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Axioms of ZFC set theory

Extensionality: ∀x∀y(∀z(z ∈ x ⇔ z ∈ y)⇒ x = y)
Empty set: ∃x@y(y ∈ x)
Pairs: ∀x∀y∃z∀w(w ∈ z ⇔ (w = x ∨ w = y))
Power set: ∀x∃y∀z(z ∈ y ⇔ ∀w(w ∈ z ⇒ w ∈ x))
Union: ∀x∃y∀z(z ∈ y ⇔ ∃w(w ∈ x ∧ z ∈ w))
Infinity: ∃x(∅ ∈ x ∧ ∀y(y ∈ x ⇒

⋃
{y , {y}} ∈ x))

Separation schema: For every formula ϕ with v not free,
∀u1 . . . ∀uk(∀w∃v∀r(r ∈ v ⇔ (r ∈ w ∧ ϕ(r , u1, . . . , uk))))
Replacement schema: For every formula ϕ with v not free,
∀u1 . . . ∀uk(∀x∃!y(ϕ(x , y , u1, . . . , uk)
⇒ ∀w∃v∀r(r ∈ v ⇔ ∃s(s ∈ w ∧ ϕ(s, r , u1, . . . , uk)))))

Foundation: ∀x(x 6= ∅⇒ ∃y(y ∈ x ∧ ∀z(z ∈ x ⇒ z /∈ y)))
Choice: ∀x(∅ /∈ x ∧ ∀y ∈ x ∀z ∈ x(y 6= z ⇒ y ∩ z = ∅))
⇒ ∃z∀y ∈ x(∃v ∈ y ∩ z ∀w ∈ y ∩ z(w = v))



Natural numbers
Call a set x is inductive if ∅ ∈ x and if y ∈ x implies y ∪ {y} ∈ x .

Definition (von Neumann)

The set of natural numbers is the set

N = {n ∈ x | ∀y(y is inductive⇒ n ∈ y)},

where x is any choice of inductive set.

So the natural numbers are

0 = ∅
1 = 0 ∪ {0} = {∅}
2 = 1 ∪ {1} = {∅, {∅}}
3 = 2 ∪ {2} = {∅, {∅}, {∅, {∅}}}

...



Counting

The following result was likely known empirically 20,000 years ago.

Theorem
Let m and n be natural numbers. If there exists a bijection
f : m→ n, then necessarily m = n.

It shows that the following notion of counting is well-defined.

Definition
A set x is finite of cardinality n if there exists a bijection
f : n→ x from a natural number n.

For example, the set {N} is finite of cardinality 1, while its unique
element set N itself is an infinite set.



Counting prime numbers

Theorem (Euclid)

There are infinitely many prime numbers.

So the prime number counting function

π : [0,∞)→ N

defined by

π(x) = card({p ∈ N | p 6 x and p is a prime number})

tends to infinity as x tends to infinity.



Graph of π(x) for x 6 25
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Figure: Source: Mazur-Stein



Graph of π(x) for x 6 100
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Figure: Source: Mazur-Stein



Graph of π(x) for x 6 1000
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Graph of π(x) for x 6 10000
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Figure: Source: Mazur-Stein



Gauss’ guess

Figure: Letter from Gauss to Encke (1849)



Riemann’s conjecture

Gauss’ guess was that π(x) approximately is equal to

Li(x) =

∫ x

2

dt

log t
.

Riemann, his student, made the following more precise conjecture.

Conjecture (Riemann hypothesis)

For every real number ε > 0, π(x) = Li(x) + O(x
1
2
+ε).

Figure: Carl Friedrich Gauss (left) and Bernhard Riemann (right)



The Riemann zeta function

Riemann was the first to consider Euler’s product

∞∑
n=1

n−s =
∏
p

(1− p−s)−1

as a function of a complex variable s, and he showed that there is
a meromorphic function ζ(s), necessarily unique, such that

ζ(s) =
∏
p

(1− p−s)−1

for all s ∈ C with Re(s) > 1. He introduced the Euler factor

ζ∞(s) = 2−
1
2π−

s
2 Γ(

s

2
)

at p =∞ and the completed zeta function

ζ̂(s) = ζ(s) · ζ∞(s) = ζ(“ Spec(Z) ∪ {∞}”, s).



The Riemann zeta function

It satisfies the following functional equation.

Theorem (Riemann)

For all s ∈ C,
ζ̂(1− s) = ζ̂(s).

So for all s ∈ C with s̄ = 1− s, or equivalently, Re(s) = 1
2 ,

ζ̂(s) = ζ̂(s) = ζ̂(1− s) = ζ̂(s).

The Riemann hypothesis takes the following equivalent form.

Conjecture (Riemann hypothesis)

All zeroes of ζ̂(s) are located on the line Re(s) = 1
2 .



More numbers
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“Zeta functions are able to travel to the p-adic world,
and to understand their relation to arithmetic, it is
important to study their lifestyles in the p-adic world”

— Kazuya Kato (Plenary lecture at 2006 ICM)

Figure: Kazuya Kato



The Weil conjectures

Let X be a scheme smooth and proper over a finite field of relative
dimension d . The Hasse-Weil zeta function of X is defined to be
the unique meromorphic function ζ(X , s) such that

ζ(X , s) =
∏
x∈|X |

(1− card(k(x))−s)−1

for all s ∈ C with Re(s) > d . The following analog of the Riemann
hypothesis was proved by Pierre Deligne in 1974, building on the
twenty-year long effort of the Grothendieck school.

Theorem (Deligne)

All zeroes (resp. poles) of ζ(X , s) are located on the lines
Re(s) = k

2 with 0 6 k 6 2d odd (resp. even).



More basic numbers

There is a notion of numbers more basic than that of natural
numbers. It emerges by encoding all possible ways of counting
finite sets, as opposed to only remembering their cardinalities.
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We are only beginning to understand their arithmetic.


