LARGE DEVIATIONS FOR SOLUTIONS TO STOCHASTIC RECURRENCE
EQUATIONS UNDER KESTEN’S CONDITION
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ABSTRACT. In this paper we prove large deviations results for partial sums constructed from the
solution to a stochastic recurrence equation. We assume Kesten’s condition [17] under which
the solution of the stochastic recurrence equation has a marginal distribution with power law
tails, while the noise sequence of the equations can have light tails. The results of the paper
are analogs of those obtained by A.V. and S.V. Nagaev [21, 22] in the case of partial sums of
iid random variables. In the latter case, the large deviation probabilities of the partial sums are
essentially determined by the largest step size of the partial sum. For the solution to a stochastic
recurrence equation, the magnitude of the large deviation probabilities is again given by the tail
of the maximum summand, but the exact asymptotic tail behavior is also influenced by clusters
of extreme values, due to dependencies in the sequence. We apply the large deviation results to
study the asymptotic behavior of the ruin probabilities in the model.

1. INTRODUCTION
Through the last 40 years, the stochastic recurrence equation
(1.1) Y,=A,Y,_1+ B,, nez,

and its stationary solution have attracted much attention. Here (A;, B;), ¢ € Z, is an iid sequence,
A; > 0 a.s. and B; assumes real values. (In what follows, we write A, B,Y, ..., for generic elements
of the strictly stationary sequences (4;), (B;), (Y;), ..., and we also write ¢ for any positive constant
whose value is not of interest.)

It is well known that if Elog A < 0 and Elog™ | B| < oo, there exists a unique strictly stationary
ergodic solution (Y;) to the stochastic recurrence equation (1.1) with representation

Y, = Z A1 Ay By, nez,

where, as usual, we interpret the summand for i = n as B,,.

One of the most interesting results for the stationary solution (¥;) to the stochastic recurrence
equation (1.1) was discovered by Kesten [17]. He proved under general conditions that the marginal
distributions of (Y;) have power law tails. For later use, we formulate a version of this result due to
Goldie [10].

Theorem 1.1. (Kesten [17], Goldie [10]) Assume that the following conditions hold:
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e There exists a > 0 such that
(1.2) EA* =1.

e p=E(A%log A) and E|B|* are both finite.
e The law of log A is non-arithmetic.
e For every x, P{Az+ B =z} < 1.

Then Y is regularly varying with index o > 0. In particular, there exist constants ¢, co > 0 such
that ¢, + ¢, > 0 and

(1.3) P{Y >a}~ch 2™, and P{Y < -2} ~c_ 2™ asr— 0.
Moreover, if B =1 a.s. then the constant ct takes on the form
oo 1= E[(1+Y)* =Y/ (ap),

Goldie [10] also showed that similar results remain valid for the stationary solution to stochastic
recurrence equations of the type Y, = f(Y,_1,A,, B,) for suitable functions f satisfying some
contraction condition.

The power law tails (1.3) stimulated research on the extremes of the sequence (Y;) . Indeed, if

(Y;) were iid with tail (1.3) and ¢, > 0, then the maximum sequence M,, = max(Y1,...,Y,) would
satisfy the limit relation
(1.4) lim P{(ct n) VoM, <z} =e* " =, (x), x>0,

n—oo

where @, denotes the Fréchet distribution, i.e. one of the classical extreme value distributions; see
Gnedenko [11]; ¢f. Embrechts et al. [6], Chapter 3. However, the stationary solution (¥;) to (1.1)
is not iid and therefore one needs to modify (1.4) as follows: the limit has to be replaced by CIDZ for
some constant 6 € (0,1), the so-called extremal index of the sequence (Y;); see de Haan et al. [12];
cf. [6], Section 8.4.

The main objective of this paper is to derive another result which is a consequence of the power
law tails of the marginal distribution of the sequence (Y;): we will prove large deviation results for
the partial sum sequence

Sy=Yi+-+Y,, n>1, S=0.

This means we will derive exact asymptotic results for the left and right tails of the partial sums S,,.
Since we want to compare these results with those for an iid sequence we recall the corresponding
classical results due to A.V. and S.V. Nagaev [21, 22] and Cline and Hsing [3].

Theorem 1.2. Assume that (Y;) is an iid sequence with a regularly varying distribution , i.e. there

exists an a > 0, constants p,q > 0 with p+ q =1 and a slowly varying function L such that

(1.5) P{Y >z} ~p Llz) and P{Y < —z} ~ L(z) as T — 0o.

xr 4 xr

Then the following relations hold for a > 1 and suitable sequences b, 1 co:

. P{S, — ES, >z}
1.6 1 —pl =0
(16) S S T R
and
, P{S, — ES, < —a}
1.7 1 —q|l=0.
) Jim sy [Ho S =

If « > 2 one can choose b, = v/anlogn, where a > o — 2, and for a € (1,2], b, = nd e for any
> 0.



LARGE DEVIATIONS 3

For a € (0,1], (1.6) and (1.7) remain valid if the centering ES,, is replaced by 0 and b, = n®*+/®
for any 6 > 0.

For a € (0,2] one can choose a smaller bound b, if one knows the slowly varying function
L appearing in (1.5). A functional version of Theorem 1.2 with multivariate regularly varying
summands was proved in Hult et al. [13] and the results were used to prove asymptotic results
about multivariate ruin probabilities. Large deviation results for iid heavy-tailed summands are also
known when the distribution of the summands is subexponential, including the case of regularly
varying tails; see the recent paper by Denisov et al. [5] and the references therein. In this case,
the regions where the large deviations hold very much depend on the decay rate of the tails of the
summands. For semi-exponential tails (such as for the log-normal and the heavy-tailed Weibull
distributions) the large deviation regions (b,,c0) are much smaller than those for summands with
regularly varying tails. In particular, 2 = n is not necessarily contained in (b,,, c0).

The aim of this paper is to study large deviation probabilities for a particular dependent sequence
(Y;,) as described in Kesten’s Theorem 1.1. For dependent sequences (Y;,) much less is known about
the large deviation probabilities for the partial sum process (S,,). Gantert [8] proved large deviation
results of logarithmic type for mixing subexponential random variables. Davis and Hsing [4] and
Jakubowski [14, 15] proved large deviation results of the following type: there exist sequences
S, — oo such that

P{S, > ansn} .
nP{Y > ay s, } “

for suitable positive constants ¢, under the assumptions that Y is regularly varying with index
a € (0,2), nP([Y| > an) — 1 and (Y;,) satisfies some mixing conditions. Both Davis and Hsing
[4] and Jakubowski [14, 15] could not specify the rate at which the sequence (s,,) grows to infinity,
and an extension to a > 2 was not possible. These facts limit the applicability of these results,
for example for deriving the asymptotics of ruin probabilities for the random walk (S,,). Large
deviations results for particular stationary sequences (Y,,) with regularly varying finite-dimensional
distributions were proved in Mikosch and Samorodnitsky [19] in the case of linear processes with iid
regularly varying noise and in Konstantinides and Mikosch [18] for solutions (Y,) to the stochastic
recurrence equation (1.1), where B is regularly varying with index o > 1 and EA% < 1. This means
that Kesten’s condition (1.2) is not satisfied in this case and the regular variation of (Y;,) is due to
the regular variation of B. For these processes, large deviation results and ruin bounds are easier
to derive by applying the “heavy-tail large deviation heuristics”: a large value of S,, happens in the
most likely way, namely it is due to one very large value in the underlying regularly varying noise
sequence, and the particular dependence structure of the sequence (Y;,) determines the clustering
behavior of the large values of §,. This intuition fails when one deals with the partial sums S,
under the conditions of Kesten’s Theorem 1.1: here a large value of S,, is not due to a single large
value of the B,’s or A,’s but to large values of the products Ay --- A,.

The paper is organized as follows. In Section 2 we prove an analog to Theorem 1.2 for the partial
sum sequence (S,) constructed from the solution to the stochastic recurrence equation (1.1) under
the conditions of Kesten’s Theorem 1.1. The proof of this result is rather technical: it is given in
Section 3 where we split the proof into a series of auxiliary results. There we treat the different cases
a <1, a€ (1,2] and a > 2 by different tools and methods. In particular, we will use exponential
tail inequalities which are suited for the three distinct situations. In contrast to the iid situation
described in Theorem 1.2, we will show that the z-region where the large deviations hold cannot
be chosen as an infinite interval (b,,c0) for a suitable lower bound b, — oo, but one also needs
upper bounds ¢, > b,. In Section 4 we apply the large deviation results to get precise asymptotic
bounds for the ruin probability related to the random walk (S,,). This ruin bound is an analog of
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the celebrated result by Embrechts and Veraverbeke [7] in the case of a random walk with iid step
sizes.

2. MAIN RESULT

The following is the main result of this paper. It is an analog of the well known large deviation
result of Theorem 1.2.

Theorem 2.1. Assume that the conditions of Theorem 1.1 are satisfied and additionally there exists
€ > 0 such that EA*T¢ and E|B|**¢ are finite. Then the following relations hold:
(1) For a€(0,2], M > 2,
P{S, — d,, > z}
(2.1) sup sup —_ < 00,
n pl/o(logn)M <z nIP’{|Y| >$}
If additionally e*» > n'/*(logn)M and lim,_,e0 5, /1 = 0 then
P{S, —dn > 2} ko

2.2 lim sup =0,
( ) N0 p1/e(log n)M <z <esn nPﬂY‘ > JI} C& + o

where d,, =0 or d,, = ES,, according as o € (0,1] or a € (1,2].
(2) For o> 2 and any ¢, — oo,
P{S, — ES, > =z}

(2.3) sup sup < 00.
n ¢, n05logn<z TZP{‘Y‘ > ‘T}

If additionally c,n%®logn < e** and lim,, o0 5, /0 = 0 then

P{S, — E +
(2.4) lim sup {Sn —BSn >} 5 oo

=0.
N=00 o n05logn<lw<esn n]P{|Y| > LL‘} C& + o

Clearly, if we exchange the variables B;, by —B,, in the above results we obtain the corresponding
asymptotics for the left tail of S,,. For example, for a > 1 the following relation holds uniformly for
the x-regions indicated above:

. P{S, — nEY < —z} CpyCoo
im = .
n—o0 nP{|Y] > z} e + e

Remark 2.2. The deviations of Theorem 2.1 from the iid case (see Theorem 1.2) are two-fold.
First, the extremal clustering in the sequence (Y,,) manifests in the presence of the additional
constants ¢, and cL. Second, the precise large deviation bounds (2.2) and (2.4) are proved for
z-regions bounded from above by a sequence e*» for some s, — oo with s,/n — 0. Mikosch and
Wintenberger [20] extended Theorem 2.1 to more general classes of stationary sequences (¥;). In
particular, they proved similar results for stationary Markov chains with regularly varying finite-
dimensional distributions, satisfying a drift condition. The solution (¥;) to (1.1) is a special case of
this setting if the distributions of A, B satisfy some additional conditions. Mikosch and Wintenberger
[20] use a regeneration argument to explain that the large deviation results do not hold uniformly
in the unbounded x-regions (b,,c0) for suitable sequences (b,), b, — oo.

3. PROOF OF THE MAIN RESULT

3.1. Basic decompositions. In what follows, it will be convenient to use the following notation

A Ay i< _
I = { 1 otherwise and II; =IL;,
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and
Vi =By + 3By + -+ ;B + By, i>1.

Since Y; = IL; Y, + 2 the following decomposition is straightforward:

(3.1) Sp=Yo D i+ Y= Yon, +Sn,
1=1 =1
where
(3.2) Sy=Yi+-4Y, and np, =T+ ---+1I,, n>1.

In view of (3.1) and Lemma 3.1 below it suffices to bound the ratios
IP’{gn —d, > x}
nP{|Y] > z}

uniformly for the considered z-regions, where Jn = IEgn for « > 1 and Jn =0 for a<1.
The proof of the following bound is given at the end of this subsection.

Lemma 3.1. Let (s,) be a sequence such that s, /n — 0. Then for any sequence (by,) with b, — o0
the following relations hold:

: P{|Yo| 9 > x} : P{|Yo| 9 > x}
lim  su ————— = =0 and limsup sup —————— ,
n— 00 bngwgesn nIP’{|Y| > 1’} n—)oop bngpl- nIF’{|Y| > .’E}

Before we further decompose S, we introduce some notation to be used throughout the proof:
for any x in the considered large deviation regions,

m = [(log £)%*79] for some positive number o < 1/4, where [-] denotes the integer part.

no = [p~tlogx], where p = E(A%log A).

ny =ng—m and no =ng +m

For @ > 1, let D be the smallest integer such that —DlogEA > a — 1. Notice that the

latter inequality makes sense since EA < 1 due to (1.2) and the convexity of the function

¥(h) =EA" h > 0.

e For a < 1, fix some B < o and let D be the smallest integer such that —DlogEA? > a — j3
where, by the same remark as above, EA? < 1.

e Let n3 be the smallest integer satisfying

(3.3) Dlogz <ng, x>1.
Notice that since the function W(h) = logi(h) is convex, putting 5 = 1 if a > 1, by the
choice of D we have % < %}f(ﬁ) < ¥'(a) = p, therefore ny < ng if z is sufficiently large.

For fixed n, we change the indices ¢ — j = n — i + 1 and, abusing notation and suppressing the
dependence on n, we reuse the notation

Y; =B +11;;Bj 11+ + 11, 1B,
Writing ny = min(j + ns3,n), we further decompose )N/J
(3.4) Y; =U;+W; = B; + ;B 11+ + 10, 1Bn, + W
Clearly, ﬁ//j vanishes if 7 > n — n3 and therefore the following lemma is nontrivial only for n > ns.
The proof is given at the end of this subsection.
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Lemma 3.2. For any small 6 > 0, there exists a constant ¢ > 0 such that

(3.5) ]P’{‘ zn:(wj - ¢j)

> a:} <cnz 0, r>1,

where ¢c; =0 or ¢; = ]Eﬁ//j according as « < 1 or a > 1.

By virtue of (3.5) and (3.4) it suffices to study the probabilities IP’{ Z?Zl(ﬁj —aj) > ac}, where
ajzﬂforaglandaj:]Eﬁj for a > 1.

We further decompose U; into
(3.6) U= Xi+ Si+ Zi,

where for i <n — ngs,

X; B + 1 Bigq + - - + 1 jyn, —2Bign -1,
(3.7) S; IL iy —1Bign, + - + 1 iyno—1Bigns
Zi = ILiitnsBignoy1 + - + 1 itn,—1Bign, -

For i > n — ng, define )?i, §i7 Z as follows: For ny < n — i < n3 choose )?i, §i as above and
Zi = Wity Bitng1 + -+ in—1Ba.

For ny < n —1i < ngy, choose Z =0, )~(i as before and
S; = ILitn,—1Bign, +- - +11; 1 By.

Finally, for n — i < ny, define §z =0, Z =0 and
Xi=B; +;Biyy +--+ IL; -1 Bn.

Let p1, p, p3 be the largest integers such that p1ny <n—mny+1, pn; <n—ng and psny < n—ng,
respectively. We study the asymptotic tail behavior of the corresponding block sums given by

jni jn1 Jn1
(38) Xj . Z Xi, Sj = Z Si; Zj = Z Zi7
i=(j—1)n1+1 i=(j—1)n1+1 i=(j—1)n1+1

where j is less or equal p1, p, p3 respectively.
The remaining steps of the proof are organized as follows.

e Section 3.2. We show that the X;’s and Z;’s do not contribute to the considered large
deviation probabilities. This is the content of Lemmas 3.4 and 3.5.

e Section 3.3. We provide bounds for the tail probabilities of S;; see Proposition 3.6 and
Lemma 3.8. These bounds are the main ingredients in the proof of the large deviation
result.

e Section 3.4. In Proposition 3.9 we combine the bounds provided in the previous subsections.

e Section 3.5: We apply Proposition 3.9 to prove the main result.

Proof of Lemma 3.1. The infinite series n = Y .- II; has the distribution of the stationary solu-
tion to the stochastic recurrence equation (1.1) with B = 1 a.s. and therefore, by Theorem 1.1,
P(n > x) ~ coox™, x — oo. It follows from a slight modification of Jessen and Mikosch [16],
Lemma 4.1(4), and the independence of Y; and 7 that

(3.9) P{|Yo|n > 2} ~ca™logx, x— 0.
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Since s, /n — 0 as n — oo we have

P{|Yy| P{|Y,
sup {IYo|n >fv}S sup {l 0|77>$}%0.
bo<z<esn NP{Y| >z} T4 <u<esn nP{|Y] >z}

There exist cg, g > 0 such that P{|Yp| > y} < coy™® for y > . Therefore
P{IYo|mn > 2} < P{a/nn < @0} + cox” “Bnp iz n,>z0y < ca” “Eny .
By Bartkiewicz et al. [1], En% < cn. Hence

P{|Yo|ny > z} cx” *Eng
I, =sup —————= < sup —————— <
e nP{Y[> 2} =0 Lo nP{Y]> 2

Q.

This concludes the proof. (I

Proof of Lemma 3.2. Assume first that o > 1. Since ij is finite, —DlogEA > a—1 and Dlogx <
ns, we have for some positive &

(EA)"™
1-EA
and hence by Markov’s inequality

(3.10) }E|W]| < E|B| < c D logz logEA < Cx_(a_l)_(S’

IF’{' Z(WJ - ]Eﬁ//j)‘ > x} <2zt ZE\/V\V/A <ecnzTo7O,
j=1 j=1
If B < a <1 an application of Markov’s inequality yields for some positive 9,

" AN o _4nE|B|?(EAP)™s
IP’{ W‘>x}§mﬂ E|W,|? <z A2 2 )
< cmfﬁneD log z log EAP < anfafts.

In the last step we used the fact that —DlogEA® > o — 8. This concludes the proof of the
lemma. ([

3.2. Bounds for P{X; > z} and P{Z; > z}. We will now study the tail behavior of the single
block sums X7, Z; defined in (3.8). We start with a useful auxiliary result.

Lemma 3.3. Assume ¢(a+e€) = EA*T¢ < oo for some € > 0. Then there is a constant C = C(e) >
0 such that Y(a + ) < CeP? for |y| < €/2, where p=E(A%log A).

Proof. By a Taylor expansion and since 9 (a) = 1, 9'(a) = p, we have for some 6 € (0,1),
(3.11) Y(a+7) =1+ py+0.5¢0" (a + 07)7*.

If |6| < €/2 then, by assumption, ¥ (a + 07) = EA**+97(log A)? is bounded by a constant ¢ > 0.
Therefore,

Yla+7) <1+ py + ey = B0+’ < Cem,
O

The following lemma ensures that the X;’s do not contribute to the considered large deviation
probabilities.
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Lemma 3.4. There exist positive constants C1,Csy, C3 such that
P{X; >z} <P{X, >2} <Craz % (loga)™ = 251,

where
ni

X, = Z(‘Bi‘ + i Bia| + -+ 4 iin, —2| Bign, -11)-

i=1
Proof. We have X, = ZZ“:m_H Ry, where for m < k < ny,
Ry, =111 yg—k| Brg—kt1| + - - + Wi itng—k—1|Bitno—k| + - - + Iy g +no—k—11Bny+no—k| -

Notice that for = sufficiently large,

no

{ i Rk>x}c U {Bx>a2/k%}

k=m+1 k=m+1

Indeed, on the set {Ry < x/k®,m < k < ng} we have for some ¢ > 0 and sufficiently large =, by
the definition of m = [(log z)°-57],

20 1 T
Z Ry < Z ]? log )05+ ST
k=m+1 k:

We conclude that, with I, = P{Ry > z/k3},

no L)

P{ > Re>ap< Y I

k=m+1 k=m+1

Next we study the probabilities I;. Let § = (logz)~5. By Markov’s inequality,
(.Z‘/k‘g) (e+d) | Rz-‘ré < (x/kB)7(a+5)n8+6(EAoHré)nofk]E|B|a+5 ]
By Lemma 3.3 and the definition of ng = [p~!logz],
I}c <c (x/k,3)—(oz+6) n84+5 e(no—k)pé < cr—® k3(oz+6) n84+5e—kp5 )

Since k > (logz)?5*t° > m there are positive constants (j, (s such that k§ > k¢ (logz)%* and
therefore for sufficiently large x and appropriate positive constants Cy,Cs, Cs,

no ni
§ : I < cr—® n8z+6 § : e P ES1 (log )2 kS(a—i—é) < Cl e 6—02 (log z)©3 )
k=m+1 k=m+1

This finishes the proof. (I

The following lemma ensures that the Z;’s do not contribute to the considered large deviation
probabilities.

Lemma 3.5. There exist positive constants Cy,Cs,Cg such that
P{Z, >z} <P{Z, >z} <Cyaz % (logx)“ , T >1,

where
ni

Zl = Z(Hi,i+n2|Bi+n2+1‘ + -+ Hi,i+n371|Bi+n3|) :
i=1
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Proof. We have Z; = >_*"* Ry,, where

Ry =11 potte| Brotk+1] + - + i itnatk—1|Bitnotk| + -+ + g ny+notk—11Bnytnotkl-

As in the proof of Lemma 3.4 we notice that, with J, = P{Ry > z/(ny + k)3}, for  sufficiently
large

nz—na2 nz—na

P{ Z §k>m}§ Z Ji.
k=1 k=1

Next we study the probabilities Ji. Choose § = (ng + k)~5 < ¢/2 with € as in Lemma 3.3. By
Markov’s inequality,

Je < ((n2 + k)?/2)*PEBR2™° < ((ng + k)3 /)20 ng—°(RA—d)n2+hg| B|a—d.
By Lemma 3.3 and since no +k =ng +m + k,

(EA(X—(S)HQ-HC < Ce—ép(n2+k) < C$_66_6p(m+k) )

There is (3 > 0 such that §(m + k) > (logx + k). Hence, for appropriate constants Cy, Cs, Cg > 0,

n3—mns nzg—nz
3o gk <camong TN (ng 4 k)P Demplor TS < 0y g Cr (g )
k=1 k=1
This finishes the proof. O

3.3. Bounds for P{S; > x}. The next proposition is a first major step towards the proof of the

main result. For the formulation of the result and its proof, recall the definitions of §Z and S; from
(3.7) and (3.8), respectively.

Proposition 3.6. Assume that ci, > 0 and let (b,) be any sequence such that b, — co. Then the
following relation holds:

(3.12) lim sup PL5 >z}

— WL | =0.
n—00 z>p. nﬂP’{Y > CU} ¢

If ¢&, =0 then

. ]P){Sl > x}
3.13 lim sup ———— =0
(3.13) A, S BV > o]

The proof depends on the following auxiliary result whose proof is given in Appendix B.

Lemma 3.7. Assume thatY and ny (defined in (3.2)) are independent and ¢(a+¢€) = EA*T¢ < oo
for some € > 0. Then for ny = ng —m = [p~tlogz] — [(logz)*>*°] for some o < 1/4 and any
sequences b, — oo and r, — oo the following relation holds:

. ]P{?]k Y > x}
lim su —————— — (x| =0,

Wor%p, <k bu<a | BPY > 7}
provided ¢ty > 0. If ¢t =0 then

) P{nY > x}
lim su — T =
n00 . <oy bn<e RE{Y] >z}
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Proof of Proposition 3.6. For ¢ < ny, consider
Si + S
=1L, Brnyg1+ -+ 1 i4ny—2Bign, —1 + S; + 1L i4my Bitng+1 + - + 1 notni—1Bnon,
=0y (Boy+1 + Any+1Bny 2 + - + Wy 410010y —1 By tony ) -

Notice that

P{IST + -+ S, | > 2} < ma PS> 2/mi )
Therefore and by virtue of Lemmas 3.4 and 3.5 there exist positive constants C7, Cs, Cg such that
P{|S1+ -+ S, | >z} <Cra=® e Csllosn)® 05
Therefore and since S; = >, S; it suffices for (3.12) to show that
P{S1 + > 12, Si >z} B

li =0.
We observe that
ny
S1+3.8/=UT and Ti+T LY,
i=1
where
U = Hl,n1 + H2,n1 + -+ Hnl,nl P
Tl - Bn1+1 + Hn1+1,n1+1Bn1+2 +-- 4+ Hn1+1,n2+nllen2+n1 5
T, = Hn1+1mz+n1Bn2+n1+1 + Hn1+1,nz+n1+1Bn2+n1+2 + e
Since U =4 1y, and Y =4 11 + T3, in view of Lemma 3.7 we obtain
P{U (T, +T5) >
lim sup UM+ 1) x}*coo =0,

n—=00 y>p, ni P{Y > x}

provided ¢, > 0 or

. P{U(T: + T3) > z}
lim sup =0,
n—00 p>p ni ]P){|Y| > l'}

if X, = 0. Thus to prove the proposition it suffices to justify the existence of some positive constants
Clo, Cll; Clg such that

(3.14) P{{UTy| > z} < Crox % (loga)™2 = 51
For this purpose we use the same argument as in the proof of Lemma 3.4. First we write
oo
P{IUTy| > a} < ZP{UHn1+1,m+nz+k |Brytns k1] > 2/ (logz + k)*}.
k=0
Write § = (logz + k)~°5. Then by Lemma 3.3, Markov’s inequality and since ny = ng + m,
P{UHH1+177L1+TL2+/€ |Bn1+n2+k+1| > m/(IOgaj + k)B}
< (logx + k)3(a—5)m—(a—6) EUQ—&(EAa—tS)nZ—i—kE'B‘a—é
< c(logz + k)g(o‘_é)x_(o‘_‘s) e~ (natk)pd

< ceMHRP (og g 4 f)3l@—d) e,
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There is ¢ > 0 such that (m + k)d > (logz + k)¢ and therefore,

P{{UTy| > 2} < cax™® Z e*(IngJrk)CP(logx + k)39
k=0
< C.’L'_ae_(bg a:)cp/Q )

This proves (3.14) and the lemma. O

Observe that if |i — j| > 2 then S; and S; are independent. For |i — j| < 2 we have the following
bound:

Lemma 3.8. The following relation holds for some constant ¢ > 0:

sup  P{|S;| > x,|S;| >z} <enfPam x>1.
i>1,li—j|<2

Proof. Assume without loss of generality that i = 1 and j = 2,3. Then we have

151 < (Mg, 4+ 1y ny)

X (|Bnyt1] + Wy 11,0041 By 2l + -+ 4+ oy 41,00 4na—1]Bragns |) =: U117,
(Hn1+1,2n1 4+t H2n1,2n1)

X (|an1+1| + opny 41,200 +1| Bang 42| + - + H2n1+1,2n1+n2—1|B2n1+n2|) =: U, Ty,
1S3] < (Many41.300 + -+ Usny 30,

X(|Bsny 411 4 Many 11,30, 411 Bany +2| + -+ + Man, 41,80, 4001 Bsny 1no|) =: UsTs .

|Sa|

IN

We observe that U L Mnys Ui, © = 1,2, 3, are independent, U; is independent of T for each 4, and
the T}’s have power law tails with index o > 0. We conclude from (3.12) that

P{|Sy| > a,]5] > 2} < P{T! > an; YO 4 P{T] <any VY UT] > 2, UTS > 2}
< enlParY 4 ]P’{nl_l/(za)Ul > 1, UsTy > x}
< enP T +P{U, > ni/(m)}IP’{UQTQ’ >z}
< cn(l)'5 =%,
In the same way we can bound P{|S1| > t,|S3| > t}. We omit details. O

3.4. Semi-final steps in the proof of the main theorem. In the following proposition, we com-
bine the various tail bounds derived in the previous sections. For this reason, recall the definitions
of X;, S; and Z; from (3.8) and that p1,p, ps are the largest integers such that pyn; <n—ny + 1,
pny < n —n9 and pgny; < n — ng, respectively.

Proposition 3.9. Assume the conditions of Theorem 2.1. In particular, consider the following
T-Tegions:

A (n*/®(ogn)™,00) for a € (0,2], M > 2,
"7 (eun®Plogn,00)  for a>2, ¢, — o0,
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and introduce a sequence s, — oo such that e*» € A, and s, = o(n). Then the following relations
hold:

CooC P31 (S; — ¢j) > o}
3.15 _T©7® > i j= ,
(3.15) ot ey gcseu,a nP{|Y] > z}

P{>0_(S;—¢j) >x +
(3.16) 0 = lLm  sup (320108 —¢j) > 2} e |
=00 zcA, logz<s, TL]P{|Y| > x} cl + c%

517 N P{I S0 (X — ¢)] >
(3.17) T oo men IGET! ,
\ 18 Dy P50, (2 - 2)| > o}
(3.18) =iy WBVS 1) :

where c; = ej = z; =0 for a <1 and c; = ESj, ¢ = EX, z; = EZ; for a > 1.

Proof. We split the proof into the different cases corresponding to o < 1, o € (1,2] and o > 2.
The case 1 < a < 2.

Step 1: Proof of (3.15) and (3.16). Since M > 2, we can choose & so small that

(3.19) 2446 <M and £<1/(4a),

and we write y = 2/(logn)?¢. Consider the following disjoint partition of 2:

o = (ISl <}

j=1
Q2 = U {|S2|>y7|sk|>y}a
1<i<k<p
P
k=1
Then for A = {Z?Zl(sj —¢j) >z},
(3.20) P{A} = P{ANQ}+P{ANQL}+P{ANQs} =L+ L+1I3.

Next we treat the terms I;, ¢+ = 1, 2, 3, separately.
Step la: Bounds for ;. We prove
(3.21) lim sup (z%/n) I, =0.

n—oo IEA,L

We have
L < Y P{Si| >y IS >y}

1<i<k<p
For k > i+ 3, S, and S; are independent and then, by (3.12),
P{|Si| > y,|Sk| >y} = (P{|S1] > y})* < e (mi(y)’y >,

where n1(y) is defined in the same way as n; = nj(z) with = replaced by y. Also notice that
n1(y) <ni(x). For k=441 or i 4+ 2, we have by Lemma 3.8

P{|Si| > v, [Sk| > y} < e (nu(y))™*y~.
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Summarizing the above estimates and observing that (3.19) holds, we obtain for x € A,,,

I < clp®niy™ +pniy~9]
< ena [~n (o)’ 1 (logn)*"n; 7
< cna”*[(logn)* M 4 (logn)*607] .

This proves (3.21).
Step 1b: Bounds for I;. We will prove
(3.22) lim sup (z%/n)I; =0.

n—o0 zEA,,

For this purpose, we write S;%’ = Sj1y5,|<y} and notice that ES; = IES;’ +ES;1ys,|>y)- Elementary
computations show that

(3.23) 15[ < nP D (2 4 1ymex(@DE| Bl
Therefore by the Holder and Minkowski inequalities, and by (3.12)

[ESiLys, sl < (BIS;N)Y @S] > yht e
< cloga) Ty (ny () e
< ¢ (log I)1.5+U+2§(a71)$7a+1n1 )

Let now v > 1/a and n'/*(logn)™ <z < n". Since pn; < n and (3.19) holds,
(3.24) PES;1(s, 5y < c(loga)totot2tlamlgmatly — o(g).

If > n” then

Mnl/a —Mozn—l-

z > (logz) and 27 < (logx)
Hence
(3.25) pIES;1qs, 15031 < cx(log z) Lottt (log gy ~Ma — o(z) .

Using the bounds (3.24) and (3.25), we see that for x sufficiently large,

M=

(S — ESY)

n < ®f
S+ Y+ Y )Er-BsY|>05s)

ol
1<i<pje{1,4,7,..} 1<j<p,je{2,58,...} 1<j<p,j€{3,6,9,...}

(3.26) < 31@{‘ 3 (SffESf)‘>x/6}.

1<j<p,je{1,4,7,...}

> 0.5x}
1

N S
Il

In the last step, for the ease of presentation, we slightly abused notation since the number of
summands in the 3 partial sums differs by a bounded number of terms which, however, do not
contribute to the asymptotic tail behavior of I;. Since the summands Sy, S}, ... are iid and bounded,
we may apply Prokhorov’s inequality (A.1) to the random variables R, = S} —ES} in (3.26) with
y = z/(logn)?* and B, = pvar(S{). Then a, = x/(2y) = 0.5 (logn)*® and since, in view of (3.23),
var(Sy) < y?>~“E|S;|*,
Y Qp, Qn Qn
I < c(i'?var(sl)) < C((logn)(l‘BJrU)a+2§(a71)71) (ﬁ) '
Ty <
Therefore, for x € A,
(xa/n) I, < c(log n)((1.5+U)a+2§(a71))a"7Ma(an71),
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which tends to zero if M > 2, £ satisfies (3.19) and o is sufficiently small.

Step 1c: Bounds for I3. Here we assume ¢}, > 0. In this case, we can bound I3 by using the
following inequalities: for every e > 0, there is ng such that for n > ng, uniformly for x € A,, and
every fixed k > 1,

_B{AN (IS > .15 < y.i £ k)

< (1 .
mP{Y >z} < (14 e

(327) (1 - 6)Coo

Write z = z/(logn)¢ and introduce the probabilities, for k& > 1,

Je = PLANTY (S~ )l > 2 1Sk > wlSil < v.i £k}
J#k
P{AN{ D (S) — )l < 2 ISkl > wISil <woi # k)
7k
Write S = (S, — ¢;), where summation is taken over the set {j : 1 < j <p,j#k,k+1,k=+2}.
For n sufficiently large Jj is dominated by

(3.28) Vi

Applying the Prokhorov inequality (A.1) in the same way as in step 1b, we see that
P{|S| > 0.5z, |Si| <y,i#k} <cnz™® <c(logn)” M9

and by Markov’s inequality,

ni(y) n
P{|S1] >y} <¢ o < cy—a.
Therefore
sup (z%/n1)Jry < c(logn)3s~Ma .

TEA,

Thus it remains to bound the probabilities V. We start with sandwich bounds for V}:

(3.29) P{Sy —cr>x+z |S|<z-8y, |Si|<y,i#k} <V
(3.30) < P{Sp—cr >z —2 |S|<z+8y, |Si| <y, i#k}.

By (3.12), for every small € > 0, n sufficiently large and uniformly for « € A,,, we have

(3.31) (1—¢€)c <P{Sk_ck>l‘+z} P{Sy —cx >a —z}

<
- mP{Y >z} - mP{Y >z} < (L4 6o,

where we also used that lim,,_, . (2 + z)/x = 1. Then the following upper bound is immediate from
(3.30):

Vi _P{Skick>x72}§(l+e)cm.
n P{Y >y} ni P{Y > z}
From (3.29) we have
Vi P{Si —cr >z + 2}

— L.

n ]P){Y > y} - nq P{Y > ZE}
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In view of the lower bound in (3.31), the first term on the right-hand side yields the desired lower
bound if we can show that Lj is negligible. Indeed, we have
mP{Y >}l = P{{Sk—cr >z +2}0[{|S|>2z—8yru | J{ISi] > y}]}
ik
< P{Sp —cp >+ 2|9 >z—8y}+ZP{Sk—ck >x+ 2,8 >y}
itk
< P{Sp —cp >z + 2} [P{\S| >z — 8y} +pP{|S1| > y}}

e Y P{Sk—a > a+2|S] >y}
i—k|<2,ik
Similar bounds as in the proofs above yield that the right-hand side is of the order o(n;/x®), hence
Lj = o(1). We omit details. Thus we obtain (3.27).

Step 1d: Final bounds. Now we are ready for the final steps in the proof of (3.16) and (3.15).
Suppose first ¢, > 0 and logz < s,,. In view of the decomposition (3.20) and steps la and 1b we
have as n — oo and uniformly for z € A,

PISIL(S —e)>2)
nP{Y > x} nP{Y >z}
n1 21 PT_1 (S5 —BS)) > @, |Sk] >y, 1Si] <y, j # K}
n mP{Y >z} '

In view of step lc, in particular (3.27), the last expression is dominated from above by (pnq/n)(1+
€)co < (1 + €)co and from below by

%(1_6)% > I (1= e > (1—6)%(1—”7).

Letting first n — oo and then € — 0, (3.15) follows and (3.16) is also satisfied provided the additional
condition lim,, . $,/n = 0 holds.

If ¢t =0 then I3 = o(nP{]Y| > z}). Let now x € A,, and recall the definition of V}, from (3.28).
Then for every small ¢ and sufficiently large x

n—mng — N 3sn

P8 —e) >
nP{|Y| > z} nP{|Y]| > z}
< ™M D1 Vi
- nmP{Y]| >z}

< swp P{S1 > x(1 —9) —|c1|}
€A, ’I’L1P{|Y| > ‘T}
and (3.15) follows from the second part of Lemma 3.7.

Step 2: Proof of (3.17) and (3.18). We restrict ourselves to (3.17) since the proof of (3.18) is
analogous. Write B = {| 3-"L, (X; —¢;)| > a}. Then

p1
P{B} < IP’{B N Xkl > y}} + JP{B N{|X;| <y forall j < pl}} =P+ Ps.
k=1
By Lemma 3.4,
Py < pi P{|Xy| > y} < Capry e G007 = o(na ).

For the estimation of P5 consider the random variables X;’ = X;1{x;|<y} and proceed as in step 1b.
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The case a > 2.
The proof is analogous to « € (1,2]. We indicate differences in the main steps.

Step 1b. First we bound the large deviation probabilities of the truncated sums (it is an analog of
step 1b of Proposition 3.9). We assume without loss of generality that ¢, <logn. Our aim now is
to prove that for y = xc;, %-5:

NE

(3.32) lim sup x—}P’{’

n=0 pep, N

(S; —ESj)‘ >x, |9 < yforall j <p}=0.
=1

(&) -
I

We proceed as in the proof of (3.22) with the same notation S;‘-’ = Sj1lys,|<y}- As in the proof
mentioned, p [ES;1s;>y}| = o(z) and so we estimate the probability of interest by

(3.33) = 3@{‘ S (5¥ — Es?)‘ > :c/6}

1<j<p je{14,7,...}

The summands in the latter sum are independent and therefore one can apply the two-sided version
of the Fuk-Nagaev inequality (A.3) to the random variables in (3.33): with a,, = Bz /y = ¢)-°8 and
pvar(S7) < cpn? < cnny,

(1.5+0)a 2.2
an 1—
(3.34) I< (CL) + exp{ - %} .
pyo—! 2e® cnny
We suppose first that 2 < n%7. Then the first quantity in (3.34) multiplied by 2/n is dominated
by
(c(log n)(1.5+0)a)an

0.
(n0.5a71 (log n)a)anfl -

(c(log n)(1.5+0)a02.5(a—1)>a" (n/xa)an—l < C;O.5an(1+a)+a

The second quantity in (3.34) multiplied by 2®/n is dominated by

1,0(

a\2,.2 2
L eXp{ _ (1 /8) Cn(lOgn) } < na’yflnfccfl 0.
n 2e“cny

If # > n%7 then xn~%° > 2° for an appropriately small . Then the first quantity in (3.34) is
dominated by

(1.5+0)o¢)an

S+o)a an ban (a— a\an — —0.5a [} a(C(lOgiL’)
(c(logx)(l 540) ) :5en(a=1) ( jpayan=l < (—0.5an(l+a)+ T = 0.
The second quantity is dominated by

x® { (1= p)*cpa*(log n)2} 5

— exp <z% " =0,
n 2e%cny

which finishes the proof of (3.32).

Step 1lc. We prove that, for any ¢ € (0, 1), sufficiently large n and fixed k > 1, the following
relation holds uniformly for x € A,,,

P{>"_1(S; —ESj) >z, |Sk| > y,[Si| <y,i # k}
. — < J=
(3.35) (1 —€)co < P > 1]

Let z € A,, be such that 2:/z — oo. As for a € (1, 2], one proves

< (14 ¢)coo-

P

¢ .
71@{ 3 (S —ES)) > a | S(S; —ES))| > 2, 1Sil > w1851 < . # k} 0.

ny - ,
Jj=1 JFk
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Apply the Fuk-Nagaev inequality (A.3) to bound
z .
P{I (S5 ~ES))I > 2,18 < 9,5 # k.
J#k

In the remainder of the proof one can follow the arguments of the proof in step lc for a € (1,2].

The case o < 1.

The proof is analogous to the case 1 < « < 2; instead of Prokhorov’s inequality (A.1) we apply S.V.
Nagaev’s inequality (A.2). We omit further details.
|

3.5. Final steps in the proof of Theorem 2.1. We have for small £ > 0,

P{Zn:(@ —ES;) > x(1+2¢)} —P{| Xn:@ —EX;)| > ze} — P{| i(z —EZ;)| > xe}

i=1 i=1 i=1

< P{S,—d, >a}

< P{zn:(@ —ES;) > a(1—2¢)} + P{i(}@ —EX;) > ae} + P{Zn:(z —EZ;) > xe).

(3.36)

Divide the last two probabilities in the first and last lines by nP{|Y| > z}. Then these ratios
converge to zero for x € A,,, in view of (3.17), (3.18) and Lemmas 3.4 and 3.5. Now

P{ > (S —ES)>az(1-2)}=P{ Y (S —ES)>ax(l-2)}
i=pni+1 i=pni+1
<P{ Y (Si>a(1-2)- Y |ES},
i=pni+1 i=pni+1

where S; = I jyn, —1|Bign, | + - 4+ i itno—1|Bigns |-
Notice that if ¢ <n —ng then (for a > 1)

and forn —no <i<n-—mng
ES, — (EA)™ (1 YEA+ ..+ (EA)"*Hl)EB.

Hence there is C' such that

n—mi .

i=pni+1
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and so by Proposition 3.6

n—mi n—mi

S = N~ x(l—2) —2n,C
p{ > (8 > (1 —2) - > IESA}SP{Z@> 5 ¥
i=pni+1 i=pni+1 1=1
2n,
~ a:(l—Ze) —2’/7,10
+P{i§ (Si > 5 b

<Ciniz™% = o(nIP’{\Y\ > .’E}),

provided lim,,_, o s, /n = 0. Taking into account (3.16) and the sandwich (3.36), we conclude that
(2.2) holds.

If the a-region is not bounded from above and n > n;(x) then the above calculations together
with Lemma 3.1 show (2.1). If n < ny(z), then

P(Su— &y > 0} < CraoeCxllonn)®,
and again (2.1) holds.

4. RUIN PROBABILITIES

In this section we study the ruin probability related to the centered partial sum process T, =
Sn —ES,,, n >0, i.e. for given u > 0 and p > 0 we consider the probability

P(u) = P{iliri [T, — pn] > u}.

We will work under the assumptions of Kesten’s Theorem 1.1. Therefore the random variables Y;
are regularly varying with index a > 0. Only for o > 1 the variable Y has finite expectation and
therefore we will assume this condition throughout. Notice that the random walk (T, — n ) has
dependent steps and negative drift. Since (V;,) is ergodic we have n='(T,, — npu) 3 —p and in
particular sup,,~ (T, — np) < co a.s.

It is in general difficult to calculate ¥(u) for a given value u, and therefore most results on ruin
study the asymptotic behavior of ¢(u) when u — co. If the sequence (Y;) is iid it is well known (see
Embrechts and Veraverbeke [7] for a special case of subexponential step distribution and Mikosch
and Samorodnitsky [19] for a general regularly varying step distribution) that

uP{Y > u}
(4.1) Yina(w) =1
(We write ¥;,4 to indicate that we are dealing with iid steps.) If the step distribution has exponential
moments the ruin probability ;,q4(u) decays to zero at an exponential rate; see for example the
celebrated Cramér-Lundberg bound in Embrechts et al. [6], Chapter 2.
It is the main aim of this section to prove the following analog of the classical ruin bound (4.1):

, U —00.

Theorem 4.1. Assume that the conditions of Theorem 1.1 are satisfied and additionally B > 0 a.s.
and there exists € > 0 such that EA®Y® and EBYY¢ are finite, « > 1 and ¢, > 0. The following
asymptotic result for the ruin probability holds for fized p > 0, as u — co:

P{sup(S, —ES,, —nu) >u} ~ G _ymatl
n>1

p(a—1)
.

Remark 4.2. We notice that the dependence in the sequence (Y;) manifests in the constant co /¢l
in relation (4.2) which appears in contrast to the iid case; see (4.1).
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To prove our result we proceed similarly as in the proof of Theorem 2.1. First notice that in view
of (3.9),
P{sup(Yor — E(Yona)) > u} < P{Yon > u} = o(u'™?).

n>1
Thus, it is sufficient to prove

wIP{ su gn—Egn—n >u NCL,
{nZI;( 2 } pla—1)

for S, defined in (3.2). Next we change indices as indicated after (3.3). However, this time we
cannot fix n and therefore we will proceed carefully; the details will be explained below. Then we
further decompose S,, into smaller pieces and study their asymptotic behavior.

Proof of Theorem 4.1. The following lemma shows that the centered sums (gn — E§7z)n2u a for
large M do not contribute to the asymptotic behavior of the ruin probability as u — oco.

Lemma 4.3. The following relation holds:
im limsup uo‘_llP’{ sup (Sp, — ES, — np) >u} =0.

1
M—00 y—00 n>uM

Proof. Fix a large number M and define the sequence N; = uM2!, [ > 0. Assume for the ease of
presentation that (IN;) constitutes a sequence of even integers; otherwise we can take N; = [uM]2.
Observe that

(oo}
IP{ sup (S, —ES,, — nu) > u} < Zpla
n>uM 1=0

where p; = IP{ MaX,e [Ny, Nyt ) (gn — Egn —nu) > u} . For every fixed [, in the events above we make
the change of indices i — j = N;41 — ¢ and write, again abusing notation,
Y, =B+ 1B+ + T n,, 2Bn, 1
With this notation, we have
Nl+171 " »
=PJ max Y,—EY;, —u) >uy.
n {ne(o,Nl] E::n ( 1) }
Using the decomposition (3.4) with the adjustment ng = min(j+ns, Njy1—1), we write Y; = U;+W;.
Then, by Lemma 3.2, for small § > 0,

Nl+171
= P pnax ; (Wi = EW; — pu/4) > u/4}

Nip1—-1 N N N—1

< P{ > (Wi —EWi)+ Y W;>u/d+ Nip/4}
1=N; =1
Nl+171 N . .

< P{ Y (W;—EW;) >u/d+ N(u/4— EW1)}
=1

< chJrleo‘ﬂS < c(uMQl)l_o‘_‘S.

We conclude that for every M > 0,

o0
Zpll =o(u'") as u — 0o.
1=0
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As in (3.7) we further decompose Ui=X,+ S+ Z-, making the definitions precise in what follows.
Let p be the smallest integer such that pn; > Nj4q — 1 for ny = ny(u). For i = 1,...,p — 1 define

X; as in (3.8), and X, = SN X;. Now consider

i=(p—1)ni1+1
Nl+1—1 . _
= P X; —EX; — 4) > 4
P2 {nér(l(%l] ;l ( p/4) > u/4}
Npp1—1 ~ _ N;—1 _ _
< P X; —EX;)+ max X, —EX;) >u/4+4+ Nju/4
(3 a3 ) > u/d+ Nis/4}
p
< P{max ) (X;—EX;)>u/8+ Nu/8}
kﬁp/2i:k
P kny

P X, —EX;) < Nyu/8, X, - EX; N,
+ {’“Hgl%i:k( ) < u/8+ Ny/8 533721?%11._;].( ) > u/8 + Nyp/8}
= pi21 + D22 -

The second quantity is estimated by using Lemma 3.4 as follows for fixed M > 0
Draa < Cpﬂp{ ijz > u/8 + NlM/S} < Clelfae—Cz(logNz)Cs _ 0(u1—a)2—(a—1)l ’
i=1

where C;, i = 1,2, 3, are some positive constants. Therefore for every fixed M,
[ee]
me =o(u'™?), as u — 00.
1=0

Next we treat pjo1. We observe that X; and X; are independent for |¢ — j| > 1. Splitting summation
in pjo1 into the subsets of even and odd integers, we obtain an estimate of the following type

p21 < aP{ max (X2i — EX9i) > co(u+ Np) },

where the summands are now independent. By the law of large numbers, for any € € (0,1), k < p/2,
large I,

P{ Z(XQ»L‘ —EXy) > —ECQ(U+N1)} > 1/2.

2i<k

An application of the maximal inequality (A.5) in the Appendix and an adaptation of Proposition 3.9
yield

P21 < 2]P{ Z(Xgl — EXQZ) > (]. — G)CQ(U -+ Nl)} < CNllia .
2i<p
Using the latter bound and summarizing the above estimates, we finally proved that

o0
im limsupu®! ZPZQ =0.

|
M—
X u—o0 =0

Similar arguments show that the sums involving the §i’s and Z’s are negligible as well. This proves
the lemma. ]
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In view of Lemma 4.3 it suffices to study the following probabilities for sufficiently large M > 0:

P{ nn<1§t}<u S — ESn —nu) > u}

Write No = | Mu], change again indices i — j = Ny — i + 1 and write, abusing notation,
Yj = Bj+11;;Bj41 + - +11; n, 1 Bny.

Then we decompose Y as in the proof of Lemma 4.3. Reasonlng in the same way as above, one

proves that the probabilities related to the quantities WZ, X and Z are of lower order than u!~¢
as u — oo and, thus, it remains to study the probabilities

(4.3) ]P{ max 3 (S; —ES; — ) > u},

n<Ng *
=N

where S; were defined in (3.7).

Take ny = |log No/p|, p = | No/n1| and denote by S; the sums of ny consecutive S;’s as defined
n (3.8). Observe that for any n such that ny(k—1)+1 <n <kny, k—1 < p we have

No N _ _ (p+1)n1 _ _
Z(Si —ES; — p) <2ny(ESy + p) + Z (Si —ESi — )
i=n i=(k—1)n,+1

_ P
<2ny(ES; + p) + (Si —ES; —nip)
i—k—1
and
No _ _ _ pn1 _
Z(Si —ES; —p) > —2ny(ES; + 1) + Z (Si —ES; — )
1=n i=kni
~ p-l
> —2n1(ESy + 1) + Z(SZ —ES; —nip).
i=k

Therefore and since ny is of order logu, instead of the probabilities (4.3) it suffices to study

p

Yp(u) = ]P’{ max 2 (Si —ES; —nyp) > u}.

Choose ¢ = [M/e$"*] + 1 for some small £; and large M. Then the random variables

kq—3

Z Si, k=1,...,r=|p/q],

i=(k—1)q
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are independent and we have

Yp(u) < IP’{ max <Z< (Si —ES; —nip) > u(l — 351)}
i;él?q_—lQ_,gg—l

r
+P{ Ijngai( ;(Skq_g — ESkq_Q — nlu) > 81“}
=J

T

~HP’{ max (Skq_l —ESig—1 — nyp) > 51u}

j<r =
» 4
o o _. (4)
+]P’{ qg%}ép i:n(Sz ES; — nqpu) > 81U} : ;:1 ¥y (u).

The quantities ¢,(,i)(u), i = 2,3, can be estimated in the same way; we focus on wz(?)(u). Applying
Petrov’s inequality (A.4) and Proposition 3.9, we obtain for some constant ¢ not depending on &1,

P (u) < P{ max ;(Skqu = ESkg—2) > &1 U}
=7

r

< CP{ Z(Skq,Q — ESkq,g) > 51u/2}
k=1

< erni(eru)”® <cepum ML

Hence we obtain lim,, o limsup,,_, . ua_1w1(32)(u) = 0. By (3.15), for some constant c,

qni Mu
c .
(erw)® = r(aqu)®

Since r > q > M/eST! for large u we conclude for such u that r—' < M~'e¢"! and therefore
¢1(74) (u) < cequl=* and lim,, ;o limsup,,_, uo‘*lwz(fl) (u) =0.
Since A and B are non-negative we have for large u with po = (g — 2),

J
Q/JZ()l)(u) < }P’{ max ;(Rz —ER; — pon1) > u(l —3e1) — gni(ES1 + u)}
J
< IP’{ rjngaicz_;(RZ —ER; — pon1) > u(l — 451)} .

Combining the bounds above we proved for large u, small £; and some constant ¢ > 0 independent
of 1 that

J
Pp(u) < IP’{ max ZI(Rz —ER; — pon1) > u(l — 461)} +cepum ot

Similar arguments as above show that

J
bpu) > IP’{ max Y (R; — ER; — pon1) > u(l + 461)} ~ce umotl,
isr i3
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Thus we reduced the problem to study an expression consisting of independent random variables
R; and the proof of the theorem is finished if we can show the following result. Write

J
Q. = {r?gaTX ;(RZ —ER; — nipg) > u} .

Lemma 4.4. The following relation holds

lim limsup
M—oo y—co

+
IP(Q,} - =2 0,
R ke Ay

Proof. Fix some gy > 0 and choose some large M. Define Cy = (¢ — 2)cooct,. Reasoning as in the
proof of (3.16), we obtain for any integers 0 < j < k < r and large u

P{ Ef:j+1 (R; —ER;) > u}

4.4 1—e9<u® <1

(4.4) go<u ik~ 7)Co <1+¢g

Choose &,6 > 0 small to be determined later in dependence on £y. Eventually, both £, > 0 will
become arbitrarily small when ¢y converges to zero. Define the sequence ky = 0, k; = [5nf1(1 +

)!=1u], 1 > 1. Without loss of generality we will assume k;, = Mun; "' for some integer number .
For n > €0(2lp) ™! consider the independent events

ki<j<kit1

J
Dl{ max Z(RiER¢)>2nu}, 1=0,...,0g—1.
1=k;+1

Define the disjoint sets
W= nDin () Ds,, 1=0,...1—1.
m#l
We will show that

lo—1
(4.5) ’

P{Q,.} — Z IP’{WZ}’ <o(u'™®), u—oo.
1=0

First we observe that Q, C U;‘J:Bl D;. Indeed, on ﬂé”zgl Dy we have
J
m<ax (Rl — ERZ' — ’I’Ll,uo) < l0277u < ol ,
j<r 4
i=1

and therefore €2, cannot hold for small 3. Next we prove that

(4.6) P{| J (Dm N D)} =o0(u'"), u—oo.

m£l
Then (4.5) will follow. First apply Petrov’s inequality (A.4) to P{D;} with go arbitrarily close to
one and power py € (1,a). Notice that E|R;[P° is of the order gni, hence my, is of the order
dequ < céaMsl_O‘_lu. Next apply (4.4). Then one obtains for sufficiently large u, and small €, §,
and some constant ¢’ depending on ¢, d, g¢, €1,

ki1
P{D;} < qo_ll[”{ Z (R; — ER;) >77u}
1=k;+1
< gy ni(kipr — ki) (14 £0)Co(nu)~® < dul™?.

Hence P{U,,(D;N D)} = O(u?1 =) as desired for (4.6) if all the parameters ¢, §, g9, €1 are fixed.
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Thus we showed (4.5) and it remains to find suitable bounds for the probabilities P{W;}. On the
set W; we have
J J
max » (R; —ER; —pon1) < max » (R; —ER;) < 2nlu < gu,
J<ki £ J<ki £
=1 =1
J
max Z (]%z — ERl) < 277l0u < ol .

kip1<j<r
+1<J> i=ki+1

Therefore for small ¢y and large u on the event W,

J J
max (Ri —ER; — pon1) = e ) (Ri —ER; — pona)
1=1 =1
ki J J
> Z(Rl R; — pony) + kz<r?gi(z+1 . Z (R; R;) + klﬁlg;(ﬁr _ z (R; R;)
=1 i=k;+1 i=k;y1+1

J
< - . —ER;).
< 2e0u — kjpony + . max Z (R; —ER;)

<j<k
1<J>Ri+1 imky+1

Petrov’s inequality (A.4) and (4.4) imply for [ > 1 and large u that

J
kit1
< qolP{ Z (‘RZ — ERl) > (1 - 3EQ)U + Monlkl}
i=k;+1
o -t (ki = k)m(1 +20)Co

P ((1=320) + 100(1 + &)l )oye
! Se(1+e)1(14+£0)Co s
O (1= 3e) + pod(1 +&)l=1) .

For | = 0 we use exactly the same arguments, but in this case (k1 — ko)n1 = du and k9 = 0. Thus
we arrive at the upper bound

lo—1 -
0 B ) 0 66(1 +€)171 ) -
> P{Wi} < 11+50<+Z 1-a
s Wit <qo ( 0)Co (1 —3gp)® P (1= 320) + p10d(1 + 2)i-1)a U

=gy ' (1+20) A(e, 6,20, lo)u' .

(4.7)

To estimate P{W;} from below first notice that on W;, for large u,

J ki1

max (]%z — ERl — Mo’nl) Z Z(Rl — ERZ — Monl)

j<r
(| i=1
kig1

Z (Ri = ER;) — kiy1pony — kiERy
i=k;+1

v

kiy1

Z (Rz — ]ERl) — kH_l/LOTLl — ol .
i=k;+1

%
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By (4.6) and (4.4), we have for I > 1 and as u — oo,

kiy1
P{W;} > IP’{{ > (Ri—ER;) > (1+50)u+,u0n1kl+1} nD;n () D;}
i=ki+1 m#l

Y

kl+1—1
P{ > (Ri—ER) > (1+€o)u+uon1kl+1} —P{Dl nJ Dm}

=k m#£l
(kig1 — k)ni(1 —€9)Co (1 — 220)Cod(1 + £) e o
(L +eo)u+ pokiyana)® (1+ o) + od(L + 2))e

—Q

o o(ulfa) >

Hence

lo—1 5 lo—1

S(1+e)te 1-a
; P{w;} > (1- 280)CO<(1 T oot pod) ; (14 €0) + pod(1 + E)I)Q)u

= (1-2e9)CoB(e,6,c0,lo)u' "

Thus we proved that

lo—1
_ fon -1, a—1
(1 —2e9)B(e,d,e0,lp) < hurglgf Cy u ; P{W,;}
lo—1
(4.8) < limsup Cy lu*™! Z P{W;} < g5 (1 +&0)A(g, 8,0, lo) -

Finally, we will justify that the upper and lower bounds are close for small ¢, §, £y, large M and ¢g
close to 1. For a real number s which is small in absolute value define the functions

fs(@)= 1+ s+ px)™® and Fy(x) =1+ s+ pox) fs(z) on [6,M].

Let 7y = §(1+¢)!"1, 1 =1,...,lp. Since ;41 — ; = de(1 + ¢)!~1 are uniformly bounded by e M
and fs is Riemann integrable on [0, c0), choosing ¢ small, we have

lp—1

A(e,8,60,l0) = Y faey (@) (@ip1 — 1)

IN

=1
M _ Flge(0) = Flgey (M) + &0
/5 fosey () dir = L |

Thus we obtain the bound

4. lim lim lim limg (1 A lo) = —1)" .
(4.9) lim lim, 1im T g (14 e0)A(e, d,0,l0) = (po(a — 1))

Proceeding in a similar way,

M F.,(8) — F.,(M) — &
B(e, 6, ¢e0,l0) > o (7)dr = =2 = .
( 0-lo) ) feo ) po(a —1)

The right-hand side converges to (uo(a — 1))~% by letting 6 | 0, M — oo and &g | 0. The latter
limit relation in combination with (4.8) and (4.9) proves the lemma. |
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APPENDIX A. INEQUALITIES FOR SUMS OF INDEPENDENT RANDOM VARIABLES
In this section, we consider a sequence (X,) of independent random variables and their partial
sums R, = X1 + -+ X,,. We always write B,, = var(R,) and m;, = >7_, E|X;? for p > 0. First,
we collect some of the classical tail estimates for R,,.
Lemma A.1. The following inequalities hold.

Prokhorov’s inequality; cf. Petrov [23], p. 77: Assume that the X,,’s are centered, | X, | <y for
alln>1 and somey > 0. Then

(A1) P{R, >z} < exp{ — %arsinh(2xgn)}, x>0.

S. V. Nagaev’s inequality; see [22]: Assume m, < oo for some p > 0. Then

emp
wyr~1

z/y
(A.2) P{R, >:c}<Z]P’{X >y}+( ) wmy>o.
Jj=1
Fuk-Nagaev inequality; c¢f. Petrov [23], p. 78: Assume that the X,’s are centered, p > 2,

B=p/(p+2) and mp < 00. Then

mp Bx/y _ (1—5)23;‘2

Petrov’s inequality; cf. Petrov [23], p. 81: Assume that the X,,’s are centered and m, < co for
some p € (1,2]. Then for every qo < 1, with L=1 forp=2 and L =2 for p € (1,2),

(A.4) P{%%Ri >z} < gy 'P{R, >z — [(L/(1 — q)) 'm,|Y/P}, z€R.

Lévy-Ottaviani-Skorokhod inequality; cf. Petrov [23], Theorem 2.3 on p. 51. If P{R, — Ry, >
o)} >q, k=1,...,n—1, for some constants ¢ > 0 and q > 0, then

(A.5) IP’{m<aXR¢ >z} <q¢ 'P{R,>x—c}, weER.

APPENDIX B. PROOF OF LEMMA 3.7

Assume first ¢, > 0. We have by independence of Y and ny, for any k > 1, > 0 and r > 0,

]P{Uky >z} / / ]P{Y > v/} dP(np < z) =1 + 1.
(0,z/7] [z/r,00)

EP{Y > 1} kIP’{Y >z}
For every € € (0, 1) there is r > 0 such that for z > r and z < z/r,
P{Y
W 2%l —¢g,1+¢] and P{Y >zx}z*>cl —¢.

Hence for sufficiently large =z,
L €k Englyy<a/mll —e,1+€] and Ip < ck™'aP{ne > a/r} < ck " Engliy e/ -
We have
I € (k7 'Eny — k™ 'Enp 1y, sem)[l — €, 1+ €]
and by virtue of Bartkiewicz et al. [1], limy— 00 k7 En® = coo . Therefore it is enough to prove that

(B.1) lim sup k™ Eng Ly, 50y = 0.

N0y, <k<ny,b, <z

By the Holder and Markov inequalities we have for € > 0,
a ateya/(ate e/(a+e —e a+te
(B.2) Enflipsay < Engt)/ O (Bln, > «}) /") < ameEngte.
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Next we study the order of magnitude of Eny ™. By definition of 7,

Enote = BA“TE(1 4 mp_1)* "
=EAT(E(L +m—1)* — E(np 7)) + EAYTEnp T

Thus we get the recursive relation

k
gt = S (BATT)THE(L 4 pg) ™t — EGE))
=1
k ekt (EAaJre)k
. < Qa-—+e€ —1 < _—
(B.3) - C;(EA ) S CRAete 1

Indeed, we will prove that if € < 1 then there is a constant ¢ such that for ¢ > 1,
E(1 +n;,)*" —En?* <e.
If @ + € < 1 then this follows from the concavity of the function f(z) =z, 2 > 0. fa+¢€ > 1
we use the mean value theorem to obtain
E(1+n)"" —Enfte < (a+ ) E(L+ 1) < (a+ e)Enste! < cc.
Now we choose € = k=%, Then by (B.2), (B.3) and Lemma 3.3,
(EAote)k e /Vk=logz/Vk e—pm/Vk

Bl lim>e) S O gare 1% SC T gAare 1 S CEAate 1

In the last step we used that k < n; = ng — m, where ng = [p~!logz]. Moreover, since m =
[(log 2)%5%7], m/Vk > 2¢1(logx)? for some ¢; > 0. On the other hand, setting v = ¢ = k=% in
(3.11), we obtain EA*T¢ — 1 > pk=05/2. Combining the bounds above, we finally arrive at

sup kilEng‘l{nk>m} < ce—cr(log2)
rn<k<nibp<z

for constants ¢, c; > 0. This estimate yields the desired relation (B.1) and thus completes the proof
of the first part of the lemma when ¢ > 0.
If ¢, = 0 we proceed in the same way, observing that for any ¢,z > 0 and sufficiently large z,
P{Y > z/z}
P{|Y| > z}

and hence I; converges to 0 as n goes to infinity. This proves the lemma.

< §z”
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