i . As a cyclic set,

N cy(Πm, i)[−] is generated by the single (m−1)-simplex (x, . . . , x). Based on this observation,
we showed in [6, Lemma 2.2.6] that there is a T-equivariant homeomorphism

ϕ : T+ ∧Ci (∆i−1/Ci ·∆i−m)
∼−→ N cy(Πm, i).

The regular representation R[Ci] has the canonical direct sum decomposition

R[Ci] =

{

C(s)⊕ · · · ⊕ C(1)⊕ R, if i = 2s + 1,

C(s)⊕ · · · ⊕ C(1)⊕ R⊕ R−, if i = 2s + 2,

so if d 6 s, or equivalently, if 2d < i, there is a canonical projection

πd : R[Ci]→ C(d)⊕ · · · ⊕ C(1) = λd.

Suppose first that md < i < m(d + 1). We showed in [6, Thm. 3.1.2] that, in this case, the
image of Ci · ∆i−m ⊂ R[Ci] does not contain the origin 0 ∈ λd. Hence, we may compose πd

with the radial projection away from a small ball around 0 ∈ λd to get a Ci-equivariant map

θd : ∆i−1/Ci ·∆i−m → D(λd)/S(λd) = Sλd

whose homotopy class is well-defined. The composite map of pointed T-spaces

θ̂d : N cy(Πm, i)
ϕ−1

// T+ ∧Ci (∆i−1/Ci ·∆i−m)
id∧θd

// T+ ∧Ci Sλd

is then the desired map θ̂d. Its homotopy class is well-defined and [6, Prop. 3.2.6] shows that
it is a weak equivalence.

Suppose next that i = m(d + 1). We let λ′
d ⊂ λd+1 be the image of the canonical inclusion

ι : λd → λd+1 and let λ⊥
d ⊂ λd+1 be the orthogonal complement of λ′

d ⊂ λd+1. The canonical
projection from λd+1 to C(d + 1) restricts to an isomorphism of λ⊥

d onto C(d + 1), and we
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define C ′
m ⊂ λ⊥

d to be the preimage by this isomorphism of Cm ⊂ C(d + 1). It follows again
from [6, Thm. 3.1.2] that the image πd+1(Ci ·∆i−m) does not contain the origin 0 ∈ λd+1 and,
in addition, [6, 3.3.5] shows that

πd+1(Ci ·∆i−m) ∩ λ⊥
d = C ′

m.

We pick a small open ball B ⊂ λd+1 r C ′
m around a point in S(λ⊥

d ) and define

U = (Ci · B) ∩ S(λd+1) ⊂ S(λd+1).

If the ball B is small enough, then the composition of the projection πd+1 and the radial
projection away from a (different) small ball around 0 ∈ λd+1 defines a Ci-equivariant map

θ′d : ∆i−1/Ci ·∆i−m → D(λd+1)/(S(λd+1)r U)

whose homotopy class is well-defined. Let C(Cm) = {0} ∗Cm ⊂ D(C(d + 1)) be the unreduced
cone with base Cm ⊂ C(d + 1) and with cone point 0 ∈ C(d + 1). Then the canonical
homeomorphism of D(C(d + 1))×D(λd) onto D(λd+1) induces an inclusion into the target of
the map θ′d of the pointed Ci-space

C(Cm)×D(λd)

C(Cm)× S(λd) ∪ Cm ×D(λd)
= (S0 ∗ Cm) ∧ Sλd .

One immediately verifies that this inclusion is a strong deformation retract of pointed Ci-spaces.
Hence, the map θ′d defines a homotopy class of maps of pointed Ci-spaces

θd : ∆i−1/Ci ·∆i−m → (S0 ∗ Cm) ∧ Sλd .

The composite map of pointed T-spaces

θ̂d : N cy(Πm, i)
ϕ−1

// T+ ∧Ci (∆i−1/Ci ·∆i−m)
id∧θd

// T+ ∧Ci ((S0 ∗ Cm) ∧ Sλd)

is the desired map θ̂d. Its homotopy class is well-defined and [6, Prop. 3.3.9] shows that it is a
weak equivalence. In preparation for the proof of Prop. 3.2 below, we first prove the following
key result.

Lemma 3.1. Let m and n be positive integers with m > n.
(i) If md < i < m(d + 1) and ne < i < n(e + 1), then d 6 e and the diagram

∆i−1/Ci ·∆i−m θd
//

pr

��

Sλd

ι

��

∆i−1/Ci ·∆i−n θe
// Sλe

commutes up to Ci-equivariant homotopy. Here the right-hand vertical map ι is the canonical
inclusion of Sλd in Sλe .

(ii) If md < i < m(d + 1) and i = n(e + 1), then d 6 e and the diagram

∆i−1/Ci ·∆i−m θd
//

pr

��

Sλd

ι

��

∆i−1/Ci ·∆i−n θe
// (S0 ∗ Cn) ∧ Sλe

commutes up to Ci-equivariant homotopy. Here the right-hand vertical map ι is the canonical
inclusion of Sλd in Sλe followed by the canonical inclusion of Sλe = S0∧Sλe in (S0 ∗Cn)∧Sλe .
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(iii) If i = m(d + 1) and ne < i < n(e + 1), then d < e and the diagram

∆i−1/Ci ·∆i−m θd
//

pr

��

(S0 ∗ Cm) ∧ Sλd

ι

��

∆i−1/Ci ·∆i−n θe
// Sλe

commutes up to Ci-equivariant homotopy. Here the right-hand vertical map ι is the canonical
inclusion of (S0 ∗ Cm) ∧ Sλd in (S0 ∗ S(C(d + 1))) ∧ Sλd = Sλd+1 followed by the canonical
inclusion of Sλd+1 in Sλe .

(iv) If i = m(d + 1) = n(e + 1), then d < e and the diagram

∆i−1/Ci ·∆i−m θd
//

pr

��

(S0 ∗ Cm) ∧ Sλd

ι

��

∆i−1/Ci ·∆i−n θe
// (S0 ∗ Cn) ∧ Sλe

commutes up to Ci-equivariant homotopy. Here the right-hand vertical map ι is the canonical
inclusion of (S0 ∗ Cm) ∧ Sλd in (S0 ∗ S(C(d + 1))) ∧ Sλd = Sλd+1 followed by the canonical
inclusions of Sλd+1 in Sλe and of Sλe = S0 ∧ Sλe in (S0 ∗ Cn) ∧ Sλe .

Proof. We first consider the case (i). Let λe − λd ⊂ λe be the orthogonal complement of
λd ⊂ λe. Then there is a canonical Ci-equivariant homeomorphism

D(λe − λd)×D(λd)
∼−→ D(λe)

which restricts to a Ci-equivariant homeomorphism

D(λe − λd)× S(λd) ∪ S(λe − λd)×D(λd)
∼−→ S(λe).

We note that the composition

∆i−1/Ci ·∆i−m pr−→ ∆i−1/Ci ·∆i−n θe−→ D(λe)/S(λe)

of the left-hand vertical map and the lower horizontal map in the diagram of part (i) of the
statement factors through the map

D(λe − λd)×D(λd)

D(λe − λd)× S(λd)
→ D(λe)/S(λe)

induced by the canonical homeomorphism above. But the latter map is homotopic to the
composite map

D(λe − λd)×D(λd)

D(λe − λd)× S(λd)

pr2−−→ D(λd)/S(λd)
ι−→ D(λe)/S(λe)

by the Ci-equivariant homotopy induced from the radial contraction

h : D(λe − λd)× [0, 1]→ D(λe − λd)

defined by h(z, t) = tz. This homotopy, in turn, induces a Ci-equivariant homotopy from the
composite ι ◦ θd to the composite θe ◦ pr in the diagram in part (i) of the statement.

In the case (ii), we note similarly that the composition

∆i−1/Ci ·∆i−m pr−→ ∆i−1/Ci ·∆i−n θe−→ C(Cn)×D(λe)

C(Cn)× S(λe) ∪ Cn ×D(λe)
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of the left-hand vertical map and the lower horizontal map in the diagram in part (ii) of the
statement factors through the canonical projection

C(Cn)×D(λe)

C(Cn)× S(λe)
→ C(Cn)×D(λe)

C(Cn)× S(λe) ∪ Cn ×D(λe)

Again, the latter map is homotopic to the composition

C(Cn)×D(λe)

C(Cn)× S(λe)

pr2−−→ D(λe)/S(λe)
ι−→ C(Cn)×D(λe)

C(Cn)× S(λe) ∪ Cn ×D(λe)

by the Ci-equivariant homotopy induced from the radial contraction

h : C(Cn)× [0, 1]→ C(Cn)

defined by h(z, t) = tz. This homotopy induces the desired homotopy from the composite map
ι ◦ θd to the composite map θe ◦ pr in the diagram in part (ii) of the statement.

In the case (iii) of the statement, one proves as in the proof of part (i) of the statement that
the composite map pr ◦θe is homotopic to the composition

∆i−1/Ci ·∆i−m θd+1−−−→ D(λd+1)/S(λd+1)
ι−→ D(λe)/S(λe).

But the map θd+1 is homotopic to the composition

∆i−1/Ci ·∆i−m θd−→ C(Cm)×D(λd)

C(Cm)× S(λd) ∪ Cm ×D(λd)

ι−→ D(λd+1)/S(λd+1).

Indeed, this is a direct consequence of the construction of the map λd. This proves the case (iii)
of the statement. Finally, the proof of the case (iv) is analogous to the proof of the case (i).
This completes the proof.

Proposition 3.2. Let m > n > 1 be integers and f ′ : Πm → Πn the canonical projection.
Let i > 1 be an integer, and set d = [(i− 1)/m] and e = [(i− 1)/n]. Then there is a homotopy
commutative diagram of pointed T-spaces

T+ ∧Ci/m
Sλd

pr
//

∗

��

T+ ∧Ci Sλd
ε

//

id∧ι

��

N cy(Πm, i)
∂

//

f ′

∗

��

ΣT+ ∧Ci/m
Sλd

∗

��

T+ ∧Ci/n
Sλe

pr
// T+ ∧Ci Sλe

ε
// N cy(Πn, i)

∂
// ΣT+ ∧Ci/n

Sλe ,

where the rows are cofibration sequences, the map id∧ι is induced from the canonical inclusion
of λd in λe, and the map ∗ is the null-map. The domain (resp. target) of the map ∗ is understood
to be a point if m (resp. n) does not divide i.

Proof. As we recalled above, the statement that the rows in the diagram of the statement
are cofibration sequences of pointed T-spaces is equivalent to the statement that the maps
of T-spaces θ̂d are weak equivalences, and the latter statement is [6, Props. 3.2.6, 3.3.9]. The
statement that the diagram commutes follows immediately from Lemma 3.1 upon applying
the functor that to a pointed Ci-space X associates the pointed T-space T+ ∧Ci X with the
exception of the statement that the left-hand vertical map is null-homotopic. Only the case (iii)
needs proof. In this case, we have a homotopy commutative diagram of pointed Ci-spaces

Cm+ ∧ Sλd
pr2

//

��

Sλd // (S0 ∗ Cm) ∧ Sλd
∂

//

��

ΣCm+ ∧ Sλd

��

S(C(d + 1))+ ∧ Sλd // Sλd
ι

// Sλd+1
∂

// ΣS(C(d + 1))+ ∧ Sλd
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which shows that the composite map ι ◦ pr2 is null-homotopic. It follows that the composite
map of pointed T-spaces

T+ ∧Ci/m
Sλd

pr−→ T+ ∧Ci Sλd
id∧ι−−−→ T+ ∧Ci Sλd+1

is null-homotopic as desired.

Proof of Thm. 2.1. The proof that the horizontal sequences in the diagram in the statement
are exact is given in [7, Prop. 4.2.3]. A direct, and perhaps more detailed, proof that the
isomorphic sequences (2.2) and (2.4) are exact is given in [5, Prop. 11]. It is immediately clear
from either proof that Prop. 3.2 implies that the diagram in the statement commutes.

4. The map ι∗ : TRu
q−λa−1

(A; p)→ TRu
q−λa

(A; p)

The topological Hochschild T-spectrum T (A) gives rise to a generalized equivariant homology
theory on the category of pointed T-spaces defined by

T (A)Cr
q (X) = πCr

q (X ∧ T (A)) = [Sq ∧ (T/Cr)+, X ∧ T (A)]T,

and the map of the title is equal to the map of these homology groups induced by the canonical
inclusion ι : Sλa−1 → Sλa . We will evaluate this map in Prop. 4.2 below but, in preparation,
we first prove a general result about T-spectra. We define a T-spectrum to be an orthogonal T-
spectrum in the sense of [13]. The category of T-spectra is a model category and the associated
homotopy category, by definition, is the T-stable homotopy category. Moreover, the category
of T-spectra has a closed symmetric monoidal structure given by the smash product which
induces a closed symmetric monoidal structure on the T-stable homotopy category. We give
the T-stable homotopy category the triangulated structure defined in [9, §2].

Let T be a T-spectrum, and let Cr ⊂ T be the subgroup of order r. We define

πCr
q (T ) = [Sq ∧ (T/Cr)+, T ]T

to be the set of maps in the T-stable homotopy category between the indicated T-spectra. In
particular, TRr

q−λ(A) = πCr
q (Sλ ∧ T (A)). There are canonical isomorphisms

πq(T
Cr) = [Sq, T Cr ]

∼−→ [Sq ∧ (T/Cr)+, T Cr ]T/Cr

∼−→ [Sq ∧ (T/Cr)+, T ]T = πCr
q (T ),

where, in the middle term, T Cr denotes the Cr-fixed point T/Cr-spectrum, and where, on the
left-hand side, T Cr denotes the underlying non-equivariant spectrum of this T/Cr-spectrum.
We consider the cofibration sequence of pointed T-spaces

T+
π−→ S0 ι−→ SC(1) ∂−→ S1 ∧ T+ = ΣT+,

where π collapses T onto the non-base point of S0, and where ι is the canonical inclusion. We
identify the underlying pointed spaces of S2 and SC(1) by the isomorphism

ϕ : S2 → SC(1)

that takes the class of (a, b) in S2 = S1∧S1 to the class of a+b
√
−1 in SC(1). The composition

of ϕ and ∂ defines a map in the non-equivariant stable homotopy category

σ : S1 → T+.

The cofibration sequence above induces a cofibration sequence in the non-equivariant stable
homotopy category, and the latter sequence splits. We thus obtain a direct sum diagram in the
non-equivariant stable homotopy category

S1
σ

//
T+

π
//

κ
oo S0

i
oo
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where i is the section of π that takes the the non-base point in S0 to 1 ∈ T, and where the
map κ is the corresponding retraction of the map σ. We define the map

d : πCr
q (T )→ πCr

q+1(T ) (Connes’ operator)

to be composition

πq(T Cr)
`σ

// πq+1(T+ ∧ T Cr)
ρr∗

// πq+1((T/Cr)+ ∧ T Cr)
µ∗

// πq+1(T Cr),

where the left-hand map is left multiplication by σ, where the middle map is induced by the
isomorphism ρr : T→ T/Cr defined by the rth root, and where the right-hand map is induced
from the left action by T on the underlying non-equivariant spectrum of T . It anti-commutes
with the suspension isomorphism in the sense that the following diagram anti-commutes:

πCr
q (T )

d
//

susp

��

(−1)

πCr
q+1(T )

susp

��

πCr
q+1(ΣT )

d
// πCr

q+2(ΣT ).

Moreover, dd(x) = η · d(x) and FrdVr(x) = d(x) + (r − 1)η · x, where η ∈ π1(S
0) is the Hopf

class, and, if T is a ring T-spectrum, d is a derivation for the multiplication; see [4, §1]. If A
is an Fp-algebra, then multiplication by η is zero on πCr

∗ (T (A)). Hence, in this case, Connes’
operator is a differential and satisfies FrdVr = d.

Lemma 4.1. Let T be a T-spectrum, and let r and j be relative prime positive integers.
Then, for every integer q, there is a commutative diagram

πq−1(T )⊕ πq(T )
susp⊕ susp

//

i∗⊕i∗

��

πq(S
1 ∧ T )⊕ πq+1(S

1 ∧ T )

πq−1((T/Cj)+ ∧ T )⊕ πq((T/Cj)+ ∧ T )

dVr+Vr

��

πq((T/Cj)+ ∧ T )⊕ πq+1((T/Cj)+ ∧ T )

κ∗⊕κ∗

OO

πCr
q ((T/Cj)+ ∧ T ) πCr

q ((T/Cj)+ ∧ T ),

(Fr ,Frd)

OO

where the top horizontal map is the suspension isomorphism. Moreover, the compositions of
the left-hand vertical maps and the right-hand vertical maps are both isomorphisms.

Proof. The general formulas that we recalled before the statement show that
(

(κ∗ ⊕ κ∗) ◦ (Fr, Frd) ◦ (dVr + Vr) ◦ (i∗ ⊕ i∗)
)

(x, y) =
(

(κ∗ ◦ d ◦ i∗)(x), (κ∗ ◦ d ◦ i∗)(y)
)

,

and one verifies that κ∗ ◦ d ◦ i∗ is equal to the suspension isomorphism. This shows that the
diagram commutes. It was proved in [10, Prop. 3.4.1] that the composition of the left-hand
vertical maps is an isomorphism, provided that r = pv−1 is a power of a prime number p. The
proof in the general case is completely similar.

Suppose now that r is a divisor in a. Then the isomorphism

ϕ : S2 → SC(a)

is an isomorphism of pointed Cr-spaces. We define

ϕ̂ : S2 ∧ Sq ∧ (T/Cr)+ → SC(a) ∧ Sq ∧ (T/Cr)+
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be the isomorphism of pointed T-spaces that takes the class of (x, y, zCr) to the class of
(zϕ(x), y, zCr). It follows that, if r is a divisor in a, we have an isomorphism

ϕ! : TRr
q−λa−1

(A)→ TRr
q+2−λa

(A)

defined by the composition

TRr
q−λa−1

(A) = [Sq ∧ (T/Cr)+, Sλa−1 ∧ T (A)]T
susp−−−→ [SC(a) ∧ Sq ∧ (T/Cr)+, SC(a) ∧ Sλa−1 ∧ T (A)]T
ϕ̂∗

−−→ [S2 ∧ Sq ∧ (T/Cr)+, SC(a) ∧ Sλa−1 ∧ T (A)]T = TRr
q+2−λa

(A)

We write ϕ! for the inverse of ϕ!.

Proposition 4.2. Let A be a Z(p)-algebra, let a, u > 1 be integers, and let v = v(a, u) be
the minimum of u and vp(a) + 1. Then there are natural long-exact sequences

:

��

:

��

TRv
q−1−λa−1

(A; p)⊕ TRv
q−λa−1

(A; p)

dV u−v+V u−v

��

TRu
q+1−λa

(A; p)⊕ TRu
q−λa−1

(A; p)

pr2

��

TRu
q−λa−1

(A; p)

ι∗

��

TRu
q−λa−1

(A; p)

ι∗=0

��

TRu
q−λa

(A; p)

(ϕ!F
u−v ,−ϕ!F

u−vd)

��

TRu
q−λa

(A; p)

in1

��

TRv
q−2−λa−1

(A; p)⊕ TRv
q−1−λa−1

(A; p)

��

TRu
q−λa

(A; p)⊕ TRu
q−1−λa−1

(A; p)

��

: :

where the left-hand sequence is valid, for v < u, and where the right-hand sequence is valid,
for v = u.

Proof. We consider the cofibration sequence of pointed T-spaces

S(C(a))+
π−→ S0 ι−→ SC(a) δ−→ S1 ∧ S(C(a))+

and the induced cofibration sequence in the T-stable category

S(C(a))+ ∧ T
π′

−→ T
ι′−→ SC(a) ∧ T

δ′

−→ S1 ∧ S(C(a))+ ∧ T

where T = Sλa−1 ∧ T (A). We also abbreviate r = pu−1. The associated exact sequence of
equivariant homotopy groups takes the form

πCr
q (S(C(a))+ ∧ T )

π′

∗−→ πCr
q (T )

ι′
∗−→ πCr

q (SC(a) ∧ T )
∂−→ πCr

q−1(S(C(a))+ ∧ T ),

where ∂ is the composition of ∂ ′
∗ and the inverse of the suspension isomorphism. We identify this

sequence with the long-exact sequences of the statement. The terms πCr
q (T ) and πCr

q (SC(a)∧T )
are equal to TRu

q−λa−1
(A; p) and TRu

q−λa
(A; p), respectively, and the map ι′∗ is equal to the

map ι∗. It remains to identify the remaining term and the two maps π′
∗ and ∂∗.



18 LARS HESSELHOLT

Suppose first that u = v such that C(a) is Cr-trivial. Then the map i : S0 → S(C(a))+ that
takes the non-base point in S0 to 1 ∈ S(C(a)) is Cr-equivariant and defines a section of the
map π′

∗ in the exact sequence of equivariant homotopy groups above. This completes the proof
in the case u = v.

We next assume that v < u and consider first the case v = 1 such that a and r are relatively
prime. The map i : S0 → S(C(a))+ is a non-equivariant section of the projection π. The
following diagram commutes

πCr
q (S(C(a))+ ∧ T )

π′

∗
// πCr

q (T )

πq−1(S(C(a))+ ∧ T )⊕ πq(S(C(a))+ ∧ T )

dVr+Vr

OO

π′

∗
⊕π′

∗
// πq−1(T )⊕ πq(T )

dVr+Vr

OO

πq−1(T )⊕ πq(T )

i′
∗
⊕i′

∗

OO

and the composite map (π′
∗ ⊕ π′

∗) ◦ (i∗ ⊕ i∗) is the identity. Since S(C(a))+ is isomorphic to
(T/Ca)+ as a pointed T-space, Lemma 4.1 shows that the composition of the left-hand vertical
maps is an isomorphism. We use this isomorphism to identify the left-hand term of the exact
sequence of equivariant homotopy groups above. The composition of this isomorphism and the
map π′

∗ is equal to the map

dVr + Vr : TR1
q−1−λa−1

(A; p)⊕ TR1
q−λa−1

(A; p)→ TRu
q−λa−1

(A; p)

as stated. Similarly, the following diagram commutes

πCr
q (SC(a) ∧ T )

∂∗
//

(Fr ,−Frd)

��

πCr
q−1(S(C(a))+ ∧ T )

(Fr,Frd)

��

πq(S
C(a) ∧ T )⊕ πq+1(S

C(a) ∧ T )
∂∗⊕∂∗

// πq−1(S(C(a))+ ∧ T )⊕ πq(S(C(a))+ ∧ T ).

susp−1 ◦κ′

∗
⊕susp−1 ◦κ′

∗

��

πq−2(T )⊕ πq−1(T )

and the composition of the lower horizontal map and the lower right-hand vertical map is equal
to the map ϕ! ⊕ ϕ!. Finally, Lemma 4.1 shows that the composition of the right-hand vertical
maps is equal to the inverse of the map dVri∗ ⊕ Vri∗. This completes the proof in the case
where 1 = v < u.

Finally, we suppose that 1 < v < u and abbreviate r = pu−1, t = pv−1, and s = pu−v. We
recall that the root isomorphism ρt : T → T/Ct induces an equivalence of categories ρ∗

t from
the T/Ct-stable category to the T-stable category. There is a commutative diagram

πCr
q (S(C(a))+ ∧ T )

π′

∗
// πCr

q (T )
ι′
∗

// πCr
q (SC(a) ∧ T )

∂
// πCr

q−1(S(C(a))+ ∧ T )

πCs
q (S(C(j))+ ∧ T ′)

π′

∗
//

OO

πCs
q (T ′)

ι′
∗

//

OO

πCs
q (SC(j) ∧ T ′)

∂
//

OO

πCr
q−1(S(C(j))+ ∧ T ′),

OO

where T = Sλa−1 ∧ T (A) and T ′ = ρ∗t (T
Ct), and where j = a/t. The vertical maps are

the composition of the isomorphism ρ∗
t : π

Cr/Ct
q (XCt) → πCs

q (ρ∗t (X
Ct)) and the canonical

isomorphism of πCr
q (X) and π

Cr/Ct
q (XCt). The case of the lower sequence was treated above.

This completes the proof.
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Remark 4.3. Let A be a regular noetherian ring that is also an Fp-algebra. There is a
statement similar to Lemma 4.2 above for the p-typical de Rham-Witt complex of A. Suppose
that v < u. Then there is a long-exact sequence sequence

· · · β
// WvΩq−1

A ⊕WvΩq
A

α
// WuΩq

A

pu−v

// WuΩq
A

β
// WvΩ

q
A ⊕WvΩq+1

A

α
// · · · ,

where α = dV u−v +V u−v and β = (F u−v ,−F u−vd). This sequence is a more precise version of
the statement [12, III (3.3.3.3)]. We outline the steps in the proof. First, the basic case A = Fp

is clear. Next, one uses [10, Thm. B] to show that the exactness of the sequence for A implies
the exactness of the sequence for A[x]. Third, one uses [10, Prop. 6.2.3] or [11, Prop. I.1.14] to
conclude that the sequence is exact whenever A is a smooth Fp-algebra. Finally, one uses the
theorem of Popescu [14] that every regular noetherian Fp-algebra is a filtered colimit of smooth
Fp-algebras and the fact that, being an initial object, the de Rham-Witt complex commutes
with colimits.

5. Proof of Thm. A

In this section we evaluate the maps ιp(m, n, j)q that appear in the statement of Thm. 2.5.
This proves Thm. 1.5 and hence the equivalent Thm. A. We first recall the following result
which was proved in [7, Prop. 9.1].

Proposition 5.1. Let a and u be positive integers. Then for every non-negative integer i,
there exists an isomorphism

σp(a, u, i) : Wr(Fp)
∼−→ TRu

2i−λa
(Fp; p),

where the length r = rp(a, u, i) is given by

rp(a, u, i) =











u, if a 6 i,

u− s, if [a/ps] 6 i < [a/ps−1] and 1 6 s < u,

0, if i < [a/pu−1].

The group TRu
q−λa

(Fp; p) is zero, if q is a negative or odd integer. In addition, the isomorphisms
σp(a, u, i) may be chosen in such a way that the square diagrams

Wr(Fp)
σp(a,u,i)

//

F

��

TRu
2i−λa

(Fp; p)

F

��

Wr−1(Fp)
σp(a,u−1,i)

//

V

OO

TRu−1
2i−λa

(Fp; p),

V

OO

where r = rp(a, u, i), commute.

We recall the integer functions sp(m, i, j) and dp(m, u, j) defined in (1.1) and (2.3).

Corollary 5.2. Let m, u, u′ > 1 and i > 0 be integers, let j > 1 be an integer that is not
divisible by p, and let d = dp(m, u, j) and d′ = dp(m, u′, j). Then the canonical projection

pru′ : lim
R

TRu
2i−λd

(Fp; p)→ TRu′

2i−λd′
(Fp; p)

is an isomorphism, if pu′

j > m(i + 1), and the common group is a cyclic W (Fp)-module of
length sp(m, i, j). The group limR TRu

q−λd
(Fp; p) is zero, if q is a negative or odd integer.
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Proof. We proved in Lemma 2.6 that the map of the statement is an isomorphism, provided
that i < dp(m, u′ + 1, j) = [(pu′

j − 1)/m]. This constraint on the integer u′ is equivalent to
the inequality i + 1 6 [(pu′

j − 1)/m], which is equivalent to i + 1 6 (pu′

j − 1)/m, which,
in turn, is equivalent to the stated inequality m(i + 1) < pu′

j. Finally, a similar calculation
based on Prop. 5.1 shows that the length of the W (Fp)-module limR TRu

2i−λd
(Fp; p) is equal

to sp(m, i, j) as stated.

Lemma 5.3. Let m > n > 1, u > 1, and i > 0 be integers. Let 1 6 j 6 m(i + 1) be an
integer that is not divisible by p, and let d = dp(m, u, j) and e = dp(n, u, j). Then the map

ιp(m, n, j, u)2i : TRu
2i−λd

(Fp; p)→ TRu
2i−λe

(Fp; p)

takes a generator of the domain to the product of a generator of the target and an element
α′ = α′

p(m, n, i, j, u) of W (Fp) with p-adic valuation

vp(α
′) =

∑

d<a6e

lengthW (Fp) TR
v(u,a)
2i−λa

(Fp; p),

where v(u, a) = min{u, vp(a) + 1}.

Proof. The canonical inclusion ιp(m, n, j, u) : λd → λe is equal to the composition of the
canonical inclusions ι : λa−1 → λa for d < a 6 e. Since the groups TRv

q−λa
(Fp; p) are zero, for

q odd, Prop. 4.2 above identifies the cokernel of the map

ι∗ : TRu
2i−λa−1

(Fp; p)→ TRu
2i−λa

(Fp; p)

with the W (Fp)-module TR
v(u,a)
2i−λa

(Fp; p). Equivalently, ι∗ takes a generator of the domain to
the product of a generator of the target and an element α′

a ∈W (Fp) of p-adic valuation

vp(α
′
a) = lengthW (Fp) TR

v(u,a)
2i−λa

(Fp; p).

The lemma follows.

We proceed to manipulate the sum that appears in Lemma 5.3. To this end, we fix the
positive integer u, and consider the bi-graded Fp-vector space E(u) defined by the associated
graded for the p-adic filtration of the W (Fp)-modules that appear in Lemma 5.3,

E(u)i,a =
⊕

r>0

grr
p TR

v(u,a)
2i−λa

(Fp; p).

The following results identifies the structure of this bi-graded Fp-vector space.

Lemma 5.4. The bi-graded Fp-vector space E(u) is isomorphic to the bi-graded Fp-vector
space defined by the sum of symmetric algebras

A(u) =
⊕

16r6u

SFp{xr, σr},

where deg xr = (pr−1, 1) and deg σr = (0, 1).

Proof. The statement is equivalent to the equality

dimFp A(u)a,i = lengthW (Fp) TR
v(u,a)
2i−λa

(Fp; p),

which we verify by direct calculation. If a 6 i, then A(u)a,i has basis

xa
1σi−a

1 , x
a/p
2 σ

i−a/p
2 , . . . , x

a/pv(u,a)−1

v(u,a) σ
i−a/pv(u,a)−1

v(u,a)
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so dimFp A(u)a,i = v(u, a) as required. Similarly, if a/ps 6 i < a/ps−1 with 1 6 s < v(u, a),
then A(u)a,i has basis

x
a/ps

s+1 σ
i−a/ps

s+1 , x
a/ps+1

s+2 σ
i−a/ps+1

s+2 , . . . , x
a/pv(u,a)−1

v(u,a) σ
i−a/pv(u,a)−1

v(u,a)

which shows that dimFp A(u)a,i = v(u, a) − s as desired. Finally, if i < a/pv(u,a)−1, then
A(u)a,i = 0. This completes the proof.

Proposition 5.5. Let m > n > 1 and i > 0 be integers, and let 1 6 j 6 m(i + 1) be an
integer that is not divisible by p. Then the map

ιp(m, n, j)2i : lim
R

TRu
2i−λd

(Fp; p)→ lim
R

TRu
2i−λe

(Fp; p),

where d = dp(m, u, j) and e = dp(n, u, j), takes a generator of the domain to the product of a
generator of the target and an element α = αp(m, n, i, j) of W (Fp) with p-adic valuation

vp(α) =
∑

06h<i

(

sp(m, h, j)− sp(n, h, j)
)

.

Proof. By Cor. 5.2 above, we may instead consider the map

ιp(m, n, j, u)2i : TRu
2i−λd

(Fp; p)→ TRu
2i−λe

(Fp; p),

for a fixed positive integer u with puj > m(i + 1). We showed in Lemma 5.3 above that this
map takes a generator of the domain to the product of a generator of the target and an element
α′ = α′

p(m, n, i, j, u) of W (Fp) whose p-adic valuation is given by the sum

vp(α
′) =

∑

d<a6e

lengthW (Fp) TR
v(u,a)
2i−λa

(Fp; p)

where v(u, a) = min{u, vp(a) + 1}. We show that this sum is equal to the sum vp(α) of the
statement. It follows from Lemma 5.4 that

vp(α
′) = dimFp

(

⊕

d<a6e

A(u)a,i

)

.

The Fp-vector space on the right-hand side has a basis given by the elements xk
rσl

r, where
1 6 r 6 u, and where k and l are non-negative integers such that k + l = i and d < pr−1k 6 e.
Therefore, we have

vp(α
′) =

∑

16r6u

card{0 6 k 6 i | d < pr−1k 6 e} =
∑

16r6u

card{1 6 k 6 i | d < pr−1k 6 e}

=
∑

16k6i

card{1 6 r 6 u | d < pr−1k 6 e} =
∑

06h<i

card{1 6 r 6 u | d < pr−1(h + 1) 6 e}

=
∑

06h<i

(

card{1 6 r 6 u | d < pr−1(h + 1)} − card{1 6 r 6 u | e < pr−1(h + 1)}
)

,

where, we recall, d = dp(m, u, j) and e = dp(n, u, j). The inequality d < pr−1(h+1) is equivalent
to the inequality (pu−1j − 1)/m < pr−1(h + 1) which, in turn, is equivalent to the inequality

pu−rj < m(h + 1).

Suppose that s = sp(m, h, j) satisfies 1 6 s 6 u. Then ps−1j 6 m(h + 1) < psj. Therefore, the
inequality pu−1j < m(h + 1) is equivalent to the inequality u− r 6 s− 1. Hence,

card{1 6 r 6 u | d < pr−1(h + 1)} = card{u− (s− 1) 6 r 6 u} = s = sp(m, h, j).

Finally, if m(h + 1) < j, we also find that

card{1 6 r 6 u | d < pr−1(h + 1)} = 0 = sp(m, h, j).
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The proof that card{1 6 r 6 u | e < pr−1(h + 1)} = sp(n, h, j) is similar.

Proof of Thm. A. We prove the equivalent Thm. 1.5. Suppose that A = Fp. We first identify
the sequences (2.2) and (1.2) and the sequences (2.4) and (1.3). Let m > 1 and i > 0 be integers,
and let j > 1 be an integer not divisible by p. We know from Cor. 5.2 that, if u′ > 1 is an
integer such that pu′

j > m(i + 1), then the canonical projection

pru′ : lim
R

TRu
2i−λd

(Fp; p)→ TRu′

2i−λd′
(Fp; p),

where d = dp(m, u, j) and d′ = dp(m, u′, j), is an isomorphism. Hence, the composition of
the isomorphism σp(d

′, u′, i) of Prop. 5.1 and the inverse of the isomorphism pru′ defines an
isomorphism

τp(m, i, j, u′) : Ws(Fp)
∼−→ lim

R
TRu

2i−λd
(Fp; p),

where s = sp(m, i, j). Then, if pu′

> m(i + 1), we define

τp(m, i, u′) :
⊕

j∈Ip

Ws(Fp)→
∏

j∈Ip

lim
R

TRu
2i−λd

(Fp; p)

to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the map τp(m, i, j, u′). Similarly, we define

τ ′
p(m, i, u′) :

⊕

j∈m′Ip

Ws−v(Fp)→
∏

j∈m′Ip

lim
R

TRu−v
2i−λd

(Fp; p),

where m = pvm′ with m′ not divisible by p, where s = sp(m, i, j), and where d = dp(m, u, j),
to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on
the right-hand side by the isomorphism given by the composition of σp(d

′, u′ − v, i) and the
inverse of the isomorphism

pru′ : lim
R

TRu−v
2i−λd

(Fp; p)→ TRu′−v
2i−λd′

(Fp; p).

Then, for every u′ such that pu′

> m(i + 1), the diagram

⊕

j∈m′Ip

Ws−v(Fp)
m′V v

//

τ ′

p(m,i,u′)

��

⊕

j∈Ip

Ws(Fp)

τp(m,i,u′)

��
∏

j∈m′Ip

lim
R

TRu−v
2i−λd

(Fp; p)
m′V v

//

∏

j∈Ip

lim
R

TRu
2i−λd

(Fp; p)

commutes. This identifies the sequences (2.2) and (1.2). However, we do not know that the
family of isomorphisms σp(a, u, i) in Prop. 5.1 can be chosen with the additional property that,
if both pu′

> m(i + 1) and pu′′

> m(i + 1), the isomorphisms τp(m, i, u′) and τp(m, i, u′′) are
equal. Therefore, we choose u′ = u′(m, i) to be the unique integer that satisfies

pu′−1
6 m(i + 1) < pu′

and use the isomorphisms τp(m, i, u′) and τ ′
p(m, i, u′) to identify (2.2) and (1.2). We use the

same u′ = u′(m, i) and the isomorphisms τp(n, i, u′) and τ ′
p(n, i, u′) to identify the sequences (2.4)

and (1.3). In particular, the sequences (1.2) and (1.3) are exact as proved in [6, Thm. 4.2.10].
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Finally, Prop. 5.5 shows that there is a commutative diagram

Ws(Fp)
Rs−t

//

τp(m,i,j,u′)

��

Wt(Fp)
mα

// Wt(Fp)

τp(n,i,j,u′)

��

limR TRu
2i−λd

(Fp; p)
ιp(m,n,i,j)

// limR TRu
2i−λe

(Fp; p),

where the map mα is given by multiplication by an element α = αp(m, n, i, j) ∈ W (Fp) with
p-adic valution

vp(α) =
∑

06h<i

(

sp(m, h, j)− sp(n, h, j)
)

.

This completes the proof of Thm. 1.5 for A = Fp.
Suppose next that A is any regular noetherian ring that is also an Fp-algebra. The groups

limR TRu
q−λd

(A; p) were evaluated in [8, Thm. 2.2.2], but see also [5, Thm. 16]. By the universal
property of the de Rham-Witt complex, there is a canonical map of graded rings

ξu : WuΩ∗
A → TRu

∗ (A; p)

that commutes with R, F , V , and d. Let m > 1 and i > 0 be integers, and let u′ = u′(m, i).
Let j be an integer not divisible by p, and let s = sp(m, i, j). We consider the map

ω̃p(m, q, i, j, u′) : lim
R

WuΩq−2i
A ⊗W (Fp) Ws(Fp)→ lim

R
TRu

q−λd
(A; p)

defined by the composition

lim
R

WuΩq−2i
A ⊗W (Fp) Ws(Fp)→ lim

R
TRu

q−2i(A; p)⊗W (Fp) lim
R

TRu
2i−λd

(Fp; p)

→ lim
R

TRu
q−2i(A; p)⊗W (Fp) lim

R
TRu

2i−λd
(A; p)→ lim

R
TRu

q−λd
(A; p),

where the first map is induced by the maps ξu⊗τp(m, i, j, u′), where the second map is induced
from the unit map η : Fp → A, and where the last map is induced by the T (A)-module spectrum
structure on Sλd ∧ T (A). It follows from [5, Thm. 16] that the maps ω̃p(m, q, i, j, u′) factor
through the canonical projections

prs⊗ id : lim
R

WuΩq−2i
A ⊗W (Fp) Ws(Fp)→WsΩ

q−2i
A

and that the induced maps ωp(m, q, i, j, u′) define an isomorphism

ωp(m, q, j) =
⊕

ωp(m, q, i, j, u′) :
⊕

i>0

WsΩ
q−2i
A

∼−→ lim
R

TRu
q−λd

(A; p),

where u′ = u′(m, i) and s = sp(m, i, j). We define

ωp(m, q) :
⊕

i>0

⊕

j∈Ip

WsΩ
q−2i
A →

∏

j∈Ip

lim
R

TRu
q−λd

(A; p)

to be the isomorphism that takes the j summand on the left-hand side to the jth factor on the
right-hand side by the isomorphism ωp(m, q, j). We define the isomorphism

ω′
p(m, q) :

⊕

i>0

⊕

j∈m′Ip

Ws−vΩq−2i
A →

∏

j∈m′Ip

lim
R

TRu−v
q−λd

(A; p)



24 LARS HESSELHOLT

in a completely similar manner substituting the isomorphisms τ ′
p(m, i, j, u′) for the isomor-

phisms τp(m, i, j, u′) in the definition of ωp(m, q). Then the diagram

⊕

i>0

⊕

j∈m′Ip

Ws−vΩq−2i
A

m′V v
//

ω′

p(m,q)

��

⊕

i>0

⊕

j∈Ip

WsΩ
q−2i
A

ωp(m,q)

��
∏

j∈m′Ip

lim
R

TRu−v
q−λd

(A; p)
m′V v

//

∏

j∈Ip

lim
R

TRu
q−λd

(A; p)

commutes. Hence, the isomorphisms ωp(m, q) and ω′
p(m, q) identify the sequences (2.2) and (1.2).

In particular, the sequence (1.2) is exact. Similarly, the isomorphisms ωp(n, q) and ω′
p(n, q)

identify the sequences (2.4) and (1.3). Finally, we have a commutative diagram

WsΩ
q−2i
A

Rs−t
//

ωp(m,q,i,j,u′)

��

WtΩ
q−2i
A

mα
// WtΩ

q−2i
A

ωp(n,q,i,j,u′)

��

limR TRu
q−λd

(A; p)
ιp(m,n,i,j)

// limR TRu
q−λe

(A; p),

where the top horizontal map mα is multiplication by the same element α = αp(m, n, i, j) of
W (Fp) as in the basic case A = Fp. This completes the proof of Thm. 1.5.

6. The divisor div(αp(m, n, i))

In this section we examine the divisor div(αp(m, n, i)) which appears in the statement of
Thm. A and prove the precise Thm. 6.3 below. We then use this result to derive Thm. B of the
introduction and Thm. 6.5 below. We recall the integer function sp(m, i, j) defined in (1.1).

Lemma 6.1. Suppose that the integer t = sp(n, i, j) satisfies

m− n

mn
· p

t − 1

p− 1
· j > 2t.

Then vp(αp(m, n, i, j)) > sp(n, i, j).

Proof. We recall that

vp(αp(m, n, i, j)) =
∑

06h<i

(

sp(m, h, j)− sp(n, h, j)
)

.

In this sum, every summand is non-negative, and the summand indexed by h is positive if and
only if there exists an integer r > 1 with

n(h + 1) < pr−1j 6 m(h + 1).

We estimate the number of indices 0 6 h < i that satisfy this inequality, for some r > 1. For
a given r > 1, the number of integers h that satisfy the inequality

n(h + 1) < pr−1j 6 m(h + 1)

is at least

(m− n)pr−1j

mn
− 1.
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If t = sp(n, i, j) = 0, then the statement of the lemma is trivially true. So assume that t > 0.
Then t is the unique integer that satisfies pt−1j 6 n(i + 1) < ptj. Now, if 1 6 r 6 t, then

n(h + 1) < pr−1j 6 pt−1j 6 n(i + 1),

implies that h < i. Therefore, we find

vp(αp(m, n, i, j)) >
∑

16r6t

( (m− n)pr−1j

mn
− 1

)

=
m− n

mn
· p

t − 1

p− 1
· j − t.

Hence, if the latter integer is greater than or equal to t, or equivalently, if

m− n

mn
· p

t − 1

p− 1
· j > 2t,

then vp(αp(m, n, i, j)) > sp(n, i, j).

Lemma 6.2. Suppose that i > n/(m− n) and vp(αp(m, n, i− 1, j)) > sp(n, i− 1, j). Then
also vp(αp(m, n, i, j)) > sp(n, i, j).

Proof. The assumption that i > n/(m − n) implies that mi > n(i + 1) which, in turn,
implies that sp(m, i− 1, j) > sp(n, i, j). Suppose vp(αp(m, n, i− 1, j)) > sp(n, i− 1, j). Then

vp(αp(m, n, i, j)) = vp(αp(s, n, i− 1, j)) + sp(m, i− 1, j)− sp(n, i− 1, j) > sp(m, i− 1, j).

The statement follows.

Theorem 6.3. The divisor div(αp(m, n, i)) satisfies the following:
(i) For every pair of integers m > n > 1 and for every prime number p, there exists an

integer i0 = i0(m, n, p) such that, for all integers i > i0,

div(αp(m, n, i)) > div(Wn(i+1)(Fp)).

(ii) For every pair of integers m > n > 1, the integer i0(m, n, p) tends to infinity as the prime
number p tends to infinity.

(iii) For every integer n > 1 and every prime number p, there exists an integer m0 = m0(n, p)
such that, for all m > m0(n, p) and for all integers i > 0,

div(αp(m, n, i)) > div(Wn(i+1)(Fp)).

Proof. We first prove the statement (i), which, by Lemma 1.4 is equivalent to the statement
that there exists an integer i0 = i0(m, n, p) such that, for all positive integers j not divisible
by p, vp(αp(m, n, i, j)) > sp(n, i, j). Suppose first that j > 2mn/(m− n). Then

m− n

mn
· p

t − 1

p− 1
· j > 2 · p

t − 1

p− 1

and, for every prime number p and every integer t > 0, the right-hand side is greater than
or equal to 2t. Therefore, Lemma 6.1 shows that vp(αp(m, n, i, j)) > sp(n, i, j), for all i > 0.
Suppose next that 1 6 j < 2mn/(m− n). Then the inequality of the statement of Lemma 6.1
is satisfied, if t is large enough. Since t = sp(n, i, j) tends to infinity as i tends to infinity, it
follows that there exists an integer i0(m, n, p, j) such that vp(αp(m, n, i, j)) > sp(n, i, j), for all
i > i0(m, n, p, j). This proves that part (i) of the statement holds with i0(m, n, p) equal to the
maximum of the integers i0(m, n, p, j), where 1 6 j < 2mn/(m− n).

We next prove (ii). Suppose that p > m(i+1). Then, for every integer 0 6 h 6 i, and for every
integer 1 6 j 6 n not divisible by p, sp(m, i, j) = sp(n, i, j) = 1, and hence, vp(αp(m, n, i, j)) <
sp(n, i, j). Therefore, if p > m(i+1), then i0(m, n, p) > i. It follows that i0(m, n, p) > [(p−1)/m]
which tends to infinity as p tends to infinity.
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Finally, we prove (iii). For fixed i and j, the integer sp(m, i, j) tends to infinity as m tends
to infinity. Hence, there exists m0 = m0(n, p, i, j) such that vp(αp(m, n, i, j)) > sp(n, i, j),
for m > m0(n, p, i, j). Assume that m0(n, p, i, j) is chosen minimal with this property. Then
an induction argument based on Lemma 6.2 shows that m0(n, p, i, j) 6 m0(n, p, i − 1, j), if
i > n/(m− n). Moreover, if j > n(i + 1), then sp(n, i, j) = 0, and therefore, m0(n, p, i, j) = n.
This shows that (iii) holds with m0(n, p) equal to the maximum of the finitely many integers
m0(n, p, i, j), where 0 6 i 6 n/(m− n) and 1 6 j 6 n(i + 1).

Lemma 6.4. Let A be an Fp-algebra and suppose that A is generated by N elements as an
algebra over the subring Ap of pth powers. Then, for every subset S ⊂ N stable under division,
the big de Rham-Witt group WSΩq

A is zero, if q > N + 1.

Proof. It suffices to show that, for all u > 1, the p-typical de Rham-Witt group WuΩq
A

is zero, if q > N + 1; compare Sect. 1 above. We first show that Ωq
A is zero, if q > N .

By assumption, there exists a surjective ring homomorphism f : Ap[x1, . . . , xN ] → A from a
polynomial algebra in finitely many variables over Ap. The induces map

f∗ : Ωq
Ap[x1,...,xN ] → Ωq

A

is again surjective. Moreover, every element of of the domain is a sum of elements of the form

ω = ηdxi1 . . . dxis

where 0 6 s 6 N , where 1 6 i1 < · · · < is 6 N , and where η ∈ Ωq−s
Ap . Now, we claim that

f∗(η) = 0 unless s = q. Indeed, the element η ∈ Ωq−s
Ap can be written as a sum of elements of

the form b0db1 . . . dbq−s, where b0, . . . , bq−s ∈ Ap, and

f∗(b0db1 . . . dbq−s) = f(b0)df(b1) . . . df(bq−s).

But f(bi) = ap
i , for some ai ∈ A, and hence, df(bi) = d(ap

i ) = pap−1
i dai = 0. It follows that the

image of f∗ is zero, if q > N . This shows that Ωq
A is zero, if q > N , as stated.

Finally, we show by induction on u > 1 that WuΩq
A is zero, if q > N + 1. The case u = 1

holds, since the canonical map Ωq
A → W1Ω

q
A is an isomorphism. Finally, the induction step

follows from the exact sequence

Ωq
A ⊕ Ωq−1

A

V u−1+dV u−1

// WuΩq
A

R
// Wu−1Ω

q
A

// 0

which is proved in [9, Prop. 3.2.6].

Proof of Thm. B. Since m > n+1, we can choose n < k < m and write f as the composition
of the canonical projections g : A[x]/(xm) → A[x]/(xk) and h : A[x]/(xk) → A[x]/(xn). We
consider the following maps of long-exact sequences from Thm. A.

· · · //
⊕

i>0Wm(i+1)Ω
q−2i
A

ε
//

g′

∗

��

Kq+1(A[x]/(xm), (x))
∂

//

g∗

��

⊕

i>0Wi+1Ω
q−1−2i
A

//

0

��

· · ·

· · · //
⊕

i>0Wk(i+1)Ω
q−2i
A

ε
//

h′

∗

��

Kq+1(A[x]/(xk), (x))
∂

//

h∗

��

⊕

i>0Wi+1Ω
q−1−2i
A

//

0

��

· · ·

· · · //
⊕

i>0Wn(i+1)Ω
q−2i
A

ε
// Kq+1(A[x]/(xn), (x))

∂
//
⊕

i>0Wi+1Ω
q−1−2i
A

// · · ·

It follows from Lemma 6.4 and Thm. 6.3(i) that there exists an integer q0 such that both the
maps g′∗ and h′

∗ are zero, for q > q0. Finally, a diagram chase based on the diagram above
shows that the composite map f∗ = h∗ ◦ g∗ is zero, for q > q0.
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Suppose that A is a regular noetherian ring and an Fp-algebra. We let

εi : Wn(i+1)Ω
q−2i
A → Kq+1(A[x]/(xn), (x))

be the ith summand of the map ε in the long-exact sequence

· · · //
⊕

i>0Wi+1Ω
q−2i
A

Vn
//
⊕

i>0Wn(i+1)Ω
q−2i
A

ε
// Kq+1(A[x]/(xn), (x)) // · · · .

We show that the image of the map ε0 has the following interpretation.

Theorem 6.5. Let A be a regular noetherian ring that is also an Fp-algebra, and let n be
a positive integer. Then

⋂

m>n

im
(

f∗ : Kq(A[x]/(xm), (x))→ Kq(A[x]/(xn), (x))
)

= im
(

ε0 : WnΩq−1
A → Kq(A[x]/(xn), (x))

)

Proof. Let g : A[x]/(xm) → A[x]/(xk) and h : A[x]/(xk) → A[x]/(xn) be the canonical
projections, with m > k > n. A diagram based on the diagram from the proof of Thm. B
above shows that, for every integer q > 0, we have inclusions

im
(
⊕

i>0Wm(i+1)Ω
q−2i
A

h′

∗
g′

∗−−−→⊕

i>0Wn(i+1)Ω
q−2i
A

ε−→ Kq+1(A[x]/(xn), (x))
)

⊂ im
(

Kq+1(A[x]/(xm), (x))
f∗−→ Kq+1(A[x]/(xn), (x))

)

⊂ im
(
⊕

i>0Wk(i+1)Ω
q−2i
A

h′

∗−→⊕

i>0Wn(i+1)Ω
q−2i
A

ε−→ Kq+1(A[x]/(xn), (x))
)

The maps h′
∗g

′
∗ and h′

∗ map the summand indexed by i = 0 to the summand indexed by i = 0
by the appropriate restriction map, which is surjective. Thm. 6.3 shows that, on summands
indexed by i > 1, the maps h′

∗g
′
∗ and h′

∗ are zero, if m is sufficiently large. The statement
follows.

Remark 6.6. Let k be a perfect field of positive characteristic p, and let n be a positive
integer. It follows from Thms. A and 6.3 that, for m� n, the composite map

Wn(i+1)(k)
ε−→ K2i+1(k[x]/(xn), (x))

δ−→ K2i(k[x]/(xm), (xn))

induces an isomorphism

∆′
n : Wn(i+1)(k)/VnWi+1(k)

∼−→ K2i(k[x]/(xm), (xn)).

We expect that, for i = 1, the map ∆′
n is equal to the map ∆n of Stienstra [16, Cor. 3.6].

Remark 6.7. One generally expects that, for every scheme X , there exists an Atiyah-
Hirzebruch type spectral sequence

E2
s,t = Ht−s(X ;Z(t))⇒ Ks+t(X)

from the motivic cohomology of X to the algebraic K-theory of X . Such a sequence has been
constructed in the case where X is a smooth scheme over a field [17]. However, in general,
there presently does not exist a definition of motivic cohomology that could serve as the
E2-term of a spectral sequence of this form. However, see [2, 15]. The long-exact sequence
relating K(A[x]/(xn), (x)) and the big de Rham-Witt groups and Thm. 6.5 suggests that, for
X = Spec(A[x]/(xn)), where A is a regular noetherian Fp-algebra, the spectral sequence takes
the form

E1
s,t =WsΩ

t−(s−1)
A ⊕W(s+1)nΩt−s

A ⇒ Ks+t(A[x]/(xn), (x))



K-THEORY OF TRUNCATED POLYNOMIAL ALGEBRAS 28

with the d1-differential induced by the Verschiebung operator

Vn : WsΩ
t−(s−1)
A →WsnΩ

t−(s−1)
A

and with all higher differentials zero. The E2-term is of this hypothetical spectral sequence
then is our candidate for the value of the motivic cohomology groups of A[x]/(xn) relative to
the ideal (x). We note that this value of the motivic cohomology groups is in agreement with
the Beilinson-Soulé vanishing conjecture that Hq(A[x]/(xn), (x);Z(t)) is zero, for q 6 0.

Acknowledgements. This paper was written in part during a visit to the National University
of Singapore. The author would like to thank the university and Jon Berrick in particular for
their hospitality and support.

References

1. H. Bass, Algebraic K-theory, W. A. Benjamin, Inc., New York-Amsterdam, 1968.
2. S. Bloch and H. Esnault, The additive dilogarithm, Documenta Math., Extra Volume: Kazuya Kato’s

Fiftieth Birthday (2003), 131–155.
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