Anomalous Diffusion Index for Lévy Motions

Chang C. Y. Dorea
and
Ary V. Medino

Departamento de Matematica
Universidade de Brasilia

August 2005

Partially supported by CNPq, CAPES, FAPDF/PRONEX and FINATEC/UnB

Anomalous Diffusion Index for Lévy Motions



Infinitesimal Coefficients
Scaled Random Walks

Diffusion Process : Infinitesimal Coefficients

m%P(|x(t+h)—X(t)| S e]X(t) =x) =0

Anomalous Diffusion Index for Lévy Motions



Infinitesimal Coefficients
Scaled Random Walks

Diffusion Process : Infinitesimal Coefficients

m%P(|x(t+h)—X(t)| S e]X(t) =x) =0

im 2E {X(t ) = X () X () = X} = px(x.1)

Anomalous Diffusion Index for Lévy Motions



Infinitesimal Coefficients
Scaled Random Walks

Diffusion Process : Infinitesimal Coefficients

1
im P (X (t +h) = X(1)] > e[X(t) =x) =0
im 2E {X(t ) = X () X () = X} = px(x.1)

H%%E X+ h) = X@PXO) =x } = Zx.1)

Anomalous Diffusion Index for Lévy Motions



Infinitesimal Coefficients
Scaled Random Walks

Diffusion Process : Infinitesimal Coefficients

1
im P (X (t +h) = X(1)] > e[X(t) =x) =0
im 2E {X(t ) = X () X () = X} = px(x.1)

H%%E X+ h) = X@PXO) =x } = Zx.1)

u(-) =0,0%(-) =1 : Brownian Motion
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Infinitesimal Coefficients
Scaled Random Walks

Scaled Random Walks

Sn :fl+52+---+§n
E(§)=0,E(§) =0° >0
1
XM(t) = U_\/ﬁ{s[nt] + (nt — [Nt])&g 2} — B(t)

X(t) = an(Spy — bn) = X(t)
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n~1E(S2) — o

Lévy Flights : Muralidhar et al. (1990), Metzler and
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Anomalous diffusive regime : X(t) non-Gaussian
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Lévy Flights : Muralidhar et al. (1990), Metzler and
Klafte (2000)

Ferrari et al. (2001), Costa et al. (2003) and
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Lévy Flights
Anomalous Diffusion

Anomalous Diffusion

Dx =0 = subdiffusion
0 <Dy < = normal diffusion
Dy = = superdiffusion

Dg = 02/2, B(-) : Brownian Motion
E(X?(t)) =c0c = Dx=o0
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Centered process : P(X(t) < x) =P(X(t) > —x)

. EX(b)
7% =sup{y:v >0, lim |nfL > 0}

Anomalous Diffusion Index for Lévy Motions



Diffusion Index : ~x

Centered process : P(X(t) < x) =P(X(t) > —x)
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Diffusion Index : ~x

Centered process : P(X(t) < x) =P(X(t) > —x)

. EX(b)
7% =sup{y:v >0, Iltmlnfi>0}
. _ E X ()Y
’ylenf{'y:0<’y§'72,|Imsup¢<oo
t—oo
. EX(t)Y
I|m|nf&:0, Vy>0 = ~3=0

t—oo
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Diffusion Index : ~x

O<yx <o0:

. E|X (1)
O<y<yyx = |Imsup%:oo

t—oo

. EX(t)

Y>9x = |Itmlnf&:0
. EX(D)IM
ntmmf%:o,vy>o = =0
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Diffusion Index : ~x

O<yx <o0:

O<y<yyx = Iirtnsupw:oo
> = Iitrﬂlgfwzo
Iitnllgfwzo,v’y>0 = =0
Iirtnsupw:oo,vv>o = Ax =00
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Results

Examples

@ X(t) zero-mean and finite moments :

vx = Dx = 0 (subdiffusion)
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Examples

@ X(t) zero-mean and finite moments :
vx = Dy = 0 (subdiffusion)
@ B, (t) Brownian motion with variance 02/2 :

o? 1

og,(x,1) =0* ;Dg, = o %8, =5
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Examples
Results

Examples

@ X(t) zero-mean and finite moments :
vx = Dy = 0 (subdiffusion)
@ B, (t) Brownian motion with variance 02/2 :

o? 1

og,(x,1) =0* ;Dg, = o %8, =5

@ Langevin Equation

dV () = —uV (t)dt + odB(t) ,V(0) =0
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t
Ornstein-Uhlenbeck : V (t) = a/ e H(t=X)dB(s)
0
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t
Ornstein-Uhlenbeck : V (t) = a/ e H(t=X)dB(s)
0

pv (X, t) = —ux ; 0 (x,t) = o (infinitesimal
coefficients/local diffusion)

2
EV ()Y = e—“‘“[g—ﬂ(ezm — ))Y>E|B(L)[V

1/~
i EIV)
t—oo

= v = 0 (subdiffusion : long-range behavior)

=0, ¥y >0
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Examples
Results

Examples

@ BM(t) : fractional Brownian motion, 0 < H < 1
2
cov(B" (1), B"(s)) = St + s — |t — s/ ,o? =

var(B" (1))
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0 H< =
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Dgu = lim =< 2 _ -
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1

0 H< =

=2

t2H 52 52 1

Dru = Iim = . _ =
B t—oo 2t 2 H - 2
1

H> =

[ >* 73

Diffusion Index : ygn = H
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independent increments. Then, if 0 < o3 (x,t) < co we have

Anomalous Diffusion Index for Lévy Motions



Examples
Results

Results :

Let X(-) be a zero-mean stochastic process with stationary and
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If the diffusion constant 0 < Dy < oo then yx = 1/2.
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Results :

Lemma 1

Let X(-) be a zero-mean stochastic process with stationary and
independent increments. Then, if 0 < o3 (x,t) < co we have

Lemma 2
If the diffusion constant 0 < Dy < oo then yx = 1/2.

Let X(-) and Y (-) be centered stochastic processes. If a # 0
and b > 0 are constants, then x| =9x , Yax =x Yxp =
byx and yxiy < max{yx,yv}.
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Examples

Results

e L, (t) : symmetric Lévy stable process

For the Lévy stable process L = L, 4,

o? 1
— and vy =
2 L

@ if a = 2, then o2(x,t) = 0%, D = B
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e L, (t) : symmetric Lévy stable process

For the Lévy stable process L = L, 4,

. 2 2 0'2 1
@ if a« =2, then of(x,t) =0, D = > and y = >

@ If 0 < a < 2 (superdiffusion), we have o2(x,t) = D = oo

and'yL:a>§.
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Examples

Results

e L, (t) : symmetric Lévy stable process

For the Lévy stable process L = L, 4,

. 2 2 0'2 1
@ if a« =2, then of(x,t) =0, D = > and y = >

@ If 0 < a < 2 (superdiffusion), we have o2(x,t) = D = oo
and vy = a > E
@ Moreover, for ¢i(x) = P(L(t) > x), we have ¢¢(-) is slowly
L . 1 L
varying if « = 2 and ¢ () is (——) regularly varying if
gs

O<a<?2
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S dollar

Numerical lllustrations

Daily Foreign Exchange Rates ( http://www.federalreserve.gov )
January/2000 to January/2005 : Brazil, Switzerland, Mexico

*Nn=—
«
Tablel
Country [[ én [ 6n [ value(k) [ value(m) | value(e) |
Brazil(Real) 1.62424198 0.008866886626 180 15 0.005
Switzerland(Franc) 1.4737571 .49918254e-2 180 6 0.002
Mexico(Peso) 1.2723789 0.20784845e-1 200 5 0.01
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Brazil : real vs US dollar
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Brazil : real vs US dollar
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Mexico : peso vs US dollar
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Me llar
Switzerland : swiss franc vs US dollar

Switzerland : swiss franc vs US dollar
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