Real algebraic K-theory

Lars Hesselholt - Ib Madsen

Introduction

This account of our work on real algebraic K-theory is in a preliminary form, but
we have chosen to make the manuscript available, since the definitions and results
herein have already been used. At present, the manuscript contains a complete proof
of Theorem A, while our proofs of Theorems B and C only exist as hand-written
documents.

The central construction in the work presented here is a variant of the definition
of algebraic K-theory given in Waldhausen’s seminal paper [25]. To briefly recall
Waldhausen’s construction, let A be the simplicial index category, and let

A— 4 Cat

be the fully faithful functor that to a non-empty finite ordinal [r] assigns the category
i([n]) with object set [n] and with a unique morphism from i to j if and only if i < j.
Now, to every exact category with weak equivalences %, Waldhausen’s construction
associates a simplicial exact category with weak equivalences S'"'%’[—] defined as
follows. Writing [—, —] to for the category with objects the functors and morphisms
the natural transformations, the category S'!%’[n] is the full subcategory

S n) < [[i([1]). i([n))), 7]

whose objects are the functors A: [i([1]),i([n])] = € such that
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(i) for every functor u: i([0]) — i([n]),
A(sop) =0,

a chosen null-object in €;
(ii) and for every functor o: i([2]) — i([n]), the sequence

A(dzO') *>A(d10') *>A(d()6)

in € is exact.

Here sou = p 0i(s°) and d,6 = 6 0i(d"); and the morphisms in (ii) are induced by
the unique natural transformations d” = d"~!. A sequence A’ — A — A" in S €'[n]
is defined to be exact if for every functor 6: i([1]) — i([n]), the induced sequence
A'(8) — A(8) — A"(8) in ¥ is exact; and a morphism A — A’ in S"1F[n] is de-
fined to be a weak equivalence if for every functor 8: i([1]) — i([n]), the induced
morphism A(8) — A’(6) in € is a weak equivalence. The Waldhausen construction
may be iterated, and we write $""¢’[—] for the r-simplicial exact category with weak
equivalences obtained by applying the construction r times. The classifying space of
the r-simplicial subcategory of weak equivalences,

K(€), = B(wS"¢[-]),

is a pointed space with a left action by the symmetric group X, on r letters induced
from permutation of the r simplicial directions. This family of pointed left X,-spaces
together with the pointed maps

K@) AS' T K ()

induced from the inclusion of the 1-skeleton in the last simplicial direction forms a
symmetric spectrum K (%); this is Waldhausen’s algebraic K-theory spectrum.
We pause to introduce some terminology to be used throughout. We write

G = Gal(C/R)

and say that a pointed space with a continuous left G-action is a pointed real space.
We define the real circles §''0 = S® and S = SR to be the pointed real spaces given
by the one-point compactifications of the 1-dimensional trivial representation and
sign representation, respectively. More generally, for integers p > g > 0, we set

§Pa — (Sl-,U)A(Pfq) A (Sl-,l)N/7

following the indexing in motivic homotopy theory. It is a p-dimensional sphere and
its subspace of points fixed by the G-action is a (p — ¢)-dimensional sphere.

Suppose now that (D, n) is a duality structure on the exact category with weak
equivalences %, that is, D: €°P — % is an exact functor and 1: idgy = Do D is a
natural weak equivalence such that the composite natural transformation

oD Don®P
D=2 poDPoD = D



is equal to the identity natural transfomation of D. The duality structure (D, 1) gives
rise to an action of the group G = Gal(C/R) on the pointed left X,-spaces K (%), Let
us here write K(%,D,n), for this pointed real left X,-space. Moreover, the spectrum
structure maps in the algebraic K-theory spectrum K (%) define real pointed maps

K(€,D,n)y ASY 2 K(€,D, 1)1

Hence, we obtain a symmetric spectrum K(%,D,n) in the category of real pointed
spaces with respect to the sphere S'+!. From the point of view of stable equivariant
homotopy theory, this is not a very reasonable object. For instance, the family of
subspaces of points fixed by the G-action form a symmetric spectrum in the category
of pointed spaces with respect to the sphere S° rather than the sphere S'.

To address this, we introduce the following variant of Waldhausen’s construction,
which we call the real Waldhausen construction. First, to an exact category with weak
equivalences %, the real Waldhausen assigns the simplicial exact category with weak
equivalences $>! €[], where S>!%’[n] is the full subcategory

S [n] < [[i([2)),i([n))], 7]

whose objects are the functors A: [i([2]),i([n])] — € such that

(i) for every functor u: i([1]) — i([n]),

A(S()[.L) = A(Slﬂ) =0,

a chosen null-object in €;
(ii) for every functor &: i([3]) — i([n]), the sequence

A(dzo) —— A(dry0) —— A(d16) —— A(dyO)

in ¥ is exact.

Here again s,pt = poi(s"); dyo = o 0i(d"); the morphisms in (ii) are induced by
the unique natural transformations d" = d"~ ! and the exactness of the sequence
in (i1) means that the left-hand morphism is an admissible monomorphism, that the
right-hand morphism is an admissible epimorphism, and that the middle morphism
induces an isomorphism of the cokernel of the left-hand morphism onto the kernel of
the right-hand morphism. A sequence A’ — A — A" in $2!€’[n] is defined to be exact
if for every functor 0: i([2]) — i([n]), the induced sequence A’(6) — A(6) — A”(0)
in % is exact; and a morphism A — A’ in §%'%’[n] is defined to be a weak equivalence
if for every functor 6: i([2]) — i([n]), the induced morphism A(68) — A’(0) in % is
a weak equivalence. The real Waldhausen construction may be iterated, and we write
§2r¢[—] for the r-simplicial exact category with weak equivalences obtained by
applying the construction a total of r times. The classifying space of the r-simplicial
subcategory of weak equivalences,

KR(€), = B(wS*"€[-]),



is a pointed space with a left action by the symmetric group X, on r letters induced
from permutation of the r simplicial directions. This family of pointed left X,-spaces
together with the pointed maps

KR(©), NS® —Z15 KR()rs1

induced from the inclusion of the 2-skeleton in the last simplicial direction constitute
a symmetric spectrum KR(%’) with respect to the 2-sphere.

Suppose now that (¢’,D,n) is an exact category with weak equivalences and
duality. The duality structure (D,n) gives rise to a left G-action on the pointed
left X,-space KR(%),, and we denote the resulting pointed real left X,-space by
KR(%¢,D,n),. With respect to this real structure, the spectrum structure maps in the
symmetric spectrum KR(%') are real pointed maps

KR(€,D,1), NS>~ KR(€,D,1)ys1.

Hence, this defines a symmetric spectrum KR(%,D,n) in the symmetric monoidal
category of pointed real spaces under smash product with respect to the sphere S!.
We call a symmetric spectrum of this form a real symmetric spectrum, and we call
the real symmetric spectrum KR(%,D,n) the real algebraic K-theory of the exact
category with weak equivalences and duality (¢,D,1n). A real symmetric spectrum
is precisely a G-equivariant symmetric spectrum in the sense of Mandell [12]. We
recall that the category Sp™ (RealTop,,5%!) of real symmetric spectra with the model
structure defined in op. cit. is a model for the G-equivariant stable homotopy category,
and we call the equivariant homotopy groups

KRP"I(%>D7 77) = HO(SPZ(RealTOprZl ))(SRII’KR(CK’D’ TI))

the real algebraic K-groups of (¢,D,n). Here, by abuse of notation, we write SP
for a choice of smash product of g copies of the real suspension spectrum of circle
SR and p — ¢ copies of the real suspension spectrum of circle S®. We note that (p, q)
is allowed to be any pair of integer.

Our two main theorems on real algebraic K-theory are the real additivity theorem
and the real group completion theorem. To state them, we first discuss Segal’s direct
sum K-theory construction and our real version thereof. To a finite pointed set (X, x),
we associate a category P(X,x) defined as follows. The objects are all pointed subsets
of x € U C X; the set of morphisms from the object U to the object V is the set of
pointed subsets x € F C U NV; the composition of G: V — W and F: U — V is the
subset GoF = GNF: U — W; and the identity morphismof xc U C X isxe U CU.
Hence, the morphism F: U — V is the compositionof F: U =+ F and F: F =V,
which may be thought of as the map that collapses the complement of F C U to the
basepoint and the inclusion of F into V, respectively. In addition, to a pointed map
S+ (Xo,x0) — (Xi,x1), we assign the functor f*: P(X;,x;) — P(Xo,x0) defined on
both objects and morphisms by f*(T) = f~ (T ~ {x1}) U{xo}. The category P(X,x)
admits a Grothendieck topology J in which a sieve S on the object U is a covering
sieve if and only if, for every u € U, the morphisms {x,u}: {x,u} — U is in S. Now,
if € is an additive category, then we define ¥ (X,x) to be the category of pointed



% -valued sheaves on P(X,x) with respect to the topology J, where a €-valued sheaf
A is said to be pointed if its value at the object x € {x} C X is a chosen null-object 0.
Moreover, to a pointed map f: (Xo,xo) — (X1,x1), we assign the direct image functor
St €(Xo,x0) = €(X;1,x1) defined by f.(A)(V)=A(f*(V)). The functor

©(X,x) —— ¢

that to a sheaf A associates the family of stalks (A({x,u}),ex is an equivalence of
categories onto the category of pointed functors from the discrete pointed category
(X,x) to the pointed category (%,0). However, while the target category depends
contravariantly on (X,x), the domain category depends covariantly on (X,x). The
latter functor ¢ (—) is a variant of Segal’s construction of a I"-category associated
with an additive category %

Now, given an additive category with weak equivalences ¢, its direct sum K-
theory is the symmetric spectrum K®(%) defined as follows. We define the Segal
construction of an additive category with weak equivalences % to be the simplicial
additive category with weak equivalences Sé;l% [—] obtained by applying €' (—) to
the simplicial circle S"![~] = A[1][~]/dA[1][~] and declaring a morphism A — A’
in SiB’l%” [n] be a weak equivalence if for every object U of P(S!![n]), the morphism
A(U) — A'(U) is a weak equivalence in %. We apply the Segal construction r times
to get the r-simplicial additive category with weak equivalences Sg‘g[f]; define

K¥(€)r = B(wSZ€[-])

to be the pointed left X,-space given by the classifying space of the r-simplicial sub-
category of weak equivalences; and define

Ko@), AS' Ly KO (€), 01

to be the pointed map induced by the inclusion of the 1-skeleton in the last simplicial
direction. This defines Segal’s the direct sum K-theory symmetric K% (%).

Similarly, we define the real Segal construction of % to be the simplicial addi-
tive category with weak equivalences Sél‘ﬁ[—] obtained by applying € (—) to the
simplicial 2-sphere $>![~] = A[2][~]/dA[2][~] and declaring a morphism A — A’
in Sé"l% [n] is a weak equivalence if for every object U of P(5%![n]), the morphism
A(U) — A'(U) is a weak equivalence in &. We write SZB”%[*} for the r-fold iterate
of the real Segal construction; define

KR®(€), = B(wSy"¢]-))

to be the pointed left X,-space given by the classifying space of the r-simplicial sub-
category of weak equivalences; and define

oy, .
KR®(€), NS —5 KR® (€)1

to be the pointed map induced by the inclusion of the 2-skeleton in the last simplicial
direction. This defines a symmetric spectrum KR®(%’) in the category of pointed
spaces with respect to the 2-sphere.



Suppose now that (¢’,D,n) is an additive category with weak equivalences and
duality. The duality structure (D,n) gives rise to a left G-action on the pointed
left X,-space KR®(%),, and we denote the resulting pointed real left X,-space by
KR® (% ,D,n),. With respect to this real structure, the spectrum structure maps in the
symmetric spectrum KR¥ (%) are real pointed maps

KR®(€,D,n), NS>~y KR®(€,D,1)y41.

This defines a real symmetric spectrum KR® (%, D,n) that we call the real direct sum
K-theory spectrum of (¢,D,n).

We next consider an exact category with weak equivalences 4 and the real Segal

L2, . . . . .

construction S ¢’[—]| of its underlying additive category with weak equivalences. It
inherits a structure of simplicial exact category with weak equivalences by declaring
a sequence A’ — A — A” in $3'%/[n] to be exact if for every object U of P(S2'[n]),
A'(U) —A(U) — A"(U) is exact in €. There is an exact forgetful functor

¢*

S2'G ] —— s>

defined to be the restriction along the functor

[1([20), i([n])] —— P[], co[n])

that to an object i(0): i([2]) — i([n]) associates the object

¢(i(0)) ={p: [n] = [2] | 8 o p = idpy } U{eo[n]}

and that to a morphism i(6y) = i(60;), which is unique if it exists, associates the
morphism ¢ (i(6)) N (i(61)): ¢(i(6p)) = ¢(i(61)). The functor ¢* induces a map
of symmetric spectra ¢*: KR¥(¢) — KR(%), and if (¢,D,n) is an exact category
with weak equivalences and dualty, then this map is one of real symmetric spectra,

KR®(¢,D,n) LKR(%,D,n).

Our first main result is the following comparison theorem, which we prove by a rather
elaborate real version of Quillen’s proof in [18] of the corresponding comparison
theorem for direct sum K-theory and algebraic K-theory.

Theorem A. Let (¢,D,n) be an exact category with weak equivalences duality such
that the exact sequences in € are the split-exact sequences and such that the weak
equivalences in € are the isomorphisms. In this situation, the forgetful map

KR@(%»DJT) L KR(%vDan)

is a level weak equivalence of real symmetric spectra.



The importance of this theorem lies in that the real group-completion theorem
describes the equivariant homology of the underlying equivariant infinite loop space
the real direct sum K-theory spectrum in terms of that of its zeroth space.

To state the second main result, let (¢°,D,n) be an exact category with weak
equivalences and strict duality. The duality structure (D,n) on € gives rise to du-
ality structures (D[n],n[n]) on S*1%'[n] and S>!%4[n] defined as follows. The unique
isomorphism of categories v, : i([n])°P — i([n]), given on objects by v, (s) =n—s, de-
fines a strict duality structure on the category i([n]), and this, in turn, induces a strict
duality structure on the functor category [i([m]),i([n])] with the duality functor given
bY [Vin, ] (=) = vu o (=) o vy . Now, this duality structure and the duality structure
on @ gives the functor category [[i([m]),i([n])], €] a duality structure with the duality
functor [[v;y,vn],D](—) = Do (=) o [vy,v,]°P and with the morphism to the double
dual induced from that on ¥". For m = 1 and m = 2, this duality structure restrict to
the desired duality structures (D[n],n[n]) on $"'€’[n] and S>!%[n], respectively.

A left G-action on a finite pointed set (X,x) gives rise to a strict duality structure
on the category P(X,x). The duality functor v(x ,) takes the object U to the object
T-U, where T € G is complex conjugation, and takes the morphism F: U — V to the
morphism 7-F: 7-V — 7-U. This duality structure and the given duality structure
on %, in turn, gives rise to a duality structure (D(X,x),n(X,x)) on € (X,x) with the
duality functor D(X,x)(—) =Do(—)%®ov(x ) and with (X, x) =no(—)oidp(x xop-
Taking (X, x) to be S"![n] and $%![n], respectively, with complex conjugation 7 € G
acting by (1-0)(s) =n—0(1—s) and (7-0)(s) =n— 60(2 —s), this defines structures
on SGIB"I% [#] and Sé’l‘f[n}, both of which we also write (D[n],n[n]). Moreover, the
functor ¢* is a duality-preserving exact functor

(3% n], Dln], n[n]) —— (S>'[n], D], n[n]),

and so is the analogously defined forgetful functor

(85" [, Dl mln)) —— (" 1], DI, ).

Our second main result is the following real version of the additivity theorem, which
we prove by an adaption of McCarthy’s proof in [14] of the additivity theorem to
the real setting. That this statement is the appropriate real version of the additivity
theorem was first recognized by Schlichting, who proved the corresponding statement
for his higher Grothendieck-Witt theory [21, Theorem 4].

Theorem B. Let (¢,D,n) be an exact category with weak equivalences and duality.
For every positive integer r, the map of pointed real spaces

KR(S'%13],D[3],n[3]), —— KR(S"'%[3],D[3],n[3)),

induced by the forgetful functor is a weak equivalence.

The proof of the real additivity theorem presented here works in great generality,
including the case of the real version of topological Hochschild homology that we



define below. We remark that, by contrast, the real additivity theorem fails for real
direct sum K-theory, which, accordingly, should be considered mainly a calculational
devise. The domain of the map in the statement of the real additivitiy theorem may be
understood as follows. First, for every finite real pointed set (X,x), the stalks functor
induces a level weak equivalence of real symmetric spectra

KR(%(X,x), D(X,x),1(X,x)) —— KR(¢'X), D), n(*X:9),

since, in general, real algebraic K-theory takes equivalences of categories with weak
equivalences and duality to homotopy equivalences of real symmetric spectra. Next,
the canonical map

KR(¢'%9), D) nX9)) —— KR(%,D,n) X~

from the real algebraic K-theory of the power of category with weak equivalences and
duality by a finite pointed real set to the power of the real algebraic K-theory of the
given category with weak equivalences and duality by the same finite real pointed set
is a level weak equivalence of real symmetric spectra. In the situation of Theorem B,
the finite real pointed set (X,x) = S*![3] has three elements 0001, 0011, and 0111 in
addition to the basepoint o = {0000, 1111}, and the action by G permutes 0001 and
0111 and fixes 0011. Hence, the pointed real set S':![3] consists of one free G-orbit
and one fixed G-orbit, which is the reason that Theorem B is the appropriate real
version of the additivity theorem.
Based on the real additivity theorem, we show that, more generally, for every
non-negative integer n and positive integer r, the map of pointed real spaces
1,1 " 1,1

KR(Sg €[n], Dnl,n(n])r —— KR(S™ €[n], Dln], n[n]),
is a weak equivalence. Similarly, for every non-negative integer » and positive integer
r, the forgetful functor induces a weak equivalence

(p*

KR(S3'€[n], D[n), nfn]), —— KR(S>'€[n], D[n]. nfn]),
of real pointed spaces. Together with the real group completion theorem, this implies
the following result.

Theorem C. Let (¢,D,n) be an exact category with weak equivalences and duality.
For every positive integer r, the adjoint structure map

KR(%,D,1), — Q*\(KR(€,D,1),+1)

is a weak equivalence of pointed real spaces.

By Theorem C, the real symmetric spectrum KR(%,D, 1) is positively fibrant. It
follows that, for p > g > 0, there is a canonical isomorphism

Ho(RealTop, ) (574, Q%Y (KR(€,D,n)1)) — KR, 4(€¢,D,1n))



onto the real algebraic K-groups from the equivariant homotopy groups of the real
pointed space 2! (KR(%,D,n)). Concerning this real pointed space, we further
use the real additivity theorem together with a new group-completion theorem of
Moi [16, Theorem 5.14] and a key observation of Schlichting [21, Proposition 3] to
prove the following rather surprising result.

Theorem D. There is a canonical chain of natural weak equivalences between the
two functors Q1 (K(€,D,n)1) and Q> (KR(¢,D,n)1) from the category of exact
categories with weak equivalences and duality to the category of pointed real spaces.

This result, in particular, identifies the underlying non-equivariant homotopy type
of real algebraic K-theory canonically with that of algebraic K-theory, as one would
expect. However, the weak equivalence between the subspaces of points fixed by the
respective G-actions, implies that Schlichting’s higher Grothendieck-Witt groups [21],
which, using the terminology introduced above, may be defined by

GW,(¢,D,n) = m,((Q (K(€,D,n)1)),

are canonically naturally isomorphic to the groups KR, o(¢,D, 1), for all p > 0. This
is surprising, since the real circle ™! is not a co-group object in the homotopy cate-
gory of pointed real spaces, and, indeed, Moi has showed that Theorem D fails, if the
pointed real spaces K(%,D,n); and KR(€,D,n); are replaced by their respective
direct sum counterparts.

There is a cofibration sequence of pointed real spaces

SOONGy —L 500 L ygtt_ gloaG,

in which the map i is the unique inclusion of the sub-pointed real space of points fixed
by the G-action. It induces a cofibration sequence of real suspension spectra, which,
in turn, gives rise to, for every integer ¢, a long exact sequences
Iy Hy Ig Fq
oo —— Kp(€¢) —— KR, 4(¢,D,n) —— KR\, 4—1(¢,D,) —— -
The map Fj is called the forgetful map; H, is called the hyperbolic map; and I, may

be identified with multiplication by the Hopf map 17: S*! — $%9. Here we have used
the identification of the equivariant homotopy group

Ho(Sp” (RealTop,,5"))(S"* AG,KR(%,D,n))

with K, (¥). This, in turn, uses the isomorphism of SLOA G, onto SLIA G that to
the class of (z,g) assigns the class of (iz- g,g), where i € C is a choice of square root
of —1. The action by G on itself by right multiplication gives to a left G-action on the
equivariant homotopy group above, and hence, to a left G-action on K, (¢"). The exact
sequences define an exact couple with ESIJ = K;(%¢) and D}, = KR, _((¢,D,n), the
associated spectral sequence of which is the Tate spectral sequence

E}, =H(G.K(%)) = H~"(G.KR(¢.D.1)).

The d!-differential d! = F»_,0 H,_,: E}l — Exlil‘t is equal to id+(— 1)1_%', where
we write T: K;(¢) — K;(%) for the action by complex conjugation T € G.



1 The classifying space of a category with strict duality

A category with strict duality structure has a real classifying space. To analyze the
equivariant homotopy type of this real space, we first define the following diagram of
closed symmetric monoidal categories and strong symmetric monoidal functors and
show that it commutes, up to the indicated monoidal natural isomorphism.

CatDual ——— Real Top

lSym / J(—)GR

Cat—— 2 Top

We then prove a number of results based on this diagram. Here Gg = Gal(C/R). We
write 0 € G for complex conjugation.

Definition 1.1. The closed symmetric monoidal structure on the category Sety of
all (x-small) sets and all maps between these is defined as follows. The monoidal
product of the sets X; and X; is the set of ordered pairs

X|xXXo = {(xl,xz) |x1 € X1,x2 EXQ}.

The set X; x X, together with the two projection maps pr;: X; X Xo — X; defined
by pr;(x1,x2) = x; is an explicit choice of product of the objects X and Y in Sety.
The monoidal product of the maps f and f; is the map f; X f> = (fi1 opry, f2 o pry).
The unit for the monoidal product is the set {1}; it is a terminal object in Sety. The
associativity natural isomorphism

ax, X, .Xs - (X1 xXo) x X3 = Xj X (X X X3)

is the unique natural isomorphism determined by the domain and target both being
products of the same three objects in Sety, and the identity and symmetry natural
isomorphisms are defined similarly. The internal Hom-object is the set Seto(X;,X2)
of all maps from X; to X», and the unit and counit maps

Nx €x
X ;) Set()(Xz,X] XXQ), Set()(Xz,X3) X Xp 43)X3

are defined by Ny, (x1)(x2) = (x1,x2) and &x, (f)(x2) = f(x2).
Definition 1.2. The closed symmetric monoidal structure on the category Caty of
all (x-small) categories and all functors between these is defined as follows. The
monoidal product of €} and %> is the category 4] x 4> defined by
Ob(%l X <52) = Ob(Cgl) X Ob(%z)
(€1 x ) ((c1,¢2),(c},ch)) = Gi(c1,¢) X Ca(c2,¢5)
with identity morphisms and compositions defined componentwise. The category

6\ x ¢, together with the functors pr;: € x 62 — 6; defined on objects and mor-
phisms by the canonical projections is an explicit choice of product of the objects

10



%) and %, in Caty. If F; and F, are morphisms in Caty, we define F| X F, to be
the morphism (Fj o pr;, F2 opr,). The unit for the monoidal product is defined to be
the discrete category 1 with ob(1) = {1}; it is a terminal object in Caty. The asso-
ciativity, identity, and symmetry natural isomorphisms are defined to be the unique
isomorphisms between different choices of products of the same objects in Caty. The
internal Hom-object is defined to be the category Cat(%],%>), where the objects are
all functors F: €| — %3, where the morphisms are all natural transformations be-
tween such functors, where the identity morphisms are the identity natural transfor-
mations, and where the composition of morphisms is given by vertical composition
of natural transformations. Finally, the unit and counit natural transformations

N, £g3
€1 —— Cat((nggl X %2), Cat(%g,%) X6 —— 63

are defined, on objects, by N, (c1)(c2) = (c1,¢2) and &4 (F,c2) = F(c2) and, on
morphisms, by N, (f)e, = (f,1c,) and €4, (9 F = F', f: ¢c2 = ) = F(f) 0 §,.
Definition 1.3. Let A be the full subcategory of Caty whose set of objects consists
of the categories [n] generated by the oriented graphs 0 <— 1 <— -+ <— n with n a
non-negative integer. The category of (k-small) simplicial sets is the category

Simpl Set, = Cat(A°P, Sety)

which is given the following closed symmetric monoidal structure. The monoidal
product (X; x X»)[—] of the objects X;[—] and X,[—] is the composition
on A o op  Xil-1xXa[-] x

AP —— AP x AP ———— 5 Sety X Setg — Sety
where A is the diagonal functor and X is the monoidal product functor defined in
Definition 1.1. The monoidal product (f; x f»)[—] of the morphisms fi[—] and f>[—]
is the horizontal composite x o (f[—] x fa[—]) o A. The object (X; x X»)[—] together
with the morphisms pr;: (X; x Xz)[—] — X;[—] defined by the horizontal composi-
tions pr;o(X;[—] x X»[—]) 0 A is an explicit choice of product of the objects X;[—]
and X»[—] in Simpl Set,. The unit for the monoidal product is the constant simplicial
set {1}[—] with value {1}; it is a terminal object in SimplSet,. The associativity,
identity, and symmetry isomorphisms are defined to be the unique isomorphisms be-
tween different choices of products of the same objects of SimplSet,. The internal
Hom-object is defined to be the simplicial set

Simpl Set(X;,X2)[—] = Simpl Sety,((A[—] x X1)[—], X2[-]),
where A[n][—] = Caty([—], [n]) is the simplicial standard n-simplex. The unit map

T]xl[ ]

X1 [~] —— Simpl Set(Xa, X1 x X2)[],
is defined by 1y, [n](x1)(0,x2) = (6*(x1),x2), and the counit map

ex; [

(Simpl Set(Xa,X3) x X2)[~] —— X3[—]

is defined by ey;[n](f,x2) = f(id};},x2)-
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We note that the definition of the monoidal product on SimplSet is independent
of the choice of the product categories A°P x A°P and Sety x Setp.

Definition 1.4. The closed symmetric monoidal structure on the category Top, of all
(x-small) compactly generated topological spaces and all continuous maps is defined
as follows. The monoidal product of X; and X> is the set X x X, with the compactly
generated topology associated with the product topology. The space X; x X, together
with the two projections pr;: X; X X, — X; is an explicit choice of product of the
objects X; and X, in Top,. The unit for the monoidal product is defined to be the
discrete space {1}; it is a terminal object in Top,. The associativity, identity, and
symmetry isomorphisms are defined to be the associativity, identity, and symmetry
isomorphisms of the underlying sets. The internal Hom-object Top (X, X>) is defined
to be the set Top, (X1, X») equipped with the compactly generated topology associated
with the topology for which a subbasis is given by the subsets

N(hU) ={f: X1 = Xa | f(h(K)) C U} C Topy(X1,X2),

where & ranges over all continuous maps /#: K — X; from a compact Hausdorff space,
and where U ranges over all open subsets U C X». The unit and counit maps

n €
Xi — Top(Xa, X1 X X2), Top(Xa, X3) X Xa — 2 X3

are defined by Ny, (x1)(x2) = (x1,x2) and &x, (f,x2) = f(x2).

A detailed proof that Definition 1.4 indeed defines a closed symmetric monoidal
structure on Topy, is given in the appendix of the thesis of Gaunce Lewis [10].

Definition 1.5. The nerve is the strong symmetric monoidal functor
N=(N,¢,y): Cat — Simpl Set,
where N: Caty — Simpl Set,, is the nerve functor defined by
N(%)[~] = obCat([-],¥),
and where ¢: (N(%61) X N(62))[—] = N(€) x 62)|—] and y: {1}[—] = N(1)[—] are
the inverses of the canonical isomorphisms.

We define A[—]: A — Top, to be the functor that to the object [n] associates the
convex hull An] of the set ob([n]) in the real vector space that it spans and that to the
morphism 6: [m] — [n] associates the affine map 6, : A[m] — A[n| induced by the
set map 0: ob([m]) — ob([n]). The geometric realization | X [—]| of the simplicial set
X[—], we recall, is defined by the following coequalizer diagram in Top,.

;
LI Xn] > A([m), [n]) x A[m] ?ZHXDD] x Alp] — |X[-]]

Here the middle and left-hand coproducts are indexed by the sets of objects and or-
dered pairs of objects in A, respectively, and the maps f and g are defined by

fo in([m]a["]) = in[m] O(fm,n X ld)
80Ny [n)) = injy) o(id X gmn)

12



where the maps f,, , and g, , are the composite maps

id xX got
e

X[n] x A([m], [n]) X[n] x Set(X[n],X[m]) —— X[m]

Axid

A([m],[n]) x Am] == Top(A[m],An]) x A[m] —— Al[n].

We also recall that the canonical map

(Ipry | [pra [) = [(X1 x Xo)[=]] = [ Xa [=]] > [ Xa[-]]
is a homeomorphism; see [4] for an elegant proof.

Definition 1.6. The geometric realization functor is the strong symmetric monoidal
functor
|—=|=(—1|,¢,y): SimplSet — Top,

where | — |: SimplSet, — Top, is the geometric realization functor defined above,
and where ¢: |X;[—]| x |X2[-]] = |(X1 x X2)[—]| and y: {1} — |[{1}[—]| are the
inverses of the canonical homeomorphisms.

Let (F,¢p,yr): % — ¥V and (G,¢g,Ws): ¥ — # be composable symmetric
monoidal functors between symmetric monoidal categories. The composition is the
symmetric monoidal functor defined by

(GoF,G(¢r)o¢G,G(yr)ovwg): U =W .

If both F and G are strong monoidal, then also G o F is strong monoidal.

Definition 1.7. The classifying space functor is the strong symmetric monoidal func-
tor
B=(B,¢,y): Cat — Top

given by the composition of the nerve and geometric realization symmetric monoidal
functors.

Construction 1.8. A closed symmetric monoidal category
% - (%,@,I,Cl,l,t, [_7 _]a 1’]78)

has an associated ¥ -category, also denoted by 7/, that is defined as follows. The set
of objects is ob(¥") = ob(¥}), the morphism object ¥ (x, ) is the internal Hom-object
[x,y], the composition morphism

o: V(y,2) @V (x,y) = ¥ (x,z)
is the adjoint of the composition
(P (1,2) @ (x,) ©x —= ¥ (1,2) ® (¥ (x,5) @) 55 ¥ (y,2) @7 — 2,

and the identity morphism 1,: I — ¥ (x,x) is the adjoint of the identity morphism of
the object x in %5.

13



Construction 1.9. Let (F,¢,y): ¥ — ¥’ be a symmetric monoidal functor between
symmetric monoidal categories, and let € be a ¥ -category. In this situation, we de-
fine the ¥’-category %F as follows. The set of objects is ob(%F) = ob(%), the mor-
phism object €r(c1,c2) is F(€'(c1,c2)), the composition morphism

oF: €r(ca,c3) ®'<5F(C17C2) — 6r(c1,c3)
is the composite morphism

F(C(c2,¢3)) @' F(€(c1,¢2)) LN F(%(c2,c3)®@% (c1,c2)) Lo, F(% (c1,c3))

and the identity morphism 1, 7 : I’ — % (x,x) is the composite morphism

v F(1y)

I/

F(I) F(% (x,x)).

In the case where ¥ and ¥ are closed symmetric monoidal categories, the symmetric
monoidal functor (F,¢,y): ¥ — ¥’ gives rise to a ¥'-functor F: ¥ — ¥’ that is
given, on objects, by the map F: ob? — ob?¥#’ and, on morphism objects, by the
morphism

F: F(V(xy)) —— V'(F(x),F(y))
that is adjoint to the composite morphism

F(¥ (6,3) @ F(x) — F(¥ (x,9) 9 F (x) 15 F(y)

Remark 1.10. Since the classifying space functor in Definition 1.7 is symmetric
monoidal, we obtain by Constructions 1.8 and 1.9 a map of spaces

BCat(% R %2) i) TOp(B(fl,B(gz)
as part of the Top-functor B: Catp — Top. Hence, for every n-tuple

F() h F] fa . fn Fn

of composable natural transformations between functors F;: 4] — %>, we obtain a
continuous map A|[n] — Top(B%é},B%,) from the topological standard n-simplex to
the space of maps from B%] to B%>. In particular, a functor F': 4] — %, determines
a point in the mapping space; a natural transformation f;: F; = Fy determines a
path in the mapping space between the points determined by Fy and Fj; and two
composable natural transformations f1: F; = F> and f>: F> = F] determine a map
from a 2-simplex to the mapping space as indicated by the figure below.

123

fifa P!
(f1.£2)

Fo F
h

This is the extent to which the classifying space functor preserves composition.
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We have now defined the lower row in the diagram at the beginning of the section
and proceed to define the rest of the diagram. We recall that Gg = Gal(C/R) and that
o € Gp is the generator.

Definition 1.11. The category Real Set of all (x-small) left Gg-sets and all equivari-
ant maps has a closed symmetric monoidal structure defined as follows. The monoidal
product of X| and X is the set X; x X, with the diagonal Gr-action, the unit for the
monoidal product is the set {1} with the trivial Gg-action, and the associativity, iden-
tity, and symmetry natural isomorphisms are the corresponding isomorphisms of the
underlying sets. The internal Hom-object is the real set Real Set(X;,X,) given by the
set Set(X1,X,) with the left Gg-action defined by (o f)(x1) = 6f(c~'x1), and the
unit and counit maps are defined to be the unit and counit maps of the underlying
sets.

We remark that the set Real Seto(X),X2) is equal to the subset of Gr-fixed points
in the real set Real Set(X;,X>).

Definition 1.12. A real category is a category enriched in Real Set; a real functor be-
tween real categories is a Real Set-functor; and a real natural transformation between
real functors is a Real Set-natural transformation.

We recall that a category with strict duality is a pair (¢, D) of a category € and a
functor D: ¢°P — € such that D o D°P and D°P o D are equal to the respective iden-
tity functors, and that a duality preserving functor F': (41,D1) — (%2,D2) between
categories with strict duality is a functor F': 4] — %, such that F oDy = D, o F°P.
Definition 1.13. The category CatDual of all (k-small) categories with strict du-
ality and duality preserving functors has the following closed symmetric monoidal
structure. The monoidal product of the objects (47,D;) and (%2, D;) is the pair

(%1,D1) X (%2,D2) = (cgl X %Q,Dl X D2)7

where 6] X %, and D; x D, are the monoidal products in Cat, and the monoidal prod-
uct of the morphisms F; and F, is the monoidal product Fj x F; in Cat. The unit for
the monoidal product is (1,id), and the associativity, identity, and symmetry isomor-
phisms are corresponding isomorphisms of the underlying categories. The internal
Hom-object is the pair

CatDual((%l,Dl), (%Q,Dz)) = (Cat(% s %2), (Dl,D2>>,
where (D1,D3): Cat(6,%,)°? — Cat(%1,%>) is the functor that to

assigns the horizontal composition
Fop
DiP D,
C — CKIOP ﬂ\f P CKZOP — %3,

GoP
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and the unit and counit functors are defined to be the unit and counit functors that are
part of the closed symmetric monoidal structure on Cat.

Example 1.14. The set of objects in a category with strict duality is naturally a real
set. More precisely, there is a strong symmetric monoidal functor

obg = (obg,id,id): CatDual — Real Set,

where obg: CatDualy — Real Sety is the functor that to (¢,D) associates the real
set obg(%’) defined to be the set ob(%’) with the left Gg-action where the generator
o € G acts by the map D: ob(%’) = ob(€¢°P) — ob(%). In particular, a category en-
riched in CatDual gives rise to an underlying real category upon applying the functor
obg(—) to the Hom-objects. For example, the category [n] has a unique strict du-
ality structure given by the functor D: [n]°° — [n] defined by D(i) = n—i and the
real index category AR may be identified with the underlying real category of the full
sub-CatDual-category of CatDual whose objects are the categories with strict duality
([n], D) with n a non-negative integer.

We remark that the set CatDualy((61,D1),(%6>,D>)) is equal to the subset of G-
fixed set points in the real set obg CatDual((%1,D1 ), (62,D2)).

Definition 1.15. The category Real Simpl Set,, of all (k-small) real simplicial sets and
real simplicial maps has a closed symmetric monoidal structure defined as follows.
The monoidal product (X; x X,)[—] of the real simplicial sets X;[—] and X[—] is
given by the monoidal product of the underlying simplicial sets with the diagonal
left Gg-action on (X; X X»)[n] = X;[n] x Xz[n]; the unit for the monoidal product is
the constant real simplicial set {1}[—] with value {1}; and the internal Hom-object
Real Simpl Set(X;,X,)[—] is given by the simplicial mapping space of the underlying
simplicial sets with the conjugation left Gg-action on Simply((A[n] x X1)[—], X2[—]).
The associativity, identity, and symmetry isomorphisms and the unit and counit maps
are the corresponding maps of the underlying simplicial sets.

We note that the set Real Simpl Set, (X;[—],X2[—]) is canonically isomorphic to
the subset of Gg-fixed point in the real set Real Simpl Set(X;,X>)[0].

Definition 1.16. The real nerve is the strong symmetric monoidal functor
N =(N,¢,y): CatDual — Real Simpl Set,
where N: CatDualy — Real Simpl Set,, is the functor defined by
N(%¢,D)[—] = obg CatDual(([-],D),(¥,D)),

and where the maps ¢ : (N(%61,D1) X N(62,D3))[—] — N(%1 x ¢2,D1 x D;)[—] and
y: {1}[-] — N(1,id)[—] are the inverses of the canonical isomorphisms.

Definition 1.17. The category Real Top,, of all (x-small) compactly generated left
Gr-spaces and all continuous Gr-equivariant maps has the following closed sym-
metric monoidal structure. The monoidal product of X; and X, is the product space
X) x X, with the diagonal left Gg-action, the unit is the discrete space {1} with the
trivial Ggr-action, and the associativity, identity, and symmetry natural isomorphisms
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are the corresponding isomorphisms of the underlying spaces. The internal Hom-
objects is the mapping space Top(Xj,X>) equipped with the conjugation left G-
action given by (6 f)(x;) = 6f(6~'x1), and the unit and counit maps are the unit
and counit maps of the underlying spaces.

We note that the set Real Top,(X,Y) is equal to the underlying set of the subspace
of Gr-fixed points in the mapping space Real Top(X,Y).

Let ARn| be the real space defined by the space A[n] with the left Gg-action
where the generator o € Gg acts through the affine map 6: AR[n] — AR|n] that
maps the vertex i to then vertex n — i. There is a real functor

AR[—]: AR — Real Top
that takes [n] to AR[n] and that on morphism real sets is given by the real map

AR([m],[n]) LH> Real Top(AR[m], AR[n])

that to the functor 6 : [m] — [n] associates the affine map 0, : AR[m] — AR[n] induced
by ob 6: ob[m] — ob[n]. Here we view Real Top as a real category by forgetting the
topology on the mapping spaces.

We now define the geometric realization of the real simplicial set X[—] to be the
real space | X[—]|r given by the following coequalizer diagram in Real Top,.

f
L1 X[n] < AR(fm], [n]) < AR[m] B LI X1p] x AR[p] — [X[-]Ix
The middle and left-hand coproducts range over the sets of objects and ordered pairs

of objects in AR, respectively, and the real maps f and g are defined by

foin ) ) = injy o(fnn x id)
g0in () [n)) = inpy o (id X gmn)

where f,, , and g, , are the composite real maps

X[n] x AR(jm), [n]) 25 X [n] x Real Set(X [n], X [m]) —2 X [m]

AR([m), [n]) x AR[m] %5 Real Top(AR[m], AR[n]) x AR[m] —— AR|n].

Here the real sets X[m], X[n], AR([m],[n]), and Real Set(X[n],X[m]) are considered
as real spaces with the discrete topology.

Definition 1.18. The geometric realization is the strong symmetric monoidal functor
|—|r = (|—|r,®,¥): RealSimplSet — Real Top,

where | — |g: Real SimplSet, — Real Top,, is the geometric realization functor de-
fined above, and where the real maps ¢ : | X;[—]|r X | Xa2[—]|r = | (X1 X X2)[~]|r and
{1} — |{1}[—]|r are the inverses of the canonical isomorphisms.
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Definition 1.19. The real classifying space functor is the strong symmetric monoidal
functor
B = (B,¢,y): CatDual — Real Top

defined by the composition of the real nerve and the real geometric realization sym-
metric monoidal functors.

We next recall Segal’s subdivision [22]. We view the simplicial index category A
as a real category with trivial Gg-action on the morphism sets A ([m], [n]) and define

AL AR

to be the real functor that takes the object [n] to the object [2n + 1] and that, on
morphism real sets, is given by the real maps

A(jm], [n]) —2 AR(sd[m], sd[n])

defined by

<i<m)
_l’_

n—0(m—i) ( <
1<i<2m+1).

0
n+14+06(i—(m+1)) (m

sd(6)(i) = {
The induced symmetric monoidal functor

sd = (sd*, ¢, y): Real Simpl Set — SimplReal Set

is the Segal subdivision. Here, the target is the category of simplicial objects in
Real Sety with the closed symmetric monoidal structure defined as in Definition 1.3,
and the maps ¢ and y are the inverses of the canonical isomorphisms. Moreover, the
composition of the maps

UX[2p+1]x Alp] —— 1 X[2p+1] x AR[2p + 1] —— 11 X[p] x AR[p],

where the coproducts range over non-negative integers p, where the left-hand map
is induced by the affine maps d,,: A[p] — AR[2p + 1] that take the vertex i to the
barycenter of the 1-simplex that connects the vertices p —i and p + 1 + i, and where
the right-hand map is the canonical inclusion induces a natural transformation

|sdX[~]] —L— | X[]|&-

It follows immediately from the definitions that d is a monoidal natural transforma-
tion, which means that the following diagrams commute.

[sd Xy [—]) % [sdXa <] ~ZL | %1 [<)]r % | Xa (][R

l I

[sd(X; X X)[~]| —L— | (X; x X2)[ ]|
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PN
|sd{1}[]] ——L—— [{1}[-]Ix

The following result is proved in [22, Proposition A.1], but see also [19].

Lemma 1.20. The monoidal natural transformation
d
[sdX[—]] —— [ X[z

is a real homeomorphism.

The lemma has the following corollary which provides a simplicial model for the
subspace of Gg-fixed points in the real space | X[—]|®E.

Corollary 1.21. The composition
|(sdX[])%| —— | X[-][§¥

of the canonical map |(sd X [~])%%| — |sd X [~]|“® and the map d°F of Gg-fixed sets
induced by d is a monoidal natural homeomorphism.

Proof. The canonical map |Y[~]°%| — |¥[~]|%% is a monoidal natural transforma-
tion of symmetric monoidal functors from Real Simpl Set to Top, and it is a homeo-
morphism, since geometric realization preserves finite limits [4]. The map d°® is a
monoidal natural homeomorphism by Lemma 1.20, and finally, the composition of
monoidal natural homeomorphisms is a monoidal natural homeomorphism. O

Example 1.22. The following figure indicates the non-degenerate simplices in the
subdivision sd AR[2][—] of the real simplicial set AR[2][—].

»22
%
RV 8
012222 | ™
& 0122 _
(3]
011122
o, —_
QQ@, § //e -
[\ [\
000012 001112
00 11

0001 01 0111

The generator o € Gg acts by reflection in the line through the 0-simplices 11 and
02.



A symmetric space in the category with strict duality (¢’,D) is defined to be a
pair (c, f) of an object ¢ and a morphism f: ¢ — Dc°P in € such that f = Df°P. A
map of symmetric spaces g: (c1,f1) — (c2, f2) is a morphism g: ¢; — ¢; in € such
that the following diagram commutes.

C1 % (65)
lfl sz
Dc(])p &OP chp
We view the morphism f: ¢ — DcP with f = Df°P as a symmetric form on the

object ¢ with respect to the strict duality structure D: ¢°P — % . The symmetric form
is said to be non-singular if, in addition, the morphism f is an isomorphism.

Definition 1.23. The symmetric space functor is the strong symmetric monoidal
functor
Sym = (Sym, ¢, y): CatDual — Cat,

where Sym: CatDualy — Caty is the functor defined above, and where the natu-
ral transformations ¢ : Sym(%),D;) x Sym(%2,D;) — Sym(%1 X é2,D1 X D) and
y: 1 — Sym(1,id) are defined to be the inverses of the canonical isomorphisms.

We now prove the following result promised at the beginning of the section.

Proposition 1.24. There is a canonical monoidal natural homeomorphism o that
makes the following diagram of symmetric monoidal functors commute.

CatDual ———— Real Top

lSym / JHGR

Cat——2—Top

Proof. There is a natural isomorphism of simplicial sets

B: NSym(%,D)[~] — (sdN(%,D)[-])*
that to the n-simplex (co, fo) DL I L (cn, fn) assigns the n-simplex

op
Dgy? Dg, fo 81 8&n

DcyP chp co e Cn-

It follows immediately from the definitions that 8 is monoidal, and the desired monoidal
natural homeomorphism & now is the composition

NSym(#, D)[=]| —20s |(sdN (%, D)[=])%%| —— [N (%, D)[]|

of the monoidal natural homeomorphisms || and 7. O
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Remark 1.25. We explain how Proposition 1.24 is used to produce equivariant maps
and equivariant homotopies between the real classifying spaces of categories with
strict duality. From Constructions 1.8 and 1.9, we have the Top-functor

B(-)®
CatDualB(_)cR —— Top

which we precompose with the Top-functor
Fo
CatDualgsym —— CatDualB(i)GR
that, on objects, is the identity and, on morphism spaces, is the homeomorphism

BSymCatDual((%},D:), (¢3,D2)) —% BCatDual((¢1, D), (%5, D3))5%

given by the monoidal natural homeomorphism ¢ from Proposition 1.24. Let

CatDualgsym L) Top

be the composite Top-functor; it gives a map of spaces

BSymCatDual((61,D1), (%2,D,)) —2— Real Top(B(%1, D1 ), B(%5, D3))CF.

Hence, every n-tuple of morphisms of symmetric spaces

(Fo,fo) <= (Fi, fi) S= - 2= (B fo)
in CatDual((61,D,),(%2,D,)) determines a continuous map
Aln] — Real Top(B(%1,D1),B(%», D))"

from the topological standard n-simplex A [n] to the space of real maps from B(%1,D)
to B(%>,D;). In particular, every symmetric space (F, f) determines a real map

H(F7f) B(%MDI) %B(%27D2)7

and every map of symmetric spaces g1 : (F1, f1) = (Fp, fo) determines a real homo-
topy H(g1) from the real map H (Fy, fp) to the real map H(Fj, f1).

Corollary 1.26. If the category with strict duality (€, D) has an initial object 0, then
the real classifying space B(%,D) is equivariantly contractible.

Proof. The image of the map
BSymCatDual((¥¢,D),(%¢,D)) —_; Real Top(B(¢,D),B(%, D)),

which is part of the Top-functor H: CatDualgsym, — Top, contains both the identity
map and the constant map BO. Hence, it will suffice to show that the domain, and
hence also the image, of this map is a contractible space. The object 1 = D(0°) is a
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terminal object of € and 0 = D(1°P). Now, the constant functors 0,1: ¢ — € with
values 0 and 1 are an initial object and a terminal object, respectively, of the functor
category Cat(%,%). Let u: 0 = 1 be the unique morphism. We claim that (0, u) is
an initial object of SymCatDual((%,D),(%,D)). Indeed, the pair (0,u) is an object
of said category, since u and Du°P both are morphisms from 0 to 1 and therefore
necessarily equal. Similarly, if (F, f) is another object, then the unique morphism
g: 0= F necessarily makes the following diagram commute.

b
Dg°P

DQ°® «<—= DF°P

This shows that g is a morphism of symmetric spaces g: (0,u) — (F, f), and since
this morphism is unique, we conclude that (0,u) is an initial object as claimed. It
follows that the domain of the map H is contractible as desired. O

Definition 1.27. An adjunction from the category with strict duality (47,D;) to
the category with strict duality (62,D;) is a sextuple (F,G,n,¢, f,g) in which the
quadruple (F,G,n,¢) is an adjunction from the category %) to the category %> and
in which f: F = (D;,D;)F° and g: G = (D2,D,)G®P are natural transformations
such that f = (Dy,D;) f°P and g = (D,,D;)g°? and such that the diagrams

idg, 1 GoF

| F

Dy.D op
(D1,01)id? <ZLI (b, D) (GoF)

F (@] G ldcgz

Hfog u1
D>,D5)eP .
(D2,D)(F 0 G)? <2222 (D) Dy)id?

commute.

Corollary 1.28. If (F,G,n,¢,f,g) is an adjunction from the category with strict
duality (€1,D1) to the category with strict duality (€5,D»), then the real maps

H(F.f)
B(%1,D1) ¢ B(%,,D»)
H(G.3)
are inverse equivariant homotopy equivalences.

Proof. Since H: CatDualpggyy, — Top is a Top-functor, we have

H(G,g)oH(F,f) =H(GoF,gof)
H(F,f)oH(G,f) =H(FoG,fog).
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Moreover, the unit and counit of the adjunction define maps of symmetric spaces

n: (id¢,,1) = (GoF,go f)
€: (FoG,fof)— (idg,1).

It follows that H (1) is an equivariant homotopy from H(G, g) o H(F, f) to the identity
map of B(%1,D;) and that H(¢) is a equivariant homotopy from the identity map of
B(%ZaDZ) tOH(va)OH(Gag) O

We finally discuss pointed analogues of the above. In general, if 4 is a category
and if 1 € ob% is a terminal object, then the associated category of pointed objects
is defined to be the under-category 1/%. If also 1’ € ob ¥ is a terminal object, then
the categories 1/% and 1’ /% are canonically isomorphic. We will often suppress the
choice of terminal object and write & for the category 1/% and (X, x) for the pointed
object x: 1 — X. If € has finite coproducts, then the forgetful functor 1/% — ¥ that
to (X,x) assigns X admits the left adjoint functor (—)4: € — 1/% that to X asso-
ciates a choice of coproduct X = (1UX,in;). The unit and counit maps are defined
tobe Ny =iny: X — 1UX and gx ) =x+idy: (1UX,in;) — (X,x), respectively.

Now, if ¥ = (¥%,®,1,a,l,t,[—,—],n,€) is a closed symmetric monoidal cate-
gory that admits finite limits and colimits, then the category %o, = 1/% of pointed
objects in ¥ inherits a closed symmetric monoidal structure defined as follows. The
monoidal product (X,x) A (Y,y) is defined to be a choice of push-out

S
XoU(leY) —2C L xgy

| |

1 (X, x) A (Y,y)

with the basepoint given by the lower horizontal morphism and is called the smash
product. The unit object for the smash product is 7, and the left identity isomorphism
lixx: I+ A(X,x) = (X,x) is defined to be the unique map determined by the given
map x: 1 — X and by the composition

(1UN®X «=— (18X)U(I8X) — 1UIeX) 2 X

of the inverse of the canonical map, the map induced by the unique map 1 ® X — 1,
and the sum of the maps x: 1 — X and Iy : /®X — X. The associativity and symmetry
isomorphisms in ¥%; are induced by those in #” using that the functor — ® X preserves
colimits. Dually, since the functor [X, —] preserves limits, the object [X, 1] is terminal,
and we define the internal Hom-object [(X,x), (¥, y)]. to be a choice of pull-back

X,Y], —— [X,Y]

l l[x,id]
(1y]

[1,1] —— [1,Y]
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with the basepoint 1 — [X, Y], defined to be the map determined by the unique map
1 — [1,1] and by the composite map

X, 1] 9 xy).

The unit and counit maps

) £

r'(X X (Z2)
(X,X) B— [(Yay)v (Xﬂx) A (Yay)]*a [(Y7y)v (sz)]* A (Yvy) — (sz)
are induced by the following composite maps, respectively.

X v x o] 2 v (X0 A ()]

(Y,y),(Z,2).0Y 2% v, zl0y —25 7

This defines the induced closed symmetric monoidal structure on %,. We obtain the
following pointed version of Proposition 1.24.

Addendum 1.29. There is a canonical monoidal natural pointed homeomorphism
that makes the following diagram of symmetric monoidal functors commute.

CatDual, — LB, Real Top,

|Sym = JHGR

Cat, -5 Top,

Proof. The natural homeomorphism o defined in the proof of Proposition 1.24 is
basepoint preserving. O

Remark 1.30. We call an object (%, ¢) of the category Caty, = 1/Caty a (kx-small)
pointed category. Here the functor ¢: 1 — % determines and is determined by the
objectc(1) € ob(%’). We stress that ¢(1) € ob(%’) can be any object and is not required
to be a nullobject. The functor F: (6},c1) — (%2, ¢2) is pointed if Fc; = ¢, and the
natural transformation f: F; = F> between pointed functors is pointed if f;, = id,,.
Similarly, the object (¢, D, ¢) of Cat Dualp. = (1,id)/ CatDualy is said to be a pointed
category with strict duality. The morphism c: (1,id) — (%,D) determines and is
determined by the object ¢(1) € ob(%) with D(c(1)) = ¢(1).

Remark 1.31. We use Addendum 1.29 to produce pointed equivariant maps and
pointed equivariant homotopies between the pointed real classifying spaces of pointed
categories with strict duality as follows. We define the Top,-functor

H,
CatDual, psym — Top,
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to be the composition of the Top, -functor
Fo
CatDual, psym —— CatDual*_BF)GR

that, on objects, is the identity and, on morphism pointed spaces, is given by the
pointed homeomorphism

BSymCatDual*((‘Kl ,Dl,cl), (%Q,DQ,CQ))
i) BCatDual*((%,Dl ,C]), (%Z,DZ,CQ))GR

induced from the pointed monoidal natural homeomorphism & from Addendum 1.29
and the Top, -functor B(—)C® CatDual B(—)0R Top, given by Constructions 1.8
and 1.9. It gives a map of pointed spaces

BSym CatDual,((61,D1,c1), (62,D2,¢2))

. (1.32)
— RealTop, ((B(%1,D1),Bc1), (B(62,D2),Bea)) oF.

In particular, every symmetric space (F,f) in the pointed functor category on the
left-hand side determines a pointed real map

H.(F,f): (B(¢1,D1),Bc1) — (B(¢2,D2),Bcy),

and every map of symmetric spaces g: (Fi, f1) — (Fo, fo) determines a pointed real
homotopy H,(g) from H, (Fy, fo) to H.(F1, f1).

Corollary 1.33. If (¢,D,c) is a pointed category with strict duality such that c(1)
is a nullobject of €, then the pointed real classifying space (B(¢,D),Bc) is pointed
equivariantly contractible.

Proof. The image of the map (1.32) contains both the identity map and the constant
map Bc(1). Therefore, it will suffice to show that the domain, and hence also the
image, is pointed contractible. But this follows from (c¢(1),id) being a nullobject of
the category of symmetric spaces in CatDual,.((¢,D,c),(¥¢,D,c)). O

We say that the adjunction (F,G,n, €, f,g) from the pointed adjunction from the
pointed category with strict duality (6},D1,c;) to the pointed category with strict
duality (6>, D,,c,) is pointed if the functors F and G and the natural transformations
n, &, f, and g all are pointed.

Corollary 1.34. If (F,G,n, ¢, f,g) is a pointed adjunction from the pointed category
with strict duality (61,D1,c1) to the pointed category with strict duality (¢2,D3,¢2),
then the two composites of the pointed real maps
H(F.f)
(B(€1,D1),Bci) —— (B(62,D2),Bc2)
H.(G.g)

are pointed equivariantly homotopic to the respective identity maps.
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Proof. Since H, : CatDual, gsym — Top, is a Top,-functor,
H*(Gag) OH*(Faf) = H*(GOF7gOf)
H.(F,f)oH.(G,f) =H.(FoG,fog).

Moreover, the commutative diagrams in Definition 1.27 express that the unit and
counit of the adjunction define maps of symmetric spaces

n: (id¢,,1) = (GoF,go f)
g: (FoG,fof) — (idg,1).

It follows that H,(n) is a pointed equivariant homotopy from H, (G, g) o H.(F, f) to
the identity map of B(%), D)) and that H, (€) is a pointed equivariant homotopy from
the identity map of B(%2,D;) to Hy(F, ) o H.(G,g). O
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2 The real Waldhausen construction

In this section, we introduce a variant of Waldhausen’s S-construction that we call
the real Waldhausen construction. It associates to a pointed exact category with weak
equivalences and strict duality (¢’,w%’,D,0) a real simplicial pointed exact category
with weak equivalences and strict duality (S>' €[], wS>' €[], D[~],0[—]). We first
recall the definition of a pointed exact category with weak equivalences and strict
duality.

Let % be an additive category. The diagram

i J
A<q>B<p>C

in % is a biproduct diagram if gi = id4, pj = id¢, and ig+ pj = id4. In this case, it
follows that p is a cokernel of i, that i is a kernel of p, that g is a cokernel of j, and
that j is a kernel of g. We say the underlying sequence

A—sp-L

is a split-exact sequence in €.
We recall from [17, §2] that an exact category is a pair (¢,&) of an additive
category % and a set & of sequences

A—p- T .c

in ¢ called the exact sequences for which the axioms (1)—(5) below are satisfied. A
morphism in % that appears as the left-hand morphism i in a sequence in & is called
an admissible monomorphisms, and a morphism in %’ that appears as the right-hand
morphism p in a sequence in & is called an admissible epimorphism.

(1) For every sequence
A—sBp-Lsc
in &, p is a cokernel of i and i is a kernel of p.

(2) Every sequence isomorphic to a sequence in & is itself in &

(3) The composition of two admissible monomorphisms is an admissible monomor-
phism; the composition of two admissible epimorphisms is an admissible epi-
morphism.

(4) The cobase-change of an admissible monomorphism along any morphism exists
and is an admissible monomorphism; the base-change of an admissible epimor-

phism along any morphism exists and is an admissible epimorphism.
(5) Every split-exact sequence in % is in &.

It was proved by Keller [9, Appendix A] that the additional axiom c) in [17, §2] is a
consequence of the axioms above. We will often abuse notation and write % for the
exact category (€,&). If (€, &) is an exact category, then so is (€°P,&°P). We also
abuse notation and simply write €°P for the exact category (€°P,&P).
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Example 2.1. Let &) be the set of split-exact sequences in the additive category % .
Then (%, &)) is an exact category.

We define the subcategory w% of the exact category % to be a subcategory of
weak equivalences, if it contains all isomorphisms, if for all diagrams

B%A%C Y*IJ»X%Z
o] o]
B «——<A ——(C Y — s X' 7

with i and i’ admissible monomorphisms, with p and p’ admissible epimorpisms, with
and the vertical maps in w%, the induced maps

BHAC%BHAIC/ YXXZHY/XX/Z/

of pushouts and pullbacks, respectively, again are in w%. We define an exact cat-
egory with weak equivalences to be a pair (¢,w%) of an exact category % and a
subcategory of weak equivalences w% C ¢, and define an exact functor

F: (61,w%) = (62,w6)

between exact categories with weak equivalences to be a functor F: 4] — %> that
takes exact sequences in % to exact sequences in 6> and weak equivalences in 6] to
weak equivalences in %,. We remark that if (4',w %) is an exact category with weak
equivalences, then so is (¢°P,w€°P).

Example 2.2. Let € be an exact category, and let i 6 be the subcategory of isomor-
phisms. Then (%,i¢) is an exact category with weak equivalences.

Finally, we define an exact category with weak equivalences and strict duality to
be a triple (€ ,w%é,D), where (¢',w%) is an exact category with weak equivalences,
and where D: (€°P,w&P) — (¢, w%) is an exact functor such that D o D°P = id¢
and D°P o D = id4op. A duality preserving exact functor

F: (61,w6\,D1) = (¢2,w6>,D>)

between exact categories with weak equivalences and strict duality is an exact functor
F: (61,w%é1) — (62,w%) such that F o D1 = D, o F°P, The set of all (k-small)
exact categories with weak equivalences and strict duality is the set of objects in
the real category wEx CatDual whose real set of morphisms from (%},w%,D;) to
(62,w62,D,) is defined to be the sub-real set

wExCatDual((%,w‘Kth), (ng,W%z,Dz)) C obRCatDual((%,Dl), (%27D2))

that consists of all exact (but not necessarily duality preserving) functors.

Let (1,1,id) be the unique exact category with weak equivalences and strict du-
ality whose underlying category is 1; it is a terminal object in the category of all
(x-small) exact categories with weak equivalences and strict duality and duality pre-
serving exact functors. A duality preserving exact functor

0: (1,1,id) — (¥, w%,D)
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determines and is determined by the null-object 0(1) € ob(%) with D(0(1)) = 0(1).
We define wEx CatDual, to be the real category of pointed exact categories with
weak equivalences and strict duality.

We define the sequence

AL gt c_",p

in the exact category % to be 4-term exact if f is an admissible monomorphism, if
h is an admissible epimorphism, and if g factors as the composition of a cokernel
p: B— E of f and a kernel i: E — C of h. We remind the reader that the definition
of the internal Hom-object in the category (k-small) categories with strict duality is
given in Definition 1.13 and that the categories with strict duality ([n], D) are defined
in Example 1.14.

Definition 2.3. The real Waldhausen construction of the pointed exact category with
weak equivalences and strict duality (¢,w €, D,0) is the real simplicial pointed exact
category with weak equivalences and strict duality

(82141 wS™ 6 [-], D[], 0[-]).
where
(§*1%[n], D[n]) C CatDual(CatDual(([2],D), ([n],D)), (€, D))
is the full subcategory with strict duality of all functors
A: Cat([2],[n]) — ¥

such that
(i) for all functors p: [1] — [n],

Alsopt) = A(s1pt) = 0(1),

(ii) for all functors o : [3] — [n], the sequence
A(dyo) —— A(d16) —— A(dr0) —— A(d30)

is 4-term exact;

where the sequence A — B — C in $>!%[n] is exact if, for all functors : [2] — [n],
the sequence A(6) — B(0) — C(0) in ¥ is exact; where the morphism A — B is in
wS>1€ [n] if, for all functors 6 : [2] — [n], the morphism A(6) — B(8) is in w%’, and
where the basepoint 0[n] is the constant diagram O[n](1)(6) = 0(1).

We postpone discussion of the functoriality of the real Waldhausen construction
to Proposition 3.6 below.

Example 2.4. For n =0 and n = 1, the category $>'%’[n] is equal to the discrete
category with the single object O[n](1), and for n = 2, the forgetful functor

(s21¢2],ws>'¢[2],D[2],0[2]) — (€,w€,D,0)

that to A associates A(id[z]) is an isomorphism of pointed exact categories with weak
equivalences and strict duality.
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If A is an object of $>!€’[n], then for every functor o: [3] — [n], the sequence
A(d()O') —_— A(dld) —_— A(de) —_— A(d36)

is 4-term exact, and hence, the middle map induces an isomorphism of a cokernel of
the left-hand map onto a kernel of the right-hand map. It is sometimes convenient to
have an explicit choice of kernel and cokernel be part of the structure. The purpose
of the following definition is to include this choice.

Definition 2.5. The extended real Waldhausen construction of the pointed exact cat-
egory with weak equivalence and strict duality (¢,w%,D,0) is the real simplicial
pointed exact category with weak equivalences and strict duality

(§*'¢ [, wS' €[], D[-],0[-]),
where
(§'%'[n],D[n]) C CatDual(CatDual(([3],D), (], D)), (%,D))
is the full subcategory with strict duality of all functors
A: Cat([3],[n]) — ¥

such that

(i) for every functor 6: [2] — [n],
A(S()e) = A(SQG) = 0(1 ),
(ii) for every functor 7: [4] — [n], the sequences

A(dot) —— A(d1T) —— A(d7T)

A(dzT) *>A(d3f) *>A(d4f)
are exact;

where the sequence A — B — C in §*!%’[n] is exact if, for all functors o: [3] — [n],
the sequence A(0) — B(0) — C(0) in € is exact; where the morphism A — B is in
wS?1% [n] if, for all functors o: [3] — [n], the morphism A(c) — B(o) is in w%, and
where the base point 0[n] is the constant diagram 0[n](1)(c) = 0(1).

Example 2.6. For n =0 and n = 1, the category $*'%’[n] is equal to the discrete
category on the single object 0[n](1); and for n = 2, the forgetful functor

(§*1€[2],w§*'¢[2),D[2],0[2]) — (€,w€,D,0)
that to A associates A(s!) is an isomorphism of pointed exact categories with weak

equivalences and strict duality.

We will say that a pointed adjunction (F,G,1n,¢€, f,g) from the pointed exact
category with weak equivalences and strict duality (47,w%),D;,0;) to the pointed
exact category with weak equivalences and strict duality (%2, w%>,D;,0,) is exact if
the pointed functors F' and G are exact.
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Lemma 2.7. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality. For every integer n > 0, there exists a pointed exact adjunction

(S>lk7han7galag)
from (§21€'[n],wS>'€[n],D[n),0[n]) to (S*'€[n],wS>'€[n],D[n],0[n]). Moreover,

the natural transformations 1, €, and g all are isomorphisms.

Proof. We first show that s': [3] — [2] induces a pointed exact duality preserving
functor s} : §216[n] — S»1€[n]. To this end, we verify that if A € 0bS*!%[n] then
57 (A) eobS2 1€ [n]. Given u: [1] = [n],

s1(A)(sopn) = A(s1501) = A(sosopt) =
ST(A)(siu) =A(sisi) =A(sas1h) =

which shows that s7(A) satisfies (i) of Definition 2.3, and given ¢: [3] — [n], we have

doO' 4>S1 d10' 4)S1 de 4>S1 d30'

SldQG 4)14 Slle 4)14 S1d26 4)14 Sldzc

A(d0S2G) 4)14(61’2520’) 4)A(d3S10) 4)A(d4$10')

J T

A(szQO') E—— A(dzslG)

which shows that 57 (A) satisfies (ii) of Definition 2.3. Finally, s} o 0[n] = 0[n], so the
functor s7 is pointed; it is clear that it is duality preserving and exact.
We next define the pointed exact functor

h: S21€ 0] — S21€n).

Given A € obS*!€'[n], we define the functor i(A): Cat([3],[n]) — % as follows. For
every functor ¢: [3] — [n], we have the 4-term exact sequence

A(dyo) —2— A(dy0) —2— A(dyo) —— A(d30).

If b is the zero morphism, then we define #(A)(o) to be the given null-object 0(1),
and otherwise, we choose any factorization of b as the composition

A(d16) —2 h(A)(6)— A(d>0)

of a cokernel p of the admissible monomorphism a and a kernel i of the admissible
epimorphism c. This defines #(A) on objects, and the universal property of kernels

31



and cokernels determines the value of /#(A) on morphisms. We proceed to show that
h(A) satisfies (i) and (ii) of Definition 2.5.
We first show that h(A) satisfies (i). Given 0: [2] — [n], the 4-term exact sequence

A(dyso0) == A(d1509) SELEN A(dr500) == A(d3500)
shows that 2(A)(so6) = 0(1), and the 4-term exact sequence
A(doSQQ) S A(d1S29) L A(dQSQG) _ A(d3S29),

shows that 2(A)(s20) = 0(1). This proves that h(A) satisfies (i). We next show that
h(A) satisfies (ii). Given 7: [4] — [n], we consider the following diagram.

A(dydpt)—— A(d1doT) Ly h(A)(dpT)

Ig

A(dyd 7)—— A(d1diT) —» h(A)(d1T)

Ik

h(A)(d27)

(dQ’L'

The upper right-hand square is a push-out. Therefore, the upper right-hand vertical
map is an admissible monomorphism, and the composition of a cokernel of this map
and the middle right-hand horizontal map is a cokernel of the upper middle vertical
map. Now, since d;d;T = d1d,7T and d1dyT = dpd, T, the lower middle vertical map
is such a cokernel. This proves that the right-hand column is an exact sequence in %.
Similarly, in the diagram

A)(dzl') (dz‘L'

A)(d3‘L’ >—>A dzdzf *»A d3d3‘L’

l

A)(d4‘L' >—.>A(d2d417) *»A d3d4‘L'

the lower left-hand square is a pull-back. Therefore, the lower left-hand vertical map
is an admissible epimorphism, and the composition of a kernel of this map and the
middle left-hand horizontal map is a kernel of the lower middle vertical map. Now,
since drd3T = drdrT and drdsT = dzd, 7, the upper middle vertical map is such a
kernel. This shows that the left-hand column is an exact sequence in ¥. We have
proved that /(A) satisfies (ii), and hence, that 4#(A) € obS>!%'[n]. It is clear that the
functor h: $2'€'[n] — §>'%'[n] is pointed; we proceed to show that it is exact.

Let A — B — C be an exact sequence in S>!%[n]. We wish to show that for every
functor o: [3] — [n], the sequence h(A)(c) — h(B)(c) — h(C)(0) in € is exact. By
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the definition of this sequence, we have the following commutative diagram in which
the columns and the top two rows all are exact sequences in %

A(d()G) — B(d()O') E—d C(d()G)

L]

A(d10')>—> B(d]O') E—d C(dlcr)

L

h(A)(6) —— h(B)(c) —— h(C)(o)

We use the redundant axiom c) of [17, §2] as follows to show that the bottow row is
exact. The lower right-hand vertical map and the middle right-hand horizontal map
are both admissible epimorphisms. Therefore, also their composition is an admissible
epimorphism. In this situation, to show that the bottom row is exact, it suffices by said
axiom to show that p has a kernel. But a diagram chase based on the diagram

h(A)(c) — h(B)(6) —"— h(C)(0)

]

A(dyo)—— B(dr,o) —» C(d»0)

I

A(dz0)—— B(dzo) —» C(d30),

where the columns and the bottom two rows are exact, readily shows that i is a kernel
of p. Finally, if A — Bis in wS>!€'[n], then h(A) — h(B) is in w$§*!%€’[n]. Hence, the
functor £ is exact as stated.

We next define the pointed natural isomorphisms 7 and €. If A € obS?!%’[n], then
h(si(A))(o) is defined to be a choice of cokernel of the admissible monomorphism
a: A(SldoG) — A(Slle). But s1dyoc = dysy 0, s1d16 = disy0, and dysp,0 = 0, so
also A(o) is a choice of cokernel of a. It follows that the unique isomorphism of
cokernels from A(o) to h(sj(A))(o) form a natural isomorphism 7n: id = hosj.
Similarly, if A € obS>!€’[n], then 57 (h(A))(8) is a choice of cokernel of the admissi-
ble monomorphism a: A(dys;0) — A(d;s5160). But dys1 0 = sodp6 and d15,0 = 6, so
also A(0) is a choice of cokernel of f. Hence, the unique isomorphism of cokernels
from s7(h(A))(0) to A(0) form a natural isomorphism €: s} o h = id. Again, by the
uniqueness of the isomorphisms of different choices of cokernels, we conclude that
the two composite natural transformations

. nosy y y €os] N hom N coh
§] == s{ohos] =—=> 5] h=—=hosjoh=—=h

are equal to the identity natural transformations. This shows that (s}, %, 1, €) forms a
pointed exact adjoint equivalence from §2!%[n] to $*1€'[n].
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Since s7 is duality preserving, we have s} = (D[n],D[n])(s})°P. Moreover, by the
uniqueness of cokernels up to unique isomorphism, there is a natural isomorphism
g: h = (D[n],D[n))h°. It necessarily satisfies g = (D[n],D[n])g°, and it is pointed
by our definition of &. Finally, the two diagrams in Definition 1.27 commute, since
each morphism in the two diagrams is the unique isomorphism between two choices
of cokernels of the same morphism. O

Corollary 2.8. Let (¢ ,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and n a non-negative integer. The pointed real map

|N(wS>'€[=],D[~],0[~])[~]|lr —— | N(wS*'%[~],D[-],0[-])[]|x-
induced by s5: [3] — [2] is a weak equivalence of pointed real spaces.

Proof. 1t follows from Lemma 2.7 and Corollary 1.34 that for every n > 0, the two
composites of the pointed real maps

H(s%)
|N(w8H1€ [n],Dn])[~]lr —— |N(wS>'€[n],D[n])[~]|r
Hi(h,g)

are pointed real homotopic to the respective identity maps. Moreover, as n varies, the
maps H.,(s}) (but not the maps H., (h,g)) form a map of real simplicial pointed real
spaces. Therefore, by the real realization lemma, the induced map of realizations

INWS>' €[], D[-))[~]lx —— IN(wS>'€[~], D[-])[-]lx
is a weak equivalence of pointed real spaces as stated. O

We end this section by introducing a category $>!¢’[n] which is equivalent to the
category $>!%’[n] but is more manageable. The categories 5>'!%’[n], however, do not
form a simplicial category as n varies.

Definition 2.9. Let ¥ be an exact category. The commutative diagram

g1
App —— Agz

LT

P2
Ay ——Ap3

in ¥ is an admissible square if it can be completed to a commutative diagram

All >f% Al L» A3

f: 133

2
Ay ——— App —» An3

bR

3 83
A3z —» Az —» Az
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in which the rows and columns all are exact. In this case, the latter diagram is said to
be a completion of the admissible square.

Remark 2.10. The completion of an admissible square is unique up to canonical
isomorphism. Moreover, the square diagram in Definition 2.9 is admissible if and
only if the following conditions (i)—(iii) are satisfied.

(i) The morphisms g and g, are admissible epimorphisms.
(i) The morphisms %, and A3 are admissible monomorphisms.
(i) If f1: Aj;1 — A2 and fo: Ap; — App are kernels of g1 and g7, respectively, then
hy: A11 — Az induced by h; and A3 is an admissible monomorphism.

Here, the condition (iii) is equivalent to the following condition (iv).

@iv) If kp: App — A3y and k3: Ax3 — Aszz are cokernels of 4y and k3, respectively,
then g3: A3y — Assz induced by g| and g5 is an admissible epimorphism.

Here, the equivalence of the conditions (iii) and (iv) uses [17, §2 ¢)].

Definition 2.11. Let n be a non-negative integer, and let (¢",w%,D,0) be a pointed
exact category with weak equivalences and strict duality. The degree n restricted real
Waldhausen construction of (¢,w%,D,0) is the pointed exact category with weak
equivalences and strict duality

($*1€[n],wS*'€n), D[n],0[n),
where
(8*'€/[n), D[n]) C CatDual(CatDual(([1],D),([n],D)),(¥,D))
is the full subcategory with strict duality of all functors
A: Cat([1],[n]) — ¥
such that
(i) for every functor : [1] — [n] with u(0) =0or u(l) =n,
() =0(1),
(ii) for every functor o : [3] — [n], the diagram
A(dydro) —— A(d1dr0)
]
A(dydzo) —— A(d1d30)

is an admissible square in %’;

where the sequence A — B — C in §'%¢’[n] is exact if, for all functors p: [1] — [n],
the sequence A(u) — B(u) — C(u) in € is exact; where the morphism A — B is in
w8214 [n] if, for all functors p : [1] — [n], the morphism A(u) — B(u) is in w%’; and
where the basepoint O[n] is the constant diagram 0[n](1)(u) = 0(1).
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The restricted real Waldhausen construction does not define a real simplicial
pointed exact category with weak equivalences and strict duality. For instance,

Cat(Cat([1], [n]),%) —*— Cat(Cat([1],[n — 1), %)

does not map $*'€’[n] to S>'€[n— 1].

Lemma 2.12. Let (¢,w%€,D,0) be a pointed exact category with weak equivalences
and strict duality. For every integer n > 0, there exists a pointed exact adjunction

(j*7e7n7871)g)

from (§>'€'[n],wS>'€[n],D[n],0[n)) to (§5*'€[n],wS*'€ [n],D[n],0[n]). Moreover,
the natural transformations 1), €, and g all are isomorphisms.

Proof. For all non-negative integers m and n, we define

Cat([m], [n]) —— Cat(jm+2], [n])

to be the functor given by

0 ifi=0
jO)@H)=<206(i—1) if1<i<m+1
n ifi=m+2.

We note that j(d;0) = di+1j(0) for every functor 0: [m — 1] — [n] and for every
integer 0 < i < m— 1. Now, we claim that for m = 1, the functor j induces a pointed
exact duality preserving functor

2140 — s 1%,

To see this, we let A € 0bS$*!€’[n] and show that j*(A) = A o p satisfies (i)(ii) of
Definition 2.11. To prove (i), let it : [1] — [n] be a functor. If £(0) = 0, then we have
J(u) = sodoj(u), which implies that A(j(1)) = 0(1). Similarly, if u(1) = n, then
J(u) =s2d3j(1),s0 A(j(u)) =0(1). This shows that j*(A) satisfies (i). To prove (ii),
let : [3] — [n] be a functor. In this situation, the diagram

A(j(dod20)) — A(j(d1d20))

| |

A(j(dod30)) —— A(j(d1d30))
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can be completed to the diagram

A(dod3j(0)) —— A(d1d3j(0)) — A(d2d3j(0))

| I I

A(dodsj(0))—— A(d1dsj(0)) —» A(dardsj(0))

| l i

A(dods j(0)) —— A(d1dsj(0)) — A(drdsj(0))

which shows that j*(A) satisfies (ii). This shows that the functor j* is well-defined,;
it is clear that it is pointed, duality preserving, and exact. For later use, we note that
the lower left-hand term is equal to A(o).

We next define the functor e: $>!'%'[n] — §%!%'[n]. Let B: Cat([1],[n]) — € be
an object of $%!¢’[n]. To define the value of the functor e(B): Cat([3],[n]) — ¢ on
the object o: [3] — [n] to be the lower left-hand term in a choice of completion of
the following admissible square.

B(dydr0) —» B(d1d,0)

|

B(d0d36) — B(d1d30')

If both horizontal morphisms or both vertical morphisms in the admissible square
are identity morphisms, then we require that e(B)(c) = 0(1); and if 6 = j(u) with
u: [1] = [n], then we required that e(B)(j(1)) = B(u). But in all other cases, the
choice of completion of the admissible square is unrestricted. To define the func-
tor ¢(B) on morphisms, we note that the morphism ¢; = 0, induces a morphism
of the admissible squares used to define e¢(B)(o1) and e(B)(02). This morphism, in
turn, extends uniquely to a morphism of the completions of the admissible squares in
question, and we define ¢(B) (0] = 02) to be the morphism e(B)(01) — e(B)(02) of
lower left-hand terms in the completed diagrams. We claim that e(B) satisfies (1)—(ii)
of Definition 2.5, and hence, is an object of §>!%’[n]. To verify (i), we let 8: [2] — [n]
be a functor and consider the following admissible squares.

B(dosz()e) —_— B(d]szoe) B(d()dQSze) —_— B(d]szze)
B(d0d3S06) —_— B(d1d3S09) B(d()d3S29) —_— B(d1d3S29)

The horizontal morphisms in the left-hand square and the vertical morphisms in
the right-hand square are all identity morphisms, and therefore, both e(B)(s06) and
e(B)(s520) are equal to 0(1). This shows that e(B) satisfies (i). To verify (ii), we let
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7: [4] — [n] be a functor and consider the following sequences.

e(B)(dyt) — e(B)(d1T) —— e(B)(do7)

e(B)(daT) — e(B)(d3t) —— e(B)(ds7)

We will show that the top sequence is exact; the proof for the bottom sequence is
similar. To this end, we consider the following diagram.

B(d()dzdol') B(d0d2d1 ‘L') E—d B(dodzdz’f)

S [

B(dldgdof) TB(d]dzdlf) \L

B(dydsdyt) =— | = B(dpd3d1T) — |—» B(dod3d,T)

N, ™,

B(d1d3d()f) Em—d B(d]d3d1 T) B B(dldg,dzf)

B(d1d2d21>

The left-hand vertical square, the middle vertical square, and the right-hand vertical
squares are all admissible, and the objects e(B)(do7), e(B)(d;7), and e(B)(da7) are
the lower left-hand terms in their respective completions. The front left-hand vertical
square and the back right-hand vertical square also are admissible. It follows that, by
choosing kernels of the admissible epimorphisms from the back rectangular diagram
to the front rectangular diagram, we obtain a diagram of the form

Ay Bn Ch
Az B Gy

Finally, the sequence in question is the induced sequence of a choice of cokernels
of the vertical admissible monomorphisms in this diagram. Hence, the sequence is
exact. This shows that e(B) satisfies (ii), proving the claim. We leave it to the reader
to verify that the functor e: §>'%€[n] — §*!%[n] is exact. It is pointed by definition.
We define 1) to be the natural isomorphism whose value at A € ob$>!%[n] is the
natural isomorphism 14 : A = ¢(j*(A)) whose value at ¢: [3] — [n], in turn, is the
canonical isomorphism from A(dxds j(0)) = A(0) to e(j*(A)) (o). We define € to be
the identity natural isomorphism. It is clear that both 1 and € are pointed. Finally, we
define g: e = (D[n],D[n])e® to be the natural isomorphism whose value at B is the
natural isomorphism gg: e(B) = ((D[n],D[n])e°?)(B) whose value at o, in turn, is
the canonical isomorphism of lower left-hand terms in two choices of completion of
the admissible square used to define e(B)(o). It follows from the definitions that g is
pointed, and the uniqueness of kernels and cokernels, up to canonical isomorphism,
implies that the two diagrams in Definition 1.27 commute. O
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Example 2.13. We spell out the adjoint equivalences of categories

*

st N j _
S ] = 1G] = S n]
h e

in the case n = 3. An object A of $!%[n] is given by a diagram
A(d")— Ad's') —" Alidgy ) —— A(d%s") — > A(ds)

such that the sequence (a,b) and (c,d) both are exact. The functor s} takes A to the
object 57 (A) of $>!%[3] given by the 4-term exact sequence

A(d0s') —2 A(d's') =<2 A(@?s) —Lw A(dsh),
and the functor j* takes A to the object j*(A) of §2!%[3] given by the diagram
A(d's') —2 Alidy) — A(d’s").

The forgetful functors s7 and j* are equivalences of categories, since A is determined,
up to isomorphism, by the either of s7(A) and j*(A).
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3 The real algebraic K-theory spectrum

By analogy with Atiyah’s K-theory with reality [2], we associate to the pointed exact
category with weak equivalences and strict duality (¢,w%,D,0) a real symmetric
spectrum KR(€',w%,D,0) that we call the real algebraic K-theory spectrum.

The real Waldhausen construction may be iterated. By applying it r times to the
pointed exact category with weak equivalences and strict duality (¢,w%’,D,0), we
obtain an r-real simplicial pointed exact category with weak equivalences and strict
duality whose value at the object

7] =[n1,....n]] =[] X -+ X [ny]

of the r-fold product real category AR X --- X AR is the pointed exact category with
weak equivalences and strict duality

(SP1(... 82 € m,]. . ) m],wSP(...$* € n,].. )], Dn,] ... [m1],0[n] ... [n1]).

Here, and below, we suppress the arrangement of parentheses in the r-fold product;
for example, we can choose the arrangement where every pair of parentheses begin
on the left. To define the real symmetric spectrum KR(%,w%,D,0), we wish to be
able to permutate the r real simplicial directions. With this purpose in mind, we intro-
duce the following construction, which is naturally isomorphic to the r-fold iterated
Waldhausen construction.

Definition 3.1. For r > 1, the r-fold real Waldhausen construction of the pointed
exact category with weak equivalences and strict duality (¢',w%’,D,0) is the r-real
simplicial pointed exact category with weak equivalences and strict duality

(8?7 €[], wS**¢[~],D[-],0[-])
where
(S*""€[n],D[n]) C CatDual(CatDual(([2],D), ([n], D)), (% ,D))
is the full subcategory with strict duality of all functors
A: Cat([2],[n]) = ¢
such that

(i) forevery 1 <i<r, forevery 0;: [2] = [nj] with j=1,...,i—1,i+1,...,r,and
for every u: [1] — [ni],

AB1,- 01,501, B 15, 6,) = A(Br, .., 61,5118, 611, ., 6,) = O(1),

(i) forevery 1 <i<r, forevery 0;: 2| = [nj]with j=1,...,i—1,i+1,...,r, and
for every o: [3] — [n], the sequence

A(el,...,9[_1,d06,65+1,...,6,«) 4)A(el,...,65_1,d16,9[+1,..-,9r)
—A(61,...,0i-1,d20,011,...,60,) —— A(61,...,0,-1,d30,041,...,6,)

is 4-term exaxt;
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where the sequence A — B — C in $>'€[n] is exact if, for all 8: [2] — [n], the
sequence A(0) — B(0) — C(0) in ¥ is exact; where the morphism A — B is in
w8214 [n] if, for all 8: [2] — [n], the morphism A(8) — B(8) is in w%, and where
the basepoint O[n] is the constant diagram 0[n](1)(6) = 0(1). For r = 0, the r-fold
real Waldhausen construction of (¢',w%’,D,0) is equal to (¢',w%,D,0).

We have the canonical natural isomorphisms
Cat(Cat([2], [n1] X [n2] x - -+ x [1n,]), %)
2], [m1]) x Cat([2], [n2]) x - x Cat([2], [n]), %)
[2],[m1]), Cat(Cat([2], [n2]), - .., Cat(Cat([2],[n,]),€) .. .)),

+— Cat(Cat(
— Cat(Cat(

where the first isomorphism is induced by the canonical isomorphism
Cat([2], [na] x -+ x [n]) —— Cat([2], [m]) x - x Cat([2], [n,]),

and where the second isomorphism is determined by the closed symmetric monoidal
structure on the category of categories. Comparing Definitions 2.3 and 3.1, we see
that the composite natural isomorphism restricts to a natural isomorphism

S s, ng] s 2SS ] ) o]

through pointed duality preserving exact functors. As n varies, these functors con-
stitute a natural isomorphism from the r-real simplicial pointed exact category with
weak equivalences and strict duality defined by the r-fold Waldhausen construction of
(¢,w%,D,0) to the r-real simplicial pointed exact category with weak equivalences
and strict duality defined by the r-fold iterate of the real Waldhausen construction
applied to (¢, w¥%,D,0).

Let 0 € X, = Aut({1,...,r}) be a permutation. It gives rise to the real functor

ARx---xARL)ARx---xAR

that takes the object [n1] X -+ X [n,] to the object [ng()] X -+ X [ng(,)] and that acts
similarly on morphism real sets. The symmetric monoidal structure on the category
of categories gives rise to the canonical isomorphism of categories

(] - [ny] ——= o (] x - x [nr]),

and this isomorphism, in turn, induces a canonical isomorphism of categories

Cat(Cat([2],rs([m1] x -+~ x [n,])),€) L Cat(Cat([2],[n1] X -+ x [1,]),€).

It follows immediately from Definition 3.1 that the isomorphism /s restricts to a
natural isomorphism of categories

Szr’mg[l’lc(w, e ,nc(,)] L} SZr.,rcg[nl PN (1
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through a pointed duality preserving exact functor. As n varies, these isomorphisms,
in turn, form a natural isomorphism of r-real simplicial categories

lo
SZr,r%[_} ° rgP N SZr,rcg[_]
through pointed duality preserving exact functors. In addition, from the coherence

theorem for symmetric monoidal categories [11, Chapter XI, Theorem 1], we con-
clude that the following diagram commutes.

SHJorP or —— S [0,
llforgp llm—
SZr,r(g[_] o rgp ls SZr,rcg[_]

Finally, welet A: AR — AR X --- X AR be the diagonal real functor and consider the
diagonal real simplicial category S*"€[—] o A°P.

Lemma 3.2. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and let r be a positive integer. The symmetric group X, acts from
the left on the diagonal real simplicial category S*""€'[~] o A° with ¢ € X, acting
through the pointed duality preserving exact functor ls.

Proof. Since rg 0 A = A, this follows from the commutativity of the diagram that
precedes the lemma. O

Definition 3.3. Let r be a positive integer and let X[—] be an r-real simplicial set.
The geometric realization | X[—]|g is defined to be the real space | X[—] o A°P|g given
by the geometric realization of the diagonal real simplicial set.

We define the rth space in the real algebraic K-theory spectrum to be the pointed
real space given by the geometric realization

KR(€,w%,T,0) = |N(wS>"€[~],D[-],0[-])[~]|r

of the (r+ 1)-real simplicial set defined by the real nerve of the r-real simplicial
pointed category with strict duality (wS%"¢[~],D[—],0[—]). By Lemma 3.2, there
is a left X,-action on KR(€,w%,D,0), with 6 € X, acting through the pointed real
map induced by the pointed duality preserving exact functor /.

To define the structure maps in the real algebraic K-theory spectrum, we need
a different model for the geometric realization of an r-simplicial set which we first
discuss. Spelling out Definition 3.3, the geometric realization |X[—]|g of the r-real
simplicial set X [—] is the following coequalizer in the category of real spaces.

f
LI XIn.....n) x AR([m], [n]) x AR[m] ?H X[p,-.., pl X AR[p] — [X[-]lr

The middle and left-hand coproducts range over the sets of objects and ordered pairs
of objects in AR, respectively; the real maps f and g were defined in the discussion
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that precedes Definition 1.18. We now define |X[—]| to be the real space given by
the following coequalizer in the category of real spaces.

H X[ni,...,n X AR([m1],[m1]) X --- X AR([my], [n]) X AR[m1] X --- X AR[m,]

f
——t LI XIp1,-op) % ARIp1] -+ % ARlp] — X[-fg
&

The middle and left-hand coproducts range over the sets of objects and ordered pairs
of objects in the r-fold product real category AR X --- X AR, respectively, and the real
maps f and g’ are defined by

f/ Oin([ml.,.A..,m,],[nl,.“,n,.]) = in[ml,...,mr] O(fml,...,mr,nl,...,nr X ld)

where f.,..m.n,...n, 1S the composite real map

X[ni,...,n] X AR([m1],[m1]) X -« x AR([my], [n/])

idxX
i X[ny,...,n,] xRealSet(X[ny,...,n],X[m,...,m])

Eot
— X[my,...,my],

and where g, ....m, n;,...n, 1S the composition

AR(jmy],[m]) -+ x AR([m,], [n,]) X AR[my] % -+ x AR[m,]
——— AR([m1),[m1]) x AR[m1] % - x AR([m,], [n,]) X AR[m,]

— AR[nj] X --- X AR[n,]

of the canonical isomorphism and the map g, », X - -+ X &n, u,. The following result
may be proved using the method of [4]; see also [19].

Proposition 3.4. Let X[—| be an r-real simplicial set. The natural real map
dy [X[=]|r = X[l
induced by the diagonal real maps

idxA
—

X|[p,...,p] X AR[p] X[p,...,p] X AR[p] x --- X AR[p]

is a homeomorphism.

We now define the structure maps
Ors
KR(€,w%€,D,0), NS> —— KR(€,wE,D,0),.

in the real algebraic K-theory spectrum. We recall that $>** is defined to be the s-fold
smash product §>! A --- A §>! of the one-point compactification §?! of C with o as
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the basepoint. We let $2* be the s-fold smash product S>! A --- A S?! of the pointed
real space $>! = AR[2]/dAR[2] and define the pointed real homeomorphism

SQS,S hs S2s,s

to be the s-fold smash product of the pointed real homeomorphism #; defined by

hi(to-0+11-146-2) =15 e 23 p 7t 11253,

Now the map o, is defined to be the composition

IN(wS % (-], D[~],0-])[][g A 5> A--- AS>!

E8 N (w2 ], D[], 0[-]) <)k ASP A £ 521
LN | NS E 1), D], 0D [ AS A A S
Ly NS, D], 0[-]) [k
I N (ST ], D], 0[] [k

where the real map j,.;, which is the only map that is not an isomorphism, is defined
as follows. Let Ag — -+- — A, be an element of N(wS>*"¢[m],D[m],0(m])[p], let
u; € AR[m;] letv; € AR[2], and let w € AR[p]. Then

Jrs(class of (Ag = --- = Ap,up, ..., up,,W,v1,...,V5))

=classof (Ag = -+ = Ap,ut,...,up,Vi,..., V5, W),

where, if A;: Cat([2],[m]) — €, then A;: Cat([2],[m] x [2,...,2]) — € is defined by

Ai(6,0") = {Ai<9) if 9" =

0(1)  otherwise

with 6: 2] — [m] and 6’: 2] — [2,...,2]. It is clear from the definition that o, is
X, x Xg-equivariant when X, x X acts from the left on the target through the group
homomorphism +: X, x Xy — X, .

Definition 3.5. The real algebraic K-spectrum of the pointed exact category with
weak equivalences and strict duality (¢,w%,D,0) is the real symmetric spectrum
KR(%¢,w%,D,0) whose rth space is the pointed real space with left X,-action

KR(€,w€,D,0), = |N(wS*"€[-],D[-],0[-])[~]Ix

and whose structure maps are the X, x X;-equivariant pointed real maps

KR(€,wE,D,0), AS>5 —* s KR(€,wE,D,0)ys

defined above.

Finally, we prove the following result on the functoriality of the real algebraic
K-theory spectrum. We view the topological standard simplex A[1] as a real space
with trivial Gg-action.
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Proposition 3.6. Letr (¢1,w%1,D1,01) and (€2,w%>,D,,05) be two pointed exact
categories with weak equivalence and strict duality.
(1) A pair (F, f) of a pointed exact functor F: (€1,w%1,01) — (¢2,w%>,0,) and a
pointed natural transformation through weak equivalences f: F = (D, D,)F°P
such that f = (D1,D;) f°P induces a map of real symmetric spectra

KR(%l,W%th,Ol) ﬂ) KR(%Z,W%Z,DZ,Oz).

(2) Let (Fy, f1) and (Fy, fo) be two pairs as in (1). A pointed natural transformation
through weak equivalences g: F1 = Fy such that the diagram

F d F

Hf 1 Hfz
(Dy1,D;)g?

(D1,Dy)F? <———=— (D1,D>)F,"

commutes induces a map of real symmetric spectra
All]4 ANKR(%61,w61,D1,01) L) KR(6>,w%>,D,,0,)

such that g, o (d° \id) = (Fo, fo)« and g. o (d' Nid) = (Fy, f1)s-

Proof. We use Addendum 1.29 as explained in Remark 1.31. The pair (F, f) induces
the pair (wS%""F[n],wS?"" f[n]) which is an object of the category

SymCatDual, ((wS>*" % [n], D1 [n],01[n]), (wS*" 6 [n], D1 [n],02[n])).

The images H, (wS?""F[n],wS*"" f[n]) by the Top,-functor H, defined in Remark 1.31
give rise to a X,-equivariant pointed real map that we write

KR(%],W%hD],Ol)r mKR(%Q,W(fQ,DQ,Oz)r.
It is clear that the maps (F, f)., are compatible with the real symmetric spectrum
structure maps, and hence, form a map (F, f). of real symmetric spectra.
Similarly, the natural transformation g: F; = Fp induces a natural transformation
wS> " g[n]: w8 Fi[n] = wS?"" Fy[n] which is a morphism of the above category of
symmetric spaces. Hence, from Remark 1.31 we obtain a X,-equivariant real map

A[1]+ /\KR(%l,W%th,Ol)r i} KR(CKz,W%z,DQ,Oz)r

such that g, o (d° Aid) = (Fy, fo)«r and g, 0 (d' Aid) = (Fy, f1 ). Finally, it is clear
that the maps g., form a map g. of real symmetric spectra. O

Remark 3.1. If F: (¢1,w%6),D1,01) = (62,w%2,D,0,) is a pointed exact dual-
ity preserving functor between pointed exact categories with weak equivalences and
strict duality, then the pair (F, 1) satisfies the hypothesis of Proposition 3.6 (1). In
this case, we abbreviate (F, 1r ). as Fi.
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4 The real I'-category construction

In this section, we introduce a variant of Segal’s I"-category that we call the real
I'-category construction. In essence, it associates to the pointed exact category with
weak equivalences and strict duality (¢’,w%’,D,0) the real I"-pointed exact category
with weak equivalences and strict duality (¢'(—),w%(—),D(—),0(—) that takes the
pointed finite real set (X,x) to the pointed exact category with weak equivalences and
strict duality given by the pointed %-valued sheafs on (X, x).

We recall the closed symmetric monoidal category Real Set,. of (x-small) pointed
real sets. The full subcategory FinReal Set, of all (k-small) finite pointed real sets
inherits a closed symmetric monoidal structure. We define a pointed real category
to be a Real Set,.-category, a real pointed functor to be a Real Set..-functor, and a real
pointed natural transformation to be a Real Set,-natural transformation. We will abuse
notation and write FinReal Set,. for the underlying pointed real category of the closed
symmetric monoidal category FinReal Set..

Definition 4.1. A real I"-object in the pointed real category ¥ is a pointed real func-
tor A: FinRealSet, — %. A morphism f: A — A’ between the real I'-objects is a
pointed real natural transformation.

Remark 4.2. We define a real I"-space to be a real I'-object in the pointed real cat-
egory Real Top, of (k-small) pointed real spaces. This is essentially the same as a
I;-space in the sense of Shimakawa [23, §1] for the group G = Gg = Gal(C/R). We
also define a real I'-category to be a a real I'-object in the real category CatDual, of
(x-small) pointed categories with strict duality. This, however, is different from the
I;-categories of Shimakawa [23, §2].

To define the real I"-category construction, we define a pointed real functor

FinReal Set2? i> CatDual,

by analogy with the power set functor. Let (X,x) be a (k-small) finite pointed real
set. The category P(X,x) has objects all pointed subsets x € U C X, and the set
P(X,x)(U,V) of morphisms from the object U to object V consists of all subsets
xeFCUNV.Westress thatx € U,V C X and x € F C UNV are not required to be
real subsets. The composition of the morphisms F: U —V and G: V — W is defined
to be the morphism GoF = GNF: U — W and the identity morphism of x € X C X
is defined to be x € X C X. In particular, the morphism F': U — V is equal to the com-
position of the morphisms UNV: U - UNV and UNV: UNV — V which may be
thought of as the map that collapses the complement of U NV C U to the basepoint
and the canonical inclusion of U NV into V, respectively. The duality functor

P(X,x)? —2— P(X,x)

takes the object x € U C X to the object x € DU = {tu | u € U} C X and takes the
morphism F : U — V to the morphism DF = {tf | f € F}: DV — DU. The basepoint
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x: (1,id) — (P(X,x),D) is the duality preserving functor defined by %(1) = {x} C X.
This defines the pointed real functor P on objects. We define

FinReal Set..((X1,x1), (X2,x2))
L} obg CatDual*((P(Xz,xz),Dz,Xz), (P(Xl,xl),Dl ,Xl))

to be the pointed real map given by the following variant of the inverse image functor.
If f: (X1,x1) — (X2,x2) is a pointed (but not necessarily real) map, then

=3

_ f _
(P(X2,x2),D2,%) — (P(X1,x1),D1,%1)

is the pointed (but not necessarily duality preserving) functor defined on objects and
morphisms, respectively, by

£V =1V {nhufa}
FHE) = FHES b U{a)).

This defines the pointed real functor P on morphism pointed real sets.

We next define a Grothendieck topology on the category P(X,x) and begin by
recalling the relevant definitions from [1, Exposé I-1I]. A sieve S on the object U is a
full subcategory of the overcategory P(X,x)/U such that for every F: V — U in obS
and for every morphism G: W — V in P(X,x), the composite FoG: W — U is in
obS. The pullback of the sieve S on U along the morphism F: V — U of P(X,x) is
the unique sieve F*S on V such that

obF*'S={G: W =V |FoG: W — U isinobS}.

A Grothendieck topology on P(X,x) is a function that to every object U associates
a subset J(U) of the set of sieves on U such that the following axioms (1)—(3) hold.
The elements of J(U) are called the covering sieves on U.

(1) If F: V — U is a morphism and if S is a covering sieve on U, then the pullback
sieve F*S is a covering sieve on V.

(2) If U is an object, if S and T are sieves on U, if S is a covering sieve, and if for
every morphism F: V — U in obS, the pullback sieve F*T is a covering sieve
on V, then T is a covering sieve on U.

(3) If U is an object of P(X,x), then P(X,x)/U is a covering sieve on U.

Finally, a & -valued sheaf on P(X,x) for the topology J is a functor
A: P(X,x)®? - €
such that for every object U and for every S € J(U), the family of morphisms
A(F): A(U) — A(V),

indexed by F: V — U in obS, constitute a limit of the S°P-diagram in ¥ that takes
the value A(V) at the object F: V — U of S and the value A(G): A(V) — A(W) at
the morphism G: W -V in S from FoG: W - U to F: V — U.
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Lemma 4.3. Let (X,x) be a finite pointed set. There is a Grothendieck topology J on
the category P(X,x) where the sieve S on the object U is a covering sieve if and only
if for every u € U, the morphism {x,u}: {x,u} — U is in obS.

Proof. We first verify axiom (1). Let F': V — U be a morphism and let S be a covering
sieve on U. Given v € V, the composite morphism F o {x,v}: {x,v} — U is equal to
either {x,v}: {x,v} = U or {x}: {x,v} — U. The former is in ob S by definition and
the latter is equal to the composition of {x}: {x,v} — {x} and {x}: {x} — U and
hence also is in obS. This proves (1). We next prove (2). Let S and T be two sieves
on U such that S is covering sieve and such that forevery F: V — U inobS, F*T is a
covering sieve on V. We let u € U and consider the morphism F = {x,u}: {x,u} — U.
By assumption, the pullback sieve {x,u}*T is a covering sieve on {x,u}. Hence, by
the definition of covering sieves, {x,u}: {x,u} — {x,u} is in ob({x,u}*T). It follows
that {x,u}: {x,u} — U isin obT, which proves (2). Finally, it is clear that P(X,x)/U
is a covering sieve, so that also (3) holds. O]

In the following, we will always endow the category P(X,x) with the Grothendieck
topology J defined in Lemma 4.3.

Proposition 4.4. Ler (X,x) be a finite pointed set, let (€,0) be a pointed additive
category, and let A: (P(X,x),%)°? — (%,0) be a pointed functor. In this situation,
the following properties (a)—(c) are equivalent.

(a) The functor A is a € -valued sheaf on P(X ,x) for the topology J.
(b) For every object U of P(X,x), the family of morphisms

A({x,u}): A(U) = A({x,u}),

indexed by u € U, constitute a product of the family of objects A({x,u}), indexed
byuel.
(c) Forevery object U of P(X,x), the family of morphisms

{Al{xu}): A{x,u}) = A(U) |u e U},

indexed by u € U, constitute a coproduct of the family of objects A({x,u}), in-
dexed by u € U.

Proof. Let U be an object of P(X,x). If T is a subcategory of P(X,x)/U, then we
write Ay for the T°P-diagram in % defined by the composition

T — 5 (P(X,x)/U)® — P(X,x)P —2 ¢

of the canonical inclusion, the canonical projection, and the given functor A. Now, let
S be a covering sieve on U. We define S to be the full subcategory S that consists of
all objects in S of the form V: V — U. The subcategory §' is final in S, since there is
a unique morphism in S from the general object F': V — U to the object F: F — U
which is in the subcategory §'. It follows that the morphisms A(F): A(U) — A(V),
indexed by F: V — U in obS, constitute a limit of the S°P-diagram Ag if and only if
the morphisms A(V): A(U) — A(V), indexed by V: V — U in ob§’, constitute a limit
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of the §'°P-diagram Ay . Suppose that property (a) holds. The sieve S on U generated
by the set of morphisms {{x,u}: {x,u} — U |u € U} is a covering sieve. This set,
in turn, is the set of object in the final subcategory S’ of S, and the only non-identity
morphisms in §’ are the unique morphisms from {x}: {x} = U to {x,u}: {x,u} —U.
Since A({x}) is equal to the null object 0(1), we conclude that property (b) holds.

Conversely, suppose that property (b) holds. We let S be a covering sieve on the
object U and consider a family of morphisms fy: B — A(V), indexedby V: V — U
in obS’, such that for every morphism W: (V - U) — (W = U) in §', fy =A(W).
By property (b), this family of morphisms is uniquely determined by the subfamily,
indexed by u € U, that consists of the morphisms f,,: B — A({x,u}). This, in
turn, determines a unique morphism f: B — A(U) with the property for all u € U,
frewy =A({x,u})o f. Now, for V: V — U inobS and v € V, we have

A({x,v})o fy = fxn} =A{x,v})of: B— A({x,v}),

which shows that fy = A(V) o f. Hence, property (a) holds.
Finally, for every U € obP(X,x) and every u,v € U, the composite morphism

Alfmu) 2 g0y 2 4 vy

is equal to the identity morphism, if u = v, and is the zero morphism, otherwise. In
this situation, it follows from [11, Theorem VIII.2.2] that properties (b) and (c) both
are equivalent to the property that the sum, indexed by u € U, of the morphisms

AU) 2 Ay 2 4w

is equal to the identity morphism. This completes the proof. [

Corollary 4.5. Let (X,x) be a finite pointed real set, and let (¢,D,0) be a pointed
additive category with strict duality. In this situation, the duality functor

Cat, ((P(X,x),¥)°, (€,0))® —2— Cat,((P(X ,x),5)*, (%,0))

preserves sheaves.

Proof. Let the pointed functor A: (P(X,x),%)°? — (%,0) be a sheaf and let U be an
object of P(X,x). In this situation, it follows from Proposition 4.4 that the family of
morphisms A({x,Du}): A({x,Du}) — A(DU) indexed by u € U is a coproduct of
the family of objects A({x,Du}) indexed by u € U. Hence, the family of morphisms

D(A({x,Du})) D(A({x,Du}))

(A(DV))
(DAY (U) — 22D D) (L, u})

indexed by u € U constitute a product of the family of objects (DA)({x,u}) indexed

by u € U. By Proposition 4.4, the pointed functor DA: (P(X,x),%)°? — (€,0) is a
sheaf as stated. [
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Let f: (X1,x1) = (X2,x2) is a map of finite pointed sets, and let (¢,0) be a
pointed additive category. In this case, the pointed functor

f*: (P(XQ,XZ),XQ) — (P(Xl,xl),fl)

induces a pointed functor
fp : Cat*((P(Xl,xl)Op,il), (%,0)) E— Cat*((P(Xz,xZ),fz)()p, (%,0))

called the direct image functor.

Lemma 4.6. Let f: (X1,x1) — (X2,x2) be a map of finite pointed sets and let (€ ,0)
be a pointed additive category. The direct image functor

fp : Cat*((P(Xl,xl)Op,il), (%,0)) B — Cat*((P(Xz,xZ),fz)()p, (%,0))
preserves Sheaves.

Proof. Let the pointed functor A: (P(Xi,x1),%1)°? — (%,0) be a sheaf. It suffices,
by Proposition 4.4, to show that for all x, € U, C X», the family of morphisms

fp(A)({x2,u2})
Fp(A)(Up) 220

A(f* (L)) A(f*({x2,u2}))

indexed by u; € U, constitute a product of the family of objects

fr(A)({x2,u2}) = A(f* ({x2,u2}))

indexed by u, € U,. But this readily follows from the family of morphisms

S {x2ua}): (g, u2}) = f7(U2),

indexed by uy € U,, being a coproduct of the family of pointed sets f*({x2,u2}),
indexed by uy € U, and from the pointed functor A: (P(Xj,x1),%1)°? — (%,0) being
a sheaf. O

Ip(A)({x2,u2})

A(f* ({x2.u2}))
—5

Definition 4.7. The real I'-construction of the pointed exact category with weak
equivalences and strict duality (¢,w%,D,0) is the real I'-pointed exact category
with weak equivalences and strict duality

(%(*)7W%(7),D(7),0(7))
where
(¢(X,x),D(X,x),0(X,x)) C CatDual,((P(X,x),D,%)? (¢,D,0))

is the full sub-pointed category with strict duality whose objects are the sheaves;
where the sequence A — B — C in € (X,x) is exact if, for all x € U C X, the se-
quence A(U) — B(U) — C(U) in € is exact; where the morphism A — B is in
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w%€ (X,x) if, for every x € U C X, the morphism A(U) — B(U) is in w%’; and where
for f: (X1,x1) — (X2,x2) a pointed map,

fer €(X1,x1) = € (X2,x2)

is the direct image functor.

Remark 4.8. In Definition 4.7, we ask the reader to verify that the pointed map

FinReal Set. ((X;,x1), (X2,x2)) ——
CatDual((¢'(X1,x1),D(X1,%1),0(X1,x1)), (€ (X2, %2), D(X2,%2),0(X2,%2)))

that takes a pointed map to the associated direct image functor is a real map.

Let (X,x) be a fixed finite pointed real set and let (¢',w%,D,0) be a pointed
exact category with weak equivalences and strict duality. We view (X, x) as a discrete
pointed category with strict duality, where the duality functor D: X°P — X is defined
by Du = tu, and write

CatDual, ((X,x),(€,w%,D,0))

for the exact category with weak equivalences and strict duality defined as follows.
The underlying pointed category with strict duality is CatDual, ((X,D,x),(¢,D,0));
the sequence A — B — Cis exact if A(u) — B(u) — C(u) is exactin €, for all u € X;
and the map A — B is a weak equivalence if A(u) — B(u) is in w%, for all u € X.
Now, the pointed duality preserving functor

(X,D,x) —— (P(X,x),D,)

defined by i(u) = {x,u} induces a pointed exact duality preserving functor

(€(X,x),w€(X,x),D(X,x),0(X,x)) AN CatDual, ((X,x),(¢,w%,D,0)).

We note that the domain and target of the real functor i* are a covariant functor and
a contravariant functor, respectively, of (X,x). In particular, the functor i* is not a
natural transformation.

Lemma 4.9. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality. For every finite pointed real set (X,x), there exists a pointed exact
adjunction (i\,i*,1,¢€, f,1) from (61,w%1,D1,01) to (¢2,w62,D2,0,), where

(¢1,w%,D1,0;) = CatDual,((X,x),(¢,w%¥,D,0))
(62,w%>,D,,0,) = (¢ (X,x),w? (X,x),D(X,x),0(X,x)).

Moreover, the natural transformations € and f both are isomorphisms.
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Proof. We define the functor i) as follows. If B: (X,x) — (¢,0) is an object of ¢},
then we define i,(B): (P(X,x),X) — (%,0) to be the pointed functor that takes the
object U to a choice of sum in & of the family of objects B(u), u € U, and that takes
the morphism F: U — V to the morphism ,(B)(F): iy(B)(U) — i(B)(V) whose uth
component is the canonical injection B(u) — iy(B)(V), ifu € F C UNV, and the zero
morphism, otherwise. We require the sum i;(B)(U) to be equal to B(u), if U = {x,u},
and to be equal to 0(1), if B(u) = 0(1) for all u € U, But in all other cases, the sum
may be chosen arbitrarily. It follows from Proposition 4.4 that the pointed functor
i\(B) is a sheaf. If f: B; = B, is a morphism in %7, then i\(f): i1(B1) — i)(B2) is
the unique morphism for which i(f)y is the sum of the set of morphisms {f, | u €
U}. This defines the functor iy; it is pointed and exact. The unit n: idg, = i* ol
is the identity natural transformation, and the counit €: i) 0 i* = ids, is the pointed
natural isomorphism for which &4: (i1i*A)(U) — A(U) is the unique isomorphism
in ¢ whose uth component is the morphism A({x,u}): A({x,u}) — A(U). The two
composite pointed natural transformations

. _hom . . €oi . e Mo L ifoe

iy =—=hoi"ol —=>1 == i"ojhoi" —=1i
are the respective identity natural transformations. In the case of the former, this
follows form the uniqueness of the isomorphism between two choices of sums of a
given set of objects. This shows that (i;,i*,1,€) is a pointed exact adjunction.

Finally, we define f: iy = (D2, D) (i))°P to be the following natural isomorphism.

If x € U C X is an object of P(X,x), then ((D1,D,)i1)(B)(U) is a choice of product of
the family of objects B(u), u € U, with the product equal to 0(1) in case B(u) = 0(1)
for all u € U. Now we let fy: (i1(B))(U) — ((D1,D2)i)(B)(U) be the canonical
isomorphism from the sum to the product of the same finite family of objects in an
additive category. We have f = (D,,D;)f°P, by the uniqueness of the canonical iso-
morphism from the sum to the product of a finite set of object in an additive category.
By the same reason, the two diagrams in Definition 1.27 commute. This completes
the proof. O

Remark 4.10. In the proof of Lemma 4.9, the morphism &4 is an isomorphism in &,
and hence, is in w%, because A: P(X,x)°®? — % is a sheaf. The conclusion of the
lemma would not hold with the category % (X,x) of sheaves replaced by the larger
category Cat, (P(X,x)°P,(%,0)) of presheaves, unless wé = €.

We have the real I'-space |[N(w%'(—),D(—),0(—))[—]|r- The following result
shows that it is special.
Corollary 4.11. Ler (¢,w%,D,0) be a pointed exact category with weak equiva-
lences and strict duality. For every finite pointed real set (X ,x), the pointed real map

[N(WE (X, ), D(X,2),0(X,)) [] ]g —— |N CatDual ((X,%), (w%,D,0)[-]lr
is a weak equivalence of pointed real spaces.

Proof. Tt follows from Lemma 4.9 and Corollary 1.34 that the map of the statement is
a pointed real homotopy equivalence with pointed real homotopy inverse the pointed
real map H, (i1, f). O
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5 The real direct sum K-theory spectrum

In this section, we associate to the pointed exact category with weak equivalences
and strict duality (%,w%,D,0) a real symmetric spectrum KR® (¢, w%,D,0) that
we call the real direct sum K-theory spectrum. Being defined by a group-completion
process, it lends itself more easily to calculation by homological means.

The real I'-category construction associates to the pointed exact category with
weak equivalences and strict duality (%',w%,D,0) the real I'-pointed exact cate-
gory with weak equivalences and strict duality (¢(—),w%'(—),D(—),0(—)). Itis a
pointed real functor from the pointed real category of (k-small) pointed finite real
sets FinReal Set, to the pointed real category of (k-small) pointed exact categories
with weak equivalences and strict duality w Ex CatDual,.. We define

$*1[~] = AR2][~]/9AR[2][-];

it is a real simplicial finite pointed real set. For every positive integer r, we define
S]] = S A S

to be the r-real simplicial finite pointed real set given by the r-fold smash product.

Definition 5.1. For r > 1, the r-real Segal construction of the pointed exact cate-
gory with weak equivalences and strict duality (¢ ,w%é,D,0) is the r-real simplicial
pointed exact category with weak equivalences and strict duality

(S27€ =], wSZ" €[], D[-],0[-]) = (€(=),w& (=), D(~),0(~)) 0 8>*'[]

given by the composition of the r-real simplicial finite pointed real set §2°"[~] and
the real I'-category construction of (¢’,w%,D,0). The O-real Segal construction of
(¢,w¥,D,0)is equal to (¢,w%,D,0).

We compare the r-real Segal construction and the r-fold iterate of the 1-real Segal
construction. To this end, we consider the composition

Cat, (P(S*![n1] A--- AS* [n,])P, (€,0))
s Cat. (P(S2! [11])°P A P(S! ] )P A - A PS> [n,])P, (€,0))
LN Cat, (P(s>! [n1])°P, Cat, (P(s*! [n2])°P, ..., Cat, (P(s*! [7:])°P,(%,0))...)),
of the pointed functor i} induced by the pointed functor
P(S2 ) A+ AP(S2 ) — 2 P(S2 g A -+~ A2 n,])
that maps the object U; A --- AU, to the object Uj A --- AU, and the pointed functor
k, defined by the canonical isomorphism of pointed categories given by the closed

symmetric monoidal structure on the category of (k-small) pointed categories. The
composite pointed functor &, o i restricts to a pointed natural transformation

it
Sé,f’r‘g[nl,ng,...,nr] _ Sél(Sél(...Sél%[nr} ) [n2])[n1]
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through pointed duality preserving exact functors. As n varies, the functors i form an
r-real natural transformation from the r-real simplicial pointed exact category with
weak equivalences and strict duality defined by the r-real Segal construction to the
r-real simplicial pointed exact category with weak equivalences and strict duality
defined by the r-fold iterate of the 1-real Segal construction. The functor i, is not
essentially surjective, since not every pointed subset of S>! [n1] A---AS?![n,] is of the
form U A --- AU,, and the functor i# is not an isomorphism of categories. However,
we have the following result.

Lemma 5.2. For every positive integer r, the pointed real map

#
lr
[N (w82 [=],D[=],0[=]D)[=]lr —— [N(wSZ' .3 €[], D[-],0[-]) [ ]I

is a weak equivalence of pointed real spaces.

Proof. By Proposition 3.4 and the real realization lemma, it suffices to show that for

fixed [n] = [n1,...,n,], the pointed real map
#
lr

| N (w27 [n], Dln], 0[n])[-]lg —— [N (wSZ'...S%€[n], D[n],0[n]) [~ ]|x

is a weak equivalence of pointed real spaces. To this end, we consider the following
commutative diagram of pointed categories with strict duality and pointed duality
preserving functors in which the vertical functors are induced from the pointed real
functor i: (X,x) — (P(X,x),D,x) defined by i(u) = {x,u}.

#
lr
wSXrE ny,...,ny wSE(... 8% C ... )]

J l

Cat, (S*""[ny,...,n,],(w%€,0)) LN Cat,(S*![n1],...,Cat.(S>![n,], w%,0)),...)

Taking real nerves and geometric realization, we obtain a commutative diagram of
pointed real spaces. In this diagram, the lower horizontal map is a homeomorphism,
since the functor k, is an isomorphism of categories, and Corollary 4.11 shows that
the vertical maps are weak equivalences of pointed real spaces. Hence, also the top
horizontal map is a weak equivalence of pointed real spaces as desired. O

If o € X, then the symmetric monoidal structure on the category of finite pointed
real sets gives rise to a canonical isomorphism of finite pointed real sets

lg
§21 [nc(l)} Ao ASEL [nc(,)] —2 521 [l’l]] A ASEL [nr]

and, as n varies, this is a canonical isomorphism of r-real pointed finite real sets
lo
O]
SZr,r[i] ° rgp S2r,r[7}7
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where r is the real functor defined earlier. It induces a canonical natural isomorphism
of r-simplicial categories through pointed duality preserving exact functors

SZr,rcg[ }Ol”g lo nggnr(g[*]

defined by Is = € (—) ol};, and if both 0,7 € X, then the coherence theorem for
symmetric monoidal categories shows that the following diagram commutes.

52”%[ Jor orgd =—— S2”‘5[ Jorey

llforgp Jlar

ls rr
SETC-lorgd ———— STTE[-]
The following result is an immediate consequence.

Lemma 5.3. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and let r be a positive integer. The symmetric group X, acts from
the left on the diagonal real simplicial category Sgbf” E[—] o AP with ¢ € X, acting
through the pointed duality preserving exact functor ls.

We define the rth space in the real direct sum K-theory spectrum to be the pointed
real space given by the geometric realization

KR® (gvD)r = |N(WS§3”[_]7D[_]70[_])[_]|R

of the (r+ 1)-real simplicial pointed set given by the real nerve of the r-real simplicial
pointed category with strict duality (wS2"%¢[~],D[~],0[—]). By Lemma 5.3, there
is a left X,-action on KR® (¢, w¥,D,0), with o € X, acting through the pointed real
map induced by the pointed duality preserving exact functor /.

We define the structure maps

6> KR (€ ,wE,D,0), NS> — KR® (€, wE,D,0),s
in the real direct sum K-theory spectrum to be the composition

[N (wSZ (=), D[], 0[] [ Ik A8 A+ A2

&8 N (wSEE -], D[], 0[-]) [ ][R AT A+ A S

dr/\ld KN S2rr<g[ ],D[— ]70[_])[_“%/\5‘271/\.../\5‘2,1
I | N (e S2r g =), D], 0[] [l

N (w2 ], D], 00D [k

where the real map jm, which is the only map that is not an isomorphism, is defined
as follows. Let Ag — -+- — A, be an element of N(wS%¢[m],D[m],0(m])[p], let
uj € AR[m;] letv; € AR[2], and let w € AR[p]. Then

jg(class of (Ag = -+ = Ap Ui, .. Up, Wy VL., V)

=classof (Ag = -+ = Ap,ur,...,up,Vi,..., V5, W),
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where, if A;: P(S%%[m])P — €, then A;: P(S?""[m] A S?5[2,...,2])® — ¥ is the
unique pointed functor such that

Ai(U Nidp A+ Aidpy) = Ay (U).

It is clear from the definition that G,?? is X, X Xs-equivariant when X, x X acts from
the left on the target through the group homomorphism +: X, x X, — X, ;.

Definition 5.4. The real direct sum K-spectrum of the pointed exact category with
weak equivalences and strict duality (%,w%,D,0) is the real symmetric spectrum
KR® (¢ ,w%,D,0) whose rth space is the pointed real space with left X,-action

KR*(€,w¢.D,0), = |N(wSZ"¢[~],D[~],0[-])[~]Ir

and whose structure maps are the X, x X;-equivariant pointed real maps

52
KR®(%,w%,D,0), NS5 —y KR®(G,wE,D,0),1s

defined above.

Remark 5.5. The functoriality of the real direct sum K-theory spectrum is completely
analogous to that of the real algebraic K-theory spectrum. Indeed, the statement and
proof of Proposition 3.6 translates verbatim to the current situation upon substituting
§2r" and KR® for $2°" and KR.

The following result, proved by Shimakawa [23, Theorem B], shows that the real
direct sum K-theory spectrum is a positively fibrant real symmetric spectrum.

Theorem 5.6. Let (¢',w%,D,0) be a pointed exact category with weak equivalences
and strict duality. For all positive integers r and s, the adjoint structure map

fa>)
KR®(€,w%,D,0), —— Q¥SKR®(€,wE,D,0),

is a weak equivalence of pointed real spaces.

For r =0 and s > 0, the adjoint structure map typically is not a weak equivalence
of real spaces. However, the real homotopy types of the domain and target are related
through group-completion as we now explain. We first define a map

KR®(€,w%,D,0), x KR®(€,w€,D,0), ——— KR®(€,w%,D,0),
in the homotopy category of pointed real spaces as follows. If we set
KR® (€ ,w€,D,0)" = [N(w (=), D(),0(=)) o (S []V ™ [=])) -]l

then Corollary 4.11 shows that the pointed real map

KR®(€,w%,D,0)? — KR®(€,w¥,D,0), x KR®(¢,w€,D,0),
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induced by the pointed real maps py,pa: S [—] v §¥"[—] — $¥*"[—] that collaps
the second and first summands, respectively, is a weak equivalence of pointed real
spaces. The fold map V: §2"[—] Vv §?[—] — $?"[—] also induces a map

KR®(€,w¥€,D,0)®) — KR®(€¢,wE,D,0),

of pointed real spaces, and we define g, = y(a,) o ¥(g,) !, where ¥ is the functor that
localizes with respect to the weak equivalences. The map u, is the composition law
in a monoid structure on KR (¢',w%,D,0), in the homotopy category of pointed
real spaces with respect to the cartesian monoidal structure. Moreover, the basepoint
is a two-sided identity element. Indeed, if we let

KR®(€,w,D,0),\V KR®(€,w¢€,D,0) —— KR®(€,w¢,D,0)?

be induced by the canonical inclusions iny,iny: §>*"[—] — $¥*'[—] v §?*"[—], then
gr o, is the canonical map from the coproduct to the product and a, o, is the fold
map. Finally, the adjoint structure map & is a map of monoids with the monoid
structures on the domain and target given by U, and Q25 u, , ,, respectively.

We recall that for s > 0, the monoid structure on the target of 6,'“3 is an abelian
group structure. Indeed, considered as an object of the homotopy category of real
spaces, the sphere $>! has the structure of a cogroup object with respect to the
cocartesian monoidal structure in which the comultiplication is represented by the
pointed real map y;: S>! — §21v §2! defined by

inj (x—x"'+iy) ifx<0
vi(x+iy) = im(x—x"'4iy) ifx>0
o if x=0.

More generally, the sphere $>°, considered as an object of the homotopy category
of real spaces, has a cogroup structure with the comultiplication represented by the
pointed real map y: S — §25\/ §2% defined by the composite

25,8 S§2.1 A S2(sfl),s7] viAid (SZ,I \/52‘1) /\SZ(sfl),sfl 25,5 \/ G258

where the right-hand map is the canonical isomorphism. Now, the two composition
laws on the target of &, induced by y; and i, are mutually distributive and both
have the basepoint as two-sided identity element. This implies that the composition
laws are equal and commutative; see [24, Theorem 1.6.8].

Let k be a commutative ring, and let M be a monoid object in the homotopy
category of pointed real spaces with respect to the cartesian monoidal structure. For
every subgroup H C Gg, the homology H, (M k) is a graded k-algebra with respect
to the Pontryagin product, and the set of components 7to(M*') is a monoid which we
view as a multiplicative subset of the Pontryagin algebra. If M is a group object, then
mo(M™) is a group. The following result is the real group-completion theorem.
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Theorem 5.7. Let k be a commutative ring, and let (€ ,w%€,D,0) be a pointed exact
category with weak equivalences and strict duality. For every positive integer s and
for every subgroup H C Gp, the map induced by the adjoint structure map

H,((KR®(€,w%,D,0)0)" k) [m((KR® (€, wE,D,0))") ]
—b
20 1, (QSKR®(€,w%.D,0),)" k)
is an isomorphism of graded k-algebras.

The rest of this section is devoted to the proof of Theorem 5.7.

Remark 5.8. The map p, in the homotopy category of pointed real spaces defines a
commutative monoid structure on the object KR, = KR(€,w%,D,0),. Indeed, the
following diagram in the category of pointed real spaces, commutes, since pj ot = p»
and Vot =V as maps from S [—] v §2"[—] to §2""[—].

KR, x KR, +— KR® —“ 4 KR,

Lok
KR, X KR, <7 KR ) &y KR,
It follows that the Pontryagin ring H,((KR,)™) is an anti-symmetric graded ring with

the multiplicative subset 7r((KR,)) contained in the center. Hence, the localization
H.((KR.)™)[(mo((KR,)™))~!] admits calculation by right fractions.

Definition 5.9. A strict sum on the pointed exact category with weak equivalence
and strict duality (¢,w%,D,0) is a pointed exact duality preserving functor

(€,w€,D,0) x (€,w€,D,0) —— (€,w?,D,0)
such that the following (i)—(iii) hold.
(i) ForallA € ob%,0(1) @A =A=Aa0(1).
(ii) ForallA,B,Ce ¥4, (AeB)&C=Aa (BaC).
(iii) For all A, B € ob%, the morphisms
A=——Aai(1) 2% ies 2 0(1) B ——38
form a sum in € of A and B.

We first show that a structureﬂof st~rict sum on (‘f Wwé,D, (~)) makes it possible to
lift the monoid structure on KR(% ,w% , D,0), from the homotopy category of pointed
real spaces to the category of pointed real spaces.

Lemma 5.10. A strict sum on the pointed exact category with weak equivalences and
strict duality (€ ,w%,D,0) gives rise to a map of pointed real spaces

KR®(€,w€,D,0), x KR®(€,w€.D,0), —— KR®(€,wE,D,0),

which is the composition law of a monoid structure on KR@(%Z,W‘JZ,D,G), in the
category of pointed real spaces with respect to the cartesian monoidal structure and
which satisfies that y(m,) = W,. Here r is a non-negative integer.
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Proof. We define the pointed real map m, to be the composition of the inverse of the
canonical pointed real homeomorphism from the realization of the product of two
(r+ 1)-real simplicial pointed real sets to the product of their realizations and the
pointed real map induced by the strict sum functor . It follows from Proposition 4.4
and Definition 5.9 (iii) that m, is well-defined and from loc. cit. (i)—(ii) that it is
the composition law of a monoid structure on KR@(%Z,W‘JZ,D,(N)), in the cartesian
category of pointed real spaces.
To prove that y(m,) = ,, we consider the pointed real map

o D
KR®(€,wé.,D,0)” x KR®(€,w€,D,0)” 2 KR®(Z,w¥,D,0)”

defined by substituting $2*"[—] v §2"[—] for §2""[—] in the definition of m,. For every
map of r-real simplicial pointed real sets f: §2°"[—] V §?*"[—] — §?*", the diagram

w
lf*xf* J/f*
w

KR®(¢,w€,D,0), x KR®(¢,w¥%,D,0), —— KR®(€,w%,D,0),

commutes, and we define

2

to be the pointed real map s, = m;”’ o (inj, X iny, ). From the calculation

P1x0Sr = Plx Omﬁz) o (ing, x in2*) = m; o ((pl* Oinl*) X (Pl* Oin2*))
=m, o (id x0) = pr,
2) . . . .
208, = promt o (ing, X ing.) = m, o ((pas 0ing.) X (pas 0ina.))
=m,o(0xid) = pr,,
where 0 is the constant map, we find that

qrosy = (P1x:p2s) 05, = (pry,pry) = id

which shows that s, is a section of ¢,. In particular, we have y(s,) = ¥(¢,)~!, and
hence, the calculation

aros, =Vyom® o (iny, X ing,) =m0 ((Vyoingy) X (Veoing,)) = m,
shows that

y(m,) = y(a,o0s,) = y(a,)oy(sr) = y(ar) o ’y(q,)fl = U,

as desired. This completes the proof. O
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Following [13, Proposition 4.2], we next prove the that, up to equivalence in the
appropriate sense, every pointed exact category with weak equivalences and strict
duality admits a strict sum.

Proposition 5.11. Ler (¢ ,w%,D,0) be a pointed exact category with weak equiva-
lences and strict duality. There exists a pointed exact category with weak equivalences
and strict duality (€,w¢,D,0) equipped with a strict sum

(€,we,D,0) x (€,we,D,0) —— (¢€,we,D,0)
and a pointed exact adjunction (F,G,n,1,f,1) from (€,w%€,D,0) to (€,w€,D,0)
such that the natural transformations M and f both are natural isomorphisms.

Proof. We first define the category € and the functor F: € — €. We let ob¥% be the
set of all tuples A = (A, ...,A,) of objects in € and let F: ob% — ob% be the map
that takes the O-tuple ( ) to the nullobject 0(1), takes the 1-tuple (A) to the object A,
and takes the n-tuple (Ay,...,A,) with n > 2 to an arbitrary choice of sum in ¢ of
the objects Ay, ...,A,. We define the morphism sets in € by

C(A,B) = {B} x ¢(F(A),F(B) x {4},

where the two singleton sets are included in order to ensure that the morphism sets
corresponding to distinct pairs of objects are disjoint, and define

C(A,B) —— ¢ (F(A),F(B))

to be the projection onto the middle factor. The identity and composition in & are
defined in the unique way that renders F a functor. We note that with these defintions
% is an additive category and F an additive functor.

We next define G: ¥ — € to be the unique functor with F o G = id¢ that on
object sets is given by the map G: ob% — ob¥% defined by

() ifAa=0(1)
G(A)_{M) if A #0(1);

it is an additive functor. The functor Go F takes ( ) to ( ) and takes (Aj,...,A,) with
n=1to (F((Ay,...,An))). We note that (Aj,...,A,) and (F((Aj,...,A,))) both are
sums in % of the objects (A1),...,(A,). The unit 1 : id,; = GoF is defined to be the
unique natural isomorphism between two choices of sum of the same objects, and the
counit £: F oG = idy is defined to be the identity natural isomorphism.

We define A — B — C to be an exact sequence in € if F(A) — F(B) — F(C)
is an exact sequence in % and define A — B to be in w% if F(A) — F(B) is in w%.
With these definitions, the functors F and G are exact.

We proceed to define the duality functor D: €°° — % together with the natural
isomorphism f: F = (D,D)F°P. We define

bGP —L s b7
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to be the map that to (Ay,...,A,)° associates (D(A("),...,D(A,’)) and define

F(A) s D(FoP (D (A)))

with A = (Aj,...,A,) to be the unique isomorphism between two choices of sum in
@ of the objects Ay, ...,A,. Since the morphisms f; are isomorphisms and since the
functor F is fully faithful, there is a unique way to define a collection of maps

@O0 (Ao0, B0) —2s F(D(A), D(B))

such that D: €°P — % is a functor and the collection of isomorphisms f: 7 18 a natural
isomorphism f: F = (D,D)F°P. We have f = (D,D)f°P by the uniqueness of the
isomorphism between two choices of sum of the same family of objects. We define
the basepoint 0: (1,1,id) — (€,w%,D) by 0(1) = (). It is an exact duality pre-
serving functor. Finally, in the case at hand, all morphisms in the two diagrams in
Definition 1.27 are the unique isomorphisms between possibly different choices of
sum of the same family of objects. Hence, the diagrams necessarily commute.
Finally, the strict sum functor & is defined, on objects, by

(A],...,Am)@(B],...,Bn):(A],...,Am,B],...,Bn).

The object A @ B is a preferred choice of sum in € of the objects A and B and we
define the functor & on morphism sets to be the categorical sum of morphisms. It is
clear that @ is a strict sum in the sense of Definition 5.9. O

Remark 5.12. If M is a (k-small) category such that ob(M) = {0}, then the triple of
the set M(0,0), the composition map o: M(0,0) x M(0,0) — M(0), and the identity
element idyg € M(0,0) is a (x-small) monoid, and every (k-small) monoid is of this
form. We describe the nerve N(M)[—] explicitly as follows. The set N(M)[m] consists
of all functors a: [m] — M. Moreover, the map 68*: N(M)[m] — N(M)[/] induced by
the functor 6: [I] — [m] takes the functor a: [m] — M given by the diagram

002 )
to the functor b = ao 0: [I] — M given by the diagram
00 Mg
whose components by, ...,b; are given as follows. We let I1,...,I; be the pairwise

disjoint intervals in the target of the object map 6: ob[l] — ob[m]| defined by
L={jcobm]|0(i—1)<j<0O(3i)}.

The intervals need not be non-empty and they need not partition ob[m]. Now, if the
interval I; = {ji,..., j»} with j; <--- < j, is non-empty, then b; = a;, o---oaj,, and
if 1; is the empty interval, then b; = idp.

We recall that the intervals I1,...,[; above have the following interpretation in
terms of the simplicial circle S'[—] = A[1][~]/dA[1][~]. The complement of the
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basepoint in S![m] consists of the m elements &1 , .. . , Gym> Where Gjm=1{0jm}is
the class of the functor ¢} ,,: [m] — [1] defined by

5:(s) 0 ifs<j
im\S) =
- 1 ifs>j.

Now, the pointed map 0*: S'[m] — S'[l] is characterized as follows: For all 1 <i <1,
(6)7'(611) = {Gjm | j € 1}

A strict sum on the pointed exact category with weak equivalences and strict
duality (¢,w%,D,0) gives rise to the map of pointed real simplicial sets

o[-

NwZ,D,0)[] x N(w?,D,0)[~] —— N(wé,D,0)[-]

that to the pair (A, B) of functors from [n] to w% assigns the composite functor

It is the composition law of a monoid structure with respect to the cartesian monoidal
structure on the object N(w%,D,0)[—] of the category of (k-small) real simplicial
pointed real sets. The identity element for the monoid structure is the basepoint 0[—].
The nerve of this monoid as defined in Remark 5.12 gives rise to the simplicial real
simplicial pointed real set

N(N(w€,D,0)[],&[-],0[-])[-].

We define the geometric realization of the simplicial real simplicial set X [—, —] to be
the real space, pointed if X[—, —] is, given by
| X[=,=ll& = |lm] = [[n] = X[m,n]|r].

Lemma 5.13. Let (‘f, w€,D, 0) be a pointed exact category with weak equivalences
and strict duality equipped with the strict sum

(€,w€,D

éz
X

N
=

X,
I
8 1]
B

wé,D, 0).
There is a canonical weak equivalence of pointed real spaces

IN(N(w€,D,0)[-],®[-],0[-])[~]Ir
— = IN(WE(S'[=]), D(S'[]),0(8" [-])) [ -
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Proof. We define the map i} as the composition of two pointed real maps

IN(N(w€,D,0)[-],[].0[-])[~]|x
—~ | NCatDual,(S'[-],(w?,D
1

0) [l
— [N (S [-]), DS [-]), ("

[=ID=lRs

each of which is the realization of a map of simplicial real simplicial pointed real
sets, and begin by defining the middle simplicial real simplicial pointed set. More
generally, let (X,x) and (Y,y) be two finite pointed sets equipped with total orderings
of the complements of the respective basepoints, say, X \ {x} = {xi,...,x,} and
Y~ {y} ={y1,---,m}, and let f: (X,x) — (¥,y) be a pointed map that is pointed
order preserving in the sense that its restriction to £~ (¥ ~ {y}) is order preserving.
In this situation, we define the pointed functor

CatDual, ((X,x), (w%,D,0)) —— CatDual. ((Y,y), (w?,D,0))

as follows. If £~!(y;) = {xj,,...,x;,} with ji <--- < j, is non-empty, then
f(B)(yi)=B(x;,) & ... @ B(x;,)

with the strict sum on the right-hand side taken in the indicated order; and if f~!(y;)
is empty, then f.(B)(y;) = 0(1). The functor f, is duality preserving, since (X,x)
and (Y,y) have trivial real structures. Moreover, if also g: (Y,y) — (Z,z) is a pointed
order preserving pointed map, then we have (go f). = g4 0 fi.

In the case at hand, we give the complement of the basepoint in S' [m] the total
ordering such that Gy, < -+ < G m; see Remark 5.12 for the definition of Gj .
One verifies that for every functor 0 : [I] — [m], the pointed map 6*: S'[m] — S'[/]
is pointed order preserving; whence, we obtain the simplicial pointed category with
strict duality CatDual, (S'[—],(w%,D,0)), and the simplicial real simplicial pointed
set N CatDual, (S'[~],(w%,D,0))[—] is the degreewise real nerve.

‘We next define the pointed real map u and prove that it is an isomorphism. In fact,
it readily follows from Remark 5.12 that there is an isomorphism of simplicial real
simplicial pointed sets

NINWE,D,0)[=], &[],0(=])[=] ““5 N CatDual.(S'[], (WE, D,0))[]

that, with Ay,...,A,, € N(w%,D,0)[n], is defined by

u[m,n]( @A%l ) V(6jm) =Aj.

Accordingly, the induced map of the geometric realizations, u = |u[—,—]|g, is an
isomorphism of pointed real spaces as desired.

It remains to define the map i and prove that it is a weak equivalence of real
pointed spaces. To this end, we recall the pointed adjunction (iy,i*,n,€) given by
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Lemma 4.9. Let again (X,x) be a finite pointed set equipped a total ordering of the
complement of the basepoint, say, X ~\ {x} = {x1,...,x,}. We define

iy

CatDual, ((X,x), (w%,D,0)) —— (W€ (X,x),D(X,x),0(X,x))

as in the proof of Lemma 4.9, making the following particular choice of the sum that
defines i)(B)(U), where U is an object of P(X,x). If U~ {x} = {x,,...,x;,} with
Jj1 <--- < jr non-empty, then we define

i(B)(U) = B(xj,) ®B(x;,) @ ... ® B(x;,),

where the strict sum is formed in the indicated order; and if U = {x}, then we define
i1(B)({x}) = 0(1) as before. With this definition, the functor i is duality preserving.
Moreover, if also (Y,y) is a finite pointed set equipped with a total ordering of the
complement of the basepoint, and if f: (X,x) — (¥,y) is a pointed order preserving
pointed map, then the following diagram commutes.

iy =

CatDual, ((X,x), (w€,D,0)) —— (w€(X,x),D(X,x),0(X,x))

| | |

I

CatDual.((Y,y), (w,D,0)) —— (wé(Y,y),D(Y,y),0(Y,y))

It follows that, in the case at hand, the functor i) gives rise to a map of simplicial real
simplicial pointed sets

NCatDual, (8' [-], (W%, D,0)[-] — " N(w($'[-]), D(s'[-]).0(5' [-])) [,

and Corollary 4.11 shows that the induced map of geometric realizations is a weak
equivalence of pointed real spaces. This completes the proof. O

Proof of Theorem 5.7. By Theorem 5.6, we may assume that s = 1. We construct a
commutative diagram of pointed real spaces
35

KR®(€¢,w€,D,0)) ———— Q>'KR®(€,w%,D,0);

lﬁ(ﬁm.(l.o) l‘?(o.l).(lm
(o]

(1,0),(0,1)

QKR (€ ,w€,D,0)1 0 —— Q3 KR®(€,wE,D,0),

with KR® (¢ ,w%,D,0);, defined analogously to KR®(%,w%,D,0),, substituting
the simplicial 7-real simplicial finite pointed set S ! [—] = S1[—] A §?""[—] for the
r-simplicial finite pointed set $*"[—]. The right-hand vertical map and the lower
horizontal map are both weak equivalences of pointed real spaces by the theorem
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of Shimakawa [23, Theorem B]. Hence, it suffice to show that the map of graded
k-algebras

H.((KR®(€,w¥,D,0)0)" k) [ ((KR®(€,w¢,D,0)0)") ]

—— H((Q"KR¥(€,w%.D,0)(10)":k)

== H.(Q'((KR*(€,w?,D,0)10))"):k)
induced adjoint structure map 6(q),(1,0) is an isomorphism. This, in turn, follows

from Quillen [6, Appendix] as we now explain. We consider the following commu-
tative diagram.

5(0.0).(

KR®(€,w€,D,0)o B L BN TR OKR®(€,w€,D,0) 1 )

T(F,f)* TQLO(F, il

6(0,0),(1,0)

KR®(€,w€,D,0)g ————— QKR (€, w?,D,0) 1 )

KR®(€,w¥%,D,0)g ——2— Q'OBKR®(€, w%ﬁ,D,C))O

Here (¢,w%,D,0) and (F, f) are as in Proposition 5.11; hence, Remark 5.5 shows
that the top vertical maps are weak equivalences of pointed real spaces. The lower
right-hand term is the loop space of the pointed real space

BKR®(€,w%,D,0)y = |N(N(w¥€,D,0)[-],s[-],0[-])[-]l,

and Lemma 5.13 shows that the lower right-hand vertical map is a weak equivalence
of pointed real spaces. Therefore, it suffices to show that the map of graded k-algebras

H,((KR®(€,w%,D,0)0)" k) [m((KR®(€,wE,D,0))") ]
—— H.((2'"°BKR®(¢,w%,D,0)0)" k)
—— H.(Q'(BKR®(¢,w¥€,D,0)0)" k)

induced by the lower horizontal map & is an isomorphism. Now, if H = {1}, then this
follows from the group-completion theorem in [6, Appendix] applied to the simplicial

monoid (N(w%)[~],®[~],0[—]); and if H = G, then it follows from loc. cit. applied
to the simplicial monoid (N Sym(w%,D)[—],Sym @[], Sym0[—]). This completes
the proof. O

Remark 5.14. Let (¢',w%,D,0) be a pointed exact category with weak equivalences
and strict duality, and let H C Gg be a subgroup. The canonical map

7((KR®(€,w%,D,0)0)§) — KR§(€,w%.D,0)

is a group-completion of the domain considered as a commutative monoid with the
map 7o ((1o)$) as the composition law and with the basepoint as the identity element.

65



In addition, Addendum 1.29 identifies the domain with the pointed set of equivalence
classes of symmetric spaces in (w%’, D) under the equivalence relation generated by
the relation that identifies the symmetric spaces (cy, f1) and (c3, f2) if there is a map
of symmetric spaces in (w%, D) from (c1, f1) to (c2, f2).
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6 The forgetful map

In this section, we define for every pointed exact category with weak equivalences and
strict duality (%',w%’,D,0) a real simplicial pointed exact duality preserving functor
(Y[ wS% €[], D[], 0[-]) —— (*'%[~],wS>' €[], D[-],0[-]).
from the real Segal construction to the real Waldhausen construction. The functor ¢*
is given by forgetting a large part of the information contained in the sheaves that

constitute the objects in the categories Sél @ '[n], so we call it the forgetful functor.
We define the functor ¢ : Cat([2],[n]) — P(5>![n])°P, on objects, by

(12—~ [n]) = {[n] 2= 12] | p o6 = idpy } U {oo[n]}

and, on morphisms, by

., 0(2]—" )
/\ B o 6
¢<m\ﬂ/[rzn = (2] =" [ N (2] = [n])

Here oo[n] = dAR[2][n] is the basepoint of S>![n]. We note that the complement of
the basepoint in ¢ (6: [2] — [n]) has cardinality (6(2) —6(1))(6(1) — 6(0)).

Lemma 6.1. Ler (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality. The functor ¢ induces a real simplicial pointed duality preserving
exact functor

(316w [].D[-]0[-]) — (821 (] ws>'¢[-].D[-].0]).

Proof. The functor ¢ induces a functor

Cat, (P($21 1] )P, (%, 0)) —— Cat(Cat([2], [n]), %),

and we first prove that this functor maps the full subcategory Sél%”[n] of the domain
to the full subcategory S>!'%’[n] of the target. So we let B: P(S%![n])°" — % be an
object of S%'€[n] and show that A = Bo ¢: Cat([2],[n]) — € satisfies (i)~(ii) of
Definition 2.3. First, for every functor u: [1] — [n], we have directly from the defi-
nition of ¢ that ¢ (soit) = @ (s i) = {*}. Since the functor B is pointed, we find that
A(sopt) =A(s1 1) =0(1), which shows that A satisfies (i). Next, we wish to show that
for every functor 7: [3] — [n], the sequence

B(¢(dot)) —— B(9(d17)) —— B(9(da7)) —— B(¢(d37))
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is 4-term exact. Since B is a sheaf, it will suffice to show that ¢(dpt) C ¢(d;7),

0(d27) D ¢(d37), and ¢ (d1T) \ ¢ (doT) = ¢(d27) \ §(d3T). We have
9 (dot) = {[] ——[2] [ p((0,(1)]) =0,p((2)) = 1,p([z(3),n]) =2}
9 (i) = {[] —=12] | p([0,7(0)]) = 0.p((2)) = 1,p([x(3),n]) = 2}
9(ca7) = {[] ——[2] | p(10,7(0)]) = 0,p((1)) = 1,p([x(3),n)) =2}
0(ds7) = {In] == 21 p([0,7(0)]) = 0,p(x(1)) = 1,p([e(2).n]) = 2)

which shows, first, that ¢ (dpt) C ¢(d17) and ¢(d2T) D ¢(d37), and, second, that the

two complements agree and equal
p

{[r]——=121 [ p([0,2(0)]) = 0,p([z(1),7(2)]) = 1,p([7(3),n]) = 2}.

This shows that A satisfies (ii). Finally, it is clear from the definitions that the resulting
functor ¢*: S%1%'[n] — S>1€'[n] is pointed, exact, and duality preserving. O

Example 6.2. The forgetful functor ¢*: %1% [n] — S>!%[n] is an isomorphism of
categories, for n < 2. We illustrate the case n = 3 in detail. The pointed set §2173] has
elements s, s!, 52, and oo[3], which we abbreviate s°, s!, s, and . Now, the object
B of the domain category Sé’l%[S] is given by a diagram of the form

B({s*,})

B({s',s%,00})

LT

B({s,e0}) = B({s",s',00}) ————— B({s',=})

which is subject to the sheaf condition that every “linear” subdiagram is a biproduct
diagram in %. The forgetful functor ¢* takes B to the object A = Bo ¢ of $>'€[3]
given by the subdiagram

A(d®) ———— A(d)) ————— A(d?) ————— A(d)

B({s%,00}) — B({s",s',00}) — B({s',s*,00}) — B({s?,e})
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We remark that this subdiagram does not contain the object B({s',o}).

We next factor the functor ¢* through the extended real Waldhausen construction
defined in Definition 2.5. To this end, we factor the functor ¢ as the composition

Cat([2], [n]) — Cat([3], [n]) —— P(s>![n])°P,

where the functor ¢ is defined, on objects, by

$(3]—2=[n]) = {ln] L= 12] | poo =s'} U{eoln]}

. $(13]— )
m@[mb=¢3<[3]L[n1>mﬁ<[3]i>[n1> h
” 3(3) —5 ln))

Lemma 6.3. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality. The functor ¢ induces a real simplicial pointed duality preserving
exact functor

(21 [], w2 E [, D[], 0[-]) — s (31 [—],wS>' (], B],0[-]).

Proof. We show that for every object B: P(S*![n])°P — € of S%!%[n], the composite
functor A =Bo@: Cat([3],[n]) — € satisfies (i)—(ii) of Definition 2.5. First, for every
functor 0: [2] — [n], we have ¢ (s500) = ¢(520) = {oo[n]}, since s': [3] — [2] does
not factor through s°: [3] — [2] or s?: [3] — [2]. This shows that A satisfies (i). Next,
for every functor 7: [4] — [n], we have

§(dot) = {[n] ——= 2] | p([0,7(1)]) = 0,p([(2), 7 (3)]) = 1, p([z(4),n]) =2}
§(crt) = {[]——[2 | p([0,7(0)]) = 0,p([¢(2), 7(3))) = 1,p([z(4),n]) = 2}
§(c>7) = {[n] —— 2 | p([0,7(0)]) = 0,p([(1), 7(3)]) = 1, p([z(4),n]) = 2}
§(dst) = {[n] —= 2] | p([0,7(0)]) = 0,p([x(1),7(2)]) = 1, p([z(4),n]) = 2}
§(dat) = {[n) == 2] | p([0,7(0)]) = 0,p([x(1),7(2)]) = 1,p([(3),n]) = 2},

and hence, ¢(d;7) = ¢(dot) V $(d27) and @(d3T) = $(d27) V ¢(d4T). Since B is a
sheaf, we conclude that A satisfies (ii). O]
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Remark 6.4. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and let n be a fixed non-negative integer. The pointed exact duality
preserving functor

$21%[n] —~— CatDual, (5>![n], (¥,0)),

from Lemma 4.9 factors as the composition

S21 ] ——s §21¢[n] — s CatDual, (s> [n], (€,0)),

where the functor v is defined as follows. Given an element p of $>![n] different from
the basepoint, there is unique functor 6 = 6(p): [3] — [n] such that p o6 = s' and
such that o(1) — 0(0) = 1 = 6(3) — 6(2). We now define the functor v on objects
and morphisms, respectively, by v(A)(p) = A(c) and v(f)s = fo. The definition of
o(p) shows that ¢(c(p)) = {p,o[n]} = i(p), so i* factors as vo ¢*. We also note
that the functor v is pointed, exact, and duality preserving.

We end this section by introducing a companion S‘é'%[n] of the restricted real
Waldhausen construction.

Definition 6.5. Let n be a non-negative integer. Then (C[n], D) is the category with
strict duality defined as follows. The set of objects is the set of all pairs of integers
(a,b) with 0 < a < b < n, and the set of morphisms is generated by

(a,b) =2 (a—1,b) (with 0 <a <b<n)
(a—1,b) —— (a,b) (with0 < a < b < n)
(a,b+1) —— (a,b) (With0 <a< b <n)
(a,b) ——= (a,b+1) (with0<a<b<n)

iop=poi: (a,b+1)— (a—1,D) (forall0 <a<b<n)
ros=sor: (a—1,b) — (a,b+1) (forall0 <a<b<n)
pos=id: (a—1,b) — (a—1,b) (forall0 <a<b<n)
roi=id: (a,b+1)— (a,b+1) (forall0 <a<b<n).

The functor D: C[n]°? — C[n] is defined, on objects, by
D((a,b)®) = (n—b,n—a),

where 0 < a < b < n, and, on morphisms, by

D((a,b)°P) D((a,b+1)°P)
D(pP)=i Wl D(s%)=r D(i%)=p IJ D(rP)=s
D((a—1,b)®) D((a, b)),
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where 0 < a < b <nand 0 < a< b < n,respectively.

Definition 6.6. Let n be a non-negative integer, and let (¢",w%’,D,0) be a pointed
exact category with weak equivalences and strict duality. The degree n restricted real
Segal construction of (¢,w%,D,0) is the pointed exact category with weak equiva-
lences and strict duality

(5%'€n],wS%'€n], DI}, 0[n)),
where
(§%'€[n],Dln]) C CatDual((C[n],D)), (¥, D))

is the full subcategory with strict duality of all functors
A:Cn| — €

such that

(i) forallintegers0 <a<b<nwitha=0orb=n,
A(a,b) =0(1),

(ii) for all integers 0 < a < b < n, the diagram

Aa,b) —2 5 A(a—1,b)

lA(i) JA(i)
(

Alab—1) 2% Aa—1,—1)

is an admissible square in €’;

where the sequence A — B — C in §2!%’[n] is exact if, for all integers 0 < a < b < n,
the sequence A(a,b) — B(a,b) — C(a,b) in € is exact; where the morphism A — B
is in wS>!4[n] if, for all integers 0 < a < b < n, the morphism A(a,b) — B(a,b) is
in w%’; and where the basepoint 0[n] is the constant diagram O[n](1)(a,b) = 0(1).

We recall from [21, Section 6.2] that an exact category % is semi-idempotent
complete if every morphism that admits a section is an admissible epimorphism. For
such ¥, the axiom (ii) in Definition 6.6 is redundant.

Lemma 6.7. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality. For every integer n > 0, there exists a pointed exact adjunction

(j;;ve@vn,ea lag)

from (SE'€[n], wS%'€[n],D[n],0[n)) to (%% [n],wS%'€ [n], D[n],0[n]). Moreover,
the natural transformations 1, €, and g all are isomorphisms.

71



Proof. We define the functor jq,: C[n] — P(5%![n])°P as follows. On objects,

jola,b) = {[n]—L—=[2] | p(0) = 0,p([a,b]) = 1,p(n) = 2} U {eon]}

and, on morphisms, by

j@(a7b) j@(aab)
j:»;(P)=j»®(a—lab)IJ/j»@(S):jw (a—1,b) j@(i)=jzn(ﬂ,b)w\lj®(V)=j®‘(d¢b)
j@(d*l,b) j@((l,b*l).

The functor jg is well-defined, since for all 0 < a < b < n,

j@((l - lab) = jéB(a_ 1,b— 1) ﬁj@(d,b).
Moreover, as in the proof of Lemma 2.12, one readily verifies that it induces a pointed
exact duality preserving functor j%,: S%1%€'[n] — §%1€'[n].

We next define the functor es: $%'%'[n] — S%!'%[n]. So let B: C[n] — € be an
object of §%!4’[n]. We define the functor es (B): P(S*![n]) — ¢ as follows. First,
if p € S>![n] is different from the basepoint, then we define e (B)({p,[n]}) to the
lower left-hand term in a choice of completion of the following admissible square in
which @ = minp~!(1) and » = maxp~'(1).

Blab+1) = Bla—1,b+1)

IB(I') }e(i)

Bla,b) —2 s Bla—1,b)

The completion can be chosen arbitrarily except that for B = 0[n], we required it to
be the unique diagram in which every object is equal to 0(1). Second, if U is an
object of P(S%![n]) such that U C $>![n] contains two or more elements different
from the basepoint, then we define eq,(B)(U) to be a choice of sum in & of the
family of objects eq (B)({p,[n]}) indexed by p € U. If B = 0[n], then we require
the sum to be equal to 0(1), but otherwise, it can be chosen arbitrarily. This defines
the functor e (B) on objects. Thirdly, if F: U — V is a morphism in P($%![n]), then
we define the morphism eg (B)(F): ex(B)(V) — es(B)(U) to be the composition of
the canonical projection e (B)(V) — e (B)(F) followed by the canonical inclusion
ea(B)(F) — es(B)(U). To prove compatibility with composition, welet F: U — V
and G: V — W be composable morphisms. Then the diagram

ex(B)(W) —— €s(B)(G) ——— ex(B)(V)

T |

eq(B)(FNG)—— eq(B)(F)

es(B)(U)
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of canonical projections and canonical inclusions commutes. This shows that eg (B)
is indeed a functor. Finally, it follows from Proposition 4.4 that eg,(B) is an object of
Sél%[n]. This defines the functor eg, on objects; it is defined on morphisms by using
the uniqueness, up to canonical isomorphism, of kernels, cokernels, and sums. It is
clear that e, is pointed; we leave it to the reader to verify that it is exact.

We define 7 to be the natural isomorphism whose value at A € obS%!%[n] is the
natural isomorphism 14 : A = eg;,(A o j) defined as follows. We first define 14 at the
objects U of P(S*![n]) of the form U = {p,eo[n]} with p € $>![n] different from the
basepoint. To this end, we let a = minp~!(1) and b = max p~!(1) and write

j@(d,b+1) :j®(a_ 17b+ I)VV
j@(d* 1,b) = ‘]@(a* 1,b+ 1) \/W
In this situation, we have the commutative diagram
V* . * .
A(V) ——— Aje(a,b+1)) =" A(js(a—1,b+1))
v, iy iy
(UVV)«

AUVV) ——"— A(jo(a,b)) —— A(jo(a—1,b))

U, (UVW), W,

AU —Y awvw) — Y aw)

with all rows and columns exact. This diagram is a completion of the upper right-hand
square. Therefore, the objects A(U) and eq (j(A))(U) are canonically isomorphic,
and we define N4: A(U) — e (j(A))(U) to be the canonical isomorphism. Next,
we define 14 at an object U of P(5>![n]) such that U C $>![n] contains two or more
elements different from the basepoint. The objects A(U) and eg (j;,(A))(U) are sums
in ¢ of the families of objects A({p,o0[n]}) and eq (j,(A))({P,oo[n]}), respectively,
indexed by ¢ € U, and we define the isomorphism 14: A(U) — eq(j5(A))(U) to
be the sum of the isomorphisms N4 : A({p,oo[n]}) — e (7% (A))({P,oo[n]}) already
defined. It is clear that 7} is pointed.

We define € to be the natural isomorphism whose value at B € ob b%l‘f[n} is the
natural isomorphism €g: e (B) o jo = B defined as follows. Let N(a,b) = a(n—b)
be the number of elements different from the basepoint in jg(a,b). We proceed by
recursion on N(a,b) > 0 to define the morphism &g on the object (a,b) in such a way
that in the diagram

e5(B)(jo(a,b+ 1)) =5 ea(B) (o (a,b)) = es(B) (o (a— 1,b))

is S
"
I Px
b 1) e Blah) o Ba— 1,b),

Iy Sx

B(a,

the two left-hand squares and the two right-hand squares commute. If N(a,b) =0,
then eq (B)(jg(a,b)) = B(a,b) = 0(1), and we define &g to be the unique map. So
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we fix the object (a,b) and assume that € has been defined at all objects (c,d) with
N(c,d) < N(a,b) in such a way that the required squares commute. To define the &g
at the object (a,b), we consider the following diagram.

Vi Px
eo(B)(V) im——— s (B) (s (@b +1)) == ec(B)(jo(a — 1,6+ 1))
Vi Vi Fi Iy Vs Ix
(UVV)4 D+
ex(B)(UVV) W eo(B)(Jo(a, b)) T—— ea(B)(j (a—1,b))
U, | | U. VW), | | wvw), w. | | w
U Wi
e (B)U) T eo(BYU VW) T e (B)(W)

Here, V and W were defined earlier, and U = {p,eo[n]} with p: [n] — [2] given by
p([0,a—1]) =0, p([a,b]) =1, and p([b+ 1,n]) = 2. We compare this diagram to
the following diagram, where the subdiagram of rightward pointing and downward
pointing morphisms is the chosen completion of the admissible square consisting of
the maps p. and i,, and where the remaining morphisms are the splittings induced
from the given sections s, of p, and retractions 7, of i,.

B, ————Bla.b+1) ———B(a—1,b+1))

Sy

I« is T iy

B,————"B(a,b) Z———"B(a—1,b)

ex(B)(U) By, B3

There is a unique morphism of diagrams from the first diagram to the second diagram
that, on upper middle terms, upper right-hand terms, and middle right-hand terms
are given by the morphisms €p already defined, and that, on lower left-hand terms,
is given by the identity morphism. Now, we take &g on the object (a,b) to be the
morphism of central terms. This completes the recursive definition of the natural
isomorphism €g: eg(B) o jo = B. It is clear that € is pointed.

Finally, we define g: e = (D[n|,D[n])e°® to be the pointed natural isomorphism
whose value at B is the natural isomorphism gg: e (B) = ((D[n], D[n])e°?)(B) whose
value at (a,b), in turn, is the canonical isomorphism of sums of lower left-hand terms
in different choices of completion of the same admissible squares. It follows from the
uniqueness of kernels, cokernels, and sums, up to canonical isomorphism, implies
that the two diagrams in Definition 1.27 commute. O

We define ¢: Cat([1],[n]) — C|n] to be the unique functor that is given, on ob-
jects, by ¢ (u) = (1(0), (1)) and, on morphisms, by

¢(1y = o) = po---opoio---oi: (1) = ¢(U2),
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where there are 1 (0) — 1, (0) copies of p and (1) — (1) copies of i. The functor ¢
is an isomorphism of the category Cat([1],[n]) onto the subcategory of C|[n| generated
by the morphisms p and i.

Lemma 6.8. Ler (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and let n be a non-negative integer. The functor ¢ induces a pointed
duality preserving exact functor

(S1€ ] w3 ], Dlul, 0ln)) —— (S21€ ], w21 [u]. Dln] O[]
Proof. The functor ¢ induces a functor

Cat(Cln), 6) —— Cat(Cat([1], [n]), %)

and comparing Definitions 2.11 and 6.6, we see that it restricts to the stated pointed
exact duality preserving functor. O

Remark 6.9. Let (¢,w%,D,0) be a pointed exact category with weak equivalences
and strict duality and let n be a non-negative integer. The following diagram of
pointed exact duality preserving functors commute.

S2\G ] =—— SZ'G[n] s 5'F ]

Cb

S2IGn] + §21g[n] —L s 1)

Here, we recall, the horizontal functors all are equivalences of categories. By contrast,
the vertical functors are not equivalences of categories except in trivial cases.

Finally, we define for every pointed exact category with weak equivalences and
strict duality (%',w%,D,0) a map of real symmetric spectra

KR®(€,w%,D,0) ——s KR(%,w%,D,0)

from the real direct sum K-theory spectrum to the real algebraic K-theory spectrum.
Let r be a positive integer, and let [n] = [n;] X - - - X [n,] be an object of the r-fold
product real category AR X --- X AR. We define the functor

Cat([2], [n]) —2—s P(52"[n])

to be the composition

Cat([2], [n]) —— Cat([2],[m]) % - - x Cat([2], [n,))
s P(S*Mmy]) -+ x P(S2V[n,]) —— P(S¥[n])

of the canonical isomorphism (pr;,,...,pr,,), the product functor ¢ x --- x ¢, and
the functor that to the object (Uy,...,U,) and the morphism (Fj,...,F,) associate the
object Uy A --- AU, and the morphism F A - - - A F;, respectively.
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Lemma 6.10. Ler (¢,w€,D,0) be a pointed exact category with weak equivalences
and strict duality. For every positive integer r, the functor ¢, induces an r-real sim-
plicial pointed duality preserving exact functor

(27 ] w82 ], D[-],0[-]) s (7] w2 [],D[-],0[-]).

Proof. The proof is similar to the proof of Lemma 6.1 O

Definition 6.11. Let (¢,w%,D,0) be a pointed exact category with weak equiva-
lences and strict duality. The forgetful map is the map of real symmetric spectra

KR®(€,w%,D,0) —— KR(%,w%,D,0)

that in level r > 1 is given by the pointed real map

|N(wS27], D[~),0[=])[=]lx —— [N (w$>%[~], D[], 0[-))[|x

induced by the r-real simplicial pointed exact duality preserving functor ¢, and that
in level » = 0 is the identity map.
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7 The split-exact case

In this section, we explictly describe the category $>! €’[n] in the case, where the exact
category % is split-exact. We begin by proving some basic results about split-exact
categories.

Given any exact category ¢ = (¢,&), we define the exact category of exact se-
quences in % to be the exact category £ (%) whose set of objects is the given set & of
exact sequences in ¢ and whose set of morphisms from the object A; — Ay — A3 to
the object B; — B, — B3 consists of all triples (f1, f2, f3) of morphisms f;: A; — B;
that make the left-hand diagram below commute. The sequence in E(%) indicated by
the right-hand diagram below is defined to be exact if the three horizontal sequences
in the diagram are exact sequences in %

A h B Al h B g1 C
l 12 J’ J’ ) J 53 l
Ay —— B> Ay —— By ——
[ ] I
A3 —— B3 Ay —— B3 —— (3

Now, for split-exact ¢’, we have the following result.

Lemma 7.1. If the exact category € is split-exact, then the exact category E(%) of
exact sequences in € is again split-exact.

Proof. We must show that the exact sequence in E (&) given by the left-hand diagram
below can be completed to a biproduct diagram in E(€). To this end, we first choose
biproduct diagrams in ¢ completing the three columns and the top and bottom row
as indicated by the right-hand diagram below.

. N 81
A]LB]L)CI Al T B %}Cl
uj 81
J/hl J{hz J{hS r Tlhl r/ZTJ/hZ r3 Tlhg
f 82 12 )
Ay —— By —— Ay —— By ——
AR
fs 8 s £
A3y —— B3 —— (3 A3<;4>B3<7C3
u3 83

We do not claim any compatibility between these maps other than all columns and the
top and bottom row being biproduct diagrams in %". However, using these biproduct
diagrams, we can express the morphism g: By — C; as
&= (/’l3l‘3 + V3k3)g2(/’l2r,2 + Vlzkz)
= h3r3gahars + harsgavhka -+ vskagahors + v3kagavaks
= h3r3hagiry + harsgavka + vagskahorh + vagskavaks
= hag175 +h3r3gavika +vigaka.
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We now define s,: C> — B; by
52 = hasir3 — hasirgavhssks +Vhs3k3
and calculate

8252 = (hagiry +haragavhka +vagska ) (hasirs — hasir3gavissks + vissks)
= (h3g17h + h3rsgavhks +v3g3ka ) (hasir3)
— (hag1rh + h3r3gavhka +v3gsky ) hosir3gavyssks
+ (h3g17y + harsgavaky + vagska)vysaks
= h3r3 — h3r3gavhssks + h3r3gavyssks 4 vsks
= h3r3 +v3k3 =idc, .

This shows that s, is a section of g,. Moreover, the calculation

soh3 = (hosir3 — hosir3gavyssks + vhs3ks)hs = hasy
kasy = ka(hosir3 — hasir3gavhssks +vys3ks) = s3k3

shows that the triple (s;,s7,53) is a morphism of exact sequences. This shows that
the morphism of exact sequences (sy,s2,s3) is a section of the morphism of exact
sequences (g1,82,g3). Finally, if we define uy: By — Aj to be the unique morphism
that makes the middle row in the diagram below a biproduct diagram in &, then said
diagram is the desired biproduct diagram in E(%) completing the exact sequence in
E(€) given by the left-hand diagram at the beginning of the proof.

h 81
Al — Bl — Cl

up S
lhl th J/h:;
f2 &2

This completes the proof. O
Addendum 7.2. Let € be a split-exact category and let

A h B 81 G

F

A2*2>BQL>C2

LT

Ay —2 B -2 6
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be a commutative diagram in € in which all rows and columns are exact. Then there
exists a commutative diagram in € of the form

ujp S1
Al +—B +—(

Pk b

uy 52
Ay ———Br+— (O

P, b
us 853
A3 ¢———B3+— (3

such that, in the combined diagram,

N 81
AlT——BI——C

u S1
el
f2 82

Ao <*l By *# G

uy 52
f 83

g
Az ¢ - B3 ; - C3

all rows and columns are bi-product diagrams in €. Moreover, the sections s| and s3
and the retractions r1 and r3 may be predescribed freely.

Proof. First, we use the predescribed sections s; and s3 and retractions r; and r3
to complete the given diagram to the diagram on the left-hand side below in which
the top and bottom rows and the left-hand and right-hand columns are biproduct
diagrams. Second, we follow the proof of Lemma 7.1 to further complete this diagram
to the diagram on the right-hand side below, where also the middle row is a biproduct
diagram, and where the map of exact sequence (s1,s7,53) is a section of the map of
exact sequences (g1,82,83)-

f1 81 fi 81
A =B = A =B =0
1 1 1 1
5 Tlhl lhz B TJ/}B " Tlhl lhz ; Tth
bH & 12 82
Ay —— B —— Ar <T; By <S7> G
2 2
B T\Lkl Jzkz ” TJ/IQ’ " lel lkz K T\Lkg
f3 83 f3 83
e =B —G A B G
3 3 3 3

We now define rp: By — By and v, : Bz — B, by

ry = firiua +s11382
Vo = foviuz +52v383
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and calculate

rhy = (firiua +s11382)ha = firthiu +s1r3h3 g1
= fiui +s1g1 = idp,

kavy = ka(favius +s2v383) = fakivius + s3k3v383
= fauz +s3g3 = idp,

hary +vaka = ho(firiuz +s17382) + (favius +52v383)k2

= frhiriuy + s2h3r3ga + favikiuo + s2v3ksgo
= fo(hiri +viki)uz + s2(h3rs +v3k3) g2
= fauz +s282 = idp, .

This shows that the middle column in the bottom diagram in the statement is a biprod-
uct diagram in % Finally, we calculate

urry = ur(firiup +s17r382) = riun
rasy = (firius +s11382)80 = 5113

upvy = up(faviuz +s2v3g3) = vius
Vo83 = (f2v1u3 +S2V3g3)S3 =5$HV3

which shows that the middle diagram in the statement commutes. O

The basis for the description of the category $>'% [n] for split-exact € is the
following result. Here, for & a category, we write 7y (i 2) for the set of isomorphism
classes of objects.

Proposition 7.3. Let (¢',0) be a pointed split-exact category. For every non-negative
integer n, the map induced by the forgetful functor

70(iS2'E ) s 1 (1521 n]).

is a bijection.

Proof. We fix the non-negative integer n. It suffices by Remark 6.9 to show that the
map 7(¢*) is injective and that the map 7(@*) is surjective.

First, we recall from Remark 6.4 that the composite functor

Y1)~ S () " Cat, (52! [1],(7,0)

is equal to the functor i* defined in the proof of Proposition 4.11. Moreover, the latter
functor was proved in said proof to be an equivalence of categories. Hence, we find
that 7r($*) is injective as desired.

Second, to prove that the map 7y(¢*) is surjective, we will prove the stronger
statement that given an object B: Cat([1],[n]) — € of §!%’[n], there exists an object
A: C[n] — € of §%'%[n] such that B = A o ¢. This forces us to define

A(a,b) = B(u(a,b)) (forall0 < a < b<n)
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with 4 = p(a,b) is determined by ¢ (1) = (a,b), and to define
Aa,b) — Ala—1,b) (with 0 < a < b < n)
Ala,b+1) " A(a,b)  (with0<a<b<n)

to be the images by the functor B of the unique morphisms u(a,b) = p(a—1,b) and
u(a,b+1) = u(a,b), respectively. It remains to define the morphisms

Ala—1,b) —— A(a,b) (with0 < a < b < n)
Aa,b) —— Aa,b+1) (with0 <a<b<n)

such that s, is a section of p,, such that r, is a retraction of i,, and such that for all
0 < a < b < n, the diagram following diagram commutes.

Ala,b+1) «———A(a—1,b+1)

A(a,b) +—>— A(a—1,b)

To define the morphisms s, and ., we proceed by induction on N(a,b) = a(n — b),
beginning from the trivial case N(a,b) = 0. So we fix (a,b) and assume that the
morphisms s.: A(c—1,d) — A(c,d) and r,.: A(c,d) — A(c,d + 1) with the required
properties have been defined for all (¢,d) with N(c,d) < N(a,b). In this situation, we
apply Addendum 7.2 to a completion of the admissible square

Ala,b+1) 25 A@—1,b+1)

A(a,b) —2 5 A(a—1,b)

with the predescribed section s, of the top horizontal map p. and retraction r, of the
right-hand vertical map i, provided by the inductive hypothesis. We conclude that
there exists a section s, of the bottom horizontal map p. and a retraction r, of the
left-hand vertical map i, that make the top square diagram commute. This completes
the proof. O

Corollary 7.4. Let (%,0) be a pointed exact category and let n be a non-negative
integer. If ¢ is split-exact, then so are the exact categories S>'€'[n] and S%'€'[n).

Proof. We first consider the exact category S%'%’[n]. From the proof of Proposi-
tion 4.11, we have the exact adjoint equivalence of categories (i1,i*,7n,€) from the
exact category S%!€’[n] to the exact category Cat,(S>![n],(%,0)). The latter exact
category is clearly split-exact, and therefore, so is Sél‘ﬁ[n}.
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We proceed to prove that 52,1%[,1] is split-exact. We recall from Lemma 7.1 that
the exact category E (%) of exact sequence in % again is split-exact. Therefore, it
follows from Proposition 7.3 that the map

RS2 E(@)n]) 2 1y (S E ()]

is a bijection. Moreover, since the exact categories S%'E(4)[n] and E(S%'%'[n]) and
the exact categories S>!'E(%)[n] and E(S>!'%[n]) are canonically isomorphic, we
conclude that the map

m(E(9"))
—

o (iE(S3'€[n]) M (iE(S>'€[n])

is a bijection. This shows that every exact sequence in S>!%[n] is isomorphic to
an exact sequence that is the image by ¢* of an exact sequence in Sél%[n}. Now,
since every exact sequence in S%!'%[n] is split-exact, we conclude that every exact
sequence in Szvl%[n] is isomorphic to a split-exact sequence. But an exact sequence
that is isomorphic to a split-exact sequence is itself split-exact. O

Let A, B € obS%!€'[n]. We proceed to describe the set of morphisms

0*(4) — ¢*(B)

from ¢*(A) to ¢*(B) in the category S>'%’[n]. The morphism f is determined by
the family of morphisms fy: ¢*(A)(0) — ¢*(B)(0) indexed by the set of functors
0: [2] — [n]. In addition, since A and B are sheaves, the morphism fp, in turn, is
determined by the family of morphisms

A }) 22 B({p o)

indexed by the set of pairs (p,p’) of elements of ¢(6) different from the basepoint
with fy , o defined as the composite morphism

A{p" =}) 2D o (a)(0) — 2L o (B)(8) 27, B({p, <o},

We call the morphism fy , » the (p,p’)th component of the morphism fg.

Lemma 7.5. Let n be a non-negative integer and let (€ ,0) be a pointed exact cate-
gory. Let A,B € obS%:'€[n] and let
x fo
¢*(A)(6) —— ¢"(B)(6)

be a family of morphisms in € indexed 6 € obCat([2],[n]). The following (i)-(ii) are
equivalent.
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(i) The family of morphisms { fo} constitute a natural transformation

0" (4) —L— ¢*(B).

(i1) The family of component morphisms

A o) 27 B({p.eo}).

indexed by 0 € obCat([2],[n]) and p,p’ € ¢(0) different from the basepoint,
satisfies the following (a)—(c), for every morphism 6’ = 6 in Cat([2], [n]).

(a) Ifboth p,p’ € ¢(0) and p,p' € §(8’), then Jopp =Torpp-

(b) Ip.p' € 0(6) and p € $(6/) but p' ¢ §(8), then fg 5,50 0.

©) Ifp,p' €9(0") and p ¢ ¢(6) but p' € §(0), then for p o1 = 0.

Proof. The family of morphisms fg: ¢*(A)(0) — ¢*(B)(0) with 6 € obCat([2],[n])
form a natural transformation f: ¢*(A) — ¢*(B) if and only if the diagram

A0(0") — " B(9(0)

TA(¢(9)0¢(9’)) TB(M@)WP(G’))
fo

A(¢(6)) ————— B(9(6))

commutes, for every morphism 6’ = 0 in Cat([2], [1]). But since A and B are sheaves,
this diagram commutes precisely if the conditions (a)—(c) are satisfied. O

Lemma 7.6. Let n be a non-negative integer and let (€ ,0) be a pointed exact cat-
egory. Let A,B € obS%'%[n] and let f: ¢*(A) — ¢*(B) is a morphism in S>'€ [n).
If0,0" € obCat([2],[n]) and if p,p’ € ¢(6) N (0’) are different from the basepoint,
then the two component morphisms

AP D) P B((pe}), AU ee}) T2 B((p o)),

are equal.

Proof. 1f, in addition, there exists a morphism 6’ = 6 in Cat([2],[n]), then it follows
from Lemma 7.5 that fg , = fgr o In general, we assume that 6/(1) < 6(1) and
consider the following morphisms in Cat([2],[n]), where we represent the functor
¢ [2] — [n] by the vertical array of the numbers ¢(0), ¢(1), and @(2).

6(0) 0 0 0 0 6'(0)

0(1) <= 0(1) —— 0(1) 0'(1) 0'(1) — 6'(1)

0(2) 0(2) n n 0'(2) 0'(2)
This shows that fg , ,» = for p o as stated. O

Lemma 7.7. Let n be a non-negative integer;, and let p,p’: [n] — [2] be two functors
that are surjective on objects. The following (1)—(ii) are equivalent.

83



(i) There exists a morphism p’ = p in Cat([n], [2]).
(ii) For every morphism 6' = 0 in Cat([2],[n]), if both p € ¢(0) and p’ € ¢(6'),
then also p € ¢(6') and p’ € ¢(0).

Proof. There exists a morphism p’ = p in Cat([n], [2]) if and only if p/(s) < p(s),
for all s € ob([n]); and there exists a morphism 6’ = 6 in Cat([2],[n]) if and only if
0'(s) < 0(s), for all s € ob([2]). We first assume that (i) holds and prove (ii). So we
let 8’ = 6 be a morphism in Cat([2], [1]). For all s € ob[2], we have

s=p'(8'(s)) <p'(8(s)) <p(B(s)) =
s=p'(68'(s)) <p(6'(s)) <p(B(s))

which shows that p’ € ¢(6) and p € ¢(6’) as desired. This proves (ii).

Next, we show that if (i) fails, then also (ii) fails. If a morphism p’ = p does not
exist, then either minp’~!(1) < minp~!(1) or maxp’~!(1) < maxp~'(1) or both. If
the first inequality holds, then we consider 6’ = 6 with 6,6’ [2] — [n] defined by

N

0 ifs=0 0 ifs=0
6(s) =4 minp~ (1) ifs=1 0'(s) =< minp’~1(1) ifs=1
n ifs=2 n ifs=2

We now have p € ¢(0), p’ € ¢(6'), but p ¢ ¢(0’) since p(6’(1)) = 0, so (ii) fails.
Similarly, if the second of the two inequalities above holds, then we consider the
morphism 8" = 0 with 6,0": [2] — [n] defined by

0 ifs=0 0 ifs=0
0(s) = maxp~'(1) ifs=1 0'(s) =< maxp’~'(1) ifs=1
n ifs=2 n ifs=2

We now have p € ¢(0), p’ € ¢(0’), but p’ ¢ ¢(0) since p’(6(1)) = 2, so again (ii)
fails. This proves that (ii) implies (i). O]

Definition 7.8. Let n be a non-negative integer. A morphism p’ = p in Cat([n],[2])
is admissible if there exists 0: [2] — [n] such that p,p’ € ¢(6).

Remark 7.9. Let p,p’: [n] — [2] be a pair of surjective functors. There exists a
morphism p’ = p in Cat([n],[2]) if and only if both minp~!(1) < minp’~!(1) and
max p~!(1) < maxp’~!(1). The morphism is admissible if and only if, in addition,
minp’~!(1) < maxp~'(1). Hence, there exists an admissible morphism p’ = p in
Cat([n], [2]) if and only if the following three inequalities hold:

minp ' (1) <minp’ (1) < maxp (1) < maxp/~'(1).
We conclude that the admissible morphisms are saturated in the sense that if the
composite morphism p” = p’ = p is admissible, then both p” = p’ and p’ = p are

admissible. Indeed, we have

minp’ (1) <minp” "' (1) <maxp~'(1) <maxp’~1(1),
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where the left-hand and right-hand inequalities hold because there are morphisms
p" = p’ and p’ = p, respectively, and where the middle inequality holds by the
assumption that p” = p is admissible. In general, however, the composition p” = p
of two admissible morphisms p” = p’ and p’ = p need not be admissible.

Definition 7.10. Let n be a non-negative integer, let (4°,0) be a pointed exact cate-
gory, and let A, B € obS%'%'[n]. The matrix of a morphism

0*(4) — ¢*(B)

in $21%€’[n] is the family of morphisms ( fp<p') indexed by the set of the admissible
morphisms p’ = p in Cat([n], [2]) in which f, s is the (p,p’)th component

A({p' =}) 2D o) 0) — L o B)(0) 2P, B({p, o)

of the map fy: ¢*(A)(6) — ¢*(B)(0), for any 6 € obCat([2],[n]) with p,p’ € $(0).
It follows form Lemma 7.6 that the matrix of f is well-defined.
Remark 7.11. The matrix (id,.,) of the identity morphism is given by

. id ifp=p’
Uoer' =0 itp 2y

The matrix of the composition go f: ¢*(A) — ¢*(C) of f: ¢*(A) — ¢*(B) and
g: ¢*(B) — ¢*(C) is given by the matrix multiplication formula

(g0 f)pepr = Z 8pep' O fprepn-
p<=p p<=p' O Jp'=p

p<p/<=p"

Here the sum on the right-hand side is indexed by all factorizations p” = p’ = p of
the admissible morphism p” = p in Cat([n], [2]).

Proposition 7.12. Let n be a non-negative integer, let (¢,0) be a pointed exact cat-
egory, and let A,B € 0bS%'€ [n]. The map

1€ ) (9"(4),9°(B) —— [T (AW .=}). B({p.==}))

that to the morphism f associates its matrix (fy—p') is an isomorphism of abelian
groups. Here, the product on the right-hand side is indexed by the set of admissible
morphisms p’ = p in Cat([n],[2]).

Proof. If p’ = p is an admissible morphism, and if p,p’ € ¢(0), then Lemmas 7.5
and 7.7 show that every morphism g: A({p’,}) — B({p,>}) in € appears as the
component g = f,—, = fg p o of a morphism f: ¢*(A) — ¢*(B) in §21%€'[n]. This
shows that the map in the statement is surjective. Similarly, if f: ¢*(A) — ¢*(B) is
a morphism in $>!%'[n], if 6 € obCat([2],[n]), and if p,p’ € ¢(H), then Lemmas 7.5
and 7.7 show that fy , o = fp—p, if there exists a (necessarily admissible) morphism
p’ = p in Cat([n],[2]), and that fy , ,» = 0, otherwise. This shows that the map in the
statement is also injective. O
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Remark 7.13. 'We recall from the proof of Proposition 7.3 that the forgetful functor
@* is fully faithful, and hence, the map

S n)(A, B) —— S21%n) (9" (4), 6" (B))

is injective. The image is precisely the morphisms f whose matrix (f,—,) is diagonal
in the sense that f, _, is zero for p # o

We next consider the map of the sets of isomorphism classes of symmetric objects

7o(Sym(iS2' % n], Dln])) ") o (Sym (i1 €], Dln)))

induced by the forgetful functor. The map is injective, by an argument similar to
the proof of Proposition 7.3, but it is generally not surjective. However, orthogonal
sum of symmetric spaces gives rise to abelian monoid structures on the domain and
target, and we proceed to show that the induced map of the abelian groups obtained
by group-completion is a bijection. In preparation, we recall from [20] some classical
theory concerning symmetric spaces.

Definition 7.14. Let (¢,&,D,n) be an exact category with duality, and let (A, @) be
a non-degenerate symmetric object in the category with duality (¢’,D,n).

(1) An admissible monomorphism i: L — A such that the composite morphism

i ¢

L A D(A)

is zero is said to admit an orthogonal complement with respect to (A, ¢), and a
kernel i*+: L+ — A of the admissible epimorphism D(i)o ¢: A — D(L) is said
to be an orthogonal complement of i: L — A with respect to (A, ¢).

(2) An admissible monomorphism i: L — A is said to be a sub-Lagrangian of (A, ¢)
if it admits an orthogonal complement i : L+ — A and if the unique morphism
j: L — L' such that i = i o j is an admissible monomorphism.

(3) A sub-Lagrangian i: L — A of (A, @) is a Lagrangian of (A, @) if the admissible
monomorphism j: L — L* is an isomorphism.

(4) A non-degenerate symmetric object (A, @) in (%, D, 1) is metabolic if it admits
a Lagrangiani: L — A.

Remark 7.15. (i) The assumption that ¢: A — D(A) be an isomorphism is used to
conclude in (2) that D(i) o ¢: A — D(L) is an admissible epimorphism, and hence,
admits a kernel. This kernel, i*: L+ — A, is unique, up to unique isomorphism.

(i1) An admissible monomorphism i: L — A is a Lagrangian for the non-degenerate
symmetric object (A, @) if and only if the sequence

L— A D(L)

is exact.
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Example 7.16. Let (¢,&,D,n) be an exact category with duality, let L be an object
of €, and let y: D(L) — D(D(L)) be a symmetric form on D(L), not necessarily
non-degenerate. We define the associated split metabolic object H(L,Y) to be the
non-degenerate symmetric space (A, @) in (¢’,D,n), where A is a choice of sum of L
and D(L) in €, and where the morphism @: A — D(A) is given by

(D(inl)O(poinl D(inl)O(poin2> B (0 idD(L)>

D(inp) o @oin; D(iny)o ¢ oiny n v

The symmetric object H(L,y) is metabolic with inj: L — A as a Lagrangian. We
write H (L) instead of H(L,0) and call it the hyperbolic object associated with L.

Lemma 7.17. Let (¢,8,D,n) be an exact category with duality and let (A, ) be a
symmetric object in (i'€,D,n). Suppose that i: L — A is a sub-Lagrangian of (A, @)
andlet p: L+ — L* /L be a cokernel of j: L — L*. In this situation, there is a unique
non-degenerate symmetric from @: L+ /L — D(L* /L) making the diagram

LYLe—rt— gt i A
Jq‘) lD(ii)o(poiL LP
L
prt/n) 27 paty <2 piay

commute. Moreover, the orthogonal sum (A, ) L (L*/L,—) is metabolic with the
morphism (i+,p): L* — A® (L* /L) as a Lagrangian.

Proof. See [20, Lemma 2.6]. O

Example7.18. Taking L=0inLemma 7.17, we find that (4, ¢) L (A, —¢) is metabolic
with the diagonal morphism A: A — A ®A as a Lagrangian.

Lemma 7.19. Let (¢,8,D,n) be a split-exact category with duality and let (A, @) be
a metabolic symmetric object in (¢ ,D,n). The symmetric object (A, @) together with
choices of a Lagrangian i: L — A of (A, ®) and a retraction r: A — L of i determine
a metabolic symmetric object (A',@") in (¢,D,n) and an isomorphism

H(L) L (A',¢) —— (A.9) L (4,¢)
of symmetric objects in (¢,D,1n).

Proof. The morphism s = ¢! o D(r) is a section of D(i) o @, but the composite
morphism r o s need not be zero. It satisfies D(ros) = 1 oros, however, so the
common morphism y: D(L) — D(D(L)) is a symmetric form on D(L). Moreover,
the morphism f =i+s: H(L,y) — (A, @) is an isomorphism of symmetric objects in
(¢,D,n). So we may assume that (A, @) is equal to the split metabolic object H(L, )
defined in Example 7.16. Now,

H(L,0) LH(L,—y) —5— H(L,y) LH(L,—7)
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defined by
idy, 0 —idy ngl oy
0 idpgy O 0

(Plinegein) =1 o 70" 4q, o
0 idD(L) 0 1dD(L)
is the desired isomorphism of symmetric objects in (¢,D,n). O

If (¢,£,D,n) is an exact category with duality, then orthogonal sum gives rise
to a symmetric monoidal structure on the groupoid Sym(i¢’, D,n) of non-degenerate
symmetric objects in (¢’,D,n). This, by turn, gives rise to an abelian monoid struc-
ture on the set o (Sym(i €, D, 1)) of isomorphism classes of objects, and we let

7o(Sym(i%,D.n)) —— mo(Sym(i%, D, m))*
be the group-completion. We write [(A, ¢)] for the image by t of the isomorphism

class of the object (A, @) of Sym(i¢’,D,n).

Corollary 7.20. Let (¢, &,D,n) be a split-exact category with duality, let (A, @) be a
non-degenerate symmetric object in (¢,D,n), and leti: L — A be a sub-Lagrangian
of (A, ®). In this situation, the following identities hold in wy(Sym(i'€,D,n))eP.

) [(A,0)]+[(A,—9)] = [H(A)]

(i) [(A,@)] = [H(L)] +[(L"/L, )]
Proof. The left-hand side of (i) is equal to [(A,¢) L (A,—¢)], by definition, and
(A,9) L (A,—o) is metabolic with Lagragian A: A — A @ A, by Example 7.18. The

identity (i) now follows from Lemma 7.19. To prove (ii), we similarly conclude from
Lemmas 7.17 and 7.19 that

(A, @)] +[(L* /L, —@)] = [H(L")].
Hence, adding [(L* /L, @)] on both sides and applying (i), we obtain that
[(A,@)] +[H(L' /L)) =H(L") +[(L* /L, §)].

Finally, since % is split-exact, L* is a sum of L and L /L, and therefore, H(L") is an
orthogonal sum of H(L) and H(L"/L). Hence, subtracting H(L" /L) on both sides,
the identity (ii) follows. O]

We return to the problem at hand. Let p: [n] — [2] be a surjective functor. There
always exists a morphism Dp = p or p = Dp. If both exists, then p = Dp. If the
former but not the latter exists, then we say that p is positive; and if the latter but not
the former exists, then we say that p is negative.

Theorem 7.21. Let (¢,&,D,n) be a split-exact category with duality. For every
non-negative integer n, the map induced by the forgetful functor

To(Sym(iS21 (€&, D,1)n]))2 —*— m(Sym(iS1 (€, 6,D,m) )2

is an isomorphism.
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Proof. Only surjectivity is at issue. We assume that (¢, D) is a strict category with
duality and consider the diagram of additive categories with strict duality

5%'(¢,D)[n] ¢ S2H(%,D)n]

S,

Fil" $21(%, D) [n] — = L RI0S2 (%, D)[]

defined as follows. We choose a linear order p,, < --- < p; on the set of positive
surjective functors p: [n] — [2] in such a way that p’ < p whenever there exists a
morphism p’ = p. This is possible, since every partial order on a set can be extended
to a linear order. The category Fil“ S>!%’[n] has the same object set as S%!¢’[n], and
if A, B € ob(Fil“S>!%[n]), then

Fil" $'%[n](A,B) C S*'€[n](¢*(A), 9" (B))

is the subset of all morphisms f: ¢*(A) — ¢*(B) with the property that the matrix
entry f,. is zero whenever p is positive and p, < p or p’ is negative and p, < Dp’
or both. For u = 0, the matrix entries f, .,/ are unrestricted. The functors i, are given
by the identity maps on object sets and by the canonical inclusions on morphism
sets; the functor ¢’ is given by the identity map on object sets and by the map ¢* on
morphism sets; and the functor ¢” is given by the map ¢* on object sets and by the
identity map on morphism sets. Both ¢’ and ¢” are equivalences of exact categories
with duality.
By easy induction, it suffices to show that for all 1 < u < m, the map

7o (Sym(Fil" $21(€,D)[n]))® —— my(Sym(Fil“~ ! $>!(¢,D)[n]))eP

induced by i, is surjective. To this end, we let (A, @) be a non-degenerate symmetric
space in Fil“~!$>!(%,D)[n] and proceed to show that the class [(A,@)] is in the
image. Leti: L — A be the admissible monomorphism in $%! (%", D)[n] given by

A(Uﬁ{pu,oo})
L(U) = AU N {py,e0}) 222D,

A(U).

We claim that the admissible monomorphism ¢*(i): L — A is a sub-Lagrangian of
the symmetric space (A, @) in Fil*~! $>!(%,D)[n]. To prove the claim, we first note
that, since p, is positive, there is no morphism p,, = Dp,,. In particular, there is no
admissible morphism p, = Dp,, and therefore, the composite

LY A% L p@y

D(¢*(i)) D(L)

is the zero morphism. It follows that ¢*(i) admits an orthogonal complement with
respect to (A, @) in Fil*~! §21(% D)[n]. We next let i: L* — A be the admissible
monomorphism in $%! (%, D)[n] defined by

AU~{Dp.})
—_

L (U) =AU ~{Dp.}) A(U).

89



The admissible monomorphism ¢*(i*): L+ — A is a kernel of D(¢*(i)) o ¢. Indeed,
if p’ = Dp, is an admissible morphism, then p’ is negative and p, < Dp’, and hence,
the only non-zero matrix entry of D(¢*(i)) o @ is

(D((P* (l)) o (p)DP14<:DpL¢ = (pDPu<:DPu?

which is an isomorphism. This shows that ¢* (i)~ = ¢*(i*) is an orthogonal comple-
ment of ¢*(i) with respect to (A, @). Finally, we have ¢*(i) = ¢*(i)* o ¢*(,j), where
j: L — L* is the admissible monomorphism in §%! (¢, D)[n] defined by

L) = AU N {pue}) — 7 4 (Dpu}) = L (U).

This shows that ¢*(i): L — A is a sub-Lagrangian of (A, ¢) as claimed.
We conclude from Corollary 7.20 (ii) that the equality

[(4,0)] = [H(L)]+[(L"/L, )]

holds in my(Sym(Fil“~! $>!(¢,D)[n]))2. We further claim that both summands on
the right-hand side are contained in the image of 7o(Sym(Fil* $>!(%", D)[n]))#. For
the first summand, this is clear, and for the second summand, we must show that the
matrix entry (D(¢*(i)") o @ 0 9% (i)) . is zero whenever p is positive and p, < p
or p’ is negative and p, < Dp’ or both. But only the cases p = p, and p’ = Dp,, need
proof, and both follow immediately from L' ({Dp,,o}) being trivial. This completes
the proof. O
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8 The comparison theorem

This section is devoted to proof of the following comparison theorem. In outline, the
proof is similar to Quillen’s proof of [18, Theorem 2], but the details are somewhat
more involved.

Theorem 8.1. Let (¢',D,0) be a pointed split-exact category with strict duality, and
let i6 C € be the subcategory of isomorphisms. Then the forgetful map

KR®(%,i%,D,0) —— KR(%,i%,D,0)

is a level weak equivalence of real symmetric spectra.
We begin the proof with the following reduction.
Lemma 8.2. The following (i)—(ii) are equivalent.

(i) For every pointed split-exact category with strict duality (¢ ,D,0), the map

KR®(%,i%,D,0), —— KR(%,i%,D,0),

is a weak equivalence of pointed real spaces.
(ii) For every pointed split-exact category with strict duality (¢',D,0), the map

KR®(%,i%,D,0) —— KR(%,i%,D,0)
is a level weak equivalence of real symmetric spectra.

Proof. The statement (i) is a special case of the statement (ii). So we assume (i) and
prove (ii). We wish to show that for every pointed split-exact category with strict
duality (¢, D,0) and for every non-negative integer r, the map

INGSZ 1, D[-1. 00Dk — [N (8261, D[, 01-))[-]lx

is a weak equivalence of pointed real spaces. The statement is trivial for » = 0 and
holds for r = 1 by assumption. For r > 2, we consider the commutative diagram

®

Nox

JWW o*

#
. lr .
INGSZ =], D[], 0[=D)[=lr —— N(iSE! .31 €[], D[-],0[-]) [~ ]I
|N(is*7% (-], D[-],0[-])[~]lrg —— [N(is*!...8*'€[-], D[], 0~ ]) [l
where the right-hand map is given by applying the forgetful functor ¢* in each of
the r real simplicial directions in the r-fold iterate of the 1-real Segal construction,
where the upper horizontal map is the weak equivalence of pointed real spaces from
Lemma 5.2, and where the lower horizontal map is the isomorphism of pointed real
spaces defined in the discussion following Definition 3.1. It follows that it will suffice
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to show that the right-hand vertical map is a weak equivalence of pointed real spaces.
We write this map as the composite map

IN(is3's2!..5%' 6 -1.D[-1,0-])[-Ile

SO s 52 DLl

o N8 521 ), DL, 01- ] ]le

%

0 NG 60,00 ) lx

with the map ¢(*l.) given by applying the forgetful functor ¢* in the ith real simplicial
direction. We first show that the map d)(*l) is a weak equivalence of pointed real spaces.
By Proposition 3.4, we may instead show that the map

|N(iS%'SsE! .. .83 4[], D[-],0[-]) [l

o
— L INGSPSE .83 -], D[-1,0[-])[-]lx

is a weak equivalence of pointed real spaces, and by the realization lemma, this map,
in turn, is a weak equivalence of pointed real spaces if and only if the map

INGSZ(SB (... 82" n] ) [ma)) ][l
O NG (A2 ) ) ] =) [k

is a weak equivalence of pointed real spaces, for all non-negative integers no, ..., n,.
Since Corollary 7.4 shows that S%!(...8%'€[n,]...)[n2] is split-exact, this follows
from the assumption that (i) holds. Hence, the map ‘7’(*1) is a weak equivalence of

pointed real spaces. Finally, to prove that ¢(*;.) is a weak equivalence of pointed real

spaces, we consider the following commutative diagram of real simplicial pointed
exact categories with strict duality, where the vertical functors are the isomorphisms
of categories induced by the transposition (1,i) € X, as in Lemmas 3.2 and 5.3.

9%
S21 . §21g21621 2@~ L g21 | 212121 | g2l ]o AP

f(u) l’(u)

¢
S21 . S2IS2IS S2IgJoa® — Ly g21 | 21521621 g2lg[—]o AP
This shows that it will suffice to prove that the map

IN(GisE!s> . 2182l 21 g ], D[-],0[-])[~]Ir
) .
—— [N(is¥1s* L sPisEt L sE e -], D[], 0-])[-]|&
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is a weak equivalence of pointed real spaces. But this follows from the argument
above, since, by Corollary 7.4, the exact categories

S21( S2V(S2V(SRY (L SE Cny ). ) i) ) [nia] ) [na)
are split-exact. This completes the proof. O

Before we proceed, we recall the following general result.

Lemma 8.3. Let f: X — Y be a map of spaces and suppose that for every prime
field k, the induced map f.: H.(X,k) — H.(Y,k) of singular homology groups with
k-coefficients is an isomorphism. Then the induced map

foi H(X,Z) — H.(Y,Z)
of singular homology groups with Z-coefficients is an isomorphism.

Proof. Let HA be a choice of Eilenberg-Mac Lane spectrum for the abelian group A.
The abelian groups 7,(HA AL X, ) and H,(X,A) are isomorphic and the isomorphism
may be chosen to be natural both in X and A. We recall the arithmetic square

HZN X, ——— [JHZA X)),

| |

(HZN Xy )g — (JJHZ A X )p)e

where (—), and (—)g indicates p-completion and rationalization, respectively, and
where the products range over all prime numbers. It is a homotopy cartesian square
by [3, Proposition 2.9]. Therefore, it suffices to prove the following (1)—(2).

(1) For all integers ¢, the map f induces isomorphisms
7 (HZN X)) = m(HZ A Y4 )g).
(2) For all integers g and for all prime numbers p, the map f induces isomorphisms
T (HZN X)) = m(HZAYL),).

The statement (1) holds because f induces an isomorphism of singular homology
groups with Q-coefficients. To prove (2), we recall that p-completion is defined to
be Bousfield localization with respect to a Moore spectrum M),. Therefore, the state-
ment (2) is equivalent to the statement that the map f induces an isomorphism

(M, \"HZ N" X ) — mty(M, N\FHZ A Y )

for all integers g and prime numbers p. But M, AL HZ is an Eilenberg-Mac Lane
spectrum for the prime field IF,, so this holds because f induces an isomorphism of
singular homology with [, -coefficients. O
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Remark 8.4. For every field extension k' /k, we have a natural isomorphism
H.(X,k) ok = H*(X,k’).

Therefore, since the functor — ®y k" is fully faithful, the map f: X — Y induces an
isomorphism of singular homology groups with k-coefficients if and only if it induces
an isomorphism of singular homology groups with k’-coefficients. It follows that, in
the hypothesis of Lemma 8.3, we may replace the prime field k by any extension field
k' /k. In particular, we may replace k by an algebraic closure of k.

Lemma 8.5. Let (¢,D,0) be a pointed split-exact category with strict duality, and
suppose that for every non-negative integer n, for every subgroup H C Gg, and for
every algebraically closed field k, the forgetful map

H,(IN(i8%'€n], Dn))[=]I§ . k) [mo(IN(iS%' € [n], D)) [-]1F) ']
s H (NS> €], DI [ ) [ (IN (i8> € ], D] )11 )
is an isomorphism of graded k-algebras. Then the forgetful map

KR (€,i%,D,0), —— KR(€,i%,D,0),

is a weak equivalence of pointed real spaces.

Proof. We wish to prove that the top horizontal map in the following commutative
diagram is a weak equivalence of pointed real spaces.

NS ], D)k ——— s [N(iS*1 [, D[ ])[lx

Q1 (|N (18215211, D[-)[-]l) —— Q> (IN(i%15*'%[~]. D[-)[]Ia)

We claim that the vertical maps are weak equivalences of pointed real spaces. Indeed,
this follows from Shimakawa [23, Theorem B] once we show that the two top terms
are real connected in the sense that both the underlying pointed spaces and the sub-
spaces of Gg-fixed points are connected. We prove that the top left-hand term is real
connected; the proof for the top right-hand term is analogous. First,

N(is%<[0])[0] = {0[0](1)}

which shows that the underlying pointed space is connected. Second, by Lemma 1.20,
we have the homeomorphism

[N Sym(sdis3!%[—],sd D[-])[~]| —— [ N(is3'¢ -], D[-])[-] 5"

and since
N Sym(sdiS%'%[0],sdD[0])[0] = {(0[1](1),id)}
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we conclude that also the subspace of Gg-fixed points is connected. This proves the
claim.

We proceed to show that the bottom horizontal map in the diagram at the top of
the proof is a weak equivalence of pointed real spaces. By Proposition 3.4, we may
instead show that the map

Q> (INGSE (S3'C[-DI=]. DI=][=D[-1lk)
s @ (NGSY (8¢ )LD -DIR)

is a weak equivalence of pointed real spaces. To prove this, it suffices to show that
for every non-negative integer n, the map

Q> (INGiSE (S5 € n])[=]. Dlnl[-])[-Ir)

—— Q(IN(iSE (S*'€n]) -], Dln][-])[]Ir)

is a weak equivalence of pointed real spaces; compare [8, Lemma 2.4]. This map, in
turn, is a map of group objects in the homotopy category of pointed real spaces with
respect to the cartesian monoidal structure. Therefore, it will suffice to show that for
every subgroup H C G, the induced map

H.((Q*|N(is%! (53¢ [n])[-], DIl [-D[=lm)™)

s (@ N(iS% (8¢ )], Dlnl[-])[0)")

is an isomorphism; compare [24, Chapter 7, Section 3, Theorem 9]. By Lemma 8.3
and Remark 8.4, it will suffice to show that for every subgroup H C Gg and for every
algebraically closed field k, the induced map

H, (22N (i85 (53" ) [, Dln] [ D) [=]]r)" . )
2 (@ NS (€ ) [, DIl [ [ le) )

is an isomorphism. Finally, the real group-completion theorem, Theorem 5.7, identi-
fies the latter map with the map

H.(IN(iS%'€ n], D)) [-][% k) [mo(| N (8% € [n], D[n]) [-]%) ]
2 HL(INGS™'% [n] D)) [ k) oINS ) DI [ )

which we assumed to be an isomorphism. This completes the proof. O

We follow the strategy of Quillen [18] in proving that the hypothesis of Lemma 8.5
is satisfied. It is helpful to first discuss the strategy more generally.

Let ¢ be a (k-small) symmetric monoidal groupoid, and let k be a (k-small) field.
The graded k-vector space H, (B9 k) has the structure of a bi-antisymmetric graded
k-bialgebra, where the product and unit maps are induced by the monoidal product
@: 9 x99 — ¢ and the unit 0 € 0b¥, respectively. The localization

T(4,k) = H,(BY k) [ (BY) ]
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has an induced bi-antisymmetric graded k-bialgebra structure. Moreover, the latter
k-bialgebra has an antipode, and therefore, is a bi-antisymmetric k-Hopf algebra.

Let G be a k-small group. We view G as a groupoid with ob(G) = {0} and say
that a functor E: G — ¥ is a representation of G in ¢. The set

Rep(G,¥) = my(BCat(G,¥))

of isomorphism classes of such representations forms a commutative monoid with
composition law [E|] + [E2] = [E| @ E»] and with identity element the class [0] of
the trivial representation of G on the object 0. Given a k-small graded k-vector space
V, we write H*(BG,V) = [[H'(BG,V;) for the product k-vector space, the product
indexed by the set of non-negative integers, and define a characteristic class of repre-
sentations in ¢ with coefficients in V to be a natural transformation

Rep(—,4) ——> HO(B(~),V)

of functors from the category of k-small groups to the category of x-small sets.
The characteristic class 0 is said to be additive if it is a natural homomorphism of
monoids. The natural k-vector space structure of H(B(—),V) induces to a k-vector
space structure on the sets CharCl(¥,V) and AddCharCl(¥,V) of characteristic
classes and additive characteristic classes, respectively, of representations in ¢ with
coefficients in V.

Lemma 8.6. Let 4 be a symmetric monoidal groupoid, let k be a field, and let V be
a graded k-vector space. There is a natural k-linear isomorphism

GrVecty (T (#,k),V) —— AddCharCI(%,V)

from the k-vector space of graded k-linear maps from the graded k-vector space of in-
decomposables in T(94 k) to V and onto the k-vector space of additive characteristic
classes of representations in 4 with coefficients in V.

Proof. Let G be a group. Since k is a field, the canonical map

H'(BG, V;) — Homy (H;(BG, k), ;)
is an isomorphism, and hence, an element x € H°(BG, V) is uniquely determined by
the map of graded k-vector spaces a(x): H,(BG,k) — V. In particular, given a func-
tor E: G — ¥, the induced map E,: H.(BG,k) — H.(B¥,k) determines a unique
element ug(E) € H°(BG,H,(B9,k)). The natural transformation

Rep(—,%) == H(B(~),H.(BY,k))

defined in this way is a characteristic class of representations in ¢ with coefficients
in H,(BY,k). It is the universal characteristic class in the sense that the map

Gr Vecty (H, (B%,k),V) —¥— CharCL(%, V)
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that takes the map of graded k-vector spaces f: H,(B¥,k) — V to the characteristic
class Oy (f) defined by the composite natural transformation

Rep(—, %) —— HO(B(—), H,(BY k) == HO(B(~).V)

is an isomorphism of k-vector spaces. Moreover, it induces an isomorphism

GrDer (H. (B, k),V) —¥—s AddCharCI(#,V)

from the k-vector space of graded k-linear derivations from H, (B¥,k) to V viewed as
aleft H,(BY,k)-module via the augmentation and onto the k-vector space of additive
characteristic classes of representations in ¢ with coefficients in V.

Next, there is a natural isomorphism

GrVecty(QH,(BY ,k),V) L GrDery(H,(BY ,k),V)

that to the map of graded k-vector spaces f: QH,(BY,k) — V associates the graded
k-linear derivation oy (f): H.(B¥,k) — V defined by the composite map

H.(BY.k) " 1H. (B, k) —* OH.(BY k) —L > V.

Finally, the localization induces an isomorphism of graded k-vector spaces
OH.(BY k) —— QT (¥,k).
Now, the natural isomorphism in the statement is defined to be the composition
GrVecty (OT (7, k), V) «—— GrVecty (QH. (BZ, k), V)
%, GrDery(H,(BY,k),V) —Y—s AddCharCI(¥,V)

of the indicated natural isomorphisms. [

In the following, we write k[d] for the graded k-vector space that is equal to k in
degree d and otherwise zero.

Proposition 8.7. Let k be a field, let 9, and %, be symmetric monoidal groupoids,
and leti: 9 — %, be a strong symmetric monoidal functor. Suppose that the induced
map of abelian groups i, : (my(B%1))® — (70 (B%))%P is surjective and that for every
positive integer d, the induced map of k-vector spaces

AddCharCl(%», k[d]) —— Add CharCI(%,k[d])

is injective. Then the induced map of k-Hopf algebras

T(%),k) —" T(%,k)

is surjective.
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Proof. The degree zero part of the graded k-Hopf algebra T(¥;,k) is canonically
isomorphic to the group k-Hopf algebra k[(m(BY;))&P]. Therefore, by assumption,
the map i,.: T(%1,k) — T (%, k) is surjective in degree zero. Hence, it will suffice to
show that the induced map of the graded k-vector spaces of indecomposables

OT (%, k) —— OT (%,k)

is surjective; compare [15, Proposition 3.8]. Equivalently, it suffices to show that for
every positive integer d, the top horizontal map in the following commutative diagram
of k-vector spaces and k-linear maps is injective.

Gr Vect, (T (%1, k), k[d]) +—— GrVecty (QT (%, k), k[d])

J’W] lhkm

AddCharCl(%, , k[d]) +—-——— AddCharCl(%», k[d))

Here, the vertical maps are the canonical isomorphisms of Lemma 8.6, and the lower
horizontal map is injective by assumption. This completes the proof. O

We apply Proposition 8.7 to the strong symmetric monoidal functor

. .

iS%'€n) —— iS>'€n],
where the symmetric monoidal structure of the domain and target categories are given
by a choice of sum, and to the strong symmetric monoidal functor

Sym(iS2' € [n], Dln]) —— Sym(is2'€/n], Dln]),

where the symmetric monoidal structure of the domain and target categories are given
by a choice of orthogonal sum. We note that both of these strong symmetric monoidal
functors admit a strong symmetric monoidal retraction, up to monoidal natural iso-
morphism.

We will need the following generalization of [18, Lemma of Theorem 2].

Lemma 8.8. Let k be an algebraically closed field and r a positive integer. Then there
exists an order R in a number field of degree r over Q with the following properties:
Let Ny be a right R-module, let R* act on Ny by multiplication, and let the group
homology H,(N,k) be endowed with the induced right k|R*]-module structure. Let
N> be a right module over the subring S C R @ R of elements fixed by the symmetry
isomorphism, let a € R* act on Ny by multiplication by a®a € S, and let H,(N»,k) be
given the induced right k[R*]-module structure. Then, for all non-negative integers
i and j, the right k[R*|-module H;(Ny,k) @ Hj(N>,k) decomposes as a direct sum
of eigenspaces belonging to a finite set of characters ) : R* — k*. Moreover, if the
non-negative integers i and j satisfy 0 < i+2j < r, then the trivial character does
not occur in this decomposition.
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Proof. Suppose first that k is of characteristic zero. We may assume that k is the
algebraic closure of Q in C. We let R be the ring of integers in a totally real field F
of degree r over Q. To see that such a field exists, we recall that, by Dirichlet, there
exists an odd prime ¢ such that r divides (¢ — 1)/2. Hence, we can take F to be the
subfield of Q(uy) NR fixed by the subgroup of order (¢ —1)/2r. Now, for abelian
groups N; and N,, we have a natural isomorphism

AN @7 k) @k Al (N2 @7, K) —— Hi(N1, k) @ Hj(Na, k).

Hence, if the abelian groups N and N, are endowed with right R*-actions, then this
isomorphism is an isomorphism of right k[R*]-modules. Let N; and N, be as in the
statement. The group N ®z k is a right module over the ring R ®z k, and the right
R*-action on this group is induced by the right multiplication by R on Nj. The ring
R ®gz k is semi-simple. Indeed, if 61, ..., 0, is an enumeration of the embeddings of
F in k, then, by Galois theory, the map R ®z k — [];<,<,k whose uth component
takes x ® y to 0, (x)y is an isomorphism. We have the corresponding idempotent de-
composition of the right R ®7 k-module N; ®7 k, and we see that, on the uth factor,
the group R* acts through the character o,: R* — k*. Similarly, the group N, ®z k
is a right module over the ring S ®z k, and the right action by a € R* on this group
is induced by the right multiplication by a ® a € S on N,. The ring S ®z k again
is semi-simple, the ring homomorphism S ®z k — [1;<,<w<,k Whose (v,w)th factor
takes x| ® xy ® y to 0, (x1 )0y, (x2)y being an isomorphism. Under the corresponding
idempotent decomposition of the right S ®7 k-module N, ®7 k, the group R* acts on
(v,w)th factor through the character 6,0, : R* — k*. Hence, the right k[R*]-module
in question, H;(Ny,k) @ Hj(N2,k), decomposes as a direct sum of eigenspaces be-
longing to the characters y: R* — k* of the form

x=[] ot [I (ovou)™

I1<u<r I<v<swsr

with n, and n,,,, non-negative integers that satisty ), n, =iand ., n,,, = j. Suppose
that the character 7 =[], <,<, 0;/, where the exponents m, are non-negative integers,
is the trivial character. Then, for all a € R*, we have

Y., mylog(|ou(a)]) =0,

1<ur

where | — | is the absolute value in C. By Dirichlet’s unit theorem, this happens only
if the exponents m,, are all equal. In the case as hand, we see that if 0 <i+42j <,
then the character y cannot be trivial. This completes the proof in the case where k is
of characteristic zero.

We next suppose that k is of characteristic p > 0 and let k, C k be the subfield of
order p”. The norm map N: k! — k} is surjective, since N(a) = a” = aforalla € k%,
and hence, its kernel U is a cyclic group of order (p" —1)/(p —1). We choose a gen-
erator x € U. The group of units in the subfield k (x) C k, contains U as a subgroup,
and comparing orders, we see that k; (x) = k,. Hence, the minimal polynomial

gX)=X"+b X"+ +b 1 X +b,
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of x over k; has order r, and its constant term is b, = (—1)"N(x) = (—1)". We choose
a monic polynomial with integer coefficients

fX)=X"+aX'+ a1 X +a

that reduces to g(X) modulo p and that has constant term is a, = (—1)”, and define
R =7Z[X]/(f(X)). The polynomial f(X) is irreducible over Z because the polymial
g(X) is irreducible over k;, and therefore, the ring R is an order in the number field
F =Q[X]/(f(X)) of degree r over Q. Let & € R be the class of X. The unique ring
homomorphism A : R — k, that takes % to x induces an isomorphism of R/pR onto ;.
We abuse language and write A : R* — k* for the character defined as the composition
of A and the canonical inclusion of k} into k*. The image of the character A contains
the subgroup U C k; C k*. Indeed, % is a unit in R, because the constant term of the
polynomial f(X) is a unit in Z, and A (%) = x which generates U.

Now, let N; and N, be as in the statement. The argument in [18, p. 214] shows
that for s = 1 and for s = 2, there exist isomorphisms of graded k[R*]-algebras

Ak(Ns Qz k) ®k17<(PNS X7 k) O H*(NS’k)'

Here N; ®z k and ,Ny; @z k are located in degrees 1 and 2, respectively, and ,Ny; C N
is the subgroup of elements annihilated by p. The isomorphisms are canonical if
p #2orif p=2 and ,N; C 2Nj, but otherwise depend on choices. The case s = 1
is proved in loc. cit., and the proof in the case s = 2 is entirely analogous once one
notices that the ring S/pS is semi-simple and that the order of its group of units is not
divisible by p. To see this, we note that the ring homomorphism A : R — k, induces an
isomorphism of S/pS onto the subring of &, ® k, fixed by the symmetry isomorphism.
This subring is readily identified by Galois theory. The result is that, if r =2m is even,
then S/ pS is isomorphic to a product of m copies of k, and one copy of k,_1; and that
if r=2m— 1 is odd, then S/pS is isomorphic to a product of m copies of k.

The groups Ny ®z k and ,N; ®z k are right modules over the ring R ®z k, and
the right actions by R* on these groups are induced by the right multiplication by
R on N;. The ring R ®7 k is semi-simple. Indeed, if ¢: k. — k;, is the Frobenius,
then Galois theory shows that the ring homomorphism R ®z k — [[o<,<,k Whose
uth component takes x; ® y to ¢*(A(x;))y is an isomorphism. It follows that, in the
corresponding idempotent decomposition of the right R ®z k-modules N; ®z k and
pN1 ®z k, the group R* acts on the uth factors through the character AP RF — k-
Similarly, the groups N> ®7z k and ,N, ®z k are right modules over the ring S ®z k, and
the right actions by a € R* on these groups are induced by the right multiplications by
a®a € Son N,. Thering S®z k again is semi-simple. Indeed, the ring homomorphism
S®zk = [To<y<w<rk Whose (v,w)th factor takes x| @ x2 @y to @"(A(x1)) 9" (A (x2))y
is an isomorphism. Therefore, in the corresponding idempotent decomposition of the
right S ®z k-modules N> ®z k and ,N> ®z k, the group R* acts on the (v,w)th factor
through the character A?" 7" : R* — k*. By the above reasoning, we conclude that
the right k[R*]-module H;(N,k) ® H;(N>,k) decomposes as a sum of eigenspaces
belonging to the characters x : R* — k* of the form y = A¢ with

d= Z (mu+nu)pu+ Z (mv,w'i‘nv,w)(pv'i‘pw)a

o<u<r ovsw<r
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where m,,, ny,, my,,, and n,,, are non-negative integers such that Y, (m, +2n,) =i and
Yo (m +2n,,,) = j. Now, if the character 7 = A4 is the trivial character, then d is
divisible by (p" —1)/(p — 1). Indeed, the image of A: R* — k* contains the cyclic
subgroup U of order (p" —1)/(p — 1). Therefore, we see that if 0 < i+2j < r, then
the character )y cannot be trivial. O

Remark 8.9. Let r be positive integer, let A be an object of an additive category %,
and suppose that the morphisms i,: A — A" and p,: A" — A indexed by 1 <v < ris
a biproduct diagram of r copies of A. There is a natural ring homomorphism

M,(Z) —— M,(End(A)) —2— End(A")

defined by the composition of the ring homomorphism induced by the unique ring
homomorphism 1 : Z — End(A) and the natural ring isomorphism that to the matrix
of endomorphisms (f,,) associates the endomorphism }.,, , (i, © fiy © py). This defines
aleft M, (Z)-module structure on A” which is natural in the sense thatif f: A — Aj is
a morphism in €, then its r-fold sum f": A} — A} is a M,(Z)-linear morphism. Now,
let R be an order in a number field of degree r over Q. Choosing an ordered basis of
R over Z, we obtain an embedding of R as a subring of M,.(Z). Hence, the natural left
M,(Z)-module structure on A” gives rise to a natural left R-module structure on A” by
restriction.

We first consider ¢*: iS%!'6[n] — iS>!¢[n]. To this end, we consider the com-
mutative diagram of additive categories

1G] ¢ 21

C :

Fil" $214 [n] —= 2 Fill 216 ] —— Fil 214 [n)

defined as follows. We choose a linear ordering

P1=2p22" 2 Pm

of the set of surjective functors p: [n] — [2] with the property that if there exists
a morphism p’ = p, then p’ > p. This is possible since every partial order can be
extended to a linear order. Now, the categories Fil“S%!%'[n] have the same set of
objects as the category S%!4’[n], and if A, B € obFil“ S>!¢[n], then

Fil* $>1¢[n](A,B) C $*'¢€(¢*(A),9*(B))

is defined to be the subset of all morphisms f: ¢*(A) — ¢*(B) with the property that
the matrix entries f,., with p, < p’ and p # p’ are zero. Here, for u = 0, none
of the matrix entries fj, _, are required to be zero. The functors i, are given by the
identity maps on object sets and by the canonical inclusions on morphism sets. The
functor ¢’ is given by the identity map on object sets and by the map ¢* on morphism
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sets. The functor ¢” is given by the map ¢* on object sets and by the identity map on
morphism sets. We further define the functor

Fil*~! §21%[n] —“— Fil* s> [n]

to be the retraction of the inclusion functor i, that is given on morphism sets by

0 if "= py
ru(f)p¢p’_{ ' P?ép P

Sfpepr otherwise.

Finally, we note that the functors ¢’ and ¢” both are equivalences of categories.

Proposition 8.10. Let (€,0) be a pointed split-exact category, and let n be a non-
negative integer. Let k be an algebraically closed field and let d be a positive integer.
The map induced by the forgetful functor

Add CharC1(iS>'% [n], k[d)) LN AddCharCl1(i %€ [n], k[d))

is injective.
Proof. Tt will suffice to show that for every integer 1 < u < m, the map

s

Add CharCI(i Fil* ' $21€/n], k[d]) —— Add CharCI(i Fil* $>'%'[n], k[d])

is injective. So we fix an element 6 of the kernel of this map and proceed to show
that this element is zero. We must show that for every representation

G —LE iFil* ' $21¢n),
the class 8G(E) € HY(G,k) is zero. Let
i Fil“~! §21¢[n] —— Fil* ! $21 ¢ [n]

be the canonical inclusion. We choose an integer » > d that is not divisible by the
characteristic of k£ and let R be as in Lemma 8.8. Let E” be the r-fold monoidal
product of the representation E. Since 6 is additive, we have 0G(E") = rOg(E), and
hence, it will suffice to show that 6(E”) is zero. Let A" = (vo E")(0). It follows
from Remark 8.9 that A" has a natural left R-module structure and that vo E” is a
representation of G on A” through R-linear automorphisms.

By the above reasoning and by the naturality of 6, it will suffice to consider
the following situation. Let A be an object of i Fil*~! $%!%'[n] and let the object
A({pu,o}) of € be endowed with a left R-module structure; let G be the full group
of automorphisms g: A — A with the property that the component map gp, —p, is R-
linear; and let E be the canonical representation of G on A. We must show that the
class OG(E) € HY(G, k) is zero. To this end, we let




be the group extension, where G is the group of automorphisms g: r,(A) — r,(A)
such that the component map gy, «p, is R-linear. The map

HY(G,k) —— H(G,k)

takes 0 (E) to 65(i}(E)) which is zero since 0 is in the kernel of 7. Hence, it suffices
to prove that the map i, : Hy(G,k) — Hy(G,k) is an isomorphism. Equivalently, it
suffices to prove that the map r,.: Hy(G,k) — H;(G,k) is an isomorphism. Up to
canonical isomorphism, the latter map is equal to the edge homomorphism of the
Hochschild-Serre spectral sequence

E}, = Hy(G,H,(N,k)) = Hy.1(G, k).

Therefore, it will suffice to show that the groups ESZJ with 0 < ¢ < r are zero. To this
end, we employ Lemma 8.8 with Ny = N and with N, = 0 as follows.

The subgroup N C G consists of the automorphisms i: A — A with the property
that iy = (ida)pep unless p’ = p,. It follows that the map

N —— []¢A{pu,}),A({p,}))

that to g associates the partial matrix (gp«p,) is a group isomorphism. Here, the
product is indexed by the set of admissible morphisms p, = p with p # p, and is
an abelian group under matrix addition. The left R-module structure on A({p,,})
gives rise to a right R-module structure on € (A({py,=}),A({p,e=})) and we give N
the right R-module structure that makes the isomorphism above R-linear.

We define the group homomorphism

(R*)® —%— Inn(G)
by a(a)(g) = y(a)~' o goy(a) where y(a) € G is given by the diagonal matrix
lo ifp=p"=p,
Ya)pep = {id if p=p’#py
0 ifp#p'.
Here I, denotes left multiplication by a € R on A({py,*}). We claim that R* acts

trivially on the subgroup G C G and that R* acts on the subgroup N C G through the
right R-module structure defined above. To see this, we note the following.

(1) If g € G and gpp, is non-zero, then p = p,.
(2) If g € G and g, is non-zero, then P = pu.

Here (1) follows immediately from the definition of Fil“$*!'%’[n] and (2) follows
from the definition of Fil“~! §21%'[n] and from the inequality p, < p’, which, in turn,
holds by our choice of linear order. Now, for g € G, we have

a(a)(g)pp = y(a);j:p 08pep V(@) preps
{la_logpucpuola lfp:p/:pu

8pep' otherwise
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and since gp,—p, is R-linear, we have a(a)(g) = g as claimed. Similarly, for g € N
and for p, = p admissible with p # p,, we have

-1
a(a)(g)pep, = Y(a)pcp ©8p<p, ©V(@)p,<p, = 8p=p, °la

as claimed.

We now fix 0 < t < r and show that, in the Hochschild-Serre spectral sequence,
the groups E2, = Hy(G, H,(N, k)) are zero. To this end, we evaluate the right R*-action
on ES%, induces by the right R*-action on N in two different ways and, by comparing
the two results, conclude that ESZJ is zero. The right action by g € G on

14 :H,(N,k) :HI(B(kvk[N]vk))

is given by the map induced by the chain map B(id, ¢,id), where g € G is any lifting
of g, and where ¢, (h) = g 'hg. Therefore, if we let R* act from the right on V via the
group homomorphism ¥ = r, o y: R* — G, then by what was said above, this right
R*-action is equal to the right R*-action on V induced from the right R*-action on N.
It follows that the induced right action by a € R* on Esz), is equal to the map

Hy(B(V.K[G]. k) 5 H,(B(V,K[G].K),
where h(a) is the chain map defined, up to canonical isomorphism, as the composite
o Fo(a)®id o
B(V,k[G],k[G]) @461k —— (¢3)B(V,K[G], k[G])) @46 k
—2 s B(V,k[G],k[G]) @y k-

Here ¢(x®y) = x®y and 7y, is any choice of a chain map

that lifts the right multiplication by ¥(a) on V. First, we have the choice

S C) RN
V}-,(a) = r7<a> = B(ld,ld, r)'/(a))

—

which gives i(a) = h") (a) = B(id, id, id) = id. This shows that the right R*-action on
the k-vector space ES%I is trivial. Second, we have the choice

Fota) = 2 = B(Foga),Cota)s Cota)) = B(roa,id, id

o) = Tya) = Bt 1ta) €7(@) = B(ry(a), id,id)
which gives h(a) = h®(a) = B(ry(4).id,id). This, we claim, implies that the right
k[R*]-module Eﬁ, decomposes as a direct sum of eigenspaces attached to non-trivial
characters. Indeed, the category &7 of right k[R*]-modules of this kind is abelian, and

by Lemma 8.8, it contains V. Therefore, the complex B(k,k[G],V) considered as a
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complex of right k[R*]-modules with @ € R* acting through the chain map 4 (a)
is a complex in .27, and hence, its homology groups are in 7. The claim follows.
Comparing the two descriptions of the right k[R*]-module E?l we conclude that it is

zero. This shows that the map r,.: Hy(G,k) — Hy(G, k) is an isomorphism, which,
in turn, shows that the characteristic class 0 is zero as desired. O

Remark 8.11. Let r be a positive integer and let A be an object in an additive cat-
egory with strict duality (¢, D). If the morphisms i,: A — A” and p,: A" — A in-
dexed by 1 < u < r form a biproduct diagram of r copies of A, then the morphisms
Dp.’: DA — D(A")°P and Di,”: D(A")°P — DA®P indexed by 1 < u < r form a
biproduct diagram of r copies of DAP. In this situation, the diagram

op op
M, (Z)°® — 5 M,(End(A))® —2 s End(A")°P

o o

M, (Z) —— M,(End(A)*) D

o

M(Z) —2— M,(End(DA%P)) -2 End(D(A")P)
commutes. Indeed, the two left-hand squares commute by naturality, and it follows
readily from the definition of the map s4 that the right-hand rectangular diagram
commutes. The object D(A”)°P has both a natural left M,(Z)-module structure and
natural right M, (Z)-module structure. The left M,(Z)-module structure is defined by
Remark 8.9 using the biproduct morphisms Dp,’ and Di,”. The right M, (Z)-module
structure is induced by the left M,(Z)-module structure on A" defined by Remark 8.9
using the biproduct morphisms i, and p,.. Now, by the commutativity of the diagram
above, we conclude that left multiplication by the matrix a € M,(Z) is equal to right
multiplication by its transpose a’ € M,(Z). In particular, if f: A] — A, is a morphism
in €, then the morphism D(f")°P: D(A})°P — D(A}") is linear with respect to both
module structures.
We next consider the strong symmetric monoidal functor

Sym(iS%' € [n], D[n]) ——s Sym(iS>'€[n], D[n])
and the commutative following diagram of additive categories with strict duality

¢*

(8%'€[n],Dln]) (8*1[n], Dln])

T

(Fil" $21€/[n], D[n]) —~ s (Fil $>'€[n], Dln])

defined as follows. We say that a surjective functor p: [n] — [2] is positive, if there
exists a non-identity morphism p = Dp°P, and choose a linear ordering

prL=2p22" 2 Pm
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of the set of positive surjective functors p: [n] — [2] such that p’ > p whenever there
exists a morphism p’ = p. Now, the categories Fil*S>!% [n] have the same objects
as the category $%!%’[n], and if A, B € obFil“ S>!¢’[n], then

Fil'S*'€[n)(A,B) C S*'€[n](¢9*(A),$*(B))

is the subset of all morphisms f: ¢*(A) — ¢*(B) with the property that the matrix
entry f, . is zero whenever p # p’ and either p < Dp,” or p, < p’ or both. For
u = 0, the matrix entries f,., are unrestricted. The functors i, are given by the
identity maps on object sets and by the canonical inclusions on morphism sets; the
functor ¢’ is given by the identity map on object sets and by the map ¢* on morphism
sets; and the functor ¢ is given by the map ¢* on object sets and by the identity map
on morphism sets. We further define

(Fil*~! $21€[n], D[n]) —— (Fil* $%'€ [n], D[n])
to be the retraction of the inclusion functor i, that is given on morphism sets by

0 if p# p’and p = Dp,* or p' = p,,
rulf)pep' = foep oOtherwise
p=p :

The functors i, and r, are additive and duality preserving, and the functors ¢’ and ¢”
are adjoint equivalences of additive categories with strict duality.

Proposition 8.12. Let (4,D,0) be a pointed split-exact category with strict duality
and let n be a non-negative integer. Let k be an algebraically closed field and let d be
a positive integer. Then the map induced by the forgetful functor

Add CharC1(Sym(i$>'€'[n],D[n]), k[d])
LN Add CharCl(Sym(i S%' € [n], D[n)), k[d])
is injective.
Proof. 1t will suffice to show that for every integer 1 < u < m, the map
Add Char CI(Sym(i Fil~! §*'%[n], D[n]), k[d])
My Add CharCI(Sym(i Fil" $*'%[n], D[n]), k[d])

is injective. So we fix an element 0 of the kernel of this map and proceed to show
that this element is zero. We must show that for every representation

G —E— Sym(i Fil* ! $%1%[n], D[n)),
the class 8G(E) € HY(G, k) is zero. Let

Sym(i Fil*~! $21€[n], D[n]) —— Fil"~ ! $>1%[n]
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be the forgetful functor. We choose an integer r > 2d that is not divisible by the
characteristic of k and let R be as in Lemma 8.8. Let E” be the r-fold monoidal product
of the representation E. Since 0 is additive, we have Og(E") = rOg(E), so it will
suffice to show that O(E") is zero. Let E"(0) = (A", f"). It follows from Remark 8.9
that A" and D(A")P are left M,(Z)-modules, that f": A" — D(A")°P is an M,(Z)-
linear isomorphism, and that vo E” is a representation of G on A" through left M, (Z)-
module automorphisms. Moreover, Remark 8.11 shows that the right M, (Z)-module
structure on A" induced from the left M, (Z)-module structure on D(A")P is equal to
the transpose of the left M, (Z)-module structure on A”. It follows that vo E" also is a
representation of G on A" through right M, (Z)-module automorphisms.

By the above reasoning and by the naturality of 0, it will suffice to consider the
following situation. Let (A, f) be an object of Sym(i Fil*~! §>!%[n], D[n]) and let
the objects A({py,>}) and A({Dp,",>}) of € be endowed with a left R-module
structure and a right R-module structure, respectively, such that the isomorphism

fPu<:Pu
A({pu,o}) —— (DAP)({pu,°}) = D(A({Dp.®,}))
is R-linear; let G be the full group of automorphisms g: (A, f) — (A, f) for which
the component maps gp, «p, and g0 _ o0 are R-linear; and let £ be the canonical
representation of G on (A, ). We must show that 8(E) € HY(G, k) is zero. Let

1 N G G 1

Tu

be the group extension, where G is the group of automorphisms

(ra(A), 7 (£) —— (ru(A),ru(f))

such that the component maps gy, «p, and &pptP —pper are D-linear. The map

HY(G, k) — s HY(G,K)

takes O (E) to 05 (i (E)) which is zero since 0 is in the kernel of . Hence, it suffices
to prove that the map i, : Hy(G,k) — Hy(G,k) is an isomorphism. Equivalently, it
suffices to prove that the map r,.: Hy(G,k) — H;(G,k) is an isomorphism. Up to
canonical isomorphism, the latter map is equal to the edge homomorphism of the
Hochschild-Serre spectral sequence

E%, = Hy(G,H/(N,k)) = Hy,(G,k).

Therefore, it will suffice to show that the groups Eﬁ, with 0 < 2¢ < r are zero. We
will employ Lemma 8.8 prove that this is so, but first we analyze the subgroup N C G
more carefully.

The subgroup N C G is the full group of automorphisms 4: (A, f) — (A, f) such
that hyy = (ida)p—p unless either p = Dp,” or p’ = p, or both. Moreover, the
equation f = Dh°P o f o h, that every automorphism f: (A, f) — (A, f) satisfies, is
equivalent to the following additional restrictions (1)—(2) on the family of component
maps hy.p of the element 4 € N.

107



(1) For every admissible morphism p, = p with p, > p > Dp,*,
Tpepohpep, = =D(hpyo0 _poon)™ © fp,<p,-
(2) If there exists an admissible morphism p,, = Dp,", then

op
Topp <pg? © Ppgr p, + D ppe < pg? © Ppper p,)
= ZD(hDP"P@pu )P o fp¢p’ © hp/«:p,, )

where the sum is indexed by the set of factorizations p, = p’ = p = Dp,” such
that p, # p’ and p # Dp;”.

We note that the morphisms fp—p and f,~p, in (1) are automorphisms. Hence, the
component maps /p«p, and DpSP=Dpop determine each other. We also note that the
sum on the right-hand side of the equation in (2) is a Tate O-cocycle in the left G-
module €' (A({py,>}),A(Dp,*,>})). Here the action of the generator ¢ € G is
given by 6x = D(x°P). This shows that the map

N —— 1€ A{pu.}),A({p,=}))

that to /1 associates the partial matrix (/p~p,) defines a bijection of N onto the subset
consisting of all tuples (hp~p,) that satisfy (2). Here, the product is indexed by the
set of admissible morphisms p, = p with p, > p > Dp,".

We define N C N to be the full group of automorphism 4: (A, f) — (A, f) with
the property that g, = (ida)p, unless both p = Dp,” and p’ = p,.. If g € G and
h € Ny, then (gohog ")y = (ida)p—p unless p = Dp,” and p’ = p, in which
case we find that

1 o -1
(gohog )Dp;’p¢pu = 8ppP=ppP © thff"@pu o (gpu<:pu) .

This shows that N, C G is normal and that N, C N is central. We let Ny = N/N, be
the quotient and consider the central group extension

1 Ny N N 1.

We evaluate the groups N, and Nj.
First, we have the injective group homomorphism

Ny LS TT AR =), A{p,}))

that to /1 associates the partial matrix (%15, ). Here, the product is indexed by the set
of admissible morphisms p, = p with p, > p > Dp,” and is an abelian group under
matrix addition. The map e is an isomorphism onto the kernel of the map

[1%A{pu}).A({p,}) —— HO(Gr, E (A({pu,}), DA({Pu,=})P))
that to the tuple (p—p,) associates the class of the Tate 0-cocycle

= Y. D(hppor =p, ) © fopr 0 iprp, € C(A({Pur20}), D(A({Pure2})P)).
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Here, the sum is indexed by the set of factorizations p, = p’ = p = Dp,’ such
that both p, > p’ and p > Dp,”. This isomorphism gives the abelian group N; the
structure of a right R-module.

Second, we have the injective group homomorphism

e
N, —— C(A({pu,*}), D(A({pu,>})P))
defined by e2(h) = fppor _ppor © hpyoe - 1t follows from the restriction (2) above
that the map e; is an isomorphism onto the kernel of the norm map

G (A({Pur=}), DA({ur 1)) = G (A({puro2}), DA({Puro2})P)).

This isomorphism gives the abelian group N, the structure of a right module over the
subring S C R ®R fixed by the symmetry isomorphism.

We will apply Lemma 8.8 with N; and N, defined as above. To this end, we define
the group homomorphism

(R*)» —~— Inn(G)
by a(a)(g) = y(a)~' o goy(a) where y(a) € G is given by the diagonal matrix

la ifp=p"=py

;! ifp=p'=Dp’

id ifp=p'#pu,Dps’
0 otherwise.

Y(a)p¢p’ =

Here I, denotes left multiplication by a € R on A({py,*}), r, denotes right multipli-
cation by a € R on A({Dp,"”,e0}), and the assumption that fp, ., be R-linear implies
that y(a) € G. We claim that a € R* acts on trivially on the subgroup G C G, that it
acts on N; C G/N, by right multiplication by a € R, and that it acts on N C G by
right multiplication by a @ a € S. To see this, we note the following.

(1) If g € G, then 8p«<p, 1s zero unless p = p, and 8pp? is zero unless p = Dp,;”.

=P

(2) If g € G, then g,y is zero unless p’ = p, and g, _p, or is zero unless p = Dp,.”.
Here (1) follows immediately from the definition of Fil“$>!%[n], and (2) follows
from the definition of Fil“~! $2!%[n] and from the inequalities p, < p’ and p < Dp,*,
which, in turn, hold by the choice of linear ordering. Now, for g € G,

a(a) (g)p«sp’ = Y(Q)E«Lp 08p«p' © Y(Q)p/«:p’

I o Zpiep, ol if p=p' = p,
. . o
- raogngpatDpL?pora] ifp :p/:Dpup
8p=p’ otherwise,
and since gp, «p, and gy, _py o0 are both R-linear, we have at(a)(g) = g as claimed.

Similarly, given & € N, we have

d(a)(}_l)p«:pu = 7’(“);3:;) Of_’p¢pu o ¥(a)p,=p, = ilp@pu ol
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which, as claimed, is right multiplication by a € R. Finally, for 1 € N, we have
—1
a(a) (h)Dpf,’p¢pu = y(a)Dpf,’pchL?p o th3p¢pu o Y(@)p,<p, =Ta® thﬁ"&pM olq

which is right multiplication by a ® a € S as claimed.
We now consider the Hochschild-Serre spectral sequence
Elzj = H;(N1,k) Q4 H/'(Nz,k) = HiJrj(N,k).

Here, the E2-term takes the stated form because N, C N is central and because k is
a field. The right action by G on N makes the spectral sequence a spectral sequence
of right k[G]-modules. We also view the spectral sequence as a spectral sequence of
right k[R*]-modules via the group homomorphism 7 = r, o0 y: R* — G. The above
calculation shows that, as a right k[R*]-module, E? ; s the tensor product of H;(Ni, k)
and H;j(N», k) with the right k[R*]-module structures induced by the right actions of
R* on Nj and N,. Therefore, Lemma 8.8 shows that if 0 < i42j < r, then the right
k[R*]-module Elzj decomposes as a direct sum of eigenspaces associated with non-
trivial characters of R* over k. It follows that if 0 < 2¢ < r, then the right k[G]-module
V = H;(N, k) admits a finite filtration

o=v,cWcCc---cV,=V

such that, viewed as right k[R*]-modules, the filtration quotients gr;V decompose as
direct sums of eigenspaces belonging to non-trivial characters of R* over k. There-
fore, the argument at the end of the proof of Proposition 8.10 shows that the group
homology groups H,(G,gr;V) all are zero. It follows, by easy induction, that the
group homology groups H,((G, H,(N,k)) are zero whenever 0 < 2¢ < r. This implies
that the map 7. : Hy(G,k) — Hy(G,k) is an isomorphism, which, in turn, implies
that the characteristic class 0 is zero. This completes the proof. O

Proof of Theorem 8.1. By Lemmas 8.2, 8.3, and 8.5, it will suffice to show that for
every algebraically closed field k, the following maps of k-Hopf algebras induced by
the forgetful functor are isomorphisms.

(1) T(iS'Cn],k) —2s T(i 5% ], k)

@) T(Sym(is>'€[n].Dln]).k) —— T (Sym(iS%'€[n], Dln]). k)

Both maps are split injective, so only the surjectivity is at issue. To prove surjectivity,
it will suffice to show the hypotheses of Proposition 8.7 are satisfied. In the case of the
map (1), this follows from Propositions 7.3 and 8.10, and in the case of the map (2),
it follows from Theorem ?? and Proposition 8.12. This completes the proof. O
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9 Agreement with Schlichting’s construction

We use real additivity theorems and real group completion theorems to show that (the
underlying infinite loop space of the G-fixed spectrum of) real algebraic K-theory
agrees with Schlichting’s Grothendieck-Witt space.

Theorem 9.1. If (¢,D,n) is an exact category with duality, then the pointed real
spaces QV'B(iS"1(€,D,n)) and Q>'B(iS*'(€,D,n)) are canonically naturally
weakly equivalent.

Proof. We will argue that, in the following diagram of pointed real spaces, the pointed
real maps, which we specify below, all are real weak equivalences.

Q"'B(is"(4,D,n)) Q>1B(is*!(¢,D.n))
Q2B(isz'sY(€,pm)  QFB(isg's*(€.D,m))
QB(isV ST (€.D.m)  QVB(is>'SL(€.D.m))

Q32B(isV1s>1 (€ ,D,n)) —— Q32B(iS>'SV1(¢,D,n))

We first explain the map in the diagram. The two top vertical maps are the spec-
trum structure maps in the respective direct sum K-theory spectra; the middle vertical
maps are the canonical isomorphisms that interchange the two real simplicial direc-
tions; the bottom vertical maps are the forgetful maps from the respective direct sum
K-theory constructions to the corresponding K-theory construction; and the bottom
horizontal map is the canonical isomorphism that interchages the two real simpli-
cial directions. The top left-hand vertical map is a real weak equivalence by the real
group completion theorem, since it is a monoid object in the homotopy category of
pointed real spaces with respect to orthogonal sum, and since, by a result of Schlicht-
ing [21, Proposition 3], for every subgroup H C G, the pointed set of components
T ((QV'B(iSV1(%,D,n)))") with the induced monoid structure is a group. Simi-
larly, by a theorem of Moi [16, Theorem 5.8], the top right-hand vertical map is a
real weak equivalence, since it is a monoid object in the homotopy category of real
pointed spaces, and since the pointed set of components 7o(2%!B(iS>!(¢,D,n)))
with the induced monoid structure is a group. Finally, it follows from Schlichting’s
real additivity theorem [21, Theorem 4] that the lower left-hand vertical map is a
real equivalence, and it follows similarly from the real additivity theorem for real al-
gebraic K-theory that the lower right-hand vertical map is a real weak equivalence.
Since all remaining maps in the diagram are isomorphisms, the theorem follows. [

The following surprising result is due to Schlichting [21, Proposition 3]. We
present a more direct proof, which we learned from Schlichting.
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Proposition 9.2. If (¢,D,n,0) is a pointed exact category with duality, the abelian
monoid structure on my((QV'B(iSV1(€,D,n)))%) induced from orthogonal sum is
an abelian group structure.

Proof. We consider the cofibration sequence of pointed real spaces

SONG, f L g00 i g1 _h SYONG,,

where f collapses G onto the non-basepoint in S, where i is the inclusion of the
subspace fixed by the G-action, and where % takes the class of iy to the class of
(y—y~1,1),if 0 <y < oo, to the class of (y —y~!,—1), if —e0 <y <0, and to the
basepoint, otherwise. It induces a sequence of pointed sets

e (X) s (@1 (X))6) — s (XY —L s m(X),

which is exact in the sense that, at every term in the sequence, the subset of elements
that are mapped to the basepoint by the map leaving the term is equal to the image
of the map entering the term; see [24, Theorem 7.1.3]. Moreover, orthogonal sum in-
duces an abelian monoid structure on each term in the sequence and the maps in the
sequence are monoid homomorphisms. It follows from [24, Theorem 1.6.8] that said
monoid structure 71 (X) is equal to the underlying monoid structure underlying the
groups structure of the fundamental group. In particular, it is an abelian group struc-
ture. We claim that also the abelian monoid structure on 7o(X %) is an abelian group
structure. Granting this for the moment, it follows the statement follows. Indeed, let x
be an element of 75 ((2"!(X))%). The claim implies that i*(x) has an inverse y, and
since 7y (X) is trivial, we can, by the exactness of the sequence, find an element x’ of
mo(211(X))¢) with i*(x') = y. Now,

F(x+x) =i (x)+i" () =i"(x) +y =0,

and appealing again to the exactness of the sequence, we conclude that there exists
an element z of m;(X) with h*(z) = x+x'. But then x’ + h*(—z) is an inverse of x,
since

x+x +h"(=z) =h*(z) + h*(—z) = " (z+ (—z)) = h*(0) = 0.

It remains to prove the claim. To this end, we let Y[—, —] be the pointed bisimplicial
set obtained from NiS'"! (4", D,n) by applying Segal’s subdivision in both simplicial
directions and taking G-fixed points. The realization of Y [—, —], we recall, is canon-
ically pointed homeomorphic to X¢. We have the following coequalizer diagram of
pointed sets

do
mo (Y[, 1]]) d: mo(|Y [=,0]]) —— mo([Y [, ).

Again, orthogonal sum gives rise to an abelian monoid structure on each term and
the three maps are monoid homomorphisms. The left half of the diagram is canoni-
cally identified with the diagram of isomorphism classes of objects obtained from the
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diagram

Sym(ddz)

Sym(iS"!(€,D,n)[3]) —— Sym(iS"!(€.D,m)[1])
Sym(dods)

of groupoids and functors. So let (c,b) be an object of the right-hand groupoid. We
define an object (¢’,b’) of the left-hand groupoid which by Sym(d;d,) is mapped
to the orthogonal sum of (c¢,b) and (¢, —b) and which by Sym(dpds) is mapped to
(0[0],idg[g)). The object (c’,b"), in turn, is defined to be the image by Sym(s;) of
the object (¢”,b") of the groupoid Sym(iS"!(%,D,n)[2]), where ¢” is the unique
diagram with

" " N
Co1 Co2 12

(id,id) id+(—id)
€01 ——— €1 Do —— <ol

and where b”: ¢ — D|2](c¢") is the unique natural transformation given by

lbm lbm@(bm) me
D(c'ly) —— D(cg) — D(cpy)-
Finally, using the simplicial identities d1d»s; = d1 and dodzs| = sodod>, we find

Sym(did>)(c’,b") = Sym(d,)(c",b") = (c,b) ® (c,—b),
Sym(dods)(c”,b") = Sym(so)(0[0],idoj)) = (O[1],idopy),

which completes the proof. O
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10 Real Topological Hochschild homology

We consider pairs (2°,T), where Z° is a category enriched in the symmetric monoidal
category of symmetric spectra and smash product, and where T: 2° — (2*)°P is an
enriched functor such that the composite functor 7 o T is equal to the identity functor
of 2°. We abbreviate the symmetric spectrum of maps in Z° from P to Q by

25(P,Q) = Homgs (P, Q).

That T preserves composition means that for all objects P, Q, and R, the following
diagram of symmetric spectra commutes.

7°(0.R) A Z°(P,Q) —L5 2°(R,0) A 7°(Q, P)

|

o 2(Q,P) NZ*(R, Q)
P*(PR) ——— L 95(R, P)

Here, the map ¥* is the symmetry isomorphism which is part of the structure of sym-
metric monoidal category. This, in turn, means that for all objects P, Q, and R, and
all non-negative integers i and j, the following diagrams commute.

75(Q,R); A Z°(P,Q)i ~1 2°(R,Q); A 2°(Q, P);

Y

2°(Q.P)iN7*(R,Q);

‘@S(R7P)i+j
Xi.j
T
D*(PR)jri —————— Z°(R,P) i

Here, the map 7 is the canonical homeomorphism that permutes the two smash fac-
tors, and y; ; € X4 ; is the permutation defined by

jF+s (1<s<i
Xij(s) = . (. ) o
s—i (i+1<s<i+)).

We leave it to the reader to spell out the easier statement that 7' preserves the identity.

We proceed to define a dihedral pointed space THH(Z*®,T)[—] with underlying
cyclic pointed space THH(Z*)[—] as defined in [5, Def. 1.3.6].
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Let I be the category where the objects are the positive integers and where the
morphisms from i to j is the set of all injective maps

o: {1,2,....i} > {1,2,...,j}.

In particular, there is a unique morphism from 0 to each j. The category [ has a strict
monoidal structure given by the functor +: I x I — I defined on objects by addition
and morphisms by concatenation. In more detail, if a¢: i — i’ and : j — j’ are two
morphisms, then @+ f: i+ j — i’ + j is the morphism defined by

os) (1<s<i)
B(s—i)+i (i+1<s<i+j).

(a+B)(s) = {

The category [ is equivalent to the category of finite sets and injective maps.
We first define a dihedral category I[—] with
Ik=Ix---x1I (k+ 1 factors).

The dihedral structure maps are generated by the functors

dy: 1Tk] — 1k —1] (0<u<k)
sy I[k] = Ik +1] (0<u<k)
tx: 1[k] — I[k]
wy: I[k] — I[k]

defined as follows. The cyclic structure maps d,,, s,, and f;, are defined on objects by

d(l() l] lk): (107>lu+lu+177lk) (O
T (ik—‘rio,il,...,ik,]) (Lt:k)
0

Su(io,il,...,ik) = (io,...,iu,O,iu+],...,ik) (
te(ios ity -y ik) = (iks 05015 -5 ik—1)

and similarly on morphisms. To define the functor wy, we let ® = @;: i — i be the
involution @(s) =i — s and, given a morphism o : i — i/, define

a® =awyoaow i1

The functor wy : I[k] — I[k] is now defined on objects and morphisms by the following
formulas, respectively.

wi(io, it - ix) = (lo, iy fk—1,---»01)
wi(o, 0u,...,0x) = (o, 00, F ..., 0°)

Lemma 10.1. The functors d,, s,, t, and wy satisfy the cyclic relations and the
following additional dihedral relations.

duwk = Wk—ldk—u SuWk = Wk4+1Sk—u

Wil = t;lwk wiwy = id
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Proof. Only the relations d,wy = wy_1dy_, need proof. We consider the case u = 0;
the remaining cases are similar. The functors dywy and wy_d; take the morphism

(0, 01,y O ) s (i0yi1s - yik) = (i1, i)
to the following morphisms, respectively.
(af + o, o 1,....a): (io+ ik ik—1,-- - i1) = (ig+igig_1,---,i1)
(U +00)?, 0 sy ) (ik+i0yik—1y---yi1) = (g4 iy ig_1y---si1)
The relation dywy = wy_d; now follows from the identity
(a+B)”=B"+a”
which is readily verified from the definitions. O

Remark 10.2. Taking the nerve and geometric realization of the categories I[k], we
obtain the dihedral space [k] — BI[k]. One wonders about the equivariant homotopy
type of the O(2)-space |[k] — BI[k]| defined by its geometric realization.

Let .7 be the category of pointed spaces. We recall the functor
Gk 1k = 7
that to the object (i, ..., i) associates the pointed mapping space
F(SONST A~ AS* N D5 (Po, P)ig N Ds(Py,Po)iy A+ N D (P, P )iy,

where the wedge sum ranges over all K+ 1-tuples (Py, P, ..., P;) of objects in 2°. To
give the definition of the functor G(2°)[k] on morphisms, we first let 1: i, — i, be
the standard inclusion t: {1,2,...,i,} — {1,2,...,i.} and write i, = i, + j,. Then the
map of pointed spaces G(2*)[k](io, - - ., 1,...,i) takes the map
f: Sio AREE /\Sik — v‘@‘V(Po,Pk)[O VAREEWA .@S(Pk,Pkfl),'k

to the composition

SIOA AN ASE s SOA L AST A A S A ST

=\ 2 (P, Peo1)ig N ND(PryPe)iy Ao+ N D (P, Py )i AST

— \/ -@S(Pkypk—l)io ARRRWAN .@S(Pr,Prfl)ir NS A @S(Pk,Pk_l),’k

=\ P° (P, P=1)ig N+ AL (Pr, P )ipijy - N D (Pis P ),

of the canonical homeomorphism, the map f Aidg;,, the canonical homeomorphism,
and the map induced by the structure map in the symmetric spectrum 2°(P,,P,_1).
A general morphism «: i, — . may be written, non-uniquely, as the composition
o= 0otl: i, — i, of the standard inclusion and a bijection

o€ Au({1,2,....1}) = Z;.
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Now, the left actions of the symmetric group Xy on S’ and Q‘V(P,,Pr,l)i; induce left
actions on the domain and target of the mapping space G(2°)[](io, . - - , 1, ir). We

ryccc

define G(2°)[k|(ig,...,0,...,i) to be the conjugation by ¢ on the mapping space.
We define the dihedral pointed space THH(2*,T)[—] as follows. The pointed
space of k-simplices is defined to be the homotopy colimit

THH(Z°,T)[k] = hoc[o]lim G(2°)[k]
Ik
and the cyclic structure maps are defined as in [7, Sect. 3.2]. The additional dihedral
structure map, which depends on the functor 7: 2* — (2*)°P, is the map
wy: THH(Z2®,T)[k] — THH(Z2®,T)[k]
defined to be the composition

hocolim G(%°)[k] — hocolim G(2°) [k hocolimG(2°) [k
ogﬁcllm (2%)[k] — osﬁ]lm (2°)[k] owy — 0(;[(1)c]lm (2°)[k]

of the map of homotopy colimits induced by a natural transformation
wi: G(2°)[k] = G(2°)[k] o wy

defined by the following diagram and the canonical map.

Sio ASHA A Sk 4}[) v@S(POaPk>iO /\.@S(Pl,P()),‘l /\"'/\-@S(Pbpkfl)ik

J“’io/\“’il/\"'/\“’ik V @i Aoy ANy,
S0 ASTA--- Sk \/ 2 (P, Pt)ig N D° (P, Po)iy A+ ND* (P, Py ),
\VTATA--AT
Sio A it I.../\Sik \/_@S(Pk,Pg)iO ND*(Po, Pr)iy N+ ND*(Pe—1,Pr)i,

S0 ASik A A5 P (P Po)ig NP (Pi1, Bi)i, A== N2 (Ro, P )iy

Here, the lower left-hand vertical map is the canonical homeomorphism that permutes
the smash factors as indicated, and the lower right-hand vertical map is the map that
takes the summand (P, Py, . .., P;) to the summand (P, P,_1,...,P) by the canonical
homeomorphism that permutes the smash factors. The top vertical maps are given by
the actions of @; € X; on S and 2°(P,Q); which are part of the symmetric spectrum
structures.

Proposition 10.3. The pointed maps dy, sy, tx, and wy satisfy the cyclic relations and
the following additional dihedral relations.

duwk = Wk—ldk—u SuWk = Wk+1Sk—u

Wil = l;lwk wiwy = id
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Proof. We verify the relation dyw; = wy_1dy; the reader may verify the remaining
relations in a similar manner. We have already proved in Lemma 10.1 that the functors
dowy and wy_1dy from I[k] to I[k — 1] are equal. Hence, it suffices to also show that
the natural transformations

dowy, wy_1d: G(@s)[k] — G(@S)[k— 1] odowy = G(@S)[k— 1] owy_1dy

are equal. The natural transformation dowy is defined by the following diagram.

Sio ASITA - A Sk L> \/QS(PO,Pk)iO /\.@S(Pl,P())il /\'H/\.@S(Pk,Pk_])ik

J“’io/\“’il/\"'/\“’ik V 01y Ay A A0y
SONST A NSk \/Z°(Po,Po)ig N D* (P, Po)iy N+ ND* (P, P ),
VTATAAT
S0 ASHA - A Sk \Z* (P, Ro)ig N D* (Po, P1)iy A+ ND*(Piey Py,

s ASi A nst D \ Z* (P, Po)ig A D* (Pt P)ig A+~ N2 (Po, Pr)iy

VDiO'ik Aid

dowi(f)

S0tk A A ST \ 2 (P—1,Po)igsiy N+ NZ° (Po, ),

Here, the lower left-hand vertical map is the canonical homeomorphism, and the
lower right-hand vertical map is the map that takes the summand (P, Pe_1,...,F)
to the summand (P;_1,...,Py) by the map induced from the composition map

igsix 1 D° (P Po)ig N D (Pi—1,Bi)iy, = P° (Pe—1,Po)ig+iy -

which is part of the structure of a category enriched in symmetric spectra. We recall
that this is a X;) x X; -equivariant map, where X; X X; acts on the target via the group
homomorphism

+: Zio X Zik — Zi0+ik
defined by

o(s) (1<

s<ip)
t(s—ip)+ip (ip+1

s <o+ ix)-

(0+T)(S)={

I\ IN

We wish to compare the diagram above to the following diagram that defines the
natural transformation wy_dg. In this diagram, the top vertical maps and the lower
left-hand vertical map in this diagram are the canonical homeomorphisms that per-
mute the smash factors as indicated, and the lower right-hand vertical map takes the
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summand (P, ...,P,_1) to the summand (P,_y,...,P) by the canonical map that
permutes the smash factors as indicated.

S0 ST A ASK L \J DBy, PO)ig A D (P PYiy A A D (PPt )i,

Sk NSO A Sk \ Z* (P, Pi—1)i, NZ* (Po,P)ig A+ N D* (Pit, Pi2)i_,
V oy, i Aid
sictio p o pgir D, \/ Z°(Po. P—1)igtig N+ N D° (P, P—2)iy_,
i ig A ADyy_ V @i tig A Ay
Siktio Ao A Sk \ 2Py, P-1)igtig N+ NP (Pt P2,
Sik+io A ... A Sik-1 \/gs(p07pk_1)ik+i0 A ~~/\93(Pk—1,Pk—2)ik,1
wi—1de(f

SHHOA - A ST ) \ 2 (Py, P—1)iptig N+ NZ° (P, 1)

The compositions of the left-hand vertical maps in the two diagrams are readily seen
to agree. Therefore, it suffices to show that the same holds for the compositions of
the right-hand vertical maps in the two diagrams. This, in turn, follows from the
commutativity of the outer square in the following diagram.

W;, \@;
D (P, P—1)iy N2° (Po, Pr)i Lo D (Pe, Pi—1)iy N2°(Po, Pr)iy
y
Oitsio
D* (P, Pe—1)iy
p w,'k+coio p
D (Po, Pi—1)ig+iy < Z°(Po, Pi—1) iy +io TAT

D (P, Py)ig N2 (P, Py

Oio,[k

D°(Po, Pi—1)ig+iy D (Pe—1,P0)ig +iy

Here, the top trapezoidal diagram commutes since o;, ;, is X; x X -equivariant; the
lower right-hand triangular diagram commutes since T: 2° — (2*)°P is an enriched
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functor; finally, the lower left-hand triangular diagram commutes since the equality
Xir.io = Wip+iy ((l)ik + O)l‘o) holds in Zik+i0‘ L]
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