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ABSTRACT. We study universal properties of locally compact G-spaces for
countable infinite groups G. In particular we consider open invariant subsets
of the G-space G, and their minimal closed invariant subspaces. These are
locally compact free G-spaces, and the latter are also minimal. We examine
the properties of these G-spaces with emphasis on their universal properties.

As an example of our results, we use combinatorial methods to show that
each countable infinite group admits a free minimal action on the locally
compact non-compact Cantor set.

1. INTRODUCTION

Ellis proved in [2] that every group G admits a free minimal action on a compact
Hausdorff space, and he proved that universal minimal G-spaces exist and are
unique. (See also [3].) A (minimal) compact G-space is universal if any other
(minimal) compact G-space is the image of the universal space by a continuous
G-map. Ellis proved, more specifically, that each minimal closed invariant
subset of the G-space G is a free minimal G-space which is universal. The
number of minimal closed invariant subsets of 5G is very large, see [5], but they
are all isomorphic by Ellis’ uniqueness theorem.

Hjorth and Molberg, [6], established the existence of a free minimal action
of any countable infinite group on the Cantor set (this is obtained from Ellis’
results through a standard reduction argument). They also obtained a free
action of an arbitrary countable group on the Cantor set admitting an invariant
Borel probability measure.

The goal of this paper is to extend Ellis’ results to the locally compact, non-
compact setting, and in particular to study properties of the locally compact
G-spaces that arise as open invariant subsets of G, and their minimal closed
invariant subsets (when they exist). We are particularly interested in those
open invariant subsets of SG that give rise to co-compact G-spaces (they always
contain minimal closed invariant subsets). These turn out to be of the form
X4= UQGG K4 for some subset A of G, where K4 denotes the closure of the
set gA in SG, and they are thus ”indexed” by the set A. If A and B are subsets
of G, then X4 = Xp if and only if A is ” B-bounded” and B is ” A-bounded”,
or, equivalently, if the Hausdorff distance between A and B with respect to
(any) proper right-invariant metric on G is finite.

The minimal closed invariant subspaces of a co-compact open invariant sub-
space of SG provide examples of locally compact free minimal G-spaces. We
prove universality and uniqueness results for these spaces (explained in more

detail below).
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Kellerhals, Monod and the second named author studied actions of supra-
menable groups on locally compact spaces in [7]. By definition, a group is
supramenable if it contains no (non-empty) paradoxical subset. It was shown
in [7] that a group is supramenable if and only if whenever it acts co-compactly
on a locally compact Hausdorff space, then there is a non-zero invariant Radon
measure. As a step towards proving this result it was shown that there is a
non-zero invariant Radon measure on the G-space X4 if and only if A is non-
paradoxical. This is an example where a property of the G-space X 4 is reflected
in a property of the set A. We shall exploit such connections further in this
paper. The condition that the action be co-compact in the characterization of
supramenable groups from [7] cannot be removed as shown in Section 4.

It was further shown in [7] that if A is paradoxical, then any minimal closed
invariant subset of X 4 is a purely infinite! free minimal G-space. This was used
to prove that any countable non-supramenable group admits a free minimal
purely infinite action on the locally compact non-compact Cantor set. It was
left open in [7] if all countable infinite groups admit a free minimal action on the
locally compact non-compact Cantor set. In Section 8 we answer this question
affirmatively for all countable infinite groups.

We show that the G-spaces X4 are universal with respect to the class of
locally compact G-spaces that have the same type as X4. The (base point
dependent) type is defined for each pair (X, zg), where X is a locally compact
(co-compact) G-space such that G.zg is dense in X, and it is defined to be the
collection of sets B C G for which B.xq is relatively compact in X. In the
co-compact case this information can be compressed into the equivalence class,
[A], of a single set A C G, and we say that the type of (X, x) is [A] in this
case. The type of the G-space (X4, €) is [A], which in particular shows that all
(equivalence classes of) subsets of G are realized as a type. We show that there
is a (necessarily unique and surjective) proper continuous G-map ¢: X, — X
with ¢(e) = zg if and only if the type of X is [A], thus providing a universal
property of the space X 4, see Example 7.12, Case III.

If A C G is the type of a minimal G-space (with respect to some base point
Zo), then all minimal closed invariant subsets of X4 are also of type [A], and
we show that such minimal G-spaces are universal among all minimal locally
compact G-spaces (X, zg) of type [A]. Moreover, relying heavily on the ideas
from a new proof of Ellis” uniqueness theorem by Gutman and Li, [4], we prove
that all minimal closed invariant subspaces of X 4 are pairwise isomorphic as
G-spaces whenever A is of "minimal type”. If A is not of minimal type, then X4
may have non-isomorphic, even non-homeomorphic, closed invariant subsets.

The minimal closed invariant subspaces of the co-compact G-spaces X4 is
a source of examples of free minimal locally compact G-spaces. These spaces
are always totally disconnected. One can obtain a free minimal action of the
given (countable infinite) group on the locally compact non-compact Cantor set
from any of these minimal closed invariant subspaces of X4 using a standard
reduction, provided that the minimal G-space is neither compact nor discrete.

1An action of a group on a totally disconnected space is purely infinite if all compact-open
subsets are paradoxical relatively to the compact-open subsets of the space.



GROUP ACTIONS ON LOCALLY COMPACT SPACES 3

It was shown in [7] that a minimal G-space of X 4 is never compact if A is not
equivalent to an absorbing subset of G (see [7, Definition 3.5] or Definition 7.1).
It was observed in [7] that a minimal G-space of X, can be discrete, even
when A is infinite (in which case X, itself is non-discrete), but it was left
open precisely for which subsets A of G this can happen. We show here that
X4 contains no discrete minimal closed invariant subspace if and only if A is
infinitely divisible (see Definition 7.3). Accordingly, if A is infinitely divisible
and not equivalent to an absorbing set, then all minimal closed invariant subsets
of X4 are non-compact and non-discrete. We show that each countable infinite
group G contains an infinitely divisible subset A which is not equivalent to
an absorbing set, and we conclude that each countable infinite group admits a
free minimal action on a non-compact non-discrete locally compact Hausdorff
space, which, moreover, can be taken to be the locally compact non-compact
Cantor set.

As an illustration of the problems we are attempting to address, consider
the following concrete question: Let X; and X5 be minimal locally compact G-
spaces. When does there exist a minimal locally compact G-space Z and proper
continuous (necessarily surjective) G-maps Z — X, j = 1,27 If Z exists and if
one of X or X, is compact, respectively, discrete, then the other must also be
compact, respectively, discrete (and, conversely, in these cases Z clearly does
exist). We shall give a sufficient and necessary condition for the existence of
the G-space Z in the general case, where X; and X, are locally compact G-
spaces in terms of the (base point free) type of X; and X, (Corollary 9.15).
The base point free type is developed in Section 9, where it is also used to give
an alternative characterization of subsets A of GG of minimal type, as well as to
make more precise the meaning of universal minimal locally compact G-spaces.
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2. PRELIMINARIES

This section contains some background material, primarily from [7].

Throughout this paper G will denote a (discrete) group with neutral element
e € G. Most of the time GG will be assumed to be countable and infinite. We
shall be studying locally compact (typically non-compact) G-spaces, and we
shall primarily be interested in G-spaces with the following property:
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Definition 2.1 (Co-compact actions). Let G be a group acting on a locally
compact Hausdorff space X. The action of G on X (or the G-space X) is said
to be co-compact if there is a compact subset K of X such that

JgK=x.

geG

Every minimal locally compact G-space is co-compact (take K to be any com-
pact set with non-empty interior).

In each locally compact co-compact Hausdorff G-space X there is a compact
subset K of X such that X = |J,.-¢.K°. A compact subset K with these
properties will be called G-regular.

Here is a useful property of co-compact G-spaces:

geG

Proposition 2.2. Fach locally compact co-compact G-space X contains a min-
imal closed G-invariant subset. Moreover, one can find such a minimal closed
G-invariant subset inside every non-empty closed G-invariant subset of X .

Proof. We pass to complements and show that each G-invariant open proper
subset U of X is contained in a maximal G-invariant open proper subset of
X. Use Zorn’s lemma to find a maximal linearly ordered collection {U, }4ecs of
G-invariant open proper subset of X each containing U, and set V' = J,; Ua.
Then V is an open G-invariant subset of X which contains U and is not properly
contained in any G-invariant open proper subset of X. We must show that
V # X.

Let K be a compact subset of X that witnesses the co-compactness. If
V = X, then K C U, for some o € I. But this would imply that X =
Uyeq 9-K C U, contradicting that U, # X for all a € I. O

The following definition (also considered in [7]) plays a central role in this paper:

Definition 2.3. Let G be a group. Let A and B be non-empty subsets of G.
Write A o« B if A is B-bounded, i.e., if A C FB = UgeF gB for some finite
subset F' of G. Write A~ B if Ax B and B o A.

Denote by P~(G) the set of equivalence classes P(G)/~.

It is easy to see that o is a pre-order relation on the power set P(G) of G,
and =~ is an equivalence relation on P(G). The relation o defines a partial
order relation on P (G), which again is denoted by oc. When, in the sequel, we
call two subsets of a group equivalent, we shall have the equivalence relation ~
defined above in mind.

Ezample 2.4. (i). Let G be a group and let H be a subgroup of G. Then G ~ H
if and only if |G : H| < 0.

(ii). More generally, if H; C Hy C G are subgroups of a group G, then
H, ~ H, if and only if |Hy : Hy| < oc.

(iii). Let F' C G be non-empty. Then F' = {e} if and only if F' is finite.

We have the following geometric interpretation of the relations defined above.
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Lemma 2.5. Let G be a group equipped with a proper right-invariant metric?
d, and let A and B be non-empty subsets of G. Then:

(i) A o B if and only if there exists R < oo such that d(g, B) < R for all
g€ A

(ii) A = B if and only if there exists R < oo such that d(g,B) < R and
d(h,A) < R for all g € A and h € B, i.e., if the Hausdorff distance
between A and B with respect to d is finite.

Note that the conclusion of the lemma does not depend on the choice of proper
right-invariant metric.

Proof. (i). Suppose that A C F'B for some finite subset F' of G. Set
R =max{d(g,e) | g € F'} < .

Let g € A be given. Then g = th for some t € F and h € B, so d(g,B) <
d(g,h) =d(t,e) < R.

Assume conversely that d(g, B) < R for all ¢ € A. Let F be the set of
elements ¢ € G such that d(t,e) < R. Let g € A. Then d(g,h) < R for some
h € B, whence gh~! € F, so g € F'B. This proves that A C F'B.

Part (ii) follows from (i). O

It is perhaps of interest to note that the relations from Definition 2.3 also can
be interpreted at the level of C*-algebras, more precisely, in terms of the Roe
algebra (*(G) X.q G. The Roe algebra is the sub-C*-algebra of B(¢*(G))
generated by the natural copy of £*°(G) inside B(¢?(G)) and the image, A\(G),
of the left-regular representation, \, of G on ¢?(G). Denote the unitary operator
A(g) by ug. Then

(ugfu;)(h) = f(g_lh)> Ug 1A U; - 1gA>

for all f € (*°(G), all g,h € G, and all subsets A of G.
Let E: {>°(G) Xyea G — £°(G) be the canonical conditional expectation.

Lemma 2.6. Let G be a discrete group and let A and B be non-empty subsets
of G. Then:

(i) A o< B if and only if 14 is in the closed two-sided ideal in (°°(G) Xyea G
generated by 1g.

(ii) A = B if and only if 14 and 1p generate the same closed two-sided
ideal in (*°(G) Xyeq G.

Proof. (i). Each element y € (*°(G) Xeq G can be written as a (formal) sum
Y= gec fougi and E(y) = fe. Let Supp(y) be the set of those g € G such that
fg # 0. The set of elements y for which Supp(y) is finite is a dense *-subalgebra
of £°(G) Xyeq G.

2A metric d on G is said to be right-invariant if d(hg, h'g) = d(h, h') for all g,h, W' € G.
It is proper if the set {g € G : d(g,h) < R} is finite for all h € G and all R < oo. Every
countable group admits a proper right-invariant metric.
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If f € ¢>°(G), then let supp(f) be the set of those g € G such that f(g) # 0.
An easy calculation shows that for y € (*°(G) Xyeq G, with Supp(y) (= F') finite
and A C (G, one has

(2.1) supp E(y1ay*) C FA.

Suppose that 14 belongs to the closed two-sided ideal in ¢*°(G) Xeq G gen-
erated by 1g. Then there exist z1,...,x, € {*°(G) Xq G such that 1, =
Z;Zl z; 15 . We can approximate each x; with an element y; in £°°(G) Xea G,
with Supp(y;) (= F}) finite, and such that

1A= yilsyll < 1.

j=1

Then [[1a — Y27 E(y; 1py;)| < 1, s0
A C |Jsupp(E(y;15y;) € | JFB = FB,
j=1 j=1

by (2.1), when F' = |J;_, F};. This shows that A oc B.
Suppose now that A oc B, and let F' C G be a finite set such that A C F'B.

Then
lA S 1FB E;j{:lgB ::EE:uglglg.

gel geF

The element on the right-hand side belongs to the closed two-sided ideal in the
Roe algebra generated by 1g, and hence so does 14.
Part (ii) clearly follows from (i). O

The G-space G and its open invariant subsets.

Any (discrete) group G acts on itself by left multiplication. By the universal
property of the [-compactification this action extends to a continuous action
of G on BG. The action of G on G is free; and it is amenable if and only if G
is exact (see [1, Theorem 5.1.6]). The G-space SG is never minimal (unless G
is finite). In fact, SG has an abundance of open invariant subsets whenever GG
is infinite (see [5]).

Note that SG has a dense orbit (for example G = G.e C G, where ¢ € G
is the neutral element). Each non-empty open invariant subset of SG contains
G as an open and dense subset, and is thus a locally compact G-space with a
dense orbit. In Proposition 2.8 below we shall say more about G-spaces with a
dense orbit.

We proceed to describe the open invariant subsets of SG. Let A be a non-
empty subset of G, and, following the notation of [7], let K4 denote the closure
of Ain fG. Then K4 is a compact-open subset of S5G (since SG is a Stonean
space). Put

(2.2) Xa=|JgKa=|]J Ky CBG.

geG geG
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Then X 4 is an open and invariant subset of G, and is hence a locally compact
G-space, which is also co-compact and has a dense orbit G = G'.e.

It is observed in [7, Lemma 2.5] that X4 = Xp if and only if A = B, and
X, C Xpif and only if A < B. In particular, X4, = G if and only if A is finite
and non-empty, and X4 = G (= X¢) if and only if A = G.

Proposition 2.7. Fach G-invariant open subset of 8G on which G acts co-
compactly is equal to X 4o for some non-empty A C G.

Proof. As remarked below Definition 2.1 there is a G-regular compact subset
K of X. Let L be the closure of K°. Then L. C K C X, and L is compact-open
(being equal to the closure in SG of the open set K°). Hence L = K4, when
A=LNG, cf. [7, Lemma 2.4]. Since K4 C X and X is G-invariant, it follows
that X4 C X. Conversely,

X=JgE c|JgEs=Xua

geG geG

g

We conclude from Proposition 2.7 and the previous remarks that the map A —
X4 induces an order isomorphism from the partially ordered set (Px(G), x)
onto the set of G-invariant open co-compact subsets of 5G.

Not all open invariant subsets of SG are co-compact as G-spaces as will be
shown in Proposition 4.3. However, they can still be classified in terms of left
G'-ideals, see Proposition 3.16.

We end this section with a description of G-spaces with a dense orbit. The
proposition below is probably well-known to experts. The second named author
thanks Zhuang Niu for pointing out that the implication (iii) = (vi) holds (in
the second countable case).

A G-space X is said to be topologically transitive if for every pair of non-
empty open sets U and V there is ¢ € G such that ¢.U NV # (). An action
of G on X is said to have the intersection property if each non-zero ideal in
Co(X) Xyrea G has non-zero intersection with Co(X). It is well-known, and fol-
lows for example from [8, Lemma 7.1] (as well as from the work of Elliott and
Kishimoto), that an action of G on X has the intersection property if it is topo-
logically free. (If the action of G on X is topologically free, then the associated
action, g — oy, of G on Cy(X) consists of properly outer automorphisms, ay,
for g # e, and then we can apply [8, Lemma 7.1] to conclude that the action
has the intersection property.)

Proposition 2.8. Consider the following conditions on a countable group G
acting on a locally compact Hausdorff space X :

(i
(ii

) Co(X) Xyea G is prime.
)
(iii) Fach non-empty open G-invariant subset of X is dense in X.
)
)
)

The action of G on X is topologically transitive.

(iv) Each proper closed G-invariant subset of X has empty interior.

(v

(vi

There exists x € X such that G.x is dense in X.
The set of points x € X for which G.x is dense in X is a dense Gs-set.
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Then
(i) = (ii) & (iil) & (iv) < (v) < (vi);
and (iv) = (vi) if X is second countable. Moreover, (ii) = (i) if the action of
G on X has the intersection property.
In particular, all siz conditions are equivalent if X is second countable and
the action of G on X is topologically free.

Proof. The implications (iii) < (iv) and (vi) = (v) are trivial.

(i) = (ii). Let U and V be open non-empty subsets of X, and choose non-
zero positive elements a € Co(U) C Co(X) and b € Cy(V) C Cy(X). Since
Co(X) Xyeq G is prime it follows that

a(CO(X) Mred G)b £0.

This implies that ausb # 0 for some g € G, where g — ug, is the unitary
representation of G in (the multiplier algebra of) Cy(X) Xyeq G.

The support of the non-zero element auybuy € Co(X) is contained in UNg.V,
soUNg.V #0.

(ii) = (iii). Let U be a non-empty open invariant subset of X. If U is not
dense, then there is an open (not necessarily invariant) subset V' of X \ U. As
g.U =U for all g € G there is no g € G such that g.U NV # (). N

(i) = (ii). Let U and V be non-empty open subsets of X. Then U =
Ugee 9-U is a (non-empty) invariant open subset of X. If (iii) holds, then

U NV # 0. This implies that .U NV # 0 for some ¢ € G. Hence (ii) holds.

(v) = (iii). Let x € X be such that G.z is dense in X, and let U be a
non-empty invariant open subset of X. Then g.x € U for some g € G. As U is
invariant it follows that G.z C U. Hence U must be dense.

We prove (iii) = (vi) assuming that X is second countable. Let {U,}°,
be a basis for the topology on X consisting of (non-empty) open sets, and
put U, = U sec 9-Un. Then each U, is non-empty, G-invariant and open, and
therefore dense in X. It follows that

XQ = m Un
neN
is a dense G set in X. If x € X, then G.x N U, # 0 for all n € N. This shows
that G.x is dense in X for all x € X,.

Finally, we prove (iii) = (i) assuming that the action of G on Cy(X) has
the intersection property. Let [ and J be closed two-sided non-zero ideals in
Co(X) Xyea G. Then Iy = I N Cy(X) and Jy = J N Cy(X) are non-zero. Hence
In = Cy(U) and Jy = Cy(V') for some non-empty open invariant subsets U and
V of X. It follows that U NV # (. Hence IyJy # 0, so also 1.J # 0. U

3. THE TYPE OF A GROUP ACTION ON A LOCALLY COMPACT SPACE

In Section 5 we will show that the locally compact G-space X4 associated to
a subset A of GG, considered in the previous section, has a universal property
in a similar way as the space BG itself is universal among all compact G-
spaces possessing a dense orbit. In Section 6 we will determine the universal
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properties of the minimal closed G-invariant subspaces of X 4 among minimal
locally compact G-spaces. It turns out that X4 is universal relatively to a sub-
class of the locally compact G-spaces (with a dense orbit), namely those that
have the same type as X, itself.

In this section we shall define and prove basic properties of the type of an
action of a group on a locally compact Hausdorff space as alluded to above. The
type keeps track of which subsets of the group gives rise to relatively compact
subsets of the space. To make sense of this we must specify a base point of the
space in a dense orbit, and we talk about a pointed locally compact G-space.
In Section 9 we shall define the type of a locally compact G-space without
reference to a base point.

The type will be defined in terms of a left G-ideal in the power set of the

group.
Definition 3.1. Let G be a group. A collection M of subsets of G is called a
left G-ideal if it contains at least one non-empty set and

(i) Ae P(G), Be M, and A C B implies A € M,
(ii) A, B € M implies AU B € M,
(iii)) A € M and g € G implies gA € M.
A left G-ideal M is said to be compact if it is compact in the standard hull-
kernel topology on the set of all left G-ideals. In other words, M is compact if

and only if whenever { M, },c; is an upwards directed net of left G-ideals such
that M C (J,c; Ma, then M C M, for some o € I.

Recall the definition of the order relation ”o<” from Definition 2.3. For emphasis
we mention the following (trivial) fact about this order relation and left G-
ideals:

Lemma 3.2. Let G be a group, let A, B be non-empty subsets of G, and let M
be a left G-ideal. If A x B and B € M, then A € M.

Ezample 3.3. (a). For each fixed non-empty subset A of G set
My ={B € P(G)| BxA}.

Then M, is a left G-ideal. By transitivity of the relation "o<”, we see that if
A and B are subsets of G, then M, = Mp if and only if A ~ B.

(b). The collection M = P(G) of all subsets of G is a left G-ideal. It is equal
to Mg, and is the largest left G-ideal.

(c). The collection Mg, of all finite subsets of G is a left G-ideal. It is equal
to My, cf. Example 2.4 (iii), and it is the smallest left G-ideal.

Proposition 3.4. Let M be a left G-ideal. Then M is compact if and only if
M = My for some A CG.

Proof. Let ) # A C G. If My C (U,e; Ma for some increasing net of left
G-ideals, then A € M, for some o € I, whence M, C M, by Lemma 3.2.
This shows that M 4 is compact.

Suppose that M is compact. The family {M}acrs is an upward directed
net of left G-ideals which satisfies M =,  Ma. It follows by compactness
that M = M4 for some A € M. O
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Definition 3.5. Let G be a group. By a pointed locally compact G-space we
shall mean a pair (X, zg) consisting of a locally compact Hausdorff space X on
which the group G acts, and a point xg € X such that G.zq is dense in X.

To each pointed locally compact G-space (X, xo) associate the set

M(G, X, x9) = {A € P(G) | Ay is compact}.

It is easy to verify that the invariant M(G, X, z¢) is a left G-ideal.
If X is a G-space, then associate to each x € X and to each subset V' C X
the following subset of G:

(3.1) Ox(V,x)={geG|gaxeV}.

The results of the following two lemmas will be used very often. The easy
proof of the first lemma is omitted.

Lemma 3.6. Let X be a G-space, let V C X, letz € X, and set A = Ox(V, z).
(i) If F is a subset of G, then Ox(F.V,x) = FA.
(ii) GaxNV = A.x. In particular, Az C V.

Recall the definition of a G-regular compact set from below Definition 2.1.

Lemma 3.7. Suppose that (X, x) is a pointed locally compact G-space. Let
V C X and set A= Ox(V,xy). Then:

(1) Ve g A.ZC(].
(i) A e M(G, X, x0) if V is relatively compact.

(iii) If X is a co-compact G-space and if K is a G-regular compact subset
of X, then for any compact subset L of X and for any x € X, we have

Ox(L,ZE) XX OX(KO,QT) Q Ox(K,l’)

Proof. (i) follows from Lemma 3.6 (ii) and the fact that G.zo N V° is dense in
V° when G.xg is dense in X. (ii) follows Lemma 3.6 (ii) and from the definition
of M(G, X, CC()).

(iii). By G-regularity of K and compactness of L we find that L C UgeF g.K° =
F.K° for some finite subset F' of G. Hence (iii) holds by Lemma 3.6 (i). O

The invariant M(G, X, z¢) depends on zy in a subtle way (see more about this
in Section 9). Some properties of this invariant, however, are independent of
the choice of base point, such as when the left G-ideal M(G, X, ) is compact.

Proposition 3.8. Let G be a countable group and let (X,xo) be a pointed
locally compact G-space. It follows that G acts co-compactly on X if and only
if M(G, X, xy) is compact and X is o-compact.

Proof. Suppose first that G acts co-compactly on X. Then X is o-compact
(because G is assumed to be countable). Choose a G-regular compact subset
K of X, and set A = Ox(K,x9). We show that M(G, X, x9) = My, from
which we can conclude that M(G, X, zy) is compact by Proposition 3.4.



GROUP ACTIONS ON LOCALLY COMPACT SPACES 11

First, A € M(G, X, x0) by Lemma 3.7 (ii), so M4 C M(G, X, x). Suppose
next that B € M(G, X, xq), and let K’ be the closure of B.zg. Then K’ is
compact, and we deduce from Lemma 3.6 (ii) and Lemma 3.7 (iii) that

B Q OX<K/,ZEO) 0.8 OX<K,ZL‘[)):A,

so B € M 4. This shows that M(G, X, z9) C M 4.

Suppose now that M(G, X, zg) is compact and X is o-compact. Then
M(G, X,z9) = My, for some A C G by Proposition 3.4, and K := A.xg is
compact. We show that K witnesses co-compactness of the action of G on X.
Find a sequence {L,}52, of compact subsets of X such that L,, C Ly, for all
n,and X = J>2, L,. Put B, = Ox(L,,x). Then B, € M(G, X, x¢) = Ma,
so B,, C F, A for some finite subset F,, of G.

We now have:

Ly C By,xy C F,Axy = U gA.xg = U g.K C Ug.K

geFy, geEFy, geaq

for all n > 1, where the first inclusion follows from Lemma 3.7 (i). This shows
that (J,cq9-K = X. O

Definition 3.9 (The type of a pointed locally compact G-space). Let G be a
group, let P<(G) be as in Definition 2.3, and for each A C G let [A] € P<(G)
denote the equivalence class containing A.

To each pointed locally compact co-compact G-space (X, zq) set

T(G, X, x9) = [A] € P<(G),

whenever () # A C G is such that M(G, X, zy) = M. This is well-defined by
Proposition 3.8 and by the fact that M, = Mp if and only if A =~ B.

We call [A] the type of (X, xz¢), and we say that A represents the type of
(X, .Z'[)).

One can define the type of a not necessarily co-compact pointed locally compact
G-space (X, zg) to be the left G-ideal M(G, X, x). However, we shall not
consider this general case systematically in this paper. In the following two
propositions we give conditions on a pointed locally compact co-compact G-
space to be of a given type. The results sharpen the statement in Proposition
3.8.

Proposition 3.10. Let G be a countable group, let (X, xq) be a pointed locally
compact co-compact G-space.

(i) Let A be a non-empty subset of G. Then A represents the type of
(X, z0) if and only if
(a) A.xzq is compact, and
(b) Ox(K',x9) o< A for all compact subset K' C X.

(ii) For each subset A of G that represents the type of (X,xg), the set
K = A.xy is compact and

() JgK=X.

geG
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(iii) For some subset A of G that represents the type of (X,xo), the set
K = A.xq is G-regular, i.e., K is compact and

@) |JgK*=X.
geG
Proof. (i). Suppose that T(G, X, zo) = [4], i.e., that M(G, X, x0) = My. As
A € My, we see that (a) holds. Let K’ be a compact subset of X. Then
Ox(K', zg) belongs to M4 (by Lemma 3.7 (ii)), so (b) holds.

Suppose, conversely, that (a) and (b) hold. Then A € M(G, X, ) by (a)
and the definition of M(G, X, z¢), and so My C M(G, X, x9). If B is in
M(G, X, 1), then K’ = B.xg is compact, whence B C Ox (K, ) oc A by (b),
so B € M 4. We conclude that M(G, X, zg) = My, so T(G, X, zq) = [A].

(ii). Let x € X and find a relatively compact open neighborhood V' of z.
Then B := Ox(V,xy) belongs to M4 by Lemma 3.7 (ii), so B < A. There is a
finite subset F' of G such that B C F'A. It follows from Lemma 3.7 (i) that

r €V C Baxy = UgA.xo = Ug.K C Ug.K.
geF geF gelG
This shows that (c) holds.

(iii). Let B € G be any representative of T(G, X, zy) and choose a G-
regular compact subset L of X. Put Ay = Ox(L,z9). Then Ay x B by
(b). Put A = Ay U B and let K be the closure of A.zg. Then A =~ B, so
T(G, X, x9) = [A]. It follows from Lemma 3.7 (i) that L° C Ay.xzy C K. This
implies that L° C K°, so K is G-regular. U
Proposition 3.11. Let G be a countable group, let (X, xq) be a pointed locally
compact co-compact G-space and let K be a G-reqular compact subset of X.

Then
T(G,X, .170) = [Ox(KO,.CEo)] = [Ox(K, .’170)]

Proof. Let A C G be a representative of the type of (X, zg). Then
Ox(KO,ZL‘Q) Q OX(K, ZL‘()) x A

by Proposition 3.10 (i). Let L be the closure of A.xy, which is a compact set by

Proposition 3.10 (i). Then A C Ox(L,zo) x Ox(K°, xy) by Lemma 3.7 (iii).

This completes the proof. Il

Each element in Py (G) is the type of some, in fact a canonical, pointed locally
compact co-compact G-space:

Proposition 3.12. Let A be a non-empty subset of a group G, and let X4 C BG
be the locally compact co-compact G-space defined in (2.2). Then T(G, X4, e) =
[A4].

Proof. We must show that M(G, X4,e) = My, Let B C G. The closure of

B = B.ein X4 is equal to KN X4 (where K is the closure of B in 8G). We
now have

B e M(G,Xa,e) <= KpnN Xy is compact

& KBQXA&BO(A@BGMA.
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The ”=" part of (1) follows because Kp is compact-open and X 4 is open and
dense in SG, so Kg N X4 is dense in Kp.
(2) follows from [7, Lemma 2.5(i)]. O

Suppose that (X, zg) and (Y, yo) are pointed locally compact G-spaces and
that ¢: X — Y is a continuous proper G-map such that ¢(z9) = yo. Then ¢
is necessarily surjective because ¢(G.xg) = G.yo and because any continuous
proper map between locally compact Hausdorff spaces maps closed sets to closed
sets.

Proposition 3.13. Let G be a group and let (X, xo) and (Y,yo) be pointed
locally compact G-spaces. Suppose there exists a continuous proper G-map
v: X =Y such that ¢(x¢) = yo. Then

M(G, X, .CIZ'[]) = M(G,Kyo)

In particular, if one of the G-spaces X and Y is co-compact, then so is the
other, in which case
T(G, X, xg) = T(G, Y, yo)

Proof. Let A C G. Observe that
w(A.zg) = A.yo, A.xg C go_l(A.yO).

If A€ M(G,X,x), then Ay is contained in the compact set ¢(A.x), so
A e M(G,Y,yp). Similarly, if A € M(G,Y, ), then A.zq is contained in the
compact set 1 (A.yy), so A € M(G, X, z).

Because ¢ necessarily is surjective, it follows that if one of the spaces X and
Y is o-compact, then so is the other. The last claim therefore follows from the
the former together with Proposition 3.8. O

The two extreme values of the type are treated in the following two propositions.
We omit the easy proof of the former.

Proposition 3.14. Let G be a countable group and let (X,x) be a pointed
locally compact G-space. The following conditions are equivalent:

(1) M(G7Xa {L'()) = P(G)7
(il) X is co-compact and T(G, X, xy) = [G],
(iii) X is compact.
Proposition 3.15. Let G be a countable group and let (X,x¢) be a pointed

locally compact G-space. Suppose that the isotropy group of {xzo} is trivial, i.e.,
the map g — g.xg 1s injective. Then the following conditions are equivalent:

(i) M(G, X, x0) = Mgy,
(il) X s co-compact and T(G, X, x¢) = [{e}],
(i) X s discrete,
(iv) (X, z0) is isomorphic to (G,e).
Proof. (ii) = (i) and (iv) = (iii) are trivial.
(i) = (iv). Let z € X and find a relatively compact open neighborhood V'
of z. Then A := Ox(V, ) belongs to M(G, X, z¢) (by Lemma 3.7 (ii)), so A
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is finite. Since A.xy = G.zp NV is dense in V (by Lemma 3.7 (i)) and since
finite sets are closed, we must have A.xqg = V. This shows that z € V C G.x.
As x € X was arbitrary we conclude that X = G.xy. The set A.xq is a finite
and open, so each point in this set must be isolated. Hence every point in X
is isolated. The map g +— g.z¢ is assumed to be injective, and it is therefore a
G-isomorphism from (G, e) onto (X, x).

(iii) = (ii). Since G.x( is dense in X and X is discrete we have X = G.xy,
so X is co-compact. The claim about the type follows from the assumption
that the isotropy group of xg is trivial together with the fact that the compact
subsets of a discrete set precisely are the finite subsets. O

We end this section with a result stating that there is a one-to-one correspon-
dence between (not necessarily compact) left G-ideals in P(G) and (not neces-
sarily co-compact) open invariant subsets of SG, hence classifying the latter; see
also Proposition 2.7. In particular, all left G-ideals arise from a pointed locally
compact G-space. The result also extends Proposition 3.12 to the non-compact
case.

Proposition 3.16. For each left G-ideal M put

(3:2) Xu=|J KacCpa.
AeM
Then X is open, G-invariant, and e € Xpa. In particular, (X, e) is a
pointed locally compact G-space. Moreover,
(i) M(G, Xpm,€) = M.
(ii) Every open invariant subset of BG is equal to X for some left G-ideal
M.

Proof. 1t is clear that X, is open. Invariance of X, follows from the fact
that g. K4 = K 4 (see [7, Lemma 2.4]) and the assumption that M is a left
G-ideal. Each non-empty open invariant subset of G contains G = G.e as a
dense orbit, so (X, e€) is a pointed locally compact G-space.

(i). The proof follows the same idea as the proof of Proposition 3.12. Let
A C . Then:

A e M(G, X, e) PON KN Xy is compact

& KiCXupm &} Ae M.

(1) holds because the closure of A = A.e in X is equal to K4 N X ; and (2)
is established as in the proof of Proposition 3.12. Let us look at (3): ”<" holds
by definition. Suppose that K4 C X,. Then, by compactness of K4, there
exist Ay,..., A, € M such that

KiC Kay UKy, U~ UKy, = Ky g,

Hence A C |J;_, 4;, and so A € M.

(ii). Let X be an open G-invariant subset of SG, and let M be the set of
all A C G such that K4 € X. Then M is a left G-ideal, and X, C X by
(3.2). To prove the reverse inclusion, let x € X. Since G, and hence X, are
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totally disconnected locally compact Hausdorff spaces, and since the compact-
open sets in G are of the form K4 for some A C G, there exists A C G with
r€ K, CX. Hence Ae M, sox € K4 C X . O

4. NON CO-COMPACT ACTIONS

A group G is said to be supramenable if it has no paradoxical subsets, cf. [10].
It was shown in [7] that a group is supramenable if and only if any co-compact
action of the group on a locally compact Hausdorff space admits a non-zero
invariant Radon measure. We show here, using some of the machinery of the
previous section, that the assumption that the action be co-compact cannot be
removed. In fact, any infinite countable group admits an action on a locally
compact Hausdorff space which does not admit a non-zero invariant Radon
measure (Proposition 4.3). We also prove the existence of non-compact left
G-ideals and non co-compact open G-invariant subsets of SG for every infinite
countable group (Proposition 4.4).

We start by giving an obstruction to having a non-zero invariant Radon
measure:

Lemma 4.1. Let G be a countable group acting on a locally compact Hausdorff
space X . Suppose that there is a sequence {K,}°°, of compact subsets of X
such that:

(i) For each n there is an infinite subset J,, of G such that {g.K,} e, are
pairwise disjoint subsets of K, 1,

(i) X = J | 9K

n=1geG
Then X admits no non-zero invariant Radon measure.

Proof. Suppose that A is an invariant Radon measure on X. For each n € N
we have that M\(K,41) < oo, which by (i) and invariance of A entails that
A(K,) = 0. It then follows from (ii) and invariance that A(X) = 0. O

We thank the referee for suggesting the proof of the following lemma (which
allowed us to remove the condition that G contains an element of infinite order).

Lemma 4.2. Let G be an infinite countable group. Then there is a sequence
I, 15, I3, ... of infinite subsets of G such that the product maps

q)nZInX"'XIQXIl—)G, @n(gn,...,gg,gl):gn~~gggl, gjelj,
are 1njective for each n € N, and such that e € I,, for all n € N.
Proof. If G has an element g of infinite order, then the proof is very easy:
Choose mutually distinct natural numbers {k(n, j)} for all integers n > 1 and
j > 2, put m(n,j) = 2809 and put

I, = {67 gm(n,2)7 gm(n,3)7 gm(n,4)7 T }

Then I, I, I5, ... have the desired properties.

Consider now the general case, and denote the center of the group G by
Z(G). For g € G, we denote the centralizer of g in G by Cg(g). First we prove
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the lemma in the case where C(g) is finite for every g € G'\ Z(G) (this implies
either Z(G) is finite or G = Z(G), i.e., G is abelian). It is easy to see that for
any h € G and any finite subset F' C G, the set of g € G such that {ghg™ '} N F
is not contained in Z(G) is finite. Hence for any finite subsets Fy, Fi C G, the
set of g € G such that gFyg™' N Fy C Z(G) is infinite.

We will define each of the sets I,, as an increasing union I, = [J72 I7, where
each I7 is finite, and I = {e}. Fix a sequence {n;} of natural numbers with
n; < j, in which every natural number appears infinitely often. At stage j of
the construction we will add a single element to I}~ to obtain I (and take
I =171 for n # nj).

The sets I are defined inductively as follows. For j = 1 we have n; = 1.
Take any g # e, set I{ = I} U{g1}, and set I! = I? for n # 1. Let now
J > 2 be given and assume that the sets I77', n € N, are defined such that the
restriction of ®;_; to [j:ll x - x IJ7" x II7" is injective. For n # n;, define
IJ =177 Let

Fo=1I, I ..., FR=LI,.1.,.

’Vlj—l TLj—2 t

Since FyFy ' and F, ' Fy are finite, the assumption on G implies that the set A,
of all group elements g € G such that gFyF, '¢~' N F,'Fy C Z(G), is infinite.
Let g; be any element of A\ Fi ' FyI)- FyFy  and define 1) = 177" U{g;}. We
claim that the restriction of ®; to I]j X -+« x I x I is injective. By induction
(and since Ijj-lfl = {e}) the restriction of ®; to I]J-'f1 x -+ x I x II7 is injective.
The choice of g; ¢ FlelI%;lFoFo_l ensures that

ﬂ%%mEMf%:&
so it remains to show that the restriction of ®; to the set
Ij xlj_l X e x[ﬁ;ﬁl x{g;} xlij_l ><If;bj_2 X oox I
is injective. Suppose that
hj .o hn1gihn, 1. he = kj . knyq1gikn, 1.k
where h;, k; € Ig . Then
Gikny—1 . k1(hn,—1 ... hl)*lgj*1 = (kj... k:njﬂ)*lhj ol
which is in the set ngOFO_lgj_l NF'F C Z(G). Thus
ki oknpikn, o1 kv =hj. . hppihe 1. g

so by the induction hypothesis, h; = k; for all ¢, which finishes the proof in this
case.

If there exists an infinite subgroup of G which satisfies the hypothesis above,
then we can apply the argument above to this subgroup. So, we may assume
that G does not have such a subgroup. Then there exists g1 € G\ Z(G)
such that Cg(g1) is infinite. By considering the subgroup Cg(g;), we can find
g2 € Ca(g1) \ Z(Ca(g1)) such that Ceyg,)(92) = Ca(g1) N Cq(g2) is infinite. In
the same way, there exists g3 € (Ca(g1) N Ca(g2)) \ Z(Ca(g1) N Ca(g2)) such
that Cg(g1) N Ca(g2) N Ci(gs) is infinite. Repeating this argument, we obtain
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elements g1, go, g3, . . ., which generate an infinite abelian subgroup. This is a
contradiction. U

Proposition 4.3. Let G be an infinite countable group. Then there is a locally
compact o-compact Hausdorff space X on which G acts freely and with a dense
orbit, such that there is no non-zero invariant Radon measure on X. If G is
supramenable, then the action is necessarily non co-compact.

The space X can be chosen to be an open invariant subset of BG.

Proof. Let {I,},>1 be as in Lemma 4.2, and put
An - InIn—l e Il - (I)n(In) ]n—l) cee 711)

for each n > 1. Then {A,},°, is increasing, because e € I,, for all n > 1. Put

M= Ma,,
n=1

and put X = X, cf. (3.2). Then X is an open invariant subset of SG. We
show that conditions (i) and (ii) of Lemma 4.1 are satisfied with K, = Kj4,,.

It follows from injectivity of @, that the sequence of sets {gA, }4er,,, are
pairwise disjoint. By construction, gA,, C A, for all g € [,,41. As K4 =
g. K, forall g e G and all A C G, and since KN Kp = () whenever ANB = (),
we conclude that {g.K4, }¢er,,, is a sequence of pairwise disjoint subsets of
Ka,,,. Hence Lemma 4.1 (i) holds.

By (3.2),

X=Xu=J Ka.
AeM

Let A € M be given. Then A € M,, for some n € N, which means that
AxA,,s0AC ger 9An for some finite subset F* of G. This entails that

KA Q UQKAn

ger

As A € M was arbitrary, we see that condition (ii) in Lemma 4.1 holds. Hence
there is no non-zero invariant Radon measure on X. Since condition (ii) in
Lemma 4.1 holds, X is o-compact. Each non-empty open G-invariant subset
of BG contains the dense set G = G.e, so X contains a dense orbit.

If G is supramenable, then the action must be non co-compact, by [7, Theo-
rem 1]. O

For completeness we show that non-compact left G-ideals and locally compact
G-spaces, that are not co-compact, exist for every infinite countable group:

Proposition 4.4. In each infinite countable group G there exists a left G-ideal
that is not compact; and there exists a locally compact o-compact Hausdorff
space X on which G acts freely with a dense orbit, but not co-compactly.

Proof. We construct an increasing sequence of subsets {4,,}5°, of G such that
Apyq € A, for all n. Tt will then follow that

M:GMM

n=1



18 HIROKI MATUI AND MIKAEL RORDAM

is non-compact. Indeed, if it were compact, then M = M, for some n,
which would entail that A,,; « A, contrary to the construction. The G-
space X = X will therefore be non co-compact by Proposition 3.16 and
Proposition 3.8, and G acts freely and with a dense orbit on X.

To construct the sets A, Ay, Az,... take a proper right-invariant metric
d on G. Choose inductively a sequence {g,}>°, of elements in G such that
d(gn, {91,y gn-1}) = n for n > 2. Let each A, be a subset of {g1,g2,93,...}
such that {A,} is increasing and 4,1 \ A, is infinite for all n. It then follows
from Lemma 2.5 that A, ¢ A, for all n. O

5. A UNIVERSAL PROPERTY OF THE (G-SPACE X4

The G-space G of a (discrete) group G is universal among all compact G-
spaces with a dense orbit in the following sense: for each compact G-space X
with a dense orbit G.xy there is a surjective continuous G-map ¢: G — X
(which is unique if we also require that p(e) = ).

We show in this section that the pointed locally compact G-space (Xa,e)
(associated with a non-empty subset A C () is universal among pointed lo-
cally compact co-compact G-spaces of type [A], see also Proposition 3.13. The
morphisms between locally compact G-spaces are proper continuous G-maps.

For each f € C(BG) denote by fe (>°(G) the restriction of f to G.

Lemma 5.1. Let A be a non-empty subset of a group G and let f € C(BG). It
follows that f € Co(X4) if and only if for each € > 0 there exists B C G with
B o« A such that

geG\B = |f(9) <=

Proof. Suppose first that f € Cy(X4) and let € > 0 be given. Then there is a
compact subset L of X4 such that |f(z)| < e for all z € X4\ L. Take a finite
subset I of G such that L C |J,crg.Ka and put B=FAx A. If g€ G\ B,

then g ¢ L, so [f(g)| = | f(g)| <e.

To prove the ”if”-part, let f € C(SG) and suppose that f has the stipulated
property. Let € > 0, and let B C G with B o< A be such that |f(g)| < ¢ for all
g € G\ B. Then Kp is a compact-open subset of X4 and if g € GN (X4 \ Kp),
then g ¢ B, so |f(g)] = |f(9)] <e. As GN (X4 \ Kp) is dense in X4 \ Kp, we
conclude that | f(z)| < e for all z € X4\ Kp. This proves that f € Co(X4). O

The theorem below says that the pointed locally compact G-space (X4, e) is
universal for the class of pointed locally compact co-compact G-spaces of type

[A].

Theorem 5.2. Let A be a non-empty subset of a countable group G. Then for
each pointed locally compact G-space (X, xg), there is a (necessarily unique and
surjective) proper continuous G-map ¢: X4 — X with p(e) = zo if and only if
X is co-compact and T(G, X, xq) = [A].

Proof. The "only if” part follows from Propositions 3.13 and 3.12, and the fact
that X is co-compact if it is the image of the co-compact space X, under a
continuous G-map.
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Suppose that (X, zq) is a pointed locally compact co-compact G-space of
type [A]. Define a homomorphism 7: Cy(X) — ¢>°(G) by

#(f)(g) = f(g.xo),  [f€Cy(X), ge€QG.
Composing m with the canonical isomorphism ¢(*(G) — C(8G) we obtain a

homomorphism 7: Cy(X) — C(BG) which satisfies 7(f) = @(f) for all f €
Co(X). The homomorphisms 7 and 7 are injective because G.xg is dense in X.

We claim that 7(f) € Co(X4) for all f € Co(X). Let € > 0, and let L be a
compact subset of X such that |f(z)| < eforallz € X\ L. Put B = Ox (L, x).
Then B o< A by Proposition 3.10. If g € G\ B, then g.xy ¢ L, so |7(f)(g)| =
|f(g.20)| < e. Tt therefore follows from Lemma 5.1 that w(f) € Co(Xa).

We have now obtained a homomorphism 7: Cy(X) — Cy(X4) satisfying
7(f)(g) = f(g.wo). Since G is dense in X4 we see that 7 is G-equivariant. We
show that the image of 7 is full in Cy(X4). To this end we must show that
for each y € X4 there exists f € Cy(X) such that 7(f)(y) # 0. Take g € G
such that y € 9. K4 = Kya. Put K = A.xy, which is a compact subset of X
by Proposition 3.10. Let f € Cy(X) be such that the restriction of f to g.K
is 1. For each h € gA we have h.zg € g.K, so w(f)(h) = f(h.zo) = 1. Hence
m(f)(x) = 1 for all « in the closure of gA in X4, and this closure is precisely
K,4. This entails that 7(f)(y) = 1.

In conclusion we obtain a continuous proper G-equivariant epimorphism
¢: X4 — X such that 7(f) = f o . In particular, ¢(e) = x. O

It was shown in [7, Proposition 2.6] that there is a non-zero invariant Radon
measure on the G-space X4 if and only if A is non-paradoxical. Using the
theorem above we can extend this result as follows:

Corollary 5.3. Let G be a group and let A be a non-empty subset of G. Then
A is non-paradozical if and only if every pointed locally compact co-compact
G-space (X, o) of type [A] admits a non-zero invariant Radon measure.

Proof. The ”if” part follows from [7, Proposition 2.6] with (X, z¢) = (X4,e).
Suppose that A is non-paradoxical. Use Theorem 5.2 to find a proper continu-
ous G-map ¢: X4 — X (such that p(e) = zy). Let p be a non-zero invariant
Radon measure on X 4, cf. [7, Proposition 2.6], and let ji = pop~! be the image
measure on X. Then /i is a non-zero invariant Radon measure on X. U

The existence of a non-zero invariant Radon measure is of course independent
on the choice of base point, and, indeed, a "base point free” version of this
results holds, see Proposition 9.13.

One can alternatively obtain Corollary 5.3 from [7, Lemma 2.2] in combina-
tion with Proposition 3.11 without making reference to Theorem 5.2.

6. UNIVERSAL LOCALLY COMPACT MINIMAL (G-SPACES

In the previous section we showed that the co-compact open G-invariant sub-
spaces of G, which we know are of the form X 4 for some A C G, are universal
among a certain class of locally compact G-spaces. In this section we shall show
that the minimal closed G-invariant subsets of X4 are universal among certain
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minimal locally compact G-spaces (provided A is of minimal type), and that
any two minimal closed G-invariant subsets of X 4 are isomorphic as G-spaces.

Ellis proved in [2] that the minimal closed invariant subsets of the G-space
PG are universal and pairwise isomorphic. Y. Gutman and H. Li gave in [4] a
short and elegant new proof of this theorem. We shall mimic their proof in our
proof of Theorem 6.7 below.

Definition 6.1. For a group G, let P™"(G) be the set of equivalence classes
[A] € P<(G) that arise as the type of a minimal pointed locally compact G-
space. A subset A C G for which [A] € P™"(G) is said to be of minimal

type.

In other words, a subset A of G is of minimal type if and only if there is a
pointed locally compact minimal G-space (X, xg) such that T(G, X, z¢) = [A].
Recall that minimal locally compact G-spaces automatically are co-compact.

Fxample 6.2. Each subgroup H of a group G is of minimal type. This can
be seen as follows: If H is finite, then [H] is the type of the trivial (minimal)
G-space (G, e), cf. Proposition 3.15.

Suppose next that H is an infinite subgroup of G. Then H admits a free
minimal action on a compact Hausdorff space X, see for example [2]. This
induces a free minimal action of G on Y = X x (G/H), where G/H is the left
coset, see [7, Lemma 7.1]. The set K = X x {e} is a G-regular compact subset
of Y. Choose zg € X, and put yo = (x¢,e). Then g.yp € K if and only if g € H,
so Oy (K,yo) = H. It follows from Proposition 3.11 that T(G,Y,y) = [H], so
[H] is of minimal type.

In particular, [G] and [{e}] are of minimal types representing compact mini-
mal G-spaces, which always exist, respectively, the trivial discrete G-space G.

A priori, it is not clear if every infinite group G contains minimal types other
than [G] and [{e}]. In other words, does every infinite group G act minimally
on some locally compact non-compact and non-discrete space. We shall answer
this question affirmatively in Section 8.

In Section 9 we shall give an intrinsic description of the subsets of a group
that are of minimal type. Far from all subsets of a group are of minimal type.
If A C G is of minimal type, then we shall show that the minimal closed
G-invariant subsets of X 4 have the following nice universal property:

Definition 6.3. Let G be a group and let A be a non-empty subset of G of
minimal type.

A locally compact minimal G-space Z is said to be a universal minimal G-
space of type A if for each pointed minimal locally compact G-space (X, o) with
T(G, X, x9) = [A] there is a surjective proper continuous G-map ¢: Z — X.

Lemma 6.4. Let G be a group and let A be a non-empty subset of G of min-
imal type. Suppose that Z is a universal minimal G-space of type A. Then
T(G, Z, z) = [A] for some zy € Z.
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Proof. Since A is of minimal type there is a pointed locally compact G-space
(X, zo) with T(G, X, xy) = [A]. By the universal property of Z there is a surjec-
tive proper continuous G-map ¢: Z — X. Choose zg € Z such that ¢(zy) = xo.
It then follows from Proposition 3.13 that T(G, Z, z9) = T(G, X, x9) = [4]. O

Proposition 6.5. Let G be a group and let A C G be of minimal type. Then
any closed minimal G-invariant subset Z of X 4 is a universal minimal G-space
of type A.

Proof. Let (X, xo) be any pointed minimal locally compact G-space of type [A].
By Theorem 5.2 there is a continuous proper G-epimorphism ¢: X4 — X with
¢(e) = xy. Since a proper continuous map between locally compact Hausdorff
spaces maps closed sets to closed sets, it follows that ¢(Z7) is a closed G-invariant
subset of X. Hence ¢(Z) = X, so the restriction of ¢ to Z has the desired
properties. U

We proceed to prove that universal minimal G-spaces of a given type are es-
sentially unique. First we need to know that we can take projective limits in
the class of pointed locally compact G-spaces of a given type:

Lemma 6.6. Let G be a group and let A C G be of minimal type. Let I be
an upwards directed totally ordered set, let (Xq, Ta)acs be a family of pointed
minimal locally compact G-spaces of type [A] equipped with surjective proper
continuous G-maps pgo: Xo — Xg, for a > B, satisfying

(1) vga(Ta) = x5 for all a > B,

(1) ©4.80 Vg0 = Pra for alla > > 7.
Then there is a pointed minimal locally compact G-space (X, xo) of type [A] and
surjective proper continuous G-maps @o: X — X, satisfying oo (xo) = x4 for
alael, and pg o0 po = s for all o > B.

The G-space (X, xy) with the mappings ¢,: X — X, is the projective limit of
the family (X,, Za)acr-

Proof. Put

X = {(Za>a€[ € HXa | 0y8(25) = 2, forally < ﬁ},
ael

put g = (Za)aer € X, and let ¢,: X — X, be the (restriction to X of the)
projection map. Equip the space [],.; Xo with the product topology, and
equip X C [],; Xo with the subspace topology. Note that the product space
is not locally compact if I is an infinite set and the spaces X, are non-compact.

The projection maps ¢, are continuous, also when restricted to X. The maps
©q are also proper (when restricted to X). Indeed, if K C X, is compact, then
@, (K) is a closed (and hence compact) subset of the compact set []s., K,
where

K7 /8 == a’
Kﬁ = @57Q(K), p<a,
pap(K), B>«
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It is straightforward to show that the family of sets of the form ¢ *(U), where
a € [ and U C X, is open, is closed under intersections, and hence forms a
basis for the topology on X. Using this, and the fact, established above, that
each ¢, is proper, we conclude that X is locally compact (and Hausdorff).

Equip X with the natural G-action. Then each ¢, becomes a continuous,
proper G-map. We show that each orbit in X is dense. Take z € X and take
a non-empty open subset V of X of the form ¢ '(U), where o € I and where
U C X, is open, cf. the comment above. We must show that G.z NV # 0.
Write z = (z,) and use that X, is a minimal G-space to find ¢ € G with
g-Za € U. Then p,(g.2) = g.24 € U, 50 g.2 € o1 (U) =V as desired.

It finally follows from Proposition 3.13 that

T(G, X, z9) = T(G, Xo, z,) = [A].

The proof of the next theorem closely follows the ideas from [4]:

Theorem 6.7. Let G be a group and let A C G be a subset of minimal type.
Let Zy and Zs be universal minimal G-spaces of type A. Then Zy and Zy are
isomorphic as G-spaces.

Proof. 1t follows from Lemma 6.4 that there exist points z; € Z; such that
T(G, Z;, z;) = [A] for i = 1,2. Since Z; and Z, are universal spaces of type A we
can find surjective proper continuous G-maps @1: Z; — Zs and py: Zy — 2.
(We do not expect p;1(21) = 29 and pa(29) = 21.) Thus pg 0 p1: Z1 — Z; and
V1 0 o Ly — Ly are surjective proper continuous G-maps.

It therefore suffices to show that if Z is a universal minimal G-space of type A,
then every surjective continuous proper G-map p: Z — Z is injective. Suppose
that p is not injective. We apply the argument from [4] to reach a contradiction.

Let a be an ordinal with |a| > |Z2|. We shall construct a pointed locally com-
pact G-space (Xg, xg) of type [A] for each ordinal 5 < « and proper continuous
G-maps ¥, 5: Xg — X, for v < 8 < a with the following properties:

o Uy p(rp) = 2y
® Y5 0,3 =1s5pforany d <y < p<a.
e For each ordinal § < «, there exist distinct elements yg, 23 € Xpi1
with 15,511(ys) = ¥3,6+1(23)-
Suppose the above G-spaces and G-maps have been constructed. By the uni-
versal property of Z one has an epimorphism Z — X,. This implies that
| Xo| < |Z]. Let 5 < a be given, and consider the surjective G-maps:

Vg,64+1 Vi1,a

Xp Xp11

Xa

Find ﬂﬁ, 25 € X, with ¢B+1,a(ﬂﬁ) =13 and ¢B+1,a(2ﬁ) = 23.
For any 7 < 8 < «, one has

Vyi1.a(ls) = Py 0Vss11)(Ys) = (V1,8 0 Upp41)(25)
= Yyy1,a(Zp)
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whereas ¥y11,6(0y) = Yy # 2y = ¥y41,0(Z,). Hence (s, 23) # (9, Z,) whenever
B # 7, so that the map

{B|0§ﬁ<0&}—>Xa><Xa, ﬁ*—)(gﬁ,gg),
is injective. This implies that |a| < |X?2|, which leads to the contradiction
22| < la] < |X3| < |27

The construction of the G-spaces and the GG-maps above is carried out through
transfinite induction. For § = 0, let Xy = Z, and choose zy € X, such that the
type of the pointed locally compact G-space (X, zg) is [A4], cf. Lemma 6.4.

If B is a successor ordinal, set Xg = Z and use the universal property of the
space Z to find a surjective continuous proper G-map ¢g: Xz — Xp_;. Set
Yg_18 = pgop, and for vy < B —1, set ¢, 53 = Y, 51 09Y3_15. Let 25 € Xp
be a preimage of z5_1 by ¥s_1 3. Then (Xg,23) is of type [A] by Proposition
3.13. Since p is not injective we can find distinct elements y3,25 € X such
that 1,5+1(ys) = ¥s,8+1(25).

If 8 is a limit ordinal, then define (Xgz,23) to be the projective limit of
(X5)y<p, cf. Lemma 6.6; and for v < 3, define 1, 3: Xg — X, to be the
epimorphism coming from the projective limit. U

Corollary 6.8. Let G be a group and let A be a subset of G of minimal type.
Then any two minimal closed G-invariant subsets of X are isomorphic as
G-spaces.

Proof. This follows immediately from Proposition 6.5 and Theorem 6.7. U

7. MINIMAL CLOSED INVARIANT SUBSETS OF X4

Fix a group G and a non-empty subset A of GG, and let X4 be the open G-
invariant subset of G associated with A. Consider the following questions:

e Are any two minimal closed G-invariant subsets of X 4 isomorphic as
G-spaces?

e For which A is it possible to find a minimal closed G-invariant subset
of X4 which is compact, respectively, discrete, respectively, neither
compact nor discrete?

The answer to first question is affirmative when A is of minimal type (Corol-
lary 6.8). In general this question has negative answer (see Example 7.12; Case
IIT), two minimal closed G-invariant subsets of X4 need not even be homeo-
morphic.

The second question, in the case of compact minimal subsets, was answered
in [7]:

Definition 7.1 (cf. [7, Definition 3.5]). A non-empty subset A of a group G
is said to be absorbing if all finite subset F' of G there exists g € G such that
Fgc A,

Equivalently, A is absorbing if [ ger 9A # () for all finite subsets F' of G.

Proposition 7.2 (cf. [7, Proposition 5.5 (iv)]). Let A be a non-empty subset
of a group G. Then X4 contains a compact minimal closed G-invariant subset
if and only if there is no absorbing subset B of G such that A ~ B.
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If A is equivalent to G, then X, = G is compact and, of course, all closed
subsets of X 4 are compact. Any infinite group contains many absorbing subsets
that are not equivalent to the group itself (see Example 7.12, Case III). For a
quick example, take G = Z and A = N.

This section is devoted to answer the second question in the case of discrete
minimal subsets (Theorem 7.10). At the same time we will obtain a neces-
sary and sufficient condition on the set A ensuring that all minimal closed
G-invariant subsets of X4 are neither compact nor discrete.

If A is finite, then X4 = GG, which is a minimal discrete G-space. More gen-
erally, it was shown in [7, Example 5.6] that every minimal closed G-invariant
subset of X 4 is discrete if |[gANA| < oo for all g € G\ {e}. It was also shown in
[7] that each infinite group G possesses an infinite subset A with this property.
A complete answer to the question of when X, contains a discrete minimal
closed G-invariant subset is phrased in terms of a divisibility property of the
set A:

Definition 7.3. Let G be a group and let A be a non-empty subset of G. For
each n > 1 we say that A is n-divisible if there are pairwise disjoint subsets
{A;}5_, of A such that A; ~ A for all j.

We say that A is infinitely divisible if A is n-divisible for all integers n > 1.

If A C G is non-empty and finite, then A is n-divisible if and only if |A| > n,
cf. Example 2.4 (ii). In Example 7.7 below we show that each infinite group is
infinitely divisible.

Recall from (3.1) the definition of the subset Ox(V,x) of G associated with
a G-space X, a subset V of X, and an element x in X. In the case where
X =BG and V = K, we denote this set by O(A, z). In other words,

O(A,x) ={g e G| gre Ky}

Observe that O(A, e) = A and that e € O(A, z) whenever x € K. Here are
some further properties of finitely and infinitely divisible sets, and of the set
O(A, x):

Lemma 7.4. Let A and B be non-empty subsets of a group G and let x € BG.
Then:

(i) O(AUB,x) = O(A,2)UO(B,x); and if A and B are disjoint, then so

are O(A,x) and O(B, x).

(ii) If A x B, then O(A,z) x O(B, ).

(ii) If A= B, then O(A,z) # 0 < O(B,x) # 0.

(iv) If A= B, then |O(A,z)| = 0o < |O(B, x)| = oc.

(v) If A is n-divisible, then |O(A,z)| > n for all x € K4.

(vi) If A is infinitely divisible, then |O(A,x)| = oo for all x € K 4.
Proof. (i) follows from the identity K4up = K4 U Kp, and from the fact that
AN B = () implies that K4 N Kp = 0, see [7, Lemma 2.4(i)]. To see (ii), if
A x B, then A C F'B for some finite subset F' of G. Now use that F.Kg = Krp
for all B C G, cf. [7, Lemma 2.4(v)], to conclude that O(A,z) C F.O(B, x).
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(iii) and (iv) follow from (ii). (v) follows from (i), (iii) and (iv) and from the
fact that O(A, z) # () whenever z € K. (vi) follows from (v). O

Lemma 7.5. Let G be a discrete group and let A be a non-empty subset of G.
Then A is 2-divisible if and only if for all x € K there exists g # e in G such
that g.x € Ky.

In the language of Lemma 7.4 this lemma says that A is 2-divisible if and only
if |O(A,x)| > 2 for all x € K.

Proof. The "only if” part follows from Lemma 7.4 (v). Let us prove the ”if”
part of the lemma. We show first that there are clopen subsets Uy, Us, ..., U,
of K4 and elements g1, gs, ..., g, € GG such that

o Ky=U,00,U---UU,,
e g, U;NU; =0 for all j,
e g;.U; C K4 for all j.

For each z € K4 there exists an element g, # e in G such that g,.x € Ky4.
Since K 4 is totally disconnected there is a clopen subset U, of K4 such that
9:.Up C Ky, g..U, NU, =0, and x € U,. We can now take the clopen subsets
Uy, Us, ..., U, of K4 to be a subset of the open cover {U,},cx, of K4 which
still covers K4, and we take gi,..., g, to be their associated group elements.
Put V; = Uy, put

j—1

i=1
and put

Then K; and K, are pairwise disjoint clopen subsets of K 4. Let F' be the
finite subset of GG that consists of the elements ¢i,..., g,, their inverses, and
the neutral element e. Then K4 C F.K; and K4 C F?. K,.

To prove that K4 C F.K, it suffices to show that U; C F. K, for all j. Each
Vj is contained in K7, which again is contained in F.K;. Hence g;.V; and gj_l.Vi
are contained in F.K; for all 4, j. This implies that U; is contained in F.K; for
all j.

As K, C F.K, it follows that K4 C F?.K>.

Put A; = G N K;. Then A; and Ay are disjoint subsets of A, and K4, =
K; by [7, Lemma 2.4(ii)]. Using [7, Lemma 2.4(v)|] we further conclude that
Ka C F.K4, = Kpa,, which by [7, Lemma 2.4(iii)| entails that A C F'Ay, i.e.,
A x Ay. In a similar way we see that A oc As. As A; and Ay are subsets of A
we conclude that A ~ A; &~ A, so A is 2-divisible. O

Lemma 7.6. The following three conditions are equivalent for each non-empty
subset A of a discrete group G:

(i) A is infinitely divisible,
(i) |O(A,x)| = oo for all x € K4,
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(iii) there are pairwise disjoint subsets {A;}52, of A such that A; = A for
all j.
Moreover, if A and B are non-empty subsets of G with A ~ B, then A is
infinitely diwvisible if and only if B is infinitely divisible.

Proof. (i) = (ii) is contained in Lemma 7.4 (vi). (iii) = (i) is trivial.

(ii) = (iii). If (ii) holds, then it follows from Lemma 7.5 that A is 2-divisible,
so there exist pairwise disjoint subsets A; and A, of A such that A ~ A; ~ As,.
Lemma 7.4 (iv) tells us that |O(A;, z)| = |O(A2, z)| = oo for all x € K,4. Hence
Ay and A, are 2-divisible by Lemma 7.5. We can therefore keep dividing, and
we arrive at (iii).

The last statement of the lemma follows from Lemma 7.4 (iv) and the equiv-
alence of (i) and (ii). O

Ezample 7.7. Any infinite group G is infinitely divisible (as a subset of itself).
This follows immediately from Lemma 7.6 above, since O(G,x) = G for all
x e Kg = fG.

More generally, every infinite subgroup H of G is infinitely divisible. Indeed,
we just saw that H is infinitely divisible viewed as a subset of itself, and hence
it is infinitely divisible relatively to G.

We shall use the following standard result about crossed product C*-algebras.

Lemma 7.8. Let G be a discrete group acting on a locally compact Hausdorff
space X. For each x € X, let @, be the state on Cy(X) Xyeq G given by
©r = pz o E, where E: Cy(X) Xpea G — Co(X) is the canonical conditional
expectation, and where p,: Co(X) — C is point evaluation at x.

Let K be a compact-open subset of X, let x € K, and suppose that g.x ¢ K
for all g # e. The restriction of @, to 1K(C'0(X) X red G) 1x is then a character.®

Proof. Observe that ¢,(1x) = 1x(z) = 1, so ¢, # 0. To show that ¢, is
a character, it suffices to show that ¢, (a?) = ,(a)? for all a in the corner
algebra 1K(C’0(X) M red G) 1x. Each such a is a formal sum a = dec fotig,
where f;, € Cy(X) and g — u, is the unitary representation (in the multiplier
algebra of Cy(X) Xyeq G) of the action of G on Cy(X). Since E(a) = f., we see
that ¢, (a) = fe(z).

The condition that a = 1xalk implies that the support of each f; is contained
in K. In particular, f,(g.z) = 0 for all h € G and for all ¢ # e. Now,

E(a®) = X yeq fyog(fy1). Hence
0a(0®) =Y fo(@) fg1(gx) = ful@)® = @u(a)’,

geG

as desired. O

Proposition 7.9. Let G be a discrete group and let A be a non-empty subset
of G. Then the following are equivalent:

(i) 14(£>°(G) Xyea G)1a has a character.

3A character on a unital C*-algebra A is a non-zero homomorphism from A into C.
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(ii) A is not 2-divisible.

Proof. (i) = (ii). Suppose that (ii) does not hold, i.e., A is the disjoint union
of A; and Ay where A ~ A; =~ As. Then 14, and 14, are full and pairwise
orthogonal projections in lA(KOO(G) X red G) 14, cf. Lemma 2.6. However, no
unital C*-algebra containing two full pairwise orthogonal projections can admit
a character, so (i) does not hold.

(ii) = (i). It follows from Lemma 7.5 that K4 contains an element x such
that g.x ¢ K4 for all g # e. Lemma 7.8 then says that ¢, is a character on

]'KA (C(BG) Hred G)lKA = 1A(€OO(G) Hred G)lA
U

Theorem 7.10. Let G be a discrete group and let A be a non-empty subset of
G. Then the following are equivalent:

(i) Some minimal closed G-invariant subset of X 4 is discrete.
(i) 14(€°°(G) Xyea G)14 has a non-zero finite-dimensional quotient.
(iii) A is not infinitely divisible.
Proof. Set
A=14(07(G) %eaG)1a = 1, (C(BG) ¥1ea G) Lk, = L, (Co(Xa) X¥rea G) Lk,

and observe that 1x, is a full projection in Cy(X4) Xyeq G.

(i) = (ii). Suppose that Z is a discrete minimal closed invariant subset of
X 4. Then Z is a discrete minimal and free G-space, whence Z is isomorphic
to G (viewed as a G-space with respect to left multiplication). The inclu-
sion mapping Z — X4, which is a G-map, induces a G-equivariant surjection
Co(X4) — Cy(Z), which again induces a surjective *-homomorphism

Co(XA) Hred G — Co(Z) N red G = Co(G) Hred G = IC,

where K is the algebra of compact operators (on ¢?(G)). Hence there is a
surjective *~homomorphism from A onto a unital corner of K, which is a finite
dimensional matrix algebra.

(ii) = (i). If (ii) holds, then there is a proper closed two-sided ideal I in
Co(X 4) XyeqG such that the quotient is stably isomorphic to a finite-dimensional
C*-algebra. Upon replacing I with a larger ideal, we may assume that [ is a
maximal proper ideal and that the quotient is isomorphic to the algebra of
compact operators K(H) on a Hilbert space H.

The intersection Cy(X4) N is an invariant ideal in Cy(X4) and therefore
equal to Cy(U) for some open invariant subset U of X 4. Since I is a maximal
ideal in Cy(X4) Xyeq G it follows that U is a maximal proper open invariant
subset of X4, so Z = X4\ U is a minimal closed invariant subset of X 4. The
kernel of the map Cy(X4) — (Co(Xa) ¥rea G) /1 is equal to Co(U), so we have
an injective *-homomorphism

C()(Z) — (Co(XA) A red G)/[ = IC(H)
Hence Z must be discrete.

(ii) = (iii). Suppose that A is infinitely divisible. Find a sequence {A;}32, of
pairwise disjoint subsets of A with A ~ A; for all j. It follows from Lemma 2.6
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that the projections 1,4, are full in A, and they are also pairwise orthogonal.
However, no unital C*-algebra which contains a sequence of pairwise orthogonal
full projections can have a (non-zero) finite dimensional quotient. Hence (ii)
does not hold.

(iii) = (ii). If A is not infinitely divisible, then there exists a subset B of A
such that B is not 2-divisible and A ~ B. (Indeed, let n > 1 be the maximal
number for which there exist pairwise disjoint subsets {A4;}7_; of A with A; ~ A
for all j. Put B = A;.)

Let p =1 € A, and use Lemma 2.6 to see that p is a full projection in A.
It follows from Proposition 7.9 that pAp admits a character. In other words,
(p+I)(A/I)(p+ I) is one-dimensional for some closed two-sided ideal I in A.
Thus A/ is a unital C*-algebra which is Morita equivalent to C, which entails
that A/ is finite dimensional. O

It is easy to decide when subsets of minimal type of a group are infinitely
divisible, respectively, equivalent to an absorbing set:

Corollary 7.11. Let G be an infinite group and let A be a subset of G of
manimal type. Then

(i) A is infinitely divisible if and only if A is infinite.

(ii) A is equivalent to an absorbing set if and only if A is equivalent to G.

Proof. (i). ”Only if” is clear. Suppose that A is infinite. For each minimal
closed invariant subset Z of X4, there is 2y € Z such that T(G, Z, z)) = [4],
cf. Lemma 6.4. As [A] # [{e}], it follows from Proposition 3.15 that Z is not
discrete. Hence A must be infinitely divisible by Theorem 7.10.

(ii). ”Only if” is clear. Suppose that A is equivalent to an absorbing set. Then
there is a compact minimal closed invariant subset Z of X 4 by [7, Proposition
5.5 (iv)], and there is 2y € Z such that T(G, Z, zg) = [4], cf. Lemma 6.4. But
then A ~ G by Proposition 3.14. U

There is an abundance of subsets A of G which are infinite but not infinitely
divisible, see Example 7.15 below for a method to construct such sets. None of
these sets are of minimal type by Corollary 7.11.

Ezample 7.12 (Four classes of subsets of a group). Let G be an infinite group.
We describe here four classes of subsets A of G depending on whether or not
A is infinitely divisible, respectively, equivalent to an absorbing set. All four
cases occur in all infinite groups. The stated properties of the minimal closed
G-invariant subsets of X4 follow from Theorem 7.10 and from [7, Proposition
5.5 (iv)] (see also Proposition 7.2).

Case I: A is infinitely divisible and absorbing. This is satisfied for example
with A = G.

In this case no minimal closed G-invariant subset of X 4 is discrete, while at
least some minimal closed G-invariant subsets of X 4 are compact (they are all
compact if A =G).

Case II: A is infinitely divisible and not equivalent to an absorbing set.
Examples of such sets in an arbitrary infinite countable group G is given in
Theorem 8.2 in the next section.
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In this case every minimal closed G-invariant subset of X4 is non-compact
and non-discrete. The existence of such subsets A therefore gives the existence
of a free minimal action of G on a non-compact and non-discrete locally compact
Hausdorff space. We can take this space to be the non-compact locally compact
Cantor set K*, cf. Theorem 8.6.

Case III: A is absorbing but not infinitely divisible. Examples of such sets
in an arbitrary infinite countable group G are given in Example 7.15 below.

In this case some minimal closed G-invariant subset of X 4 is compact while
some other minimal closed G-invariant subset of X 4 is discrete. The existence
of such sets A shows that Corollary 6.8 does not hold in general (when A is
not of minimal type) and that the first question posed in the beginning of this
section has a negative answer in general.

Case IV: A is not infinitely divisible and not equivalent to an absorbing set.
This is satisfied for example with A = {e}, and also for any (finite or infinite)
subset A of G such that |[AN gA| < oo for all g € G\ {e}. Each infinite group
contains infinite subsets A with this property, see [7, Lemma 3.8] and its proof.

In this case no minimal closed G-invariant subset of X4 is compact, while at
least some minimal closed G-invariant subset of X 4 is discrete. If A satisfies
|ANgA| < oo for all g € G\ {e}, then all minimal closed G-invariant subsets
of X4 are discrete by [7, Example 5.6].

Remark 7.13. We present here a general method to construct an infinitely di-
visible subset in an arbitrary group G.
Choose first an infinite sequence {a,}>, of elements in G so that the set

Fn:{blbg...bn|bi:601"bz‘:ai}

has cardinality 2" for each n. Observe that F; = {e,a;} and that F,; =
F,UF,a, forn > 1. It follows that |F},| = 2" for all n if the a,’s are chosen
such that F,, N F,, a,+; = 0 for all n, i.e., such that

any1 € G\ FF,.

Take now another infinite sequence {c,}7°; of elements in G so that the sets
F,c,, n € N, are mutually disjoint. Then

(7.1) A= [OJ F.c,
n=1

is infinitely divisible. Let us check this. Fix an integer n > 1. For m > n,
define

Gm = {bn+1bn+2 c. bm | bl = e or bz = Cli}.
Note that F,,G,, = F,,. Set

B = D GCom.-

m=n-1

Then {aB}.cr, are pairwise disjoint subsets of A. Since A\ F,,B is a finite set,
we see that B ~ A, and hence that aB ~ A for all a € F,,. Therefore A is
2"-divisible. As n > 1 was arbitrary we conclude that A is infinitely divisible.
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The lemma below, whose proof easily follows from Lemma 2.5, contains an easy
criterion for not being 2-divisible.

Lemma 7.14. Let G a countable group and let d be a proper right-invariant
metric on G. Suppose that A is a subset of G such that for each C' < oo there
exists g € A with

d(g, A\ {g}) > C.
Then A is not 2-divisible.

Example 7.15. We give here examples of subsets A of any infinite countable
group G which are absorbing but not infinitely divisible, cf. Example 7.12 (Case
I11).

For a first easy example of such a set, take G = Z and

A={-n*|neN}UN

Then A is absorbing, cf. Definition 7.1. Use Lemma 7.14 to see that A is not
2-divisible.

Consider now an arbitrary infinite countable group GG and choose a proper
right-invariant metric d on G. Write G = |J,_, F,,, where {F,}22, is an in-
creasing sequence of finite subsets of G. We claim that there exist sequences
{9,352, and {h,};°, in G such that if

A= {917927937-'-}U U Fnhn7
n=1

then d(g,, A\ {gn}) > n for all n. It will then follow from Lemma 7.14 that A
is not 2-divisible; and we see directly from Definition 7.1 that A is absorbing.

Note first that if F, F” are finite subsets of the infinite group G and if C' < oo,
then there exists g € G such that d(Fg, F’) > C. We can now construct {g,}
and {h,} as follows. Put g; = e and choose h; such that d(Fihy, g;) > 1. Next,
choose g, and then hy such that

d(927{gl}UF1h1) > 2, d(FQhQ,{g17g2}) > 2.
Continue in this way. At stage n we find g,, h,, € G such that

d(gn, {91, 92 s gna} U Fthi U+ U F_1hy ) >,

d(Fnh’na {gla g2, .. 7gn}> > n.
Then A has the desired properties.

8. MINIMAL (G-SPACES THAT ARE NON-DISCRETE AND NON-COMPACT

We show here that each countable infinite group contains an infinite divisible
subset which is not equivalent to an absorbing set. This, in turn, gives the
existence of a minimal free action of the group on a non-compact and non-
discrete locally compact Hausdorff space. This space can, moreover, be taken
to be the non-compact locally compact Cantor set.

Before constructing the general examples, let us look at a concrete example:
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Example 8.1. Let G be a group and let H be a subgroup of G. We know
from Example 6.2 that H is of minimal type. It follows from Lemma 6.4
and Corollary 6.8 that each minimal closed invariant subset of Xy is of type
[H] (with respect to a suitable base point), and that all such minimal closed
invariant sets are isomorphic as G-spaces.

We know from Example 7.7 that each infinite subgroup is infinitely divisible.
We show below that no subgroup of infinite index is equivalent to an absorbing
set. It follows that if H is an infinite subgroup of G of infinite index, then
each minimal closed G-invariant subset of Xy is non-compact and non-discrete.
Each of these invariant subsets of Xy is then a free minimal G-spaces, which is
neither compact nor discrete. Not all infinite groups have an infinite subgroup of
infinite index. The Tarski monsters, whose existence was proved by Olshanskii,
have no proper infinite subgroups.

Let us show that no subgroup H of GG of infinite index is equivalent to an
absorbing set. We must show that F'H is not absorbing for any finite subset
F of G, ie., that (,.gsF'H = () for some finite subset S of G. Write F' =
{f1, f2y .-, fu}. Since F'H is contained in the union of finitely many left-cosets
of H there exists € G such that FH NzH = (. Put

S ={e, iz, foxr™t, ..., far '}
Note that fz='FHN f;H = (). Hence

(VsFH € FHN(\fiz"'FH C | J(fHN fiz7'FH) = 0,

scS j=1 j=1
as desired.

Theorem 8.2. In any countably infinite group G there exists an infinitely di-
visible subset A which is not equivalent to an absorbing subset of G.

Proof. Let {T,}22, be an increasing sequence of finite subsets of G whose union
is G. Following the recipe of Remark 7.13 we will construct sequences {a, }5 ;,
{en}22, and {d,,}>°, of elements in G, and sequences {A,,}>°, and {F,,}>°, of
finite subsets of G as follows. For n = 1 choose aq, ¢1,d;, F; and A; such that

(a) a1 #e, Fy={e,a1},c1 =e, Ay = Fy, dy ¢ Ty A AT
This is clearly possible. For all n > 1, the elements a,, 1, 0,11, cpi1 and the sets
A,1 and F, 1 are constructed inductively so that they satisfy:

(b) Fhy1 = F, UF, a,y1 (disjoint union).

(¢) Apy1 = Ay U F 1 cpp1 = UZS F}, ¢ (disjoint unions).

(d) di & TiA, 1 Ay Ty for 1<k <n+ 1.
Given n > 1, and let us show how to find a,11, ¢pi1, dpt1, Fryr and A, 1 (when

the previous elements and sets have been found).
Choose a,, 11 € G outside the finite set

F'F, U | BT dy, TG E,
k=1
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and set F,.1 = F,, U F,, a,.1. Then (b) holds. Moreover
(8.1) dp & T Fy{ana,a, VBT, 1<k <n.
Since F,c, is a subset of A, it follows from (d) that
(8.2) dp ¢ TR F, F,'TY, 1<k <n.
By Equations (8.1) and (8.2) and the definition of F,;; it follows that
(8.3) dp ¢ ToF\n FINTEY, 1<k <o
Choose c,+1 € G outside the finite set

Frh A U (AT dkTiFag U F LT G TRA,),
k=1

and set A, 1 = A, U F,11¢,11. Then (c) holds, and
(84)  dp ¢ TiFpiicni A TN U ThAne, W F LT, 1<k <o

It follows from Equations (8.2), (8.3) and (8.4) that (d) is satisfied for 1 < k <
n. Choose d, .1 € G outside the finite set Tn+1An+1A;j-1T . +11. Then (d) holds
also for & = n + 1. This completes the construction of the sequences {a,}>,,

{entntn, {dninzy, {AR}2 and {F 3502,

Set
A={JA, =] F.cn
n=1 n=1

Then A is infinitely divisible by Remark 7.13. Condition (d) (and the fact that
the A,’s are increasing) imply that dj, does not belong to T, AA~'T, '. Hence,
TrANdp TR A = (). This means that T}, A is not absorbing. As every finite subset
F of (G is contained in T}, for some k we can conclude that A is not equivalent
to an absorbing set. U

Corollary 8.3. Fvery countable infinite group G admits a free minimal action
on a totally disconnected locally compact Hausdorff space, which is neither dis-
crete nor compact. The action can, moreover, be assumed to be amenable if G
18 exact.

Proof. Let G be a given countable infinite group, and let A C G be as in
Theorem 8.2. Let Z be any minimal closed invariant subset of X 4. Then Z
is non-compact by Proposition 7.2 (cf. [7, Proposition 5.5(iv)]), since A is not
equivalent to an absorbing set; and Z is non-discrete by Theorem 7.10.

It follows from [7, Proposition 5.5] that Z is a locally compact totally discon-
nected Hausdorff space, and that G acts freely on Z. It further follows from [7,
Proposition 5.5] that the action of G on Z is amenable if G is exact (essentially
by Ozawa’s result, that G acts amenably on SG when G is exact). O

Recall the definition of minimal types from Definition 6.1.

Corollary 8.4. Fach countable infinite group G contains minimal types differ-
ent from [G] (the compact type) and [{e}] (the discrete type).
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Proof. Let Z be a locally compact Hausdorff space, which is neither discrete
nor compact, on which G acts minimally (and freely). Pick any zo € Z and set
[A] = T(G, Z, 2p). Then [A] is of minimal type, and [A] # [G] (because Z is
non-compact) and [A] # [{e}] (because Z is non-discrete). O

We wish to replace Z above with a second countable G-space, and need for this
the following lemma:

Lemma 8.5. Let G be a countable group, and let Z be a minimal locally compact
free G-space. Let A be a non-zero G-invariant closed sub-C*-algebra of Co(Z),
and let Y = A denote the spectrum of A (so that A= Cy(Y)).

Then Y is a locally compact G-space, and the inclusion A C Co(Z) arises
from a surjective proper continuous G-map @: Z — Y. Moreover:

(1) Y is non-compact if Z is non-compact.
(ii) The action of G on'Y is minimal.
(i) Y is non-discrete if the action of G on'Y is free and Z is non-discrete.

Proof. The spectrum Y of the commutative C*-algebra A is a locally compact
Hausdorff space; and the action of G on A comes from an action of G on Y.
Since A is non-zero and G-invariant, and Cy(Z) by assumption is G-simple, it
follows that A is not contained in a proper ideal of Cy(Z) (i.e., for each z € Z
there exists f € A such that f(z) # 0). The inclusion A — Cy(Z) is therefore
induced by a surjective proper continuous G-map ¢: Z — Y.

(i). If Y is compact, then Z = ¢~1(Y") is compact because ¢ is proper.

(ii). If Yy is a closed G-invariant subspace of Y, then ¢ '(Yp) is a closed
G-invariant subspace of Z. Hence ¢~ 1(Y}) is either empty or equal to Z, so Yj
is either empty or equal to Y.

(iii). Suppose that Y is discrete and that G acts freely on Y. Let z € Z. We
claim that G.z is closed in Z. Indeed, suppose that zy belongs to the closure
of G.z. Then g,.z — 2 for some net {g,} in G, whence g,.¢(2) = ¥(z0) in
Y. As Y is discrete, this entails that g,.¢(z) is eventually constant; and as G
acts freely on Y we conclude that {g,} is eventually constant. This, of course,
implies that zy € G.z.

Since Z is minimal, G.z = Z for (some/any) z € Z. Hence Z must have an
isolated point by Baire’s theorem, being a countable locally compact Hausdorff
space, and therefore each point of Z is isolated. O

The Cantor set K is the unique compact Hausdorff space which is second count-
able, totally disconnected and without isolated points. There is also a unique
locally compact, non-compact Hausdorff space which is second countable, totally
disconnected and without isolated points, denoted K* and referred to as the
non-compact locally compact Cantor set. It arises, for example, by removing
one point from K, or as K x N, or as the p-adic numbers.

[t was shown in [7] that "most” countable infinite groups admit a free minimal
action on K*. It remained in [7] an open question if all countable infinite groups
admit such an action. We can now answer this question in the affirmative:
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Theorem 8.6. Fvery countable infinite group G admits a free minimal action
on the non-compact locally compact Cantor set K*. If G is exact, then the
action can, moreover, be taken to be amenable.

For each A C G of minimal type, such that [A] # [G] and [A] # [{e}], there
is a free minimal action of G on K* and xo € K* such that T(G,K*, zy) = [4].
Again, if G is exact, then the action can be taken to be amenable.

Proof. Let A be a subset of G of minimal type such that [A] # [G] and [A] #
[{e}], whose existence is ensured by Corollary 8.4, and let Z be a minimal
closed invariant subset of X4. Then T(G, Z,z) = [4] for some z, € Z by
Lemma 6.4. Observe that Z is non-compact and non-discrete by the assumption
that [A] # [G] and [A] # [{e}], cf. Proposition 3.14 and Proposition 3.15.

This G-space, Z, satisfies all the axioms of the locally compact non-compact
Cantor set, except it is not second countable. We shall replace Z by a G-
equivariant quotient of Z which is second countable, and which retains all the
other properties of the G-space Z.

We construct the quotient space of Z at the level of algebras. At thiAs level
we seek a separable G-invariant subalgebra A of Cy(Z). The spectrum, A, of A
is then a second countable G-space. We arrange, mMoreover, that A is generated
by a set of projections (this will imply that A is totally disconnected); and

o~

that the action of G on A is fﬁee, and also amenable if G is exact. It will then
follow from Lemma 8.5 that A is non-compact, non-discrete and minimal as a
G-space. R

We can therefore, once A has been constructed, identify A with K*, and
we get a G-action on K* (arising from the action of G on A) with the desired
properties. The quotient mapping ¢: Z — K*, which induces the inclusion
A C Cy(Z), cf. Lemma 8.5, will be a proper continuous surjective G-map.
It follows from Proposition 3.13 that T(G,K*, xy) = T(G, Z, z9) = [A] when
xo = ¢(20).

We construct the separable subalgebra A of Cy(Z) following the ideas of [9]
and [7]. The set-up here is a little different because we seek a quotient of the
space Z, whereas in the mentioned references quotients of X 4 were constructed.

Observe that Cy(Z) has a countable approximate unit consisting of pro-
jections, call it {p,}°°,. Indeed, since Z is totally disconnected and Haus-
dorff it contains a compact-open subsets K. By minimality we must have
Z =9 K = U,—, K., when K,, = U,er, 9-K for some increasing sequence
{F,} of finite subsets of G with | J F,, = G. We can thus take p, = 1, € Co(Z).

We use [7, Lemma 6.1] to construct A so the action of G on A becomes free.
Since G acts freely on Z, we can apply the proof of [7, Lemma 6.1] (with respect
to the approximate unit {p,}) to obtain a countable subset M’ of Cy(Z) such
that whenever A is a G-invariant sub-C*-algebra of Cy(Z) which contains {p, }
and M’ then G acts freely on A.

Assume that G is exact. As in the proof of [7, Lemma 6.2], and using the
fact that the action of G on Z is amenable, there is a countable subset M " of
Co(Z) such that the action of G on A is amenable whenever A contains M”.
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It follows from [7, Proposition 6.6] or [9, Lemma 6.7] that there exists a
countable G-invariant family, P, of projections in Cy(Z), such that A := C*(P)
contains {p, } UM'UM" if G is exact, and {p,} UM’ otherwise. This completes
the proof. O

9. REMOVING THE BASE POINT FROM THE INVARIANT

In this last section we investigate universal properties of locally compact G-
spaces without making reference to a base point. This leads to a new order and
equivalence relations on the power set of G, and we define the (base point free)
type of a locally compact G-space in terms of this new equivalence relation. It
turns out that a subset is of minimal type (it represents a minimal G-space)
if and only if it is minimal with respect to this new ordering on P(G). As a
byproduct of these efforts we give in Corollary 9.15 an answer to the follow-
ing question: Suppose that X; and X, are minimal locally compact G-spaces.
When does there exists a minimal locally compact G-space X with surjective
proper continuous G-maps X — X for j = 1,27

To motivate the discussion below, consider a (countable) group G and a
locally compact G-space X with dense orbits. Let K C X be a G-regular
compact set, and let x € X be such that G.x is dense in X. Then

T(G,X,x) =[4], where A= Ox(K,z),

by Proposition 3.11. If we replace the base point x with g.z, then Ox (K, g.x) =
OX(K7 :U)ga S0 T(G7 X, gx) = [Ag]

If y € X is an arbitrary point, then g,.x — y for some sequence (or net)
{9,352, in G. We show below that Ox (K, y) is (equivalent) to the limit of the
sets {Ag, }.

Let G be an infinite countable group. A sequence (or a net) {A,} of subsets
of G converges to a subset B C G if the functions 14, tend to 1z pointwise.
In other words, A, — B if and only if the identity A, N F' = B N F holds
eventually for any finite set F. We may identify 14 with a point in {0,1}¢,
which is a Cantor set when equipped with the product topology. The pointwise
convergence is exactly the same as the convergence with respect to this topology.
In particular, any sequence (or net) {4,}°°, has a convergent subsequence (or
subnet), because {0,1}¢ is a (metrizable) compact space.

Lemma 9.1. Let G be a countable infinite group, let A and B be subsets of G,
and let {g,}22, be a sequence in G. Suppose that {Ag,}o>, converges to B.

(i) For any finite subset F' C G, the sequence {FAg,}5°, converges to
FB.

ii) Let A" and B’ be subsets of G. If A~ A" and {A'g,}°, converges to
n=1
B', then B~ B'.

Proof. (i). It is easy to see that hAg, converges to hB for any h € G. As

lpa =1 A Z 1na
heF
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for all finite subsets F' of G and for all subsets A of G (where A denotes taking
minimum), we see that

lim 1pag, = lim (16 A D Thag) =16 A Y 1as = Lrp.
heF heF
(ii). There exists a finite set F' C G such that A’ C FAand A C FA". By (i),
we have F'Ag, — F'B. This, together with 14 < 1p4, implies that 1 < 1pp.
Thus B’ C FB. In the same way, we get B C FB'. Hence B =~ B’. O

Definition 9.2. Let G be a countable infinite group, and let A and B be
subsets of G. Write A 7 B if there exist a sequence {g,}>2; in G and a subset
B’ of G such that Ag, — B’ and B~ B'.

When A 77 B and B 77 A, we write A ~ B.

Lemma 9.3. Let A, B,C be subsets of G. If A=~ B and B - C, then A 77 C.

In particular, the relation ~ is an equivalence relation.

Proof. Suppose that A 22 B and B 77 C. Then there exist a sequence {g,}°°,
and a subset B’ such that Ag, — B’ and B =~ B’; and there exist a sequence
{h,}2, and a subset C” such that Bh,, — C’ and C ~ C".

The sequence {B’'h,}22 ; has a convergent subsequence. By taking a subse-
quence of {h,}>°,, we may assume that B'h, — C”. By Lemma 9.1 we have
C'=C".

Write G = |J;—, F), where {F}} is an increasing sequence of finite subsets of
G. Let k > 1. There exists i > 1 such that B'h;NF, = C"NF},. Since Ag,, — B’,
we have Ag,h; — B'h;, so there exists j > 1 such that Ag;h; N Fy, = B'h; N F}.
It follows that Af, N Fj, = C" N Fy, when f; = gjh;. Hence Afy, — C”" =~ C, so
ArC. O

Definition 9.4. For each countable infinite group G let P.(G) be the quotient
space P(G)/~. For each A C G denote by (A) its equivalence class in P_(G).

Note that P.(G) becomes a partially ordered set when equipped with the order
=.

The lemma below follows easily from Definition 9.2 and from Lemma 9.1.

Lemma 9.5. Let A and B be subsets of G.
(i) If A~ A and B~ B', then A7, B —= A' 7 B'.

It follows from the lemma above that we have a natural surjection at the level
of sets:

P.(G) — P.(G), Al — (A), ACG.
This map is not order preserving because A o< B does not imply that A < B.
It is not even true that A C B implies A X B. If A, B C @, then we write
[A] ~ [B] if A~ B.

Lemma 9.6. Let X be a locally compact Hausdorff G-space, let x € X, let
U C X be a relatively compact open subset such that UgeGg.U = X, and let
A :=Ox(U,z) be as defined in (3.1). Assume that A is non-empty.
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(i) If B C G, if {ga} is a net in G, and if y € X satisfies go.x — y and
Ag,' — B, then B =~ Ox(U,y).
(ii) Ify € G.z, then Ox(U,y) 2 Ox (U, x).

(iii) If B C G is non-empty and B 3 Ox (U, z), then there exists y € G.w
such that Ox(U,y) ~ B.

Proof. (i). First we show that Ox(U,y) C B. Let h € Ox(U,y). Then h.y € U,
S0 hgs.x € U eventually. Hence hg, € A eventually, so h € Ag,' eventually.
This implies that h € B.

Conversely, let h € B. Then hg, € A eventually. It follows that hg,.x € U
eventually, so h.y is in U. This shows that B C Ox(U,y). Since U is compact,
and by the assumptions on U, there is a finite set £ C G such that U is
contained in UgeF g.U = F.U. Hence, by Lemma 3.6,

B C Ox(U,y) € Ox(F.U,y) = F.Ox(U,y) x Ox(U,y).

(ii). There exists a net {g,} in G such that g,.x — y. By taking a subse-
quence if necessary, we may assume that Ag;' — B for some subset B of G.
It follows from (i) that B ~ Ox(U,y). Hence (ii) holds.

(iii). There exist a net {g,} in G and B’ C G such that Ag, — B’ = B.
Since B is non-empty, B’ is also non-empty. Take h € B’. Then hg,! is in A
eventually, and so g, '.z € h.U eventually. By passing to a subnet of {g,} we
may assume that g;'.x — y for some y € h.U C X. It now follows from (i)
that B’ ~ Ox (U, y), which completes the proof. O

Theorem 9.7. Let G be a countable infinite group and let X be a locally com-
pact Hausdorff space on which G acts co-compactly. Suppose that x,y € X are
such that G.x and G.y are dense in X. It follows that

T(G,X,z) ~ T(G, X,y).
Proof. Choose a G-regular compact subset K C X. Then
T(G7Xv ZB) = [OX(KOax)L T(G7Xv y) = [OX(KO’y)]'

by Proposition 3.11. By the assumption that G.x and G.y are dense in X, it
follows from Lemma 9.6 (ii) that Ox(K°, x) ~ Ox(K°,y). O

Because of Theorem 9.7 we can make the following definition:

Definition 9.8. Let X be a locally compact Hausdorff space on which a count-
able infinite group G acts co-compactly, and such that G.x is dense in X for
some x € X. Then set

T(G,X) = (4) € P.(G),
where A C G is such that T(G, X, z) = [4].

Proposition 9.9. Let G be a countable infinite group and let X andY be locally
compact Hausdorff spaces on which G acts co-compactly with a dense orbit. If

there is a surjective proper continuous G-map ¢: X — Y, then T(G,X) =
T (G)Y).
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Proof. Let o € X be such that G.zg is dense in X and set yg = ¢(z¢). Being
continuous and surjective, ¢ maps dense sets onto dense sets, it follows that
G.yo = p(G.xp) is dense in Y. By Proposition 3.13 we have T(G, X, zy) =
T(G,Y,yo). This implies that 7 (G, X) = 7(G,Y). O

Recall that A C G is of minimal type if [A] is the type of some pointed minimal
locally compact G-space. We give an intrinsic description of subsets of minimal
type in terms of the ordering = on P(G):

Proposition 9.10. Let G be a countable infinite group and let A C G. Then A
is of minimal type if and only if (A) is a minimal point in the partially ordered
set (P(G), 3).

In other words, A is of minimal type if and only if whenever B C G satisfies
B 2 A, then B ~ A.

Proof. Suppose first that A is of minimal type and let (X, z() be a minimal
pointed locally compact G-space with T(G, X, xy) = [A]. Let K C X be a
G-regular compact subset of X.

Suppose that B C G and B 3 A. It then follows from Lemma 9.6 (iii) that
Ox(K°,y) =~ B for some y € X. Since X is minimal we know that G.y is dense
in X. It therefore follows from Theorem 9.7 and Proposition 3.11 that

[A] = T(G, X, 20) ~ T(G, X, y) = [Ox(K®,y)] = [B].
Suppose, conversely, that (A) is a minimal point in (P.(G), X). Consider

the G-space X4 C G, and take a minimal closed invariant subset Z of X 4.
Take z € Z. Set U = K4 N Z, which is a compact open subset of Z. Since the

G-orbit of e is dense in Xy, it follows from Lemma 9.6 (ii) that
A = OXA(KA,G) ,>\_J OXA<KA,Z) = Oz(U, Z)

Hence A ~ Oz(U,z), because A is minimal. By Lemma 9.6 (iii), we can
find w € Z such that Oz(U,w) ~ A. It follows from Proposition 3.11 that
T(G, Z,w) = [A], so A is of minimal type. O

Each element of P.(G) dominates a minimal element, and the order relation
7" on P.(G) corresponds to the order by inclusion on invariant subsets of any
locally compact G-space:

Corollary 9.11. Let G be a countable group, let A be a non-empty subset of
G, and let X be a locally compact space on which G acts co-compactly with a
dense orbit such that 7 (G, X) = (A).

It follows that the map Y — T (G,Y) is an order preserving surjection from
the set of closed G-invariant singly generated * subsets of X, ordered by inclu-
sion, onto the ordered set

{ae 7(G,X) | a3 (A)}.

In particular, for each non-empty subset A of G there exists a non-empty
subset B of G of minimal type such that B X A.

4We say that a closed invariant subset Y of a G-space X is singly generated if Y = G.y
for some y € X, i.e., if there is a dense orbit.
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Proof. Let G.x be a dense orbit in X. Let K be a G-regular compact subset of
X. Then T(G, X, z) = [Ox(K°,z)] by Proposition 3.11, so Ox(K°,z) ~ A.

Suppose that Y is a singly generated closed invariant subsets of X, with
dense orbit G.y, where y € X = G.z. Then Ox(K°y) 3 Ox(K° ) by
Lemma 9.6 (ii). Moreover, K NY is a G-regular compact subset of Y whose
relative interior is K° NY’; and

OX(KO7y) = OX(KO N Y7y)

by G-invariance of Y. Hence T(G,Y,y) = [Ox(K°,y)] by Proposition 3.11, so
T(G,Y) = (Ox(K°,y)) 3 (A).

If Y7 C Y; are singly generated closed invariant subsets of X, then 7 (G,Y;) 3
T (G,Y,) by the first part of this proof (with Y5 in the place of X).

If B 2 A, then there exists y € X such that Ox(K°,y) ~ B by Lemma 9.6 (iii).
Arguing as above, using that K N G.y is G-regular in G.y, we see that

T(G,Gy,y) = [Ox(K°NGy,y)] = [Ox(K°,y)] = B.

Hence .7 (G, G.y) = (B).

To prove the last claim, let A be any non-empty subset of G. Then there
exists a co-compact locally compact G-space X with 7 (G, X) = (A), for ex-
ample X = X 4. The co-compact locally compact G-space X has a minimal
closed invariant subset Y. Let B C G be such that Z(G,Y) = (B). Then B
is of minimal type and B 3 A. O

The example and the proposition below illustrate some properties of the the
relation 7 37,

Example 9.12. Let G be a countable group.

(i). If A C G, then G 3 A if and only if A is equivalent to an absorbing set.

It is not difficult to prove this directly. It also follows from Corollary 9.11.
Indeed, consider the G-space X4 which is of type (A). Then G X A if and
only if there is a closed G-invariant singly generated subset Y of X, of type
(G). Now, Y is of type (G) if and only if Y is compact, cf. Proposition 3.14.
It follows from [7, Proposition 5.5] that X, has a compact minimal closed
invariant subspace if and only if A is equivalent to an absorbing set.

(ii). If A C G, then {e} 3 A if and only if A is not infinitely divisible.

This follows from Corollary 9.11 in a similar way as above. A minimal closed
G-invariant subset Z C X4 is of type ({e}) if and only if Z is discrete, cf.
Proposition 3.15; and X4 has a discrete minimal closed invariant subset if and
only if A is not infinitely divisible by Theorem 7.10.

It follows from the proposition below that if A and B are non-empty subsets of
G such that A ~ B, then A is paradoxical if and only if B is paradoxical.

Proposition 9.13. Let G be a countable infinite group, and let A be a non-
empty subset of G. Then the following conditions are equivalent:
(i) A is non-paradozical.

(ii) B 2 A for some non-paradoxical non-empty subset B of G.
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(iii) Any locally compact Hausdorff space X, on which G acts co-compactly
and with 7 (G, X) = (A), admits a non-zero G-invariant Radon mea-
sure.

Proof. (i) = (ii) is trivial (take B = A).

(i) < (iii) follows from Corollary 5.3 and Definition 9.8.

(ii) = (i). Note first that if C' and D are subsets of G such that C' = D,
then C'is non-paradoxical if and only if D is non-paradoxical. Indeed, if p is
any finitely additive left-invariant measure on P(G), then

0<u(C)<oo < 0<u(D) < oo,

whenever C' = D.

It therefore suffices to show that if {g,} is a sequence in G such that Ag, — B,
and if B is non-paradoxical, then A is non-paradoxical. Let p be a left-invariant
measure on P(G) such that u(B) = 1.

Choose a free ultrafilter w on N. We can then take the limit of any sequence
{C,}22, of subsets of G along w as follows:

limC, =C <= VreG:limlg,(z) = 1c(2).

If C,, — C, then lim, C,, = C.
Define ¢: P(G) — P(G) by ¢(F) = lim, Fg,. In other words,

(9.1) VE C G Vr € G: lyp(r) =limlg, (z).

CYU (D) for all C, D C G.
C)YNe(D) for all C, D C G.
o ¢(gC) =go(C) for all g € G and C C G.

It follows that v := po ¢ is a finitely additive left-invariant measure on P(G)

with v(A) = pu(p(A)) = u(B) = 1. Hence (i) holds. d

With the base point free notion of type we can reinterpret Definition 6.3 as
follows:

Proposition 9.14. Let G be a countable infinite group and let A be a non-empty
subset of G of minimal type. A locally compact minimal G-space Z is then a
universal minimal G-space of type A (in the sense of Definition 6.3) if and only
if for each minimal locally compact G-space X with 7 (G, X) = T (G, Z) there
is a surjective proper continuous G-map p: Z — X.

Because of this result it makes sense to refer to Z as being a universal minimal
G-space (without reference to the subset A of GG), as the class of this space is
contained in Z.

Proof. Choose zp € X, and let B C G be such that T(G, X, z9) = [B]. Then
A ~ B because 7 (G,X) = (A). Let K be a G-regular compact subset of
X. Then [B] = [Ox(K°, z¢)] by Proposition 3.11. It follows in particular that
A 2 Ox(K° z9). We can therefore use Lemma 9.6 (iii) to find x; in X such
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that Ox(K°, x1) ~ A. Minimality of X ensures that G.z; is dense in X. Hence
T(G, X, z1) = [A] by Proposition 3.11. The existence of a surjective proper
continuous G-map ¢: Z — X now follows from the universal property of Z.

Conversely, if ¢: Z — X is a proper continuous G-map, then 7 (G, X) =
T (G, Z) = (A) by Proposition 9.9. O

Recall from Proposition 6.5 that every closed minimal G-invariant subset of
X4 is a universal minimal G-space of type A, whenever A is a subset of G of
minimal type. Hence universal minimal G-spaces always exist, and they are
also unique (by Theorem 6.7).

Corollary 9.15. Let (X;);er be a family of minimal locally compact G-spaces.
Then the following conditions are equivalent:

(i) (G, X;) = T(G,X;) foralli,jel.
(ii) There exist a minimal locally compact G-space Z and a (surjective)
proper continuous G-map @;: Z — X; for each i € I.

(iii) There exists x; € X; for each i € I such that
T(G, XZ‘, Iz) = T(G, Xj, ZL’j)
foralli,jel.

Proof. (i) = (ii). Fix ip € I and let A be a (necessarily minimal) non-empty
subset of G such that .7 (G, X,,) = (A). Take a universal minimal G-space
Z of type A, cf. Definition 6.3 and Proposition 6.5. Then 7 (G, Z) = (4) =
T (G, X;) for all i € I by Lemma 6.4 and Definition 9.8, and so it follows from
Proposition 9.14 that Z satisfies the conditions in (ii).

(ii) = (iii). Suppose that Z and ¢;: Z — X; are as in (ii). Pick any point
20 € Z, and set x; = ¢(zp). Then

T(G, Xi, .CL’l) = T(G, Z, Zo>

by Proposition 3.13.
(iii) = (i) follows from Definition 9.8 (together with Theorem 9.7). O

The corollary above is stated in a rather general form, but is perhaps of par-
ticular interest when the family (X;);c; has just two elements. Consider the
relation on minimal locally compact G-spaces X; and X5, that there exists
a third G-space Z that maps surjectively onto X; and X by continuous G-
maps. By the corollary, this happens if and only if (G, X;) = (G, X3). In
particular, this defines an equivalence relation on the class of minimal locally
compact GG-spaces. A priori, it was not clear to the authors that this relation
is transitive.
We end by stating two questions:

Question 9.16. Given a non-empty subset A (not necessarily of minimal type) of
a (countable infinite) group G. Is it true that each minimal closed G-invariant
subset of X 4 is a universal minimal G-space (in the sense defined below Propo-
sition 9.14)7?
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In other words, are all minimal closed G-invariant subsets of any co-compact
open G-invariant subset of SG a universal space? If yes, then these spaces are
classified by their type by Theorem 6.7.

Question 9.17. Given a non-empty subset A (not necessarily of minimal type)
of a (countable infinite) group G. Classify the (base point free) types of the
minimal closed G-invariant subsets of X4 in terms of the set A.

If A is of minimal type, then each minimal closed G-invariant subsets of X 4 also
has type A (by Proposition 6.5). We also know when X4 has minimal closed
G-invariant subspaces that are discrete (of type ({e})), respectively, compact

(of type (G)).
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