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Abstract

The p-coset poset of a finite group G consists of all cosets of proper p-subgroups of
G ordered by set inclusion. We determine the Euler characteristic of the p-coset poset
of the finite groups of Lie type in characteristic p.
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1 Introduction

Let G be a finite group and p a prime number. The coset poset of G consists of all
cosets of all proper subgroups, and the p-coset poset of G of all cosets of all proper
p-subgroups. By a proper subgroup of G we mean a subgroup H with H # G. Both

g, the coset poset, and Cg+*, the p-coset poset, are ordered by set inclusion. In the
paper [3] from 2000, K.S. Brown investigates the coset poset of G and remarks in
Section 8.4 that it would be interesting to study the p-coset poset as well. This is what
we do here.

Thus we shall here focus mainly on the p-coset poset of G,

ct=JG/p=|JsPlgeG (1.1

PSG PSG

consisting of all cosets of proper p-subgroups P < G ordered by set inclusion. We

first observe that the Euler characteristic of Cg+* is
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€MLY N —u(p, 0GPl
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where p is the Mobius function of the p-subgroup poset of G (supplemented by G).
As an easy consequence we see that x (Cp i) # 1 and that Cg+* is non-contractible
for all finite groups G (Corollary 2.7).

Since the index of any p-subgroup is divisible by |G|/, the p’-share of the group
order, |G|, also divides the Euler characteristic of the p-coset poset, and it is some-
times convenient to introduce the normalised Euler characteristic

+
— ( C p+*) (Cp *)
Gl
of the p-coset poset.
In Theorem 3.1 we show that the normalised Euler characteristic of the p-coset
poset of a characteristic p finite group of Lie type K is

XCrH =Y (MK P|Uy UL
pcIcH

where 11 is the set of fundamental roots, P; the parabolic subgroup associated to
1 C ﬁ and Uy = O, P; its unipotent radical. The normalised Euler characteristics of
the p-coset posets of K and of its parabolic subgroups P;, described in Corollary 3.4,
are closely connected to the combinatorics of K.

Section 4 contains several concrete and detailed computations of normalised Euler
characteristics of p-coset posets for finite groups of Lie type in characteristic p. See
for instance Example 4.1 which contains the formulas

TC Y=g +q+1 €T y=—g*+q+1

SL+(F ) SL, (Fg)
XCG Ty, =4" =24 —a* +2g +1

— D+
(CSL*(F ))_qlz—q8—2q7+qﬁ—q5—614+2‘13+‘1+1

for the normalised Euler characteristics of the p-coset posets for the groups SL2+ (Fy),
SL;r (Fy), SL, (Fy), SL, (F;) where g is a power of p. The relations

— AP +* — P +*
¢° L X(CSL;(F,,)) X(qum,))
(g+D(@*>+q+1) q+1 (g+D(g*>+q+1)
— p+>k (P
q'? _( B G (F,,))) (X(CSL;(qu))
(@+D2@*+ D> —q+1) q+1 g% +1
PO

B SL; (F,) )
(g + D>+ D(g>—q+ 1)
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come from Example 4.9.

1.1 Notation

For quick reference, here is a list of the posets occurring in this note:

Sé The poset of proper subgroups of G

Sg+* The poset of proper p-subgroups of G
SgHadJr* The poset of proper radical p-subgroups of G
CE The poset of proper cosets in G

Cng* The poset of proper p-cosets in G

Cg+rad+* The poset of proper p-cosets of radical p-subgroups of G

A p-group (p-coset) is a group (coset) of p-power cardinality. A p-subgroup P of
G is radical if P = OpNg(P).

The objects of the (p-)coset poset Cg’ )

arecosetsxH,x € G, H § G, of proper

(p-)subgroups of G. The cosets are ordered by set inclusion: xH < yK in Cép IR
and only if H < K and yK = xK.

Let S be a finite poset. If x, y are elements of S, then x/S ={z € S | x < z}is
the coslice over x and x//S = {z € S | x < z} the proper coslice over x. The slice
S /y and the proper slice S//y have analogous definitions.

The join (or ordinal sum [14, Chp 3.2]) S * {oco} consists of S with an adjoined
extra element oo such that oo > a for alla € S. The Mobius function, &, of S * {oo}
restricts to the Mobius function on S, and, foralla € S,

e 1(0c0,00) = 1and u(oo,a) =0

® D heqss Hla,b) +pula,00) =0and e, /s (b, 00) +1=0
e X(a//S) = u(a, o) [14,3.8.5, 3.8.6].
In this paper, S = Sg’ % s the poset of proper (p-)subgroups and p is the Mobius

function of S * {00} = S(Gp+)* U{G}.

2 The Coset Poset and the p-Coset Poset of a Finite Group

The p-coset poset Cg+* and the coset poset Cj., investigated by Brown [3], share
several properties.

Proposition 2.1 [3, Proposition 8] Let N be a normal subgroup of G.

(a) If N is contained in the Frattini subgroup, then the projection q: G — G/N
induces a homotopy equivalence Cf; — C; N

(b) If N is contained in the Frattini subgroup and is a p-group, then the projection
q: G — G/N induces a homotopy equivalence Cng* — ng;,.
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(¢) If G is not a p-group and N is a p-group, then the projection q: G — G/N
. . p+x* p+*
induces a homotopy equivalence C;;"~ — Cg N
Proof (a) and (b) Because N consists of nongenerators [11, 5.2.12], the projection
map takes proper subgroups of G to proper subgroups of G/N, and thus induces a

poset morphism g : Cép LR Cép;;,)* There is also a poset morphism g ! : C(Gp/;,)* —

Cé;p * in the other direction taking the (p-)subgroup coset C ; G/Ntog~'C ; G.
These poset morphisms are homotopy equivalences because x P € x PN forallx € G
and P S G, and C = g¢~'(C) for all cosets C S G/N [10, 1.3].

(c) The proof is similar. O

Lemma 2.2 Forany K € S((;IJH* U {G},

Y wH.KIK H=—x €= > x@yIK  H
H€S§(”+)* HeS?”*

Proof There are isomorphisms of proper coslices and isomorphisms of proper slices
H/SEY* —=— H//)cgT* ——— xH/)cf”

L L xL

~

C£p+)* = C%H—)*//L = C;{;H—)*//yL

C C yC

where H, L are proper (p)-subgroups of K and x, y € K. This gives two expressions
for the Euler characteristic of Cgﬂ *

Y wH.KIK:H=—xC{7 = > FCETHIKH| 23)

HES%’H* HES;(er)*
as, Y(H//SIT) = u(H,K), and in general, 3, X(a//S) = —x(S) =
> X(S//b) for any finite poset S [5, Corollary 3.8], [8, Example 2.10]. O

Example 2.4 When G = Ajs is the alternating group on 5 elements, the table of (2-
)subgroups

H ‘ Ay Dig Dg Cs5 CorxCr C3 (o Cy
|H | 12 10 6 5 4 3 2 1
|G : Ng(H)| 5 6 10 6 5 10 15 1
uw(H, G) -1 -1 -1 0 0 2 4 —-60
H ‘ CoxCy Cp C;
|H | 4 2 1
|G : Ng(H)| 5 15 1
w(H, G) -1 0 4
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and Bq. (2.3) show that x (C; ) = 1-5-$9+1-6- 9 +1-10- 8 —2.10- @ —4.15. 9 +
1.60-80 = 1561andx(02+*) =1.5.9 —4 1610 _—165=—11 15: —11-|As]y.

Remark 2.5 Let E(G) and E,(G) be the functions defined recursively by E({1}) =
1 =E,({1}) and

E@G)+ Y EMIG:H|=1, E,G)+ Y E,(HG:H|=1
HeSg HeSEY*

when G is a non-trivial finite group. Then E(G) = —x(Cf) and E,(G) = —)?(Cg’L*)
by the second equality of Lemma 2.2 with K = G.

Write E(n), E,(n) for E(Cy), E,(C,) where Cy, is cyclic of order n > 1. Then
E(p*)=1—p=E,(p° foralle > 0. E(n) = len E(p) is a product over the
prime divisors of n, and E,(p°m) =1 —m whene >0, m > 1, (p,m) = 1.

The reduced Euler characteristic of the (p-)coset poset is known for p-groups.

Proposition 2.6 [3, Proposition 11] Let P be a finite p-group and ®(P) its Frattini
subgroup. Then

p+* I‘I (1__ ])

1<j<n
wheren > 1 and p" = |P : ®(P)|.

Proof The Frattini quotient P/®(P) is the elementary abelian p-group, V(n), of
order p" [11,5.3.2], and —x(C}) = —)’((C;‘,(n)) by Proposition 2.1. The poset C{‘,(n),
which is the poset of proper affine subspaces of the affine space F}, is known to have
the homotopy type of a wedge of [ [, <j=nl p' — 1) spheres of dimensionn — 1. O

Corollary 2.7 Forany finite group G, x (C5™™) is amultiple of |G|,y and x (C5™) # 1.

Proof If G is a p-group, C5™ = @ and x(CL™™) = 0if G = (1} is trivial, while
XCE™) =1 =Tli<jey(1 = p/) # 1if G is nontrivial. If G is not a p-group,
|G|,y > 1divides x (C5™) by Eq. (2.3). O

The p-coset poset C’7 ** is non-contractible as X(Cp +*) # 1 for any group G
and any prime p. It is unknown if also x(C{;) # 1 for any group G. Nonetheless,
Shareshian and Woodroofe, using the class1ﬁcat10n of the finite simple groups, have
shown that Cg is never contractible [12].

The following result shows that only the radical p-subgroups contribute to the Euler
characteristic of the p-coset poset of a non- p-group.

Proposition 2.8 [10, Proposition 6.1] Let P be a proper p-subgroup of G.

(a) If P is radical, there are homotopy equivalences
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i
PIISKgim 5 PIISG
where i is the inclusion and r(Q) = Ng(P) = Q N Ng(P) for all p-subgroups
0z P.
(b) If Pisnotradical and G isnota p-group, P//Sg+* is contractibleand u(P, G) =
0.

Proof Let Q be a p-subgroup of G properly containing P.If r(Q) = P then No(P) =
P.Ifr(Q) = Ng(P)and P isradical, then NG (P)isa p-groupand P = O, NG (P) =
Ng(P) = No(P) again. But P = Ng(P) for Q = P is impossible since P satisfies
the normalizer condition [11, 5.2.4]. We conclude that P S r(Q) S Ng(P), ie
that 7(Q) € P//Sf\’,Jrz(P) for all Q € P//SET. The poset morphisms i and r are
homotopy equivalences [10, 1.3] since ir(Q) = Ng(P) < Q for Q0 < G, and
ri(Q) = QN Ng(P) = Q for Q < Ng(P).

Now assume that G is not a p-group. Then P//SgJr>|< istheposet {Q | P S QO S
G} ={Q | P £ QO < G} of proper p-supergroups of P. By the same argument as
above, {Q | P S O <G}land {Q | P S O < Ng(P)} are homotopy equivalent
posets. The latter poset is poset isomorphic to the poset {Q | 1 S O < Ng(P)/P} of
nontrivial p-subgroups of NG (P)/P which is contractible if O,(Ng(P)/P) # 1 or
P < 0,(Ng(P)) [10, Proposition 2.4]. O

Corollary 2.9 The Euler characteristic of the p-coset poset of a non-p-group G is

xCE = Y —uP.G)G: P

p+rad+sx
PeS;;

where the sum runs over all radical p-subgroups of G.

Proof x(CLT™) "LV Sy —u(P, G)IG : P| where (P, G) = 0 unless P is
G

radical by Proposition 2.8(2.8). O

Corollary 2.10 Cg+md+* — Cg+* is a homotopy equivalence when G is not a p-
group.

Proof This follows from Bouc’s criterion for homotopy equivalence [2, Proposi-
tion 4.(ii)] since

. . . . Proposition 2.8
xP//CET* is non-contractible <= P//SE is non-contractible ==

P isradical < xP ¢ Cg+rad+*

for any proper p-subgroup P < G and any x € G. O

Define the normalised Euler characteristic of the p-coset poset of G,

FCch xC ) 2.11
x( ) = |G|p (2.11)
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as the quotient of the Euler characteristic by the p’-part of the group order.

Proposition 2.12 7(Cg+*) = 0mod p if G is a p-group and 7(Cg+*) = 1l mod p
otherwise.

Proof Use Proposition 2.6 if G is a p-group. If G is not a p-group, Eq. (2.3) shows
that

xCE = Y —u(S, GGy =18y, (GGl =G,y mod p
SeSyl,(G)

where Syl ,(G) is the set of Sylow p-subgroups of G. O

Proposition 2.13 For any abelian group A that is not a p-group, Y(CZH) =1.

Proof X(Cﬁ”) = |A : Op(A)| = |Al, by Corollary 2.9 since, O, (A), the only
radical p-subgroup, is the Sylow p-subgroup. O

I finish this section with a quick review of Hall’s Eulerian functions for finite
groups [7]. Let Fy denote the free group of rank s > 0, G° = Hom(Fj, G) the
set of homomorphisms of Fy into G, and Epi(Fj, G) the set of epimorphisms of Fj
onto G. For any subgroup K of G, |Hom(Fs, K)| = >, _pyx | Epi(Fs, H)|, and
| Epi(Fy, K)| = Y- yy<x #(H, K)|Hom(Fy, H)| by M&bius inversion. The density
of the generating s-tuples in G* is

| Epi(Fy, G) | Hom (F, H)|
P(G,s) = |Hcf)m(; G~ 2, u(H. G)lHom(FS G|
S lSHfG S
= ). WH.GIG:HI".
1<H<G
The finite Dirichlet series P (G, s) evaluates at s = —1 to
Lemma 2.2 ~ 4
PG~ = ) wH GIG:H =" 3.
I<H<G

This is the connection, pointed out in [3, (1),(4)], and attributed to Bouc, between the
function P (G, s) and the Euler characteristic of Cf5. There seems to be no similar

interpretation of x (C g+*).
3 Coset Posets of Finite Groups of Lie Type
In this section we determine the normalised Euler characteristic of the p-coset poset
of a characteristic p finite group of Lie type.
Let X be areduced and crystallographic root system with fundamental and positive

roots [1, T C X [6, Definition 1.8.1]. Suppose K(Z)isa semisimple Fp-algebraic
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group with root system X [6, Theorem 1.10.4] equipped with a Steinberg endomor-
phism o. We can assume, for some power g of p, that o = y,¢, or 0 = ¢, (in the
notation of [6, Definition 1.15.(b), Remarks 2.2.5.(e)]) is of standard form. Assuming
% to be also irreducible [6, Definition 1.8.4], let K = O”/Cf(z)(o) be the finite

group in Lie(p) with o - setup (K (E) o) [6, Definition 2.2.2].

The surjections ¥ — $ > S of[6, (2.3.1)] induce surjections IT — -1
of sets. Here, & is the twisted root system of K [6, p 41], and s = E/ ~ the set of
equivalence classes of twisted roots pointing in the same direction.

For every subset I C IT we have associated subgroups Py, Uy, L; € K such that
Uy = Op(Pr), P = Nx(Uy) and P; = Uy x Ly [6, Theorem 2.6.5]. The P; are
parabolic subgroups, the U; are unipotent radical p-subgroups and the L; are Levi
complements [6, Definition 2.6.4, Definition 2.6.6]. It is a consequence of the Borel—-
Tits theorem that {U; | I < T} is complete set of representatives for the K -conjugacy
classes of the radical p-subgroups of K [6, Corollary 3.1.5]. In the extreme cases
J =9,1, Py = Uy x Ly is a Borel subgroup of K, Uy a Sylow p-subgroup [6, p 41,
Theorems 2.3.4, 2.3.7], Ly = H is a maximal torus or Cartan subgroup [6, Theorem
2.4.7, Definition 2.4.12], and P = K = L, Ug =1.1f# CJ C I C I then
U CU; S Py CPrandU; CUy C Py C Py

Theorem 3.1 The normalised Euler characteristic (2.11) of the p-coset poset of K # 1
is

XC™ =Y MK PrllUp UL

gcIcil

More generally, the normalised Euler characteristic of the p-coset poset of the
parabolic subgroup Py is

XCh™y =Y ~OYNP: PylUy Uy P
pcJcl

forany I C I such that L; # 1.

Proof Since —u(Uy, K) = (=D Uy : U;| [9, Corollary 3.3], Corollary 2.9 shows
that the Euler characteristic of the p-coset poset is

XCE™ = > (=D"Us: UK : UK : Py

PCICK
Y DU UK 2 UpllUp 2 USlIK Py
PCICK
=K :Usl Y DK PlUs - UL
WCICK

where |K : Ug| = |K|, as Uy is a Sylow p-subgroup of K. This is the first formula
of the theorem.
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Assume that L; # 1 for some I € T1. Then P; is not a p-group. As in the proof
of [9, Theorem 3.4], we note that the radical subgroups classes in P are the p-groups
U for all subsets J of I. For J C I, there is an inclusion

Us//SET — Uy /SET™

and a poset morphism in the other direction that takes Q with U; < O < K to
No(Uy) = QN Ng(Uy) = QN Py. Observe that Uy < No(Uy) [11, 5.2.4.(iii)]
and Q N P; < Pj < Py since Py is not a p-group. Thus Q N Py lies in the
coslice Uy //S ;i:r*. Since these two poset morphisms are homotopy equivalences [10,

§1.3], the Euler characteristics of the two posets are identical, —x (U / /Sﬁ:r*) =

—E('(U///S,l?r*) = (—1)|]|IU@ : Uy| by [9, Corollary 3.3]. An application of Corol-
lary 2.9 now yields

XCHY = Y (=) |Us: Usl|Pr: UJ||P : Pyl
wcJcrI

Rewriting this, in much the same way as we just did for X(C,’;Jr*) and noting that
|Pr : Uyl = | Prl,, gives the second formula of the theorem. ]

The p-coset poset C 11?* is independent of the version of K since the order of the
center of the universal version of K is prime to p [6, Theorems 2.2.7, 1.12.5].

For any I C ﬁ L; = HM; where M; = (X5 | £a € I) [6, Definition 2.6.4].
Note that My = 1 is the trivial group, Ly = H, Mf = K = Lg and |L;|, = [M||,
as M; = Or",(L[) [6, Theorem 2.6.5.(f)]. Let KB(M;) = |P; : Py| forany I C m.
In particular, the Borel index of K,

K : Ul IKly

KB(K) =KB(Mz) = |K : Py| = |K : UgH| = =
" |H| |H|

= |K|/|B|

is the index in K of the parabolic subgroup B = Py. Furthermore,

[Ly: Lg|
KB(M;) = |P; : Pyl =|UiL; : Uply| = ———
Uy : Uy

_|HM; :H| M| Myl

[Lylp |[HNM||Mfl, |HNM

and, since H N M is the Cartan subgroup for M; [6, Theorem 2.6.2.(e)], this is
the product of the Borel indices for the components of M; [6, Theorem 2.6.5.(f)].
The structure of M, the subsystem subgroup associated to I [6, Theorem 2.6.5.(f)],
can be determined from the Dynkin diagram of K with its symmetry p [6, Propo-

sitions 2.2..11, 2.6.2]. With this notation |K : Py = {5l = K80 — Frm)

and |Ug : Uy| = |My|, = g™ where N is the degree of the Borel index KB(M;)
considered as a polynomial in ¢g. The next corollary is a consequence of the more
general version of Theorem 3.1.
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Corollary 3.2 For any subset I C ﬁ,

7= Y npisSMD KBIM) 2 dee(kBM)

KB(M; )
pCJCI
KB(My) _ *
2deg(KB(M))) _ pvI=— Cer
q 2. DYy X
pcJcl

with the understanding that x (C *Y means 1.

Proof The second identity of Theorem 3.1 and its Mobius inverse [14, 3.8.3] are

— p+>k i p+*
(C Z (- 1)|J‘|U@ UJ| |UQ).U]| Z (- 1)”' ( )
|P1| [Pyl |Prl |Py |

gcicl pcicl
Use that |P; : Py| = l\ggl‘ = ggg%)) and |Uy : Uy| = q9€XKBM)) (o bring them to
the forms displayed in the corollary. O

Placing the Solomon identities [4, Chapter 14], [9, Lemma 3.2], [13, Corollary 1.1]
in the first line and the identities from Theorem 3.1 and Corollary 3.2 in the second
line, we obtain a table

= Y ) KB(K) degkB))

KB(M
pereh ( 1)
0eEKBK) _ Z (=1 28D KB(K)
KB(M)

pcichi

KB(K)
C[’+*) _ ( 1)|1| 2degKB(M1)
e B

2degKB(K) _ Z (— )|I| KB(K) —(CP+*)

q KB(M;)

Q)CICH

of four polynomial identities associated to K. These identities can also be written as

Y K P Uy Ul 1K= Y (DK Py
pcicil pcrci
xCE ™ = Y oK P Ut K= Y (DK PREh ).
pcIct pcicil

The two identities of each line are equivalent under Mdobius inversion. (It is here
understood that Y(ng*) equals 1 in all cases. This is indeed the correct normalised

Euler characteristic of C;;;r* unless ¢ = 2 where Py = Uy is a 2-group. For instance,
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n+1
but rather 1 — ]_[15/5"(1 — 20 by Proposition 2.6.)
Corollary 3.2 can be reformulated as a linear equation. Let [KB](K) be the matrix
with entries

if K =AFQ2) = SL™,  (F,), the (normalised) Euler characteristic of C%;’* is not 1

J| KB(M/)
0

[KBI(K)(I, J) = { .
otherwise
indexed by subsets I, J C . ([KB](K) is a lower triangular square matrix if the

subsets are ordered with decreasing cardinality.) By Corollary 3.2, the vector X =
(X(C ;ﬁ;r*)) [cfi of normalised Euler characteristics is the solution to the linear equation

[KBI(K); jcnX = (g°9e BMD) (33)

I1CIT

From this follows a multiplicative principle for Euler characteristics of p-poset cosets
of parabolic subgroups.

Corollary 3.4 For any subset I < m,

xcy™="T] xeC™
Lemo(My)

where (M) is the multiset of components of M [6, Theorem 2.6.5.(f)].

Proof The vector X = ([T, cxo(m)) 7(C£+*)) is also a solution to (3.3). o

IcTl

The identity for I = I to the right in Corollary 3.2 takes the form

q2deg KB(K) Y(CZ"‘*)

" " _ _ll X )
KB(K) Z =D l_[ KB(L) (3-5)

pcJci Lemo(My)

thanks to the factorisations Y(Cﬁj*) = ]_[LEHO(MJ)Y(CEH) and KB(M;) =
HLE]TO(MJ) KB(L)

4 Calculations of }(CT*) for K in Characteristic p

The g-bracket of the natural number d is the polynomial [d](g) = qda—ll =q? 14
-+ +q + 1 eZ[g] of degree d — 1 with value [d](1) =d atg = 1.

LetOP(m) = {(m1,...,mg) | k > 1,m; > 1,> m; = m} denote the set of all the
om=1 ordered partitions of m [14, p 14]. The map that sends (m 1, ..., my) € OP(m+1)
to{l,...,m}—{my,m +mo,...,m; +my+--- 4+ mg_1} is a bijection between

OP(m + 1) and the set of all subsets of {1, ...,m}, m > 1.
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Example 4.1 (A (q), ¢ = £1) The Borel index of A’ (g) is the polynomial

KB(AS(9) =[] [dle’q

2<d<m+1

of degree (m;' 1). The root system A,, has m fundamental roots and the subsystem
generated by the subset indexed by (m1,...,m) € OP(m + 1) is isomorphic to
Apy—1 X -++ X Ay, —1. For instance, the ordered partition (2, 3,4,2,1) € OP(12)
corresponds to the subsystem

o a2 a3 o4 as o6 o7 ag a9 alp o

[ ] O *——0 O o ———©O O [ ] O
of type A1 x Ay x A3z x A1 x Ag of A11. The Solomon identities and Theorem 3.1
for A (q) state that

KB(A;(9))
[Ti<i<i KB(A; 1 (9))

q(mirl) — Z (_l)m—k+l

(mp,...,mg)€OP(m+1)

KB(A}(9)) qufz‘Sk €

1 — Z (_l)m—k+l -
(m1,....my)€OP(m+1) [Ti<i<k KB(A,,_1(9))

+ .
XChir )= Y o B0,
i (m1,....mg)€OP(m+1) [Ti<i<c KB(4,, _(9))
The first terms of the sequence (7(C2+* )1 (Where g = 2) are —1,29, —2561,

An2)
814309, —944455609.
The C;-subsystems of Az,—s, 6 € {0, 1}, are indexed by two disjoint copies of
OP(m) with (m1, ..., mg) € OP(m) corresponding respectively to the C,-subsystems

L4 (Aml—l X Aml—l) X X (Amk—l X Amk—l)
° (Aml—l X Aml—l) X X (Amk_l—l X Amk_l—l) X A2mk—8~

The Solomon identities and Theorem 3.1 for the Steinberg groups A, _ ;(g) of twisted
rank m state that

KB(A4,,,_s(@))
[Ti<i< KB(4,, _ (%)
_ KB(A,,,_5(q)) )

[Ti<i <« KB(A,, 1 (4%) - KB(Ay,, 5(9)

) 2("7k) _
1= Z (_l)m—kq21§i<k 2(’7;[)( g2 KB(A2:_"78(q))
(my,....m)€OP(m) Hliifk KB(Am,-_l(Clz))

L S A

(m1,...,my)€OP(m)

2mp+1-68

~ ¢"" IKB(A;, 5(@) )
i<« KB(4, _(42) - KB(A3,, (@)
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(KB4, 5@)
—(CP+* ) _ ( 1)m —k Z]<z<k 4( ) 2m—3
A2m 3((1) i, mZk):eOP(m) (1_[1<l<k I<E'(14+ 1(‘]2))

2(2mk+

B DKB(43, (@) )
[i<i— KB(A;}, (a7 - KB(Ay, (@)

(The first two of these formulas disagree with [9, Example 4.4] where some exponents

. 2+ 2+ .
of ¢ are incorrect.) The sequences (X (Gl - (2)))m21 and (¥ (CAz_ i (2)))m21 start with

—55, 1034749, —4395007776655 and —1, 3619, —1067484529. The formulas of this
example apply for instance to versions of the groups Aﬁ (@) = SLf1 +1(Fg) and to their

extensions GL; i (Fy).

Example 4.2 (B,,(q) or Cy,,(g)) The Borel index of B, (q) or C,,(g) is the polynomial

KB(B,(q)) = [] 12d1(g), m =2

1<d<m

of degree m2. By convention, By, KB(Byg(gq)) = 1 and B = Ay, KB(Bi(g)) =
KB(AT(q)). The subsystems of By, are indexed by OP(m + 1) with (m, ..., my) €
OP(m + 1) corresponding to the subsystem A,,;;—1 X « -+ X Ay, —1 X By, —1 of By,
The polynomial identities

m2 Z (_1)m+17k KB(Bm(Q))
(m1,...smi) €OP(m+1) [Ti<izk KB(A,:[,l(q)) -KB(B,-1(9))
KB(B(q))

1 — (_1)m+1 k
(my,..., mk)XE:OP(m—H) H1§i<k KB(Ajnifl(‘I)) : KB(Bmkfl(CI))

x q21§i<k () +mg

— +% Z — KB(B) (Q))
(?P — m+1—k m
(mq,..., my)eOP(m+1) I<i<k ( m,——l( )) ( Mk l( ))

% q215i<k 2(";1')4_2,,,%

apply for instance to the groups By, (q) = SO2,+1(Fy) or C,y(q) = Sp,,,(Fy). The
first terms of the sequence (7(0%:?2)))”122 = (x (5 (2)))m>2 are 181, —240841,
4219541101, —1121407861986721.

Example 4.3 (D}, (q), ¢ = £1) The Borel index of D, (g) is the polynomial

(@* =1 (@2 - D(g" —¢)
g—1---(g—1D(g -2

| R21@141) - - - 12m = 21(@)[m](g) &= +1

| 121@™141() - - - [2m — 21(q) g=—1

KB(Dy,(9)) =
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of degree m(m — 1).

The subsystems of D,,, with fundamental roots {«q, ..., &n—1, @y}, are indexed
by the disjoint union of four copies of OP(m — 1) with (m1, ..., mg) € OP(m — 1)
corresponding respectively to the subsystems

e Ay —1 X - Apy,—1 (notincluding o, —1 nor ay,)
® Ap—1 X+ X Ay, -1 X Ay, (including o, but not «,,,)
® Ap—1 X X Apy_y—1 X Ay, (including «,;, but not oy, —1)
® Apy—1 X+ Apy_;—1 X Dy 41 (including both o, —1 and o)
and we let
KB(D; (9))
Doo(mi, ..., mg) = — T
[Ti=i KB(A,, _,(9) - KB(A}, _(9))
KB(D;} (¢))
Doi(my, ...,my) = — T
[li<i< KB(A,, _1(9)) - KB(Ann (9))
KB(D;f ()
Dyy(my, ... ,mg) = md

[Ti<i <« KB4}, _ () - KB(D;} L 1(9))

The polynomial identities

g"" ) = Z (—1)""'*(Dgo — 2Dg; + D))
(my...,mp)€OP(m—1)
1= Z (_1)m_1_kq215i<k (n;i)

(my...,mp)€0OP(m—1)
m mp+1
X (Dooq(zk) _ 2D01q( 1‘2 )+ Dllqu(karl))

e S
" (m1...,mp)€OP(m—1)

m m +l
X (DOOQZ( 1) — 2D01q2( 5 4 Dllqz'nk(karl))

apply for instance to the groups D;} (¢) = D} (¢) = Spinj, (F,), Q3 (F,), PQJ (F,)
[6,2.7]. It also applies to SO;'m (F,), containing Q;‘m (F,) with index 2, when ¢ is odd.
The first terms of the sequence (Y(Cét’; 2)))m>2 of normalised Euler characteristics are

1, —2561, 15448861, —1086597998849, 1150481040643422181. A computer calcu-

. . — 2+x% _ —2+%
lation based on Corollary 2.9 yields ¥ (CS oF (Fz)) = —32009 # % (C o (Fz))'

The Cs-invariant subsystems of the C,-root system D,, are indexed by the set
OP(m) of ordered partitions of m with (m1, ..., mg_1, mg) € OP(m) corresponding
to the Cp-subsystem A, —1 X -+ Ay, —1 X Dy, of Dy,. (By convention, Ag = ¥,
Dy =0, D) = A x Ay. Also, KB(Aa'(q)) = 1 = KB(Dj (¢)) and, following [6,
Propositions 2.2.11, 2.6.2], KB(D; (¢)) = KB(A{ (¢%)).) The polynomial identities
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qm(m—l) — Z (_l)m—k KB(D,,(q))
(m1,...,m)€OP(m) [Ti<ik KB(A;i_l(q)) - KB(Dy, (9))
1= Z (_l)m—k KB(Dn:(q))
(m1,...,m) €OP(m) [Ti<i<x KB(A; (@) - KB(Dy, (9))
X q215i<k (";i)+mk(mk—l)
xer = Yy KB(D,, (@)
P (m1,...,m)€OP(m) [Ti<i< KB(A;i,l (@) - KB(Dy, (9))

x q21§i<k 2(" ) +2my (mi—1)

apply for instance to the groups D, () = Spin,,, (Fy), 2, (Fy), PQ, (Fy)[6,2.7].
Italso applies to SO, (F,), containing 2, (F,) withindex 2, when ¢ is odd. The first
terms of the sequence (Y(C?mfzz)))m22 of normalised Euler characteristics at ¢ = 2
are —11, 3619, —16250471, 1091026687411, —1150697986196950751. A computer

calculation based on Corollary 2.9 with Magma software [1] yields 7(02” ) =

SOg (F2)
_ —((2+*
27331 # X(CQg(Fz))'
Example 4.4 (E (¢)) The Borel index of E{ is the product [, [d1(e%q) over d €
{2,5,6,8,9, 12} of degree 36. Let «, ..., o be the fundamental roots of Egr(q)
numbered as in [4, 13.3.3] and &1 = {o1, a6}, @2 = {2, a5}, @3, g those of Eg ().
Using the data of the tables

|9 @) (@) {o3) {04}
M |1 AT@D AT@D ATl AT@
I | f@n, @) (@1, o3} {0, a4) {02, a3) {02, 04} {03, 04}
My [ AT AT@) xAT(@)  AT@) xAT(@)  AT@)  AT@) xAT(@) _ Af(q)
I | (@ a3 04) (@1, o3, aa} (@1, 0, au} (@1, @, a3} 1
M; | Dy (@ AT x AT (@) AT (¢ x AT (@) A3 (q) Eg (q)
one can extract the p-coset poset Euler characteristic Y(Cgf:q)) for Eg (q). For
6
instance, the normalised Euler characteristic 7(0”* ) = 4722361840218090928861

Eg (2)
atg = 2.

Example 4.5 (°D4(g)) The Borel index of *D4(g) is the polynomial [4, pp. 251-252,
Theorem 14.3.2]

(¢> — D(¢® — DI31(g")
(g—D(g>-1)

KB(D4(q)) = = 21()[21(¢*)[31(g*)

of degree 12. Let I1 = {«, ap, @3, a4} be the fundamental roots of D4(g) and =
(@1, a2}, @1 = {a1, a3, a4}, &> = {az} those of 3D4(g). The data of the table
|9 @) (@ I
M |1 AT(@) AT(@) “Daq)
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determine the Solomon identities and the Euler characteristic

_ KB(D4(q)) KB(D4(q))
X(Clp ) = KBCD4(@) — ———4° — 4’ +q*
KB(AT (¢%)) KB(AT (¢)
_ q24 _q15 _q14 _q13 +q12 _2q10 +2q8 _2q6 +2q4
+¢* —q* +q+1

of the coset poset of 3Dy4(g) at the defining characteristic.

Example 4.6 (2B>(q), ¢ = 2°72) The Borel index of the Suzuki group 2B>(q) [4,
pp- 251-252, Theorem 14.3.2] is

@ - D@*+1)
KBCBy(q) = T— 2120 — 4 gt
(g=—1
The data of the table
[ |p 0
M; [ 1 ?By(g)

determine the Solomon identities KB(*B2(q)) — 1 = ¢*, KB(>Ba2(q)) — ¢* = 1,
and the normalised Euler characteristic

—(2+% 2 8 _ 4 8
X(Cop ) =KBCB2g)) =g =14+4" —q".
With g2 = 2, 23, 25 the Euler characteristics are —11, —4031, —1047551.

Example 4.7 (2F4(q), q = 2“+%) The Borel index of the Ree group 2F4(q) is [4,
pp- 251-252, Theorem 14.3.2]

2 1 6 1 8 _ 1 12 1
KBCRi(g) = L - D@ V@ D@+ D _ 21092112
(g=—D(g"—1D

of degree 24. Let I1 = {«y, a2, a3, @4} be the fundamental roots of F4 and o=
(@1, &2} those of 2F4(g). The data of the table

I |9 (@) {@ 10

M; [ 1 AT(gH “Bxq) *Filg)

determine the Solomon identities and the identity of Theorem 3.1,

KB(*F4(q)) KB(*F4(q))
| — KBCF. ) 4 24
(RO = g v~ KBEBa )
KBCFi(9)  KBCFi(9)

24 _ KBEF - -
q (“F4(q)) KB(AT(QZ)) KB(ZBZ(Q))
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. KB(*F4(q)) _quB(2F4(q>>
KB(A] (¢%)) KB(®B12(q))

L e B e - B (S YL LS
—g0 P 120 g 1

X(C3r,) = KBCFa(@) —

For example, the 2-coset poset of 2F4(2%) has normalised Euler characteristic
16746211.

Example 4.8 (G2(g) and 2G»(q) for g = 3‘”'%) The Borel indices of the Chevalley
group G2(q) and the Ree group 2G»(q) are [4, pp. 251-252, Theorem 14.3.2]

@ -1

KB(G =2 7 RI@I6l9),
(G2(9) =~ = = @161
2_1 6 1
KBCGag) = D — .
The data of the tables
|0 e} oo} I [ |¢g 0
M [ 1 AT(@) Af(@ Gag M| 1 2Gag)

explain the normalised Euler characteristics

XCo) =4 =24 —¢®+2q+ 1. XCL ) =-a"+¢"+1,

q=3“+%, a>0.

For example, the normalized Euler characteristic of the 3-coset poset for 2G2(3%) is
—701.

Example 4.9 Here are the explicit versions of Eq. (3.5)

et
g2 KB 5 _pynke l—[ X
KB(A(q)) T mk)eOP(m+l) l<i<k (A+ -1(@)
_ €T )
q2degKB(A2m_5(({)) 3 Z (_1)m_k 1_[ _|(t12)
- = T
KB(A,,,_s(4)) (m1,....mg)€OP(m) 1<i<k KB(Ami—l(qz))
— D% —pPT*
X (CAmk @) B (CAzmk @
KB(A,j;k_l(qz)) KB(A,,, _5(@)
2d x( p+* )
q eg KB(B(¢)) B Z 1y k41 l_[ 71(61)
—_— = TRiAT (o
KB(Bn(q)) (m1,....mg)€OP(m+1) 1<i<k KB4, 1 (@)
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p+*

_ X (Cp @)
KB(Bmk—l(CI))
i p+>k
2deg KB(D;E(¢)) x(C ())
q m _ m 1 q
KB(D;, - 2 Al KB(AT
D (@D) . mpyeOPm—1) 1zick KB4y, 1(@)
pt* — D% 17+*
X(C ’”k 1((1)) 2 X(C ’”k( )) ( l(q))

KB(4,, _(9)  KB(A% (@) KB(D,,,Hl(q))

px
»1 71(4)) (C ( ))

q m—k
e -1 .
KB(Dj, (9)) 2 o [1 KB(A, (@) KB(Dy,(9))

(my...,mg)€OP(m—1) 1<i<k

2deg KB(Dj; (9)) Xt

for the groups A= (q), Bn(q), Cu(q), DE(q).

Funding Open access funding provided by Copenhagen University. This work was supported by the Danish
National Research Foundation through the Copenhagen Centre for Geometry and Topology (DNRF151).

Data Availability Data availability is not applicable to this article as no new data were created or analysed
in this study.

Declarations

Conflict of Interest The author has no relevant financial or non-financial interests to disclose.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bosma, W., Cannon, J., Playoust, C.: The Magma algebra system. I. The user language. J. Symb.
Comput. 24(3-4), 235-265 (1997). Computational algebra and number theory (London, 1993). MR
1484478

2. Boug, S.: Homologie de certains ensembles ordonnés. C. R. Acad. Sci. Paris Sér. I Math. 299(2), 49-52
(1984). MR 756517 (85k:20150)

3. Brown, K.S.: The coset poset and probabilistic zeta function of a finite group. J. Algebra 225(2),
989-1012 (2000). MR 1741574

4. Carter, R.W.: Simple Groups of Lie Type. Wiley Classics Library. Wiley, New York (1989). Reprint
of the 1972 original, A Wiley-Interscience Publication. MR 90g:20001

5. Gelvin, M., Mgller, J.M.: Homotopy equivalences between p-subgroup categories. J. Pure Appl. Alge-
bra 219(7), 3030-3052 (2015). MR 3313517

@ Springer


http://creativecommons.org/licenses/by/4.0/

Graphs and Combinatorics (2025) 41:53 Page190f19 53

6.

10.

11.

12.

13.
14.

Gorenstein, D., Lyons, R., Solomon, R.: The Classification of the Finite Simple Groups. Number 3.
Part I. Chapter A. Mathematical Surveys and Monographs, vol. 40. American Mathematical Society,
Providence (1998). Almost simple K -groups. MR MR1490581 (98j:20011)

. Hall, P.: The Eulerian functions of a group. Q. J. Math. 7, 134-151 (1936)
. Jacobsen, M.W., Mgller, J.M.: Euler characteristics and Mobius algebras of p-subgroup categories. J.

Pure Appl. Algebra 216(12), 2665-2696 (2012). MR 2943749

. Mgller, J.M.: The number of p-elements in finite groups of Lie type of characteristic p. Proc. Am.

Math. Soc. 149(7), 2805-2812 (2021). MR 4257795

Quillen, D.: Homotopy properties of the poset of nontrivial p-subgroups of a group. Adv. Math. 28(2),
101-128 (1978). MR MR493916 (80k:20049)

Robinson, D.J.S.: A Course in the Theory of Groups, 2nd edn. Springer, New York (1996). MR
96£:20001

Shareshian, J., Woodroofe, R.: Order complexes of coset posets of finite groups are not contractible.
Adv. Math. 291, 758-773 (2016). MR 3459029

Solomon, L.: The orders of the finite Chevalley groups. J. Algebra 3, 376-393 (1966). MR 0199275
Stanley, R.P.: Enumerative Combinatorics, vol. 1. Cambridge Studies in Advanced Mathematics,
vol. 49. Cambridge University Press, Cambridge (1997). With a foreword by Gian-Carlo Rota, Cor-
rected reprint of the 1986 original. MR MR 1442260 (98a:05001)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Euler Characteristics of p-Coset Posets of Finite Groups
	Abstract
	1 Introduction
	1.1 Notation

	2 The Coset Poset and the p-Coset Poset of a Finite Group
	3 Coset Posets of Finite Groups of Lie Type
	4 Calculations of overlineχ(mathcalCKp+*) for K in Characteristic p
	References




