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Abstract The aim of this paper is to provide conditions which ensure that the affinely
transformed partial sums of a strictly stationary process converge in distribution to
an infinite variance stable distribution. Conditions for this convergence to hold are
known in the literature. However, most of these results are qualitative in the sense
that the parameters of the limit distribution are expressed in terms of some limiting
point process. In this paper we will be able to determine the parameters of the limit-
ing stable distribution in terms of some tail characteristics of the underlying stationary
sequence. We will apply our results to some standard time series models, including the
GARCH(1, 1) process and its squares, the stochastic volatility models and solutions
to stochastic recurrence equations.

Thomas Mikosch’s research is partly supported by the Danish Research Council (FNU) Grants
272-06-0442 and 09-072331. The research of Thomas Mikosch and Olivier Wintenberger is partly
supported by a Scientific Collaboration Grant of the French Embassy in Denmark.

K. Bartkiewicz - A. Jakubowski (D<)

Faculty of Mathematics and Computer Science, Nicolaus Copernicus University, ul. Chopina 12/18,
87-100 Torun, Poland

e-mail: adjakubo@mat.umk.pl

K. Bartkiewicz
e-mail: kabart@mat.umk.pl

T. Mikosch

Laboratory of Actuarial Mathematics, University of Copenhagen, Universitetsparken 5,
2100 Copenhagen, Denmark

e-mail: mikosch@math.ku.dk

O. Wintenberger

Centre De Recherche en Mathématiques de la Décision UMR CNRS 7534,

Université de Paris-Dauphine, Place du Maréchal De Lattre De Tassigny, 75775 Paris Cedex 16, France
e-mail: owintenb @ceremade.dauphine.fr

@ Springer



338 K. Bartkiewicz et al.

Keywords Stationary sequence - Stable limit distribution - Weak convergence -
Mixing - Weak dependence - Characteristic function - Regular variation - GARCH -
Stochastic volatility model - ARMA process

Mathematics Subject Classification (2000) 60F05 - 60G52 - 60G70

1 Introduction

Whereas there exists a vast amount of papers and books on the limit theory for sums
S, = X1+ -+ X, of finite variance strictly stationary sequences (X;), less attention
has been given to the case of sums of infinite variance stationary sequences. Follow-
ing classical work (for example, Gnedenko and Kolmogorov [27], Feller [26], Petrov
[46]), we know that an iid sequence (X;) satisfies the limit relation

_ d
anl(Sn_bn)_) Ya, (11)

for suitable constants a,, > 0, b, € R and an infinite variance a-stable random variable
Y, if and only if the random variable X = X has a distribution with regularly varying
tails with index —a € (—2,0), i.e., there exist constants p, g > 0 with p +¢qg = 1
and a slowly varying function L such that

P(X>x)~piz) and P(XE(]—X)’\"IL(X)
x

Pt X — 00. (1.2)
This relation is often referred to as tail balance condition. It will be convenient to refer
to X and its distribution as regularly varying with index o.

The limit relation (1.1) is a benchmark result for weakly dependent stationary
sequences with regularly varying marginal distribution. However, in the presence of
dependence, conditions for the convergence of the partial sums towards a stable limit
are in general difficult to obtain, unless some special structure is assumed. Early on,
a-stable limit theory has been established for the partial sums of linear processes (X;)
with iid regularly varying noise with index o € (0, 2). Then the linear process (X;)
has regularly varying marginals, each partial sum Sy, d > 1, is regularly varying with
index « and (S,) satisfies (1.1) for suitable (a,) and (b,,). These results, the corre-
sponding limit theory for the partial sums S, and the sample autocovariance function
of linear processes were proved in a series of papers by Davis and Resnick [18-20].
They exploited the relations between regular variation and the weak convergence of
the point processes N, = >, €ulx,> where ¢, denotes Dirac measure at x. Starting

from the convergence N, LY N, they used a continuous mapping argument acting on
the points of the processes N, and N in conjunction with the series representation of
infinite variance stable random variables. Their proofs heavily depend on the linear
dependence structure. A different, not point process oriented, approach was chosen
by Phillips and Solo [47] who decomposed the partial sums of the linear process
into an iid sum part and a negligible remainder term. Then the limit theory for the
partial sums follows from the one for iid sequences with regularly varying marginal
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Infinite variance stable limits 339

distribution. The first result on stable limits for stationary processes more general than
linear models, assuming suitable conditions for non-Gaussian limits, was proved by
Davis [11]. Davis’s ideas were further developed for mixing sequences by Denker and
Jakubowski [22] and Jakubowski and Kobus [34]. The latter paper provides a formula
for the stable limit for sums of stationary sequences which are m-dependent and admit
local clusters of big values. A paper by Dabrowski and Jakubowski [10] opened yet
another direction of studies: stable limits for associated sequences.

Results for special non-linear time series models, exploiting the structure of the
model, were proved later on. Davis and Resnick [21] and Basrak et al. [4] studied the
sample autocovariances of bilinear processes with heavy-tailed and light-tailed noise,
respectively. Mikosch and Straumann [44] proved limit results for sums of stationary
martingale differences of the form X; = G; Z;, where (Z;) is an iid sequence with
regularly varying Z;’s with index o € (0, 2), (G;) is adapted to the filtration gen-
erated by (Z;)s<; and E|G,|*t® < oo for some § > 0. Stable limit theory for the
sample autocovariances of solutions to stochastic recurrence equations, GARCH pro-
cesses and stochastic volatility models was considered in Davis and Mikosch [13, 14],
Mikosch and Stéricd [43], Basrak et al. [5]; see the survey papers Davis and Mikosch
[15-17].

The last mentioned results are again based on the weak convergence of the point
processes N, = z, 18471x, in combination with continuous mapping arguments.
The results make heavy use of the fact that any «-stable random variable, o € (0, 2),
has a series representation, involving the points of a Poisson process. A general asymp-
totic theory for partial sums of strictly stationary processes, exploiting the ideas of
point process convergence mentioned above, was given in Davis and Hsing [12]. The
conditions in Davis and Hsing [12] are relatively straightforward to verify for various
concrete models. However, the «-stable limits are expressed as infinite series of the
points of a Poisson process. This fact makes it difficult to identify the parameters of the
a-stable distributions: these parameters are functions of the distribution of the limiting
point process.

Jakubowski [31,33] followed an alternative approach based on classical blocking
and mixing techniques for partial sums of weakly dependent random variables. A
basic idea of these papers consists of approximating the distribution of the sum a,; 'S,
by the sum of the iid block sums (an’l Sini)i=1 such that k,, = [n/m] — oo and

,,,,,,,
Sini < Sm- Then one can use the full power of classical summation theory for row
sums of iid triangular arrays. It is also possible to keep under control clustering of big
values and calculate the parameters of the «-stable limit in terms of quantities depend-
ing on the finite-dimensional distributions of the underlying stationary process. Thus
the direct method is in some respects advantageous over the point process approach.

At a first glance, the conditions and results in Jakubowski [31,33] and Davis and
Hsing [12] look rather different. Therefore we shortly discuss these conditions in
Sect. 2 and argue that they are actually rather close. Our main result (Theorem 1) is
given in Sect. 3. Using an argument going back to Jakubowski [31,33], we provide
an «-stable limit theorem for the partial sums of weakly dependent infinite variance
stationary sequences. The proof only depends on the characteristic functions of the
converging partial sums. The result and its proof are new and give insight into the
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dependence structure of a heavy-tailed stationary sequence. In Sect. 3.2 we discuss
the conditions of Theorem 1 in detail. In particular, we show that our result is easily
applicable for strongly mixing sequences. In Sect. 4 we explicitly calculate the param-
eters of the «-stable limits of the partial sums of the GARCH(1, 1) process and its
squares, solutions to stochastic recurrence equations, the stochastic volatility model
and symmetric «-stable processes.

2 A discussion of the conditions in «-stable limit theorems
2.1 Regular variation conditions

We explained in Sect. 1 that regular variation of X with index « € (0, 2) in the sense
of (1.2) is necessary and sufficient for the limit relation (1.1) with an ¢-stable limit Y,
for an iid sequence (X;). The necessity of regular variation of X with index « € (0, 2)
in the case of dependent X;’s is difficult to establish and, in general, incorrect; see
Remark 2. It is, however, natural to assume such a condition as long as one takes the
conditions for an iid sequence as a benchmark result.

Davis and Hsing [12] assume the stronger condition that the strictly stationary
sequence (X;) is regularly varying with index o € (0, 2). This means that the finite-
dimensional distributions of (X;) have a jointly regularly varying distribution in the
following sense. For every d > 1, there exists a non-null Radon measure w4 on the

Borel o-field of Ed\{O} (this means that 4 is finite on sets bounded away from zero),
R = R U {#£o00}, such that

nIP’(a;l(Xl,...,Xd)e ) LGeY @.1)

where —> denotes vague convergence (see Kallenberg [37], Resnick [48]) and (ay)
satisfies

nP(X| > ap) ~ 1. 2.2)

The limiting measure has the property us(xA) = x “uq(A), t > 0, for Borel sets
A. We refer to « as the index of regular variation of (X,) and its finite-dimensional
distributions. Note that Theorem 3 in [32] provides conditions under which regular
variation of the one-dimensional marginals implies joint regular variation (2.1).

Jakubowski [31,33] does not directly assume regular variation of X. However, his
condition U1 requires that the normalizing sequence (a,) in (1.1) is regularly varying
with index 1/«. In [33] he also requires the conditions T4 (d) and T_(d),d > 1, 1i.e.,
the existence of the limits

lim nP(S; > a,) =by(d) and lim nP(Sy < —a,) =b_(d), d=>1.
n—oo n—00
(2.3)
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If by(d) + b_(d) > 0, the regular variation of (a,) with index 1/« is equivalent to
regular variation of S; with index «; see Bingham et al. [7]. Condition U2 in [33]
restricts the class of all regularly varying distributions to a subclass. The proof of
Theorem 1 below shows that this condition can be avoided.

Remark 1 Condition (2.3) is automatically satisfied for regularly varying (X,), where

bi(d) = pa(ix € R : £(x) + - +x0) > 1). 2.4)

Since g is non-null for every d > 1 and pug(tA) = t“u(A), t > 0, we have
bi(d)+b_(d) > 0,d > 1. Since (a,) is regularly varying with index 1/« it then
follows that Sy is regularly varying with index « for every d > 1. Since (a,) satisfies
relation (2.2) it then follows that b4 (1) = p and b_(1) = g with p and g defined in
Eq. (1.2). In particular p 4+ ¢ = 1. The coefficients b4 (d) and b_(d) for d > 1 can
be considered as a measure of extremal dependence in the sequence (X;). The two
benchmarks are the iid case, b4+ (d) = pd and b_(d) = g d and the case X; = X for
alli,by(d) = pd® and b_(d) = q d*.

Regular variation of a stationary sequence (X;) is a well accepted concept in applied
probability theory. One of the reasons for this fact is that some of the important time
series models (ARMA with regularly varying noise, GARCH, solutions to stochastic
recurrence equations, stochastic volatility models with regularly varying noise) have
this property. Basrak and Segers [6] give some enlightening results about the structure
of regularly varying sequences. In what follows, we will always assume:

Condition (RV): The strictly stationary sequence (X) is regularly varying with index
o € (0, 2) in the sense of condition (2.1) with non-null Radon measures g, d > 1,
and (a,) chosen in (2.2).

2.2 Mixing conditions

Assuming condition (RV), Davis and Hsing [12] require the mixing condition A(a;,)
defined in the following way. Consider the point process N, = > ! €x,/a, and
assume that there exists a sequence m = m, — oo such that k, = [n/m,] — oo,
where [x] denotes the integer part of x. The condition A(a, ) requires that

- . kn
Ee—j fdN, _ (]Ee—j dem) — 0’ (25)

where f belongs to a sufficiently rich class of non-negative measurable functions on
R such that the convergence of the Laplace functional Ee = fdNu for all f from
this class ensures weak convergence of (N,). Relation (2.5) ensures that N, can be
approximated in law by a sum of k,, iid copies of N,,, hence the weak limits of (V)
must be infinitely divisible point processes.

The condition A(ay,) is difficult to be checked directly, but it follows from standard
mixing conditions such as strong mixing with a suitable rate. For future use, recall
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that the stationary sequence (X;) is strongly mixing with rate function («y) if

sup IP(ANB) —P(A)P(B)| =ap, - 0, h— oo.
Aeo(...,X-1,X0) ,Beo (Xp, Xn+1,...)

Jakubowski [31] showed that (1.1) with b,, = 0 and regularly varying (a,) implies
the condition

Lo P .1
max Ee X Sktl _ e ¥ SkEeixan Si| 5 0, n— 00, xeR
1<k, l<n k+I<n

(2.6)

which is satisfied for strongly mixing (X;). We also refer to the discussion in Sec-
tions 46 of [33] for alternative ways of verifying (2.6). Under assumptions on the
distribution of X more restrictive than regular variation it is shown that (1.1) implies
the existence of a sequence /,, — oo such that for any k,, = o(l,,) the following relation
holds

. —1ja, _ kn ; -
(Eelxkn (Ll,llsn)) _Eezxanls,l - 07 x € R. (27)

It is similar to condition (2.5) at the level of partial sums.
We will assume a similar mixing condition in terms of the characteristic functions
of the partial sums of (X;). Write

gon](x)zEelXHJISj’ j=1725"'7 (pnz(pm% XER‘

Condition (MX). Assume that there exist m = m,, — oo such that k, = [n/m] — 0
and

on(X) — (@GN > 0, n— oo, xeR. (2.8)

This condition is satisfied for a strongly mixing sequence provided the rate function
(arpy) decays sufficiently fast; see Sect. 3.2.4. But (2.8) is satisfied for classes of station-
ary processes much wider than strongly mixing ones. Condition (MX) is analogous
to A(ay). The latter condition is formulated in terms of the Laplace functionals of the
underlying point processes. It is motivated by applications in extreme value theory,
where the weak convergence of the point processes is crucial for proving limit results

of the maxima and order statistics of the samples X1, ..., X;,. Condition (MX) implies
that the partial sum processes (a,; 1S,) and (a,; ! Zf‘; | Smi) have the same weak lim-
its, where S,,;, i = 1, ..., k,, are iid copies of S,,. This observation opens the door

to classical limit theory for partial sums based on triangular arrays of independent
random variables. Since we are dealing with the limit theory for the partial sum pro-
cess (a,, 15,) condition (MX) is more natural than A(a,) which is only indirectly (via
a non-trivial continuous mapping argument acting on converging point processes)
responsible for the convergence of the normalized partial sum process (a,, 1S).
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Infinite variance stable limits 343

2.3 Anti-clustering conditions

Assuming condition (RV), Davis and Hsing [12] require the anti-clustering condition

lim limsupIP’( max |X,-|>xa,,||X0|>xan)=O, x >0,

d—00 p—soo d<l|i|<my

(2.9)

where, as before, m = m,, — o0 is the block size used in the definition of the mixing
condition A(ay,). It follows from recent work by Basrak and Segers [6] that the index
set {i : d < |i| < my,} canbe replaced by {i : d <i < m,}, reducing the efforts for
verifying (2.9). With this modification, a sufficient condition for (2.9) is then given by

Mp

lim lim supn Z]P’(|X,-| >Xxay,|Xol >xa,) =0, x>0. (2.10)

d—00 p—soo ‘
i=d

Relation (2.10) is close to the anti-clustering condition D’(x a,,) used in extreme value
theory; see Leadbetter et al. [40], Leadbetter and Rootzén [39] and Embrechts et al.
[24, Chapter 5].

An alternative anti-clustering condition is (38) in Jakubowski [33]:

n—1

lim lim sup lim sup x* Z(n —hP(Xo| > xa,,|Xn >xa,) =0. (2.11)

d—>o0 x—o00 n—00 h=d

Assuming regular variation of X and defining (a,) as in (2.2), we see that (2.11) is
implied by the condition

n—1

lim lim sup lim supn Z]P’(|Xh| > xay,, |Xo| > xa,) =0,

d—00 x—so00 n—oo Py

which is close to condition (2.10).
For our results we will need an anti-clustering condition as well. It is hidden in
assumption (AC) in Theorem 1; see the discussion in Sect. 3.2.3.

2.4 Vanishing small values conditions

Davis, Hsing, and Jakubowski prove convergence of the normalized partial sums by
showing that the limiting distribution is infinitely divisible with a Lévy triplet corre-
sponding to an «-stable distribution. In particular, they need conditions to ensure that
the sum of the small values (summands) in the sum a,; L5, does not contribute to the
limit. Such a condition for a dependent sequence (X;) is often easily established for
o € (0, 1), whereas the case @ € [1, 2) requires some extra work.
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Davis and Hsing [12] assume the condition (3.2):

n
Z Xi Iy x,1<ea,y — N EXI{ix|<eq,)

=1

lim lim sup IP’(

€e>0 posoo

>xa,,) =0, x>0,
(2.12)
for « € (0, 2). For an iid sequence (X;) the relation
median(a; 'S,) — a; 'nE[X I} x|<cq,)] = 0, € >0,
holds. Therefore a, 'nEX I{|x|<cq,) are the natural centering constants for a, 'S, in
stable limit theory. In the case of dependent (X, ), the choice of the latter centering con-
stants is less straightforward,; it is dictated by truncation of the points in the underlying

weakly converging point processes.
The analogous condition (35) in Jakubowski [33] reads as follows: for each x > 0

>xlan):O.

(2.13)

n
D IX: Iyx,i<etan — EXIxi<elan)]

t=1

lim lim sup lim sup /% P (

€l0 =00 n— 00

As shown in [33], this condition is automatically satisfied for o € (0, 1).

In our approach the anti-clustering condition (AC) (see below) is imposed on the
sum of “small” and “moderate” values and we do not need to verify conditions such
as (2.12) and (2.13).

3 Main result

In this section we formulate and prove our main result. Recall the regular variation
condition (RV) and the mixing condition (MX) from Sects. 2.1 and 2.2. We will use
the following notation for any random variable Y:

Y= A2)V (=2).
Notice that |Y| = |Y| A 2 is subadditive.

Theorem 1 Assume that (X;) is a strictly stationary process satisfying the following
conditions.

1. The regular variation condition (RV) holds for some o € (0, 2).
2. The mixing condition (MX) holds.
3. The anti-clustering condition

m
lim limsupZ Z E’xan_l(Sj—Sd)xan_le =0, xeR, (AC)
d—>0 p—oo mj=d+l

holds, where m = my, is the same as in (MX).
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Infinite variance stable limits 345

4. The limits

Jim (b (d) —by(d 1) = ¢ and lim (b_(d) —b_(d = 1) =c_.

(TB)
exist. Here b1 (d), b_(d) are the tail balance parameters given in (2.3).
5. Foro > 1assume E(X1) =0 and fora =1,
lim lim sup n |E(sin(a,, ' S4))| = 0. (CT)

d—00 p—oo

Then c4 and c_ are non-negative and (a,; 1'S,) converges in distribution to an a-stable
random variable (possibly zero) with characteristic function VYy(x) =
exp(—|x|* xq (x, c4, c-)), where for « # 1 the function xu(x,cy,c-),x € R, is
given by the formula

Ir'e-—ow . .
1 ((c+ + c-) cos(ma/2) —isign(x)(c4+ — c—) sin(w o /2)),

while for « = 1 one has
x1(x,c4,c-) =05m(cy +c-) +isign(x)(cy —c_)log|x|, x eR.

We discuss the conditions of Theorem 1 in Sect. 3.2. In particular, we compare them
with the conditions in Jakubowski [31,33] and Davis and Hsing [12]. If the sequence
(X;) is mo-dependent for some integer mgo > 1,1.e.,the o-fieldso (..., X_1, X¢) and
0 (Xmg+15> Xmg+2, - - -) are independent, the conditions (MX), (AC) and (TB) of Theo-
rem 1 are automatic; see Sect. 4.1. The surprising fact that ¢ and c_ are non-negative
is explained at the end of Sect. 3.2.2.

Remark 2 Although Theorem 1 covers a wide range of strictly stationary sequences
(see in particular Sect. 4) condition (RV) limits the applications to infinite variance
(in particular unbounded) random variables X,,. The referee of this paper pointed
out the surprising fact that there exist strictly stationary Markov chains (Y},), suit-
able bounded functions f and a sequence (a,) with a, = n!/%¢(n) for some slowly
varying function £ such that the sequence of the normalized partial sums (a,; 1s,) of
the sequence (X;) = (f(Y,)) converges in distribution to an infinite variance stable
random variable. Then (RV) is obviously violated. Such an example is contained in
Gouézel [29, Theorem 1.3].

Other examples of stable limits for sums of bounded stationary random variables
(of different nature—non-Markov and involving long-range dependence) are given in
[54, Theorems 2.1 (ii) and 2.2 (ii)].

Remark 3 It might be instructive to realize that in limit theorems for weakly depen-
dent sequences properties of finite dimensional distributions can be as bad as possible.
For example it is very easy to build a 1-dependent sequence having no moment of any
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order and such that its (centered and normalized) partial sums still converge to a stable
law of order @ € (0, 2]. Let

Xn =Yy +en—&n-1,
where (Y},) is an iid sequence of a-stable random variables and (g,) is an iid sequence
without any moments (thatis E (|eg|?) = +oc forany positive @) and the two sequences

are independent. Then the (centered and normalized) partial sums of (X)) have the
same limit behavior (in distribution) as that of (Y,).

3.1 Proof of Theorem 1
For any strictly stationary sequence (X;);cz it will be convenient to write
So=0, Si=X1+---+Xy, Sp=Xp+---+X4, n>1
Let Sy, i = 1,2, ..., beiid copies of S,. In view of (2.8) the theorem is proved if

we can show that (a,! Zfil Smi) has an «-stable limit with characteristic function
Y. For such a triangular array, it is implied by the relation

kn(@nm(x) — 1) — log ¥ (x), x € R. (3.1
Indeed, notice first that the triangular array (a,; 1 Smi)i=1,....k, of iid random variables

satisfies the infinite smallness condition. Then apply Lemma 3.5 in Petrov [46] saying
that for all x € R and sufficiently large n,

log(/)nm(x) = (an(x) -1+ enm(gpnm(x) - 1)2 s
where |6,,;,| < 1. Thus
(Kin (@ () — 1) = ki 108 @ (X)] < Kin [ @ (x) — 12 < ekt — 0.

Here and in what follows, ¢ denotes any positive constants. Our next goal is to find a
suitable approximation to the left-hand side in (3.1).

Lemma 1 Under (RV) and (AC) the following relation holds:

lim 1lim sup |ky (@um (x) — 1) — 1 (@na (x) — @pa—1(x))| =0, x €R.

d—o0 p—oo

3.2)
Moreover, if (X,,) is mo-dependent for some integer mo > 1, then

Jim |kn (@am (¥) = 1) = 1 (@na(x) = ppa-1(x)| =0, x€R, d>m. (33)

@ Springer



Infinite variance stable limits 347

The proof is given at the end of this section. By virtue of (RV) and (2.3), S, is regularly
varying with index o € (0, 2); see Remark 1. Therefore it belongs to the domain of
attraction of an «-stable law. Theorem 3 in Section XVIL.5 of Feller [26] yields that
for every d > 1 there exists an a-stable random variable Z, (d) such that

n
_ d
ay' > (Sai — ena) > Zo(d)  where e,g =

i=1

IO oL ay

E(sin(Sg/a,)) o« =1.
The limiting variable Z (d) has the characteristic function
V. (x) = exp(—|x|* xo (x, by (d), b_(d))), x €R.
Applying Theorem 1 in Section XVIL5 of Feller [26], we find the equivalent relation
n (pna(x)e % — 1) — log Yo.a(x), x €R,

and exploiting condition (TB), for x € R,

—iepax

1 (¢na(x)e — Qn.a—1(x)e iend-1x)
— log Yg,a(x) —log Yg,a—1(x) asn — oo
— log ¥y (x) asd — oo. 3.5)

For @ # 1 we have e,,; = 0. Therefore (3.2) implies

kn (nm(x) — 1) = log¢¥y(x), x eR.

This finishes the proof in this case. For « = 1 we use the same arguments but we have
to take into account that e, ; does not necessarily vanish. However, we have

|@na (x) — @pa(x)e Y| < |1 —e 'Y <1 |epql,

and using (CT), we obtain

lim limsupn |(@nd(X) —@n.d—1(X)) = (@na(x)e ~¥ —g, 41 (x)e ~nd=1%)| = 0.

d—00 p—oo
This proves the theorem. O

Proof of Lemma 1 Consider the following telescoping sum for any n, m < n and
d <m:

m—d
Pum(¥) = 1= 0a(¥) = 1+ D~ (@n.atj(X) = Gna—14;(x)).
j=1
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348 K. Bartkiewicz et al.

By stationarity of (X;) we also have

m (nd (X) — @n,a—1(x))
m—d

=d (Pna(X) = pna—1(X)) + D []Ee ixdy ! (S-4-j=5-)) _ Re ix“;l(s—d—-/+1_5—-/)] .
=

Taking the difference between the previous two identities, we obtain

(@nm (x) = 1) = m (@na (x¥) = @n.a—-1(x))

=—(d =D (gnax) —1) +d(gna-1(x) = 1)
m—d
+> [fﬂn,d+j (x) — Be ¥ (--i=5-D _ g, 414 ;(x)+Ee ix“'?l(s—"—ﬁl_s—f)] .
=1

. . S | .
By stationarity, for any k > 1, @, (x) = Ee*® 5-k_ Therefore any summand in the
latter sum can be written in the following form

E (e ixay'S_a—j _ eixa;‘(s_d_j—s_,—) _ eixa,;ls_d_j+l + eixa;‘(s_d_,+1—s_,-))

- F (e ixa;lS_d__/ (] _ efixan’lS__,‘) (1 _ efixa;lx_d__,-)) )

Using the fact that x — exp(ix) is a 1-Lipschitz function bounded by 1, the absolute
value of the expression on the right-hand side is bounded by

E ((|xa;‘s_j| A2) (xa; X_q_j| A 2)) .
Collecting the above identities and bounds, we finally arrive at the inequality

|k (@nm(x) —1)—n ((pnd(x) - §0n,d—l(x))|
<kn (d—1)|pna(x) — 1| + knd |pna—1(x) — 1]

m
+ ky Z E‘xa;l(Sj—Sd)xa;le .
j=d+1

The last term on the right-hand side converges to zero in view of assumption (AC)
when first n — oo and then d — oo. In the mo-dependent case, the last term on the
right-hand side converges to zero whenever d > mg and n — oco. To prove that the
first two terms also converge to zero, let us notice that, under (RV), n(g,q(x) — 1) —
Xa(x, b4(d), b_(d)) and so

Jm ky(d — D(gna(x) — 1) = nli%rgomnfl(d — Dn(@na(x) — 1) =0.

This proves the lemma. O
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Remark 4 Balan and Louhichi [2] have taken a similar approach to prove limit the-
orems for triangular arrays of stationary sequences with infinitely divisible limits.
Their paper combines ideas from Jakubowski [33], in particular condition (TB), and
the point process approach in Davis and Hsing [12]. They work under a mixing condi-
tion close to A(a,). One of their key results (Theorem 2.6) is the analog of Lemma 1
above. It is formulated in terms of the Laplace functionals of point processes instead
of the characteristic functions of the partial sums. Then they sum the points in the con-
verging point processes and in the limiting point process to get an infinitely divisible
limit. The sum of the points of the limiting process represent an infinitely divisible
random variable by virtue of the Lévy-Ito representation. As in Davis and Hsing [12]
the method of proof is indirect, i.e., one does not directly deal with the partial sums,
and therefore the results are less explicit.

3.2 A discussion of the conditions of Theorem 1
3.2.1 Condition 5

It is a natural centering condition for the normalized partial sums in the cases o = 1
and o € (1, 2). In the latter case, [£|X| < oo, and therefore EX = 0 can be assumed
without loss of generality. As usual in stable limit theory, the case « = 1 is special
and therefore we need condition (CT). It is satisfied if S; is symmetric for every d.

3.2.2 Condition (TB)

If c+ + c— = 0 the limiting stable random variable is zero. For example, assume
X, =Y, — Y, for an iid regularly varying sequence (Y,) with index « € (0, 2).
Then S; = Y, — Y is symmetric and regularly varying with index «. By the definition

of (an), b+ (d) = b_(d) = 0.5, hence ¢y = c_ = 0. Of course, a; 'S, = 0.

In the context of Theorem 3.1 in Jakubowski [33] (although the conditions of that
result are more restrictive as regards the tail of X) it is shown that (TB) is necessary
for convergence of (a,; 15,,) towards a stable limit. Condition (TB) can be verified for
various standard time series models; see Sect. 4. The meaning of this condition is man-
ifested in Lemma 1. It provides the link between the regular variation of the random
variables S, for every d > 1 (this is a property of the finite-dimensional distributions
of the partial sum process (S;)) and the Lévy measure v, of the «-stable limit. Indeed,
notice that (TB) implies that, for every x > 0, with b4 (0) = 0,

o b2 @
= um
d—oo d

— x—C{

C4+ X

d
1 . . e
= Jim — Zl‘,(b+<z> —by(i—1)x
1=
1 d

= lim - leggon (P(S; > xay) —P(Si—1 > x ay)),
1=
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and a similar relation applies to c_x~*. Then

o o

Ve(x,00) =cyx @ and vu(—o00,—x)=c_x"“, x>0,
determine the Lévy measure v, of the ¢-stable limit distribution with the characteristic
function v, given in Theorem 1. In particular, Lemma 1 implies that as n — oo

kn P(Sp > x ay) — vg(x, 00), x> 0. (3.6)
kn P(Sy < —xay) — vo(—00, —x],

The latter relation opens the door to the limit theory for partial sums of triangular arrays
of iid copies (Syi)i=1,....k,» of Sp. Notice that the relations (3.6) are of large deviations
type in the sense of [33]. We refer to [35] for their multi-dimensional counterparts.

Let us notice that although one cannot ensure that by (d) > bi(d — 1) > 0 for
sufficiently large d, the constants c, c_ are non-negative. It is immediate from the
observation that

cx = lim (b+(d) — bx(d — 1))

1

d
bi(d
= lim —;wgi)—bi(i—l)):dlggo +(d)

> 0.
oo d “ -

Remark 5 Recall the two benchmark examples of Remark 1. If (X;) is an iid sequence
regularly varying with index o > O the limits c; = p and c_ = g always exist and
conditions (MX), (AC) are automatically satisfied. Then, under (CT), we recover the
classical limit results for partial sums with -stable limit. On the other hand, if X; = X
foralli,thency =c- =0if0 <o < 1l,c;x = pandc_ =g ifa = 1and c+
and c_ are not defined otherwise. This observation is in agreement with the fact that
a, 1S, = n'=1/%¢(n) X for some slowly varying function £.

3.2.3 Sufficient conditions for (AC)

Condition (AC) is close to the anti-clustering conditions in [12,33] discussed in
Sect. 2.3. In what follows, we give some sufficient conditions for (AC). These condi-
tions are often simple to verify.

Lemma 2 Assume the conditions of Theorem 1 and that (X;) is strongly mixing with
rate function («y,). Moreover, assume that there exists a sequence r, — 00 such that
rn/my — 0, noy, — 0 and one of the following three conditions is satisfied.

'n
lim lim sup n [ > PUXil > an, 1Xi] > ay)

70 n—oo i=d+1

Hp(

'n

> Xilyxi<a)

i=d+1

> an, | X1] >a,,):| =0. 3.7
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or
lim limsupn]P’( max | X;| > a,/r, | X1] > an) =0. (3.8)
d— 00 n—00 l=d+1 ..... n
or
lim limsupn P (]S, — Sql > an ., |X1| > a,) = 0. (3.9)
d—0o0 p—soo
Then (AC) holds.

Proof Let us recall that the function y > |y]| is subadditive. We decompose the sum
in (AC) as follows.

rn m
b [ D+ D Bl — S xar Xi| = o)+ Do),
j=d+1 j=rtl

We will deal with the two terms Ji(n) and J>(n) in different ways. For the sake of
simplicity we assume x = 1.
We start by bounding J2(n).

ORI [E

Jj=rn+1

m
=k,,ZE

j:rn+l
= D1 (n) + Jao(n).

ar (S; = S,,) ax Xy | +

ar' (5, = 50| |

ay (S —S,n)an_le‘ + nE

ar (S, — Sa) ax X,

We bound a typical summand in J»1(n), using the strong mixing property

E

ar (S = $y,) ax ' X1

= cov (I "8 = S lax ' Xi1]) + E

a;lsj—rn—&-l)E

a;le)

<ca, +E

—1
an Sj_rt1+1‘ E

a;] Xl‘ .
Moreover, we have for j > r,
J—ra+1

o Sjri)| = Y

i=1

)

an ' X;

hence

E

—1 —1 2
an Sj—rn+l‘E Aan Xl’) .

an_lxl‘ SJ(E
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Thus we arrive at the bound

2
Jri(n) <cnay, +cnm (IE a,,_le)) .

Observe that

Elar X1 = B (4 1X1 11, 0y A 21

< 2P(1X1| > 2 ap).

{a;‘|xl\>2})

Therefore, by definition of (a,) and since nw,, — 0 by assumption,
Jr1(n) = O(nay,) + O(m/n) = o(1).
We also have
In(n) < cnP(S,, — Sal > 2an, |X1] > 2ay)

n
<cn D PUXi| > ap, |X1] > 2a,)
i=d+1

+cn]P’(

Jaa(n) < CP( max [Xil > 2an/ra | 1X1] > 2an)-
n

i=

n
Z Xilyx;1<an)
i=d+1

> 2a,,|X1| >2a,,).

and

,,,,,

Thus, under any of the assumptions (3.7)—(3.9), limy—  limsup,,_, o, J22(n) = 0.
Finally,

'n
Jin) < cky D PAS; = Sal > 2an . 1X1] > 2ay)
j=d+1

< " nP(X1| > 2a0) = o(1).
m
Collecting the bounds above we proved that (AC) holds.
3.2.4 Condition (MX)
As we have already discussed in Sects. 2.1 and 2.2, the condition (MX) is a natural
one in the context of stable limit theory for dependent stationary sequences. Modifi-
cations of these conditions appear in Davis and Hsing [12], Jakubowski [31,33]. We

also discuss the existence of sequencees m = m, — oo and r = r, — 00 such that
r/m — 0 and m/n — 0 to be used in Lemma 2 in the context of strong mixing.
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Lemma 3 Assume that (X;) is strongly mixing with rate function (ay,). In addition,
assume that there exists a sequence €, — 0 satisfying

Then (MX) holds for some m = m,, — oo withk, = [n/m] — oo. Moreover, writing
rn = [€x(an A n)), then r,/my, — O for this choice of (m,) and

noy, — 0. (3.11)

If the tail index o < 1, then (3.11) turns into noje,,) — O which is more restrictive
than (3.10). On the other hand, if the tail index « is close to 2, (3.10) is not implied
by polynomial decay of the coefficients «;,. Then a subexponential decay condition
of the type o, < C exp(—cnb) for some C, ¢, b > 0 implies (3.10), and then (3.11)
follows.

Proof We start by showing that (2.8) holds for a suitable sequence (m,). Let ¢,;,5 be
the characteristic function of a,; ! Zf"zl Uy—s,; for some 6 = 6, and

ij
Uji = Z Xk

k=(G—1)j+1

a block sum of size j. Using that characteristic functions are Lipschitz functions
bounded by 1 and writing ¢ = k,m, for x € R,

k’l
X
l90g (x) — Gums (X)| < E _a E Usj| A2
n .
j=1

)
sE(’“ ”|X1|A2)
may

2

< /IP’(|X1| > may,/(8n)s)ds.
0

The right-hand side approaches zero if mya,/(6,n) — o0 as n — oo. Under this
condition, the same arguments yield

| ()" = @nn—s@))*"| = 0 and |y (x) = @u(x)| = 0,
as soon as a, /m — oo. Next we use a standard mixing argument to bound

|Qms (X) — (@ m—s ()M
< |@ums(x) — (pm—S(x)(pn—m,mS(x”
+ 1@ (X) P s (X) — (Prm—s ()™M
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The first term on the right-hand side is the covariance of bounded Lipschitz functions
of S;,—s and S, — S;,. Hence it is bounded by «s. Iterative use of this argument, recur-
sively on distinct blocks, shows that the right-hand side is of the order (n/m)as. Thus
we proved that (2.8) is satisfied if

n/mas — 0, ma,/(6n) — oo and a,/m — o0. (3.12)

Choose m,, = [\/€,(anAn)],6 = [mZ/n] and assume (3.10). Then (3.12) holds, (2.8)
is satisfied and m/n ~ /§/n — 0.

Finally, if (3.10) is satisfied choose r, = [€,(a, A n)]. Then ne,, — 0 and
r,/m — 0 are automatic.

4 Examples
4.1 mp-Dependent sequences

Consider a strictly stationary sequence (X)) satisfying condition (RV) and which is
mo-dependent for some integer mq > 1. In this case, a;, = 0 for h > myg. Then, by
virtue of Lemma 3 condition (MX) is satisfied for any choice of sequences (m,) such
that m, — oo and m, = o(n). Moreover, (AC) follows from Lemma 2 for any (r;,)
such that r, — oo and r, = o(m,). We verify the validity of condition (3.8). Then
for (r,) growing sufficiently slowly,

nP max
i=d+1,...

1=

| X >an/rna|X1| >an)

<nr, P(1X1| > an) P(I1X1| > an/ry)
= 0@ P(IX1] > an/rn)) = o(1).

s'n

Thus, in the m-dependent case we have the following special case of Theorem 1.

Proposition 1 Assume that (X;) is a strictly stationary mo-dependent sequence for
some my > 1 which also satisfies condition (RV) for some a € (0, 2). Moreover,
assume E(X1) = 0 fora > 1 and X is symmetric for « = 1. Then the conclusions of
Theorem 1 hold with c4 = by(mg + 1) — b+ (mo) and c— = b_(mo + 1) — b_(my).

Proof We have already verified conditions (MX) and (AC) of Theorem 1. Following
the lines of the proof of Theorem 1 with e,4; = 0, we arrive at (3.5) for every d > 1.
In view of the second part of Lemma 1, the right-hand side of (3.5) is independent of
d for d > my as the limit of k,, (¢, (x) — 1) as n — oo. This finishes the proof by
takingd = mgo + 1.

We mention in passing that we may conclude from the proof of Proposition 1 that con-
dition (TB) is satisfied since cy = b4 (d+ 1) —bi(d)andc_ =b_(d+ 1) —b_(d)
for d > my. This is a fact which is not easily seen by direct calculation on the tails of
Sq,d > my.
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4.2 The stochastic volatility model

The stochastic volatility model is one of the standard econometric models for financial
returns of the form

X: =01 7y,

where the volatility sequence (o;) is strictly stationary independent of the iid noise
sequence (Z;). See e.g. Andersen et al. [ 1] for a recent reference on stochastic volatility
models or the collection of papers [51].

Conditions (RV), (TB) and (CT)

We assume that Z is regularly varying withindex o > 0, implying that (Z,) is regularly
varying. We also assume that Ec” < oo for some p > «. Under these assumptions
it is known (see Davis and Mikosch [14]) that (X;) is regularly varying with index o,
and the limit measure py in (2.1) is given by

d
padxi. ... dxq) = D h(dx;) [ | eoldx)). (4.1)
i=1 i#j

where ¢, is Dirac measure at x,

Aa(x,00) = px™® and Ag(—00, —x]=¢gx % x>0,
and
P(Z P(Z < —
x—oo P(|Z] > x) x—oo P(|Z] > x)

are the tail balance parameters of Z. This means that the measures 114 are supported on
the axes as if the sequence (X;) were iid regularly varying with tail balance parameters
p and ¢g. By virtue of (4.1) and (2.4) we have b (d) = pd and b_(d) = g d, hence
cy =pandc_ =q. Wealsoassume EZ =0foro > 1. Then EX = 0. If @ = 1 we
assume Z symmetric. Then S, is symmetric for every d > 1 and (CT) is satisfied.

Conditions (MX) and (AC)

In order to meet (MX) we assume that (o) is strongly mixing with rate function
(o). It is well known (e.g. Doukhan [23]) that (X,) is then strongly mixing with rate
function (4ay,).

It is common use in financial econometrics to assume that (logo;) is a Gaussian
linear process. The mixing rates for Gaussian linear processes are well studied. For
example, if (logo;) is a Gaussian ARMA process then («y) decays exponentially
fast. We will assume this condition in the sequel. Then we may apply Lemma 3 with
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r, =n"',m, =n",0 <y <y < 1 for sufficiently small y; and y», to conclude
that (MX) holds and no;,, — 0.
Next we verify (AC). We have by Markov’s inequality for small € > 0,

nP max | X;| > a,/r, | X1] > ap
i=d+1

n
<n D PUXil > an/ra, 1X1] > an)
i=d+1
'n
<n > P(max(o;, o) min(|Z;], |Z1]) > an/ra)
i=d+1

n
<n(n/a)®e D" E(max(of e, o))
i=d+1

<cn r,{“'“"'e a, “"¢.

The right-hand side converges to zero if we choose y| and € sufficiently small. This
proves (3.8) and by Lemma 2 also (AC).

Proposition 2 Assume that (X;) is a stochastic volatility model satisfying the follow-
ing additional conditions:

(a) (Zy) is iid regularly varying with index a € (0, 2) and tail balance parameters
pandq.

(b) Fora e (1,2), EZ =0, and for « = 1, Z is symmetric.

(¢) (logoy) is a Gaussian ARMA process.

Then the stochastic volatility process (X;) satisfies the conditions of Theorem 1 with
parameters ¢+ = p and c— = q defined in (4.2).

Hence a stochastic volatility model with Gaussian ARMA log-volatility sequence sat-
isfies the same stable limit relation as an iid regularly varying sequence with index
a € (0, 2) and tail balance parameters p and g.

In applications it is common to study powers of the absolute values, (| X;|”), most
often for p = 1,2. We assume the conditions of Proposition 2. Then the sequence
(X ,2) is again a stochastic volatility process which is regularly varying with index
a/2 € (0, 1). It is not difficult to see that the conditions of Proposition 2 are satisfied
for this sequence with b_(d) = 0 and by (d) = d, hence cy = 1 and c_ = 0.

A similar remark applies to (| X;|) with one exception: the centering condition (CT)
cannot be satisfied. This case requires special treatment. However, the cases o # 1
are similar. For o < 1, (] X;|) is a stochastic volatility model satisfying all conditions
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of Proposition 2. For @ € (1, 2) we observe that
n n n
a,' D (X —EIX) = a,' D o1 (1Zi| — EIZ]) + a;, 'E|Z| D (0 — Eo)
i=1 t=1 t=1

=a,' > 01 (1Z| = EIZ]) + op(1).

=1
In the last step we applied the central limit theorem to (o7 ). Then the process (o7 (| Z;| —
E|Z])) is a stochastic volatility model satisfying the conditions of Proposition 2 with
c+ =landc_ =0.

4.3 Solutions to stochastic recurrence equations

We consider the stochastic recurrence equation
Xt =At Xl‘—] +Bt, t GZ, (43)

where ((A;, B;)) constitutes an iid sequence of non-negative random variables A; and
B;. Various econometric time series models (X;) have this form, including the squared
ARCH(1) process and the volatility sequence of a GARCH(1, 1) process; see Sect. 4.4.
The conditions Elog A < 0 and E|log B| < oo are sufficient for the existence of a
strictly stationary causal solution (X;) to (4.3) such that (X,),<o and ((A,, By))n>1
are independent; see Kesten [38].

Condition (RV)

Kesten [38] and Goldie [28] showed under general conditions that X has almost precise
power law tail in the sense that

P(X >x) ~cox“ 4.4)

for some constant ¢y > 0, where the value « is given by the unique positive solution
to the equation

EA“ =1, «>0.

We quote Theorem 4.1 in Goldie [28] to get the exact conditions for (4.4).

Theorem 2 Assume that A is a non-negative random variable such that the condi-
tional law of A given A # 0 is non-arithmetic and there exists « > 0 such that
EAY =1, E(A%logt A) < 0. Then —oo < Elog A < 0 and E(A%log A) € (0, 00).
Moreover, if EB® < 00, then a unique strictly stationary causal solution (X;) to (4.3)
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exists such that (4.4) holds with constant

_ E[(B1 + A1 X0)" — (A1 X0)*]

_ 45
<0 « E(A® log A) (4.5)

The condition of non-arithmeticity of the distribution of A is satisfied if A has a
Lebesgue density. In what follows, we assume that the conditions of Theorem 2 are
satisfied.

Iterating the defining Eq. (4.3) and writing

Iy =A--- A, t>1,
we see that
(X1,...,.Xg) =Xo U1, I, ..., 11y) + Ry, (4.6)

where R; is independent of X. Under the assumptions of Theorem 2, the moments
EA% and EB* are finite, hence E(R]) < oo and P(|Ry| > x) = o(P(|Xo| > x)).
By a multivariate version of a result of Breiman [8] (see Basrak et al. [5]) it follows
that the first term on the right-hand side of (4.6) inherits the regular variation from X
with index « and by a standard argument (see Jessen and Mikosch [36, Lemma 3.12])
it follows that (X1, ..., X4) and the first term on the right-hand side of (4.6) have the
same limit measure iq. Hence the sequence (X;) is regularly varying with index «,
i.e., condition (RV) is satisfied for « > 0 with EAY = 1.

Condition (TB)

Next we want to determine the quantities by (d). Choose (a,) such that n P(X >
a,) ~ l,ie., a, = (co n)l/"‘, and write

d
szz&-, d>1.

i=1
We obtain for every d > 1, by (4.6),
nP(Sq > ap) ~nP(Xo Ty > ap) ~ nP(Xo > a,) E(T]) ~ E(T}) = by (d).

Here we again used Breiman’s result [8] for P(Xo 7y > x) ~ E(T;)P(Xp > x) in
a modified form. In general, this result requires that ]E(Tj‘ +5) < oo for some § > 0.
However, if P(X > x) ~ c¢ox ™%, Breiman’s result is applicable under the weaker con-
dition EA% < o0; see Jessen and Mikosch [36, Lemma 4.2(3)]. Of course, b_(d) = 0.
We mention that the values b4 (d) do not change if S, is centered by a constant.

Our next goal is to determine c. Since EAY = 1 we have

bi(d+1) —bi(d)=E[1+Tpn*-TJ]. 4.7
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The condition EA® = 1 and convexity of the function g(k) = EA, x > 0, imply
that Elog A < 0 and therefore

o0
T, 23T =>II; < oo.
i=1

Therefore the question arises as to whether one may let d — oo in (4.7) and replace
T, in the limit by T This is indeed possible as the following dominated convergence
argument shows.

If o € (0, 1] concavity of the function f(x) = x* yields that (1 + T,))* — T <1
and then Lebesgue dominated convergence applies. If o € (1, 2), the mean value
theorem yields that

A+ T)* ~Tf =Ty + 6",
where & € (0, 1). Hence (1 + Ty)* — T is dominated by the function oz[T‘f‘f1 + 1].
By convexity of g(k), k > 0, we have E(A“~!) < 1 and therefore
o0 o )
E(Tg ) < D BT = D> B@ATh) = E@*H(1 —E@A* )™ < oo,
i=1 i=1
An application of Lebesgue dominated convergence yields for any o € (0, 2) that

cp = dli)n;o [b4(d+1) —bi( )] =E[(1 +Tw)* —TS] € (0,00). (4.8)

Remark 6 The quantity T has the stationary distribution of the solution to the sto-
chastic recurrence equation

Y[=A1Y1—1+l, te.
This solution satisfies the conditions of Theorem 2 and therefore
P(Yo> x) =P(Tee > x) ~c1x ¢,

with constant

E[Yy — (A1 Y0)*]  E[(1 + Ay Y0)* — (A Y0)?]
aE(A%log A) a E(A% log A)

Cc] =

In particular, E(T%) = oo. This is an interesting observation in view of c;. € (0, 00).
It is also interesting to observe that the limit relation (4.8) implies that

bi(d) ET])
d ~— 4

E [d_l/“Td]a — E[(1+ To)* — T].
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although 4= /% T, 23 0. This relation yields some information about the rate at which
Ty 25 Ta.

Condition (MX)

The stationary solution (X;) to the stochastic recurrence equation (4.3) is strongly
mixing with geometric rate provided that some additional conditions are satisfied.
For example, Basrak et al. [5, Theorem 2.8], assume that the Markov chain (X;) is
pu-irreducible, allowing for the machinery for Feller chains with drift conditions as
for example explained in Feigin and Tweedie [25] or Meyn and Tweedie [42]. The
drift condition can be verified if one assumes that A; has polynomial structure; see
Mokkadem [45]. The latter conditions can be calculated for GARCH and bilinear
processes, assuming some positive Lebesgue density for the noise in a neighborhood
of the origin; see Basrak et al. [5], Straumann and Mikosch [53].

In what follows, we will assume that (X;) is strongly mixing with geometric rate.
Then, by Lemma 3, we may assume that we can choose r, = n"', m,, = n”? for
sufficiently small values 0 < y; < y» < 1. Then (MX) holds and no,, — 0.

Condition (AC)

We verify condition (3.9) and apply Lemma 2. It suffices to bound the quantities
Li@d) =P (S, — Sal > an | Xo > ay).

Writing I, ; = H§=s A; fors <t and Iy, = 1 fors > t, we obtain

i
Xi = Xo IT; +an+1,i B =XolIl; +C;, i>1.
=1

Then, using the independence of Xg and C;, i > 1, applying Markov’s inequality for
k < a A 1 and Karamata’s theorem (see Bingham et al. [7]),

I,(d) < IE”(XO > I >a,/2| Xo > a,,)+]P>( >G> an/Z)

T'n

E(XE Iixpoa,) <& i

0 0>dn K —K K\i—l K

< ¢ — SOXZG N B 1 dea D) > (EAY)TEB
ay P(Xo > an) , <4, l ! i=d+11=1

o0
<c > EBA)) +crya (1 —EA)TEB
i=d+1

<c ((E(AK))" + r,l*Ka;K) .

@ Springer



Infinite variance stable limits 361

Here we also used the fact that E(A*) < 1 by convexity of the function g(x) = E(A"),
k > 0, and g(a) = 1. Choosing r, = n”! for y| sufficiently small, we see that

lim limsup /,,(d) = 0.

d—00 p—oo0

This proves (3.9).

Condition 5

Since X is non-negative, (CT) cannot be satisfied; the case @ = 1 needs special treat-
ment. We focus on the case @ € (1, 2). It is not difficult to see that all calculations
given above remain valid if we replace X; by X; — EX, provided y; inr, = n" is
chosen sufficiently small.

We summarize our results.

Proposition 3 Under the conditions of Theorem 2 the stochastic recurrence equation
(4.3) has a strictly stationary solution (X;) which is regularly varying with index o > 0
given by E[A%] = 1. Ifa € (0, 1) U (1, 2) and (X;) is strongly mixing with geometric
rate the conditions of Theorem 1 are satisfied. In particular,

“1Ja _ d 10 fora € (0, 1),
(C()n) (Sn bn) — Z()(y where bn - [ES,Z —nEX fora c (1’ 2)’
where the constant cq is given in (4.5) and the o-stable random variable Zy has
characteristic function Y, (t) = exp(—|t|* xo (t, c+, 0)), where

o
cy =E[(1 4 Too)* = TE1 € (0.00) and Too = D Aj--- A
i=l1

Remark 7 Analogs of of Proposition 3 have recently been proved in Guivarc’h and
Le Page [30] in the one-dimensional case and in Buraczewski et al. [9], Theorem 1.6,
also in the multivariate case. The results are formulated for a non-stationary version of
the process (X,) starting at some fixed value Xo = x. (This detail is not essential for
the limit theorem.) The proofs are tailored for the situation of stochastic recurrence
equations and therefore different from those in this paper where the proofs do not
depend on some particular structure of the underlying stationary sequence.

4.4 ARCH(1) and GARCH(1,1) processes

In this section we consider the model
X, =01 74,
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where (Z;) is an iid sequence with EZ = 0 and var(Z) = 1 and
0’[2 = oo+ (0112,2_1 + ﬂl) 012_1. 4.9)

We assume that «g > 0 and the non-negative parameters «1, 81 are chosen such that a
strictly stationary solution to the stochastic recurrence equation (4.9) exists, namely,

—oofIElog(oel ZZ+,31) <0, (4.10)

see Goldie [28], cf. Mikosch and Stéricd [43]. Then the process (X;) is strictly station-
ary as well. It is called a GARCH(1,1) process if a1 81 > 0 and an ARCH(1) process
if 81 = 0 and o1 > 0. Notice that condition (4.10) implies that 8; € [0, 1).

As a matter of fact, these classes of processes fit nicely into the class of stochastic
recurrence equations considered in Sect. 4.3. Indeed, the squared volatility process
(atz) satisfies the stochastic recurrence equation (4.3) with X; = atz, A = thfl +B1
and B; = «p. Moreover, the squared ARCH(1) process (th) satisfies (4.3) with
Y, = X2, A, =1 Z? and B, = ap Z?.

A combination of the results in Davis and Mikosch [13] for ARCH(1) and in
Mikosch and Starica [43] for GARCH(1, 1) with Proposition 3 above yields the fol-
lowing.

Proposition 4 Let (X;) be a strictly stationary GARCH(1, 1) process. Assume that
Z has a positive density on R and that there exists @ > 0 such that

E[@Z2+ 60| =1 and E[@7*+ )" log@ 2> + pp)] < 00 (4.11)

Then the following statements hold.

(1) The stationary solution (012) to (4.9) is regularly varying with index o and strongly
mixing with geometric rate. In particular, there exists a constant ¢y > 0, given
in (4.5)with A = qu(% + B1 and By = «g such that

P2 > x) ~c1x . (4.12)
For By = 0, the squared ARCH(1) process (th) is regularly varying with index
o and strongly mixing with geometric rate. In particular, there exists a constant
co > 0 given in (4.5) with A1 = alzf and B = ato such that

P(X% > x) ~cox %

(2) Assume o € (0,1)U (1,2) in the GARCH(1, 1) case. Then
n
—1/a 2 d _ 0 ae(0,1)
(c1n) ([_El o} bn) — Zy, Where b, = [nIE(az) we (o),
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and the a-stable random variable Zy, has characteristic function Yy (t) =
exp(—[t|* xa (t, c+, 0)), where

Mz

cr =E[(14+To)* = TE] and Tw =

t
(011 77 + /31) .
=1

t=11i

3) Assume o € (0, 1) U (1,2) in the ARCH(1) case. Then

n
e 2 d ~ _ 0 o € (O, 1)
(con) (I_Zl X; bn) — Zo, where by = [nE(Uz) ae(l,2),

and the a-stable random variable Za has characteristic function ¥, (t) =
exp(—|t|% xa (t, ¢+, 0)), where

oo t
cr =E[(1+ Too)® — T;}] and Too = Zai l_IZl2
t=1 i=1

The limit results above require that we know the constants c¢; and ¢y appearing in the
tails of o2 and X2. For example, in the ARCH(1) case,

o — Bll@o + a1 X2 — (a1 X2 E|Z ]
B a E[(a) Z)¥ log(a1 Z%)]

Moreover, (8.66) in Embrechts et al. [24] yields that X 2 4 (ag /oe1)foo. Hence the

constant ¢y can be written in the form

af E[(1 + Too)® — TSI E|Z af e E|Z [
a E[(a; Z2)%log(e1Z®)]  a El(a1 Z2)* log(ai ZH)]’

co =

The moments of | Z| can be evaluated by numerical methods given that one assumes
that Z has a tractable Lebesgue density, such as the standard normal or student densi-
ties. Using similar numerical techniques, the value « can be derived from (4.11). The
evaluation of the quantity E[(ao+o; X?)* — (er; X%)]is a hard problem; Monte-Carlo
simulation of the ARCH(1) process is an option. In the general GARCH(1, 1) case,
similar remarks apply to the constants c4 and ¢ appearing in the stable limits of the
partial sum processes of (atz). Various other financial time series models fit into the
framework of stochastic recurrence equations, such as the AGARCH and EGARCH
models; see e.g. the treatment in Straumann and Mikosch [53] and the lecture notes
by Straumann [52].

In what follows, we consider the GARCH(1, 1) case and prove stable limits for the
partial sums of (X;) and (X,2).
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Conditions (RV), (MX) and (AC)

In what follows, we assume that Z is symmetric, has a positive Lebesgue density on
R and there exists o > 0 such that (4.11) holds. Under these assumptions, it follows
from Mikosch and Stérica [43] that (X ,2) isregularly varying with index « and strongly
mixing with geometric rate. By Breiman’s [8] result we have in particular,

P(X* > x) ~E|Z]**P(c? > x) ~ E|Z|* ¢; x~%.

By definition of multivariate regular variation, the sequence (| X;|) inherits regular
variation with index 2« from (th). By symmetry of Z the sequences (sign(Z;)) and
(1Z:]), hence (sign(X;)) and (| X;|), are independent. Then an application of the mul-
tivariate Breiman result in Basrak et al. [5] shows that (X;) is regularly varying with
index 2« and

P(X > x) = 05P(|X| > x) ~ 0.5E|Z]** ¢; x 2.

Thus both sequences (X;) and (X ,2) areregularly varying with indices 2« and «, respec-
tively. Moreover, (MX) is satisfied for both sequences and we may choose r, = n!,
m, = n"? for sufficiently small 0 < y; < y» < 1. An application of Lemma 2 yields
(AC). We omit details.

4.4.1 Condition (TB) for the squared GARCH(1, 1) process

Recall the notation A; = o th_l +pB1, Br = ap, I1; = H§=1 A; and that (a,,) satisfies
nP(X? > a,) ~ 1. The same arguments as for (4.6) yield

X4+ X2=Z202 4. 4+ 7302
=0f (Z3M + -+ Z3My) + Ry.

Under the assumption (4.11), E(RJ) < oo, hence P(Ry > a,) = o(P(X? > ay)).
This fact and Breiman’s result [8] ensure that

nPX3 4 4 X3 > ay) ~nPg (Z3 1 4 -+ Z2 1) > a,)
E|Z} [Ty + -+ Z3 [T4|*
E|Z|2a

E\Z} ITy + -+ Z2 ITg|®
E|Z|2°‘
CEIZH T+ 23 )
E|Z|2"‘
E|Z3 + Z} T + -+ Z5 | Ty |
= E|Z|2‘x

~ [nE|Z|* P(od > an))

~ [nP(X? > ay)]

= by (d).
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In the last step we used that A is independent of Z1, ..., Z; and that EA® = 1. Write
Ty= 2300 + -+ Z5 4.
Observe that
Ty 5061_1 [T+ + Mypa].

The same argument as in Sect. 4.3 proves that the right-hand side converges a.s. to a
finite limit. Hence Ty iy T for some finite limit 7T, = Z?il Z,2 II,. If @ € (0, 1],
we have by concavity of the function f(x) = x%, x > 0,

E[75, — T3] =E[(Z3 + T" - Tj | < BIZP* < oo,

If ¢ € (1, 2) we have by the mean value theorem for some & € (0, Zg) and using the
concavity of the function f(x) = x* 1 x>0,

E[(Z+ T — 75| = o[ s+ 67"
= o[BI + E(Z2D)]
< o E(ZP@D) [1+E@A™) + - + By ]
=aE(ZP@ )1 —EA*H ! < 0.

An application of Lebesgue dominated convergence yields in the general case o €
(0, 2) that

E[(Z] + T))* — T3]
E|Z|2°‘

¢t = lim [byo(d + 1) — bi(d)] = lim
d—o0 d—00

E[(Z§ + Tx)* — T2]
= EZp= € (0, 00).

4.4.2 Condition (TB) for the GARCH(1, 1) process
Next we calculate the corresponding value c for the GARCH(1, 1) sequence (X;).
By the assumed symmetry of Z, we have c; = c_. Slightly abusing notation, we

use the same symbols b1 (d), (ay,), Ty, etc., as for (th). We choose (a,,) such that
nP(|X]| > a,) ~ 1. We have

Se=2Z101+---+Zg04.
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Since E|Z|?* < oo we have for any € > 0,

nP((Z101, ..., Zaoa) — (Z101, Za|A2|®ay, . .., ZalAg|*S0a_1]| > € an)
12

d
<nP «/ao(Zz?) >ea, | —> 0.
i=2

Hence (see Jessen and Mikosch [36, Lemma 3.12])
0.5 0.5 0.5
nP(S,; >an)~nIP’(Zl(71+ZzA2 o1+ Z3A3700 -+ ZgA ;7041 >an).

Proceeding by induction, using the same argument as above and in addition Breiman’s
result, and writing [T ; = H;ZS A; fors <t and Il;; = 1fors > t, we see that

nP(Sy > ay) ~nP (a] (Zi+ AP Zo 4+ 1195 20) > a,,)

~ 1P > alE[(Z) + A Zy 4+ 11057007 ]
E((Z + A Zo + -+ + ngzd)i“]
E|Z|2°‘
ElZ + AY® Zy + - + 135 Za|*]
B 2E|Z |2

~

= b, (d).

In the last step we used the symmetry of the Z,’s. Writing 7y = Zle Z; 17201:5, we
have

E[IT41%]
bi(d) = —<
+(d) SB[z
and
o0 1 o0
Tal < D 1Zi 197 <oy 2> 103, (4.13)

i=1 i=1

Since E[(log A)!/?] = 0.5Elog A < 0, the right-hand side converges a.s. to a finite
limit. By a Cauchy sequence argument,

o
Ty = Too = D Zi 1197
i=1

for some a.s. finite Too.
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Let (Z, A’z) be an independent copy of (Z1, A3), independent of T;. Assume
2a € (0, 1]. Then by symmetry of the Z;’s and since E[(A/z)“] = 1, using the con-
cavity of the function f(x) = x>, x > 0,

]

=E[|1Z) + ()" Ty - 1(ap) ST

B[ |17 = 1T

=EL(Z}] + (49" (Tg) )™ = (4D (Ta) )]
+E[|1711 - (4)°3 (@) = (a5 (T

— IE I:‘|Z/1| + (A/2)05 Td|2a _ |(A/2)O.5Td|20l

I{(A/Z)O‘S(Td)—ﬂzﬂ}:l

I{(A/Q)O'S(Td)—>|zi\}:|

FE[ (453 (Ta)- = 1Z{D* = (A" (Ta) )™

<E|Z*.

For 2o € (1,2) we use the same decomposition as above and the mean value
theorem to obtain

| < 20y ima +121] "

B[ |72 = 17

200—1
< 2aE[(A’2)0'5|Td|] T Rz

The right-hand side is bounded since E| Z|** < ooand, using (4.13) and E[A* 93] <1,

9] 9]
EIT,*" < ¢ D EIIS01=c D (BIA* ) < oo,
i=1 i=l

Now we may apply Lebesgue dominated convergence to conclude that the limit

E[|Z] + (A)* Too ¥ — [(A) T[]
2E|Z |2

cy = dli)rr;o[bJr(d +1)—by(d)] =

exists and is finite.
Since T and Z| assume positive and negative values we have to show that ¢y > 0.

First we observe that

cq = dli)rrgod_lE[|Td|2"‘]. (4.14)
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Applying Khintchine’s inequality (see Ledoux and Talagrand [41]) conditionally on
(|Z;]), we obtain for some constant ¢, > 0, alld > 1,

d o
E[|T41*] = caE(Z Z,-an,,»)
i=1
d d o
= ca ar“E(Z«n Z;+ B — 1 ) nz,i)

i=1 i=l1

d ¢ d «
> cqap® E(Z 172,i+1) - BY IE(Z HZ,i)
i=1 i=1
d o
= cqa; (1 — ﬁ‘f‘)IE(Z 172,,-) :

i=1
Now, Remark 6 and (4.14) imply that ¢ > 0.

4.4.3 Condition 5

We assume Z symmetric. Then EX = 0 for 2« € (1, 2) and (CT) holds for (X;). For
(X ,2), (CT) cannot be satisfied and needs special treatment. If & € (1, 2) all arguments
above remain valid when X ,2 is replaced by ]E(Xlz) —E(X?).

We summarize our results for the GARCH(1, 1) process (X;) and its squares.

Proposition 5 Let (X;) be a strictly stationary GARCH(1, 1) process with symmetric
iid unit variance noise (Z;). Assume that Z has a positive density on R and that (4.11)
holds for some positive o. Then the following statements hold.

(1) The sequences (X;) and (th) are regularly varying with indices 2« and «,
respectively, and both are strongly mixing with geometric rate. In particular,

1
P(X > x) ~ §E|Z|2°‘ crx~%,

where ¢ is defined in (4.12).
(2) Assume 2w € (0, 2). Then

—1/Qa) 4
(c1 E|Z| n) S, % Zow.

where Zoy is symmetric 2a-stable with characteristic function Yoy (t) =
exp(—|11** x2a(t, c4, c4)), where

o BlZo+ 101 Z5 + Bl Too™ — llei ZG + A1 |™ Too ]
T 2E|Z|2 ’
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and

3) Assume o € (0,1)U (1,2). Then

—1/a [ d ~
(1 E1217n) (Z X2 - bn) 4 Za.
=1
where

y |0 ifa € (0,1)
" nEX?) ifae(l,2),

and Zg is a-stable with characteristic function
Yo (1) = exp (=1t|* xa (1, ¢4, 0)) ,

where

_ E(Z} + Too)* — T2)
- E|Z|2°‘

C+

In the above relation,
— o0 t
To=> 70 [[(aZ2 +51).
=1 i=1
Remark 8 For ARCH(1) processes the above technique of identification of parameters

of the limiting law was developed in [3].

4.5 Stable stationary sequence

In this section we consider a strictly stationary symmetric a-stable (sas) sequence
(Xy), o € (0, 2), having the integral representation

an/fn(x)M(dx), n € 7.
E

Here M is an saes random measure with control measure u on the o-field £ on E and
(fn) is a suitable sequence of deterministic functions f,, € L“(E, £, u). We refer
to Samorodnitsky and Tagqu [50] for an encyclopedic treatment of stable processes
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and to Rosiniski [49] for characterizing the classes of stationary (X;) in terms of their
integral representations.
Then for some sas random variable Y,

Sy = / (10O + -+ o ()M (dx)
E

1/a

Yo /Ifl(X)+--~+fn(X)|“M(dX) . (4.15)
E

Il

Since P(Yy > x) ~ 0.5¢cox~* for some ¢y > O (see Feller [26]), we have with
nP(X|>ay) ~1,

Je 1 1) + -+ fa(x)|* u(dx)
Je 1 f10)[%p(dx)

nP(Sy > ay) ~ =bi(d), d=>1.

Moreover, it follows from (4.15) that a,; Is, —d> Z, for some Z, if and only if
nby(n) = cy (4.16)

for some constant ¢ and the limit Z,, is sas, possibly zero.

Since we know the distribution of a,; s, for every fixed n we do not need Theo-
rem 1 to determine a sas limit. In the examples considered above we are not in this
fortunate situation. In the sos case we will investigate which of the conditions in Theo-
rem 1 are satisfied in order to see how restrictive they are. Since the finite-dimensional
distributions of (X;) are «-stable, (RV) is satisfied. Conditions (CT) and EX = 0 for
a € (1,2) are automatic. Under (4.16), using the special form of the characteristic
function of a sas random variable, (MX) holds for any sequence m,, — oo. Condition
(AC) is difficult to be checked. In particular, it does not seem to be known when (X;)
is strongly mixing. An inspection of the proof of Lemma 1, using the particular form
of the characteristic functions of the sas random variables, shows that (AC) can be
replaced by (TB) which implies (4.16). Thus (TB) is the only additional restriction in
this case.
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