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This supplement provides the omitted technical details to the proofs of Theorem 4.2 and
Lemma 4.1, in Davis et al. (2016). The setting, notation, equation reference numbers are
retained from the main paper. For convenience, the corresponding results in Davis et al.
(2016) using the same reference numbers are stated before the proofs. The Remarks 3.4
and 3.9 from the main paper have also been duplicated here.

Proof of Theorem 4.2

For the convenience of the reader, we recall two remarks from Davis et al. (2016) which
are mentioned in the proof.

Remark 3.4. If (X;) and (Y;) are two independent iid sequences then the statement
of Theorem 3.2 (1) remains valid if for some a € (0,2], E[|X|%] + E[|Y]*] < o0 and

/Rmu A LIV A ) u(ds, dt) < oc. (3.8)

Remark 3.9. From the proof of Theorem 3.2 (the central limit theorem for the multi-
variate empirical characteristic function) it follows that Gy has covariance function

L((s,t),(s',t") = cov(Gp(s,t),Gp(s', 1))
=Y E[(e* X —ox(s)) (e M — oy (1))

JEZ
X (7N — o (=) (e T —py (<)) (39)
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In the special case when (X;) and (Y;) are independent sequences Gy, is the same across
all h with covariance function

L((s,1), (s 1) = (ox (s — &) —ox(s)epx (s) oy (t = 1) — oy ()py () -

Since G, is centered Gaussian its squared L*-norm ||Gy||% has a weighted x*-distribution;
see Kuo (1975), Chapter 1. The distribution of ||Gy||% is not tractable and therefore one
needs resampling methods for determining its quantiles.

Theorem 4.2. Consider a causal AR(p) process with iid noise (Z;). Assume
/ (LA [s]?) (LA [H?) p(ds, dt) + (s + ) 1(]s| A [t] > 1)u(ds, dt) < oo. (4.7)
R2

1. If 02 = Var(Z) < oo, then

a |Gn+&nll2

nTZ,(h) 5 |G+ &%, and  nRZ,(h) S ~ , (4.8)
T7(0)

where (G, &) are jointly Gaussian limit random fields on R%. The covariance
structure of Gy, is specified in Remark 3.9 above for the sequence ((Zi, Zii1)), &n
and the joint limit structure of (Gp,&n) are given in Lemma 4.1 below.
2. If Z is in the domain of attraction of a stable law of index o € (0,2), i.e., P(|Z] >
x) =x"*L(x) for x >0 and L(-) is a slowly varying function at oo, and
P(Z > z) P(Z < —x)
P25z P ™ pizse TP

as x — oo for some p € [0,1] (Feller (1971), p. 318). Then we have

A d 2 Z d ||Gh||i
nTy (k) = |Ghll;, and n Ry, (h) = T7(0) , (4.9)

where Gy, is a Gaussian limit random field on R%. The covariance structure of Gy,
is specified in Remark 3.9 for the sequence ((Zi, Zi41n)).

We proof the result for the residuals calculated from least square estimates (LSEs).
One may show that the same result holds for maximum likelihood and Yule-Walker
estimates. We recall the relevant asymptotic results for the least squares estimator from
Section 4 in Davis et al. (2016); we use the same reference numbers for mathematical

formulee as in Davis et al. (2016). The least-squares estimator é of ¢ satisfies the relation

~ 1 &
$—b = Lo D> XeaZ,

t=p+1
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where
1 & oo
Lnp = n Z X1 X1
t=p+1

If 02 = var(Z;) < oo, we have by the ergodic theorem,

a.s.

Lnp 5 Tp=(yx(— k))1§j7k§17’ where yx (h) = cov(Xo, Xp),h € Z. (4.1)

)

Causality of the process implies that the partial sum Z?:p 41 Xt-17Z¢ is a martingale

and applying the martingale central limit theorem yields

Vi(d-¢)4Q, (4.2)

where Q is N(0,0°T, ") distributed.

Keeping this in mind, we start with a joint central limit theorem for C# and a&

Lemma 4.1. Consider an #d sequence (Z;) with finite variance.

1. For every h > 0,
Vi (CF 6= ) % (Gr. Q).

where the convergence is in C(K) x RP, K C R? is a compact set, Gy, is the limit
process of CZ with covariance structure specified in Remark 3.9 for the sequence
((Zi, Zign)), Q s the limit in (4.2), (Gh, Q) are mean-zero and jointly Gaussian
with covariance matric

cov(Gn(s;t), Q) = —¢(s) Wz () ;' W, s,tER, (4.4)

where Wy, = (Yp—j)j=1,..p and @'y is the first derivative of .
2. For every h > 0,

Vi (CF.C7 = CF) 5 (Gr&a),
where (Gp, Q) are specified in (4.4) and
Enls t) = toz(t) P ()95 Q,  (s,1) € K, (4.5)
the convergence is in C(K,R?), K C R? is a compact set. In particular, we have

\/505 i> G +&n. (4.6)
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Proof of part (1). We observe that, uniformly for (s,t) € K,

1 n—h 1 n—h 1 n—h
Cf(s,t) — - § e'LSZj+Zth+h, _ E e’LSij E eZtZ_7‘+h
n n n
i=1 i=1 =1

_ %Z (eist _ CPZ(S)) (eitZ_7‘+h — @Z(t))

3D = pa(0) 5 2 (€ = (1) + O ™).

Jj=1

In view of the functional central limit theorem for the empirical characteristic function
of an iid sequence (see Csérgd (1981a,1981b)) we have uniformly for (s,t) € K,

\/ﬁcf(svt) = % Z (eist — (pz(s)) (e WZjtn _ (pZ(t)> + O]p(n_l/Q)

= I.(s,t) +Op(n"'?).

Therefore it _suffices to study the convergence of the finite-dimensional distributions
of (In,vn(¢ — ¢)). In view of (4.1) it suffices to show the convergence of the finite-
dimensional distributions of (I, (1/y/n) Z?zl X_1Z;). This convergence follows by an
application of the martingale central limit theorem and the Cramér-Wold device. It re-
mains to determine the limiting covariance structure, taking into account the causality
of the process (X;). We have

n

cov([n,%ZXj_le) = %E[Z e ¥5Z; )) (eitZ_i+h *@Z(t))xk—lzk] )

j=1 k:l

By causality, Xj and Z; are independent for k < j. Hence E[(e**Zi — p(s))(eZi+r —
vz (t))Xi—x 2] is non-zero if and only if I = j + h and k < h, resulting in
E[(e™? = ¢z(s) ("4 — pz(t) Xix Z1]

= E[Xjin-r(e™ = 0z() | E[Zjrn (e = 02(1))]

= UnkB[Z(e™ = 0z(s))| E[Z(e™ = ¢2(t))]

= —Yp_piE[Ze™?]iE[Ze"]

—n—k 97(5) Pz (1)

This implies (4.4). O
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Proof of part (2). We observe that, uniformly for (s,t) € K,
CE(s,t) = CL(s,1) (81)

n
— l Zeist+ith+;L (ei(¢—$)T(sxj71+txj+h71) _ 1)
n
Jj=1

n 1 Zn: (1 i(p—P)TsX, e 1 i 2
- —e e =)y e '
n n

1 " i TNT . 1 n . INT .
el E (p—o)" sXj_1+isZ; — E 1 — eid=®) " tXj1n-1) ot Zj4n 1 On(n~1
e n (L-e Je +Op(n™")

Jj=1 j=1
= En1(s,t) + Ena(s,t) + Ep3(s,t) + Op(n™"). (S.2)
Write
E ; Sl isZ;+itZ;
Enl(s7t) = z(¢_¢)TEZI(SXj71 +th+h,1)e Zj+itZitn .
J=

In view of the uniform ergodic theorem, (4.2) and the causality of (X;) we have

ViEn(s,t) 5 —iQTE[(sXg 4 1X,) e {71+ 7041)] (S.3)

= —tpz()e(s)PLQ = &n(s.1),
where the convergence is in C(K). By virtue of part (1) and the mapping theorem we
have the joint convergence \/n(CZ, E,1) Lt (Gh, &) in C(K,R?). Denoting the sup-norm

in C(K) by || - ||, it remains to show that /n(||Enz|| + || Ens|| + [[En1 — EMH) 50. The
proof for E,5 and E,3 is analogous to (S.3) by observing that the limiting expectation
is zero. We have by a Taylor expansion for some positive constant c,

~ ~112 I 2 P
\/ﬁHEnl(S, t) — Enl(S, t)” < ¢ ‘\/’ﬁ(qb — gb)’ ( Sl)lpK W E |8Xj,1 + th+h71 — 0.
s,t)€ j=1

In the last step we used the uniform ergodic theorem and (4.2). O

Proof of Theorem 4.2(1). We proceed as in the proof of Theorem 3.2. By virtue of
(4.6) and the continuous mapping theorem we have

| WacZeor aasd) b [ (G0 + G 0F udsd). 0o .
K Ks

Thus it remains to show that

limlimsuplP(/ |\/ﬁCf(s,t)|2u(ds, dt) > 5) =0, e>0. (S.4)
510 K¢

n—oo
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Following the lines of the proof of Theorem 3.2, we have

| BIVACE (5,0 utds,dt) =0

lim lim su
440 P

n— o0
see also Remark 3.4. Thus it suffices to show
hmhmbup]P’(/ V(2 (s,1) — CZ(s.0)Pulds. dr) > £) =0, >0,
n—00 K¢
For convenience we redefine
1 n—h 1 n—h 1
z _ isZj+itZion _ + isZ; L itZ,
0i=1 et LS a5 e,
Jj=p+1 J=p+1

n .
Jj=p+1

This version does not change previous results for CZ
Using telescoping sums, we have for n =n —p — h,

=(CE(s,t) = C2(s,1))
n
1nh n—h n—h n—h n—h
= fZAB—*ZA*ZB"ZU ZB—*ZVZA
" p+1 p+1 Jj=p+1 =p+1 =p+1 Jj=p+1 =p+1
Z UB+ Z ViA, 7ZIn]st
J =p+1 ] =p+1
where, suppressing the dependence on s,t in the notation
Vi = e P —pp(t),
Xjth—1 _ 1).

75— SDZ(S) )
B, = ¢ tZi+n (e is(¢p—)

Uj = ei
A; e ™% (e is(d—) X1 _ 1),

Write K,, = |v/n(¢ (}5)| and ¢ > 0 for any positive constant which may differ from line

to line. By Taylor expansions we have

nLa (s, < (L Z|AB|)

Jj=p+1
n—h
Vi 3 P ’
< (23 A AlslIe - BlXsal) (LA T 16— BlIXnal)
Jj=p+1
n—h 1 n—h
< (mln(|st|K2 Z | X1 Xjpn1l, [s| K n = Z | X1l
Jj=p+1 Jj=p+1
1 n—nh 2
|t|Kn% Z |Xj+h71‘))
Jj=p+1
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Supplement to ”Applications of Distance Correlation to Time Series” 7

The quantities K,, are stochastically bounded. From ergodic theory, n=! Z;-L:l |X;| =
Op(1) and n=3/2 37" |X; Xjn| = 0p(1). Hence

n |1 (s, t)[* < min(s?, 12, (st)?) Op(1) < ((1 A2 (LA + (82 +2)1(|s| At > 1)) Op(1),

where the term Op(1) does not depend on s and ¢. Thus we conclude for k =1 that

lim lim sup P n / Lo, O p(ds, dt) ) =0, =>0. (S.5)
0l0 n—oco K¢
A similar argument yields
n | I (s, t)|?
. 2
Vi
< | == Z | Aj| | Bl
Jk=p+1
. 2
VIR~ 3 3
< |z D (nlslle = BlIX DA At ¢ = Dl | Xisnl)
Jik=p+1
1 n—h
< ¢ <min (|st|K;§ = 2 X X,
Jik=p+1
1 n—h 1 n—h 2
|| K — Do Xl [t Ky - > |Xk+h1|)>
Jj=p+1 k=p+1

< min(s?,#%, (st)?) Op(1).

Then (S.5) holds for k = 2. Taylor expansions also yield

2
n—h
NG
nlha(s, 0P < (ST () iBd
J,k=p+1
A 2
N 1 ~

= - > A ASIsl (1251 + EIZD)AA[t] ¢ — @[ Xk+n-1])

J,k=p+1
< min(?, (st)?) Op(1).

This proves (S.5) for k = 3. By a symmetry argument but with the corresponding bound
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8 Davis R.A., Matsui M., Mikosch T. and Wan P.

min(s?, (st)?) Op(1) , (S.5) for k = 4 follows as well. By Taylor expansion, we also have

2

n—h
n
niLs(sd? < (Y23 s,

J=p+1
2
n—h 1 ~
= % Y. WAglsl(1Z +EIZD) At |6 = &l 1Xj4n-1l)
j=p+1
< min(#, (st)?) Op(1).

We may conclude that (S.5) holds for £k = 5. The case k = 6 follows in a similar way
with the corresponding bound min(s?, (st)?) Op(1). O

Proof of Theorem 4.2(2). We follow the proof of Theorem 4.2(1) by first showing
that ~
VncZ 4 a, (S.6)

in C(K) for K C R? compact, and then (S.4). The convergence /n CZ 4 Gy in C(K)
continues to hold as in the proof of Theorem 4.2(1) since the conditions in Csorgd
(1981a,1981b) are satisfied if some moment of Z is finite. For (S.6) it suffices to show
that -

Va(cZ —c#) B o (8.7)
in C(K). Recalling the decomposition (S.2), we now can show directly that
SUp| s, 1t <m VP Eni(s,t)] 20 for any M > 0 and i = 1,2,3, which implies (S.7). We
focus only on the case i = 1 to illustrate the method; the cases i = 2,3 are analogous.
We observe that for § > 0,

n—h
1
sup Vn|Eni(s,t)] < sup /n|gp —¢| - Z |sX ;-1 +t X rn_1]
|s],lt|<M Isl,lt|<M [ st
1 S 11
< Mndlg—@l 52 Y [X|. (S8)
j=1

On the other hand, under the conditions of Theorem 4.2(2) Hannan and Kanter (1977)
showed for ¢ > «, N

nt? (¢ — ) XX 0.
For a € (1,2), E[|X]|] < 0o and since we can choose ¢ = 2 such that 1/6 +1/2 = 1. The

ergodic theorem finally yields that the right-hand side in (S.8) converges to zero a.s. As
regards the case a € (0, 1], we have E[|X|*7] < oo for any small v and

IE3“71_1/5—1/2 Z'Xﬂ”aﬂ} <~ (@=NA/SHD+L g a=] L,
j=1
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Supplement to ”Applications of Distance Correlation to Time Series” 9

If we choose ¢ close to a and ~y close to zero the right-hand side in (S.8) converges to
zero in probability. R

Using the same bounds as in part (1), but writing this time K, = n'/%|¢ — ¢|, we
have

n (s, ) < c(min (st K20 27237 X0 Xyl sl Ko Y0237 X,
j=1 j=0

n 2
|t| Kn n71/571/2 Z |XJ|))
§=0

n
< cmin(fstf?, [sf, [12) max (K202 30X 0 X,
j=1

n 2
K, n~1/0-1/2 Z |Xj\> '
§=0

The same argument as above shows that n~1/0~1/2 Z;-L:O | X;| = Op(1) for 6 close to
a. Since 2| X; 1 Xj 11| < X7 ) + X7, | asimilar argument shows that
nt/2728 5 |X 1 X 41| = Os(1). These facts establish (S.5) for k = 1. The same
arguments show that bounds analogous to part (1) can be derived for n|I,x(s,t)|? for
k=2,...,6. We omit further details. O
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