ON MAXIMA OF COMPLETE AND INCOMPLETE SAMPLES FROM STATIONARY SEQUENCES

Pavle Mladenović Faculty of Mathematics, University of Belgrade Studentski trg 16, 11000 Belgrade Serbia and Montenegro E-mail: paja@matf.bg.ac.yu

The joint work with

Vladimir Piterbarg Moscow Lomonosov State University, Russia

EVA2005 • GOTHENBURG

1. INTRODUCTION

Let (X_n) be a strictly stationary random sequence with the marginal distribution function F (x) = P {X_1 ≤ x}. Suppose that some of random variables X_1, X_2, X_3, . . . can be observed, and let ε_k be the indicator of the event that random variable X_k is observed and S_n = ε_1 + · · · + ε_n. We suppose that ε_k is independent of the sequence (X_n). Denote M_n = max{X_1, . . . , X_n} and ~M_n = { max{X_j : 1 6 j 6 n, ε_j = 1}, if S_n ¿ 1, inf{t| F (t) > 0}, if S_n = 0. Problem. Determine the limiting distribution of the random vector (~M_n, M_n) as n → ∞.

The associated independent sequence. Following Loynes (1965), for a given stationary sequence (X_n) let us define the associated independent sequence (X^∗_n) to be i.i.d. with the same distribution function F (x) = P {X^∗_1 6 x} = P {X_1 6 x}. Let us denote

~M^∗_n = max{X^∗_j : 1 6 j 6 n, ε_j = 1}, M^∗_n = max{X^∗_1 , . . . , X^∗_n}.

Under some conditions of weak dependence of random variables in the sequence (X_n) Leadbetter (1974) proved that random variables M_n and M^∗_n have the same limiting distributions with the same normalizing constants. We shall first determine the limiting distribution of the random vector (~M^∗_n, M^∗_n).

2. SOME PRELIMINARIES AND EXAMPLES

A distribution function F belongs to the domain of attraction of a non-degenerate distribution function G (notation F ∈ D(G)) if there exist sequences a_n > 0 and b_n ∈ R, n ∈ N, such that the equality

lim_{n→∞} F^n(a_nx + b_n) = G(x) (2.1)

holds for every continuity point of G. Every distribution function with non-empty domain of attraction is of one of the following three types:

Λ(x) = exp(−e^{−x}), −∞ < x < +∞; (2.2)

Φ_α(x) = { 0, if x < 0, exp(−x^{−α}), if x ¿ 0, (α > 0), (2.3)

Ψ_α(x) = { exp(−(−x)^α), if x < 0, 1, if x ¿ 0, (α > 0). (2.4)

We shall refer to Λ(x), Φ_α(x) and Ψ_α(x) as extreme value distribution functions. The characterization of domains of attraction can be given in terms of the regular varying of tails of corresponding distribution functions. For example, F ∈ D(Φ_α), for some α > 0, if and only if lim_{t→∞} 1 − F (tx) 1 − F (t) = x^{−α}, for every x > 0. (2.5)

For more details about domains of attraction of extreme value distribution functions see Gnedenko (1943), Mejzler (1949), de Haan (1970) and Resnick (1987).

The result concerning limiting distribution of the random vector (~M^∗_n, M^∗_n) will be formulated under some conditions on the sequence (ε_n).

The Probability P {~M^∗_n 6 u_n, M^∗_n 6 v_n}

Let (ε_n) be an i.i.d. sequence, independent of (X^∗_n), and P {ε_k = 1} = p, P {ε_k = 0} = 1 − p, where 0 < p < 1. Then S_n ∈ B(n, p), i.e. S_n is a binomial random variable with parameters n and p. If u_n = a_nx + b_n, v_n = a_ny + b_n, where a_n > 0, b_n ∈ R, and x < y, then the following equalities hold: P {~M^∗_n 6 u_n, M^∗_n 6 v_n} = n∑ k=0 P {S_n = k}P {~M^∗_n 6 u_n, M^∗_n 6 v_n | S_n = k}

= n∑ k=0 ( n k ) p^k(1 − p)^{n−k}(F (u_n))^k(F (v_n))^{n−k}

= (pF (u_n) + (1 − p)F (v_n))^n. (2.6)

EXAMPLE 1.

Let (X^∗_n) be an i.i.d. sequence with the common distribution function F (t) = 1 − e^{−t}. Then, for every real x, P {M^∗_n 6 x + ln n} → exp(−e^{−x}), as n → ∞, and F ∈ D(Λ). For x < y let us denote u_n = x + ln n and v_n = y + ln n. If (ε_n) is an i.i.d. sequence, independent of (X^∗_n), and S_n ∈ B(n, p), where 0 < p < 1, then P {~M^∗_n 6 u_n, M^∗_n 6 v_n} = (pF (u_n) + (1 − p)F (v_n))^n = { p ( 1 − e^{−(x+ln n)} ) + (1 − p) ( 1 − e^{−(y+ln n)} )}

= { 1 − pe^{−x} + (1 − p)e^{−y} n }_n

→ e^{−pe} �x e^{−(1−p)e} �y , as n → ∞. (2.7)

EXAMPLE 2.

Let F ∈ D(Φ_α), where α > 0, and 0 < x 6 y < +∞,

a_n = ( 1 1 − F )_{−1} (n) = inf { t : F (t) ¿ 1 − 1 n } . (2.8)

If (ε_n) is an i.i.d. sequence, independent of (X^∗_n), and S_n ∈ B(n, p), where 0 < p < 1, then we shall prove that the following equality holds: lim_{n→∞} P {~M^∗_n 6 a_nx, M^∗_n 6 a_ny} = e^{−px} �α e^{−(1−p)y} �α . (2.9)

If the constant a_n is given by (2.8), then a_n → ∞ and 1 − F (a_n) ∼^1_n as n → ∞.

Consequently, using (2.5) and (2.6), we obtain that

P {~M^∗_n 6 a_nx, M^∗_n 6 a_ny} = (pF (a_nx) + (1 − p)F (a_ny))^n = { 1 − p 1 − F (a_nx) 1 − F (a_n)

(1 − F (a_n)) − (1 − p) 1 − F (a_ny) 1 − F (a_n)

(1 − F (a_n)) }_n

= { 1 − px^{−α} n (1 + o(1)) − (1 − p)y^{−α} n (1 + o(1)) }_n

= { 1 − px^{−α} + (1 − p)y^{−α} n + o ( 1 n )}_n

→ e^{−px} �α e^{−(1−p)y} �α , as n → ∞. (2.10)

3a. THE LIMITING DISTRIBUTION OF THE RANDOM VECTOR (~M^∗_n, M_n)

THEOREM 1.

Let us suppose that the following conditions are satisfied: (a) F ∈ D(G), i.e. for some constants a_n > 0 and b_n ∈ R, n ∈ N and every real x the equality (2.1) holds. (b) (ε_n) is a sequence of indicators that is independent of (X^∗_n) and such that S_n n P−→ p ∈ [0, 1] as n → ∞. (3.1) Then, the following equality holds for all real x < y:

lim_{n→∞} P {~M^∗_n 6 a_nx + b_n, M^∗_n 6 a_ny + b_n} = G^p(x)G^{1−p}(y). (3.2)

REMARK. Maxima ~M^∗_n and M^∗_n are asymptotically independent.

CONDITIONS OF WEAK DEPENDENCY

The condition D(u_n)

DEFINITION 1. [Leadbetter (1974)] Let (X_n) be a strictly stationary random sequence and (u_n) a sequence of real numbers. The condition D(u_n) is satisfied if for all positive integers 1 6 j1 < · · · < jk < jk+1 < · · · < jk+m 6 n, where j_{k+1} − j_k ¿ l, the inequality | | | |P (_{k+m} ⋂ s=1 {X_{js} 6 u_n} ) − − P (_k ⋂ s=1 {X_{js} 6 u_n} ) P (_{k+m} ⋂ s=k+1 {X_{js} 6 u_n} )| | 6 αn,l, holds and α_{n,ln} → 0 as n → ∞ for some l_n = o(n).

The condition D^′(u_n)

DEFINITION 2. [Loynes (1965)] Let (X_n) be a strictly stationary random sequence and (u_n) a sequence of real numbers. The condition D^′(u_n) is satisfied if

lim_{k→∞} lim sup n→∞ n · [n/k]∑

j=2 P {X_1 > u_n, X_j > u_n} = 0.

The condition D(u_n, v_n)

DEFINITION 3. Let (X_n) be a strictly stationary random sequence, (u_n) and (v_n) two sequences of real numbers, and N_n = {1, 2, . . ., n}. The condition D(u_n, v_n) is satisfied, if for all A_1, A_2, B_1, B_2 ⊂ N_n, such that

b − a ¿ l, for all a ∈ A_1 ∪ A_2, b ∈ B_1 ∪ B_2, A_1 ∩ A_2 = ?, B_1 ∩ B_2 = ?,

the following inequality holds | | |P ( ⋂ j∈A1∪B1 {X_j 6 u_n} ∩ ⋂ j∈A2∪B2 {X_j 6 v_n} ) − − P ( ⋂ j∈A1 {X_j 6 u_n} ∩ ⋂ j∈A2 {X_j 6 v_n} ) × × P ( ⋂ j∈B1 {X_j 6 u_n} ∩ ⋂ j∈B2 {X_j 6 v_n} )| | | 6 αn,l, and α_{n,ln} → 0 as n → ∞ for some l_n = o(n).

REMARK. If the condition D(u_n, v_n) is satisfied, then it is obvious that the condition D(u_n) is also satisfied.

3b. THE MAIN RESULT

THE LIMITING DISTRIBUTION OF THE RANDOM VECTOR (~M_n, M_n)

THEOREM 2.

Let us suppose that the following conditions are satisfied: (a) F ∈ D(G), i.e. for some constants a_n > 0 and b_n ∈ R, n ∈ N and every real x the equality (2.1) holds. (b) (X_n) is a strictly stationary random sequence, such that conditions D(u_n, v_n) and D^′(u_n) are satisfied for u_n = a_nx + b_n and v_n = a_ny + b_n, where x < y.

(c) (ε_n) is a strictly stationary sequence of indicators that is independent of (X_n) and such that S_n n P−→ p ∈ [0, 1] as n → ∞, (3.3) Then, the following equality holds for all real x < y:

lim_{n→∞} P {~M_n 6 a_nx + b_n, M_n 6 a_ny + b_n} = G^p(x)G^{1−p}(y). (3.4)

REMARK 1. The random variable S_n in Theorems 1 and 2 is not necessarily binomial one.

REMARK 2. Limit theorem for joint distribution of maxima of a Gaussian process in continuous and discrete time was proved by Piterbarg (2002).

4. Some auxiliary results.

In this section we shall formulate some lemmas needed for proving Theorems 1 and 2.

LEMMA 1.

Let the condition (a) of Theorem 2 is satisfied, u_n = a_nx + b_n, v_n = a_ny + b_n, where x < y and 0 < G(x) 6 G(y) 6 1. (a) The following equality holds: lim_{n→∞} n(1 − pF (u_n) − (1 − p)F (v_n)) = −p ln G(x) − (1 − p) ln G(y). (4.1)

(b) If k is a fixed positive integer and m = [_n k ] , then the following equality holds:

lim_{n→∞} m(F (u_n) − F (v_n)) = ln G(x) − ln G(y) k . (4.2)

LEMMA 2.

Let (X_n) be a strictly stationary random sequence such that the condition D(u_n, v_n) is satisfied for u_n = a_nx + b_n and v_n = a_ny + b_n, where x < y. Let I_1, I_2, . . . , I_k be subsets of N_n = {1, 2, . . ., n}, such that |b − a| ¿ l for all a ∈ I_s, b ∈ I_t, where s ≠ t, and suppose that (ε_n) is a strictly stationary sequence of indicators that is independent of (X_n). If we denote

M(I_s) = max{X_j : j ∈ I_s}, ~M(I_s) = max{X_j : j ∈ I_s, ε_j = 1},

then the following inequality holds: | | | |P (_k ⋂ s=1 {~M(I_s) 6 u_n, M(I_s) 6 v_n} ) − − k∏ s=1 P {~M(I_s) 6 u_n, M(I_s) 6 v_n} | | | 6 (k − 1)αn,l. (4.3) LEMMA 3.

Let conditions (a) and (b) of theorem 2 be satisfied, and let (ε_n) be a strictly stationary sequence of indicators that is independent of (X_n). If k is a fixed positive integers, then the following equality holds: lim_{n→∞} ( P {~M_n 6 u_n, M_n 6 v_n} − P^k{~M_{[n/k]} 6 u_n, M_{[n/k]} 6 v_n} ) = 0. (4.4)

5. A STORAGE PROCESS IN DISCRETE TIME Let X(t), t ¿ 0, X(0) = 0 a.s., be a fractional Brownian motion, that is Gaussian zero mean process with stationary increments such that E(X(t) − X(s))^2 = |t − s|^{2H}, 0 < H 6 1. Consider a random sequence

Y_k = sup_l ¿k^{(X(j) − X(k) − c(l − k)),} where c > 0 and k, l ∈ Z. Since X has stationary increments, Y_k is a stationary sequence, we call it a discrete time storage process with fractional Brownian motion as input. The storage process with continuous time

Y (t) = sup_σ ¿t^{(X(σ) − X(t) − c(σ − t))} was studied by Piterbarg (2001). We have, P { max k=1,...,K Y_k 6 u } = P {X(u(s + τ)) − X(su) 6 u + cuτ, for some τ ¿ 0, s ∈ [0, u^{−1}K], su, τu ∈ Z} = P { sup τ>0,s∈[0,u�1K],su,τu∈Z X(u(s + τ)) − X(su) τ^H u^H v(τ) 6 u^{1−H} } , where v(τ) = τ^{−H} + cτ^{1−H} . The Gaussian random field Z(s, τ) := X(u(s + τ)) − X(su) τ^H u^H v(τ) , τ > 0, s ∈ R, was studied by Piterbarg (2001).

Its distribution does not depend of u, Z(s, τ) is stationary in s but not in τ, its variance σ^2_Z (τ) depends only of τ and has a single maximum point at τ_0 = H/(c(1 − H)), moreover,

σ_Z(τ) = v^{−1}(τ) = 1 A − B 2A^2

(τ − τ_0)^2 + O((τ − τ_0)^3)

as τ → τ_0, where

A : = 1 1 − H ( H c(1 − H) )_{−H} = v(τ_0),

B : = H ( H c(1 − H) )_{−H−2} = v^{′′}(τ_0).

For the correlation function r(s, τ; s^′, τ^′) of Z one has r(s, τ; s^′, τ^′) = 1 − 1 + o(1) 2τ^{2H}_0 (|s − s^′ + τ − τ^′|^{2H} + |s − s^′|^{2H} ), as s − s^′ → 0, τ − τ^′ → 0, and, for sufficiently large |s − s^′| and an absolute constant C, |r(s, τ; s^′, τ^′)| 6 C|s − s^′|^{2H−2}, if 2H ≠ 1. For 2H = 1, we have r(s, τ; s^′, τ^′) = 0 for large |s − s^′| since the increments of the Brownian motion on disjoint intervals are independent. Details can be found in Piterbarg (2001), and Hüsler and Piterbarg (2004).

Here we consider the Gaussian field Z(s, τ) on the grid R_u = u^{−1}(Z_+ × Z).

LEMMA 4. Assume that H > 1/2. There exists δ > 0 such that P { max k=1,...,K Y_k > u } ∼ P { max t∈[0,K] Y_(t) > u }

∼ P {Y (0) > u} ∼ P {Y_1 > u} as u → ∞, where K may tend to infinity such that K = O(e^{δu2} ).

LEMMA 5. Let u_n, v_n → +∞ as n → ∞, such that u_n/v_n is bounded from zero and infinity. Then the condition D(u_n, v_n) is fulfilled for the sequence (Y_k).

COROLLARY. Let (ε_k) be a sequence of indicators that is independent of the sequence (Y_k), and let us denote S_n = ε_1+· · ·+ε_n and ~M_n = max{Y_j : 1 6 j 6 n, ε_j = 1}, M_n = max{Y_1, . . . , Y_n}.

If P {S_n = 0} → 0 as n → ∞, then a consequence of Lemma 4 is the complete dependence of ~M_n and M_n.

A similar conclusion can be derived for a discrete time storage process with a self-similar and infinitely divisible input. A continuous time storage process with a self-similar and infinitely divisible input was studied by Albin and Samorodnitsky (2004).

References

[01] Albin, J.M.P. and Samorodnitsky, G. (2004): On overload in a storage model, with a self-similar and infinitely divisible input. Ann. Appl. Prob., 14, 820-844.

[02] Haan, L. de (1970): On Regular Variation and its Application to the Weak Convergence of Sample Extremes. Mathematical Centre Tracts 32, Amsterdam.

[03] Hüsler, J. and Piterbarg, V. (2004): Limit theorem for maximum of the storage process with fractional Brownian motion as input, Stoch. Proc. Appl. 114, 231-250.

[04] Loynes, R. M. (1965): Extreme values in uniformly mixing stationary stochastic processes, Ann. Math. Statist. 36, 993-999.

[05] Leadbetter, M. R. (1974): On extreme values in stationary sequences, Z. Wahrsch. verw. Gebiete. 28, 289-303.

[06] Leadbetter, M. R., Lindgren, G. and Rootzén, H. (1983):

Extremes and Related Properties of Random Sequences and Processes. Springer-Verlag, New York–Heidelberg–Berlin.

[07] Piterbarg, V. I. (1996): Asymptotic Methods in the Theory of Gaussian Processes and Fields. AMS Translations of Mathematical Monographs, 148, Providence, Rhode Island.

[08] Piterbarg, V. I. (2001): Large deviations of a storage process with fractional Brownian motion as input. Extremes, 4(2), 147-164.

[09] Piterbarg, V. I. (2004): Discrete and continuous time extremes of Gaussian processes. Extremes, 7, 161-177.

ON ESTIMATION OF THE EXPONENT OF REGULAR VARIATION USING A SAMPLE WITH MISSING OBSERVATIONS

The Class F^0_α. For every α > 0 let F^0_α be the set of all distribution functions which satisfy the following conditions: lim_{t→∞} 1 − F (tx) 1 − F (t) = x^{−α} for all x > 0;

F (0) = 0.

A sample with missing observations. Let (X_n) be a sequence of possibly dependent random variables with the same marginal distribution function F ∈ F^0_α for some α > 0. We are interested in the estimation of α using a sample obtained by observing some of random variables X_1, . . . , X_n. Let S_n be the number of observed random variables from the set {X_1, . . . , X_n}. Denete observed random variables by ~X_1, ~X_2, . . . , ~X_{Sn} .

Assumption A. The random variable S_n does not depend of X_1, X_2, . . . and there exists a sequence of real numbers (γ_n) such that the following conditions are satisfied: lim_{n→∞} γ_n = +∞, S_n γ_n P−→ c_0 > 0 as n → ∞. Let (β_n) be a sequence of real numbers such that lim_{n→∞} β_n = +∞, lim_{n→∞} β_n/γ_n = 0.

The Hill estimator. Suppose that S_n satisfies Assumption A. Let X_{1,Sn} ¿ X_{2,Sn} ¿ . . . ¿ X_{Sn,Sn} be the sequence of order statistics defined by S_n observed random variables from the set {X_1, . . . , X_n}. We shall consider the Hill estimator of the parameter^1_α which is given by H_{Sn} = 1 M_n M_n∑ j=1 ln X_{j,Sn} − ln X_{Mn+1,Sn} if S_n ¿ β_n, and H_{Sn} = 0 if S_n < β_n, where M_n = [S_n/β_n], 0 < β_n < γ_n. Let B_n = M_n/S_n if S_n ¿ 1 and B_n = 0 if S_n = 0. Theorem. Let us denote T_{ni} = (ln ~X_i − ln F^{−1}(1 − B_n))_+, I_{ni} = I{ln ~X_i − ln F^{−1}(1 − ρB_n) > ε}, where I{} is notation for an indicator function, and ~X_i is the ith observed random variable. Suppose that Assumption A holds and the following conditions are satisfied: • I{S_n ¿ β_n} · 1 M_n S_n∑ i=1 (T_{ni} − ET_{ni})^P−→ 0 as n → ∞; • I{S_n ¿ β_n} · 1 M_n S_n∑ i=1 (I_{ni} − EI_{ni})^P−→ 0 as n → ∞, for all ε ∈ R and ρ ∈ J, where J is some neighborhood of 1.

Then, H_{Sn} → 1/α in probability as n → ∞.

This is a generalization of the result of Hsing (1991).