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Completely Reducible p-compact Groups

JESPER MICHAEL MOLLER

ABSTRACT. Rational automorphisms of products of simple p-compact groups
are shown to be composites of products of rational automorphisms of the
individual factors and permutation maps.

1. Introduction

Homotopy Lie groups, or p-compact groups, have come under intense scrutiny
since their inaugural appearance in Dwyer and Wilkerson’s foundational paper
[4] and this note may be viewed as yet another piece of evidence in support of the
prophecy of an “uncanny similarity” between compact Lie groups and p-compact
groups.

The purpose of this note is to show that rational automorphisms of products
of p-compact groups behave in a very rigid way.

A rational automorphism of a connected p-compact group Y is an endomor-
phism f of Y, i.e. a based self-map Bf of BY, inducing an automorphism
H*(Bf;Zy)®z,Q, of the polynomial ring H*(BY; Z,)®z,Q,. Conjugacy classes
of rational automorphisms form a monoid £¢(Y) C [BY, BY].

As an illustration of the main result [Theorem 3.5], suppose that Y7 and Ys
are two simple [8, Definition 5] p-compact groups with nonisomorphic, nontrivial
Weyl groups. Then the product map

eq(Y1) 1 X, X eq(Y2) 12, — eo(Y)" x ¥5*?)

is monoid isomorphism for any choice of exponents ni,n, > 1. In other words,
any rational automorphism f of Y = Y{"* x Y3 is, up to permutation of the ng
factors equal to Y7 and the no factors equal to Y3, conjugate to a product

f= H fij % H J2j

1<j<ny 1<j<ns
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of rational automorphisms fi;, 1 < j < ng, of Y7 and rational automorphisms
f25,1 < 3 < ng, of Ya. Moreover, the corresponding product map of mapping
spaces

H map(BY1, BY:)py,, % H map(BYz, BY2)py,, — map(BY, BY ) gy
1<j<n; 1<j<ns

is a homotopy equivalence. It follows [Corollary 3.9] that the precomposition
map
Bf: map(BY, BY)p, — map(BY, BY )y

is a homotopy equivalence for each of the precomposition maps le and ng,
involving simple p-compact groups, are known to be homotopy equivalences by an
earlier result [8, Corollary 4.7]. Combined with Dwyer and Wilkerson’s demon-
stration that the centralizer [4, 3.4] of the identity endomorphism is a p-compact
group isomorphic [10, Theorem 1.3] to the center, we see that the centralizer
Cy (fY) of any rational automorphism f of Y is a p-compact group isomorphic
to the center [10, 3] Z(Y) of Y.

The completely reducible p-compact groups of the title [Definition 3.10] con-
stitute a class of connected p-compact groups to which the above computation of
centralizers of rational automorphisms is extendable [Theorem 3.11] by covering
group methods. The size of this class of p-compact groups has not yet been
investigated.

Part of this work was done as a guest of the Institut Mittag-Leffler, Djursholm,
Sweden, and I would like to thank the institute for its hospitality.

2. Representation theory

This section contains some preliminary remarks about representations of finite
groups designed for use in the following sections.

Let R be an integral domain, k its field of fractions, and let E, F; and E5 be
R-modules. Suppose that the finite groups W, W7 and W5 act faithfully on the
modules E, E; and FEs, respectively.

DEFINITION 2.1. The Wi -representation E7 is similar to the Wy-representation
E5 if the there exists an R-module isomorphism A: Ey — E5 and a group isomor-
phism a: Wi — Wy such that Aow = a(w)o A for allw € Wy. The isomorphism
A is called o similarity from Fy to Es.

Let Sim(W) C Autg(E) denote the group of self-similarities of the W-
representation E. In other words, Sim(W) is the normalizer of the image of
W in Autr(E). Note the exact sequence

1 — Autpgp(E) — Sim(W) — Aut(W)

and that if the representations W7 — Autgr(E;) and Wy — Autr(Ws) are
similar, conjugation with a similarity A: F; — Fs induces an isomorphism
Sim(W7) = Sim(W3) of self-similarity groups.
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For any ring extension R C S, let W ®r S denote the induced representation
of Win F®pg S. In particular, W ® g k denotes the vector space representation
of Win E®p k. An element w € W is called a reflection if the vector space
endomorphism 1 — w ®pg k has rank 1 [1, V, §2, no 1, Definition 1].

EXAMPLE 2.2. Let Wg denote the Weyl group of the Lie group Spin(2n + 1)
faithfully represented in the Z-module Ep given by the fundamental group of
a maximal torus. Similarly, let W denote the Weyl group of Sp(n) faithfully
represented in the Z-module given by the fundamental group E¢ of a maximal
torus in Sp(n), n > 2.

Assume that the representations Wp ® R and W ® R are similar, i.e. that
there exists an R-isomorphism A: Fp ® R — E¢ ® R which is a-equivariant for
some group automorphism a: Wg — We.

Let B1,...,0, be a basis for the root system (of type B,,) for Spin(2n + 1)
and o? the reflection of Ep corresponding to j3;, i.e. 02 (z) = z — B;(z) 8 where
BY € Ep is the inverse root to ;.

Note that, for any i, Ao P o A7! is a reflection of Fc ® k so that [1,
VI, §1, no 1, Remarque 3] Ao o? = of o A for some reflection ¢ € We.
Let v; be the root and 7;” the inverse root corresponding to the reflection aic .
The vectors A(S;) and 7,” are proportional; write A(8)) = Ay with \; €
k. Since (8Y,...,8)) is a Z-basis for Eg [2, IX, §4, no 6, Proposition 11]
and A is an R-automorphism, (A7, ..., Ax7,,) is an R-basis for Ec ® R and
the linearly independent set (vy,...,7y) is a Q-basis for Fc ® Q such that
the corresponding set of reflections {o¢, -, 0%} generates [1, VI, §1, no 5,
Remarque 1] the Weyl group We. This implies (since not all 4 can have the
same length) that (7Y,...,7,/) is a basis for the inverse root system of Sp(n),
hence a Z-basis for Ec. As A: Eg ® R — E¢c ® R is surjective, each coefficient
A; must be a unit in the ring R.

The relation Ao (8)) = of A(B)) is equivalent to Aif3i(8)) = Ajyi(7y)) for
all i and j. Tt follows that 3;(8})8;(8;") = vi(v} )i ('), i-e. that the bijection
Bi — ~; of bases determines an isomorphism of the associated Coxeter graphs.
Thus we may arrange the roots so that 3,-1(8Y) = —1 and v,—1(7,)) = —2
leading to the relation A,_1 = 2\,. Since both A,,_; and \,, are units in R, also
2 is a unit in R.

Conversely, if 2 is invertible in R, it is easy to write down a similarity between
Wp ® R and We ® R.

Let now S;, 7 € I, be a finite family of free R-modules of finite rank and
W;, @ € I, finite, nontrivial groups with W; acting faithfully on S; such that the
corresponding vector space representation W; ®p k is irreducible.

Let the product group [[;c; Wi act faithfully on [],,

The first lemma of this section computes the endomorphism ring of [ S; as
an R[[[ W;]-module.

S; in the obvious way.
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LEMMA 2.3. Suppose that R is a principal ideal domain and that each group
W; contains a reflection of S;. Then the obvious homomorphism

[1 7 — Endprpw, (I15)

iel
is a Ting isomorphism.

PRrROOF. Let A be an R[[[W;]-endomorphism of [[S;. Since the [] W;-
representations S; ®g k, i € I, are irreducible and pairwise nonisomorphic,
A =[] A; for some A; € Endgpy,(S;) by Schur’s lemma.

Let o; € W; be a reflection of S;. As the image im(1 — o;) is a free R-module
of rank 1 which is invariant under A;, there exists a scalar \; € R such that
im(1 — ;) C ker(A4; — ;) in S;. Then also ker(4; — A;) # 0 in the irreducible
W;-representation S; ®g k; hence A; is multiplication by A; on S; ®g k and on

The next two lemmas are concerned with groups of self-similarities of faithful
representations.

Now pick a set of exponents n; > 1,4 € I. The group W := [[,., W™ is
faithfully represented in the R-module S := [];.; S;". Let X,, < Sim(W;") <
Sim (W) denote the subgroup consisting of permutations of the n;-factors of S;
in the product S;" or in S =[] S;".

The proof of the following key lemma was kindly supplied by K. Uno.

LEMMA 2.4. Assume that the W;-representations S;, i € I, are pairwise non-
similar. Then the canonical homomorphism

[[Sim(W:) £, — Sim(W)
i€l
s a group isomorphism.

PRrROOF. Write W = 1_[z VVzm = Hi,j Wij and S = Hl Sznb = Hi,j Sij where
VVU:WZ andSU:SZ fOI‘lS]SnZ

Let A be an R-automorphism of S and « a group automorphism of W such
that Aow = a(w) o A for all w € W. Note that the submodule AS;; of S is
W-invariant as

Oz(’LU)ASZ‘j = A’LUSZ‘]‘ = ASZJ

for all w € W. Let now v be a nonzero element of AS;;. Write v on the form
v = Z” vi; with vi; € S;;. Pick k and [ such that vy is nonzero. Since AS;; is
invariant under the action of the subgroup Wy, < W,

> vij+ Wiow C AS;;
(&:9)#(k,0)

and hence also
Whivi — Wiivk € AS5;.
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The left hand side generates a nontrivial Wy;-invariant submodule of Sy;, so
Sk ®rk C A(Sij ®rk)

by irreducibility of Sx; ®pg k. In fact, since A is an automorphism of S ®g k,
S,y ®r k = A(Sij ®p k) for some permutation o of the index set. Then also
S, (i,j) = ASi; since A is an automorphism of S = [[ S;; and each S;; is a free
R-module.

If w e Wiy, aw) € W,y for a(w) = AwA™' fixes pointwise
Iu,0)20(ij) Suv- In fact, a(Wi;) = Wy since a is an automorphism of
W = [[Wi;. Thus A restricts to a similarity from S;; to S,(; ;) and there-
fore, by the nonsimilarity assumption, o(i,j) = (i,0;(j)) for some permutation
o; € Eni~

We conclude that A = [[;c (I, Aij) 0 0; where A;; € Sim(W;;) = Sim(W;)
for1<j<n;. O

For instance
Sim(Wg' ® Zy x Wg2 ® Z2) 2 Sim(Wp ® Zo) 1 X, X Sim(We ® Za) 1 2y,

where W and W are the representations over Z as in Example 2.2 and Zs is
the ring of 2-adic integers.

In Lemma 2.4 the representations W;, i € I, are assumed to be pairwise
nonsimilar. We now omit this assumption and instead group together similar
representations.

More specifically, declare i1,i2 € I to be equivalent indices if the represen-
tations W;, — Autgr(S;,) and W;, — Autg(S;,) are similar. Write the in-
dex set I = |J;c;1(j) as a disjoint union of equivalence classes I(j), j € J.
Then W(j) := [[;e ;) Wi is faithfully represented in S(j) := [[;c;; ;" and

K2

W =1Tl,c; W(j) faithfully represented in S = [[,c; S(j).

COROLLARY 2.5. Assume that the index set I = J;c;1(j) is divided into
equivalence classes such that S;; and S;, are similar if and only if i1,12 € I(j)
for some j € J. Then the canonical homomorphism

[ Sim(W(j)) — Sim(W)
jed
is a group isomorphism.
PROOF. Choose an element i(j) € I(j) and let n(j) := >=,c ;) ni- Because
W(j) = ILier;) Wi is similar to Wzr(b(g),

J

Sim(W) = Sim (H Wi"i> = sim | [] TT wi | =sim | [TWiY

iel jeJicl(j) jeJ

= [ Sim(Wig)) 2 Sngj)
jeJ
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and

Sim(W(j)) = Sim [ J[ W | = Sim (Wi’gg)) = Sim(Wi(j) ! Sn)
i€1()

foralljeJ. O

In the applications to be discussed the next section, W; will be the Weyl group
and S; the free Z,-module given by the fundamental group of the maximal torus
of a p-compact group.

3. Rational automorphisms

This section introduces a class of p-compact groups, called completely re-
ducible p-compact groups, and investigates their rational automorphisms.

A homomorphism f: X; — X5 between two connected p-compact groups, X
and X, i.e. a based map Bf: BX; — BX5 between the classifying spaces, is a
rational isomorphism if [8, Definition 4]

H*(vazp) ®Zp Qp: H*(BX27ZP) ®Zp @p — H*(BXth) ®Zp Qp

is an isomorphism. An endomorphism f: Y — Y of a p-compact group Y which
is a rational equivalence will be called a rational automorphism.

All homomorphisms between p-compact groups restrict to homomorphisms
between the maximal tori [8, Theorem 2.4]. For endomorphisms, the precise
formulation of this assertion is the following version for p-compact groups of the
classical Adams-Mahmud theorem.

THEOREM 3.1. [8, Theorem 2.5] Let Y be a connected p-compact group with
mazimal torus T — Y and let f: Y —Y be an endomorphism of Y. There
exists an endomorphism ¢ of T such that the diagram

¥
Y

_

N=<=—"X

—_—
f

commutes and
(i) The endomorphism ¢ is a (rational) automorphism if and only if f is a
(rational) automorphism.
(ii) The homotopy class of By in [BT, BT is unique up to left action by the
Weyl group Wr(Y).

The Weyl group Wr(Y') is faithfully represented [4, Theorem 9.7] in the free
Z,-module mo(BT). The uniqueness of the lift ¢ has the consequence that for
any w € Wr(Y') C [BT, BT, Bpow = a(w)o By for some a(w) € Wp(Y). Since
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m2(Byp) ®z, Qp is an automorphism of 73 (BT) ®z, Qp, a is an automorphism of
Wr(Y) and

m2(By) ®z, Qp € Sim(Wr (V) @z, Q)

is a self-similarity of the vector space representation Wr(Y) ®z, Qp. If f is an
(honest) automorphism of Y, my(By) is an automorphism of 7o(BT) and the
uniqueness clause implies that

ma(By) € Sim(Wrp(Y))

is a self-similarity of the Z,-representation Wr(Y).

Denote by eg(Y) C [BY, BY] the monoid of conjugacy classes of rational
automorphism of Y. The invertible elements in this monoid is the group Out(Y")
of conjugacy classes of automorphisms of Y.

Now consider a finite collection Y;, i € I, of connected p-compact groups. Let
W; be the Weyl group of Y; with respect to some maximal torus T; — Y;.

The following lemma, based on the vanishing theorem of [8, Theorem 5.1],
will be applied repeatedly in the following.

LEMMA 3.2. Let f be an endomorphism of the product p-compact group
[Lic; Yi. Suppose that there exist endomorphisms @;: T; — T;, © € I, such that

el ~
. P
Hz’Ti HZ > HZTz

L

HiY;T)HiY;

commutes up to conjugacy. Then
(i) There exist endomorphisms f; of Y; such that f is conjugate to the prod-
uct endomorphism [, fi of ], Ys.
(ii) If f is a (rational) automorphism, each f; is a (rational) automorphism.

PROOF. Let, for eachi € I, ¢;: Y; — [[,Y; and m;: [, Yi = Y; be the canon-
ical injection and projection homomorphisms. Define f;: Y; — Y; as the com-
posite m; o f o ;.

The assumption that f lifts to a product endomorphism of the product max-
imal torus [[, 7; implies that the restriction of m; o f to H#i T} is trivial and
hence also [8, Corollary 5.7] that the restriction of m; o f to [];;Y; is trivial.
Consequently, 7; o f admits a factorization [8, Corollary 1.8]
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through X;. The only possible factorization is the endomorphism f;. Of course,
[BY,BY] = [[,|BY,BY;], so m;o f = fiom = m o ([[; fi) shows that f and
[L, fi are conjugate.

If f is a (rational) automorphism, the lift [], ¢; is a (rational) automorphism
too [Theorem 3.1] and hence each ¢;, ¢ € I, is a (rational) automorphism. Since
wi: T; = T; covers f;: X; — X; it follows, Theorem 3.1 again, that f; is a (ra-
tional) automorphism. [

Assume now that the faithful representation W; — Autg, (72(BT;) ®z, Q,) is
irreducible for each ¢ € I, i.e. that each Y] is a simple [8, Definition 5] p-compact
group.

Lemma 3.2 leads in the first place to a slight generalization of [8, Theorem
4.5] or, in other words, to a p-compact group version of [5, Proposition 1.3] from
where the proof is copied.

PROPOSITION 3.3. Suppose that the prime p divides the order of each of the
Weyl groups W; of the connected, simple p-compact groups Y;, i € I. Then
Out(]]; Yi) = eo(I1; Yi)-

PROOF. Let f be any rational automorphism of the product p-compact group
L, Yi. The task is to show that f is invertible.
Choose [Theorem 3.1] a rational automorphism ¢ such that

LT =1L

L

HiYi?HiYi

commutes up to conjugacy and m2(By) ®z, Q, € Sim(][, W; ®z, Q,). In par-
ticular, ¢ determines an automorphism of the Weyl group [[, W; of [, Y; and
by replacing f by an iterate of itself, if necessary, we may assume that this
automorphism is in fact the identity. Then the induced homomorphism

ma(Byp) € Ende[H wil (H ﬂQ(BTi)) =] HZP

is a product homomorphism by Lemma 2.3 meaning that ¢ itself is conjugate to a
product []; ¢; of endomorphisms ¢; of Tj. That also f is conjugate to a product
I, fi of rational automorphisms f; € eg(Y;) now follows from Proposition 3.2.
However, since p divides the order of the Weyl group W, and Y; is simple, any
rational automorphism of Y; is invertible by [8, Theorem 4.5]. O

Rational automorphisms of the product p-compact group [[; Y; can be ana-
lyzed in detail in case the factors are distinct in the sense defined below.

DEFINITION 3.4. A finite family Y;, i € I, of connected, simple p-compact
groups is similarity free if each Weyl group W; is nontrivial and
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(i) The representations W; — Aut(ma(BT;)) of the Weyl groups in the maz-
imal tori are pairwise nonsimilar.

(ii) If, for some pair iy,ia € I, the representations W; ®z, Q, and
Wi, ®z, Qp are similar, then p divides the Weyl group order |W;,| =
|Wi2|'

Any family G;, i € I, of pairwise nonisomorphic, simply connected, simple
compact Lie groups (none of which is equal to Sp(n), n > 2, if p > 2) is similarity
free; see Example 2.2 when p = 2.

The main motivation for the introduction of this concept is the following main
result; cfr. [9, Theorem 3.1].

THEOREM 3.5. Let Y;, i € I, be a similarity free family of connected, simple
p-compact groups and let Y = [],., Y™, n; > 1.
(i) The canonical homomorphisms

[Teo(¥i) 1S, — eq(¥)
el
[T Oout(¥:) 1, — Out(y)
el

are isomorphisms.

(1) If f = (ILier li<jcn, fis) 0 0 for some fij € e(Xi), 1 < j < ni, and
some permutation map o € [[,c; Xn,, then the product map

H H map(BY;, BY;) 5, — map(BY, BY ) g(joo-1)

i€l 1<j<n;

18 a homotopy equivalence.

The proof is divided into four parts.

By assumption, the index set I can be divided into equivalence classes I =
Ujes 1(j) such that iy, i € I(j) for some j € J if and only if the representations
Wi, ®z, Qp and W;, ®z, Q, are similar. Note that if the equivalence class I(j)
contains more than one element then p | |W;| for all i € I(j).

Put Y(j) = [Lier;) ¥i"s J € J,so that Y =], ; Y (j).

LEMMA 3.6. The product maps

[T () = ea(v)
jeJ
[T Out(v(5)) — Out(v)

JjeJ

are monoid isomorphisms.
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PROOF. It suffices to show surjectivity as the above maps are monoid
monomorphisms by general and elementary principles. Let f € eg(Y) be a
(rational) automorphism of Y. Let T'(j) := [];c(;) 7i be the maximal torus and
W(j) = Ilier;) Wi the Weyl group of Y'(j). Choose [Theorem 3.1] a (rational)
automorphism ¢: [ ;T(j) = [[;c; T(j) that covers f. Then

ma(Byp) @z, Qp € Sim | [[ W) @2, @y | = [] Sim(W(j) ®2, Q)
jedJ jeJ

by Lemma 2.5. It follows in particular, that the induced homomorphism 7o (Bp)
preserves the factors of [[;.; m2(BT(j)) and hence that also ¢ = [[,c;¢(j)
is a product of (rational) automorphisms ¢(j) € €o(T'(j)), 7 € J. Now apply
Lemma 3.2. O

In the next lemma, ¥,, < Out(Y(j)), i € I(j), denotes the subgroup consist-
ing of permutations of the n; factors equal to Y; in Y (j) = Hiel(j) Y.

LEMMA 3.7. The canonical homomorphism

[T out(¥)2,, — Ou(v(j)

is an isomorphism for each j € J.

PROOF. Let f be any automorphism of Y'(j). Choose [Theorem 3.5] an au-
tomorphism ¢ of maximal torus T'(j) that covers f. Then

ma(By) € Sim(W(5)) = ] Sim(W;) 2y,
i€l(j)

by Lemma 2.4. It follows in particular that B(p o 071) = Hiej(j) @; for
some automorphisms ¢; € Out(T;),¢ € I(j), and some permutation map
o€ Hiel(j) Y, Now apply Lemma 3.2 to foo~t. O

In case the index set I(j) contains more than one element, then the formula
I1 o5 = ea(Y()
Jel(d)
is, by Proposition 3.3, just an alternative formulation of Lemma 3.7. The com-

putation of the rational equivalences in case the index set I(j) does consist of
just a single element is handled by the following lemma.

LEMMA 3.8. The canonical homomorphism
£Q(Y) 150, — (V™)

is a monoid isomorphism for all i € I.
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PROOF. Proceed as in the proofs of Lemma 3.6 and Lemma 3.7 using the
isomorphism Sim(W;** ®z, Q,) = Sim(W; ®@z, Q)1 E,, from Lemma 2.4 together
with Lemma 3.2. [

After these three lemmas it is time for

PrOOF OF THEOREM 3.5. The preceding three lemmas imply that

[TeerZu =T II ce)Zn = [ ¥ () = ealY)

iel jeTicl(y) jeJ

and a similar computation applies to the case of (genuine) automorphisms.
As to point (ii), write Y = [[, V" = H” ij where Y;; =Y for 1 < j <mn,.
The projection homomorphism 7;; of Y to Yj; is part of a short exact sequence

H Ykl —Y ﬂ> Y;‘j
(k,1)#(1,5)

of p-compact groups. In this situation, precomposition with Bm;; induces a

homotopy equivalence of mapping spaces [8, Lemma 1.7] which, as ;0 f ool =

fij o ™, restricts to a homotopy equivalence
Brjj: map(BYij, BY;j)py,;, — map(BY, BYij)p(r, 0fo0-1)

of connected components. With the map of point (ii) as the top horizontal map,
the diagram

Hi,j map(BYi;, BY;j) By, map(BY, BY ) p(fos-1)

Hi,j map(BY, BY%J)B(ijfoo—l)

commutes and point (ii) follows. [

Any rational automorphism f of the connected p-compact group Y induces
(restricts to) a rational automorphism Z(f) of the center Z(Y) characterized as
the unique endomorphism that makes

72(v) ZYL 7(v)

b

commute up to conjugacy [8, Corollary 3.2].

Thanks to the homotopy equivalence BZ(Y) — map(BY, BY )1 from Dwyer
and Wilkerson [3, Theorem 1.3], Z(f) can also be computed as a map between
mapping spaces.

%
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COROLLARY 3.9. Let f be a rational automorphism of the p-compact group
Y =[]Y;™ from Theorem 3.5. Then the post- and precomposition maps

Bf BF
map(BY, BY ) g1 — map(BY, BY)5; <= map(BY, BY ) 5,

are homotopy equivalences and the endomorphism Z(f) is an automorphism of
Z(Y).

PROOF. According to Theorem 3.5 we may assume that f = [, []; fi; for
some rational automorphisms f;; of YV;; =Y;, 4 € I, 1 < j < n;. The postcom-
position and precomposition maps fit into the commutative diagram

Bf
map(BY, BY )51 — map(BY, BY ) gy map(BY, BY ) g1

] - |

[[map(BYi;, BY;)p1 = [[map(BYi;, BY;;)ps,; <—— [ map(BY;;, BY;;) 1
[1B5: [157
where the vertical maps are the homotopy equivalences of Theorem 3.5. Since
each of the p-compact groups Y;; is simple with nontrivial Weyl group, the post-
comoposition maps B f;; as well as the precompostion maps B f;; are homotopy
equivalences by [8, Corollary 4.7].
Evaluation at the base point determines a commutative diagram

Bf 57
map(BY, BY ) g1 —> map(BY, BY ) gy <— map(BY, BY ) 1

L |

BY BY BY

showing that Z(f) identifies to the homotopy equivalence (Bf)~' o Bf. O

In particular, we see that Z may be regarded as a homomorphism
Z:eq(Y) — Aut(Z(Y)).

The following definition was introduced as an attempt to extend Corollary 3.9
to a larger class of p-compact groups by applying Notbohm’s [11, Theorem].

DEFINITION 3.10. A connected p-compact group is completely reducible if its
universal covering p-compact group [10, Lemma 3.2] is isomorphic to a product
p-compact group of the form [[,.; Y, where (Yi)icr is a finite, similarity free
family of simply connected, simple p-compact groups.

This definition should be regarded as provisional since, with a little luck, any
connected p-compact group will turn out to be completely reducible.

For any completely reducible p-compact group X there exists [10, Theorem
5.4] a short exact sequence of the form

(3.1) K o), (HY”) xS L x
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where K is a subgroup of the finite [10, Theorem 5.3] center Z ([]Y;") =
[1Z(Y;)™, S is a p-compact torus (equal to the connected component of the
center of X), and p: K — S a homomorphism.

Suppose now that X; and X5 are two connected, locally isomorphic [8, Def-
inition 3], completely reducible p-compact groups, i.e. [8, Proposition 1.4] that
there exist short exact sequences

(32) Kj (incl,;) (H}/lnl) % S ﬂ) Xj

for j =1, 2. Let ep(X1,X2) C [BX1,BX,] denote the set of conjugacy classes
of rational equivalences from X; to Xs.
By Theorem 3.5 and [8, Theorem 3.2] there exists an injection

A: €Q(X17X2) — (HSQ(Yz) zzni) X EQ(S)

associating to each f € eq(X1,X2), rational automorphisms g;; € €q(¥;), 7 €
I,1<j<n; heegp(S), and a permutation map o € [[ 3, such that

gxh

(Hiel Y;m) X5 — (Hiel Yzm) x5

qli lqz

X, 7 Xy

commutes up to conjugacy with g = HieI(Hj gij) © 0;. The image of A consists
of those pairs (g, h) for which Z(g)(K1) C K5 and the diagram

K1L>S

wf

K2 —=5>8

commutes up to conjugacy.

In particular, the sets eg(Xi,X2) will be completely known for all pairs
(X1, X>) of locally isomorphic, completely reducible p-compact groups once the
the monoids eg(Y") together with the homomorphisms Z: eg(Y) — Aut(Z(Y))
are known for all simply connected, simple p-compact groups Y.

Here is a consequence that already now is obtainable. In point (i),
Z:eg(X1,X2) = eg(Z(X1), Z(X2)) is the homomorphism of [8, Corollary 3.2]
(considered above in case of rational automorphisms).

THEOREM 3.11. Suppose that X1 and Xs are the two locally isomorphic, com-
pletely reducible p-compact groups given by the short exact sequences (3.2).
(i) For any rational equivalence f: X1 — Xa, the precomposition map

Bifi map(BXg, BX2)BI — map(BXl, BXQ)Bf
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is a homotopy equivalence (i.e. the centralizer of f is isomorphic to the
center of Xo) and the diagram

Z(X1) 24 Z(X>)

zl lg

map(BX1, BX1)p1 —; > map(BX1, BX2)y Béf map(B X2, BX2)p1

commutes up to conjugacy.
(i) If |[K1| > | Kal, then eg(X1, X2) = 0.

PROOF. Let g € eg(Y), where Y = [[ Y, is the universal covering p-compact
group of X, and h € eg(S) be rational automorphisms such that g x h covers f
up to conjugacy. Precomposition with these maps induces a fibre map

BKy; —— map(BY, BY )1 X map(BS, BS)g1 — map(BXs, BXs)p1

BKy; —— map(BY, BY ), x map(BS, BS)g, — map(BX1, BX2)ps

of fibrations as in [8, Proposition 3.4]. The precomposition map Byg is a homo-
topy equivalence by Corollary 3.9 and Bh is a homotopy equivalence since S is
an abelian p-compact group. Hence also Bf is a homotopy equivalence.

The computation of Z(f) now proceeds as in Corollary 3.9.

The second statement of the theorem follows because Z(g) is an automorphism
of Z(Y) by Corollary 3.9. O

The postcomposition map Bf is in general not a homotopy equivalence.

Another consequence is a version of Proposition 3.3 concerning invertibility of
rational automorphisms of semisimple p-compact groups, i.e. p-compact groups
with finite fundamental groups.

COROLLARY 3.12. Let X be a semisimple, completely reducible p-compact
group given as in (3.1) with S trivial. Assume that the prime p divides the
order |W;| of the Weyl group of Y; for alli € I. Then eg(X) = Out(X).

PRrROOF. By Proposition 3.3, any rational automorphism of Y has a homotopy
inverse, so the monoid monomorphism A: eg(X) — £¢(Y") shows that the same
is true for X. O

Finally, a few examples to illustrate the use of Theorem 3.5.
ExAMPLE 3.13. (1) According to [5, Proposition 1.3] or Proposition 3.3 and
(6]
£o(Spin(2n + 1)5) = Out(Spin(2n + 1)5) = {" | u € Z}}
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and Z (") is the identity map of Z(Spin(2n + 1)%) = Z/2. Hence [8, Theorem
3.2]
Out(SO(2n + 1)5) = Out(Spin(2n + 1)5)

and the product map
Out(Spin(2n + 1)4) x Out(SO(2n + 1)4) — Out(Spin(2n + 1)5 x SO(2n + 1))

is an isomorphism.

(2) The monomorphism A: Out(SO(2n)5) — Out(Spin(2n)5) is an isomorphism
for n > 4 but not for n = 4; see [7, Example 2.2].

(3) For any finite collection (G;);¢cr of pairwise nonisomorphic simply connected,
simple, compact Lie groups

[Teel(@)5) 120, = eolTie, (G7)3)

iel
and the similar formula holds for odd primes too if G; # Sp(n), n > 2, for all
iel.
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