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Outline of the talk

e Two-node tandem network (Mandjes, van Uitert, K.D.)

— New representation for ()5
— Lévy case: distribution of ()9

— Examples

e n-node tandem network (Dieker, Rolski, K.D.)
— Skorokhod problem

— Stationary representation

— Laplace transform



Two-node tandem network
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e J(t) - with stationary increments, EJ(1) < r9

We are interested in
P(Q2 > u)

® (), - stationary buffer content at the second node

- Kella, Whitt, Rubin, Shalmon, Mandjes, van Uitert,...



Representation for (9

Following Reich's representation we have
Q1 =q sup{J(t) — rit}
t>0
and
Qtotal —d SUP{J(t) - TQt}-
t>0
Hence

Q2 =g sup{J(t) — rot} — st1>1](g)){<](t) — rit}.

>0



New representation for ()9

Let

Theorem 1. For each u > 0,

P(Qs > u) =P ( sup {J(t) —rot} — sup {J(t) — rit} > u) .

t€(ty,00) te0,ty]

This representation enables us to analyze the distribution of ()

for following classes of input processes:

e processes with independent increments

e Gaussian processes



Input with stationary independent increments

Theorem 2. Let {J(t),t € R} be a stochastic process with
stationary independent increments and let p = EJ(1) < rs.

Then for each uw > 0, and J1(+) and Jo(-) independent copies
of the process J(-),

tel0,00) te€(0,ty]

P(Qs >u) =P ( sup {Ji(t) —rot} > sup {—Jo(t) + Tlt}> .



Input with spectrally positive Lévy process

Let J(t) be a spectrally positive Lévy process. Introduce

0(s) := log(Ee*/W=r)y,

Theorem 3. Let {J(t),t € R} be a spectrally positive Lévy
process with p = EJ(1) < ry. Then, for each x > 0,

Fo—tQz _ T2 H 0~ (x(ry — 72))
r—ry x—0"Yx(ry —ry))

Remark 1. Theorem 3 can be considered as an analogue of
the result of Zolotarev who obtained the Laplace transform of

P(Q1 < u) for J(-) being a spectrally positive Lévy process.



Pollaczek-Khintchine representation

Theorem 4. Let {J(t),t € R} be a spectrally positive Léuvy
process with p = EJ(1) < ry. Then

P(Qy < u)=(1—p) Z o " H* (u),

where

00 = (r1 —ra)/(r1 — 1)

e H(:) is a distribution function such that H(z) = 0 for
x <0

and




Examples: exact distributions

e J(t) is a standard Brownian motion.
ry — 72 VT — T2

1
1 (8]
+ v ﬁ)
L — 79 (\/7“1—7‘2

where U(z) = P(N > x).

v If ¢ > 2¢5, then
— 2
P(Qy > u) ~
ry — 172
v If ¢; < 2¢y, then

P(Qs > u) ~ \/27T(7“11 — \}aexp <_2<T17“i 7~2>u> .

e—2r2u.

Also we can get the exact distribution if

e J(t) is a Poisson process.



Examples: asymptotic results

o J(t) = Xn14(t) with o € (1,2) and B € (—1, 1].

Then
Ciut= < P(Qs > u) < Cou'™ as u — oo.

[ J(t) = on,l,l(') with o € (1,2)

Then

P(QQ > u) ~

~T2—a) 00;77(04 ) /2)%2 (n - 7~2> e

Also we can get the asymptotic for

e J(t) compound Poisson input, with regularly varying jumps
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n-node tandem network
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o J(t) = (Ji(t), ..., Ju(t))" - n-dimensional Lévy process with

mutually independent components and J1(t) is a spectrally

positive Lévy process, Jo(t),. .., J,(t) are subordinators
or =(ry,..,m,) - output rates
e P = (py)i';—y - routing matrix;

0 <piizi<landp;=0ifj#1+1

Moreover, we tacitly assume that

N1 (Work-conserving) Diit1 > Tgl,

N2 (Stability) (I — P EJ(1) < r.
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n-node tandem network, ctd.

We are interested in the transient joint distribution of

e Q(t) = (Q1(t),...,Qn(t)) - storage process
e B(t) = (Bi(t),..., Bu(t)) - running busy period process,

where

Bi(t) =t —sup{0 < s <t Qu(s) = 0}.

Q)(t) is the unique solution of the Skorokhod problem of
J(t) — (I — P')rt with reflection matrix I — P’, that is
S1Q(t)=w+J(t)— (I —P)rt+ (I — P)L(t),t >0,
S2 Q(t) > 0,t >0 and Q(0) = w,

S3 L(0) =0 and L is nondecreasing, and

S4 3" [oT Qi) dL;(t) = 0.
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n-node tandem network, ctd.

Proposition 1. Suppose that Q(t) is the storage process

associated to the stochastic network (J,r, P). Then
(1= P) Q)
15 the solution to the Skorokhod problem of
X(t)=U—-P)'Jit)—rt
with reflection matrix 1.

Theorem 5. The stationary distribution(W (oo), B(o0)) is
the same as the distribution of (I — P')X,G), where
X =(X1,..,X,) and G = (G, ...,G,) with

1 k

-1
Yi = sup Z Pjj+1 Jk<t) — 7t
20\ =1 \j=1

Gr = sup{t > 0: X3.(t) = Xi(t)}.

13



n-node tandem network, ctd.

Theorem 6. Consider a tandem stochastic network (J,r, P)
that N1-IN2 hold. Then for a = (a, ..., a;) > 0,

B =B, ..., 0) >0

Ee—<a,Q(oo)>—<ﬁ,B(oo)> _

— Ee_anyn_ﬁnGn X

—ay X =[S0 1 W () + i (peaere 1 —ro)art Y- Bp| G
I

Y
i L Ee™ Pjj+10j4+1X [Zf:jﬂ g(a€)+zg:j+1(pE—léW—l—W)O%JFZp:jH5;0] J

where

X(t) = (I—-P) ' Jt)—rt
U/ (\) = —log (Ee‘”i(l)) .

The formula can be made explicit by the use of fluctuation

identities. But is a bit long...
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