1. Sheaves

Let X be a topological space. We define the category O(X) of opens in X to
have objects the open subsets U C X and to have the set of morphisms from U C X
to V' C X either consists of the canonical inclusion map ¢: U — V or be empty
according as U C V or not. Recall that a presheaf on X is defined to be a functor

O(X)°P — Set

from the opposite category of O(X) to the category of sets. The presheaf F' is
defined to be a sheaf if for every object U in O(X) and every family of morphisms
(Ui = U)ier in O(X) with the property that |J;.; Us = U, the diagram

F(U) — Hie[ F(U;) T) H(j,k)e]x[ F(U; N Uk)

is an equalizer in Set. Here ¢ is the unique map such that for all i € I,
pr;o.=F(U; = U);
and « and § are the unique maps such that for all (j,k) € I x I,
pr(jp o a = FU; NUy — Uj) opry,
prjr ©B = F(U; NUg — Uy) o pry,
respectively. We notice that, in the category O(X), the diagram

UjﬂUk*)Uj

||

Uy —U

is a cartesian square. Therefore, we may write U; Xy Uy, instead of U; NUj, above.
Grothendieck realized that the implicit assumption in the definition of a topology
that the morphisms U — V be inclusions is unnecessary and counterproductive.
This realization led to the notion of a Grothendieck topology.

DEFINITION 1.1. Let C be a category which admits fiber products. A pretopology
on C is a function K that to each object X of C assigns a set

K(X)={(fi: Xi = X)ier}
of families of morphisms in C, subject to the following axioms.

(PT1) For every object X of C, every family (f;: X; — X)ies in K(X), and every
morphism g: ¥ — X in C, the family (f/: X; xx Y — Y);er is in K(Y).

(PT2) For every object X of C, every family (f;: X; — X);cs in K(X), and every
collection of families (gj,: X, = X;)jes, in K(X;), the family

(fiogjt Xji = X)jell,e, 7
is in K(X).
(PT3) For every object X of C, the family (idx: X — X)pe(gy is in K(X).

The elements of K (X) are said to be the covering families of X.
1



With this definition in hand, the definition of sheaves can be repeated mutatis
mutandis. A presheaf on C is defined to be a functor

cov £, Set,

and this functor is defined to be a sheaf if for every object X of C and every covering
family (f;: X; = X);er of X, the diagram of sets

F(X) —— [Tie; F(X3) — [ merxr F(X5 xx Xi)

is an equalizer. Here again ¢ is the unique map such that for all ¢ € I,
pryot = F(X; £>X);
and « and § are the unique maps such that for all (j,k) € I x I,

i
Pr(j 0o = F(X; xx Xp = Xj) o pr,

I
Pr(jp) © B = F(X; xx Xj = Xy) o pry,
respectively.

The definition of a pretopology is not quite satisfying. It requires fiber products
to exist. And the indexing sets of the covering families is an annoying baggage to
carry around. It is better to think of a pretopology as a basis for a topology, which
we proceed to define.

Let C be a category. A sieve on an object X of C is a full subcategory S of
the slice category C/X with the property that if the morphism f: Y — X is an
object of S and if g: Z — Y is any morphism in C, then the composite morphism
fog: Z — X also is an object of S. The pullback A*(S) of a sieve S on X along
the morphism h: X’ — X of C is the sieve h*(S) on X’ with object set

ob(h*(9))={g: Y = X' | foh: Y — X is an object of S}.
The slice category C/X is itself a sieve on X and is maximal among sieves on X.

ExXAMPLE 1.2. A family (f;: X; — X);er of morphisms determines the sieve S
on X whose objects are all morphisms f: Y — X for which there exists an element
1 € I and a morphism g: Y — X; in C such that f = f; o g.

DEFINITION 1.3. Let C be a category. A topology on C is a function J that to
each object X of C assigns a subset J(X) of the set of sieves on X, subject to the
following axioms.

(T1) If f: Y — X is a morphism of C and if S is an element of J(X), then the
pullback sieve f*(S) is an element of J(Y').

(T2) If X is an object of C, if S and T are sieves on X, if S is an element of J(X),
and if for every morphism f: Y — X in S, the pullback sieve f*(T) is an
element of J(Y'), then T is a covering sieve on X.

(T3) If X is an object of C, then the maximal sieve C/X on X is an element of
J(X).

The elements of J(X) are called the covering sieves of X. A site is a pair (C,J) of
a category C and a topology J on C.



ExampPLE 1.4. Let C be a category. We obtain a topology J on C called the
discrete topology by declaring all sieves to be covering sieves. Similarly, we obtain
a topology J’ on C called the chaotic topology by declaring only the maximal sieves
to be covering sieves.

LEMMA 1.5. Let J be a topology on the category C and let X be an object of C.

(1) If S € J(X) and if T is a sieve on X with the property that ob(S) C ob(T),
then T € J(X).

(2) If S € J(X) and if, for every f: Y — X in ob(S), Ty € J(Y), then the
unique sieve T on X with ob(T) ={fog|ge Ty} is in J(X).

PrOOF. To prove (1), it suffices by (T2) to show for every f: Y — X in
ob(S), f*(T) € J(Y). Since S C T, also f*(S) C f*(T). But idy € f*(5), so
f*(S) = C/Y is the maximal sieve. Therefore, also f*(T) = C/Y is the maximal
sieve, and hence, f*(T) € J(Y) as desired.

To prove (2), we again show that for every f: Y — X in ob(S5), f*(T) € J(Y).
We have ob(Tf) C ob(f*(T)). Indeed, if g: Z — Y is in ob(T}), then, by the
definition of T, we have fog: Z — X, so g € f*(T) as desired. Therefore, we
conclude from (1) that f*(T) € J(Y) as desired. O

We pause to discuss limits and colimits. There are two ways to construct new
sets out of olds ones: As solution sets to systems of equations; and by gluing sets
together. These two procedures are encoded in the notions of limits and colimits,
respectively.

DEFINITION 1.6. Let X: I — C be a diagram. A limit of X is a pair
(tim X, (lims X = X (i) Jicon(r))

of an object of C and a family of of morphisms in C with the property that for every
morphism a: ¢ — j in I, the diagram

X(7)
pr;
lim; X X(a)
X(7)

commutes and such that if also (Y, (fi: Y — X (©))icob(r)) is such a pair, then there
exists a unique morphism

Y L timg X
such that for all i € ob(I), f; = pr;of.

Dually, a colimit of a diagram X: I — C is a pair

(collim X, (X; BN colimy X )icon(r))
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of an object of C and a family of morphisms in C such that for every morphism
«a: i — jin I, the diagram

X@)
X(a) colim; X

X(4)

commutes and such that if also (Y, (fi: X (i) = Y);cob(r)) is such a pair, then there
exists a unique morphism

colimy X % Y
such that for all ¢ € ob(I), f; = f oin;.

We will write (f;): Y — lim; X for the unique morphism determined by the pair
(Y, (fi: Y — X(i))icob(r)); and we will write ) f;i: colim; X — Y for the unique
morphism determined by the pair (Y, (fi: X (1) = Y )icon(n))-

REMARK 1.7. The pair (lim; X, (pr;: lim; X — X(7))icob(r)) determines the
unique morphism (pr;): lim; X — lim; X such that for all j € ob(I),
pr; = pr;o (pr;).
But clearly the identity map of lim; X has this property. Hence, by the uniqueness,
we conclude that (pr;) = id: lim; X — lim; X. More generally, if both the pairs
(limy X, (pr;: limr X — X (i))icob(r)) and (limf X, (prj: lim7 X — X(i))icon(r))
are limits of the diagram X : I — C, then the unique morphisms
(pr;)
lim; X ﬁ lim'I X
(pr})
are each other’s inverses. Hence, the limit of a diagram is well-defined, up to unique
isomorphism. Similar statements hold for colimits.

ExamPLE 1.8. Let X: I — C be a diagram. An object 0 of I is initial if, for
every object ¢ of I, there exists a unique morphism f;: 0 — 4. In this situation, the
pair (X (1), (X(fi): X(0) = X())icob(r)) is a limit of X. Dually, an object 1 of I
is final if, for every object i of I, there exists a unique morphism f;: i — 1. In this
situation, the pair (X (1), (X (fi): X (i) = X(1))icob(r)) is a colimit of X.

If I is a small category, then the limit and colimit of a diagram X : I — Set are
given, up to unique isomorphism, as follows. The set lim; X is the subset

limy X C [Ticopin X (@)
of the product consisting of the tuples (z;);jeon(r) such that for every morphism

a:i— jin I, X(a)(z;) = z;; and the map pr;: lim; X — X(i) takes the tuple
(75)jeob(r) to the ith component x;. Dually, the set colim; X is the quotient

colimy X = (HiEOb(I) X(i))/ =
of the disjoint union by the equivalence relation = generated by the relation that
identifies z; € X (i) and z; € X(j) if there exists a morphism «: ¢ — j in I such
that X (o)(x;) = ;; and the map in;: X (i) — colim; X takes z; € X () to the class
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of (i,x;). In general, the equivalence relation ~ is extremely difficult to understand.
However, it is much more well-behaved, if the category I is filtered.

DEFINITION 1.9. A category [ is filtered if

(i) it is not the empty category;
(ii) for every pair of objects (4, 7), there exists a pair of morphisms
. %

J

k

to a common target; and
(iii) for every pair of parallel morphisms

(e

. s
ZT}]7

there exists a morphism +: j — k such that yoa =~vo .

ExaMpPLE 1.10. Let J be a topology on a category C. For every object X of
C, we define a partial order < on the set J(X) by declaring that S < S’ if and
only if ob(S) C ob(S’). We further define J(X); to be the category with the set
J(X) as its set of objects, with the inclusion functor j: S — S’ as the unique
morphism from S to " if S < §’, and with no morphisms from S to S’ otherwise.
We claim that the opposite category J(X)® is filtered. Indeed, the requirement (i)
that J(X){® # 0 holds, since idx : X — X is a covering sieve; the requirement (ii)
holds, since if both S and T are covering sieves, then the sieve S N'T with object
set ob(S NT) = ob(S) Nob(T) also is a covering sieve; and the requirement (iii) is
trivially satisfied, since parallel morphisms in J(X )" necessarily are equal. To see
that the intersection S NT of two covering sieves S and T on X again is a covering
sieve on X, it suffices, by axiom (T2), to show that for every object f: Y — X of
S, the sieve f*(SNT) is a covering sieve on Y. But f*(SNT) = f*(T), which is a
covering sieve on Y by axiom (T1).

LEMMA 1.11. Suppose that X : I — Set is a diagram of sets indezxed by a small
filtered category I.

(1) Up to unique bijection, the set colimy X is the quotient

colim; X = (Hieob(]) X(i))/ ~

by the equivalence relation ~ that identifies x; € X (i) and x; € X (j) if there
exists morphisms «: i — k and 8: j — k in I such that

X(a)(zi) = X(B)(x;) € X (k).

(2) Any two elements x; € X (i) and x; € X(j) are equivalent under ~ to two
elements of the same X (k).

(3) Two elements x;,x; € X (i) are equivalent under ~ if and only if there exists
a morphism a: i — j in I such that

X(a)(x;) = X(a)(x;) € X(j)-



PROOF. The statement (1) is clear once we show that ~ is an equivalence
relation. Only transitivity is at issue, and this follows by choosing morphisms

/ ' \
/ l f\ P " S
i J k
The statement (2) is immediate from I being filtered. Finally, to prove (3), suppose
x; ~ x; € X(i). By the definition of the relation ~, there exists o, 8: i — j such

that X (a)(x;) = X(B)(«}). Hence, choosing v: j — k with yoa = yof = §: i — k,
we have X (8)(x;) = X (0)(z}) € X (k) as desired. O

Let I and J be two small categories, and let X : I x J — C be a diagram indexed
by the product category. By the universal property of limit and colimit we obtain
a canonical morphism

colimy lim X(i, j) — lim; colim; X(’L,])
In general, however, this morphism is not an isomorphism. To wit, if I and J are
both the empty category, then the left-hand side is an initial object of C while the

right-hand side is a terminal object of C. We say that a category J is finite if the
sets ob(J) and mor(.J) both are finite sets. The following result is extremely useful.

PROPOSITION 1.12. Let I be a small filtered category, let J be a finite category,
and let X : I x J — Set be a diagram of sets. In this situation, the canonical map

colimy limy X (4, j) — lim s colim; X (¢, 7).
is a bijection.

PROOF. We leave the case J = ) as an exercise. Non-empty finite limits can
be obtained by iterated fiber products. For non-empty finite products are clearly
obtained in this way and the equalizer of f,g: X — Y is the fiber product

X X(xxy) X ——= X

Jprg l(idx f)
(idx,9)

X— X xY.

So it suffices to show that the canonical map
colimy (X (i) X gy Y (i) — (colims X (¢)) X (colim, S(i)) (colimy Y'(7))

which to the class of (z;,y;) assigns (class of x;, class of y;) is a bijection. To con-
struct the inverse map, we let (Z,y) be an element of the right-hand side. If
x; € X (i) represents Z and y; € Y (j) represents g, then

filzi) € Si ~ g;(y;) €S;.
We choose a: i — k and 8: j — k; then 2 = X(a)(z;) € X represents T and
yr =Y (8)(y;) € Yj, represents , and fi(zr) ~ gr(yr) € S(k). Finally, we choose a
morphism «: k — m such that S(v)(fr(zx)) = S(7)(gr(yx)) € S(m). The elements
Tm = X(y)(zr) € X(m) and y,, = Y(v)(yx) € Y(m) again represent Z and 7,
respectively. But we now have (.,,ym) € X(m) Xg(m) Y (m), and moreover, the
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class of (Z,Ym) in the domain of the canonial map depends only on the given
element (Z,y) of the target. Hence, we have a well-defined map

(colimy X (7)) X (colim; S(i)) (colimy Y'(i)) —— colimy (X (i) X g(;) Y (7))

that to the element (Z,y) assigns the class of (2, ym ), and by construction, this
map is inverse to the canonical map. ([l

The following result is a typical application of Proposition 1.12.

COROLLARY 1.13. The underlying set of a colimit of a filtered diagram of rings
s a colimit of the underlying filtered diagram of sets.

PROOF. A ring is a sextuple (A4, +,0, —, x,1) of a set A and five maps

. 0,1 _
JLERakINy T A0 DAt Al A
between finite products of copies of the set A. In general, if we are given a diagram
of sets A: I — Set and a natural transformation f;: A(i)™ — A(i)" between the
diagrams given by the termwise m-fold and n-fold products, then, by the universal
property of colimits, the natural transformation induces a map

colimy(A™) M colimy(A™).

If I is filtered, then the canonical maps depicted vertically in the following diagram

lim
colimy(A™) colimr (/) colimy(A™)

L]

(colim; A)™ T, (colimy A)™

are bijections, and therefore, there exists a unique map “f” making the diagram
commute. In particular, if (A4,4,0, —, % 1) is a diagram of rings indexed by a filtered
category I, then the natural transformations +, 0, —, %, and 1 give rise to a ring
structure on the set colim; A. Indeed, the ring axioms are identities between various
natural transformations, and therefore, the corresponding identities hold for the
induced maps. Moreover, the maps in the family

(A(i) 2 colimy A)icr

are ring homomorphisms with respect to this ring structure. Therefore, this family
is the colimit in the category of rings. O

EXAMPLE 1.14. Let us point out that the conclusion of Corollary 1.13 generally
does not hold if T is not filtered. For example, if I = (@, then the colimit in the
category of sets is the initial set (), while the colimit in the category of rings is the
initial ring Z.

We are now ready to give the definition of sheaves on a category C with respect
to a topology J. If F is a presheaf on C, then for every object X of C and every
sieve S on X, we have a functor

Fx s
gop — %, Gt
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that to the object f: Y — X of S assigns the set Fx s(f) = F(Y) and that to
the morphism g: Z — Y from fog: Z — X to f: Y — X in § assigns the map
Fx,s(9) = F(9): Fxs(f) = Fxs(fog).

DEFINITION 1.15. Let (C, J) be a site. A presheaf F on C is a sheaf with respect
to J if for every object X of C and every sieve S in J(X), the pair

(FX), (F(X) 22 By o(£)) peans))

is a limit of the diagram Fx g: S — Set.

EXAMPLE 1.16. Let C be a category. Every presheaf F' on C is a sheaf for the
chaotic topology. Indeed, for every object X of C, only the maximal sieve C/X
is a covering sieve, and the object idx: X — X is terminal in C/X hence initial
in (C/X)°P. A presheaf F on C is a sheaf for the trivial topology if and only for
every object X of C, the set FI(X) is a singleton. Indeed, since the empty sieve is
a covering sieve, the set F'(X) is a limit of the empty diagram.



2. Sheafification

We first discuss the functoriality of limits and colimits. Given categories I and C,
we write [I, C] for the category whose objects are the functors F': I — C and whose
morphisms are the natural transformations a: F' = F’ between such functors. The
diagonal functor Ay: C — [I,C] takes an object X of C to the constant functor
Ar(X): I — C with value X and takes a morphism f:Y — X to the constant
natural transformation Ay(f): A;(F) = Ar(F’) with value f: X — X’. Choosing
a limit of every diagram F': I — C, we obtain a functor

[I, C} limy C
defined as follows. Given a natural transformation a: F' = F’ and choices of limits
(limy F, (pr;: lim; F' — F(i));eon(r)) and (limg F, (pr;: lim; F' — F(4));cob(r)), We
define lim; a: lim; F' — lim; I’ be the morphism in C determined by the pair

F'(i). )ieon(n))

The functor identities lim; (oo 8) = lim; a0 lim; 8 and limy idp = idjim, 7 hold by
the uniqueness of morphisms to limits, proving the claim for limits. Moreover, the
pairs (limy F, (pr;: lim; ' — F(i))icon(r)) and (X, (idx: X — X);con(r)) define
natural transformations e: Ay olim; = id[; ¢) and 7: idc = lim; oAy, respectively,
making the following quadruple an adjunction from C to [I,C|,

pr; ;g

(li}nF,(limIF 5 F(i)

(Afv hm]a €, 77)
Finally, we let G: I — I’ be a functor and fix choices of limits lim; and lim;, as
above. If F’: I’ — C is a functor, then we have a natural restriction morphism
l‘eSG,FI .
hm]’ F/ e hm](F/ o G)

defined by the pair (limp F”, (pr’G(i) limp F! — (F 0 G")(1))ieon(r))- Moreover, by
the uniqueness of maps to limits, we have the following identities

rediq;,r = idiim; F, reSHoG,F! = IeSG, FrioH O TESH, Fr
among these natural transformations.

Similarly, choosing a colimit of every diagram F: I — C, we get a functor

colimy

[I,(] ——C
which is part of an adjunction of functors from [I, C] to C,
(COlIiHl, Ala €, 7’)
Moreover, if G: I — I’ is a functor, then we have a natural morphism

. indg g/
colimy(F" o G) ——— colim F'

defined by the pair (colimp F', (inggy: (F' o G)(i) — colimp F');con(ry), and
indiq;,r = idcolim; F, indpr goq = indprom,goindpy m .

This concludes the preliminaries on the functoriality of limits and colimits.
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Let C be a category, and let J be a topology on C. We write
C" = [C°P, Set]

for the category of presheaves on C and (C, J)~ or simply C~ for the full subcategory
of sheaves on C with respect to the topology J. Finally, we write

-t ¢
for the canonical inclusion functor.

THEOREM 2.1. Let (C,J) be a site. The functori: C* — C" admits a left adjoint
functor a: C° — C~. Moreover, the functor a preserves finite limits.

PROOF. We first define an auxiliary functor
c L., c
as follows. Let F' be a presheaf on C and let X be an object of C. There is a functor
J(X)P X Set

that to a covering sieve S on X assigns the limit set Fx (S) = limger Fx,s and that
to the canonical inclusion functor j: S — S’ between covering sieves assigns the
map Fx(j): Fx(S') — Fx(S) given by the composition

Te8j,Fy g/ limgop g g

limgrop Fx 50 ————— limgop (FX,S’ 0jP) ——— limge» Fx g,
where ag g : Fx g 0 j°P = Fx g is the natural transformation whose value at the
object f:Y — X of S is the identity map idpyy: (Fx,s 0 jP)(f) = Fx,s(f)-
Given a morphism h: X’ — X in C, we have the functor h*: J(X); — J(X');
given by pullback of sieves and define a natural transformation
h
FX g FX/ e} h*Op

as follows. There is a functor hg: h*(S) — S that to the object k: Y’ — X’
assigns the object h o k: Y’ — X and that to the morphism ¢g: Z’ — Y’ from
kog:Z' — X' to k: Y’ — X’ assigns the same morphism ¢g: Z/ — Y’ from
hokog: Z' — X to hok: Y’ — X, and moreover, there is a natural transformation
Bs: Fx,s0hy = Fx/ p+(s) whose value at the object k: Y’ — X’ is the identity
map idp(ysy. The value of ¢(h) at S is now defined to be the composite map

res, op
hs Fx,s

) . limh*(s)op Bs
limgop Fx 5§ —————— limy,«(g)op (Fx,s 0 hgp) E—

limp,«(syop F'x7 p+(5)-

We now define L(F') to be the presheaf that to an object X assigns the colimit set
L(F)(X) = colim j(xyor Flx

and that to a morphism h: X’ — X assigns the map

L(F)(h)
L(F)(X) L(F)(X')
given by the composition

colimJ(X>zip @(h) indp*op p_,

COliInJ(X)?p FX _ COlimJ(X)Tp (FX/ o h*Op) —X> COlimJ(X/);)p FX/.
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We leave it as an exercise in the definitions to verify that L(F")(idx) = idyp)x) and
L(F)(goh) = L(F)(h) o L(F)(h), showing that L(F) is a presheaf; that a natural
transformation f: F' = F’ induces a natural transformation L(f): L(F) = L(F");
and that this defines a functor L: C* — C” as promised.

In the colimit which defines L(F)(X), the domain of the map

Fx(C/X) lnci} COlimJ(X)tlm FX

is uniquely bijective to F(X). Indeed, the set in question is the limit set of the
diagram Fx c/x: (C/X)°P — Set, the index category of which has idy: X — X as
an initial object, and Fx ¢, x (idx) = F(X). This defines a map

F(X) 25 L(F)(X).
The family of maps ({px: F'(X) — L(F)(X))xeob(c) is a map of presheaves
lp: F — L(F); and the family of maps ({r: F' — L(F))peob(c-), in turn, is a

natural transformation ¢: idc- = L.

We now recall that, by definition, a presheaf F' on C is a sheaf on C, if for every
object X of C and every covering sieve S € J(X), the map

F(X) —225 Fy(S)

defined by the inclusion j: S — C/X is a bijection. If the map tp g is injective for
all X € ob(C) and S € J(X), then F is said to be separated. We will show:

(i) If F is any presheaf, then L(F') is a separated presheaf.
(ii) If F is a separated presheaf, then L(F') is a sheaf.

We first prove (i). Let X be an object of C, let 2,y € L(F)(X), and suppose
that there exists S € J(X) such that vrp) s(2) = trm),s(y) in L(F)x(S). We
must show that x = y. Since L(F)(X) is the filtered colimit of the Fx(T) with
T e J(X),wecanfind T € J(X) and u,v € Fx(T) with inp(u) = z and inp(v) = y.
Moreover, for every f: Y — X in ob(S5), the diagram

Fx(T) 4)}73/ (f<(T
JinT lmf (1)
L(F)(f LF)(Y

commutes, and we have

LF)(f)(x) = pry(enip),s(@)) = pry(err).s(y)) = LE)(f)(Y)

in L(F)(Y). Since L(F)(Y) is filtered colimit, we can find j: Uy — f*(T) in J(Y)1
such that images of ¢ r(u) and ¢ ¢ 7 (v) by Fy( ): Fy (f*(T)) — Fy (Uy) are equal.
We now consider the sieve 77 on X with

ob(T") ={fog|f € ob(S),g € ob(Uy)},

which is a covering sieve on X by Lemma 1.5 (2). Moreover, by construction, we
have a morphism i: 77 — T in J(X); and the images of u and v by the induced
11



map Fx(i): Fx(T) — Fx(T") are equal. Hence, so are the images x and y of u
and v by the composite map

F inqg,
Fx(T) 29 po (1) 22 L(F)(X).
This completes the proof of (i).

We next prove (ii). Let F' be separated presheaf on C, let X be an object of C,
and let S be a covering sieve on X. We must show that the map

LL(F),s

L(F)(X) L(F)x(S)

is surjective. So we let (z)fecon(s) be an element of the target and define an element
y of the domain such that maps to it. For every f € ob(S), we choose a family

('rfvg)QEOb(Tf) € Fy(Ty)
with Ty € J(Y') that represents z; € L(F)(Y'). Since for every morphism h: Z — Y
in C, the map L(F)(h): L(F)(Y) — L(F)(Z) takes z to xfop, the chosen family
(@ fon.g)geob(ryon) € Fz(Tfon)
and the induced family
(% f.nog')gen=(1y) € Fz(h*(Ty))
both represent « fo,. Hence, there is a sieve Uy, C Tyop Nh*(Ty) in J(Z) such that
mfoh7g” = xf,hog”a

for all ¢ € ob(Uy ). Moreover, since S and all Ty with f € ob(S) are covering
sieves, we conclude from Lemma 1.5 (2) that the sieve T on X with

ob(T)={fog|feS geTs}
is in J(X). We now define y € L(F')(X) to be the class represented by the family
(Yn)neob(r) € Fx (T)
with yfog = 4. To see that this is well-defined, we must show that, given
Y f
9
Z 2 > X
g\ ’ f,
with f, f/ € ob(S) such that the two composite morphisms are equal, we have
Tfg=ap.g € F(Z).
Now, for every k € ob(Uy,q N Uy o), we have
F(k)(xf.g) = Tf.gok = Tfogk = Tyrogk = Tfr g0k = F(K)(2fr,4),

and hence, the map
LF, Uf q
F(Z)‘)Fz(UfgﬂU ’ /)
takes xy 4 and xy o to the same element. In addition, since Uy 4y N Uyp o is a
covering sieve on Z and since F' is separated, this map is injective, so we conclude
that x7, =z o € F(Z) as desired. It remains only to prove that

LL(F),s

L(F)(X) L(F)x(S)

12



indeed takes y to (2f)feon(s), Or equivalently, that for every f € ob(S), the two
families (f.4)geob(r;) € Fy (Tf) and (Yson)neob(s+(r)) € Fy (f*(T)) represent the
same class in L(F)(Y). But Ty C f*(T) and, for every g € ob(T¥), ¢4 = Yfoq-
This completes the proof of (ii).

Finally, we prove the theorem. Let F and F’ be a presheaf and a sheaf on C,
respectively, and let f: F — i(F’) be a map of presheaves on C. In the diagram

lr Lr(F)

F L(F) L(L(F))
J{f L(f) L(L(f))
i(F) — s LG(F) 0 (LG (F)),

the lower horizontal maps are isomorphisms, since F” is a sheaf, and L(L(F)) is a
sheaf by (i)—(ii) above. Hence, we conclude that the unique functor a: C* — C~
such that i oa = Lo L is left adjoint to ¢ with np = £1(p) o £F as the unit of the
adjunction. The functor a preserves finite limits, since limits preserve all limits and
filtered colimits preserve finite limits. O

REMARK 2.2. A category C is defined to be a sextuple
C = (ob(C), mor(C), s, ¢, 0,id)

consisting of a set of objects ob(C); a set of morphisms mor(C); source and target
maps s,t: mor(C) — ob(C); a composition map o: mor(C) X gp,(cymor(C) — mor(C)
from a choice a pullback

mor(C) X gp(cy mor(C) BLEIN mor(C)

R
mor(C) —— 4 ob(C)

to mor(C); and an identity map id: ob(C) — mor(C); and this data is subject
to the category axioms, which we leave it to the reader to formulate. However,
with this definition, there is no category of sets Set, since there is no set of all
sets to serve as the set ob(Set) of objects, nor is there a set mor(Set) of all maps
between sets. There are several ways to deal with this problem. One way is to
treat Set as a metamathematical object in the underlying language of ZFC set
theory. Another way is to limit the meaning of “all” and let ob(Set) consist only of
sets that are elements of a large fixed set U called the universe. We will implicitly
take this second route and will assume U to be a Grothendieck universe such that
its elements constitute a model of ZFC set theory. The existence of such a universe
cannot be proved within ZFC set theory, so we will work in zFCU theory, which is
ZFC set theory together with the axiom of universe that for every set x, there exists
a Grothendieck universe U such that z € U.

13



3. The functoriality of categories of sheaves

In general, pretty much every functor between categories of sheaves is defined by
means of two constructions: sheafification and Kan extensions. Both are examples
of adjunctions, which we first discuss.

An adjunction from a category C to a category C’ is a quadruple (F, G, €, 1) of two
functors F': C — C" and G: C' — C and two natural transformations e¢: FoG = idc
and n: idc = G o F such that the composite natural transformations

o €o oG o€
FE FoGoF=LeF and GLL GoFoG=2%s¢

are equal to the respective identity natural transformations. We call € and 7 the
counit and the unit of the adjunction, respectively, and refer to the identities above
as the triangle identities. A functor G: C' — C is said to admit a left adjoint, if
there exits an adjunction (F,G,¢€,n) with G as its second component. Moreover, if
also (F’,G,€',n’) is such an adjunction, then the composite

Fon' oF’
F=—S FoGolF =L F
is the unique natural transformation o: F' = F’ such that the diagrams

FoG——idc ide === GoF

HUOG HGOU
’ ’

F'o G =—idcs ide == Go F'

commutes and is an isomorphism; see [3, Theorem IV.7.2] for a proof. In this sense,
a left adjoint functor of G, if it exists, is unique, up to unique isomorphism. This
uniqueness result is extremely usual. The analogous uniqueness result holds for
right adjoints.

REMARK 3.1. We have already used the fact that if a functor F': C — C’ has a
right adjoint, then it preserves colimits in the sense that if the pair

(colimy X, (colim; X BLEEN X (4) )icob(r))
is a colimit of a diagram X : I — C, then the pair
(F(colim; X), (F(colim; X) —— F(X(i)) )icob(r))

is a colimit of a diagram F o X: I — C’. Similarly, if a functor G: C' — C has a
left adjoint, then it preserves limits.

Now let C be a category. A functor u: I — J gives rise to a functor
[7.C] == [1,C]

defined on objects and morphisms, respectively, by u(F) = Fou and u(f) = fou.
We call the functor u* the restriction along u.

DEFINITION 3.2. Let C be a category and let u: I — J be a functor. A left
adjoint functor of u* is called a left Kan extension along u and denoted w; and a
right adjoint functor of w* is called a right Kan extension along u and denoted u,.

14



Let u: I — J be a functor and let j be an object of J. The slice category u/j
is defined as follows. An object in u/j is a pair (¢, f: u(i) — j) of an object ¢ in I
and a morphism f: u(i) = j in J, and a morphism in u/j from (4, f) to (¢, ') is a
morphism g: ¢ — ¢’ in I such that f = f' ou(g). A morphism h: j — j' in J gives
rise to a functor u/h: u/j — u/j’ that takes the object (i, f) to the object (i, ho f)
and the morphism g: (¢, f) — (¢, f') to the morphism g: (i,h o f) — (i',ho f').
Moreover, there is a forgetful functor p: u/j — I that takes the object (i, f) to the
object ¢ and takes the morphism g: (¢, f) — (¢/, f’) to the morphism g: i — i'. We
leave it to the reader to define the slice category j/u, the functor h/u: j'/u — j/u
associated with a morphism h: j — j/, and the forgetful functor p: j/u — I.

PROPOSITION 3.3. Let C be a category and let uw: I — J be a functor.

(i) The left Kan extension of F: I — C along u is given by
u(F)(j) = colim,/;(F o p),

provided that the indicate colimit exists, for all j € ob(J).
(ii) The right Kan extension of F': I — C along any functor u is given by

U (F)(j) = lim; /., (F o p),
provided that the indicated limit exists, for all j € ob(J).

PRrOOF. To prove (i), we construct an adjunction (ur,u*,€,n) from [J,C] to
[1,C] such that the diagram u(F) is given on objects by the stated formula. To
define ui(F) on morphisms, we note that if h: j — j’ is a morphism in .J, then the
forgetful functors p: u/j — J and p’: u/j’ — J satisfy p = p’ ou/h. We then define
w(F)(h): w(F)(j) = w(F)(5") to be the induction morphism

1ndu/h’Fop/

colim,, /;(F o p) = colim,,/;(F o p' ou/h) colim,, /; (F o p').

This defines the diagram u(F). Next, if a: F' = F’ is a natural transformation,
then we define wi(a): w(F) = w(F’) to be the natural transformation, whose
value at the object j in J is the morphism w(c); = colim,/;(cv o p). This defines
the functor wy: [I,C] — [J,C]. Indeed, the functor axioms are satisfied by the
uniqueness of morphisms from colimits.

We define €: uj o u™ = id[; ) to be the natural transformation such that
colim,,/;(F o u o p) LN F(j)

is the morphism defined by the pair

(FG), (Fu) — FG) ) f atiyoiycoblars);

and we define 7: id[; c; = u” o uy to the be natural transformation such that

F(Z) L COlimu/u(i)<F Op)

is the morphism in; iq, ), which is part of the choice of colimit. We leave it as an

exercise in the definitions to verify that the triangle identities hold. This proves (i),

and (ii) is proved analogously. a
15



Now let u: C — C’ be a functor and let u°P: C°P — C’°P be the induced functor
between the opposite categories. The restriction along u°P,
L@y
cC—C,
has both a left adjoint and a right adjoint given by the Kan extensions
LW L W)
cCt——C and cCr—=cC".
Suppose now that J and J’ are topologies on C and C’, respectively. We say that
a functor f: C° — C'" preserves sheaves, if there exists a functor f’, necessarily
unique, making the diagram

(.0~ ()

L,k

c- f c

commute.

DEFINITION 3.4. Let (C,J) and (C',J’) be two sites, and let u: C — C’ be
a functor. The functor u is said to be continuous if the restriction along u°P,
(u°P)*: C'" — C", preserves sheaves. The functor u is said to be cocontinuous if
the right Kan extension along u°P, (u°P),: C* — C’'", preserves sheaves.

ExXAMPLE 3.5. Let f: X’ — X be a continuous map between topological spaces,
and let f=1: O(X) — O(X’) be the functor that to an open subset U C X assigns
its preimage f~1(U) C X’. Let J be the topology on O(X) generated by the
pretopology K in which the set K(U) of covering families of U C X consist of the
familes (f;: U; — U);er such that (J;c; U; = U, and let J' be the corresponding
topology on O(X’). Then f~1: O(X) — O(X’) is a continuous functor.

PRrROPOSITION 3.6. If(C,J) and (C', J') are sites and if u: C — C' is a continuous
functor, then the unique functor us: (C',J")” — (C,J)” making the diagram

(C,J)" —(C,J)"

J (uP)” l

¢ —C
commute has a left adjoint functor v®: (C,J)” — (C',J')".

PRrROOF. Let (a,4,€¢,n') be the sheafification-inclusion adjunction from C'” to
(C’,J") and let ((u°P)i, (u°P)*, a, B) be the left Kan extension-restriction along u°P
adjunction from C” to C'". We define an adjunction (u®,us,e€,n) from (C,J)~ to
(C',J')" as follows. The functor u® is the composite functor a’ o (u°P), o ¢ and the
counit €: u® o us = id(cs jy- is the composite natural transformation

a' o (uP)y 0iou, =a o (uP); o (uP)* o i 22y ¢/ o i == idcr gy -
Finally, since the functor ¢: (C,J)” — C” is fully faithful, there is a unique natural
transformation 7: id(c sy~ = usou® such that the composite natural transformation

Boi . (u®P)*on’o(uP)0i

i —— (uop)* [e] (uop)! o1

(uP)* 0’ oa’ o (u°P)y0i =i owusou®

16



is equal to ion. We again leave it as an exercise to verify the triangle identities. [

REMARK 3.7. If u is a continuous functor, then the functor ® need not preserve
finite limits.

PropoSITION 3.8. If (C,J) and (C', J') are sites and v: C — C' a cocontinuous
functor, then the unique functor vy: (C,J)” — (C',J')” making the diagram

(C,J)” —==(C", )"

J (v). l

cC——C
commute has a left adjoint functor v*: (C',J")” — (C,J)". Moreover, the functor
v* preserves finite limits.

PROOF. Let (a,i,a,3) be the sheafification-inclusion adjunction from C" to
(C,J)” and let ((v°P)*, (v°P),,~,d) the the restriction-right Kan extension along
v°P adjunction from C'* to C*. We define an adjunction (v*, v, €,n) from (C', J')~
to (C,J)~ as follows. The functor v* is the composite functor a o (v°P)* o4’ and the
counit €: v* o v, = id(c, sy~ is the composite natural transformation

ao (v°P)* oi' ov, =ao (v°P)* o (voP), 014 T — idc,z)--

Moreover, since ¢': (C', J")” — C'" is fully faithful, there is a unique natural trans-
formation n: id(c, )~ = v« o v* for which the composite natural transformation

. op opy\* it
i =2 (v°P)y 0 (V°P)* o ¢’ W) 0B ot (v°P)roioao (uP)* oi’ =i’ ow, ov*

is equal to i’ o 7. Finally, the functor v* preserves finite limits, because a does so
and because (v°P)* and ¢’ preserve all limits. O
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4. Abelian categories and derived functors

We first introduce the notion of an abelian category, emphasizing that for a
category to be abelian is a property of the category and does not require additional
structure. A category C is a abelian if it has the following properties (i)—(v):

(i) The category C has finite limits and finite colimits.

(ii) The unique map 0 — 1 from a initial object to a final object is an isomorphism.
Hence, every an initial object is automatically final and vice versa; such an
object is said to be a null object of C.

It follows from (ii) that, for every pair (cg, ¢1) of objects in C, the set of morphisms
C(co, 1) has a distinguished element defined as the composition

~

Co 1 0 C1

of the unique morphisms to a final object 1, the inverse of the unique morphism
from an initial object 0 to 1, and the unique morphism from 0 to ¢;. The composite
morphism does not depend on the choices of initial object and final object. We write
0: ¢g — ¢1 for this morphism and call it the zero morphism from ¢ to c;.

(iii) For every pair (c1,cq) of objects in C, the morphism

(ide,+0,0+idc,)
ol —— 5 Xe

from a coproduct of ¢; and ¢y to a product of ¢; and ¢y is an isomorphism.

We call the morphism in (iii) the canonical isomorphism. We also note that it is
equal to (ide,,0) + (0,id.,) and that it is a natural isomorphism of functors from
C x C to C. We use the canonical isomorphism in (iii) to define, for every pair
(co,c1) of objects in C, a composition law “4” on the set of morphisms C(cg, ¢1).
Given two morphism f,g: ¢o — ¢1, we define f+ g: ¢ — ¢1 to be the composition

A
o ~
co——>Co X cog$——collcg

J(fxg lfug
~ Ve,
c1 Xcp$——c e ——eq,

where the unmarked arrows are the canonical isomorphisms, and where the square
commutes by the naturality of the canonical isomorphism. The composition law
“+” is an abelian monoid structure with the zero morphism as identity element.

(iv) For every pair (co,c1) of objects in C, the composition law “+” on C(co, ¢1) is
an abelian group structure.

If f: co — ¢1 is a morphism in C, then an equalizer
i f
ker(f) —— o {
0
is called a kernel of f, and a coequalizer

f
co ? c1 . coker(f)
0

18



is called a cokernel of f. Moreover, a coequalizer
i
ker(f) ¢ co —2 5 coim(f)
0
is called a coimage of f, and an equalizer
P

im(f) AN e T; coker(f)

is called an image of f. There is a unique morphism f: coim(f) — im(f) such that
the diagram

ker(f) : Co ¢1 —2— coker(f)

comimutes.

(v) For every morphism f: ¢y — ¢; in C, the induced morphism

coim(f) —— im(f)

is an isomorphism.
This completes the definition of what it means for a category C to be abelian.

Let C be an abelian category, and let h: C — C” be the Yoneda embedding.
For every object A of C, the functor h(A)(—) = C(—, A) from C°P to Set preserves
all limits that exist in C. In particular, it preserves finite limits. An object I of
C is defined to be injective if the functor h(I)(—) preserves finite colimits. The
category C is said to have enough injectives if for every object A in C, there exists a

monomorphism i: A — I to an injective object. We recall that, in this case, every
object A in C admits an injective resolution

A" ’
which, by the fundamental lemma of homological algebra, is unique, up to chain
homotopy equivalence. Let C and C’' be abelian categories such that C has enough

injectives, and let F': C — C’ be a functor that preserves finite products. The nth
derived functor of F' is the functor

C ﬂ} C/,
well-defined, up to canonical natural isomorphism, which is given on objects by
(R"F)(A) = H"(F(I')),

where 14 : A — I' is a choice of injective resolution. In particular, the chosen chain
map 74 induced a map, which, by abuse of notation, we write

F(A) — (RF)(A).

To define R™F on morphisms, let f: A — A’ be a morphism in C. We choose
injective resolutions n: A — I' and ’: A’ — I'" and recall that, by the fundamental
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lemma of homological algebra, there exists a chain map f: I' — I’", unique up to
chain homotopy, such that f% on =5/ o f. In this situation, we define

(R"F)(f) = H"(F(f"))-

Using the fundamental lemma of homological algebra, we conclude that R™F' is
indeed a functor.

PROPOSITION 4.1. Let C be an abelian category with enough injectives, let C' be
an abelian category, and let F: C — C' be a functor that preserves finite products.

(i) The maps na: F(A) — (RVF)(A) constitute a natural transformation
F =L+ ROF,

which is a natural isomorphism, if F' preserves finite limits.
(ii) A short exact sequence in C,

f

0 Al AL q » 0,

gives rise to a long exact sequence in C',

(R°F)(9)

DD, (ropya) T, (mop (an)

0—— (RF)(A")

50 (R'F)(9)

(RLF)(A7) D)

(RF)(A) (R1F)(A")

81

R2F)(f
(RQF)(A,)( )(f)

(R2F)(4) 2RO

and this assignment is natural in the short exact sequence.

PROOF. The second statement in (i) follows immediately from the definition,
and the second statement in (i) follows from the fundamental lemma of homological
algebra. To prove the first statement in (ii), we choose a commutative diagram of
cochain complexes in C,

0 A g 0
Jn, k J"H
0 L 0,

such vertical morphisms are injective resolutions, and such that the sequences

O I/n f In 9 I//'n, O

all are split-exact, and choose sections s™ of g™ and retractions r™ of f™ in such a
way that s"og™ 4+ f®or™ = idyn, for every non-negative integer n. This is possible,
since C has enough injectives, but it is not possible, in general, to choose sections s™
and retractions r™ such that the families (s) and (r™) form chain maps. Applying
F term-wise, we obtain an sequence of cochain complexes in C’,

F(f) F(g')
—5 —5

0—— F(I") F(I)

20
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and a diagram chase shows that we obtain the long exact sequence in (ii) with
(R"F)(A") == (R""1F)(4)

induced by the unique morphism 9" that makes the diagram

an

ker(d"™) ker(d'™)
i \Li/n-}—l
F(s™ F(d™ F(rtt
F(I”") ") F(In) (d") F(In+1) (r ) F(I/nJrl)

commute. We leave it an exercise to prove the naturality statement in (ii).

O

REMARK 4.2. A word of warning is in order. While the long exact sequence in
Proposition 4.1 is natural, it is by no means unique. For instance, keeping the terms
in the sequence unchanged but replacing the morphisms (R™F')(f), (R"F)(g), and
0™ by the morphisms (—1)"(R"F)(f), (—=1)"(R™F)(g), and (—1)"0"™, respectively,
the resulting sequence is again long exact and natural. In homological algebra, the
issue of signs is unavoidable. For example, the reader, who tries to define a natural
isomorphism from R™(R"F) to R™T"F, will realize that sign choices are necessary.

This author’s preferred choices of signs is recorded in [2, Section 2].

ExaMPLE 4.3. Let C be an abelian category with enough injectives. For every
object A in C, the functor C(A, —) from C to the category Ab of abelian groups

preserves limits. The derived functors are written
Ext¢ (A, B) = R"C(A, —)(B)
and called the Ext-groups in C.
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5. Grothendieck’s small object argument

We will present the proof of the theorem in Grothendieck’s Tohoku paper [1]
concerning the existence of injective resolutions in abelian categories. It will be
helpful first properly define some concepts that we have left undefined until now.

We recall that, in ZFC set theory, every term x is a set and x € y is the only
relation among sets. A set U is a universe if it satisfies the following (U1)—(U5):

(Ul) Ify e U and = € y, then x € U.

(U2) If 2,y € U, then {z,y} € U.

(U3) If x € U, then the power set P(z) is an element of U.
(U4) f I €U and 2: I — U is a map, then |J;; x(i) € U.
(U5) The first infinite ordinal w is an element of U.

We remark that, in (U3), the power set P(z) depends on the particular model of
ZFC set theory. We also note that, in (U4), the map z: I — U, which, by definition,
is the subset {I} x 'y x {U} C {I} x I x U x {U}, is not an element of U. If U is
a universe, then its elements constitute a model of ZFC set theory. We will assume
the axiom of universe which states that for every set x, there exists a universe U
such that z € U.

Let U be a universe. A set x is U-small if x € U. We remark that a set bijective
to a U-small set need not be U-small. For instance, the set {#} is U-small, but the
set {U} is not. A category C is locally U-small if for every pair of objects (c,c),
the set of morphisms C(c, ¢') is U-small; and it is U-small if, in addition, the set of
objects ob(C) is U-small. A category C is U-complete (resp. U-cocomplete) if every
diagram in C indexed by a U-small category admits a limit (resp. a colimit).

The category U-Set of all U-small sets and maps is locally U-small, U-complete,
and U-cocomplete. As the following example, which I learned from Michael Shul-
man shows, this is typically the best situation that one can hope for.

ExXAMPLE 5.1. We claim that if a category C is both U-small and U-complete,
then C is a preorder. To prove this, we must show that if f,g: ¢ — ¢ are parallel
morphisms in C, then f = g. So assume that f # g¢g. Since C is U-small, the
total set of morphisms mor(C) is U-small, and since C is U-complete, the product
d' = Hhernor(C) ¢ exists. Now, since f # g, the cardinality of the set

Cle,d") = H C(c, )
hemor(C)
is at least 202rd(mor(C) Byt C(¢, ¢”) is a subset of mor(C), so its cardinality is at
most card(mor(C)), which is a contradiction. Hence, we have f = g as claimed.

An object G of a locally U-small category C is said to be a generator if the
functor C(G,—): C — U-Set is faithful.

THEOREM 5.2 (Grothendieck). Let U be a universe, let C be a locally U-small and
U-cocomplete abelian category, and assume, in addition, that C admits a generator
and that U-small filtered colimits and finite limits in C commute. In this situation,
the category C has enough injectives.

PROOF. Let A be an object of C. The (large) set of subobjects of A is the
quotient of the (large) set of monomorphisms i: A’ — A with target A by the
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equivalence relation that identifies j: A” — A and j': A” — A if there exists an
isomorphism, necessarily unique, f: A” — A’ such that j/ = jof. We claim that, in
the situation at hand, there exists a family (j;: A — A)er of monomorphisms in C
indexed by a U-small set T which contains a representative of every subobject of A.
For, let G be a generator of C. One may show that two monomorphisms j: A’ — A
and j': A” — A are equivalent if and only if the images of the induced injections
C(G,j): C(G,A") = C(G,A) and C(G,j'): C(G,A") — C(G, A) are equal. Hence,
the subset T' of the U-small set C(G, A) consisting of these images will do. Note
that we use that the axiom of choice also holds for large sets to choose the family.

We write (j;: Gy = G)ier for the family chosen above in the case A = G. One
may show that an object I of C is injective if and only if, for every commutative
diagram in C of the form

Gt#l

-

G——0,

there exists a morphism f: G — I such that f; = f o j;. (Here we have put in
the obviously redundant 0 only to stress the analogue with Quillen’s small object
argument.)

We now let A be any object in C and proceed to construct a monomorphism
AT

to an injective object of C. We choose a limit ordinal 8 € U whose cardinality is
strictly larger than the cardinality v of the U-small indexing set T'. Such an ordinal
is known to be ~-filtered, which means that the supremum of any subset A C 3 of
cardinality at most v is strictly less than 5. We define, by transfinite induction, a
(8 + 1)-indexed diagram of monomorphisms

ALMQ,

beginning with 79 = id4: A — Iy. Here, we recall, the ordinal 3, as every ordinal
in U, is the hereditarily transitive set of all smaller ordinals, and we view (3 as a
category with one arrow from o to o if @ € &/. If a +1 = a U {a} is a successor
ordinal, then we let S, be the set of all diagrams of the form

fs
Gt(s) — 1,

L]

G——0,
and choose a pushout

Soes, I
[Les, Gis) — "1,

JUSESQ Je(s) ll(aeaﬂ)

HSGSQ G ? Ia+1’
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where we have neglected writing the redundant morphisms to 0. And if « is a limit
ordinal, then we define I, to be the filtered colimit
I, = colim I,
a’'ca

and define I(a/ € o) = iny: Iy — I,. We claim that ig: A — I3 is the desired
monomorphism i: A — I to an injective object. Indeed, it is a monomorphism, as
one sees by showing that its kernel is zero. This uses the assumption that filtered
colimits commute with finite limits in C. Finally, to prove that I is injective, we
must show that for every commutative diagram in C of the form

G —L

Js |
G——0,

there exists a morphism f: G — I such that f; = foj;. To this end, we choose for
every «a € [ a pullback diagram

ft,a
Gt,a t—) Ia

Jka ll (a€p)
f

t

G, —— 1.

We show that there exists a € 8 such that kq: Gt — G; is an isomorphism. First,
since filtered colimits and finite limits in C commute, we find that the monomor-
phims k, with a € 8 exhibit G; as the colimit of the G;,. Second, the subset
A C B of all a € § such that the structure morphism Gy o — Gt o+1 in the limit
system is not an isomorphism is bijective to a subset of T, and hence, has cardinal-
ity at most . Hence, the supremum «g of A is strictly less than £, which shows
that for any oy € a € 3, the morphism k, is an isomorphism. Now, fix such an
«a € B. Since § is a limit ordinal, we also have a4+ 1 € 3, and by the construction
of I,41, there exists a morphism f,41: G — I,41 making the diagram

ft,a0k !

Gy ——— 1,

ljt JI(QGOHLU
fa+1

G————1an

commute. Hence, the composite morphism f = ing410fq41: G — I is the desired
morphism satisfying f; = f o j;. This shows that I is injective. O
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6. Cohomology

Let U be a universe, let C be a U-small category, and let U-Set be the locally
U-small category of U-small sets. We claim that the category

C" = [C°P, U-Set]

of U-Set valued presheaves on C is isomorphic to a locally U-small category. Indeed,
if F, F': C°P — U-Set are two functors, then the set of natural transformations from
F to F’ is defined to be a choice of equalizer

C(F, F") —— TTU-Set(F(c), F'(c)) —— [T U-Set(C(c', c), U-Set(F(c), F'(¢')))
b

with the products indexed by the sets ob(C) and ob(C) x ob(C) of objects and pairs
of objects in C, respectively. Therefore, the two products and the equalizer of the
maps a and b, which we leave it as an exercise to define, may be chosen to be
U-small as claimed. Choosing C" locally U-small, the full subcategory (C,J)~ of
C” of sheaves for a topology J again is locally U-small.

DEFINITION 6.1. Let U be a universe. A category X is a U-topos if it is locally
U-small category and equivalent to a category of U-Set valued sheaves on a U-small
site (C, J). A morphism of U-topoi f: X — X' is an adjunction (f*, f«,€,n) from
X’ to X such that f* preserves finite limits.

If f: X — X’ is a morphism of topoi, then the functors f* and f, are called
the inverse image functor and the direct image functor, respectively. We note that
the direction of the morphism f: X — X’ is the same as the direction of the direct
image functor f.: X — X', as the notation suggests. If (C,J) is a U-small site,
then the adjunction (a,,€,n) from C* to (C,J)” with a the sheafification functor
and 4 the canonical inclusion functor is a morphism of topoi (C,J)™ — C".

REMARK 6.2. Let X be a U-topos and suppose that X is equivalent to the
category of U-Set valued sheaves on a U-small site (C,J). We can always find a
morphism of topoi f: (C,J)” — X such that (f*, f«,€,m) is an adjoint equivalence
of categories. Indeed, an equivalence of categories can always be replaced by an
adjoint equivalence of categories. Moreover, if (f*, fi, €,7) is an adjoint equivalence
of categories, then so is (f., f*,n~1, e~ 1), which shows that f* and f. both preserve
all limits and colimits. In this situation, we say that the pair ((C,J), f) is a site of
definition for the topos X.

The category U-Set is itself a U-topos, called the punctual topos. Morphisms of
topoi from the punctual topos are points.

DEFINITION 6.3. Let U be a universe.

(i) A point of a U-topos X is a morphism of topoi z: U-Set — X.

(ii) A family of points (x;);er of a U-topos X is conservative if it has the property
that a morphism f: F' — F’ in X is an isomorphism if and only if the induced
maps z} (f): xf(F) — zF(F') are bijections, for all i € I.

(iii) A U-topos X has enough points it has a conservative family of points.

One can show that if a U-topos has a conservative family of points, then it has
a conservative family of points indexed by a U-small set. We often write F, for the
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set *(F) and call it the stalk of F' at x; similarly, we write f,: F, — F. for the
map z*(f): 2*(F) — x*(F’) and call it the induced map of stalks at .

DEFINITION 6.4. Let U be a universe. A ringed U-topos is a pair (X, Ox) of a
U-topos X and a unital and associative ring object Ox in X. A morphism of ringed
U-topoi u: (X, Ox) = (X', Ox) is a pair (f, ¢) of a morphism of topoi f: X — X’
and a ring object homomorphism ¢: f*(Ox/) = Ox.

Given a ringed topos (X, Ox), we define Modg, to be category whose objects
are the right &x-module objects in X and whose morphisms are the &x-linear
morphisms between them. Here, we require ring objects to be unital and associative,
and we require module objects to be unital.

EXAMPLE 6.5. Every topos X has an initial ring object Zx called an integers
object, which, as any initial object, is unique, up to unique isomorphism. Moreover,
the forgetful functor from the category Modz, of right Zx-module objects in X to
the category Ab(X) of abelian group objects in X is an equivalence of categories.

PROPOSITION 6.6. Let U be a universe. For every ringed U-topos (X, Ox), the
category Modg . is abelian and has enough injectives.

PRrROOF. We leave it as an exercise to show that Modg, is abelian and apply
Grothendieck’s theorem, Theorem 5.2, to show that it has enough injectives. We
may assume that X is equal to the category (C, J)™ of U-Set valued sheaves on a U-
small site (C, J). In this situation, the category Mod g, is locally U-small (or at least
isomorphic to a locally U-small category) and U-cocomplete, and moreover, U-small
filtered colimits and finite limits in Modg,, commute. Finally, given ¢ € ob(C), let ¢
be the image of ¢ in ob(X) by the composition of the Yoneda embedding h¢: C — C*
and the sheafification functor a: C* — C~. The slice category X/¢ is again a topos
and there is a morphism of topoi j.: X/¢ — X for which j..: X/¢ — X is the
forgetful functor. We view the ring object je. jX(Ox) as a right Ox-module via
the unit morphism 7.: Ox — j..j*(Ox), which is a ring homomorphism. Now,
since 7: X — C” is faithful, the right &x-module

gX = @ceob(c) ]C*];ﬁ(ﬁX)
is readily seen to be a generator of Mod . O

Let (X, Ox) be aringed U-topos. If .# and A" are two right & x-module objects
in X, then we write

Extl, (N, M) = Extiypag, (N M)

for the U-small Ext-groups in Modg, . In particular, we may take .4 to be Ox
with the right &x-module structure given by right multiplication.
DEFINITION 6.7. Let U be a universe, let (X, Ox) be a ringed U-topos, and let
M be a right Ox-module. The U-small abelian group
H"(X, #) =Exty, (Ox,.#)
is called the nth cohomology group of X with coefficients in .Z.
By definition, the cohomology groups H™ (X, .#) measure the extend to which

the free Ox-module Ox fails to be projective. (The notation suggests that these
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groups only depend on X and the underlying abelian group object of .#, which is
indeed the case.) In other words, the cohomology groups H™ (X, .#) measure the
extend to which the axiom of choice fails to hold in the topos X.

Let (X, 0x) be a ringed U-topos and let .# and 4" be a right €x-module
and a left &x-module, respectively. In this situation, we define the tensor product
M Rep, N, following Bourbaki. It is a an abelian group object in X; is well-defined
up to unique isomorphism; and has, if &x is commutative, a canonical &'x-module
structure. In the latter case, the tensor product is the monoidal product in a closed
symmetric monoidal structure (Qg,, Ox,a, A, v, [—,—],€,17) on Modg, . As in any
category with a symmetric monoidal structure, we say that an &x-module .Z is
invertible with respect to the tensor product, if there exists an &'x-module %’ and
an isomorphism between .Z ® ¢, £’ and the unit Ox for the tensor product. The
full subcategory of Mods, whose objects are the invertible &'x-modules is called the
Picard category of (X, Ox); its maximal subgroupoid is called the Picard groupoid
of (X, Ox); and its set of isomorphism classes of objects is called the Picard group
of (X, Ox) and written Pic(X, Ox).

We will next discuss cohomology of coherent modules. It will not be the main
focus of this course, but it is useful to have some familiarity with it.

DEFINITION 6.8. Let U be a universe and let (X, Ox) be a ringed U-topos.

(1) A right @x-module . is quasi-coherent if it admits a presentation

1) Fy M 0

with Fy and Fj free right x-modules generated by U-small sets.
(ii) A right @x-module .# is finite if there exists an epimorphism

F—— #——0

with F' a free Ox-module generated by a finite set.

(iii) A right €x-module .# is coherent if it is finite and if for every open immersion
of topoi j: U — X and every morphism f: F' — jj;(.#) from a finite free
Jir(Ox)-module, the kernel is a finite jj;(0'x)-module.

Suppose that (X, Ox) is a scheme. We consider the category O(X) of open
subsets in the topological space X with the topology J generated by the pretopology
consisting of the families (U; — U);er such that | J;c; Us = U. We write Xz,, for
the topos of sheaves on (O(X),J) and call it the Zariski topos of X. The structure
sheaf Ox is a commutative ring object in Xyz,,, and hence, the pair (Xyza,, Ox)
is a commutative ringed topos. A morphism of schemes f: (X,0x) — (X', Ox)
induces a morphism of ringed topoi f: (Xzar, Ox) = (X7, Ox/).

The following flat base-change theorem is EGA III, Corollary 6.9.9. As usual, we
abbreviate and write X for the scheme (X, Ox) and f: X — X' for the morphism

of schemes f: (X, Ox) — (X', Ox).
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THEOREM 6.9. Let S be a scheme, let f: X — S and g: S’ — S be morphisms
of schemes with f separated and quasi-compact, and let

’

x' o x

I

s 258
be a choice of pullback. Then, for every flat quasi-coherent Ox -module F and every
non-negative integer n, there is a canonical natural isomorphism

G (R f:(F)) g+ (05) Osr —— R"fL(§"*(F) @gre(0x) Ox)
of Osr-modules.

We proceed to illustrate the usefulness of such base-change theorems by means
of an example. Let k be a field, let S = Spec(k), let f: X — S be a morphism
of schemes, and let .# be an Ox-module. The Zariski topos Sz., is canonically
isomorphic to the punctual topos, and moreover, under this isomorphism, we may
identify the Og-module R" f,(#) of Sza, with the k-vector space H™ (X, #).

EXAMPLE 6.10. Let k be a field, let S = Spec(k), and let f: X — S be a smooth
and proper morphism or relative dimension 1. (We say that X is a curve over S.)
Given an invertible &x-module .Z, its degree is the integer defined by

deg(Z) = x(£) — x(Ox),
where, for .# a coherent €x-module, its Euler characteristic is defined by
x(A) = dimy H*(X, . #) — dimy, HY (X, #).

The k-vector spaces H" (X, .#') are finite dimensional by Serre duality and vanish
for n > 1. The degree defines a map of abelian groups

Pic(Xzar, Ox) —25 7

from the Picard group of X.

We now let k&’ be any field extension of k, let S’ = Spec(k’), let g: S” — S be
the morphism induced by the inclusion of k in k', and consider the pullback

X’ L) X

I

s 2.
An invertible &x-module .Z is locally free, and hence, flat. Indeed, being flat is
a local property, since the exactness of a sequence of &x-modules can be checked

stalkwise, the Zariski topos Xz, having enough points. Therefore, it follows from
Theorem 6.9 that there is a canonical isomorphism of &g,-modules

9 (R" (L)) ®g+(65) Os —— R fL(§"* (L) @gr+(6x) Ox1),
and taking global sections, we obtain a canonical isomorphism of k’-vector spaces

H"(X, L)@ k' —— H"(X',g'*(£) Qg+ (0x) Ox')-
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It follows that for all non-negative integers n,
dimy (H™" (X', " (L) @gr+(6x) Ox')) = dim(H" (X, ZL)).
In particular, we conclude that
deg(9"" (L) ®gr=(0x) Ox') = deg(L),

showing that the degree of invertible &'x-modules is preserved under base-change
corresponding to an extension of the base-field.

29



7. The étale topology

We recall the notion of an étale morphism of schemes. Informally, a morphism
of schemes is étale if it satisfies the hypothesis of the inverse function theorem, and
the purpose of the étale topology is to make this theorem wvalid.

A morphism of schemes j: (U,0y) — (X,Ox) is an open immersion if the
continuous map j: U — X is a homeomorphism onto an open subset of X and
if the ring homomorphism j#: j*(0x) — Oy is an isomorphism. A morphism
of schemes i: (Z,07) — (X,0x) is a closed immersion if the map i: 7 — X
is a homeomorphism onto a closed subset of X and if the ring homomorphism
i*: Ox — i.(0y) is surjective and has kernel a quasi-coherent ideal of &x. The
quasi-coherent ideal .# C Ox determines i: (Z,07) — (X, Ox), up to isomorphism
over (X,0x), and is called the ideal of definition of i: (Z,07) — (X,0x). A
closed immersion i: (Z,07) — (X, Ox) is nilpotent is an infinitesimal thickening
if its ideal of definition .# C Ox is nilpotent. In this case, the continuous map
i: Z — X is a homeomorphism. We will now abbreviate and write X instead of
(X, Ox). A morphism of schemes f: Y — X is defined to be formally étale if for
every commutative diagram of schemes

zZ—2 .y

Ji lf
5 h
Z — X,
in which ¢ is an infinitesimal thickening, there exists a unique morphism k: Z-Y

such that g = koi and h = f o k. A morphism of schemes f:Y — X is locally
presentable if for every point y € Y, there exists a commutative diagram

Spec(B) iy

Lol

Spec(A) AN

such that 7 and j’ are open immersions, such that y is contained in the image of
j, and such that f’ = Spec(g) with g: A — B a ring homomorphism that makes B
a finitely presented A-algebra. A morphism of schemes f: Y — X is étale if it is
formally étale and locally finitely presented.

One can show that f: Y — X is étale if and only if, for every y € Y, one can
find a diagram as above such that g: A — B induces an isomorphism

Alzr. .zl /(e fn) —2 B

and such that the image of the Jacobian (0f;/0z;) by g is a unit in B. We note
that étale morphisms need not be surjective. To wit, an open immersion is étale.

EXAMPLE 7.1. Let k be a field and let (k;);c1 be a family of finite separable field
extension g;: k — k;. In this situation, the morphism of schemes

Zine] Spec(g,:)
_—

[;c; Spec(ks) Spec(k)
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is étale, and conversely, every étale morphism f: Y — Spec(k) is, up to isomorphism
over Spec(k), of this form. The indexing set I can be arbitrarily large, since the
requirement that f be locally finitely presented is local on Y. The domain of the
étale map above is affine if and only if the canonical map

;e Spec(k;) — Spec([ ;¢ ki)

is an isomorphism, which, in turn, happens if and only if [ is finite. In general, the
map of spaces underlying this map is a Stone-Cech compactification.

Finally, we recall that étale morphisms are étale and that if f: ¥ — X is an
étale morphism, then a morphism g: Z — Y is étale if and only if the composite
morphism fog: Z — X is étale.

REMARK 7.2. A morphism f: X — S is defined to be separated if the diagonal
morphism Ax/g: X — X xgX is a closed immersion. Any morphism between affine
schemes is separated. For the standard example of a non-separated morphism, let
k be a ring and let A} = Spec(k[z]) be the affine line. The pushout

AL~ {0} —L Al

lj‘ le

Al —2 L x
exists, since j is an open immersion. The scheme X is called the affine line with
a double-point and the morphism f = idAi +idAi: X — A} is an example of a

non-separated morphism. But this morphism is obviously étale, showing that étale
morphisms need not be separated.

If U is a universe, then we say that a scheme (X, 0x) is a U-scheme if the
topological space X is an element of U and if the sheaf Ox takes values in U-Set.
We write U-Sch for the category of U-schemes and the morphisms between them.
We recall from Problem Set 1 the topology Jx generated by a pretopology K.

DEFINITION 7.3. If U is a universe, then the étale topology on U-Sch is the
topology generated by the pretopology for which a family of morphisms
fi
(Xi —— X)ier
is a covering family if the set I is U-small; if f; is an étale morphism, for every
i € I; and if the morphism ), ; fi: [[;c; Xi — X is surjective.

We remark that the latter requirement is equivalent to the requirement that the
requirement that the map of sets underlying the morphisms f;: X; — X cover the
underlying set of X. We also recall that every base-change of a surjective morphism
again is surjective.

Before we proceed, we need some general results about sites. Let U be a universe,
let C be a locally U-small category, let let C” be the category of U-Set valued
presheaves on C, and let h: C — C” be the Yoneda embedding. We say that a
monomorphism ¢: S — T in C” is a subfunctor if for every object Y of C, the
map iy : S(Y) — T(Y) is the canonical inclusion of a subset. We remark that, for
every object T of C”, the map that to a subfunctor ¢: S — T assigns the subobject
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containing it is a bijection. In addition, a sieve S on an object X of C determines
and is determined by a subfunctor of h(X) which, by abuse of notation, we write
ig: S — h(X) of simply S C X. Using this language, a topology on C is a functor
J that to every object X of C assigns a set J(X) of sieves on X such that the
following axioms (T1)—(T3) hold:

(T1) If f: Y — X is a morphism of C and if S C X is a sieve in J(X), then the
pullback sieve S xx Y C Y isin J(Y)).

(T2) If X is an object of C, if S C X is a sieve in J(X), and if T C X is a sieve
such that for every morphism f: Y — X in C that factors through S C X,
the pullback sieve T xx Y C Y isin J(Y), then T'C X is in J(X).

(T3) If X is an object of C, then the maximal sieve X C X is in J(X).

Moreover, the presheaf F' on C is a sheaf for the topology J precisely if for every
object X of C and every sieve S C X in J(X), the map

C (X, F) —55 C* (S, F)

is a bijection. If both J and J’ are topologies on C, and if J(X) D J'(X), for
every object X of C, then we say that J is finer than J’. Hence, in this situation,
every sheaf for J is also a sheaf for J’. For example, the étale topology on U-Sch
is finer than the Zariski topology, which we define to be the topology generated by
the pretopology for which a family of morphisms (f;: X; — X);er is a covering
family if I is a U-small set; if f; is an open immersion, for every ¢ € I; and if the
morphism » ;. ; fi: [[;c; Xi — X is surjective.

LEMMA 7.4. Let U be a universe, let C be a locally U-small category, and let
(F})ier be any family of U-Set valued presheaves on C. There exists a unique finest
topology J on C such that, for every i € I, the presheaf F; is a sheaf for J.

PRrROOF. If X is an object of C, then we define J(X) to be the set of all sieves
S C X such that, for every ¢ € I and every morphism f: Y — X in C, the map

(is Xidy)*

CA(KFZ) CA(S XXKFz)

is a bijection. It will suffice to show that J is a topology, since it then clearly is
the finest topology with the stated property. Axioms (T1) and (T3) hold for trivial
reasons, so it remains to show that also (T3) holds. So let X be an object of C, let
S C X be asieve in J(X), and let T C X be a sieve such that for every morphism
f:Y — X in C that factors through S C X, the pullback sieve T'xx Y C T is in
J(Y). We must show that T C X is in J(X). By the definition of J(X), we must
show that for every ¢ € I and every morphism f:Y — X in C, the top horizontal
map in the commutative diagram

C (Y, F) (i idy) C(T xx Y, F)
J/(is)(idy)* l(iindT Xidy)*
R (ids xip xidy )™ R
C (SXXY,FZ') C (SXXTXXY,FZ')

is a bijection. Now, the vertical maps are bijections, since S C X is in J(X), and

the bottom horizontal map is a bijection, by the assumption on 7' C X. Hence, the

top horizontal map is a bijection, as desired. [
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In Lemma 7.4, the indexing set I is not required to be U-small. In particular,
we can take I to be the set of objects in C.

DEFINITION 7.5. Let U be a universe, let C be a locally U-small category, and
let h: C — C” be the Yoneda embedding. The canonical topology on C is the finest
topology such that, for every X € ob(C), the presheaf h(X) is a sheaf.

We say that a topology J is subcanonical if it is coarser than the canonical
topology, or equivalently, if every representable presheaf is a sheaf for J. We will
show that, on the category U-Sch of U-schemes, the étale topology is subcanonical.
To do so, we first introduce the fidélement plat et quasi-compact topology.

DEFINITION 7.6. Let U be a universe. The fpgc-topology on U-Sch is the topology

generated by the pretopology for which a family of morphisms
fi
(Xi > X )ieI

is a covering family if I is a U-small set; if f; is flat, for every ¢ € I; if the morphism
Yicr Jit Hier Xi — X is surjective; and if for every affine open subscheme V' C X,
there exists a family of quasi-compact open subschemes (V; C X;);er, indexed by
a finite subset Iy C I such that >, ;  filv;: [lic;, Vi = V is surjective.

We remark that the first two requirement for a family (f;: X; — X) of morphisms
in U-Sch to be a covering for the fpqc-topology are equivalent to the requirement
that the morphism . ; fi: [[;c; Xi — X be flat and surjective, or equivalently,
faithfully flat. Confusingly, however, the last requirement is not equivalent to
this morphism being quasi-compact. Indeed, since I can be any U-small set, this
morphism typically is not quasi-compact.

LEMMA 7.7. The fpgc-topology on U-Sch is finer than the étale topology.

PROOF. We must show that if (f;: X; — X);ecs is a covering family for the
étale topology, then it is also a covering family for the fpgc-topology. We will use
without proof that étale morphisms are flat and open. To verify the last requirement
in Definition 7.6, we let V' C X be an affine open subscheme and write f; *(V) C X;
as the union of a family of open affine subschemes (V; ; C X;),;ec,. Now, since the
morphisms f; are open, the family (fi(Vi;) C X)¢ jerr,., s 18 a Zariski covering
of V .C X, and since V C X is affine and hence quasi-compact, there exists a finite
subset I{, C [[;c;Ji such that the sub-family (f;(Vi;) C X)gjer, is a Zariski
covering. Therefore, if we let Iy, C I be the finite subset of all ¢ € I for which there
exists j € J; with (¢,7) € I,; let J! C J; be the finite subset of all j € J; such that
(i,§) € Iyy; and for i € Iy, define Vi = ;¢ ;s Vij, then (Vi C Xj)ier, is a family
of quasi-compact open subschemes indexed b;z a finite subset Iyy C I such that the
morphism ), filvi: [I;er, Vi = V' is surjective. O

REMARK 7.8. More generally, a flat morphism locally of finite presentation is
open. Hence, the proof of Lemma 7.7 also shows that the fpgc-topology is finer than
the fppf-topology, defined as the topology on U-Sch generated by the pretopology
in which a family (f;: X; — X).er is a covering family if I is small; if f; is flat and

of finite presentation, for every i € I; and if ), fi: [[;c; Xi — X is surjective.
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8. Faithfully flat descent

We will show that the fpgc-topology on U-Sch is subcanonical and begin by
noting the following.

LEMMA 8.1. Let U be a universe. A U-Set-valued on U-Sch is a sheaf for the
foqe-topology if and only if F is a sheaf for the Zariski topology and, for every
faithfully flat morphism of affine U-schemes f: W — V, the diagram

F(f) Ph
T2
is an equalizer.
PrOOF. Exercise; or see Section 33.8 in the Stacks Project. (]

LEMMA 8.2. If U is a universe and if f: A — B is a faithfully flat morphism in
the category U-Rng of commutative rings in U-Set, then the diagram

in1
Al  B——DBe,B

mnso

is an equalizer in U-Rng.

PrROOF. Since f: A — B is faithfully flat, it suffices to show that the diagram

0
B%B@ABd:B(@AB@AB

dl
in U-Rng obtained by applying the functor B® 4 — to the diagram in the statement
is an equalizer. Here e(by) = bop®@1; d®(by®b1) = bo®@1®by1; and d* (b1) = by by 1.
Now, the morphisms s: B4 B— Bandt: By B®4 B — B®4 B defined by
S(bo X bl) = bpby and t(bo Qb ® bg) = bob1 ® by satisfy that d% = dle; se = idp;
td’ =idpg , p; and td' = es. This shows that the diagram above is a split equalizer.
In particular, it is an equalizer. O

THEOREM 8.3. The fpqc-topology on U-Sch is subcanonical.

ProOF. We must show that if the family of morphisms (f;: X; — X);er is a
covering family for the fpqc-topology on U-Sch, then the diagram

“ f
I yersr Xi xx X :bi [Tic; Xi — X,

where foin; = f;, aoing ) = injopry, and boing; ) = ing o pry, is a coequalizer
in U-Sch. By Lemma 8.1 it suffices the case of a Zariski covering and of a covering
consisting of a single faithfully flat morphism f: W — V between affine U-schemes.
The case of a Zariski covering follows rather immediately from the definition of a
scheme; see EGA 1.2.3.1 for details. It remains to prove that for f: W — V a
faithfully flat morphism of affine schemes, the diagram

pry
Wxy W——W—1sv
pro
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is a coequalizer in U-Sch. So we let h: W — X be a morphism of U-schemes such
that hopr; = hopry: W xy W — X and show that there exists a unique morphism
g:V—>Wwithh=gof.

Suppose first that also X = Spec(A) is affine. We recall that the functor Spec
from U-Rng®? to U-Sch is right adjoint to the functor that to a scheme X assigns
the ring I'(X, Ox ) of global sections of its structure sheaf and that the latter functor
preserves finite limits. Therefore, it will suffice to show that the diagram

Via ing
F(V, ﬁv) E— F(VV, ﬁw) 4? F(VV, ﬁw) XI(V,0v) F(VV, ﬁw)
ing
is an equalizer in U-Rng, which was proved in Lemma 8.2. Indeed, we obtain the
desired morphism g: V' — Spec(A) as the adjunct of the unique ring homomorphism
g: A= T(V,0y) with b = f#og'.

We next let X be any U-scheme. We first show that a morphism g: V' — X such
that h = g o f is necessarily unique. So let g1,g92: V — X be two such morphisms.
Since the underlying map of topological spaces associated with f is surjective, the
morphisms g; and gs induce the same map of underlying topological spaces. Given
v € V, we first choose an affine open subset X’ C X containing g1 (v) = g2(v) and
then choose s € T'(V, &) such that distinguished affine open Vy C V' is contained
in both g7 *(X’) and g5 '(X’). Moreover, setting t = f#(s) € T(W, Ow), the
morphism f|w,: Wy — V, again is faithfully flat. Therefore, by the case already
proved, we conclude that the morphisms g1 |y, and gs|y, are equal. This shows that
there exists a Zariski covering (f;: V; = V);er such that the morphisms g1 |y; and
g2|v, are equal, for every i € I, and since the diagram

LN f
H(j,k)efxl Vi xv Vi — [Lic;Vi—V

is a coequalizer in U-Sch, we conclude that g1 = g2: V — X.

It remains to construct a morphism g: V' — X satisfying h = g o f. It follows
from the construction of fiber-products in U-Sch that, at the level of underlying
topological spaces, a continuous map with this property exists. Let us provisionally
write g: V' — X for this continuous map. Now, given v € V', we first choose an affine
open subset X’ C X with f(v) € X', and then choose global section s € I'(V, Oy)
such that the distinguished affine open V, C V is contained in g=*(X’). Setting
t = f#(s) € T(W, Ow), we have as before that f|y, : W; — Vi, is faithfully flat, and
since f|w, opr; = flw, opry: Wi xy, Wy — X', we conclude from the case already
proved that there exists a morphism g|y,: Vi — X’ with hlw, = g|v. o flw,. This
shows that there exists a Zariski covering (f;: V; — V);er together with morphisms
gi: Vi = X satisfying g;o f; = h|wx, v, The uniqueness result proved earlier shows
that for all (j,k) € I x I, we have g; opr; = gi o pry: V; xy Vi — X. Therefore,
we obtain the desired map ¢g: V — X with h = g o f from the coequalizer diagram
above. This completes the proof. O

ExXAMPLE 8.4. It follows from Theorem 8.3 that every representable presheaf on
U-Sch is a sheaf for the fpgc-topology. In particular, every representable presheaf
on U-Sch is a sheaf for the coarser étale topology and the even coarser Zariski
topology; compare Lemma 7.7. For example, the presheaf F' on U-Sch that takes
a U-scheme X to the set F(X) underlying the ring I'(X, Ox) is a representable
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presheaf, and hence, is a sheaf for the fpqc-topology. A representation of F' is given
by the pair (A}, a) of the affine line A} = Spec(Z[z]) and the natural bijection

F(X) =25 U-Sch(X, A})

that to s € F(X) assigns the morphism ax(s): X — Al adjunct to the unique
ring homomorphism &y (s): Z[z] — I'(X, Ox) with dsx(s)(z) = s. (A different but
perfectly valid choice would be to use a’y(s)(x) = —s to define ax.) The natural
additive group structure on I'(X, Ox) defines an abelian group object structure
(4+,0,—) on the sheaf F. We write G, for the abelian group object (F,+,0,—)
in the category of U-Set valued fpqc-sheaves on U-Sch and call it the additive
group. Moreover, under the representation (Al a) of F, the abelian group structure
(4,0, —) determines and is determined by an abelian cogroup structure (A, ¢, S) on
the commutative ring Z[z]. One finds that the abelian cogroup structure maps are
ring homomorphisms given by A(z) =1®x+2®1; e(x) = 0; and S(z) = —x. We
note that a commutative ring with an abelian cogroup structure is also said to be
a commutative and cocommutative Hopf algebra over Z.
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9. The étale topos

Let U be universes and let U-Sch be the category of U-schemes. Let X be a
U-scheme and let U-Sch/X be the slice category. A topology on U-Sch gives rise to
an induced topology on U-Sch/ X, characterized as being the finest topology among
the topologies that render the forgetful functor

U-Sch/X —“— U-Sch

continuous. By abuse of language, we refer to the topology on U-Sch/X induced
by the étale topology on U-Sch as the étale topology on U-Sch/X, and similarly
for the fpqc-topology, the fppf-topology, and the Zariski topology.

DEFINITION 9.1. Let U be a universe and let X be a U-scheme. If U’ is a
universe such that U € U’, then the U’-topos (U-Sch/X)g of the U’-Set valued
sheaves on U-Sch/X for étale topology is called a big étale topos on X.

We recall that the category Modyz, of abelian group objects in a big étale topos
on X is abelian and has enough injectives; compare Proposition 6.6. Therefore, for
every such abelian group object F', we may consider the cohomology groups

Hl(X,F)=Exty (Zx,F).

It is not clear from the definition that these groups are independent, up to canonical
isomorphism, of the choice of universe U’ with U € U’. We proceed to show that
this is true, nevertheless.

In general, let U be a universe and let (C,J) and (C',J’) be U-small sites.
We write i: (C,J)” — C” and i': (C',J')” — C'" for the morphisms between the
topoi of U-Set valued sheaves and presheaves given by the sheafification/inclusion
adjunctions. A cocontinuous functor u: C — C’ gives rise to a morphism of topoi

(C.T) == (C.T)"
where g, is the unique functor such that

(C,J) L (', )"

Ji* lz’;
C ~ (“OP)* C/ ~
commutes, and where g* = i* o (u°P)* o ¢/,. If the functor u is also continuous, then

the sheafification in the definition of g* is unnecessary, and we may instead define
g* to be the unique functor such that

*

(C,J) «L— ()"

[ oy |

C+—— ("
commutes. In this situation, the composite functor g1 = i'* o (u°P); o 4, is a left
adjoint of g*. The adjunction (g1, g*,€,7) need not be a morphism of topoi, since
the functor gy may not preserve finite limits. However, if C has finite limits and if
the functor u: C — C’, in addition to being continuous and cocontinuous, is fully
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faithful and preserves finite limits, then g preserves finite limits. Hence, in this
situation, we have a morphism of topoi

(€, L, 0"

with f* = gy and f. = ¢g*. In addition, the composite f o g is naturally isomorphic
to the identity of (C,J)~, and the functor f* is fully faithful. We refer to the Stacks
Project, Lemma 7.20.8 for a proof.

We define U-Et/X to be the full subcategory of U-Sch/X whose object set con-
sists of the pairs (Y, f: Y — X)) such that f is an étale morphism. We give U-Et/X
the topology induced by the étale topology on U-Sch/X, which we will refer to as
the étale topology on U-Et/X. Since all morphism in U-Et/X are themselves étale,
this topology may be defined directly as the topology generated by the pretopology
in which a family of morphisms

fogi gi f
(V3,7 —= X) —— (Y,Y—)X))iel
is a covering family if I is U-small and >, ; g;: []
situation, the canonical inclusion functor

ic1 Yo — Y surjective. In this

U-Et/X —“— U-Sch/X

is fully faithful, continuous and cocontinuous, and preserves finite limits. (We note,
in particular, that u takes the terminal object (X,idx) in the domain category
to the terminal object (X,idx) in the target category.) Therefore, by the general
theory discussed above, we obtain morphisms of topoi

(U-Sch/X)a —— (U-Et/X);

between the respective categories of U’-Set valued sheaves for the étale topology
such that the composite morphism f o g is naturally isomorphic to the identity.
Here U’ is a universe with U € U’.

PROPOSITION 9.2. Let U € U’ be universes, let X be a U-scheme, and let
f
(U-Sch/X)es ——— (U-Et/X)e
g

be the morphisms between the U’-topoi of U'-Set valued sheaves with respect to the
étale topologies induced by the canonical inclusion u: U-Et/X — U-Sch/X.

(i) For every abelian group object F' in (U-Sch/X)e, the canonical map
H((U-Et/X)et, f«(F)) —— H*((U-Sch/X)&, F)

is an isomorphism, for all non-negative integers s.
(ii) For every abelian group object G in (U-Et/X)e, the canonical map

H*((U-Sch/X)et, [*(G)) —— H*(U-Et/X)et, G)

s an isomorphism, for all non-negative integers s.
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PROOF. We suppress the universe U in the notation. If e is a terminal object
in (Et/X)e, then also f*(e) is a terminal object of (Sch/X)e, since f* preserves
finite limits. Now, to prove (i), we use the adjunction isomorphism

((Et/X)ei(e; =) o fu(=)(F) —— (Sch/X)a(f*(e), —)(F)

and consider the Grothendieck spectral sequence of the left-hand composite functor.
It takes the form

Ey" = (R (Bt/X)a(e, =) o R'f())(F) = R**(Sch/X)a(f*(e), —)(F)

and it exists, since f, has the left adjoint f* which preserves finite limits, and hence,
takes injectives to injectives. But f, = ¢g* also has the right adjoint functor g., and
hence, preserves all limits and colimits. It follows that ES’t vanishes for ¢ > 0, and
therefore, the edge homomorphism

(B (Et/X)ei(e, =) o fu(=))(F) —— R*(Sch/X)ei(f*(e), =) (F)

is an isomorphism. This proves (i). To prove (ii), we use that f* being fully faithful
gives an isomorphism

(Bt/X)a(e,—)(G) —— ((Sch/X)a(f*(e), =) o F*(=))(G)

and consider the Grothendieck spectral sequence of the composite functor on the
right-hand side. It takes the form

By = (R*(Sch/X)a(f*(6), ) o B f*(-))(G) = R (Et/X)ai(e, -)(C),

provided that it exists. To show that it does, we must show that f* takes injectives
to (Sch/X)e(f*(e), —)-acyclics. So let T be an injective object in the category of
abelian group objects in (Et/X )e; and let i: f*(I) — J* be an injective resolution in
the category of abelian group objects in (Sch/X)s. Now, since f* is fully faithfull,
it gives the isomorphism
H*(Sch/X)a(f*(€), ') <~ H*(Et/X)i(e. fo()).

But f. takes injectives to injectives and preserves both limits and colimits, and
therefore f.(i): fuf*(I) = f«(J") is an injective resolution in the category of abelian
group objects in (Et/X)s. Moreover, since f o g is naturally isomorphic to the
identity and f* = g, the unit n: I — f.f*(I) is an isomorphism. This shows that
f*(I) is (Sch/X)e-acyclic as desired. Finally, since f* preserves all colimits, we
find that Eg’t vanishes for ¢ > 0. It follows again that the edge homomorphism

(B*(Sch/X)ei(f*(e), =) o f*()(G) —— B*(Et/X)ei(e, —)(G)
is an isomorphims, which proves (ii). O

LEMMA 9.3. Let U be a universe and let u: C — C' be a fully faithful functor
from a U-small category to a locally U-small category. Let J' be a topology on C',
let J be the induced topology on C, and let us be the unique functor that makes
the following diagram of functors between the respective categories of U-Set valued
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presheaves and sheaves commute.

(C,J)" —(C,J)"

lz” lz
(u®P)”

¢ —C
If every object X' of C' admits a covering family of the form

(u(X) & X" )ier,

then the functor us is an equivalence of categories.

ProoF. This “Lemme de comparaison” is proved in SGA 4, Théoreme I11.4.1.
The requirement that C and C’ be U-small and locally U-small, respectively, implies
that the Kan extensions (u°P), (u°P),: C* — C'" exists. The indexing set I is not
required to be U-small? O

PROPOSITION 9.4. Let U be a universe and let X be a U-scheme. The category
of U-Set valued sheaves on U-Et/X for the étale topology is a U-topos.

PROOF. The category (U-Et/X)" is locally U-small, at least up to isomorphism
of categories. We apply Lemma 9.3 to prove that it is equivalent to the category of
U-Set valued sheaves on a U-small site (C, J).

We define the category C to be the full subcategory of U-Et/X whose objects
are all pairs (Y, f: Y — X) for which the étale morphism f is the composition

Spec(D(X, Ox)[x1,- -, 0]/ (F1s- s fn)) — s Spec(D(X, Ox)) —— X

of a standard affine étale morphism and a standard open immersion onto an affine
open subscheme X' of X. It is a U-small category, since the underlying topological
space of X is U-small. We let u: C — U-Et/X be the canonical inclusion functor
and let J be the topology on C induced from the étale topology on U-Et/X. By
the definition of an étale morphism, every object (Y, f: Y — X) of U-Et/X admits
a covering of the form

(u(v,, s L5 x) 2o vy L5 x))
Therefore, the comparison lemma shows that the induced functor
(U-Et/X)a —— (C,])"
between the categories of U-Set valued sheaves is an equivalence of categories. [

DEFINITION 9.5. Let U be a universe. The small étale topos of a U-scheme X
is the U-topos Xt of U-Set valued sheaves on U-Et/X in the étale topology.

COROLLARY 9.6. Let U € U’ be universes, let X be a U-scheme, and let F
be an abelian group object in the category of U-Set valued sheaves on U-Sch/X
in the étale topology. In this situtation, the étale cohomology groups HE (X, F),
calculated in the larger category of abelian group objects in the category of U’-Set
valued sheaves on U-Sch/X , are canonically isomorphic to U-small abelian groups
and are independent, up to canonical isomorphism, of the choice of U’.
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