RANK-TWO GRAPHS WHOSE C*-ALGEBRAS ARE
DIRECT LIMITS OF CIRCLE ALGEBRAS

DAVID PASK, TAIN RAEBURN, MIKAEL RORDAM, AND AIDAN SIMS

ABSTRACT. We describe a class of rank-2 graphs whose C*-algebras are AT algebras.
For a subclass which we call rank-2 Bratteli diagrams, we compute the K-theory of the
C*-algebra. We identify rank-2 Bratteli diagrams whose C*-algebras are simple and
have real-rank zero, and characterise the K-invariants achieved by such algebras. We
give examples of rank-2 Bratteli diagrams whose C'*-algebras contain as full corners
the irrational rotation algebras and the Bunce-Deddens algebras.

1. INTRODUCTION

The C*-algebras of directed graphs are generalisations of the Cuntz-Krieger algebras
of finite {0, 1}-matrices. Graph algebras have an attractive structure theory in which
algebraic properties of the C*-algebra are determined by easily visualised properties of
the underlying graph. (This theory is summarised in [24].) In particular, it is now easy
to decide whether a given graph algebra is simple and purely infinite, and a theorem
of Szymanski [34] says that every Kirchberg algebra with torsion-free K is isomorphic
to a corner in a graph algebra. Each AF algebra A can also be realised as a corner in
the graph algebra of a Bratteli diagram for A [6, 35]. But this is all we can do: the
dichotomy of [20] says that every simple graph algebra is either purely infinite or AF,
and a theorem of [27] says that every graph algebra has torsion-free K.

Higher-rank analogues of Cuntz-Krieger algebras and graph algebras have been intro-
duced and studied by Robertson-Steger [29] and Kumjian-Pask [19], and are currently
attracting a good deal of attention (see [14, 17, 18, 26, 33], for example). The theory
of higher-rank graph algebras mirrors in many respects the theory of ordinary graph
algebras, and we have good criteria for deciding when the C*-algebra of a higher-rank
graph is simple or purely infinite [19]. Since these algebras include tensor products of
graph algebras, the Kj-group of such an algebra can have torsion, so these algebras
include more models of Kirchberg algebras than ordinary graph algebras. However, it is
not obvious which finite C*-algebras can be realised as the C*-algebras of higher-rank
graphs. Indeed, we are not aware of any results in this direction.

Here we discuss a class of rank-2 graphs whose C*-algebras are AT algebras. We
specify a 2-graph A using a pair of coloured graphs which we call the blue graph and
the red graph with a common vertex set together with a factorisation property which
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identifies each red-blue path of length 2 with a blue-red path. In the 2-graphs which we
construct, the blue graph is a Bratteli diagram and the red graph partitions the vertices
in each level of the diagram into a collection of disjoint cycles. The C*-algebra of such
a rank-2 Bratteli diagram A then has a natural inductive structure. We prove that
C*(A) is always an AT algebra with nontrivial Kj-group, and in particular is neither
purely infinite nor AF. We compute the K-theory of C*(A), and produce conditions
which ensure that C*(A) is simple with real-rank zero. Using these results and Elliott’s
classification theorem, we identify rank-2 Bratteli diagrams whose C*-algebras contain
as full corners the Bunce-Deddens algebras and the irrational rotation algebras. Under
the additional hypothesis that all red cycles in A have length 1, we improve our analysis
of the real rank of C*(A), and describe the trace simplex.

The paper is organised as follows. In Section 2, we briefly recap the standard defini-
tions and notation for k-graphs and their C*-algebras. In Section 3, we describe a class
of 2-graphs A whose C*-algebras are AT algebras. The blue graph of such a 2-graph A
is a graph with no cycles. The red graph consists of a union of disjoint isolated cycles.
Very roughly speaking, the red cycles in A give rise to unitaries in C*(A) while finite
collections of blue paths index matrix units in C*(A). So carefully constructed finite
subgraphs of A correspond to subalgebras of C*(A) which are isomorphic to direct sums
of matrix algebras over C(T). We write C*(A) as the increasing union of these circle
algebras to show that C*(A) is AT (Theorem 3.1).

In Section 4 we assume further that the blue graph is a Bratteli diagram and that
the red graph respects the inductive structure of the diagram, and call the resulting
2-graphs rank-2 Bratteli diagrams. In Theorem 4.3 we compute the K-theory of C*(A)
for a rank-2 Bratteli diagram A. Our arguments are elementary and do not depend on
the computations of K-theory for general 2-graph algebras [30, 13]. The K-theory calcu-
lation shows in particular that K;(C*(A)) is isomorphic to a subgroup G of Ky(C*(A))
such that Ky(C*(A))/G has rank zero. We also establish a bijection between the gauge-
invariant ideals of C*(A) and the order ideals of the dimension group Ky(C*(A)).

Elliott’s classification theorem for AT algebras says that each AT algebra with real-
rank zero is determined up to stable isomorphism by its ordered Kjy-group and its
K;-group [10]. Thus we turn our attention in Section 5 to identifying rank-2 Bratteli di-
agrams whose C*-algebras have real-rank zero. Theorem 5.1 establishes a necessary and
sufficient condition on A for C*(A) to be simple. We then identify a large-permutation
factorisations property which guarantees that projections in C*(A) separate traces, and
deduce from [2] that if A has large-permutation factorisations and is cofinal in the sense
of [19], then C*(A) is simple and has real-rank zero (Theorem 5.7).

In Section 6 we identify the pairs (Ko, K1) which can arise as the K-theory of the
C*-algebra of a rank-2 Bratteli diagram, and identify among these the pairs which
are achievable when C*(A) is simple and has real-rank zero. We then construct for
each irrational number 0 € (0,1) a rank-2 Bratteli diagram Ay with large-permutation
factorisations such that the irrational rotation algebra Ay is isomorphic to a full corner
of C*(Ay), and for each infinite supernatural number m a rank-2 Bratteli diagram A(m)
with large-permutation factorisations such that the Bunce-Deddens algebra of type m is
isomorphic to a full corner of C*(A(m)). These algebras are examples of simple 2-graph
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C*-algebras which are neither AF nor purely infinite, and show that the dichotomy of
[20] fails for 2-graphs.

In the last two sections we consider rank-2 Bratteli diagrams in which all the red cycles
have length 1. For such rank-2 Bratteli diagrams we show that the partial inclusions
between approximating circle algebras are standard permutation mappings, and identify
the associated permutations explicitly in terms of the factorisation property in A. We
then consider arbitrary direct limits of circle algebras under such inclusions. We give
a sufficient condition for such algebras to have real-rank zero and a related necessary
condition. We describe the trace simplex in both cases. When each approximating
algebra contains just one direct summand, we obtain a single necessary and sufficient
condition for the limit algebra to have real-rank zero.

2. PRELIMINARIES AND NOTATION

Our conventions regarding 2-graphs are largely those of [19]. By N2, we mean the
semigroup {(n1,ns) € Z* : n; > 0}; we write ¢; = (1,0), ez = (0,1) and 0 for the identity
(0,0). We view N? as the morphisms of a category with one object where composition
is encoded by addition and 0 is the identity morphism. We define a partial order on N2
by m < n if and only if m; < ny; and mg < no.

A 2-graph is a pair (A, d) consisting of a countable category A and a functor d : A — N?
which satisfies the factorisation property: if A € Mor(A) and d(\) = m + n then there
exist unique g and v in A such that d(u) = m, d(v) = n and A = pv. We refer to the
morphisms of A as the paths in A; the degree d(\) is the rank-2 analogue of the length
of the path A, and we write A" := d~'(n). We call the objects of A vertices, the domain
s(A) of A the source of A\, and the codomain r(A) the range of \. We refer to the paths
in A as blue edges and those in A® as red edges.

The factorisation property applies with d(A) = 0+d(\) = d(A)+0, and the uniqueness
of factorisations then implies that v +— id, is a bijection between the objects of A and
the set AY of paths of degree 0. We use this bijection to to identify the objects of A
with the paths A° of degree 0, and we view r, s as maps from A to A’. We say that A
is row-finite if the set {\ € A : r(\) = v,d()\) = n} is finite for every vertex v € A” and
every degree n € N2, A 2-graph A is locally convex if, whenever e is a blue edge and f
is a red edge with r(e) = r(f), there exist a red edge f’ and a blue edge ¢’ such that
r(f') = s(e) and 7(e) = 5(f).

For A € A and 0 < m < n < d(\), we write A(m,n) for the unique path in A such
that A = MA(m,n)\" where d(X') = m, d(A(m,n)) = n —m and d(\") = d(\) — n. We
write A\(n) for A\(n,n) = s(A(0,n)).

For E C A and A € A, we denote by AE the collection {Au : p € E,r(u) = s(A\)} of
paths which extend A. Similarly EX := {u) : p € E,s(u) = r(N\)}. In particular when
A=veA Fv=FEns(v)and vE = ENr (v).

As in [25], we write

A= {A e A d(N) <m e M\ {A} = dOp) £ n}.

The C*-algebra C*(A) of a row-finite locally convex 2-graph A is the universal algebra
generated by a collection {s) : A € A} of partial isometries (called a Cuntz-Krieger A-
family) satisfying
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(CK1) {s,:v € A"} is a collection of mutually orthogonal projections;
(CK2) s,s, = s,, whenever s(p) = r(v);

( ) $38u = Ss(u for all p; and

(CK4) sy = > cppnzn Sasy for all v € A° and n € N2

Proposition 3.11 of [25] shows that (CK4) is equivalent to
So =Y ocones Sess for all v € A® and i = 1,2.

There is a strongly continuous action v : T?> — Aut(C*(A)) called the gauge action
which satisfies v,(sy) = 2%V s, for all A, where 2" := 2" 20? € T for z € T? and n € N2,

For i = 1,2, the function f; is the homomorphism f;(n) = ne; of N into N2, As in
[19], we write fA for the pullback

AN ={(\n):neNXxeA, fi(n)=dN)},

which is a 1-graph with the same vertex set as A. We call f;A the blue graph and fjA
the red graph. In this paper, we identify f*A with d~'(f;(N)) C A.

A cycle in a k-graph is a path A such that d(\) # 0, () = s(A\) and A(n) # s(\) for
0 <n <d(N). A loop is a cycle consisting of a single edge. We say that the cycle A has
an entrance if there exists n < d(\) such that r(A)A™\ {A(0,n)} is nonempty. Likewise,
A is said to have an exit if there exists n < d(A) such that A"s(A) \ {A(d(\) —n,d(N\))}
is nonempty. We say that the cycle A is isolated if it has no entrances and no exits.

We say that a k-graph A is finite if A™ is finite for each n. If A is row-finite, this is
equivalent to the assumption that A° is finite.

3. RANK-2 GRAPHS WITH AT C*-ALGEBRAS

In this section we prove the following theorem which identifies a class of 2-graphs
whose C*-algebras are AT algebras.

Theorem 3.1. Let (A, d) be a 2-graph such that

A is row-finite, ffA contains no cycles, each vertex v € A° is the range of an
31 -
isolated cycle A(v) in fyA.

Then C*(A) is an AT algebra.

If A satisfies condition (3.1) then each vertex v lies on a unique isolated cycle A(v)
and hence v is the range of exactly one red edge and the source of exactly one red edge.
If e is a blue edge there are unique red edges f,g with r(f) = r(e) and r(g) = s(e)
and then the factorisation property implies that there is a unique blue edge e’ such that
eg = fe'. Hence every 2-graph A which satisfies condition (3.1) is locally convex.

Figure 1 illustrates the skeleton (skeletons or 1-skeletons are discussed at length in
[25, Section 2]) of a 2-graph satisfying condition (3.1); in this and all our other diagrams
we draw the blue edges as solid lines and the red edges as dashed lines.

Notation 3.2. If A is a 2-graph, we write F for the factorisation map defined on pairs
(p,7) such that s(p) = r(7) by

Fp,7) = ((p7)(0,d(7)), (p7)(d(7),d(pT)))-
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FIGURE 1. The skeleton of a 2-graph satisfying condition (3.1).

If F(p,7) = (7,p), then we write Fi(p,7) := 7" and Fa(p,7) := p’. So: Fi(p,7) has
the same degree as 7 and the same range as p; F2(p, 7) has the same degree as p and
the same range as 7; and F(p, 7)Fa(p, 7) = pT.

Lemma 3.3. Let (A,d) be a 2-graph which satisfies condition (3.1). Suppose that A\
and Ao are isolated cycles in f3A. Let Vi and V, denote the vertices on Ay and Ay
respectively.

(1) For u € Vi(f3A), the map Fi(,-) : s(u)(fiA)Va — r(u)(f{A)Va obtained from
the factorisation map above is a degree-preserving bijection, and

(2) for v € Va(fsA), the map Fo(-,v) : Vi(fiN)r(v) — Vi(fiA)s(v) obtained from
the factorisation map above is also a degree-preserving bijection.

Proof. We just prove statement (1); statement (2) follows from a very similar argument.

The map is degree-preserving by definition. Since r(uo) = r(u), the image of Fi(u, )
is a subset of r(u)A. For o € s(pu)(ffA)Va, we have that (vo) = Fi(v,0)F(v,0)
where Fy(v,0) € As(o). Now s(o) lies on the isolated cycle Ay in fiA. Since
Fo(v,0) € f3A, it follows that s(Fi(v,0)) = r(Fa(v,0)) € V, as well. Hence Fi(v, o)
belongs to 7(v)(fiA)Va.

To see that Fi(v,-) is bijective, note that for o’ € r(v)AVs, there is a unique path
V(o) € s(0’)A%") because A, is isolated. Hence o’ +— Fy(o’,1/(0")) is an inverse for
Fl(I/, ) O

Notation 3.4. (1) Let (A,d) be a 2-graph which satisfies condition (3.1). If e is a

red edge and p is a red path, then (u, e) is the number of occurrences of e in p.

(2) Given a finite set I and a C*-algebra A, we write M;(A) for the C*-algebra
of functions a : I x I — A with point-wise addition, multiplication given by
(ab)(i,j) = Y _jes ali, k)b(k, j), and involution a*(i, j) = a(j,i)*. Any listing of I
determines an isomorphism of M;(A) onto M| (A).

(3) Since lower case €’s already denote generators of N¥ and edges of k-graphs, we
do not use them to denote matrix units. If [ is a finite set, we write {©(1, j) :
i,j € I} for the canonical matrix units in M;(C); we use {0(i,7) : i,5 € I} to
denote a set of matrix units in some other C*-algebra.

(4) We write z for the monomial z — z € C(T), and 2" for z — 2".
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Proposition 3.5. Let (A, d) be a finite 2-graph which satisfies condition (3.1). Suppose
that the set S of sources in fi A are the vertices on a single isolated cycle in f;A. Let Y
denote the collection (fiA)S of blue paths with source in S. Fiz an edge e, in SA®S.
Then there is an isomorphism © : C*(A) — My (C(T)) such that for a, € Y and

v e s(a)(f30)s(5),
(3.2) T(8a5,85)(2) = 2e0(a, B).

The proof of the proposition is long, but not particularly difficult. The strategy is
to identify a family of nonzero matrix units {6(a, ) : o, € Y} and a unitary U
in C*(A) such that U commutes with each 6(a, 3). This gives a homomorphism ¢ of
My (C)®C(T) into C*(A). Since the matrix units are nonzero, we just have to show that
U has full spectrum to see that ¢ is injective. We then show that ¢ is also surjective,
and that taking m = ¢! gives an isomorphism satisfying (3.2).

We proceed in a series of lemmas. We begin with a simple technical lemma which we
will use frequently.

Lemma 3.6. Let (A, d) be a 2-graph which satisfies condition (3.1), and let u,v be red
paths in A.

(1) Ifr(u) # r(v) then sys, = 0; otherwise either v = pv' and s},s, = s, or i = v/
and s#sy = sgb/

(2) If s(p) # s(v) then s,s; = 0; otherwise either p = p'v and s,s}, = sy orv=1'n
and 5,5, = s},.

Proof. Relation (CK1) shows that sys, = 0 when 7(u) # r(v) and that s,s; = 0 when
s(p) # s(v). Because fiA is a union of isolated cycles, we have either yu = vy’ or v = v/
when r(p) = r(v), and either 4 = p'v or v = /' when s(u) = s(v). So (1) follows
from (CK3), and (2) follows from (CK4) because r(p) A= = r(p)A%W = {4} for all
we f3A. O

Lemma 3.7. Suppose that (A, d) is a finite 2-graph which satisfies condition (3.1). Let
S denote the collection of sources in f{A, and let Y := (ffA)S. Then

C*(A) = span {545,553, Sas,55 : @, B € Y,v € S(f3A)S}.
Proof. By [25, Remark 3.8(1)],
C*(A) =span {sps¢ : p, & € A s(p) = s(§)},

so it suffices to show that for all p, £ in A with s(p) = s(§), we can write s,s; as a sum
of elements of the form s,s,s} or s,s55.

Fix p, & € A with s(p) = s(£). Since f;A has no cycles, and A° is finite, there exists
N € N such that A" = ) for all n > N. Thus ASN = (ffA)S = Y. Hence (CK4)
8IVes $pS¢ = X cy(p)y SpaSta- For fixed o € s(p)Y, we factorise pa = nu and o = (v
where n,¢ € ffA and p,v € f;A. Since f5A consists of isolated cycles, we must have
s(n),s(¢) € S, son,¢ €Y, and p,v € S(f;A)S. We have s(pu) = s(nu) = s(pa) =
s(a) = s(§a) = s(Cv) = s(v). Hence Lemma 3.6 shows that either s,,57, = $,5./87, or
SpaSia = SnSySe, where pi', v € S(f5A)S. O
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Lemma 3.8. Let (A,d) be a finite 2-graph which satisfies condition (3.1). Suppose that
the set S of sources in f{A is the set of vertices on a single isolated cycle in fyA. Let
Y = (ffA)S. Fiz an edge e, in SA?S, and for o, € Y, let vo(a, B) be the unique
path connecting s(a) and s() (in either direction) such that (vo(a, 3),ex) = 0. Then
the elements

(0, B) = {Sa%(a’ﬁ’sg if s(n(e. 3))

s(0)
SaSyapSs U s(vola, B)) =s

(@)

form a collection of nonzero matriz units in C*(A).

Proof. The 0(a, ) are nonzero because the partial isometries {s, : p € A} are all nonzero
by [25, Theorem 3.15]. By the definition of the §(«, 5) we have 6(«, 3)* = 0(5, a).
So we need only show that (c, £)8(n,¢) = 0g,0(,(). Now 3,1 € ffA, and they
begin at sources in fiA; it follows that sjs, = ds,s4ps). So it suffices to show that
(0., B)6(5,C) = b(ar, ).

Now 0(a, B)0(8,C) = sat1555ptasi = Satitas where U1 € {Sy5(a,0): S}y (0,5} and 2 €
{500(8.0)+ S1y(5.0) - Hence there are four cases to consider. We will deal with two of them;
the other two arguments are very similar.

If t1 = Syy(a,8) and to = s,5(3,0), then tits = Sy a80(8,0)- Since neither vy, 5) nor
vo(3, ¢) contains an instance of e,, neither does v = vy(«v, 3)1(5, (). Hence v = vy(a, ()
by definition, so 8(«a, )0(5,¢) = 0(«, ().

If t; = Sy5(a,p) and 1y = 5’50(574), then Lemma 3.6 shows that ¢,¢5 has the form s, or s},
depending on which of vy(a, #) and vy(3, () is longer. In either case, v is a path joining
s(a) and s(¢), and since it is a sub-path of one of vy(«a, #) and vy(5, ¢), neither of which
contains an instance of e,, we once again have v = 1y(«, (). 0

Lemma 3.9. Let (A,d) be a finite 2-graph which satisfies condition (3.1). Suppose that
the set S of sources in f{A is the set of vertices on a single isolated cycle in fyA. Let
Y = (ffA)S, and for a € Y, let M) be the unique isolated cycle in s(a)(f3A\). Let
U:=) cy Sasxa)S4- Then U is a unitary in C*(A) and the spectrum of U is T.

Proof. For o, 3 € Y, we have s},53 = 04,35s(a); SO

UuUu* = Z SaSA(a)SaSBSN(3)Ss = Z SaSA(@)Sh(a)Sa = Z S

a,BeY acY acY

by Lemma 3.6. Since A is finite, there exists N € N such that ASY® = Y and so it
follows from the calculation above and (CK4) that UU* =3 _.05, = lo=(a)-

A similar calculation establishes that U*U = 1¢«(s). It remains to show that U has
spectrum T. For this, notice that d(A(«)) = |S|es for all « € Y. Hence the gauge action
satisfies 1 ,(U) = ¢/*IU for y € T. Fix z € o(U) and w € T, and choose y € T such
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that y/°l = 2. We have

zeo(U) U—2zlewa) € C*(A)
(U = 2oy £ C(A)
yPIU = 21cea) & CH(A)
2(WU — 1ovny) € C*(A)7!
w e oa(U).

Hence o(U) = T. O

el

Lemma 3.10. Let (A, d) be a finite 2-graph which satisfies condition (3.1), and suppose
that the set S of sources in f{A is the set of vertices on a single isolated cycle in f5A.
LetY := (ffA)S. Fixz an edge e, in SA®2S. Then the matriz units 0(c, 3) of Lemma 3.8

commute with the unitary U of Lemma 3.9.

Proof. Fix o, 5 € Y and n € N. Let v,(«, 3) be the unique path in s(a)(f3A)s(3) such
that (v, (a, ), ex) = n. Using (CK2) and Lemma 3.6, it is easy to check that

(3.3) U, B) = SaSu,(a,8)55 = 0, B)U™.
Taking n = 1 proves the lemma. 0

Proof of Proposition 3.5. Define 0(«, ) and U as in Lemmas 3.8 and 3.9. The universal
properties of My (C) and of C(T) = C*(Z) ensure that there are homomorphisms ¢y :
My (C) — C*(A) and ¢p : C(T) — C*(A) such that ¢ (O(a, B)) = 0(c, 5) and ¢p(2) =
U. We know ¢, is injective because the 6(a, 3) are all nonzero by Lemma 3.8. We
know ¢t is injective because U has full spectrum by Lemma 3.9. Since U commutes
with the 6(«, 5) by Lemma 3.10, there is a well-defined homomorphism ¢ = ¢y ® ¢ :
My (C) ® C(T) — C*(A) which satisfies ¢(O(a, 5) ® 2") = 0(a, B)U. Moreover, ¢ is
injective because both ¢, and ¢t are injective.

We claim that ¢ is also surjective. By Lemma 3.7, we need only show that if a, 5 € Y
and p € s(a)(f5A)s(B), then s,s,s% belongs to the image of ¢: taking adjoints then
shows that s,s)sj also belongs to the image of ¢. A straightforward calculation shows
that sqs,s5 = U0(a, 8) = ¢(6(a, §) @ 20e)).

Let m:= ¢~ . Since 7(0(c, 8)) = O(c, B) and 7(U) = 2, equation (3.3) implies that
7 satisfies (3.2). O

Proposition 3.11. Let (A,d) be a finite 2-graph satisfying condition (3.1). Let S be
the set of sources of fiA, and write S = S;U---U.S, where each S; is the set of vertices
on one of the isolated cycles in f3A. For 1 < j <mn, let A; :=={\ € A: s(\)AS; # 0},
and let d; denote the restriction of the degree map d to A;.

(1) Each (Aj,d;) is a 2-graph which satisfies condition (3.1), and S; = S NA; is
precisely the set of sources in fiA,;.

(2) For 1 < j < n, let {s;, : p € Aj} denote the universal generating Cuntz-
Krieger A;-family. There is an isomorphism of C*(A) onto @?:1 C*(A;) which
carries 8o5,5% to (0,...,0,8;485,554,0,...,0) for a,8 € Y; := (ffA;)S; and
p € s(a)(f30;)s(8).
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Proof. (1) Fix 1 < j < n. To see that A; is a category, note that for p € A, we have
p € A; if and only if s(p) € A;. Hence £ € A; implies p§ € A;.

To check the factorisation property, suppose that p € A; and d;(p) = p + ¢. The
factorisation property for A ensures that there is a unique factorisation p = p'p” where
d(p') = pand d(p”) = ¢, so we need only show that o/, p” € A;. Since p € A;, there exists
a path £ in s(p)AS; = s(p”)AS;, and it follows that p” € A;. Moreover, p"¢ € s(p')AS;
giving p’ € A; as well.

Since A, is a subgraph of A it is row-finite, and f{A; is cycle-free. For a given isolated
cycle A in f3A, one of the vertices on A lies in A; if and only if they all do, and in this
case all the edges in A belong to A; as well. Thus each vertex of A; lies on an isolated
cycle in fyA;. So A, satisfies condition (3.1).

Let v € S; and fix p € vA. Write p = op where 0 € ffA and p € fJA. Since
S; € S, we must have d(o) = 0. But now p € v(f;A) C S(f;A). By assumption,
S(fs0) = Ui, S;(f3A)S;, so p € SjAS;), and s(p) € S;. Since the S; are disjoint,
S;AS; =0 for j # 1, and it follows that S; = SN A;.

Finally, to see that the sources in f;'A; are precisely SN A;, note first that elements of
SNA; are clearly sources in f{'A;. For the reverse inclusion, let v be a source in f'A;, so
v(fiA;) = {v}. Since v € A;, we have vAS; # (), say p € vAS;. Factorise p = oy where
o€ ffA and p € f3A. Since A satisfies condition (3.1), we have S(f5A) = (f3A)S. We
have s(p) € S; by choice of p, and we therefore have () € S;. But r(n) = s(o), so
o€ (fifA)S; = fiA,;. But v was a source in ffA;, giving v =r(o) = s(o) € Sj.

(2) Define operators {t, : p € A} € Bj_; C*(A;) by t, :== @D;.ea,) Sjp- Because
each {s;, : p € A;} is a Cuntz-Krieger family, {¢, : v € A"} is a collection of mutually
orthogonal projections, so {t, : p € A} satisfies (CK1).

If p, & € A satisty s(p) = r(£), then

(34) tl’tf = <@{j:p€A]~} Sj,p) (@{l:{EAL} Slvf) = @{j:p,ﬁEAj} 84,0856 = @{j:p,&GA]} S5,

Since p§ € A; if and only if £ € A; and since { € A; = p € A;, the right-hand side
of (3.4) is equal to t,c. Hence {t, : p € A} satisfies (CK2).
For p € A, we have

t;tp = <@{]pEA]} S;,p) <®{ZPEAZ} Slvp) - @{]pGA]} S;,psjvﬁ = @{jPEAJ} Sj,S(p)‘

Since p € A; if and only if s(p) € A, {t, : p € A} satisfies (CK3).

Finally, fix v € A% To establish that the {t, : p € A} satisfy (CK4), we need only
show that t, = Y . ae; tets for i = 1,2. For i = 2, this is easy as vA® has precisely one
element f, and f € A; if and only if v € A;. Hence

tity = Dyjiren,y 51855 = Dijigen,y Sirn) = to-

Now consider ¢ = 1. Note that for v € A’ and 1 < j < n, we have v € A; if and only
if there exists a blue edge e € vA® such that e € A;. Using this to reverse the order of
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summation in the third line below, we calculate:
ty = @{j:ve/\j} Sj
= @{j:veAj} <Ze€vA;1 5j768;76>
= cerar (@{j:eé/\j} Sj,eS;,e>

=D cevner lete
and so {t, : p € A} satisfies (CK4), and hence is a Cuntz-Krieger A-family.

The universal property of C*(A) gives a homomorphism ¢, : C*(A) — @_, C*(A;)
such that ,(s,) = t, for all p € A. We claim that ¢ is bijective. To see that ¢ is
injective, let v be the gauge action on C*(A), and let @?:1 7; be the direct sum of the
gauge-actions on the C*(A;). Since d;(p) = d(p) whenever p € A;, it is easy to see
that 1, oy, = (@?:1 7v;)z © Y. Moreover, each p € A belongs to at least one A;, and
hence each t, is nonzero. It now follows from the gauge-invariant uniqueness theorem
[25, Theorem 4.1] that v, is injective.

Finally, we must show that v, is surjective. We just need to show that if p € A; then
s;» belongs to the image of ¢;. For this, note that if p € A; satisfies s(p) € S;, then we

must have s(p)AS; = () for j # [. It follows that for such p, we have s;, =t,. Now let
Y; = (ffA)S; = (ffA;)S; for 1 <j <n. For p € A,

Sjp = Zaes(p)Yj Sj:pasj;,a = zaes(p)Yj tpatz = z/)t(z:ozes(p)yj SPQSZ)7

belongs to the image of ;. 0

Corollary 3.12. Let (A,d) be a finite 2-graph which satisfies condition (3.1). Let S be
the set of sources of fiA, and write S = S;U---U.S, where each S; is the set of vertices
on one of the isolated cycles in fyA. For each j, let Y; := (ffA)S;. Then

C*(A) = @)y My, (C(T)).
Proof. Proposition 3.11(2) gives C*(A) = @;_, C*(A;). By Proposition 3.11(1), each A;

[

satisfies the hypotheses of Proposition 3.5. By Proposition 3.5, we then have C*(A;) =
My, (C(T)) for each 1. O

Proof of Theorem 3.1. By [31, Proposition 3.2.3], it suffices to show that for every finite
collection ay, .. .a, of elements of C*(A), and every £ > 0 there exists a sub C*-algebra
B C C*(A) and elements by,...b, € B such that B = @ |, M,,,(C(T)) for some
my,...my, € N, and such that ||a; — b;|| < e for 1 <i <n.

Since C*(A) = span {s,s{ : p,{ € A}, it therefore suffices to show that for every
finite collection F of paths in A, there is a sub C*-algebra B C C*(A) such that B =
D._, M, (C(T)) for some my,...m, € N, and such that B contains {s,s{ : p,{ € F}.
Our argument is based on the corresponding argument that the C*-algebra of a directed
graph with no cycles is AF in [20, Theorem 2.4].

Fix a finite set F© C A. Build a set G C A®* of blue edges as follows. First, let
Gr={&n—e,n): €€ Fe <n <d&)} be the collection of all blue edges which
occur as segments of paths in /. Then (G is finite because F' is. Next, obtain G5 by
adding to Gy all blue edges e such that r(e) = s(f) for some f € G;. So G9 has the
property that if e € Go, then either s(e)A°* C G or s(e)A“ N Gy = (). Moreover Gy is
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finite because A is row-finite. Finally, let G be the collection of all blue edges obtained
by applying one of the bijections Fi(u,-) of Lemma 3.3 to an element of G; that is
G = {Fi(u,e) : e € Go,pu € (fsAN)r(e)}. Then G is finite because each isolated cycle
has only finitely many vertices and A is row-finite.

Let ' be the subset of A consisting of all vertices which are either the source or the
range of an element of G together with all paths of the form op where o € ffA is a
concatenation of edges from G (that is, o(n,n+e;) € G for all n < d(o) —e1), and p is
an element of s(o)(fsA). By construction, for each isolated cycle A in f5A, any one of
the vertices on A is the source of an edge in GG if and only if they all are. It follows that
I' is a category because it contains all concatenations of its elements by construction.
Moreover, I' satisfies the factorisation property by the construction of G from Gy; so I
is a sub 2-graph of A.

Since G is finite, I'° is finite. By construction of Gy, for each isolated cycle A in
f3 A whose vertices are the sources of edges in G, and for each vertex v on A, either
vA® C G or vA* NG = (. It follows that the Cuntz-Krieger relations for I' are
the same as those for A, so there is a homomorphism 7 : C*(I') — C*(A) such that
m(sr,p) = sa, for all p € ', where {sp, : p € I'}, and {sp, : p € A} are the universal
generating Cuntz-Krieger families. The sj , are automatically nonzero and 7 clearly
intertwines the gauge actions on C*(I') and C*(A), so 7 is an isomorphism of C*(I")
onto C*({sa, : p € I'}) C C*(A).

But I' satisfies the hypotheses of Proposition 3.12 by construction, so C*(I") =
@)_, My,(C(T)). Hence taking B := C*({sa, : p € I'}) gives the required circle
algebra in C*(A). O

4. RANK-2 BRATTELI DIAGRAMS AND THEIR C*-ALGEBRAS

Definition 4.1. A rank-2 Bratteli diagram of depth N € NU{oo} is a row-finite 2-graph
(A, d) such that A is a disjoint union |_|nN:0 V,, of nonempty finite sets which satisfy

(1) for every blue edge e € A, there exists n such that r(e) € V,, and s(e) € V,41;

(2) all vertices which are sinks in f;A belong to Vj, and all vertices which are sources
in fiA belong to Vy (where this is taken to mean that f;A has no sources if
N = 00); and

(3) every v in A° lies on an isolated cycle in f3A, and for each red edge f € A®
there exists n such that r(f), s(f) € V.

Conditions (1) and (2) say that the blue graph f;A is the path category of a Bratteli
diagram. Condition (3) says that each V,, is itself a disjoint union | [;”, V;, ; where each
V,; consists of the vertices on an isolated red cycle.

Every rank-2 Bratteli diagram A satisfies condition (3.1), and hence Theorem 3.1
implies that C*(A) is an AT algebra. The inductive structure will give us an inductive
limit decomposition which we use to obtain a very detailed description of the internal
structure of C*(A) including K-invariants, ideal structure and real rank. To describe
the K-invariants, we first need a technical lemma.

Lemma 4.2. Let (A,d) be a rank-2 Bratteli diagram of depth N. Decompose A =
UX, Uz, Vi as above. For0 <n < N, 1<j <¢c, and 1 <i<cyp
(1) the sets vA“'V,11,, v € V,, ; have the same cardinality A,(i,7);
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(2) the sets V,, jA“w, w € V, 11, have the same cardinality B,(i,7); and
(3) the integers A,(i,7) and B,(i, ) satisfy

(4.1) An (i, ) Vil = Vo A Vagail = [Vagral Ba(i, ).

The resulting matrices Ay, B, € M., , ¢,(Zy) have no zero rows or columns. For 0 <
n <N, letT, € M., (Z) be the diagonal matriz T,(j,j) = |Vy;|. Then A, T, =T,11B,

for0<n < N.

Proof. For statement (1), fix two vertices v,w € V, ;. Let pu be the segment of the
isolated cycle round V,, ; from v to w. Lemma 3.3(1) implies that the factorisation map
Fi(p, -) restricts to a bijection between vA“'V,, 11, and wA®'V, 41 ;. Statement (2) follows
in a similar way from Lemma 3.3(2).

Parts (1) and (2) now show that A, (i,7)|V,;| and |V,41,|B,(7,j) are each equal to
the number |V, ; A® V,,.1 ;| of blue edges with source in V,,41,; and range in V,, ;. This
establishes (4.1).

Equation (4.1) shows that A, (¢,7) = 0 if and only if B,(¢,7) = 0. By (1) and (2),
the sum of the entries of the i® row of A, is equal to |[A®'w| for any w € V,,1,; and
the sum of the entries of the j*™ column is [vA®| for any v € V,;. It follows from
Definition 4.1(2) that A,, and hence also B, has no zero rows or columns.

The last statement follows from (4.1). O

Let A be a rank-2 Bratteli diagram. We refer to the integers ¢, together with the
matrices A,, B, and T, arising from Lemma 4.2 as the data associated to A, and say
that A is a rank-2 Bratteli diagram with data c,, A, By, T),.

Theorem 4.3. Suppose that (A, d) is a rank-2 Bratteli diagram of infinite depth with

data cn, Ay, By, T,,. Then
(1) C*(A) is an AT algebra;

(2) Ko(C*(A)) is order-isomorphic to im(Z, A,,) and there is a group isomorphism

of K1(C*(A)) onto lim(Z, By);

(3) K1(C*(A)) is isomorphic to a subgroup H of Ko(C*(A)) such that the quotient
group Ko(C*(A))/H has rank zero as an abelian group;

(4) the map I — ([sy]|sy € I) C Ko(C*(A)) is an isomorphism of the lattice of
gauge-invariant ideals of C*(A) onto the lattice of order-ideals of Ko(C*(A)).

Theorem 4.3(1) follows from Theorem 3.1. We will show next that statement (3) of
Theorem 4.3 follows from statement (2).

Proof of Theorem 4.3(3). Suppose for now that Theorem 4.3(2) holds. By Lemma 4.2,
we have the following commuting diagram.

/”’————Aoon ‘\\\\\
s 7cn Fn+1 hi>n 7,cn An) Y KO(C*(A))
A
|
(4.2) Tn]\ TT .|
|
e B g s sl (2 B) 2 K (CF(A)
\\\\\\ B.. T

The induced map T, is injective because each T,, is.
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Let H = Too(K1(C*(A))). We must show that every element of Ko(C*(A))/H has
finite order. Fix g € Ko(C*(A)), and fix n € N and m € Z° for which g = Ay ,(m).
Let t € N be the least common multiple of the diagonal entries of 7). For each j,
(tm); is divisible by T,(j,7), and it follows that tm € T,Z°, say tm = T,p. Now
tg = tAwn(m) = A n(tm) = Asn 0 T(p) = To © Boon(p) € H. It follows that the
order of [g] in Ko(C*(A))/H is at most t. Since g € Ko(C*(A)) was arbitrary, it follows
that every element of Ky(C*(A))/H has finite order as required. O

Next we prove Theorem 4.3(2). To do so, we need some technical results.

Lemma 4.4. Let (A, d) be a rank-2 Bratteli diagram of depth N. Let X := Vo ffAVy.
Then X = ANet = VyAsSNeL The projection P =y Sy 18 full in C*(A), and is equal
t0 Y \ex SaSh.

Proof. That X is equal to AV follows from property (1) of rank-2 Bratteli diagrams,
and that this is also equal to VoASYe1 follows from property (2). To see that P is full, fix
¢ € A. By Definition 4.1(2), there exists o € VoAr(§). Hence s¢ = s)505¢ = 55 PSase €
C*(A)PC*(A). It follows that the generators of C*(A) belong to the ideal generated by
P, so P is full. For the final statement, fix v € V[). The first statement of the Lemma
gives vX = vA=Ne. Hence s, = Y, c,x Sask by (CK4). It follows that

P:ZS”:Z ZSQSZ:ZSQSZ.

veVy veVy aevX acX

because X = | |y, vX. O

Lemma 4.5. Let (A, d) be a rank-2 Bratteli diagram of depth N such that the sources
in f{\ all lie on a single isolated cycle in f5A\. Let P be the projection P = ZUEVO S,
and let X = Vo(ffA)Vn. For each edge e, € VA, there is an isomorphism m :
PC*(A)P — Mx(C(T)) such that

(4.3) T(5a5,85)(2) = 200 (a, B)  for all o, B € X and p € s(a)(f3A)s(3)

where (p, e,) is the number of occurrences of e, in p as in Notation 3.4.

veVh

Proof. Let Y be the set (ffA)Vy of paths appearing in Proposition 3.5, which then
gives an isomorphism 7 : C*(A) — My (C(T)). By Lemma 4.4, P is full. Restricting
m to PC*(A)P gives an injection, also called 7 which satisfies (4.3) and has range
Mx(C(T)) € My (C(T)). O
Corollary 4.6. Let (A,d), P and X be as in Lemma 4.5.
(1) There is an isomorphism ¢o : Ko(PC*(A)P) — Z such that ¢o([sasl]) =1 for
every a € X; and

(2) For a € X, let M) be the isolated cycle in f5A whose range and source are
equal to s(a). Then there is an isomorphism ¢, : Ki(PC*(A)P) — Z such that

¢1 ( [sasA(oz)SZ + ZﬁeX\{a} SﬂSED =1
for every a € X.

Proof. The rank-1 projections O(«, ) € Mx(C(T)) all represent the same class in
Ko(Mx(C(T))), and this class is the identity of K,. Likewise the unitaries z
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20(a, @) + 5., 0(8, ) all have the same class in K;(Mx(C(T))) and this class is
the identity of K;. The result therefore follows from Lemma 4.5. U

Lemma 4.7. Let (A,d) be a rank-2 Bratteli diagram of depth N and write Vy =
LI5~, Viv as before. Let Y = (ffA)Vy and X = Vo(f{fA)Vx as before, and let X; :=
Vo(fiMV; for 1 <j<cy. Let P =3 . S
(1) There is an isomorphism ¢y KO(PC'*(A)P) — Z such that ¢o([sash]) = e; for
every a € Xj.
(2) For each o € X, let N «) be the isolated cycle in s(a)(fsAN)s(a). There is an
isomorphism ¢1 : K1(PC*(A)P) — Z“ such that

(4.4) $1 ( [Sask(a)sz + ZBGX]-\{Q} sgsg + ZBGXk,k;«éj 5552]) =€
for every o € X;.
Proof. By Lemma 4.4, we have P = 37 _\sas5 = D" 12 aex, SaSa- Let Py o=

Zan sqsh for each j. The P; are mutually orthogonal and hence PC*(A)P =

Dm, b C*( )P;. We saw in Proposition 3.11 that if A; := {p € A : s(p)AVn; # 0},
then A is a rank 2 Bratteli diagram in which the sources in f{'A; lie on a single iso-
lated cycle in f3A;, and there is an injection ¢; of C*(A;) = C*({t,\}) into C*(A) which
carries tot,th to sos,85 for a, 3 € Y := YVy ;. For each j, let P(A;) € C*(A;) be
the projection obtained by applying Lemma 4.4. Then each injection ¢; restricts to an
isomorphism of P(A;)C*(A;)P(A;) onto P;C*(A)P;

Let ¢ : K;(P;C*(A)P;) — Z be the isomorphisms obtained from Corollary 4.6, so for
o € X;, we have ¢([so55]) = 1 and

¢1(|:8013)\(01)SZ _|’ Z,@EX]'\{OL} SIBSE]) —= 1
These injections combine to give the desired isomorphisms ¢, := @, #* from
K.(PC*(AN)P) = ;" K.(P.C*(A)P;) onto o L=T"".

To see that this satisfies (4.4) for each j, fix 1 < j < ¢y. For each k, the class
[Zﬂe X, sﬁsg]l is the identity element of the direct summand K;(FP,C*(A)P,. Hence
the class of the unitary

SaS,\(a)SZ-I— Z S,@Sg—k Z sﬁs;
BeX;\{a} BEXk,k#]
represents the generator of the j™ summand of @)Y, K;(P.C*(A)Py) and the zero

element in the other summands. O

We now consider a rank-2 Bratteli diagram A of infinite depth. For each N € N, we
consider the sub 2-graph Ay = (ngo Vn)A( ngo Vn) consisting of paths connecting
vertices in the first NV levels of A only.

Lemma 4.8. Let A be a rank-2 Bratteli diagram of infinite depth. For each N € N, the
subalgebra C*({s, : p € Ax}) of C*(A) is canonically isomorphic to C*(Ay). If we use
these isomorphisms to identify the C*(Ay) with the subalgebras of C*(A), then

(4.5) C*(A) = Uy O (Ax).
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Moreover, P =Y _,. S, is a full projection in C*(A) and in each C*(Ay), and

veVy

(4.6) PC* (AP = U, PC*(Ay)P.

Proof. For each N € N, the 2-graph Ay is locally convex in the sense of [25], and the
elements {s, : p € Ax} form a Cuntz-Krieger Ay-family in C*(A). Thus an application
of the gauge-invariant uniqueness theorem [25, Theorem 4.1] gives the required isomor-
phism of C*(Ay) onto C*({s, : p € Ax}). Since each generator of C*(A) lies in some
C*(An), we have (4.5).

The projection P is full in each C*(Ay) by Lemma 4.4. Hence the ideal generated by
P in C*(A) contains the dense subalgebra |Jy_; C*(Ax) and it follows that P is full in
C*(A). Since compression by P is continuous, (4.6) follows from (4.5). O

Proof of Theorem 4.3(2). Lemma 4.8 implies that the projection P =} . s, is full.
Hence the inclusion PC*(A)P C C*(A) induces isomorphisms on K-theory. The direct
limit decomposition of PC*(A)P in (4.6) and the continuity of K-theory imply that

K.(C*(A)) = K.(PC*(A)P)) = lim K., (PC*(Ax)P).

It therefore suffices to show that the inclusions iy : C*(Ay) — C*(Ay41) and the iso-
morphisms ¢ of K, (PC*(Ay)P) with Z~ provided by Lemma 4.7 fit into commutative
diagrams

o B ey O
o(PC*(AN)P) ————7¢~ K,(PC*(AN)P) 7N
(4.7) (in)s An (in)s By
Ko(PC*(AN+1)P) N1 TEN+1 Kl(PC*(AN+1)P) N1 T EN+1
0 1

Fix N € Nand j < cy.
As in Lemma 4.7 we write XV := V,(ffA)Vy and decompose XV = LI5Y, X . The
inclusion iy of C*(Ay) in C*(Ay41) carries s,s’, into Eees(a)/\el SaeSk.. For each i <

cny1, exactly An(i, ) of the paths ae lie in XN *! and hence the class of s,s% in
Ko(PC*(AN41)P) is given by

[80&82] = [Zees(a)Ael SaeSZe = Zees(a)Ael [80&68;6] = ngfl AN(ZL])e’L

This establishes the commuting diagram on the left of (4.7).

Now for the diagram on the right of (4.7). For 1 < j < ¢y, let e; denote the
generator of the j™ copy of Z in K;(PC*(Ax)P). We set M :=lem{An(i,7) : 1 <i <
cn+1, An(i, j) # 0}, and compute the image of Me; in Ky (PC*(Ay41)P). Let o € XV
By Lemma 4.7,

(4.8) Me; = |30yt + Sgexon (o) 5953

The effect of multiplying by M is that if ¢ € s(a)A®Vy,1,, then the path A(a)Me
factors as o;(e)\(ae)™i where the integer M; is related to M by

(4.9) M|V | = M|Vt
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and where o; is a permutation of s(a)A Vy41,; which preserves the source map. The
inclusion ix of C*(Ay) in C*(Any1) carries the right-hand side of (4.8) to the class of

S = Z SaSx(a)M SeSpe T Z SafSps

e€s(a)AeL BexM\{a}
fes(B)AcL
CN+1
B (Z D Sar0SiaoM wa) * ( > SﬁfsEf)
=L es(@AT Vv BeXM\{a}

fes(p)act

To express S in terms of our generators for K;(PC*(Ayxy1)P), let

U:= Z SaeSao(e) T Z SaFShs

1<i<cn i1 BeXM\{a}
e€s(a)AL VN1 fes(B)Ae1

Then U is unitary because the o; are permutations. Moreover,
CN+1

_ (Z 3 saes)\(ae)MlSO@) + ( > 86f82f>.

1=1 ecs(a)A1 Vi1, BexN\{a}
fes(B)Ac

For any choice of distinguished edges in the isolated cycles at level N + 1, the asso-
ciated isomorphism of PC*(Axy1)P onto @~ M XN+1(C' (T)) obtained from Proposi-
tions 3.5 and 3.11 takes U to a constant function, and hence [U] is the identity element

of Ki(PC*(A)P). Thus (i,).(Me;) = [S] = [U] + [S] = [US]. Moreover,

US) = (i > saesseomsid) H (D Sﬂf32f>]

L =1 eES(a)A51VN+17i 6EXN\{O‘}
fes(B)ac

[eNt1

= H H (Saes,\(ae)Mz 8046 + Z Sﬁfsgf)]

L =1 ees(a)A°1 VN1, BfeXN+1\{ae}

CN+1

:Z Z Me; by (4.4)

=1 ecs(a)A“1VNi1,;

CN+1

= Z () A Vi i Mies.

Hence
CN+1 CN+1

(4.10) (i) Z| A V15| Me; = ZAN i j

Recall from (4.9) that for each ¢, the quantities M and M; satisfy M|Vy ;| = M;|Vni1,].
By Lemma 4.2(3), we also have An(i, )|V ;| = Bn (%, j)| Vi1, so
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Substituting this into (4.10) gives (in).(e;) = >_:~" Bn(4, j)e;i, and this establishes the
commuting diagram on the right of (4.7). O

To conclude the proof of Theorem 4.3, it remains to prove assertion (4). The idea
is as follows. We construct a l-graph B such that C*(B) is AF and Ky(C*(B)) is
canonically isomorphic to Ko(C*(A)). We use the classifications of ideals in the C*-
algebras of graphs which satisfy condition (K) [21, Theorem 6.6] and the classification
of gauge-invariant ideals in the C*-algebras of k-graphs [25, Theorem 5.2] to establish
a lattice isomorphism between the ideals of C*(B) and the gauge-invariant ideals of
C*(A). Finally, we use [31, Theorem 1.5.3] to obtain an isomorphism from the lattice
of ideals of C*(B) to the lattice of order-ideals of Ky(C*(B)).

The next result amounts to a restatement of results of Bratteli [3] and Elliott [9] in
the language of 1-graph algebras. We give the result and the proof here for two reasons:
firstly, the language and notation of 1-graph algebras is more convenient to our later
arguments than the traditional notation of Bratteli diagrams; and secondly, we want
to establish explicit formulas linking the Kp-group and ideal structure of C*(A) for a
rank-2 Bratteli diagram A to the Ky-group and ideal structure of an associated AF
graph algebra.

Proposition 4.9. Let A be a rank-2 Bratteli diagram of infinite depth, and let c,, Ay,
B, T, be the data associated to A. Let B be the 1-graph with vertices B = |_|Z°:0 w.,,
where Wy, = {wn 1, ..., W, } and with A, (i, j) edges from wyy1,; to wy,; for all n,i,j.
Let {tg : p € B} be the universal generating Cuntz-Krieger B-family in C*(B), and let
Q= wew, tw- Then

(1) @ s a full projection in C*(B);

(2) forn €N, the set F,, = span{s,s}; : a, 8 € WoBW,, } is a subalgebra of QC*(B)Q

and is canonically isomorphic to @7, Mw,puw, ,(C);

(3) F, C Fyqq for all n, and QC*(B)Q is equal to \J,—, F,, and hence is an AF
algebra with identity Q;

(4) there is an isomorphism ¢ : Ko(PC*(A)P) — Ko(QC*(B)Q) which satisfies
d([sysy]) = [tsts] for all n € Vo(fiA)Va; and 3 € WoBuw, j; and

(5) there is a lattice isomorphism between the ideals of QC*(B)Q and the gauge-
invariant ideals of PC*(A)P which takes J <1QC*(B)Q to the ideal generated by
{sysy :m € Vo(fi M)Vay, spsiy € J for B € WoBwy, j} in PC*(A)P.

Proof. An argument more or less identical to the proof of [24, Proposition 2.12] estab-
lishes claims (1), (2) and (3)

(4) For 3 € WyoBwy,j, gty is a minimal projection in the ™ summand of F,, and
hence its class in Ko(F,) is the j™ generator e; of Z. The inclusion map ¢ : F,, — F,,41
takes a minimal projection sty in Fj, t0 3. 5 p1 tgetye € Fnir. Hence ¢4t embeds in
the i summand of F,,; as a projection of rank |s(8)Bw, 1| = A,(i,7). It follows
that

(4.11) Ko(QC*(B)Q) = lim(Ko(Fy), Ko(t)) = lim(Z°, A,)

and this is equal to Ko(PC*(A)P) by Theorem 4.3(2).
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Equation (4.11) shows that for 8 € WyBuwy,,;, the class of 5t} in Ko(QC*(B)Q) is
Ason(ej). But this is precisely the class of s,s; in Ko(PC*(A)P) for any n € Vo(fi M)V,
by Lemma 4.7(2) and the left-hand commuting diagram of equation (4.7).

(5) Since B has no cycles, it satisfies condition (K) of [21]. Hence [21, Theorem 6.6]
implies that the lattice of ideals of C*(B) is isomorphic to the lattice of saturated
hereditary subsets of BY via I — H; :={v: s, € I}. We have I = 5pan {tat} : s(ar) =
s(B) € Hr}. Since (1) shows that @ is full, the map I — QIQ is a lattice-isomorphism
between ideals of C*(B) and ideals of QC*(B)Q. Hence if J is an ideal in QC*(B)Q,
we can sensibly define H; := H; where J = QI(Q), and we have J = m{tatg ta, €
WoBH}.

A similar analysis, using [25, Theorem 5.2] instead of [21, Theorem 6.6] shows that the
lattice of gauge-invariant ideals of PC*(A)P is isomorphic to the lattice of saturated
hereditary subsets of A via J +— {v : s,s* € Jfor 7 € VyAv}. For 7 € A we can
decompose 7 = nu where n € ffA and p € fJA, and we have s;s7 = s;s7. If H is
hereditary, then s(7) € H if and only if s(n) € H because A satisfies condition (3.1).
Hence J — {v : sy, € J forp € Vo(fiA)v} is a lattice-isomorphism between gauge-
invariant ideals of PC*(A)P and saturated hereditary subsets of A°.

Now if H C A° is hereditary, then for n € N and 1 < j < ¢, either V,,; C H or
Vo ;NH = 0. Tt is easy to check using this that there is a bijection between the saturated
hereditary subsets of B and those of A° characterised by H C B? — (J{V,.; : w,; € H},
and this completes the proof. 0

Proof of Theorem 4.3(4). Let B be the l-graph of Proposition 4.9. Proposition 4.9(3)
shows that QC*(B)(Q is AF, so it is stably finite and has real-rank zero [31, p 23|. By
[31, Theorem 1.5.3], the map J +— Ky(J) is therefore an isomorphism from the ideal
lattice of QC*(B)Q to the order-ideal lattice of Ky(QC*(B)Q).

The image of an ideal J in Ko(QC*(B)Q) is equal to lim(Ko(J N F},), An|ro(inF.))-
Since the ideals of F}, are precisely its direct summands, J N F), is a direct sum of some
subset of the direct summands of F,, and so Ko(J N F,) = ([tsts] : tsty € J N Fy).
Hence Ko(J) = ([tsts] : tsty € J) C Ko(QC*(B)Q). By Proposition 4.9(4), it follows
that the image ¢~ (Ky(J)) of Ko(J) in Ko(PC*(A)P) is equal to

([sns:)] :n € Vo(fyA) Vo, spsy € J for B € WoBuw,, ;).

Proposition 4.9(5) now establishes that there is an isomorphism 6 from the lattice of
gauge-invariant ideals of PC*(A)P to the lattice of order-ideals of Ko(PC*(A)P) which
takes J to ([s,s;] : s,s; € J).
Since P is full, compression by P induces an isomorphism ¢p of Ky(C*(A)) onto

Ko(PC*(A)P). For n € fiA, we have s,s; ~ Sy, 50 [Ss()] = [sy5;] € Ko(C*(A)).

)

Since each s,s; < P it follows that ¢([ss)]) = [sys;] € Ko(PC*(A)P). Hence
0(J) = ¢p(([ss] : v = s(n) for some n with s,s, € J))

for each ideal J € PC*(A)P. For an ideal I of C*(A), s,s; € PIP if and only if s, € I.
Since P is full and gauge-invariant, I — PIP is an isomorphism between the lattice of
gauge-invariant ideals of C*(A) and that of PC*(A)P. Thus I — ¢ (0(PIP)) is the
desired lattice-isomorphism. O
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Order units and dimension range. Given a C*-algebra A, we write Dy(A) for the
dimension range

Do(A) = {[plo : p € A is a projection} C Ky(A).

Elliott’s classification theorem implies that if A is a simple AT algebra with real-rank
zero, then A is determined up to isomorphism by the data (Ko(A), K1(A), [1a]o) if A
is unital, and by the data (Ko(A), K1(A),Dy(A)) if A is non-unital (see [31, page 51]
and the subsequent discussion). In Section 5 we identify conditions on a rank-2 Bratteli
diagram A which ensure that C*(A) (and hence PC*(A)P) is simple and has real-rank
zero, so it is worth identifying the class [P] € Ko(PC*(A)P) and the dimension range
Dy(C*(A)) € Ko(C™(A)).

Lemma 4.10. Let A be a rank-2 Bratteli diagram of infinite depth.

(1) There is an order-isomorphism of Ko(PC*(A)P) onto lim(Z, A,) which takes
[P] to the image of (|Voil,- -+ |Vo.el) € Z, and an isomorphism of Ki(PC*(A)P)
onto im(Z, By,).

(2) Form e Nand 1 < j < ¢, let Y, ; == (ffA)V,;, and let D,, denote the sub-
set {m € Z : 0 < m; < |Y, | for each 1 < j < ¢,}. The isomorphism of
Ko(C*(A)) onto lim(Z, A,) described in Theorem 4.3(2) takes Do(C*(A)) to
the subset | J "y An co(Dy).

Proof. The first statement follows from Lemmas 4.7 and 4.8. The second statement
follows from a similar argument using Corollary 3.12 to see that the isomorphism
of C*(A,) onto @5, My, (C(T)) takes the class of the identity in Ko(C*(A,)) to
(1Ynals - [Yne|) € Z for each n. O

Remark 4.11. For any choice of vertices v; € Vj ;, it is easy to check that the projection
p =25, Sy, is full in C*(A), and we can use Theorem 4.3 and Lemmas 4.7 and 4.8 to
see that there is an order-isomorphism of Ko(pC*(A)p) onto lim(Z, A,) which takes
[p] to the usual order-unit A o(1,...,1).

5. LARGE-PERMUTATION FACTORISATIONS, SIMPLICITY, AND REAL RANK ZERO

Simple unital AT algebras were shown to be classified up to isomorphism by the Elliott
invariant (K -theory, traces and the pairing between the two) by Elliott in [11]. Earlier,
in [10], Elliott classified the AT algebras of real-rank 0 (not requiring simplicity) by an
invariant consisting of the ordered Ky-group, the Ki-group, and the graded dimension
range. In the presence of both simplicity and real-rank 0, the invariant reduces to the
ordered Ky-group, the K; group, and the position of the unit (for unital algebras) or
the dimension range in Ky (for non-unital algebras) [31, page 51]. This is precisely the
data computed in Section 4.

In this section we characterise the rank-2 Bratteli diagrams A whose C*-algebras are
simple. This enables us to employ a theorem of Blackadar et al. [2] to describe a con-
dition on A which ensures that C*(A) also has real-rank zero. Theorem 6.2 therefore
describes precisely which simple AT algebras with real-rank 0 arise from our construc-
tion.

In a rank-2 Bratteli diagram the factorisation property induces a permutation F of
the set fiA of blue paths: for a € ffA, let f be the unique red edge with s(f) = r(«),
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and define F(«) to be the unique blue path such that fa = F(«a)f’ for some red edge
f'. (In the notation of §3, F(«a) = Fi(f,«).) For a € ffA, the order o(a) of « is
the smallest k& > 0 such that F*(a) = a. If r(a) € V,,; and p is the unique red path
with s(u) = r(«a) and |p| = o(a), then pa has the form au/, and p = A(r(a))™ for
m = ofa)/Vagl

We aim to prove simplicity of C*(A) by verifying that A satisfies the aperiodicity
Condition (A) of [19], so we begin by recalling some definitions from [19]. We denote by
Qi the k-graph with vertices Q) := N paths Q7 = {(n,n +m) : n € N*} for m € NF,
r((n,n+m)) =n and s((n,n +m)) = n+ m. The infinite paths in a k-graph A with
no sources are the degree preserving functors z : {0y — A. The collection of all infinite
paths of A is denoted A*°, and the range of x is the vertex z(0). For p € N*¥ and 2 € A*°,
oP(x) € A* is defined by oP(x)(n) := z(n + p) [19, Definitions 2.1]. A path z € A is
aperiodic if oP(x) = o%(x) implies p = q.

Recall from [19, Definition 4.7] that a k-graph A is cofinal if for every vertex v and
every infinite path z there exists n € N? such that vAz(n) is nonempty.

Theorem 5.1. Let A be a rank-2 Bratteli diagram. Then C*(A) is simple if and only
if A is cofinal and {o(e) : e € A**} is unbounded.

To prove the theorem, we first need to establish some properties of the order function o.

Lemma 5.2. Let A be a rank-2 Bratteli diagram.
(1) Suppose that o = pgr and o = [hy are two factorisations of « € A in which
d(p) and d(3) have the same 15 coordinates and g,h € A°*. Then o(g) = o(h).
(2) For every blue path = (1 B, of length n, o(3) = lem(o(51), ...,0(5,)).

Proof. For (1), write d(u) = (n,k) and d(5) = (n,[), and without loss of generaility
suppose [ > k. Then p(0, (n,k)) = «(0, (n,k)) = 0, say, and the factorisation property
implies that § = §/’. Since d(5') = (I — k)eq, 3 is the unique red path of length [ — k
from 7(h) to s(§) = r(g). Thus g is the image F'=*(h) of h under the (I — k)" iteration
of the permutation F, and hence has the same order as h. (This is a general property
of permutations of sets.)

For (2), notice that the uniqueness of factorisations implies that

FHB) = FHB)FE(B2) - - F*(B)
is equal to 3 if and only if F*(3;) = ; for all i. O

Corollary 5.3. Let A be a rank-2 Bratteli diagram, and suppose that poa = o' u' where
i, p’ are red and o, o’ are blue. Then o(a) = o(d/).

Recall from [19, Definition 4.3] that a k-graph A satisfies the aperiodicity condition (A)
if each vertex of A is the range of an aperiodic infinite path in A. Proposition 4.8 of
[19] shows that if A is cofinal and satisfies Condition (A), the C*(A) is simple. The next
lemma will help us recognise aperiodic paths.

Lemma 5.4. Suppose that x is an infinite path in a rank-2 Bratteli diagram A such that
o(z(0,ne1)) — 00 as n — oo. Then x is aperiodic.

Proof. Suppose that p,q € N? satisfy o?(z) = ¢%(z). We must show that p = ¢. If n
is the integer such that r(z) € V,,, then r(o?(x)) € V,4p, and r(0%(z)) € Vipyq,- Thus
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oP(x) = o%(x) implies that p; = ¢;. Without loss of generality, we may suppose gz > ps.
Now the infinite path y := o®1P2)(z) = ¢(@72) (1) satisfies 0'°2 (y) = y where [ := gy — po,
so y = y(0,les)y. Since o(z(0,pieq)) is finite, Corollary 5.3 implies that the path y also
satisfies o(y(0,ne;)) — oo as n — oco. But for every n we have

y(0,ne1) = (y(0,le2)y) (0, ner) = F'(y(0, ner)),
and hence we must have [ = 0, p, = ¢» and p = q. ([l

Proof of sufficiency in Theorem 5.1. Suppose that A is cofinal and {o(e) : e € A} is
unbounded. To show that C*(A) is simple, it suffices by [19, Proposition 4.8] to show
that for each w € A° there is an aperiodic path x with r(z) = w.

We first claim that for every v € A there exists N such that vAVy; is nonempty for
every i < cy. To prove this, we suppose to the contrary that there exists v € A°, say
v € V,,, and a sequence {i,, : m > n} such that vAV,,,; = 0 for all m. By assumption
the sinks in A belong to Vp, so for each m > n there exists a path &, € V,AV,,,..
Let pg := {&n : m > n}. Since A is row-finite, there exists g; € V,A* such that
p= {n € po : 7(0,e1) = g1} is infinite. For the same reason, there then exists
g2 € s(g1)A° such that py := {n € py : n(e1,2e1) = go} is infinite. Continuing in this
way, we obtain a sequence g; of blue edges such that for each i there are infinitely many
m with &,(0,ie1) = g1...g;. By choice of the &, we then have vAs(g;) = 0 for all
i. For each i, let x; := g1 A\(s(g1))92A(s(g2)) - .. giA(s(g:)). By [19, Remark 2.2], there
is a unique infinite path x € A* such that z(0,d(z;)) = x; for all i. By construction,
we have vAz(n) = 0 for all n € N?. This contradicts the cofinality of A, and we have
justified the claim.

We now fix w € A%, and construct an aperiodic path with range v. By the claim
there exists N € N such that vAVy; # 0 for all j < c¢y. Since the sinks in A° belong
to Vo, we then have wAVy,; # 0 for all M > N and ¢ < ¢y Since sup{o(e) : e €
A“} = oo, and since Uf::ol V, A is finite, there exists M > N and g € Vy;A°' such
that o(g) > 2. By choice of g there exists a path as € vAg, and we may assume
that d(az) > (1,1). Repeating this procedure at the vertex v = s(aq) gives a path ag
in s(ag)A such that o(as(d(as) — eq,d(as))) > 3 and d(as) > (1,1). By continuing
this way we can inductively construct a sequence of paths «; with s(a;) = r(ai1),
d(a;) > (1,1) and o(a;(d(a;) — e1,d(a;))) > i. By [19, Remark 2.2], there is a unique
infinite path z such that z(0,d(as) + -+ + d(o;)) = ag...q; for all i. Part (1) of
Lemma 5.2 implies that d(x(0,ne;)) > o(a;(d(c;) — e1,d(a;))) > @ for sufficiently large
n, and hence d(x(0,ne;)) — oo as n — oo. Thus it follows from Lemma 5.4 that z is
aperiodic, and since r(x) = r(az) = w, this completes the proof. O

For the other direction in Theorem 5.1, we show that if {o(e)} is bounded then the
graph is periodic, and apply the following general result.

Proposition 5.5. Let A be a row-finite k-graph. Suppose that there is a vertex v € A°
and an element p € N¥ such that every x € vA™ satisfies v = oP(x). Then C*(A) is not
simple.

Proof. Let {S\ : A € A} be the Cuntz-Krieger family on ¢*(A*) given by Sye, =
ds(nr(@ere [19, Proposition 2.11]. Then Sie, = Ox2(0,d(N)€qdn) () for all A € A and
xr € A®. Let mg be the corresponding representation of C*(A).
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Fix p € vAP. By assumption on vA>,
SZex = 0,2(0,p)€o?(z) = Opuz(0,p)Ca = SuS:ex

for all x € A*. Hence S; = S,S5;. Let v be the gauge action on C*(A). Fix z € T*
such that z¥ = —1. Then 7.(s},) = —s, and 7. (s,5},) = 8,5}, 50 5,5, — 57 # 0. However
Ts(sus), — s7,) = 555, — S = 0, so the kernel of g is a nontrivial ideal in C*(A). O

Proof of necessity in Theorem 5.1. Suppose that C*(A) is simple. Let B be the 1-graph
associated to A as in Proposition 4.9. By Proposition 4.9(5), QC*(B)@Q is simple, so
Proposition 4.9(1) shows that C*(B) is simple. It now follows from [1, Proposition 5.1]
that B is cofinal, and from the definition of B that A is also cofinal.

We now argue by contradiction that {o(e) : e € A®} is unbounded. Suppose to the
contrary that o(e) < for all e € A®. Then o(e) divides l! for all e € A°'. Let p = lles.
We claim that o?(z) = « for every x € A*°. To compute o(x), we first factor z as

(5.1) z = png1A(s(g1))g2A(s(g2)) - - -

where d(p) = p and d(g;) = e;. Since o(g;) divides [! and p is the unique path of
length ! starting at 7(g1), ng1 has the form gypq where d(py) = d(p) = p. Since the
cycle A(s(g1)) is isolated, we have p1A(s(g1))g2 = A(s(g1))p192. Now iy is the unique
red path of length ! starting at r(gs). Since o(g2) divides !, A(s(g1))u192 has the form
A(s(g1))g2p2 where d(p2) = d(u1) = p. Continuing this way shows that we can also
factor = as

z = g1A(5(91))92A(s(g2)) - - -,

and then (5.1) implies that oP(x) = x, establishing the claim. Proposition 5.5 now
implies that C*(A) is not simple, which is a contradiction. O

We now turn our attention to the problem of deciding when C*(A) has real-rank zero.

Definition 5.6. We say that a rank-2 Bratteli diagram A has large-permutation fac-
torisations if for each v € A and each integer [ > 0 there exists N € N such that

(5.2) o(a) > [ for all a € vAN®,

Since rank-2 Bratteli diagrams are row-finite, a rank-2 Bratteli diagram with large-
permutation factorisations must have infinite depth, and Lemma 5.4 implies that every
infinite path in A is aperiodic.

There are several ways to ensure that a rank-2 Bratteli diagram has large-permutation
factorisations. For example, this is automatically the case if the red cycles get larger as
n grows, or more precisely if min; |V}, ;| — oo as n — oco. Alternatively, we can keep
|V,.,;] small but add lots of blue edges entering each V,, ; and define the factorisation
property to ensure that min{o(e) : r(e) € V,,} — o0 as n — oc.

Theorem 5.7. Let A be a rank-2 Bratteli diagram with large-permutation factorisations.
(1) Every ideal of C*(A) is gauge-invariant, and the lattice of ideals of C*(A) is
isomorphic to the lattice of order-ideals of Ko(C*(A)) via the map described in
Theorem 4.3(4).
(2) If A is cofinal, then C*(A) is simple and C*(A) has real-rank zero.
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To prove Theorem 5.7(2), we show that the projections in C*(A) separate the tracial
states with a view to applying [2, Theorem 1.3].

Recall that for @ € A, A(«) denotes the isolated cycle with range and source s(«). For
the next result, we adopt the convention that for a negative integer m, sy )m = 33( )—m

Lemma 5.8. Let A be a rank-2 Bratteli diagram and let T be a trace on C*(A). Let
a,B € fi\ and p € fsA. Suppose that T(sas,85) # 0 or that 7(s.s,s5) # 0. Then
a = and p= ANa)™ for some m € 7.

Proof. We argue the case where 7(s,5,55) # 0; the other case is similar. Since 7 is a
trace, we have 7(s%845,) = T(sas,s3) # 0. Since p € f3A, both s(a) and s(8) belong
to the same level of the rank-2 Bratteli diagram A; say s(a), s(3) € V,,. Furthermore,
since 53545, # 0, the ranges of @ and § must coincide, and in particular belong to the
same V,,. Since A is a rank-2 Bratteli diagram it follows that d(«) = d(8) = (n —m)e;.
This forces a = 5. But now r(u) = s(f) = s(a) = s(u), and it follows that u = A(a)™
for some m € N. O

Lemma 5.9. Let A be a rank-2 Bratteli diagram. Suppose that A has large-permutation
factorisations, and let T be a trace on C*(A). If o € ffA and T(SaSr(s(a)mSs) 7 0, then
m = 0.

Proof. We show that m > 0 implies that T(sas,\(s(a))msZ) = 0; a similar argument shows
that m < 0 is also impossible, so that m must be 0.

So suppose that m > 0. Taking v = s(«) and [ = m|A(«)| in Definition 5.6 we obtain
an integer n such that for all 3 € vA"er, FmPOI(B) #£ 3. But now

T(SaSA@w)m < D SeS msﬁsﬁs) by (CK4)
BeEvATEL
= Z T(Sa}‘m\)\(v)\(ﬂ)su(ﬁ)SZﬁ>
ﬁE,UAnel

where for each (3, () is the unique element of s(3)A of degree d(A(v)™). By choice
of n, aF™PWI(3) £ af for each term in the sum, and it follows from Lemma 5.8 that
T(8aSx@w)ymss) = 0. O

Corollary 5.10. Let A be a rank-2 Bratteli diagram with large-permutation factorisa-
tions. Then the projections in C*(A) separate traces on C*(A).

Proof. Let 7 and 7, be traces on C*(A) which agree on all the projections in C*(A).
Then 71(8a55) = T2(sqsh) for all @ € ffA. By Lemmas 5.8 and 5.9, it follows that
and 7, agree on Span {845,584, SaS,55 1 @, 3 € fiA, p € fyA}, which by Lemma 3.7 and
the first assertion of Lemma 4.8 is all of C*(A). Thus 7 = 7. O

Recall from [25, Section 5] that given a row-finite k-graph A with no sources, a subset
H of A° is hereditary if r(\) € H implies s(\) € H for all A € A, and is saturated if
s(n) € H for all n € vA™ implies v € H for all v € A° and n € N*.

Proof of Theorem 5.7. If H is a saturated hereditary subset of A°, then I'y; := A\AH =
{n € A:s(n) & H} is ak-graph by [25, Theorem 5.2(b)]. Theorem 5.3 and Remark (4.4)
of [25] together imply that if Iy satisfies [19, Condition (A)] and has no sources for every
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saturated hereditary H C A% then every ideal of C*(A) is gauge-invariant. It therefore
suffices to show that if H C AV is saturated and hereditary, then I'; has no sources and
satisfies the aperiodicity condition.

Fix a saturated hereditary subset H of A°. If v € T'%, then vA® is nonempty. If
vA% C AH, then v € H because H is saturated, contradicting v € T'};. Thus there
exists e € vA% \ AH = vI'};, and 'y has no sources. Each infinite path of 'y is also
an infinite path of A, and hence is aperiodic by Lemma 5.4. Thus 'y satisfies the
aperiodicity condition of [19].

The rest of (1) now follows from Theorem 4.3(4).

For (2), we first deduce from Lemma 5.2 that {o(e) : e € A®} has to be unbounded,
and hence Theorem 5.1 implies that C*(A) is simple. Corollary 5.10 implies that the
projections in C*(A) separate the tracial states. Theorem 4.3 guarantees that C*(A) is
an AT algebra. By [2, Theorem 1.3], a simple AT algebra A has real-rank zero if and
only if the projections of A separate the tracial states, and this proves the result. 0

6. ACHIEVABILITY OF CLASSIFIABLE ALGEBRAS

In this section we characterise the K-group pairs which can arise as those of PC*(A)P
when A is a rank-2 Bratteli diagram with large-permutation factorisations. We have
already shown that the data associated to a rank-2 Bratteli diagram A consists of integers
Cn, matrices A,, B, € M., ., ,(Z) with no zero rows or columns, and diagonal matrices
T, € M., (Zy) with positive diagonal entries such that Ko(C*(A)) = lim(Z*, A,),
Ki(C*(A)) = lim(Z, By), and A, T, = T,,11 B, for all n. Here we establish a converse
and characterise the K-groups that can arise when PC*(A)P is simple with real-rank
Z€ero.

Definition 6.1. We say that an integer matrix M is proper if all entries of M are
nonnegative, and each row and each column of M contains at least one nonzero entry
(cf [7, §A4]). Note that a diagonal matrix is proper if and only if all diagonal entries
are Nonzero.

The data associated to a rank-2 Bratteli diagram always consists of proper matrices.

Theorem 6.2. (1) Let A be a rank-2 Bratteli diagram of infinite depth and suppose
that C*(A) is simple. Then Ko(C*(A)) is a simple dimension group which is not
1somorphic to 7.

(2) Let {c, : n € N} be positive integers. For each n, let A,, B, € M., ., .. (Zy) be
proper matrices, and let T, € M,(Zs) be a proper diagonal matriz. Suppose
additionally that A, T, = T,1B, for all n. Then there exists a rank-2 Bratteli
diagram A such that Ko(C*(A)) = lim(Z, A,,) and K,(C*(A)) = lim(Z, B,,).

— ——
If @(ZC”,An) is simple dimension group which is not isomorphic to Z, then A
can be chosen so that C*(A) is simple with real-rank zero.

Remark 6.3. In Theorem 6.2(2), we do not claim that there is a rank-2 Bratteli diagram
A with data c,, A,, B,, T,,. We can always build a rank-2 Bratteli diagram A with the
specified data (see Proposition 6.4), and if lim(Z, A,) is a simple dimension group, then
A will be cofinal. However, to ensure that C*(A) is simple and has real-rank zero, we
construct a rank-2 Bratteli diagram with large-permutation inclusions, and to do this,
we have to choose a subsequence of N and adjust the data c,, A,, B,, T, accordingly.
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Proof of Theorem 6.2(1). We will show that if Ky(PC*(A)P) is isomorphic to Z or is
not simple as a dimension group, then C*(A) is not simple. Let B be the 1-graph and
() the projection in C*(B) defined in Proposition 4.9. Then parts (3) and (4) of Propo-
sition 4.9 imply that QC*(B)Q is an AF algebra with identity @, and Ky(QC*(B)Q) =
lim(Z, A,) is isomorphic as a dimension grpoup to Ko(PC*(A)P).

First suppose that Ko(PC*(A)P) is isomorphic to Z. Then Ky(QC*(B)Q) is order-
isomorphic to Z, and hence QC*(B)Q = M,,(C) where n = [14] is the class of the unit
[32, Theorem 7.3.4]. Since QC*(B)(Q is finite-dimensional, the approximating subalge-
bras F), of Proposition 4.9(2) must equal QC*(B)Q for large n. Thus F), eventually has
just one direct summand, so ¢, = |W,| = 1 for large n by Proposition 4.9(2). More-
over, since F,, = F, ;1 for large n, we must have |WyBW,,| = |WyBW, 11| for large n by
Proposition 4.9(2), so A,(1,1) = |W,,B'W,, 1| = 1 for large n, say for n > M.

So for n > M, V,, C A° consists of the vertices on a single red cycle, and each vertex
in V,, receives exactly one blue edge from V, ;. Since A4,(1,1) = 1 for all n > M,
Equation (4.1) implies that (|V,|).>a is a decreasing sequence of positive integers, and
hence is eventually constant; say |V,| = ¢ for n > N > M. The set H = |-\ Vi, is
hereditary in the sense of [25, Section 5], and its saturation H is all of A°. Thus C*(A)
is Morita equivalent to C*(HA) by [25, Theorem 5.2]. Now HA is isomorphic to the
product graph €y x C,, where C. is the red cycle with ¢ vertices, and €); is the one-sided
infinite path of blue edges (see [19, Examples 1.7(ii)]). Corollary 3.5(iv) of [19] shows
that C*(Qy x C.) = C*() @ C*(C,) = K ® M.(C(T)), which is not simple.

Now suppose that Ko(PC*(A)P) is not simple as a dimension group. Then the
AF algebra QC*(B)Q is not simple either [31, Corollary 1.5.4], and Proposition 4.9(5)
implies that C*(A) is not simple. O

For the second claim of the theorem, we need to know how to build a rank-2 Bratteli
diagram from the data c¢,, A,, B, and T,. Recall from Definition 5.6 that for e € A°!,
the order o(e) of e is the length of the shortest nontrivial path g € fiA such that

(1e)(0,e1) = e.

Proposition 6.4. Let ¢,, A,, B, and T, be as in Theorem 6.2(2). There is a rank-2
Bratteli diagram A with this data which has the following property: for each blue edge
e € A, say r(e) € V,,; and s(e) € Vi1, we have o(e) = A, (i, J)| Vo jl.

Proof. Since the data of (4.2) is all contained in the 1-skeleton of the rank-2 Bratteli
diagram, [19, Section 6] shows that we need only construct a 1-skeleton with the right
number of edges, and an allowable collection of commuting squares so that the order of
each blue edge in V,, jA“V, 11, is A, (4, 5)|Vy |- By (4.1), this is equivalent to showing
that the order of each blue edge in V,, jA“' V44 ; is maximal.

For each n, the matrix 7}, defines a collection of ¢, isolated cycles A, ; (1 < j < ¢,)
where A, ; has T),(j, j) vertices. The collection of all paths in these cycles is f5A, and
the vertices on each A, ; are the elements of V/, ;.

We want to show that for each j < ¢, and i < ¢,;1, we can:

(1) add blue edges from vertices in A,11; to vertices in A, ; so that the number of
blue edges to each vertex on A, ; from A4, is a := A,(4,j) and the number of
blue edges to A, ; from each vertex on \,41; is b:= B,(4, j); and
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(2) specify an allowed collection of commuting squares so that the resulting permu-
tation of the blue edges in V,, jA“'V, 11, is maximal.

Let v :=T,(j, j) be the number of vertices on A, ;, and let w := T}, 41 (¢, ) be the number
of vertices on A,41;. The commutativity of (4.2) says that av = wb.

We first demonstrate that it suffices to show how to add the desired blue edges when
a and b have no common divisors; that is, when (a,b) = 1. To see this, suppose
that @ = da’ and b = db/, and that we can add the desired edges to obtain the data
An(i,j) = a and B,(i,7) = b'. Then we take the resulting diagram, and add d — 1 blue
edges e(1),...,e(d) parallel to each blue edge e, so that we now have A,(7,j) = a and
B, (i,7) = b, and define the factorisation property by lifting the old factorisation cycle
(e, F(e), F(e),...F¥"(e) = e) to

(e(1), Fle)(1),... F"He)(1),e(2), F(e)(2),..., F " Le)(d),e(1)).

Next we demonstrate that it suffices to show how to add the desired blue edges when
(v,w) = 1. To see this, suppose that v = dv’ and w = dw’, and that we can add the
desired edges in the diagram corresponding to T,,(i,7) = v" and T,,41(j,j) = w’. Then we
may take the resulting diagram, add d — 1 vertices between pairs of consecutive vertices
on A\, ; and on A,;1; and augment each commuting square between vertices on A, ; and
An+1, to a sequence of d — 1 commuting squares as shown in Figure 2 for d = 3.

¢ * ¢ *
| | % %
| |
| 1 $————¢
\Iv Y becomes Y Y
| |
| | Y

¢ ® ¢ ¢

FIGURE 2. Augmenting the commuting squares when (v, w) # 1.

The factorisation property is uniquely determined in each of these augmented paths,
and we obtain a diagram with the desired data 7,,(j,j) = v and T,,41(4,7) = w. Notice
that we have multiplied both the order of the factorisation permutation and the number
of edges in the picture by the same number d.

Finally, we demonstrate how to add the desired blue edges when (a,b) = 1 and
(v,w) = 1. To do this, note that the conditions (a,b) = 1 and (v, w) = 1 together force
a = w and v = b. Now adding the complete bipartite graph from the vertices on A, ; to
the vertices on A, 41, gives a 1-skeleton with the desired data and a unique factorisation
property. We have r(Fi(u,e)) = r(e) if and only if d(u) = kvey for some k € N and
s(Fi(u,e)) = s(e) if and only if d(p) = lwey for some [. Since (v, w) = 1, it follows that
Fi(p,e) # e for 0 < d(p) < vw = va. O

Proof of Theorem 6.2(2). The first claim follows immediately from Proposition 6.4 and
Theorem 4.3(2). Now suppose that @(ZC",A,I) is simple and is not isomorphic to
Z. Forn > mlet A,,, = A,_1A,_2...Ay. We begin by showing that there is a
subsequence (€(n))>2, of N for which all entries of Ayu41),¢n) are at least n.

Since the matrices A,, are proper, the second paragraph of the proof of [7, Lemma A4.3]
shows that we can find a subsequence k(n) of N such that all the entries in the matrices
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Ap(nt1),k(n) are positive and nonzero. Since G ¥ Z, [7, Lemma A4.4] implies that for
every m € 2,

min{ (A emym)i - 1 < i < cpy} — 00 as | — oo,

It follows that for each N € N there exists [ > n such that every entry of Ay rm)
is greater than N. Thus there is a subsequence ¢(n) of k(n) such that every entry of
Ag(ns1),0(n) 18 at least n.

Now {{(n)} is cofinal in N and each Ag41),6n) is proper by choice. So if we let
¢, = Comyy Al = Asayem), By, = Bigt),emy and T, := Ty, for all n, we obtain a
commuting diagram of the form (4.2) in which every entry of A/ is at least n.

Let A be the rank-2 Bratteli diagram obtained by applying Proposition 6.4 to the
data ¢, A, B!, T} . For a blue edge e with range in V,,, the order of e is bounded below
by the smallest entry of A/, hence is at least n. Thus condition (5.2) holds for N = 1.
Hence A has large-permutation factorisations.

Now PC*(A)P has the desired K-theory by Theorem 4.3(2), and it is simple with real-
rank zero because it is a full corner in C*(A), which is such an algebra by Theorem 5.7(2)

(see [22, Theorem 3.1.8]). O

Ezample 6.5 (The irrational rotation algebras). Fix an irrational number 6 € (0,1).
The irrational rotation algebra Ay is the universal C*-algebra generated by unitaries
U,V satisfying UV = eV U. Elliott and Evans have proved that that Ay is a simple
unital AT algebra with real-rank zero [12], and work of Rieffel and Pimsner-Voiculescu
combines to show that Ky(Ap) is order-isomorphic to Z + 0Z, and K;(Ay) is isomorphic
to Z?* (see [28, 23]).

Let [a1,as, as, ...]| be the unique simple continued fraction expansion for € [16, The-
orem 169], and define

a, 1
A= (T o)

Theorem 3.2 of [8] says that Z + 0Z is order-isomorphic to lim(Z*, A,). Let T, := id,,
and let B, = A,. Since Z + 0Z is group-isomorphic to Z?, we obtain a commuting
diagram of the form (4.2) with lim(Z, A,) = Z + 0Z and Lim(Z*", B,) = Z2.

Since Z+ 07 is a simple dimension group, it follows from Theorem 6.2(2) that there is
a rank-2 Bratteli diagram Ay such that C*(Ay) is a simple AT algebra with real-rank zero
with Ko(C*(Ag)) order-isomorphic to Z + Z, and with K;(C*(Ag)) isomorphic to Z?2.
Corollary 4.10 implies that PC*(A)P has the same K-theory with the usual order-unit
for K. Now Elliott’s classification theorem for AT algebras (as in [31, Theorem 3.2.6])
implies that PC*(Ay)P is isomorphic to Ay.

To draw such a rank-2 Bratteli diagram Ay, take A, as above. If ¢(n) :=n(n +1)/2
is the sequence of triangular numbers, then every entry of Ayq,41)¢n) is greater than or
equal to n. Let ¢, := Aynt1),em) for all n. Then the skeleton of Ay is illustrated by
Figure 3, where the label n on a solid edge indicates the presence of n parallel blue edges.
The factorisation rules are specified by A(v)e = o(e)A(v) for maximal permutations o
of parallel blue edges.

FExample 6.6. More generally, let G be a simple dimension group other than Z. Write
G = @(ZC",AH), let T,, = id., and let B, = A,. As above, we obtain a rank-2
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~
/

-~ N\

~
/

~ N

7 ~ /7 N
\ $1(1,1) $2(1,1) ! ¢3(1,1) Vo

d)2(211)

¢1(271)

$1(1,2) $2(1,2)

~ N

1 (272) ¢2(272) ®3 (272)

FIGURE 3. A rank-2 Bratteli diagram for the irrational rotation algebra Ay.

Bratteli diagram A(G) such that PC*(A(G))P is a simple unital C*-algebra with real-
rank zero, Ko(PC*(A(G))P) is order-isomorphic to G with the usual order unit and
K,(PC*(A(G))P) is group-isomorphic to G. Elliott’s classification theorem for AT
algebras then implies that PC*(A(G))P is the unique AT algebra with these properties.

Ezxample 6.7 (The Bunce-Deddens algebras). As in [32, Section 7.4], a supernatural
number is a sequence m = (m;)°; where each m; € {0,1,2,...,00}. We think of m as
the formal product [];°, pI** where p; is the i"® prime number. We say m is infinite if
[[iZ, pj"" = oo, or equivalently if > 72| m; = oco.

For each supernatural number m, (m) denotes the subgroup of Q consisting of
the fractions of the form I(Hﬁvzl p;qj) where v € Z and 0 < ¢; < m; for all j. Each
(Q(m) is a simple dimension group. If m is finite, then Q(m) = Z, so there is no
simple AT algebra with real-rank zero and Ky-group Q(m). If m is infinite, then
(Q(m), contains no minimal elements, and so (m) is not isomorphic to Z. Elliott’s
classification theorem says there is a unique simple unital AT-algebra A with real-rank
zero and (Ko(A), K1(A)) = (Q(m), Z). This C*-algebra is known as the Bunce-Deddens
algebra of type m; there are several concrete realisations of these algebras, for example
as the C*-algebras generated by families of weighted shifts (see [4] or [5, §V.3]), or as
crossed products by odometer actions (see [5, §VIIL.4]). We will demonstrate that for
each infinite supernatural number m there is a rank-2 Bratteli diagram A(m) such that
PC*(A(m))P is isomorphic to the Bunce-Deddens algebra of type m.

Fix an infinite supernatural number m. Let {a;}32, be any sequence of primes in
which each prime p; occurs with cardinality m;. Then lim(Z, xa;) = Q(m) by [32,
Lemma 7.4.4]. For n € N, let ¢, := 1, let A, := [a,], let B, = [1] and let T,, :=
[an). This data gives a diagram of the form (4.2) in which lim(Z*, A,) = Q(m) and
lim(Z*, B,,) = Z. 1t follows from Theorem 6.2(2) that there is a rank-2 Bratteli diagram
A(m) such that C*(A(m)) is simple and has real-rank zero and K-groups Q(m),Z.
Corollary 4.10 implies that PC*(A)P has the same K-theory with the usual order-unit
for Ky. Elliott’s classification theorem then implies that PC*(A(m))P is isomorphic to
the Bunce-Deddens algebra of type m.

For example, the skeleton of A(2%) is given in Figure 4; the factorisation rules are
uniquely determined by the skeleton.
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FIGURE 4. A rank-2 Bratteli diagram for the Bunce-Deddens algebra of
type 2°°.

7. RANK-2 BRATTELI DIAGRAMS WITH LENGTH-1 CYCLES

In this section we restrict attention to rank-2 Bratteli diagrams in which all the
isolated cycles have length 1. We show that in this situation, the associated inclusions
of circle algebras are standard permutation mappings, and that every directed system of
direct sums of circle algebras under standard permutation mappings arises from a rank-2
Bratteli diagram in which all the isolated cycles have length 1. In the next section we
use this to investigate simplicity, real-rank and the trace simplex of the associated C™*-
algebra in greater detail than the results obtained for general rank-2 Bratteli diagrams
in the previous sections. To state the main theorem of this section, we first need to set
up some notation.

Let M(T) denote the set of (positive) probability measures on T. Each p € M(T)
induces a functional on C(T), again denoted by u, given by integration

u(f) = /T fdu,  fecC(T).

Thus M(T) is a subset of C'(T)* whence it inherits the weak-* topology.

A Markov operator on C(T) is a positive linear mapping E: C(T) — C(T) that maps
the constant function 1 to itsel/f\. Each Markov operator E induces an affine mapping
E: M(T) — M(T) given by E(u)(f) = p(E(f)) which is continuous both wrt. the
weak-* and the norm topology on M(T).

For each 6 € R let py be the Markov operator on C(T) given by rotation by angle 6,
that is, pg(f)(2) = f(e?z). For each k € N, let R, be the Markov operator

N
—_

(7.1) Ry = P2rj/k-

| =

.
Il
=)



30 DAVID PASK, TAIN RAEBURN, MIKAEL RORDAM, AND AIDAN SIMS

Observe that
(7.2) Ry o Ry = Riem(r,0)-

It follows from (7.2) that if N is a natural number, and if Ey, By € conv{Ry : k| N}
and Fy, Fy € conv{Ry : k1 N}, then

(7.3) E\Es € conv{Ry, : k| N}, F1Ey, E\Fy, F1F5 € conv{Ry : k1 N}.

In agreement with the convention mentioned above, py and ék will be the corresponding
affine mappings on M(T).

Given a C*-algebra A with identity 1, we write T'(A) for the Choquet simplex of
tracial states on A endowed with the weak-* topology.

Definition 7.1. Let o be a permutation on a finite set S. For s € S, o(s) denotes the
order min{n > 0 : 0"(s) = s} of s under 0. We write k(o) for max{o(s) : s € S}.
For ¢ < |S|, we write ¢,(0) for the number of orbits under o of size ¢. Note that
> olee(o) =1S|. For N € N, we define

1 1 ..
B (o) := ] Zﬁq(a) = E‘{s € S : o(s) divides N}‘

oN

The goal of the section is to prove the following theorem. Recall that for a vertex v
of a rank-2 Bratteli diagram, the path A(v) is the isolated cycle in v(f3A)v. Recall also
that F denotes the permutation of f;'A of Section 5.

Theorem 7.2. Let A be a rank-2 Bratteli diagram of infinite depth in which all red
cycles have length 1. Forn € N and 1 < j < ¢, let v, ; be the unique element of V, ;.
Forn e N, 1<j<c¢, and1 <i < cypa, let FiI be restriction of F to vy ;A Vi1,
For N € N, let

ay = Z(l— max Oy(F2)) and @y = Z(l— min By (F-)).

A (6,950 A (i.3)£0
neN (4:5)# neN (4.9)#

Let P =3 cy, Sv- Identify C*(fiA) with the subalgebra C*({s¢ : £ € fiA}) of C*(A).
Then C*(ffA) is AF and is simple if and only if A is cofinal. Moreover each trace T on
PC*(A)P restricts to a trace on PC*(ffA)P. The AT algebra C*(A) is simple if and
only if A is cofinal and

Sup{’%(‘/’t‘#j) ‘ne Nal g] < CN71 S i S CN+17An</i7j) #O} = 00.

Suppose that A is cofinal.

(1) If apy = oo for all N, then C*(A) is simple, PC*(A)P has real-rank zero, and
T+ T|po=(s:a)p determines an isomorphism between the traces on PC*(A)P and
the traces on PC*(fy\)P.

(2) Ifay < oo for some N, then PC*(A)P has real-rank one and there is an injective

mapping
(14)  T(PC*(F;MP) x (€ M(T) : By(p) = p} — T(PC*(NP)  (ryp0) o 7
such that 7,|pc=(s:ayp = 7 for all T € T(PC*(f{A)P).
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Suppose that |V,| = ¢, = 1 for all n. Then PC*(ffA)P has unique trace and Gy = ay
forall N. Ifan = ay < oo for some N then the injection (7.4) is continuous and affine.
If Vol = ¢, =1 for alln and &y = oy < 0o then the injection (7.4) is a homeomorphism
of M(T) onto T(PC*(A)P).

We will prove this theorem on page 40, after an analysis of the trace simplices of
certain AT algebras. To apply the results of this analysis, we need to show that the
partial inclusions of circle subalgebras of C*(A) in the setting of Theorem 7.2 are of a
standard form.

Let m be a natural number, and let S,, denote the group of permutations on m
letters. For o € S,,, let ¢,: C(T) — M,,(C(T)) be the *~homomorphism which sends
the canonical generator z for C(T) into the unitary element 3 7", ze; ,(;) in M, (C(T)),
where {e; ;} is the set of canonical matrix units for M,,. In the special case where o is
the m-cycle (1 2 3 --- m) the associated *~homomorphism v, will also be denoted by
Um, and it is given by

020 --- 0
0 0 =z 0

(7.5) Um(z) = |1 TR I
o000 --- 2z
z 0 0 0

where again z is the canonical generator of C(T).

If n, m are natural numbers and o € S,,, then we shall also let 1, denote the amplified
*-homomorphism M,,(C(T)) — M,,,(C(T)), or more generally, the not necessarily unital
amplified *-homomorphism M, (C(T)) — M(C(T)), where k is any natural number
greater than or equal to mn, obtained by viewing M,,,(C(T)) as a (non-unital) sub-
C*-algebra of M (C(T)). We refer to a *-homomorphism of this form as a standard
permutation mapping.

Proposition 7.3. Let A be a rank-2 Bratteli diagram of infinite depth in which each
red cycle has length 1. Let 7, : PC*(A,)P — Mx,(C) ® C(T) be the isomorphisms
obtained from Proposition 3.5 and Proposition 3.11. For eachn € N, 1 < j < ¢, and
1 <i < cpya, let 159 denote the partial inclusion of the ™ summand of PC* (AN)P into
the i™ summand of PC*(Any1)P. Let Fi3 be as in Theorem 7.2. Then mpiq 0t o, !
s the standard permutation mapping ¢(F£’j)—1'

Remark 7.4. When the red cycles have length 1 we need not distinguish a red edge
e, in each red cycle to obtain the isomorphisms m,. Thus the constant matrix units
in Lemma 4.5 are precisely the s,sj for o, 5 € f{A. If we demand only that all red
cycles have the same length, a result similar to Proposition 7.3 holds, but we have to
work much harder to show that 7, o t%/ o w1 is unitarily equivalent to the standard
permutation mapping w(}-;'b,j),l.

Corollary 7.5 shows that any direct system of standard permutation mappings can be
realised with the simpler construction where each red cycle has length one, so we omit
the more complicated analysis for longer cycles.
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Proof of Proposition 7.3. For a, 3 € X,, ; and a,b € v, ;A vy 41,, let
0(a, B) = sas} 0(aa, Bb) = saasly, and  O(a,b) := ZneX SpaSny-
Relation (CK4) shows that for «, 5 € X, ;, the image of 6(a, 3) in PC*(A,41,)P is

equal to
Z SaaShe = Z 0(aa, Ba).
A€V, jA TV, 414 a€vp jA1vp 4y
Using the Cuntz-Krieger relations, we therefore have 0(«, 5)0(a,b) = 0(«aa, 5b) =
0(a,b)0(c, B) for all o, B € X, ; and a,b € v, ;A V41,
Since PC*(A,4+1,)P is generated by the matrix units 6(aa, 8b), aa, 5b € X, 41, and
the unitary U1, := ZMGXH“ SaSA(vns1.1)5a> We NOW have an isomorphism

(7.6) My, ;(C) @ My, ;nerv,,.,,,(C) @ C(T) = PC*(Any14) P

which takes z — O(a, f) ® O(a,b) ® z to 8(c, 3)0(a, b)U,41,;. Under this identification,
Tnt1 © [’:{j ¢} 7'(;1 takes @(Oé ﬁ) to Za@)n A€o, @( ﬁ) & @(a, b) ® 1.

Let Un;j =2 qex,; SaSam)Sa- If we identify My, ;(C(T)) with M, ;(C) ® C(T) in
the usual way, then T ' takes 9(04, B)U to O(a, B)®z. The partial inclusion of PC*(A,, ;)P
into PC*(Ap11,4) P takes 0(a, B)U = $45(v,,)5h tO

* ko L *
E : SaSA(vn,;)SaSaSs = E : SaFiI (a)SMvnt1,0)™ S Ba

a€Vn jATVL 1 a€vy, ;A1 41

by (CK4). Hence under the identification (7.6),
maoom () =1x, 0 (Y OF(e).a)e:=

a€vn,]-A51 Un+1,i

This completes the proof. 0

Corollary 7.5. Fix integers c,, X,; € N forn € N and 1 < j < ¢,. Suppose that
for each n, ¥, : @, Mx, ,(C(T)) — @i~} Mx,,,,(C(T)) is an identity-preserving
inclusion in which all nonzero partial inclusions V7 Mx, (C(T)) — Mx,,,,(C(T))
are standard permutation mappings. Then there is a rank-2 Bmtteli diagram A in which

all red cycles have length 1 such that PC*(A)P = lim(@5~, Mx, ,(C(T)), vn).

Proof. We may assume without loss of generality that for eachn € Nandeach1 < j <¢,
there exists 1 <4 < ¢,41 so that ¢%7 # 0. For each n € N and 1 < i < ¢, there exists
1 < j < ¢, such that ¢"7 £ 0 because each 1), is unital.

For each n, i, j such that ¢% # 0, let o;; be the permutation such that P = wg
When 9% = 0, we define A,,(7, 7) to be the size of the set of letters acted upon by o7 and
regard ¢/ as a permutation of {1,2,...,A,(:,7)}. If Y% = 0, we define A, (i, j) = 0.
The previous paragraph shows that the matrices A,, obtained in this way are all proper.

We construct A as follows. Each V;, contains ¢, vertices {v,,1,. .., v, }. Each vertex
vy, ; hosts a single red loop A, ;. Insert blue edges {e(l) : 1 <1 < A,(4,7)} from v, 11, to
vn,; for each n,i,j. Specify the commuting squares by A, ja(c%(1)) = a(l)A\,11,;. This
data specifies a unique rank-2 Bratteli diagram A by [25, page 101]. Proposition 7.3
implies that PC*(A)P = lim (P2, Mx,, ;(C(T)), ¥n). O
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8. REAL-RANK AND THE TRACE SIMPLEX

The results of this section are inspired by Goodearl’s paper [15]. In this section we
continue to use the notation established in Section 7. Let o be the cyclic permutation
on m letters. Note that the associated standard permutation mapping ¢,,, = 9, satisfies

) 0 0
0 flwz) --- 0

(8.1) V() (2) ~u 3 _— 5 ., feC(T), z€T,
0 0 s fwmiz)

where w = exp(27/m). A general permutation o on m letters is the product of disjoint
cycles 0109 - -0, (where we include all 1-cycles). Let ¢; denote the order of o, (or,
equivalently, the length of the cycle o;). Then 1), is unitarily equivalent (by a permu-
tation unitary) to the direct sum @;:1 Yy,. Moreover v, is unitarily equivalent (again
with a permutation unitary) to the direct sum €, 1.,(») ® ¥y, where 1. ® 1 denotes the
c-fold direct sum of copies of ¥. Notice that m =), lc,(o) for all o € S,,.

There is a norm on the linear span of M(T) which on differences of elements from
M(T) is the total variation: ||u—v| = |u—v|(T), and is equal to the operator norm of
p — v when viewed as a functional on C(T).

Recall the definitions of Ry, and p from page 29.

Lemma 8.1.

[e.9]

(8.2) ﬂ conv{Rg(p) : k > n, p € M(T)} = {m},

n=1

where the closure is with respect to the norm-topology, and where m denotes the Lebesgue
measure (or the normalized Haar measure) on T.

Proof. The Lebesgue measure m is the unique rotation invariant measure in M(T), i.e.,
the only measure that satisfies py(m) = m for all § € R. In particular, ﬁk(m) = m for
all k, so m belongs to the left-hand side of (8.2). Suppose, conversely, that v is any
element belonging to the left-hand side of (8.2). We show that py(v) = v for all § € R.
This will entail that ¥ = m and will complete the proof.

Let f € C(T) and let € > 0 be given. Find § > 0 such that ||pg(f)— f|lec < & whenever
|0] < §. Note that pgRj = pg R, whenever k € N and 6,60" € R satisfy 6 — ¢’ € 2nk~'Z.
For any k > 76! and for any § € R we can choose ¢ € R such that |¢'] < § and
0 — 0 € 2xk'Z. Then, for any u € M(T),

|Bo Rt (f) — (Rip)(f)] = |n(poBu(f) — (f))! = |u(po Re(f) — Ri(f))]
= |u(Rilpe (f) = D) < llpo(f) = fll <e.
Thus |(pep')(f) — 1/ (f)] < € for all

1 € conv{Ry(p) : k> w61, u € M(T)}.

In particular, |(pov)(f) — v(f)| < e. As f € C(T) and € > 0 were arbitrary it follows
that pg(r) = v for all 6 € R, as desired. O
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Let tr,, denote the normalized trace on M, and for 4 € M(T) and n € N, let tr,,
denote the normalized trace on M, (C(T)) given by

(8.3) tru(f) = / tra(f()) du(z),  f € Mo(C(T)).

Every tracial state on M, (C(T)) is of the form tr, , for some p € M(T).

Consider again the unital *-homomorphism ,: M, (C(T)) — M,,(C(T)) associ-
ated to a permutation ¢ € S,,. The induced mapping T(¢,): T(M;,(C(T))) —
T(M,(C(T))) is by (7.1) and (8.1) given as follows:

ley(o) ~
(8.4) Vi, pe € M(T) @ tTpmpy © Vo =ty <= f11 = Z j’g )Rg(ug).
)
We shall often use the next identity, that holds for any n € N and any u, v € M(T):

(8.5) 620, =t | = [l — V|-
Finally recall that if {s;}32, is a sequence in (0, 1], then

(8.6) [[si>0 <= > (1-5) <o
j=1 =1

We remind the reader again that for a permutation o, the quantities x(o), ¢,(o) and

fn (o) are defined in Definition 7.1, and that the Markov operators Ry and Ry and the
standard permuation mapping v, are defined on pp. 29-31.

Theorem 8.2. Consider a direct limit of C*-algebras

(8.7 @, Ma, ,(C(T)) 2> @72, My, ,(C(T)) 2> @2y May ,(C(T))— -+ — 4,
with unital connecting maps ;. Let A; denote the j™ algebra in the sequence, so that
A; = @Bl Ay, where Aj; = M, (C(T)). Suppose that each of the partial mappings
goj’t: Ajs — Ajr1y induced by @; either is zero or is a standard permutation mapping,
say of the form wajs,t, where aj’t is a permutation on mj’t letters. Set

Xi={(s,t):1<t<r;;1<s< er,(pj’t # 0} and X;(t) ={s: (s,t) € X;}.

Let B be the AF-algebra associated with the inductive limit in (8.7), defined as follows.
Let B; C A; be the sub-C*-algebra consisting of all constant functions (so that B; =
@2, M,,,), and observe that ¢;(B;) C Bjy. Set B = U] | Poo,i(Bj) C A, where
Poo,ji Aj — A is the inductive limit map; or equivalently, B is the inductive limit of the
sequence By — By — By — - -

Suppose that B is simple. Then:

(i) A is simple if and only if sup{/i(a;’t) cjeN, (s,t) € X;} = o0.
For each natural number N, set

B(N,j) = max{ﬁN(a;’t) :(s,t) € X,}, B(N,j) = min{,@N(aj’t) :(s,t) € X,},

e} o)

ay =S (1=B(N.j). an = > (1 B(N.j).

j=1 j=1
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(ii) If ay = oo for all natural numbers N, then A is simple with real-rank zero, and
the inclusion mapping B — A induces an isomorphism T(A) — T(B) at the
level of traces.

(iii) If ay < oo for some N, then A has real-rank one, and there is an injective

mapping
T(B) x {n € M(T) : Ry(p) = p} — T(A), (7,p) = T,

such that each T, extends T.

(iv) Suppose that each r; =1 so each A; has just a single direct summand. Then B
is a UHF algebra and the quantities oy and ap coincide for all N. If ay < 00
then the injection of part (iii) is continuous and affine. If ay < oo, then the
injection of part (i1i) is a homeomorphism of M(T) onto T(A).

Proof. We can and will assume that the restriction of each ¢; to each summand A, is
non-zero. This will ensure that the connecting maps ¢; are injective.

The connecting mapping A; — A, for j < 4, is denoted by ¢; ;, and the corresponding
partial mapping A;; — A, 5 is denoted by gpf; As already mentioned, we let ¢, ; denote
the inductive limit mapping A; — A. We identify each A; ; with a sub-C*-algebra of A;,
let m;s: A; — A, s be the natural conditional expectation, and denote the unit of A, ,
by e;s. Note that fe;, = m;s(f) for f € A;. Note also that the projections {yn (€ s)}
separate traces on B.

(i). Assume that sup{/f(a;’t) :j €N, (s,t) € X;} = co. To prove that A is simple it
suffices to show that ¢ j(f) is full in A for j € N and f € A; \ {0}. Given a non-zero
fin A, then 7, (f) # 0 for some ¢, = 1,...,r;. Take any non-zero element by in
BN A Because B is simple and the connecting maps are unital and injective there
is j' > j such that ¢ ;(bo) is full in B} (and hence in A;/).

For each i > j and for each s =1,...,r; put

Use = {z € T: (miy 0 i) (/)(2) £0} C T.

Suppose that ¢" # 0. Use (8.1) and the fact that " = 1)_. is unitarily equivalent

to P, 1C£(05,t) ® )¢, to conclude that U;; C Uy 6, and that Uy s = T if U;; contains a
closed connected arc of length at least 27k(o7") .

The set U := Uj4, is non-empty because 7,4, (f) # 0. The partial mapping gpi’;(’ which
takes Aj;, to A; s is non-zero for all ¢ > j" and for all s = 1,...,7; because g; ;(bo) is full
in A; when ¢ > j'. The argument above therefore shows that U C U, , for all ¢ > j" and
for all s. The assumption that {x(c;"")} is unbounded implies that there is s > ;' and
(s,t) € X; such that U contains a closed connected arc of length at least 27mr(o)") ",
Thus U415 = T, or, in other words, (74150 it1)(f) is full in A;;; ;. This shows that
the ideal in A generated by ¢ j(f) contains ¢ ;+1(Ait1s), and hence has non-zero
intersection with B, so is equal to A.

Suppose now that {s(c")} is bounded. Then there is a natural number N such that
¢ | N for all ¢ for which Cg(aj’t) # 0 for some j and some (s,t) € X;. Let gn; € A; =
C(T, B;) be given by gn(z) = 2V1p,. It follows from (7.5) that ¢;(gn,;) = gn,j4+1 for all
J. As gy is central in A; for all j, ¢ 1(gn,1) belongs to the centre of A. Hence A has
non-trivial centre, so A is non-simple. This proves (i).
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We now collect some facts which we will use to prove (ii) and (iii). Each tracial state
7; on A; is of the form

(88) T](f) = Z aj,ttrnj7t,uj,t (ﬂ-j,t(f))v
=1
for some 151, ..., pj,, € M(T) where each a;, > 0 is the value 7;(e;;) of 7 at the unit

e for Aj,. We show first that if 7; and 7;4, are traces on A; and A;,, respectively,
given as in (8.8), if 741 0 ¢; = 75, and if a;; # 0, then

st st
Qi1 T T leg(a")
(8.9) Mt = Z L - Z mst Ro(pjs1,s),

a; n
s€X;(t) .t j+1,s P)

(810) 1 = Z a’j+1sm njt _ Z£Cg

a; n
s€X;(t) .t J+1,s

The second identity in (8.10) follows by the definition of the coefficients ¢,. The first
identity in (8.10) follows from the calculation:

aje = Ti(eje) = Ti(pi(esit))

it
= Z aj+1,8trnj+1,s,uj+1,s (90; (ej}t»

s€X;(t)

m ’n,]’
- E Qjr1s— >

s€X;(t) Mjtls

where we have used that dim(e;;) = n;; and that the multiplicity of gpj’t is mj-’t. We
proceed to prove (8.9). Two applications of (8.8) yield

(8.11) T,y = Tj O Tjyg = Tjp1 0 P O M)y = Z 1,58, s © ¢U;,t.
seX;(t)
We wish to apply (8.4) to right-hand side of (8.11), but we must take into account that
the *-homomorphism gpj’t: Aj; — Aji1 is not unital. This is done by adjusting the
right-hand side of (8.4) by the factor dim(cpj’t(ej,t))/nﬁLS = nj7tm§’t/nj+17s. Now, (8.9)
follows from (8.11) and from the modified (8.4).
For any natural number N we rewrite (8.9) as

s,t s,t
Aji1,s M 7 Njt EC[( ) EC[ A
it = Z j—J—<Z ,u]Jrls +Z :uJJrlS))
it Mjtls
seX;(t) any J LiN J
= ,yf\/lfj ENJ M]+1 s Z T] ,] M]'Fl 5)
seX;(t) s€X;(t)

where Efvt] € conv{Ry : k| N}, F]‘i,t] € conv{Ry : k{ N}, and for (s,t) € X,

s,t
st Qi+1,s Yy Tt
N, —

it it Ajy1, m th
ﬁN(O-j )7 T]j\ﬂj = I==2

1— 0Oy .
Qjt MNjtl1s At Njtls ( ( ))
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Put 'yNj = an = 0 when (s,t) ¢ X;. Note that Y ./ (’y] + 1 ») =1, and that

Tjt1

BN, J) <) iy < BN, j).
s=1

Suppose now that we have a tracial state 7; on A; for all j (given as in (8.8) above)
such that 7,1 0¢; = 7; holds for all j. It then follows from iterated use of the identities
established above, together with (7.3), that fori > j, ¢t =1,...,rj,and s =1,...,1,
: st
(812) ,uj,t = ’}/N,’L,j N@] luz s) T Z 77N KN N,'L,] /l’l S)
s=1
where Efvt” € conv{Ry : k| N}, Ffvt” € conv{ Ry : k t N}, and where ’Vsz and 77N”
are non-negative real numbers satisfying
(8.13) Z(’Yjsvtz] + 777\/2;) =1, Z’YNzg > Hﬁ (N, k).
s=1

(ii). We first show that each tracial state 7 on B lifts to a tra01al state 7 on A. Indeed,

for each j € N, let 7, be the trace on A; given as in (8.8) with

ajt = T(Poo;(€jt)), pie=m, t=1...,r;

(where m is the Lebesgue measure). Since ﬁg(?ﬂ) = m for all ¢ it follows from (8.9) that
Tjt10@; =T, for all j, and so there is a trace T on A, which satisfies 7 o ¢, ; = T; for
all j. (The first equation in (8.10) holds because 7 is a trace on B.) In particular,

T(Pooi(€)t)) = aje = Tj(€1) = TP i(€1)).
Since {¢ j(€):)} separate traces on B we conclude that 7| = 7.
We now show that the lift constructed above is unique. Here we need our assumption
that a = oo for all N. Let again 7 be a tracial state on B and suppose that 7 is
(another) tracial state on A that extends 7. Then

a1 = T(Po0,i(€2)) = T(Poci(€jit)).
Now, 7; := Topwj is a trace on A; which therefore is given as in (8.8) with a;, as above
and with respect to some measures i1, ..., itj,, € M(T). We must show that ;, = m
for all j and ¢. (This will show that 7 =7, cf. the construction of 7 above.)
The assumption that o = 0o implies that

lim H B(N,j)=0
for all j, N € N, cf. (8.6). It follows from equatlons (8.12) and (8.13) that p;, belongs to
the norm closure of conv{ Ry : k1 N} for all N, and hence, upon choosing N = (n —1)!,
that p;, belongs to the norm closure of conv{ Ry, : k > n} for all n. By Lemma 8.1 this
implies that p;, = m, as desired.

We use (i) to show that A is simple. Let n be a natural number and put N = (n
Since oy = 0o, there exist j, s, such that Gy(o} ) < 1. This implies that (o ;

Hence {x(0] )} is unbounded.

— 1L
) = n.
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Projections in B separate traces on B because B is of real rank zero, being an AF-
algebra. We have shown that each trace in B has a unique lift to a trace on A. It follows
that projections in B (and hence also projections in A) separate traces on A. We can
therefore use [2, Theorem 1.3] to conclude that A has real-rank zero.

(iii). Assume that @y < oo for some N. We construct an injective mapping

T(B) x {i € M(T): Ry(n) = u} = T(A),  (r,p) = Ty
such that each 7, extends 7.
Let 7 € T'(B) and let p € M(T) with Ry(u) = p be given. We proceed to construct

the tracial state 7, on A that extends 7. Let 7,; be the trace on A; given as in (8.8)
with
ajt = T(Sooo,j(ejvt))v Mg =, t=1,....7;.
Use (8.9), (8.10) and (8.5) to see that
i1, 5 My~ Leo(07) 5
Z Z Px (Rf(ﬂ’) - ”) H

ri
| Tpit1 0 @i — Tpill < Z a'i,t‘
1 seXo(t) Qi Mitls =

i st § R
_ Zai,t ‘ Z Aiq1,5 ;" Mg ECZ(Z; ) (Re(,u) _ 'U)H
t=1

a; n;
sEXi (1) i,t i+1,s

T
a'z—l—lsm nzt ECZ
SE it E

z,t nz+1 s

SEX;(1) v
< Zazt 3 Gis 5 M — B(N.4)
i,t n2+1,s
SEX;(t)
(8.14) —1- BN, ).

The hypothesis ay = >~ (1— (N, k)) < oo implies that ¢; := > " (1= B(N,k)) — 0
as i — oo. We deduce that {7, o @i }ig; is a Cauchy sequence in norm, and thus
converges to a trace 7,; on A; which satisfies ||7,,; — 7.l < ;. As T, 1109, =T,
for all j, there is a tracial state 7, on A such that 7, 0 ¢ ; =7, ; for all j.

To show that 7, extends 7 observe first that 7, j(e;;) = a;; = (T 0 po,j)(e;) for all j
and ¢, and hence that the restriction of 7, ; to B; is equal to 7 0 ¢ ;. As 7,0 ¢;; —
T, 0¥ j, the restriction of 7,09 j to B; is equal to 7o ; for all j. Hence 7, extends
T.

Assume that p, v € M(T) are such that }A%N(,u) = pu, ﬁN(l/) =v,and 7, =T7,. Then,
using (a slightly modified version of) (8.5),

I = vl = 1Tus — 7ol
ST = T © Poojll + T © oo = Tw © Poojll + 1T © Yoo — Tl

for all 7, which entails that yu = v.

We claim that 7,(p) = 7,(p) for every projection p € A. To see this, note that
each projection p € A is equivalent to ¢ j(q) for some projection ¢ in some A;. Now,
each projection ¢ in A; is equivalent to a projection ¢’ in Bj, so p is equivalent to the
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projection p’ = ¢ ;(¢') in B. This proves that 7,(p) =7,(p") = 7(p) =7.(p") = T (p),
establishing the claim.

The stable rank of any AT-algebra is one, and hence its real rank must be either zero
or one. The claim above and that 7, # 7, whenever p and v are distinct measures fixed

under }A%N show that projections in A do not separate traces on A. Hence A cannot be
of real rank zero, and must therefore be of real rank one.

(iv). Suppose now that r, = 1 for all n. Then B is a direct limit of unital inclusions
of simple finite-dimensional C*-algebras, and hence is UHF, and in particular is simple
and has unique trace 72. It is immediate from the definitions of a and @y that these
quantities coincide for all N. If ay = @y < oo, then injection of statement (iii) depends
on only one variable as T(B) = {7”}. Hence we write 7. rather than 75, for the trace
on A corresponding to a given p € M(T). Since each B; has just one summand B
we will drop the second subscript henceforth, and write B; for B;,, n; for n;,, etc.
The j* approximating algebra B; has unique trace tr,,, so we can use (8.14) and the
subsequent paragraph to deduce that

(8.15) HTE 0 Pooj — tTn, ul| < 05 — 0.

Since p — tr,, , is affine, we conclude that p — Tf is affine.

To see that the map p — Tf is continuous, take a net {1, } in M(T) which converges
in the weak-* topology to € M(T). To show that 7, — 7' it suffices to show that
7,.(a) — 77(a) for all @ in the dense subset |J;Z, @w,J(Aj) of A. In other words, it

suffices to show that 7,,, 0 ¢uo ;(f) — 7T, 0 Yoo ;(f) for all f € A;. Butif g: A; — Cis
the function g(z) = tr,,;(f(z)), then

T, © oo j(f) = talg) = p(g) = Ty 0 poo i (f)-

Finally, suppose that o; < co. We show that u — Tf is surjective, and being a

continuous bijection between compact sets, it must then be a homeomorphism.
Fix 7 € T(A). Then 7o ¢ ; is a trace on A;, and is hence equal to try,; ., for some
p; € M(T). Since try,,, 4., © @; = try,,, we can use (8.4) to estimate

leo(o)) =
Iy = pyall = H Z — Ri() = My
J
€Cg O'
= H Z J NJ+1) Mj+1) }
0>1
50@(%’)
< -~ J7
£>1 J
We have assumed that a; = >3 (1 — (1, 7)) < oo. Hence {y;} is norm convergent to
a measure y € M(T). Moreover,
177 0 Yoo = T O aoyll = N7 © ooy = trn |
< ||T;LB © Poo,j — trn]’,#H + Htrnj# - trnj,,ujH

— G+ lu—pll =0, by (8.15)
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which proves that 7 = Tf. 0

Proof of Theorem 7.2. The 1-graph of Proposition 4.9 is f;A and @ is equal to P. Hence
C*(ffA) is AF, and is simple if and only if ffA (equivalently A) is cofinal [20]. The
simplicity statement for C*(A) follows from Theorem 5.1(1). Proposition 7.3 shows that
the partial inclusions in the direct limit decomposition of C*(A) are standard inclusions

with permutations (F2/)~!. Moreover, the approximating subalgebras F,, in C*(f;A)

from Proposition 4.9 are the subalgebras of constant functions in the approximating
subalgebras of C*(A), so C*(fyA) is the AF algebra B associated to C*(A) in Theo-
rem 8.2. Since each k((F57)1) = k(F%7) and each ¢o((F27) 1) = ¢o(Fi7), the remaining
statements of the theorem now follow from Theorem 8.2. 0J
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