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THE NUMBER OF p-ELEMENTS IN FINITE GROUPS OF LIE
TYPE OF CHARACTERISTIC p

JESPER M. MOLLER

(Communicated by Michael Liebeck)

ABSTRACT. The combinatorics of the poset of p-radical p-subgroups of a finite
group is used to count the number of p-elements.

1. INTRODUCTION

Let G be a finite group, p a prime number, and |G|, the p-part of the group
order, |G|. An element of G is a p-element if its order is a power of p. We write

Gy = JsyL,(G)

for the set of all p-elements in G, the union of all Sylow p-subgroups of G. Frobenius
proved in 1907 the general fact, |G|, | |G,/|, that the number of p-elements is a
multiple of the the p-part of the group order [4]. In the special case where G = K
is a finite group of Lie type in characteristic p we even have that |K,| = |K\12, by
a theorem of Steinberg from 1968 [I1], 15.2]. The main purpose of this note is to
present an alternative and more combinatorial proof of Steinberg’s theorem.

In addition to the already introduced symbols, G and p, the following notation
will be used in this note:

[H] the conjugacy class of the subgroup H of G
Ng(H, K) the transporter set of all group elements g € G such that H9 < K
Sg (Sg+*) the poset of all (nontrivial) p-subgroups of G ordered by inclusion, H< K <= HCK
[Sg] ([Sg;rrad]) the set of conjugacy classes of p-subgroups (p-radical p-subgroups)
q a power of p
Fq the finite field with g elements

2. COUNTING p-ELEMENTS USING MOBIUS FUNCTIONS

The basic properties of the Mobius function 4 of the poset SZ, U {oo} consisting
of the p-subgroup poset SZ, with a top element, oo, added are [9, §3.7]

(1) the Mébius function p on S% U {co} restricts to the Mobius function on S,
(2) p(oo,00) =1 and p(oo, K) =0 for all K € S )

(3) ZHgKesg u(H,K)+ p(H,00) =0 for all H € S,

(4) Xp<xesy, MI,00) +1 =0 forall H € S
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By P. Hall’s theorem [9, Proposition 3.8.5] and Quillen’s [7, Proposition 6.1}, the
integer u(H, ), H € S, is the reduced Euler characteristics of the interval (H, o)

in 8%, or S% or of S

Ne(H) H)/H

Lemma 2.1. The number of p-elements in G is |Gp| = ZHesg —u(H, 00)|H|.

Proof. For a finite p-group H, write ¢(H) for the number of elements of H gener-
ating H. If H is cyclic, o(H) =1if |[H|=1and ¢o(H) = |H|— |H|/pif |H| > 1. If
H is not cyclic, p(H) = 0.

Declare two p-elements of G to be equivalent if they generate the same cyclic sub-
group. Since the set of equivalence classes is the set of cyclic p-subgroups C of G and
the number of elements in the equivalence class C' is ¢(C), |G,| = EHesg w(H).

For any p-subgroup K of G, |K| = |K,| = ZHeSﬁ} p(H) and p(K) =
ZHE‘S% w(H, K)|H| by Mobius inversion [9], Proposition 3.7.1]. The calculation

Z —u(H, 00) \H| Z Z (H,K)|H| = Z P(K) = |G|

HeSE, KeSZ HeS, KeSg,
now finishes the proof. O
A p-subgroup of G is said to be p-radical if it is the biggest normal p-subgroup

of its normaliser in G. Quillen observed that only p-radical p-subgroups contribute
to the sum of Lemma 211

Lemma 2.2. p(H,00) =0 unless H is a p-radical p-subgroup of G.

Proof. The poset S]’z;(:? )/ H of nontrivial p-subgroups of Ng(H)/H is contractible
if No(H)/H contains a nontrivial normal p-subgroup [7, Proposition 2.4]. Thus
w(H,o00) = )Z(S’;;H)/H) =0 if H is not p-radical. O

Define TOMg’rmd7 the table of marks for the p-radical p-subgroups of G [2], and

TOMZ?Lmd, the normalised table of marks, to be the square matrices with entries
(2.3)

Ne(H, K)| d [Ne(H, K)|
TOME ™ ([H], [K _ | kAN TOME4([H], [K]) = ’
indexed by conjugacy classes of p-radical p-subgroups. Alternatively,

TOMET™Y([H), [K]) = |(K\G)"| is the mark of H on the right G-set K\G and

TOMYT#Y([H], [K]) the number of H-supergroups conjugate to K. Relation (@)
satisfied by the Mobius function p can be expressed as either of the two equivalent
linear equations

(2.4)

ray —H K 00
TOME™([H], [K]) . (K] elszd) ( ( )

INA(K - K| = (1) +rad

|NG( ) K|)[K €[$p+md] [K]E[Sg ]
rad

(25) TOM_ZC);'-F a ([H] [K])[H] [K]€[S P+rad]( (K7OQ))[K]E[ p+rad] = (1)[K]E[Sg+rad]

where the right hand sides are the column vectors whose entries are all 1. By
Lemma 2.7l Lemma and equation (2.4)), the density of p-elements in G,

|Gyl — (K, 00) rade 1

- N TOM? H K

G| Y. N K S (romgT (), [K])
[K]E[Sgﬂ'rﬂd] [H],[K]E[Sg+rad]
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is the sum of the entries of the inverse table of marks for p-radical p-subgroup
classes. (Note that the integer p(K, oo) only depends on the conjugacy class of K.)

3. RADICAL SUBGROUPS AT THE DEFINING CHARACTERISTIC IN FINITE GROUPS
OF LIE TYPE

Let ¥ be a reduced and crystallographic root system with fundamental and
positive roots I, 2+ C ¥ [6], Definition 1.8.1]. Suppose K(X) is a semisimple F,-
algebraic group with root system ¥ [6l, Theorem 1.10.4] equipped with a Steinberg
endomorphism o. We can assume that ¢ = 7,94 or ¢ = ¢, (in the notation of
[0, Definition 1.15.(b), Remarks 2.2.5.(e)]) is of standard form. Assuming ¥ to be
also irreducible [6 Definition 1.8.4], let K = Op/C?(E)(U) be the finite group in
Lie(p) with o-setup (K (X), o) [6, Definition 2.2.2].

The surjections . — % — & of [6] (2.3.1)] induce surjections II — II — II of
sets. Here, 3 is the twisted root system of K [6, p 41], and & = %/~ the set of
equivalence classes of twisted roots pointing in the same direction.

For every subset J C II we have associated subgroups Pj;,Uj,L; C K such
that Uy = O,(Py), Py = Ng(Uy) and Py = Uy x Ly [6, Theorem 2.6.5]. The Py
are parabolic subgroups, the U; are unipotent p-radical p-subgroups and the L;
are Levi complements [0, Definition 2.6.4, Definition 2.6.6]. It is a consequence of
the Borel-Tits theorem that {U; | J C II} is complete set of representatives for
the K-conjugacy classes of the p-radical p-subgroups of K [6 Corollary 3.1.5]. In
the extreme cases J = 0, ﬁ, Py = Uy x Ly is a Borel subgroup of K, Uy a Sylow
p-subgroup [0, p 41, Theorems 2.3.4, 2.3.7], Ly = H is a maximal torus or Cartan
subgroup [6, Theorem 2.4.7, Definition 2.4.12], and Py = K = Lg, Ug = 1. If
§CJCICIthenU; CU; CP;CPrandU; CUyC Py C P

The next lemma shows that for J C I C ﬁ, the set Py\ P of right P;-cosets in
P; parametrizes the conjugates of U; containing U;. The proof relies on the fact
that Ng(U) > Nk (V) when U <V are p-radical p-subgroups of K. Even though
both lemma and fact are probably well-known, a proof of the lemma is included
here and [12, Proposition 2.13] proves the fact.

Lemma 3.1. The entries of the normalised table of marks [23)) for the p-radical
p-subgroups of K are

PPy JCI

TOME™(U;, U;) =
x (UnUs) 0 otherwise

for all subsets I,J C iI.

Proof. Tt suffices to show that the transporter set N (Ur,Uy) equals Py if I O J
and is empty otherwise. Assume that U7 < U for some I,J C f[, g € K. Then
P{ > Pj are parabolic subgroups containing Py. The classification of parabolic
subgroups [0, Theorem 2.6.5] implies that I D J, P{ = P;, U} = Uy, and g €
Pry. O

Let I and J be subsets of II. Then L; = HM; where M; = (Xa | a € I)
[6, Definition 2.6.4]. Note that My = 1 is the trivial group, Ly = H, Mg = K = Lg
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and |Lg|, = |M;|, as My = OP (L;) [6, Theorem 2.6.5.(f)]. We make the following
observations:

e |P;: Py|=|Pr: Py|/|Py: Pyl when J C T

o |Uy: Ur| = |Ly|p since Uy/Uy is the Sylow p-subgroup of Ly = Pr/U;

. o . _ |Li:Ly| _ |HMp:H| _ | M| _ |[My|
* |PI : P®| - |UILI ’ U®L®| - |Ué:U0;\ - |LII|P B \HQMI\I\MHP N \MIZPQ)IQMIl
is the index of the Borel subgroup in M; [6, Theorem 2.6.2.(e)]

The first observation shows that the entire normalised table of marks is determined
by the entries, |P; : Pp|, of the first column. These entries can, by the third
observation, be read off from the Dynkin diagram of K as M; is a subsystem
subgroup [0, Theorem 2.6.5.(f)]. Example .J] makes this principle explicit in some
concrete cases.

Lemma 3.2. ngJg(—l)UHPI : Pyl = Uy : Up| and ngJgI(—l)‘JHPI :
P;||Up : Uy =1 for any subset I of I1.

Proof. The two identities of the lemma are equivalent under Md&bius inversion. We
verify the first identity. For any subset I of ﬁ, let (Wp,I) denote the reflection
group generated by the subset I. From the Bruhat decomposition in K we have
|Pr| = |Pp|Wi(q) [8 p. 387] where Wy(q) is the Poincaré polynomial of W;. Now

S CVlip = Y (_M% — Uy U

pCJCI pCJCI

by L. Solomon’s [8, Corollary 2.2] (or [1, Corollary 7.1.4]) applied to the reflection
group Wr. ]

Corollary 3.3. —u(U;,00) = (—=1)!1|Uy : Uy for any subset I of 11.

Proof. This follows immediately from the second identity of Lemma and the
linear relation (23]). O

We now arrive at a new proof of a version of Steinberg’s theorem [I1], 15.2] valid
for all parabolic subgroups of K.

Theorem 3.4. |P,| = |K|2/|O,(P)| for any parabolic subgroup P of K.

Proof. There is always a bijection between the p-radical p-subgroups of a finite
group G and those of G/O,(G) [5, Proposition 6.3]. In particular, {U; | I D
J} is a complete set of representatives for the p-radical p-subgroup classes of Py
corresponding to the p-radical p-subgroup classes of L;. Obviously, Np,(U;) =
P]mNK(UJ) =PiNP;y=P;= NK(UJ) and |P[ : NPI(UJ)l = |P[ : le is the
number of conjugates of U; in P; or K. According to Lemma 21| the number of
p-elements in Py is

(Pr)pl = Y —u(Us,00)|U,||Py : Pyl

pCICI
C
gl 3 ()M Pyl
pCICI
LB32
=2 |Uy||Us = Ur| = |K13/10,(P1)]
where we used Corollary and Lemma O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



THE NUMBER OF p-ELEMENTS 2809

Theorem B.4] is valid at all prime powers ¢ for the groups K = Qo 11(Fy),
SOsm+1(Fy), Sping,, 1 (Fy), QL (F,), PQL, (F,), Spin,, (F,) of the D-family [6,
§2.7]. Note that the groups SO2im(Fq) are not of the type considered in the theorem.
However, since QF, (F,) has index 2 in SO% (F,), we still have | SOZ, (Fpe),| =
\so;tm(ch)g when p is odd but we can not expect this to hold when p = 2.
Indeed, SO} (F3) = 35 of order 23 - 15 contains 56 < | SO, (F2)|3 = 2¢ 2-elements
and SO (Fy) = ¥g of order 27315 contains 11264 < | SO{ (Fy)|2 = 24 2-elements
by Stanley’s formula [I0, Example 5.2.10]

= " P P
;|(Zn)p|m Zexp(.’ﬂ—l—;-f—p—z‘i‘“"f'p—m‘f"“)
for the number of p-elements in symmetric groups.

By Corollary B3land observations at the beginning of Section[2l the poset Sf;r* of
nontrivial p-subgroups of the Levi complement L; has reduced Euler characteristics

~X(SE7) = (=)L,

4. EXAMPLES

In the first example we consider (23] in case of a concrete Chevalley group, a
Steinberg group, and a Suzuki-Ree group. The g-bracket of the natural number
d is the polynomial [d](g) = ¢! + -+ ¢+ 1 € Z[q) of degree d — 1 with value
[d](1) = d at ¢ = 1. In case K = SL (F,), the index |Pq : Py| = [m*]!(¢) with
[mi}!(Q) = H1§d§m[d]((i1)dQ)-

Example 4.1. For the Chevalley group G = SL3 (F,,), the linear identity ([23) has
the form

1 0 0 1
27]Ma) 1 0 —q| _
2] 0 1

]

o O O

27]4(q) —q
B e Bll@ Bl@ 1/ \d
To see this, let IT = {a1, a2} be the set of fundamental roots for SL3 (F,). The
p-radical p-subgroups classes are Ur with |Uy : Uf| = 1,q(g),q(§),q@) and |Pr :
Pyl = 1,[24]!(a), [2#]!(a), [3+]!(a) for T = 0, {au }, {az}, T1

For the Steinberg group G = SL; (F,), the linear identity (23] has the form

)

1 0 0 0 1 1
2%]4¢®) 1 0 o] [-¢*] _ [t
[371(q) 0 1 0 @& |1
570e) 1+F++¢ 1+ +¢+¢ 1) \¢"° 1

To see this, let II = {1, a2, a3,a4} be the set of simple roots for SL¥ (F,) and
ITI = {a1,as}, a1 = {a1,4}, as = {ag,a3}, the set of simple roots for the
Steinberg group SLz (F,). Then |Uy : U] = 1,q2(3),q(3),q(2) and |P; : Py| =

1,[2+](¢?), [37]!(a), [57]\(g) for I =0, {an}, {@s},IL.
For the Ree group 2F4(q), the linear identity (Z.5]) becomes

1 0 0 0 1 1
1442 1 0 ol||-2| (1
1+q4 0 1 0 _A 1]

)BT A+e)HBTIEBTIY 1) \ 1

(143 (1+¢HBTI)BT Y A+eH[B3T]!
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where now ¢ = 2972, ¢ > 0. Entry (4,1) of this matrix is the index, |Pg : Py| =

(q271)(‘16&12)8118)51)(‘11%1), of the Borel subgroup in 2F4(q) [6, Theorems 2.2.9, 2.4.7].

We can obtain a long list of polynomial identities in ¢ by stating Lemma
explicitly. The two identities of the lemma in case I =1I are

. JWH(q) _ IS JWH() \E‘*’\
SR 7 RUARID WS il

where we remember that the Poincaré polynomials are products Wy (q) = [[,[d](q)
over the degrees d of the basic polynomial invariants [I, Theorem 7.1.5]. We shall
now consider two concrete examples. Let OP(m) = {(mq,...,my) | &k > 1,m; >
1,>>m; = m} denote the set of all the 21 ordered partitions of m [0 p 14].

Example 4.3. Subsystems of the root systems A,,—1 or B,,—1 are indexed by
OP(m) via the bijection taking (my,...,mg) € OP(m) to Aym,—1 X -+ X Ay, —1 OF
A1 XX Amy_—1 X Bm,—1 (where Ap is the empty root system and By = Ao,
By = A;). The incarnations of equation (@2 for the Chevalley groups SL;} (F,) and
SO, —1(Fg) of rank m — 1 with root systems ¥ = A,,,_1, By,_1 are the polynomial
identities

(=1 Tyom, [2d
2 [

]
ma]!(q) - - - [m—1]!

(—1)* 1T mk[ d)(q) SR () (my—1)? _ m
Z 1 ! e = (=™
[ma]l(a) - -~ [ma—1]g
The sums are indexed by all (mq,...,my) € OP(m) and the identities for A,,_1
use Gaussian multinomial coefficients [9] §1.7].

Example 4.4 (SL,,(F,)). The two identities of ([@2) for the Steinberg group
SL,,,, (Fy) of rank 2m — 1 and twisted rank m are

s~ COMIEL 1)) 5 [) (a0 _ yymgtr)

)
[ma]l(g®) - - [ma]!(¢?) m1]!(q2) [mg—1]4(¢?)

Z(—l)k Zml[d](( dq) Z Z d 2mk+2[ ](( ) )q (";i):(_l)m
1 (F

[ma]!(g?)- - [ma]'(q - [mr-1]'(¢?)
and for the Steinberg group SLs,, ) of rank 2m and twisted rank m they are

(=D T2 d) (1) %) DM (D)) oy
2 i)l 2= ) el

(DI (D)%) somy D T el (CD0) sy
Z [m1]'(q2)- - -[m]!(¢2) q Z i) - [mr_1]'(¢?) q =(=1",
where the sums run over all (my,...,my) € OP(m). These identities are obtained

by analysing the Ch-subsystems of the Cy-root system A,,—1 [3l 13.3.8]. Write
S(A;n—1) for the multiset of all Cy-subsystems of A,,_1. One subsystem of Ag,,_1

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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is ag;,_1 defined to be the Cs-free part of As,,_1, i.e. the subsystem obtained
by deleting the middle root a,,. The fundamental roots of the Cs-root systems
a1,as, as,ay are

« 1 1

The first multisets of subsystems are S(A;) = {a1, A1}, S(A2) = {a1, A2}, S(A3) =
{a1,A1,a3,As} = a1 x S(A1) U{as, A3}, S(As) = {a1, Az, a3, Ay} = a1 x S(Az)U
{as, A4}. In general, the 2™ subsystems of As;,_1 and A, m > 2, are the
multisets

S(Agm—1) = a1 x S(Agm_3) U---Uagi—1 X S(Ag@m—iy—1) U+~ Uazm_3
x S(A1) U{asm_1, Asm_1}
S(Agm) = a1 X S(Agm—2)U---Uagi—1 X S(Agm—s)) U - Udom_3
x S(A2) U{aom—1,Asm}-

For each subsystem a of A,,, let P(a)(q) = |P : B| € Z|q] be the index of the
Borel subgroup B in the parabolic subgroup of SL, , ;(F,) corresponding to a. In
particular, P(A4,,)(¢) and P(agm—1)(q) are the polynomials

PAn)@= [ @(-1%), Plagm-1)= [[ [@¢*) =[mli(¢*), m=>1

1<d<m+1 1<d<m

of degrees (m; 1) and (7;) Consider the multiset of signed polynomials associated

to all subsystems of A,,
P(S(An)) = {(=1)M@/%IP(a)(q) | a € S(Anm)},

where II(a) is the set of fundamental roots and II(a)/Cs the orbit set. Then
P(S(Ay)) = {1,—P(41)}, P(S(A2)) = {1,—P(A3)} and one may now determine
the multisets of polynomials for all the Co-root systems As,, 1 and Ag,,, m > 2.
This leads to the above polynomial identities.
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