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masse  EXtremogram and Regularly Varying

Extremal
Events

T. Mikosch, Sequence
e e A sequence (X;) is regularly varying if (Xo, ..., X}) is

Exerrgmf;gram regularly varying, that is,

nP(a,'(Xo,....Xs) € C) — pun(C), h=>0.
Fourier
Analysls Then it follows 14(tC) = t=*un(C), t > 0.

P(|Xo| > an) =1/n.
e For a d-dimensional strictly stationary time series

Goodness-of-

it Test (Xt), the extremogram at lag h > 1

Reference

p(h) = lim P(x~"X, € Alx"'Xp € A)
pn(A x R=1 x A)
110(A)
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e Sequences

Y. Zhao

s Assumptions: Dimension d =1 and A = (1, ).

Extremogram

Ex

Fourier
Analysis
Spi

Example:

e Aniid sequence (Z;) with Z; student(«)-distributed.
Extremograms: p(0) = 1 and p(h) = 0 for h > 1.

e ARMA process with iid regularly varying noise.
e Max-stable processes.
e GARCH with normally distributed noise.

Goodness-of-
fit Test

Reference
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waseo  EStimation of Extremogram

The sample extremogram is defined as:
T. Mikosch,
Y. Zhao

efinition of

m,/n) >R
ExFremogram ﬁ(h) — ( n/ )Z

t=1 Nay"Xi>1,a5" Xy n>1}
S (Mn/n) 3204 o).
xtremogram = {am X[>1}
B
Fourier
Analysis

where m, — oo and m,/n — 0 as n — co. (See Davis and
Mikosch (2009))

n
L2
fG‘[o_roe(irtwess—of— (mn/n) E I{a,;1Xt>1,a%1Xt+h>1} — th(1 s OO) .
Reference t=1

For h > 0, (pre-asymptotic central limit theorem)

(I’)
mp
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Example: ACF vs. Extremogram
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Figure : 5-min stock price of Bank of America. The sample size
is about 32, 000.
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A Fourier

wases - Spectral Density and Periodogram

| o Spectral density: f(A\) =1+2% >, p(h)cos(h)).
v e Periodogram:
| ()\) o (mn/n)‘ Z?:‘I Ite_iw\‘z
A —
(mn/n) 320 I

Extremogram

: 2 2
Poaia _ 05[(an(V))” + (8a(V)']
(ma/m) s e

Density

Goodness-of-
fit Test

where A € (0,7) and | = Iix,/a,, 1}

n
Reference an()\) — (2mn/n)1/2 Z It COS()\t) 5

t=1

Ba(N) = (2m,/n)'/2 Zn: Iy sin(At).
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maveeor Gentral Limit Theorem

Extremal
Events

BYSSAl Theorem

Assume that (X;) satisfies some mild conditions.

© For any fixed frequencies 0 < \y < --- < Ay < w for some
N > 1, thenas n — o,

Spectral Density

= (n(X), Ba(¥)) ...
‘ d
(1) = (X)) BON)) iy ~ N(O, ),

Density

where N = diag(f()q ), f(/\1 ), 0004 f()\N), f(/\N)) o

® (1) remains valid for distinct Fourier frequencies
A, = Aj € (0,7) asn — oo.
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masso ASymptotic Distribution of Periodogram

Extremal

cmee - Ordinates

Y. Zhao

Corollary

© Consider any fixed frequencies0 < \y < --- < Ay <7
forsome N > 1. As n — oo,

(h)) 1. % (fOy)E) j=1

.....

where (E;) is a sequence of iid standard exponential
random variables.

® Analog results hold for any distinct Fourier
frequencies )\, — \; € (0, ).
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Goodness-of- ~ 4
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Reference

Frequency

Figure : Xy = 0.8X;_1 + Z; + 0.1Z;_1. The sample size is
31,747.
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tuiosen, @ Lag Window Estimator:

Y. Zhao

Extremogram I'n

Fourier
Analysis

for fixed X € (0, 7).
mmmases @ DiSCrete Spectral Average Estimator:

Density

Goodness-of-

fit Test Z W n()\nu

Reference
lu|<sn

where A\, = A\p+ 27u/n € (0,7), for1 < u < n, and
(Wi(+)) and (s,) satisfies certain conditions.
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Extremogram Z W )\nu)
g lul<sn
— where \p, = A\p +27u/n € (0, 7).

Analysis

e s, —~ooands,/n— 0asn— oc.
Estimation of Spectral [ ) Z|u|§sn Wn(u) = 1 (Unblased)

S e Y ics, WA (U) — 0 (Consistency).
Reference Results:
L2
Z Wo(u) (M) — F(N).

lul<sn
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maveeor Gentral Limit Theorem

Extremal

eens  Assumption: (X;) is an i.i.d regularly varying sequence.
PV ya(h) = (m/n) S0 lix,am>11 11X, am>1y @Nd
Extremogram pO = P(Xo/am > 1)
o For h> 1, vA(1a(i) — Evn(i)),_, % N(0.5p).

-----

— where £, = (0j)ij-1...» has finite entries given by
Sl oj=1and g; = 0 for i # .

o o Define Jn(x) = x7n(0) + 237~ v,(h) sin(hx) /h.
We have

Goodness-of-
fit Test

V() = x70(0) — (Ed(x) — xmpo) ) 5 G(x)

where the limit process is given by the infinite series
G(x)=2> 7", Zpsin(hx)/hand (Z,) is ani.id
normal sequence with mean 0 and variance 1.
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T. Mikosch, © Grenander-Rosenblatt test:
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Extremogram Vn sup |Jn(x) — x7n(0) — (EJn(x) — xmpo)‘

x€[0,7]

%4 sup |G(x)|.

x€[0,x]

Fourier
Analysis

“ @ w-statistic or Cramér-von Mises test:

Goodness-of-
fit Test 2

Reference ”/X (Jn()\) — x7n(0) = (Edn(x) — xmpo)) a\

dOX
—>/ G2(\) d\.
0
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