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Abstract

Let G be a finite group and let S%"* be the associated Brown poset
consisting of all non-trivial p-subgroups of G ordered by inclusion.
Let |G|, denote the maximal power of p dividing |G|. We prove that
Brown’s theorem, stating that |G|, divides the reduced Euler char-
acteristic of the poset S5, is equivalent to a theorem by Frobenius’
which says that |G|, divides the number of p-singular elements in G. In
order to show this we introduce the concept of the Euler characteristic
of a finite category and use this definition to find an Euler characteris-
tic for subgroup categories of G. We will be particularly interested in
the orbit category of G.

Resumé

Lad G vcere en endelig gruppe og lad S’C’f* veere den partielt or-
denede moengde der bestar af alle ikke-trivielle p-undergrupper af G
ordnet efter inklusion. Lad |G|, betegne den maksimale potens af p der
gar op i |G|. Vi viser at Browns scetning, som siger, at |G|, gar op i den
reducerede Euler karakteristik af Sg“, er cekvivalent med en scetning
vist af Frobenius, som siger at |G|, gar op i antallet af p-singuleere
elementer i G. For at vise dette introducerer vi konceptet Euler ka-
rakteristikken af en endelig kategori. Vi bruger denne definition til at
finde en Euler karakteristik for undergruppe-kategorier af G. Specielt
vil vi kigge pa orbit kategorien af G.



1 Introduction

Given a finite group G we look at the Brown poset of this group Sgr* which
consists of all non-trivial p-subgroups of G ordered by inclusion. We look
at this poset in hope that it will tell us something about our group. When
we view this poset as a category we can realize it to get a topological space
and use tools from topology to get information about our group G. As a
topological invariant we can use the Euler characteristic since it depends
only on the homotopy-type of a given space.

Let |G|, denote the maximal power of p dividing |G|. We will prove that
the Euler characteristic of S’GH'* is congruent to 1 mod |G|,, a theorem first
proved by Brown in 1975, is equivalent to a theorem shown by Frobenius in
1907, namely that given a group G, |G|, divides the number of p-singular
elements in G.

In this paper we look at a rather new definition of the Euler characteris-
tic of a category taken from Tom Leinster’s article "The Euler characteristic
of a category" and use this definition to show that the two theorems are
equivalent. To do this we first need some basic knowledge about categories,
which will be the subject in the first chapter. We only include the defini-
tions and theorems we need for later use. This chapter does not include
many examples as we will see examples of their application later on. In the
second chapter we introduce the realization of a category and the connection
between categories and topology. In the third chapter we define the Fuler
characteristic of a category. We show that for a poset P we can take the
geometric realization and find the Euler characteristic in the usual way or
we can view it as a category and find the Euler characteristic in the sense
of Leinster. We show that these to numbers will be equal. In the fourth
chapter we will look at homotopy equivalences of subgroup-categories of G
and we will find an Euler characteristic for the orbit category OF,. We will
obtain the following

D+ )

—X(Soq (1) Gl = |G|
Oq(H
Z[H] [Oc(H)

where H is a p-subgroup of G. This will show that theorems of Frobenius
and Brown are indeed equivalent.
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2 Categories

2 Categories

In this chapter we will introduce some basic category theory. We will look
at categories, functors and the relationship between functors, all of which
we will need later. This chapter is based on Mac Lane’s "Categories for the

working mathematician."

2.1 Categories

Definition 2.1. A category consists of a collection of objects and a collection
of morphisms that satisfy the following conditions :

o To every morphism f there is an object a = dom f, called the domain of
f and an object b = cod f called the codomain of f. We write f : a — 0.

o For every object a there is a morphism called the identity morphism
of a denoted 1, : a — a satisfying 1,0 f = f and go 1, = g for all
morphisms g and f satisfying codf = a and domg = a.

o If f and g are morphisms with cod f = dom ¢ then the composition
go [ is a morphism with dom(go f) = dom f and cod(go f) = cod g.

e The composition of morphisms is associative, that is (f o g) o h =
fol(goh) for composable morphisms f, g, h.

For a category C we let obC' denote the objects of C' and C(a,b) the
morphisms from a to b in C and ((a,b) is the number of morphisms from
a to b. Two objects a and a’ are said to be isomorphic if there exist two
morphisms f:a —a’ and g:a’ — a with go f =1, and fog=1,.

Definition 2.2. We call a category small if both the collection of objects and
the collection of morphisms are sets. If this is not the case, we call it large.

We call a category C' discrete if the only morphisms are the identity mor-
phisms.

Example

1. The category of sets, Set, has as objects sets, and morphisms are
function between sets. This is a large category.



2 Categories

2. Grp denotes the category of groups and group homomorphisms.

3. Topological spaces and all continuous maps between them form a cat-
egory, Top.

4. 0 denotes the empty category with no objects and no morphisms. 1
is the category with one object and one morphism, the identity mor-
phism.

5. We can consider every partially ordered set, P, as a category. The
objects are the elements of P, and there is exactly one morphism from
x to y if © < y. The relation z < x gives us the identity morphism
and transitivity gives the composition. The category of all partially
ordered sets is denoted Poset.

Definition 2.3. For a category C we denote by C°P the category C where
we have reversed all the morphisms.

Definition 2.4. Let C be a category.

1. An object a € C is said to be initial if for every object ¢ € C' there is a
unique morphism a — c.

2. An object b € C is said to be terminal if for every object ¢ € C there
1§ @ unique morphism ¢ — b.

Initial and terminal objects are unique up to isomorphism. To show this
let @ and @’ be two initial objects. Then we have the following commutative
diagram

and we see that 1, = fog and 1, = go f hence a and @' are isomorphic. In
Grp, the trivial group is both an initial and a terminal object.
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Definition 2.5. A morphism from an object to itself is called an endomor-
phism. If all endomorphisms in o category are also isomorphisms, we call
the category an El-category.

Definition 2.6. Given two categories A and B we can construct the product
category A x B. The objects in A x B are pairs (a,b) where a is an object
of A and b is an object of B. The morphisms (a,b) — (a’,V') are pairs (f,g)
where f:a — a and g : b — b. Composition is given coordinate wise as in
A and B.

2.2 Functors

We now look at functors which are mappings of categories that respect do-
main and codomain of morphisms and preserve the structure of composition
and identities. Then we look at the relationship between them.

Definition 2.7. For categories C and D, a functor T : C — D, is a map
which assigns to each object ¢ in C an object Tc in D, and to each arrow
f:c—c in Can arrowTf :Tc— Td in D, such that

o T preserves composition: T(go f) =TgoTf for every composable pair
of morphisms f,g in C.

o T preserves identity: T(1.) = lp.
Examples of functors

1. For two categories C and D we can construct a functor F': C' — D that
maps every object of C to a fixed object dg € D and every morphism
of C' to the identity morphism on dy.

2. The map U : Grp — Set that assigns to each group the set of its
elements and to each group homomorphism itself regarded as a function
is a functor, called the forgetful functor.

We can compose functors. Given functors T : C' — D and S : D — E we can
define the composite functor ST : C — E by ¢+~ S(Tc) and f +— S(Tf) on
objects ¢ and morphisms f in C. For every category C there is the identity
functor 1o : C — C.
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We can consider the category of small categories Cat whose objects are all
small categories and whose morphisms are functors between categories.

Definition 2.8. Let C and D be categories. Suppose we have functors F' :
C —Dand G:D — C such that GF = 1¢ and FG = 1p . Then we call F
and G isomorphisms and say that C and D are isomorphic.

This is a very strong condition as it only allows the category to differ
in the notation of their objects and morphisms. Weaker conditions such as
equivalence and adjunction will turn out to be sufficient for our purposes.

Definition 2.9. A functor F : C — D is full when to every pair ¢, of
objects in C and to every morphism g : Fc — Fc, there is a morphism
f:c—c in Cwithg=Ff.

A functor F : C — D is faithful when for every pair c,c’ of objects in C and
every pair of morphisms f1, fo: ¢ — ¢ in C, the equality Ffy = Ffy: Tc —
Tc implies f1 = fo.

If f is an isomorphism in C then F(f) is also an isomorphism in D by
the definition of a functor. The converse holds if F' is fully faithful. Indeed,
let ¢ and ¢ be objects of C and let f : ¢ — ¢ be a morphism in C. Let
F(f) be the morphism between F(c) and F(c¢’) and assume F(f) is an iso-
morphism with inverse . Then F(f)oh = idpy) and ho F(f) = idp(
Since F' is full there is a morphism ¢ in C' with F(g) = h. We can write
F(fog)=F(f)oF(9) = F(f)oh =idps. Since F is faithful we get that
fog=1ids and in the same way we get that go f = id,.

Definition 2.10. A subcategory A of C is a collection of some of the objects
and some of the morphisms of C such that to each morphism in A, A con-
tains both the domain and codomain and for each object a in A, A contains
the identity morphism and for each pair of composable morphisms A also

contains their composition. These conditions makes A into a category.

The inclusion functor K : A — C sends each object to itself and each mor-
phism to itself. We say that a subcategory is full if the inclusion functor is
full.
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Definition 2.11. For a category C, a skeleton of C is any full subcategory
A such that each object in C is isomorphic to exactly on object of A.

A category is called skeletal when any two isomorphic objects are identi-

cal, i.e. when the category is its own skeleton. We will denote any skeleton
of C by sk(C) or [C].

Definition 2.12. Let F,G : C — D be two functors. A natural transforma-
tiont : F' — G assigns to each object ¢ € ob(C') a morphism t. : F(c) — G(c)
such that for every morphism f :c — ¢ in C the diagram

F(c) fe G(c)
F(f) G(f)
F(d) » G(d)

commutes. If for every object ¢ i C the morphism t. is an isomorphism in

D we call t a natural isomorphism.

Definition 2.13. Let C and D be categories. Suppose we have functors
F:C— D and G: D — C and suppose we have two natural isomorphisms
lo = GF and FG — 1p. Then the categories C and D are said to be

equivalent and we call F an equivalence.
Theorem 2.14. A category C is equivalent to any of its skeletons.

Proof. Let A be a skeleton of C, and let K : A — C be the inclusion. For
each object ¢ in C we have that ¢ = T'c for a unique object T'c € A. We call
this isomorphism .. We can make a functor T': C' — A which sends each
object ¢ of C' to the representative in A. For a morphism f : ¢ — din C we
define Tf = 4f6- . This makes the following diagram commute
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KTe KTd
KT(f)

Hence 6 is a natural isomorphism between the functors KT and 1. And
TK = 1p, so K is an equivalence and C' and A are equivalent. ]

Theorem 2.15. F : C — D is an equivalence if and only if F is full and
faithful and essentially surjective on objects, meaning that each object d € D
s isomorphic to Fc for some object c € C

Proof. <= : We want to find a functor G : D — C' and natural isomorphisms
0:1p - FGand e:1c — GF.

For each object d € D, there exists ¢ € C such that d = Fec. Define G(d) = ¢
and let 6y be this isomorphism. For each h : d — d’ the following diagram
commutes

0
d d FGd
h Oy oho 9;1
I U
d » FGd

Since F is full and faithful, there is a unique G(h) : G(d) — G(d’). Then
E is a functor with FG(h) = 6h0;" which makes 6 natural.
We now need to find € : 10 — GF. Let ¢ be an object in C'. Cousider
Opc: F(c) =2 FGF(c). Since F is full and faithful, there is a unique . : ¢ =
GFc with F(e.) = 0pc. And since 6 is natural we know that the following
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commutes
Ff
Fec Fc
9FC 0Fc’
FGF /
c FGEf FGFc¢
Hence

FGFfolp,=0pwoFf
F(GFfoe)=Flewo f)
GFfoe.=¢cuof

so € is natural and we have an equivalence.

= : Since F' : C' — D is an equivalence there exists a functor G : D — C
and two natural isomorphisms GF — 1¢ and FFG — 1p. Hence each object
d € D has the form d = F'Gd for some ¢ = Gd € obC.

Let 6 : GF = 1¢ be the natural isomorphism making the following diagram
commute

o
Q\

GFc

/
GFf GFc

Assume Ff = Ff'. Then GFf = GFf’ and by the commutativity of the
square f = 0, 'GF(f)0. = f', hence F is faithful. By symmetry, G is also
faithful.

To show that F is full, consider any h : Fc — Fc and let f = 96_,1Gh90.
The above diagram also commutes if we replace F'f by h, thus we see that
GF f = Gh, and since G is faithful, we get that F'f = h, so F is full. O
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Theorem 2.16. An equivalence of categories induces an isomorphism be-
tween their skeletons.

Proof. Suppose we have an equivalence F' : C' — D. For an object ¢ in C
we write [c] = {¢ € C | ¢ 2 ¢}. Define F : [¢] = [Fc]. Since F is an
equivalence, [c] = [(] & [F¢] = [F]. Hence F; is an isomorphism. O

Definition 2.17. We call a category C thin if for any two objects a,b € C
there is @ most one morphism from a to b.

Notice that if C' is a thin category then sk(C') is a poset. This follows from
the fact that if f:a — band g : b — b in sk(C) then the composition
fg =1y and gf = 1,, hence a and b are isomorphic and then a = b.

Definition 2.18. An adjunction between two categories C and D consists of
two functors F: C — D and G : D — C and two natural transformations
€: FG — 1p and n: 1¢ — GF called the counit and unit, respectively, such
that the compositions

F L par 24 R

G < arG <5 G
are both the identity. We say that G is left adjoint to F.

An adjunction like this induces an isomorphism between the morphism
sets D(F¢,d) = C(c, Gd) for any ¢ € obC and d € obD. For every g : Fc — d
in D and f: ¢ — Gd in C, we can define ¢(g9) = Gg o n. and this is an
isomorphism with inverse ¥(f) =eqo0 Ff.

2.3 Slice and coslice category

Definition 2.19. For a category C, we denote by a/C the coslice category
of C under a. It has as objects all morphisms in C with domain a. The
morphisms between two objects of a/C, say ¢1 : a — x1 and @3 : a — x3,
are any morphisms f € C(x1,x2) that makes the following diagram commute
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®1

qQq ——— I

©2
T2

The slice category C/a has as objects all morphisms in C with codomain a.
The morphisms between two objects of C/a, say p1 : 1 — a and @3 : x2 — a,
are any morphisms f € C(x1,x2) that makes the following diagram commute

®1

Q+— I

©2
T2

a//C is the full subcategory of a/C with objects all non-isomorphisms with
domain a. Similarly, C//a is the full subcategory of C/a with objects all
non-isomorphisms with codomain a.

Notice that 1, : @ — a is an initial object in a/C and a terminal object in

C/a.

Example
If we consider a poset P as a category and an object K € P, then the slice
category P/K ={H € P| H < K}.

Definition 2.20. Let C be a finite category and let S and T be two full
subcategories of C. If

a € 0b(S) and C(a,b) # 0 = b € ob(S)
C(a,b) #0 and b € ob(T) = a € ob(T)

holds for all a,b € ob(C) then we call S a left ideal in C and T a right ideal
wn C.

Proposition 2.21. For an El-category a//C is a left ideal in a/C
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Proof. Assume ¢ : a — bis an object in a//C. Then ¢ is a non-isomorphism
in C. Let ¥ : a — ¢ be an element of a/C. Assume also that there is a mor-
phism g € (a/C(p,1)). Assume for contradiction that 1 is an isomorphism.
Then we have the following commutative diagram

¥

¢—1
C

and since we C is an El-category ¢ would also be an isomorphism. Hence
Y € ob(a//C) and a//C is a left ideal in a/C. O

10
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3 The Geometric realization of a category

In this section we see how categories produce topological spaces and functors
produce continuous maps between these topological spaces. We also see that
anatural transformation between two functors produces a homotopy between
the maps defined by the functors. My treatment of the subject is based on Ib
Madsen’s lecture notes and on Quillen’s article "Higher algebraic K-theory".
Once again this is mostly a preliminary presentation and also includes some
theorems stated without proofs.

3.1 The Geometric realization of a category

Let C be a small category. The topological space associated to a category is
constructed in two steps. First we define the nerve of a category which is a
simplicial set and then we define the geometric realization of this simplicial
set which gives us a topological space. We denote by NC' the nerve of C,
which is a simplicial set. The n-simplices are the compositions xg — ... = xp,
in C. The 0-simplices are the objects of C. The geometric realization of the
nerve, BC, is called the classifying space of C: This is a CW-complex and
the n-cells are in a one-to-one correspondence with the n-simplices of the
nerve where non of the arrows are the identity. If an n-simplicex contains
the identity as one of its arrows we call it degenerate.

For an integer n > 0 we define the category [n| which has as objects
{i € Z| 0 <i < n} and there is exactly one morphism from ¢ to j provided
i < j. The functors from [n] to [m] consist of weakly increasing functions
0 : [n] — [m]. The category A has as objects [n] and the morphisms from
[n] to [m] are the functors from [n] to [m].

A simplicial set is a functor X[—] : A°? — Set. The morphisms in A
are generated by the face maps d' : [n — 1] — [n], the map that skips 4
and the degeneracy maps s’ : [n + 1] — [n], the map that repeats i. Define
di : X[n] - X[n —1] and s; : X[n] — Xn + 1]. These maps satisfy the

11
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simplicial identities [7]

didj = dj_1d; for i < j

sisj = sj418; for i < j
sjdy ifi<y

disj =41 ifi=jori=75+1
sjdi—1 ifi>j54+1

The nerve NC[—] of a category C' is the simplicial set given by NC[n] =
{co > 1+ = cn} = {F : [n] - C} and for 0 : [n] — [m] we define
6* : NC[m] — NC[n] given by 6*(jm] 2> C) = [n] & [m] £ C.

Simplicial sets form a category sSet. The morphisms f[—] : X[-] — Y[-]
are the functions f[n] : X[n| — Y[n] that make the diagrams commute

flm]
X[m] [m]
0* 0
X{n] Y[n]
fln]
for each 0 : [n] — [m] in A. A functor F : Cp — C} induces a map of simpli-
cial sets NF[-] : NCy|-] — NCin]. In degree n we have
F(ecp —» -+ = ¢,) = Feo, — -+ — Fep, and this makes the above dia-

grams commute.

Let A" be the standard n-simplex

{(to, - -tn) € R™T1| Zti =1and ¢; >0 for all ¢}
i

A morphism 6 : [n] — [m] induces a continuous map 0, : A" — A™ given

by 0. (3_ties) = > tiegg)

12



3 The Geometric realization of a category

Example

If we have a functor 6 : [1] — [2] defined by 6(0) = 0 and (1) = 1, then we
have a continuous function 6, : A' — A? that maps leg + 0eq +0eg + - - - to
169(0) —G-Oeg(l) 4+ 0eg+--- =1leg+0ey + 0e; +--- and Oeg + 1le; + Oeg + - - -
to 069(0)—1-169(1)4-0624-"‘ = 0eg + leg +0eg + - --.

We now associate to each simplicial set a topological space, its geometric
realization.

X[l =[] Xn] x A"/ ~
n=0

where (x"’di(tn—l)) ~ (dixnvtn—l) for =, € X[n]vtn—l e A" ! and
(2, 8 (tns1)) ~ (8iTn, tni1) of T, € X[n], tyr1 € AL

A morphism f[—] : X[-] — Y[—] of simplicial sets induces a continu-
ous map of geometric realizations |f[—]| : |X[—]| — |Y[-]| induced from

LIf[=] x id : || X[n] x A™ = [ |Y[n] x A"

To sum up: a functor F' : Cyp — Cj induces a continuous map BF :
BCy — BCi. The composition Cy LN &) N Cy is given by B(G o F) —
BG o BF and for the identity functor 1¢ : C — C we have B(1¢) = 1pc.
Hence B is a functor from Cat to Top

One can show that the resulting topological space is a CW-complex and
the n-cells are in a one-to-one correspondence with the non-degenerate n-
simplices of the nerve. [7]

13
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Example
Consider the following category C

1 1

Q ®

1|
C

1
The nerve of this category is

NC[0] = {a,b,c}
NC[ll={a—a, b—b, c— ¢, a—b, a—c}
NC2|={a—a—a, b—>b—b c—>c—c, a—b—b,

a—c—c,a—a—>b a—b—b}

and so on.

In the realization |[NC[-]|, the relation (zy,s'(the1)) ~ (8i%n,tne1) will
collapse all chains containing the identities {a — a, b — b, ¢ — ¢} to the
points {a, b, ¢} and the relation (z,,,d*(tn_1)) ~ (diZn,tn_1) tells us to glue
the simplices together such that the resulting space looks like this

a
c
Example
The cyclic group of order 2, Cy, form a category with one object and two
morphisms, the identity, 1 and g where g9 = 1. The nerve NC3[n] has
exactly non-degenerate simplex for each n > 0 and the resulting space BC

—>b

has one n-cell in each dimension n > 0, hence is homeomorphic to RP*°.

14
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3.2 Properties of the geometric realization

Theorem 3.1. [7] Milnor: The geometric realization preserves product, that
18

(X X V)= = [X[=]] > Y]]
18 a homeomorphism.
We have to be a bit careful choosing our topology on the target, but if

X[—] and Y[—] are both countable we can equip it with the usual product
topology.

The classifying space of the category [1] is homeomorphic to the unit interval
I=]0,1].

Corollary 3.2. A functor F': Cx [1] — D induces a homotopy of classifying
spaces BF : BC x I — BD

A natural transformation ¢ between functors Fy, F1 : C' — D is equivalent
to a functor

F:Cx1—=D

Defined as F'(c,0) = Fy(c), F(c,1) = Fi(c) for all ¢ € obC
The morphisms of C' x [1] are generated by

f xidy: (c,0) = (,0)
fxidy:(e,1) — (1)
ide X t:(c,0) = (¢, 1)

since all morphisms can be constructed by composing the above. We define

F(f X ido) = Fo(f : Foc — F()C/
F(f X Zdl) = Fl(f) : Flc — Flc/
F(id. x 1) : t. : Foc — Fic

An arbitrary morphism in C' x [1] is the composition

(f,0) = (id,e) o (f,ido) = (f,id1) o (id,¢)

15
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F is well-defined since the diagram

) — e
te [
Fi(c) 0 Fi(d)

commutes.

On the other hand, given a functor F' : C' x 1 — D, the two functors
Fo, F1 : C — D given by Fy = Flgoxqoy and F1 = F|oyqy we have the
following commutative diagram

Fofe) — 50 g
F(idc,¢) F(ide, 1)
Fl(c) F(f, idl) Fl(c/)

Hence the two functors are related by the natural transformation
tc:F’{c}XbicX{O}—)DX{l}

It follows from Theorem 3.1 that a natural transformation ¢ : Fy — F}
between functors Fy, F1 : C' — D induces a homotopy from BFy to BF.

Theorem 3.3. An adjunction between categories induces a homotopy equiv-

alence.

G
Proof. Let F and G, C' <= D, be functors such that we have natural trans-
F

formations 1 = GF and 1p = FG. Then we have homotopies 1pc ~
BGoBF and 1pp ~ BFoBG and BC and BD are homotopy equivalent. [

16
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We call a functor F' a homotopy equivalence if it induces a homotopy
equivalence of classifying spaces. We call a category C' contractible if the
classifying space is contractible.

Corollary 3.4. If a category C has either an initial or o terminal object,
then it is contractible.

Proof. We prove the case where C has a terminal object. Assume C has
a terminal object ¢g. Let % denote the 1-category with one object and one
morphism 1,. We have functors F': C' — {*} and G : *x — C. The functor F
sends all the objects of C' to the only object in * and all morphisms to 1.. G
sends the only object in x to the terminal object ¢y and the only morphism
to 1,. The composition F' o G = 1, and the composition G o F' send all
objects in C to ¢y. We have a natural transformation ¢ : 1o = G o F. For
all objects ¢ € C define t. : ¢ = ¢ to be the unique morphism into ¢g. This
is a natural transformation since the diagram

le

o

€o

/ C
C 0
[

commutes for all f:c— ¢. So we have BF' o BG = B(F o () = idp,) and
a homotopy between id¢c and BGo BF = B(Go F'). Hence BC' is homotopy
equivalent to B(x) which is a single point. O

Definition 3.5. Let F : C — D be a functor. For an object dy € D the
category do/F has as its object all morphisms in D with domain dy and
codomain Fc for some object ¢ € C. The morphisms from g : dy — Fc to
g :dy — Fc are the morphisms [ : ¢ — ¢ in C that make the following
diagram commute

17



3 The Geometric realization of a category

do P

Fe

When F is the identity functor dg/F is the coslice category.
We will need the following result shown by Quillen.

Theorem 3.6. [9/(Theorem A) If the category d/F is contractible for all
d € D then F is a homotopy equivalence.

18



4 The Euler characteristic of a category

4 The Euler characteristic of a category

This chapter is based on Tom Leinster’s article. We define the Euler char-
acteristic of a category and investigate some of its properties. A category C
is called finite if both the set of objects and the set of morphisms are finite.
We will only consider finite categories in this section.

4.1 Weighting and Coweighting

Definition 4.1. Let A be a finite category. A weighting on A is a function
k® : obA — Q such that for all objects a € A

> Cla, bk =1

bcobB

A coweighting ke 1s a function ke : 0bA — Q such that

> kalla,b) =1

a€obA

One can also think of weightings and coweightings as matrices. If we arrange
((a,b) in an n x n matrix a weighitng is a column vector satisfying

((a,a) C(a,h) ke
((ba) C(b,b) Rl
: kSl |1

If the matrix of ( is invertible the category C is said to have Md&bius inver-
sion. We call the inverse, u = ¢!, the M&bius function of C. A category C
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4 The Euler characteristic of a category

has Mébius inversion if and only if it has a unique weighting and coweighting.

Examples

1. Let C be the following category

To find a weighting for this category we need to find a column vector

satisfying
31 3\ (k¥ 1
01 0]k |=]1
0 0 3/ \k? 1
kX -2
We see that a weighting for C'is | k¥ | =
]{Z

2. If a category C' has an initial object a, then

(ka ko ke .'-)2(1 00 )

is a coweighting for C' and if C has a terminal object a, then

ko 1
kb 0
—|o

k€l —

is a weighting for C.

For a finite category C we could also have defined weightings and coweight-
ings such that it would be constant on isomorphism classes.

Let [C] be any skeletal category of C and let (([al,[b]) be the number of
morphisms from [a], [0] € [C].

Definition 4.2. A weighting for [C] is a function I® : [C] — Q such that for
all [a] € [C] we have
S C(lal, ) =1

]

[ble[C
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4 The Euler characteristic of a category

The category C' has a weighting if and only if [C] has a weighting and
we have

L1b]
kbl — Z K’ and k° = T
) |[b]]

We could have done the same for coweightings.

4.2 Euler Characteristic

Lemma 4.3. Let A be a finite category, k* a weighting for A and ke a
coweighting for A. Then Y k* => k.
a a

Proof. ; kP =53 kal(a, b))k = k:a(; Cla,b)k?) = S kg O

b a

Definition 4.4. Let A be a finite category that admits both a weighting and
a coweighting. Its Euler Characteristic is given by

X(A) =) ko= K
for any weighting and coweighting.

Any category C with Mé&bius inversion has Euler characteristic, x(C) =
> apt(a,b), the sum of the entries in u(C).
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4 The Euler characteristic of a category

Examples
1. If A is a finite discrete category then x(A) = |obA| since for all objects
a € A k%=1 will be a weighting.
2. If a finite category C has an initial or terminal object then x(C) = 1.

3. The category

2 1
a 2 b
1

does not admit a weighting or a coweighting, hence it does not possess
Euler Characteristic as defined here.

Proposition 4.5. If F': A — B is an equivalence, then x(A) = x(B).

Proof. We know that F' induces an isomorphism F : sk(A) — sk(B) so
X(sk(A)) = x(sk(B)). And we know that x(A) = x(sk(A)) since

> ="k

[a]e[A] acA
Hence x(A) = x(B). O

Proposition 4.6. Let A and B be finite categories. If there is an adjunction
F

A = B and both A and B have Euler characteristic, then x(A) = x(B).
G

F
Proof. Let A =2 B be an adjunction. We have a natural transformation

G
14 — GF and a natural transformation FG — 1. We know that ((Fa,b) =
((a, Gb) for all objects a € A and b € B. Let ko be a coweighting on A. For
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4 The Euler characteristic of a category

every b we have 1 =Y k,((a, Gb). We can write

X(B) =Y k="K ki((a, Gb))
b :i%éﬁ@%%)
= Z ka<§bj C(Fa,b)k")

e

= x(4)

4.3 Euler Characteristic of a Finite Poset

Proposition 4.7. A finite poset S has Euler Characteristic > (—1)"cy,
n>0
where ¢, is the number of chains in S of length n.

Proof. We look at the Mdbius function g(a,b)spes = 1(S) = ¢71(a,b)apes
for a finite poset. For a,b € S we have that

(b {1 ifa<b

0 otherwise

Hence, ju(S) = ¢1(8) = (E+(C— E)) ' = E— (C— E)+ (C— B> — -
where E is the identity matrix.

The matrix ((a,b) can be arranged such that we have one in the diagonal
and zero below and 1 above if a < b. Notice that (( — E)(a, b) is the number
of 1-simplices from a to b in S and ({ — E)*(a, b) is the number of k-simplicies
from @ to b in S for £ > 0. Hence ), ,cs(¢ — E)*¥(a,b) is the number of
k-simplicies in S.

So x(5) = Zbu(aa b) = 3 E(a,b) — 3(¢ — E)(a,b) + (¢ — E)*(a,b)... =

a,b a,b a,b

S (—=1)¥cy, where ¢y, is the number of k-simplicies in S. O
k

For a finite poset S, we can find the usual Euler characteristic of the classify-
ing space of S or we can see S as a category and find the Euler characteristic
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4 The Euler characteristic of a category

as defined in this chapter. The above result tells us that the two Euler char-
acteristics will be the same.

Example

We have seen that the cyclic group (5 is a category with one object and
two morphisms and that BCy = RP°. This is not a finite CW-complex and
traditionally it does not have Euler characteristic but according to our new
definition the Euler characteristic of this category is x(C2) = 1/2.

4.4 Euler Characteristic of Slice Categories

We will show how the Euler characteristic can be expressed using the slice
and coslice category.

Lemma 4.8. If S is a left ideal in C' then any weighting for C restricts to
a weighting for S. And if T is a right ideal in C then any coweighting for C
restricts to a coweighting for T

Proof. Let S be a left ideal in C. If a € 0obS and an object b € obC is
not in S then ((a,b) = 0. Hence a weighting k* : C' — Q restricts to a
weighting k* : S — Q where we have deleted k°. The proof for coweighting
is similar. O

Lemma 4.9. Let C be a finite category admitting a weighting: k® : ob(C) —
Q and let a € ob(C). Then k°®) : ob(a/C) — Q is a weighting for the

coslice category a/C.

Proof. The objects in a/C are exactly the morphisms in C with domain
a. So we can partition the objects of a/C by their codomain ob(a/C) =
[seon(c) Clasb). Also the set of morphisms from b to ¢ in C is the union
of all morphisms from ¢ to ¢ in a/C where ¢ : a — band ¥ : a — ¢
in C. This means that for ¢ € C(a,b) and an object ¢ € C' we can par-
tition the morphisms from b to ¢ in C into a/C morphisms: C(b,c) =
[yec(ae (@/C)(p,¥). We have to show that

Y [(@/O) ) | kM =1

Ypeob(a/C)

24



4 The Euler characteristic of a category

We use the above to conclude :

S 1@/C) ) [ K = 3 3" | (a/C) () | kN

peob(a/C) beob(C) peC(a,b)

= Y | Cleod(p),b) | K

beob(C)

O]

If C is a finite El-category we can arrange the objects such that the ma-
trix of ¢ for the skeletal category [C] is an upper triangle matrix. Indeed, if
we have morphisms f:a — b and g : b — a, then a = b since all morphisms
from an object to itself are isomorphisms. Hence an El-category has a unique
weighting and coweighting that is constant on isomorphism classes.

Definition 4.10. For a category C we denote by x(C) the reduced Euler
characteristic x(C) — 1.

Theorem 4.11. Let C be a finite El-category and let k* and ke be the weight-
ing and coweighting that is constant on isomorphism classes of object in C.

Then for a,b € ob(C)

o X)L (O
S ETare@ ™= T rem) )

1s a weighting and a coweighting for C, respectively. The Euler characteristic
for C 1s
) —X(a//C) _ 3 —X(C//b)
C C(b
Proof. Since C' is a finite El-category, a/C and a//C are also finite EI-
categories and thereby possess Euler characteristics. Since a//C is a left

ideal in a/C the weighting for a/C restricts to a weighting for a//C. The
category a/C has an initial object, and therefore it has Euler characteristic
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4 The Euler characteristic of a category

1= Y peed)

©€0b(a/C)

=[[a]llCa)lk + Y kel
E0b(a/ /C)

= [[a][|C(a)|k* + x(a//C)

since the weighting is constant on isomorphism classes. The proof for
coweightings is similar. O
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5 Equivalence of Brown and Frobenius

5 Equivalence of Brown and Frobenius

For a finite group G and a prime p, we let |G|, be the maximal power of
p dividing |G| and |G|,y be the non-p-part of the order of G, hence |G| =
|G|p|G|pr- We write G, for the set of p-singular elements in G, that is the set
of elements in G of order some power of p and we let 1 denote the identity
element of the group. For a finite group G, we denote by Sg the Brown
poset of G. It consists of all p-subgroups of G ordered by inclusion. S?;*
denotes the poset of all non-trivial p-subgroups of G.

The purpose of this chapter is to show that Brown’s theorem which states
|G|, divides X(S%™) [1] is equivalent to a theorem proved by Frobenius [2]
that |G|, divides |Gp|

This chapter is based on Jesper Mgllers article "Euler Characteristic of
Equivariant = Subcategories"” and "Homotopy Equivalences between
p-Subgroup Categories" by Gelvin and Mpgller.

5.1 The orbit category

LetG be a finite group. The orbit category Og is a category whose objects
are all subgroups H of G and the morphisms between two subgroups H and
K are the sets

Oc(H,K) = Na¢(H,K)/K
={geG|H' S K}/K
={9eCGlg'Hg<K}/K
and

Oc(H) = No(H)/H
={9eG|H'SH}/H
={9yeG|g'Hg< H}/H

This is a category since the identity 1 € Ng(H)/H and the composition
of morphisms is given by the following: Let H, K and J be subgroups of G
and let z € Ng(H, K) and let y € Ng(K,J). Then zy € Ng(H,J) and is
a morphism from H to J since (xy)'Hry < y~ 'Ky < J. We could equiv-
alently have defined the orbit category Og as a category whose objects are
the G-sets G/ H for all subgroups H of G, and the morphisms G/H — G/K
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5 Equivalence of Brown and Frobenius

are G-maps. The restriction that this has to be a well-defined G-map will
lead to the same morphism set as before.

The orbit category is an El-category. This follows from the fact that if
gH € Og(H) then g € Ng(H) < g 'Hg < H and since G is finite we have
that g 'Hg = H. Hence gHg ' = g9 'Hgg™' = H so g~! € Ng(H) and
gilH S Og(H)

For a subgroup K < G we will also need to look at the slice category Og/K
with objects being morphisms in Og with codomain K and where morphisms
from g1 K : Hi — K to go K : Hy — K are the morphisms gHy € Og(H1, H2)
that makes the following diagram commute

n K
H, K
gHy
K
Ho

That is, the morphisms from g1 K : Hy — K to goK : Hy — K is the set
{9 € G| Hl £ Hy,q1K = gg2K}/Hs. This is well-defined. The category
O¢//K has as objects all morphisms H — K such that |H| < |K|, otherwise
we would have an isomorphism gK : H — K. Notice that this is a thin cate-
gory. In the same way we can define the coslice category K/Og and K//Og.

We want to find weightings and coweightings for the orbit category. To
start with we look at the category Oy, where V is an elementary abelian
p-group, and find a coweighting for this category.

Definition 5.1. Let C, be the cyclic group of order p. A group G is an
elementary abelian p-group if it is of the form G = Cp x Cp, x --- x C),. We
call the number of copies of C), the dimension of G.

Lemma 5.2. Let V be an elementary abelian group and let U be a subgroup
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5 Equivalence of Brown and Frobenius

of V. The function Ko : 0b(Oy) — Q

|V |t if dimU=0
Ky=q@(p-1)|V \’1 if dimU=1
0 otherwise

s a coweighting for Oy .

Proof. Let Uy and Us be two subgroups of V. If Us is a proper subgroup of
U; then there are no morphisms from Uy to Us. So it is enough to show that

>th <, Kui|Ov (U1, Uz)| = 1. Since V' is abelian there are % morphisms

from Uy to Us. The statement is then that 3 r; 1, KUl% = 1. When
Us = {1} this is true. An elementary abelian group (Cp)" has p™—1 elements

of order p and each of them generates a subgroup of order p. But every
subgroup of order p has p — 1 generators hence the number of distinct p-

subgroups is p:__ll. Therefore if |Us| = p™ :

vl 1|V (p—1) |V
Ky =—"—+ T
2 Uoa] ~ V] Ue] 2 V(0]

U1 <Usy U1 <U; of order p
1 (p—1)
= +
|Ua| pnz_l U2
o1

=1
So Ky is a coweighting for V. O
Example

Let G be the elementary abelian group Cy x Cy. The orbit category Og has
as objects the following subgroups Ca x Cy, Ca, Co, Cs, 1. For two subgroups
H and K with K < H the morphism set Og(H, K) is empty. When H < K,
the morphism set is {gK € G | g1 Hg £ K} = G/K since G is an abelian
group. For example the morphisms from any subgroup H to Cy x Cs is the
set Og(H,Cy x Cy) = {1}. The function

1/4 if dimU=0
Ky =<1/4 if dimU=1

0 otherwise
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5 Equivalence of Brown and Frobenius

is a coweighting for G.

Let Og’v) be the full subcategory of Oy that consists of all but the ter-
minal object V.

Theorem 5.3. The Euler characteristic of the category Og’v) 18
0 if dimV=0
O =L p 1 if dimv=1
1 dimV>1

Proof. When the dimension of V is 0 Ogy) is the O-category and has Euler
characteristic 0. When V has dimension 1, V has only one proper sub-
group, the trivial group. It has dimension 0 so the assertion follows from the
above Lemma 5.2. When dimV > 1 the coweighting for Oy restricts to a
coweighting for 05,\/) because 05,\/) is a right ideal in Oy . By the Lemma
5.2 Ky = 0, so we have that x(Oy) = X(Og’v)). Oy has a terminal object,
hence X(O[1 V)) 1 O

5.2 Homotopy equivalences of the orbit category

In this section we will categories that are homotopy equivalent to the orbit
category. First we will need some results from algebra.

Lemma 5.4. Let G be a group. The number of p-singular elements in G is

Gpl=1+ > @—pHiCl=pt+ Y (1-pHC|

1<C<G 1<C<LG
where C is a cyclic p-subgroup of G.

Proof. Instead of counting the p-singular elements in GG, we count the cyclic
p-subgroups generated by the p-singular elements of G and use that for a
cyclic group Cpi, we know the number of elements of order p'. First, the
subgroup generated by 1 is the trivial group and it has one element. Two
distinct cyclic subgroups of order p cannot share any element except for 1
and in general two distinct cyclic groups of order p’ cannot share an element
of order p’ since this element will generate the entire subgroup. There are
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5 Equivalence of Brown and Frobenius

(p — 1) elements of order p in each C,. For a subgroup of order p' we can
use Eulers ¢ function to count the elements of order p'.

o) =p"'(p-1)

hence the elements of C: of order p' are p'~!(p —1). Thus

Gpl=14 > (1—-pHC]|
1<C<G

O]

Definition 5.5. For a group G, the Frattini subgroup of G is the intersection
of all mazimal subgroups of G and il is denoted ®(QG).

®(G) is a normal subgroup. One can show that for a p-group P, ®(P) is the
smallest subgroup such that P/®(P) is elementary abelian.

Lemma 5.6. A p-group P is cyclic if and only if P/®(P) is one-dimensional.

Proof. Let P be a cyclic p-group that is P = C,,; for some i. Then ®(C,;:) =
Cpi-1 and Ci /®(C)i) = C) hence the Frattini quotient is one dimensional.
Let now P be any p-group, P = C; XCpiQ XX C,ir and assume P/®(P) =
Cp. Then the order of |®(P)| = W = p~lp®2...pir. Since ®(P)
is the smallest subgroup making P/®(P) elementary abelian, P has to be
cyclic. Ifnot, the subgroup N = Ciy -1 X Cpin-1...C,
making the quotient P/N elementary abelian. O

ir—1 is a smaller subgroup

Also every subgroup @ of P containing the Frattini subgroup is normal.
This is because we have a surjective group homomorphism P % P/®(P)
and since P/®(P) is abelian the subgroup @/®(P) is normal in P/®(P)
and hence Q®(P) is normal in P.

Let OE(P)’P) be the orbit category with objects proper subgroups of P
containing ®(P) and let OLL/2(P))

P/®(P) be the category with objects all proper
subgroups of P/®(P)

Lemma 5.7. Let P be a finite p-group. There is an isomorphism between the

categories
OE(P)’P) OLL/2(P))

= Opjap)
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5 Equivalence of Brown and Frobenius

Proof. We will show that the objects and the morphisms are in a one-to-one
correspondence. The objects are in a one-to-one correspondence since we
can use the fact that for a normal subgroup N of G, every subgroup of G/N
is of the form H/N where H is a subgroup of G containing N. There is also
a one-to-one correspondence between the morphisms of the two categories.
Let Q1 and Q2 be two subgroups of P containing ®(P) with Q1 < Q2. Since

every subgroup of P containing the Frattini subgroup is normal we have that
(©(P),P)

the morphism set from 1 to (2 in Op is the set
P/®(P)
NOE;P(P)vP)(Qh QQ)/QQ = P/Q2 = W
The morphism set from Q;/®(P) to Q2/P(P) in OE}Z{%P» is also the set
QZ / /<I‘>§(PP)). Thus we have an isomorphism. O

Now we look at the orbit category Of, of a finite group G, which has as
objects all p-subgroups of G and find a coweighting for this category.

Theorem 5.8. The function

G|t i K = {1)
kx =S |GI7H1 —p YH|K| if K > 1 is cyclic
0 otherwise

s a coweighting for Og and the Euler characteristic is

_ Gl

x(0g) = Fej

Proof. We use Lemma 4.11 to find a coweighting for OF, defined as

—X(06//K)

5= OB ()]

where K is a p-subgroup of G and [K] is the isomorphism class of K in O%,
that is the set {KY | g € G}.
First we show that we have equivalences of categories

i : O — O%/K and i : O™ — o2,/ /K
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5 Equivalence of Brown and Frobenius

First we define ix. The element 1 € Ng(H,K)/K. Let H be an object
in O.. The functor ix assigns to every object H in O, the morphism
1K : H — K. For a morphism fHy € OF(Hi,Hz) we have to assign
a morphism from 1K : Hi — K and 1K : Hy — K, e.i. a morphism
g : Hi — Hs that makes the following diagram commute

Hy g

Hy
1K

K

If we let g = f, the diagram commutes since 1K = K = gK because
g € K. We can restrict this functor to i} : O%’K) — O//K since O%’K)
only contains subgroup H < K
By construction the functor ¢7 is full and faithful and essentially surjective
on objects, and by Theorem 2.15 it is an equivalence. We now know that

O%’K) and O¢//K have identical Euler characteristic.

We claim that we have an adjunction between the categories OE’K) and

O[I?(K)’K). We want to show that L is left adjoint to R, where
LK) & [@(K),K) ~ ALEK/®K
O[K ) Og{( LK) & OEX/@/(K() )

and L and R are given by L(Q) = Q®(K) and R(Q) = Q for any subgroup
Q=K.
We first check that these are indeed functors. Since the Frattini subgroup is
a normal subgroup Q®(K) is again a subgroup of K containing ®(K), hence
is an object of O[[(?(K)’K). A morphism g : H — J in O%’K)
morphism from H to K in O[I?(K)’K). This holds since

will also be a

g ' H®(K)g =g 'Hgg '®(K)g < JO(K)
This is also well-defined since

O (H, J) = {gJ | g Hg < J}
and

ORI (He(K), Jo(K)) = {gJO(K) | g HO(K)g < JO(K)}
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5 Equivalence of Brown and Frobenius

and if gJ = ¢'J then g7'¢’ € J so g7'¢’ € J®(K) that is gL®(K) =
g JP(K).
The functor R does nothing to objects and morphisms. We have to show that

there are natural transformations s : LR — 1O[<I>(K),K) and t : 10[1,K) — RL.
O(K) K
The first is easy since it is actually equal to the identity functor.

For the second one we have to show that for all object H in O[I?K) there
exists a morphism ty : H — H®(K) such that for every gJ : H — J the
following diagram commutes

qJ
H J
ty ty
HO(K) JO(K)
9J(K)

We can choose ty = 1H®(K) since 17'H1 = H < H®(K) and this will
make the diagram commute since tggJ®(K) = gJP(K) = gt ;JO(K)

Thus there is an adjunction between the two categories and they have iden-
tical Euler characteristic x(O)//K) = X(O%’K).

We use the Orbit-Stabilizer Theorem (|4] Chapter 11, Theorem 4.3) to obtain
the following equality |[K]||O%(K)| = [G : K]. Hence

—X(O%//K) _ ~x(O1"V))
KIORE)] ~ 16K

kr =

where V = K/®(K) is the Frattini quotient of K.
Since V is elementary abelian we can use Theorem 5.3 and we see that we
only get a contribution to kx when the dimension of K/®(K) is 0 or 1 since

1 if dimV=0
—ROMy =31 —p71if dimV=1
0 dimV =1

If the dimension of K/®(K) is 0, then kx = 1/|G|. Since K is cyclic if and
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5 Equivalence of Brown and Frobenius

only if V' is one-dimensional we have that

—x(O")  (1-p
kK = =
|G : K| |G : K|

= |K|(1-p )G

. Hence a coweighting for O7, is

|G|t if K ={1}
kx =< |G7H1 —p~H|K| if K > 1is cyclic
0 otherwise

for any p-subgroup K of G. To find the Euler characteristic of this category
we have to take the sum of the values of the coweightings and we can use
(€]

Lemma 5.4 to conclude that x(Of,) = o O

Now we find a weighting for the category OF and use the fact that for a
category admitting both a weighting and a coweighting their sum must be
the same.

Theorem 5.9. The function

~ +*
a X505 )
|G : H |

s a weighting for Og and the Fuler characteristic is given by

(08 =% —U(SPem) _ 3 X (B
T2 TG T 2 T0a) |

where H is a p-subgroup of G and [H] is the conjugacy class of H .

Proof. Again we use Lemma 4.11 to define a weighting for OF,.

i _ —XUH//0G) _ —X(H//O0g)
[H][|Oc(H) |G - H]

We want to show that the categories H//OZ, and SngEH) are homotopy
equivalent.
We start by looking at a functor rg : H/O% — SgG(H). An object in H/OY,
is a morphism in O (H,K) where H and K are p-subgroups of G. Let
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5 Equivalence of Brown and Frobenius

gK € O%(H,K) = Ng(H,K)/K. The functor rg sends takes this object to
Nog(H)/H. This is an object in SgG(H) since it is a p-subgroup of O%,(H)
as 9K = gKg~ ! is a subgroup of G. Let xK5 be a morphism from g; K; to
g2K5 in H/OY, that is a morphism in OF, that makes the following diagram

commute

g1 K4

K

K
g2482 e

K,

*

Then 2 'Kz £ Ky and 12Ky = g2 Ko i.e. gz_lglx € K>. Since SSZ(H)
poset ry can only send morphisms to the inclusion, so we have to make sure

is a

that 7y (g1K1) < ru(g2Ka) if there is a morphism between them in H/OY,
i.e. that Noig, (H)/H < No2g,(H)/H. This holds since 9 K < 92K5. This
is true because K¥ < Ky <@ Ky < Ky & % 917 K < 0 97, = [y,
Hence rg is a functor.

We now want to show that rpg is a homotopy equivalence. We show that
for all L < Ng(H)/H the category L/ry has an initial object and hence
is contractible. Then we use Quillen’s theorem A to conclude that rgy is a
homotopy equivalence.

Let L be an object in SgG(H) that is let L be a p-subgroup satisfying H <
L < Ng(G). Let L = L/H be the image of L in Ng(H)/H. The category
L/ry with objects all morphisms in Sgc( H) with domain L and codomain
ri(gK) for all objects gK € OF(H, K). Hence L/ry is the full subcategory
of OF,(H)/H generated by all morphisms gK € OF(H,K) such that L <
Nog (H).

The inclusion 1L : H — L is an object in L/ry since L = Np(H). We
want to show that this object is initial. Let gK be any object in L/ry
that is L £ Nog(H). The morphism gK : H — K extends to a morphism
gK : L — K because LY < Nog(H)Y = Ng(HY) £ K. We have the
following commutative diagram in L/rgy
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5 Equivalence of Brown and Frobenius

This shows that the object, the inclusion H — L, is an initial object in
the category L/ry and it is thereby contractible. By Theorem 3.6 it follow

that rp is a homotopy equivalence and H/OF, ~ SgG(H)'

rir testricts to a homotopy equivalence 7% : H//OY, — SHT*

Oc(m)
hence H//OF, ~ ng:(‘H). We know that any category is equivalent to its
skeleton and that an equivalence of categories induces a homotopy equiva-
lence between their classifying spaces, hence sk(H//O%) ~ H//OZ, ~ ngm
thus their usual Euler characteristic are identical. We know that H//OZ,
is a thin category so both sk(H//O%) and ngm are posets hence these
Euler characteristics equals the ones defined by Leinster and we get that

X(H//0g)) = x(Spr,, )-

Oc(m)
—(SPT*
Now we can write k7 = H;I(ﬁgé(op))| = I[Ij](llga(H))l This weighting is constant
on conjugacy classes, S0 the Euler characteristic is
*X(SP+*
X(OF) = S = S| H] |1 = 5 e =
H H

By combining Theorem 5.9 and Theorem 5.8 we obtain

Pt )

> ol g,
I9) p
2 [0a()
Notice that the contribution from the trivial subgroup H =1 is — (Sg+*)
since Og(1) = G. So we can rewrite the above to

WSGotm) |G|
0c(H)|, [Oc(H)l,

Gl + X(SE) + Y

[H]£1

=0 (1)

We will use this expression to show that Frobenius’ and Brown’s theorems
are equivalent.
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5 Equivalence of Brown and Frobenius

Theorem 5.10. Given (1), Frobenius’ and Brown’s theorems are equivalent.

Proof. Assume Frobenius theorem is true. By induction we can show that
X(Spt ) divides |OG(H)| -

Notice that for the trivial group G = {1} we have that X(Sgr*) = -1
since this category is empty and |G|, = 1 hence |G|, divides )Z(SZH). As-
sume |H|, divides x(S%™) for all group H of order < |G|. Then )Z(Sg;zH))
also divides [O¢(H)|, for H # {1} since |Og(H)| < [Ne(H)| < |G].

al . . . . e
Also [0, 18 an integer divisible by |G]| - Since every term is divisible

by |G|, so is )2(5’?;*). This is Brown’s theorem.
x(sE: |

). . .
Agsume Browns theorem holds. Then % is an integer and IOG‘(LH)I,,/ is

an integer divisible by |G|, and by assumption )Z(Sg+*) is divisible by |G|,
Then so is |Gp|. This is Frobenius’ theorem. O

Example

We look at the group S3 x Ss. This group has order 36, thus |G|y = 22 = 4.
The poset S?;r* consists of the subgroups of order 2 and 4. There are 15
subgroups of order 2 and 9 subgroups of order 4. Each of the subgroups of
order 4 contains 3 subgroups of order 2. This means that |S3 x S3| has 24 0-
simplices and 27 1-simplices. The reduced Euler characteristic is X(Sg“*) =
—14 24 — 27 = —4, which is congruent to 0 mod |G|, = 4.
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