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Abstract

As noted by various authors, the notion of surficiency is to weak

f'or problems in connection with statistical inference in stochastic

processes. Various attempts have been made to impose extra conditions

and i1n the present paper we shall discuss a few of these, with the

purpose of discovering in which sense the concepts so defined differ

and in which sense they are alike:
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1. Introduction.

The literature on sulficiency is extensive and it is not the aim of
the present paper to give a complete survey oI this. We shall discuss
the relaticnship between a number of notions introduced by various authors

with different problems in mind, but all of them being of the same nature

as sufficiency. Some Oof these notions were defined in terms oI subfields
of abstract probability spaces, but we shall restate all definitions in
terms of statistics and discrete probabilities as our interest is directed

more towards structural prOperties than technical ones.

2 Sufficienczz adequacy and summarizing statistics.

In the present section we shall investigate three different properties
of statistics with the same basic ldea, namely that they express the
lntuitive statement that a statistic contains all "relevant” information.

First the classical notion of a sufficient statistic as 1ntroduced
by Fisher (1920). We shall define it the following way:

Let X Dbe a random variable on a discrete, at most denumerable space
I and t a mapping from E into another discrete space F. Let @D

be a family of probabilities on E and let Y = t(X).

Definition 2.1. t 1is said to be sufficient for P if there is a Ffixed

non negative real function @ on E XF so that for all P e P and all

X € B



A slightly stronger notion was introduced by Freedman (1962) with
the pure probabilistic motivation of generalizing de Finettis theorem
for exchangeable 0-1 random variables. The notion is however closely
related to sufficiency, as we shall soon see. Again let X be a random

variable on a discrete space E and t a mapping from E to a discrete

space F.

Definition 2.2. A probability measure P on E is said to be summarized

by t if for all x, x' € E
t(x) = t(x') = P(X = x} = P{X = x'}.

In contrast to definition 2.1, we are not dealing with a family of

probabilities but only with one probability measure. To be able to see

the relation between a sufficient statistic and a summarizing statistic
we have to define a summarizing statistic for a family of probabilities

5) . In the previous notation we define

Definition 2.5. t is said to summarize ? if all P € ,’P are summarized
by t.

Remark: Note that the term "summarizing' is essentially related to
discrete random variables as opposed to other concepts dealt with in the

present paper.

This is stronger than sufficiency:

Proposition 2.1. If (P is a family of probability measures on E and

t: E > F summarizes 3) » then t 1is sufficient for .P |




Proof. We shall just specify the function ® 1in definition 1.

Define @ as

e for t(x) =y,

where N(y) 4is the total number of x's so that t(x) =y, O < N(y) < o

If PlY = y} > 0, we have

P{X = x|Y = &}
(2)
_PX=xAY=y) 4 fx} - P{X = x] ’
P(Y = y] t'l(y) ) P{X = 2]
zet~1(y)

where XA 1s the indicator function of the set A:

l if x € A
X, (x) =
O if x ¢ A
If t(x) =y, we have
(3) P(X = z} = P(X = x} for all zet-l(y) )

since t was a summarizing statistic. Hence



P{Y = y] = z-l P{X = z}
zet ~(y)
(4)
= P{X = x} - N(y)
So
(5) PY =y] >0 => N(y) < =
and
P(X = x|Y = y) = X (x) - —PiX =
T *(y) TP x’N[yj
(6)
=X, (x) == = 9(x,y)
£ (y) N(y) |

which was to be proved.

So the notion of a summarizing statistic is stronger than that of
a sufficient statistic in the sense that not only is the conditional
distribution of X given t(X) supposed to be known, but this

distribution is supposed to have the specific form (6), i.e. uniform

ab the geb % OTHIRY),

Barndorff-Nielsen and Skibinsky (1963) considered the problem of
how much one could reduce ; data set aﬁd still have all relevant infor-
mation for the prediction of an unobserved random variable when the joint
distribution of the data and the unobserved random variable was completely
known and defined the notion adequacy. This definition was later extended
to the case, where this joint distribution was only known to be a member

of a specified family of distributions by Skibinsky (1967).



Let X and Z be random variables on discrete, at most denumerable

spaces E and G. Let f?! be a family of distributions on E X ¢ ang

let fDE denote the induced family of marginal distributions of X.

Let t be a mapping from E +to an at most denumerable space F.

Definition 2.4. t 1is said to be adequate for Z if

i) t is sufficient for 5%

ii) forall Pe P: Plx=1xj >0

=> P(Z = z|X = x} = P(z = 2] t(X) = t(x)) .

This definition suggests that the classical notion of sufficiency
1s not satisfactory to the theory of statistical inference in stochastic
proceéses as the prediction of unobserved random variables (the future
of the process observed) in most cases will be relevant. In the next

section we shall consider some extra conditions that have been

imposed on a seqguence of statistics by various authors.

3 . sequences of statistics.

In the present section we shall let Xl’X2"" be a sequence of
random variables on discrete at most denumerable spaces El’EE"" and

let §) be a family of probability measures on E, X E. X «++ . Let

1 2

SD(H) denote the family of marginal distributions of X X

l’.li)n

induced by :P + We shall consider a sequence tl’te’ ++. Of mappings.

tn: El)(...)(En—-)Fn,

where Fn are discrete, at most denumerable, and let Yn = tn(Xl;-~-;Xn)-



Bahadur (1954%) introduced the term of s sufficient and transitive

sequence of statistics in connection with sequential decision theory,

which can be stated as follows.

Definition 3.1. The sequence tl’t2"" 1s said to be sufficient and

transitive if for all n, tn is adequate for Yn+l'

In other words, tl,t2,... is sufficient and transitive iff it at

the value of the next statistic. This is related to but different from
the notion of a totally sufficient statistic, introduced by Lauritzen

(1972) in terms of abstract measure spaces and restated in terms of

discrete probability spaces in Lauritzen (1974).

Definition %.2. ﬁn is said to be totally sufficient if it is adequate

for X

o, X

n+l." n+k fOr all k = 1,2,-:-

That the two notions are different can be seen by the following

example:

Example 1. Let Xl,X be independent Poisson distributed with mean

A > 0O, and let Xn = X2 + Zl toood Zn-

are independent of X

o for n >3, where Zl’Z2""

l,x2 and independent identically Poisson distributed

with mean 1. The sequence tl’tE"" of mappings defined by

tl(x) = x and
(7)

tn(xl:"-;xn) =X, + X

>
1 5 for n > 2

1s sufficient and transitive, whereas e.L. t2 1s not totally sufficient

as (xl,xz) and X, = X, + X, are not conditionally independent.

. 2 1



On the other hand, the sequence 512855, ++. defined as

sl(x) = B
32(31:32) = (leX2)

S2 (X ,%X0,%,) = (%,,%x.,%, )
51772773 1772773
(8)

1s totally sufficient but not sufficient and transitive, because

(Xl,XE,Xj,Xu) and sS(Xl,...,Xs) = (Xl’XE’xf’x5) are not conditionally
independent given. Sh(xl""’xh) > (Xl,Xé,Xh).

If one wants to insure a sequence of totally sufficient statistics

to be sufficient and transitive, an extra condition has to be imposed.

The following algebraic property of a sequence of statistics is a

slight weakening of "S-structure" as defined by Freedman (1962).

Definition 3.3. tl’tg"" 1s said to have 2:-structure if for all

m,n

by(xps ) = 6 (3, 0y )

[F. L2
s

== tn+m(xl’ cee,X

n’xn+l""’xn+m) tn+m(yl""’ n’xn+l""’xn+m)

In other words, tl,tz,... has 'z:—structure 1T for all m and n,

th i
ere is a mapping wnm



wnm: Fn X En+l Xo o oX En+m _}Fn+m

sO that

tn+mﬁxl,...,xn+m) - wnmﬁtn(xl,i--,xn),xn+l,---,xn+m) .

The term ) -structure is chosen to emphasise that t ., 15 a "generalized
) ’
sum of tn(xl,...,xn) and (xn+l""’xn+m)’ as is e.g. the case in

classical exponential families, where we have
e 0 == teo ot
tn(xl} )xn) t(xl) t(xn)

for t being some function from E into k-dimensional Euclidean space.

We can now show the following result:

Proposition 3.1. If for any n, t ~ is totally sufficient and if

t,sty,--+ bhas ) -structure, then t,,t,,... 1is sufficient and transitive.

Proof . tn 1s clearly sufficient forfa(n) for all n. We have to show

that Yn+l and. Xl""’xn are conditionally independent given Yn' We
get
PY,, = yl% = x50 0% = x ]
(9) - P[t +l(xl,---,xn,xn+l) . y,xl — xl;--.,xn — Xn]
= P[Wn,n+1(tn(xl)"'an)JXn+l) = yIXl = xlj"')xn = xn] )
where wn,n+l satisfies
(10) tn+l(xl)"',xn+l) = wn,n+l(tn(xl,' ,xn),xn+l)



As tn 1s totally sufficient, Xn+l and Xl,...,X

independent given Y » and we get from (9) that

are conditionally

i
PS

PY 4y = ylxl

i

(11) PV (Bl ox X ) = ylY ) =t (x,00,x )

P[Yn+l = YIYn = tn(xl)"'JX )] ’

which was to be proved.

Martin-Lof (1973) defined an algebraic consistency condition for a,

sequence of statistics which is slightly weaker than z}structure. We

shall call it Z:*-structure:

Definition 5 0 tl’tQ"" is said to have 5?*-structure 1f for all

n,m there is a function

Nn,m: FOXF - 0, L5054 o)
so that for all (xl, ...,xn) € E) X---X E
# [ (xn+l) "';Xnm) € En+l XeeveoX En+m . tnm(xl; .o -,xn+m) - y]

= Nn,m(tn(xl""’xn)JY) .

Remark: The discreteness of the sample space is also essential here,

as the number of points corresponding to given values of the statistics
occur in the definition in a fundamental manner.

It is immediate that we have

m
m

» - | *
Proposition 3.2. If tlth:"- has Z}-structure, then it has .E:-structure-
N ——— —'ﬁ"-_"—-'——_———_-__—__-____“ A 7 S v PPy

Proof. Trivial.



and we have

_ProEosition 2:3. If for all n, ?(n) is summarized by t and if
—_——— n

* .
tyst,s ..+ has ) -structure, then tysto, ..+ is sufficient and

transitive.

& i n .
Proof We already know that tn is sufficient for ?( ) from proposition

2.1, As in proposition 3.1 it remains to be shown that Y £1 and
n

Xl,...,Xn are conditionally independent given Yn- We have for all

n
P{Xl = Xjyeee,X = xn}
= P[Xl - xl-’ * =8 )Xn — xn,Yn = t (xl.’ * ,X )} * P[Y - tn(xl.’ *
(13) PlY =1t (x X )]
. n n'1’ ’“n
Nh tn XyseeesX d
according to proposition 2.1.
Furthermore
PLY ., =¥ A Xy = X5 00X = x ]
) 5 P{Yn+l =y}
_ | -1 N (v) -
(l!'l') X. (le .o -)xn;X)etn+l(y) n+l J
PlY .. = y]

Il
=
5
-
o+
-
o
cf.
o
PS
-
-
-
P<
®’
=
-+
—
~

10

¢ 0y X )]



Hence from (13) and (14) we get

Ply ,. = ylxl = x50 X = x ) =
(15)
lan = N0y %))
Nn'i"lzyjP[Yn = tnle, ---,xn)] n;n+l Il l) g n
olnce this only depends on xl,...,x through t (x.,...,x ), we must
n n' o1 n
have
P[Yn+l = y!Xl = XpyeeX = xn]
(16)
B P{Ynﬂ_ = yly, = tn(xl’ ’Xn)] ?

which was to be proved.

*
1f we assume ): -structure instead of X -structure, we have the

even stronger result:

Proposition 3.4. If for all n, P is summarized by t, and if
t

3C~s e+ has E}structure, then ¢ 1s totally sufficient for all
1 2 I e ettt n —___L_______

Il

Proof. As in the previous procf, we only have to establish that

l,...,X and X

- n+l""’xn+k are conditionally independent given Y

n
for all n and k. We have

Ll



Py = %Ky = XYy = v
X o1, (Xpreeox )P AL EARR L )

t (y)

P{Yn ) y]”Nn+k.(tn+k(xl""“"'Xr:rf-k))

X . : =

t-l(y)(xl’ ) P = V(X0 e o))
(17) B S —— ’

P[Yn =y Nn+k(wn,k(y’xn+l" ’xn+k))

where wn,k is given by
(18) wn,k(tn(xl""’xn)’xn+l’""xn+k) = tn+k(xl""’xn+k) :

.-,xn) and

But for fixeq y» the expression (17) is a product in (xl,.

Hence X.,...,X and X

n+k)' 1 n r1+l""'”"""X

. o X are conditionally

(% 497+ n+k

independent given Yﬁ = ¥y, Wwhich was to be proved.

Apparently the property of being summarizing with 2}-structure
ls very strong. Another way of strengthening total sufficiency is to
assume minimality. As in Lauritzen (1974) we say that tn is minimal
totally sufficient if it is a function of any other totally sufficient

statistic. We then have

Proposition 5.5. If for all n, tn is minimal totally sufficient then

t.,¢C has Z - structure.

AT AR

Proof. The result follows directly from corollary 1 of Lauritzen (1974) .

If we include the notion of a minimal sufficient statistic in our

considerations, we can "summarize' the results in the following diagram:

12



minimal totally minimal

sufficient _ sufficient
U/ \ totally

sufficient

totally sufficient
with ) - structure

\sufficient "y

| ———» suffic
and transitive LE

summarizing = Bummarizing :
with ¥ - structure 7 with Y*structure ——» Swmarizing

(The implications that are not proved in the previous are trivial).

At this point the author feels uncomfortable as a statistician. TIs
1t really so‘that all these various notions are relevant? It is certainly
true that in many examples at least some of the notions coincide. So far
we have dealt with 5’ being an arbitrary family of probability measures
which_in some sense is unreasonable from a statistical point of view.

In the last section we shall lmpose regularity conditions on @) and see

how many of the implications in the diagram turn into equivalences.

L, Independence and universality.

Let us assume that for all P ¢ @, X]_-’Xg’ +++ are lndependent
random variables. It is then immediate that total sufficiency and
sufficiency coincide and the same is of course true for minimal total
sufficiency and minimal éﬁfficiency- Hence it appears from the diagram

that e.g. "minimal sufficiency’ implies everything but "summarizing"

and is thus a very strong property.

dcs



Barndorff-Nielsen (1973) discussed the notion of a universal family
of probability measures in connection with the notion of M-ancillarity.
Let X be a random variable on a discrete, at most denumerable set E

and.'f) a family of probability measures on E.

Definition 4.1. ﬁ) is said to be universal if for all x € E there is

a Pe@ sO that

for all y € E.

The following result, given in e.g. Barndorff-Nielsen (1973) shows

a relation to the discussion in the preceding sections:

Proposition 4.1. If ff) is universal and t is sufficient for ¥ ,

then € summarizes 3).

Proof. The proof is exactly as in Barndorff-Nielsen (1975); theorem 2.1.

Although E 1is assumed to be finite in that paper, this assumption is
lrrelevant for the validity of the proof.

Hence, 1if 39(n) in the previous section is assumed to be universal
for all n, "sufficient" implies "summarizing’ and "totally sufficient
with } - structure" implies "summarizing with ) - structure". Hence from

the diagram it appears that "minimal totally sufficient” impliés every-

X

thing but minimal sufficient. Finally, if X .+« are all assumed

(n)

1’72’

to be independent and at the same time P assumed to be universal

for all n, "minimal sufficient" implies everything else.

1h
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